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A Heegaard-Diagram of the 3-Sphere

RR BEE HAY /45' (Mitsuyuki Ochiai)

1.  Introduction,

As an algorithm for recognizing S3 in 3-manifolds, there is
the Whitehead algorithm [10], [11]. Partly this algorithm is
really true by Homma-Ochiai~Takahashi [4], but in general not
true by Viro [9], Ochiai [7], and Morikawa [6]. That is,
Whitehead conjecture, which.asserts that all Heegaard diagrams Of S
other than the canonical one have always waves, is true in the
case of genus two but not true in the case of genus greater than
two. All already known counterexamples to the conjecture was
constructed as Heegaard diagrams of 2-fold branched coverings
branched along knot diagrams of the trivial knot. In this paper,
we. construct such a counterexample through the different method
using presentations of the trivial group, and later we will set up
a new conjecture which permit us to deform the example and other

examples to the canonical one (see the conjecture in Chapter 3).

2. A new counterexample to Whitehead conjecture,

For all definitions of Heegaard diagrams, complete systems of
meridians, waves, band moves, and others we refer to [4].

At first, let's choose a trivial group

2.1 3 2,-1 3

G = {X,Y,Z; XY°X ~ =Y, ¥YXvy - =X, z = 1}
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It will be noticed that the group G is trivial by Crowell-Fox [3]
and by Birman~Hilden [2] there are no Heegaard diagrams which
have relators of G as that of the fundamental group induced by
them. Hence we may change the relators of G and to get new

relators of the trivial group;

H=1{X,Y,2 ; xyzx'l(y"lz)3 =1,

szy“l(x"lz'l) = 1,

1.-1

ZXYX “Y T =1 }

It will be noticed that H is obtained from G by the trial and

error method and that the relators of H is induced by some Heegaard

diagram of S3. Next we may also change the diagram through a band

move, and the resulting diagram ¥ is obtained which is illustrated
in Figure 1. Let Y denote (I' ; v,w). Then one complete system of
meridians of I', v is illustrated as Figure 1. Moreover the Heegaard
surface I' is obtained from Figure 1 by identifying meridians 8A, 9C,
JE with 9B, 9D, 9dF, respectively, where A,B,C,D,E,F are meridian-
disks in Figure 1. At the same time, another complete system of
meridians, w is obtained as follows; identify points Al,Az,...,A9

with Bl'Bz""'BQ' points CI,CZ,...,C14 with points Dl'DZ”"’Dl4'

and points E respectively. The last

,E with F.,F
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Heegaard diagram has as the fundamental group the following group H';
2
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H' = { X,Y,2 ; XzY z'lx'l(Y'lz'l)3 = 1,
ZY(XZ)ZY'lz"lx'3 =1,
XZY3z'lx'l(Y'lz"l)4 =1}

Figure 1.

By the way,the fundamental group of the dual diagram (T ; w,v) of V¥

is the following;



" = { A,B,C ; ABC2 = C3BA, (AB)2AC = CA(BA)3, CABC2 = (AB)3ACBA}

Tt will be noticed that both of H' and H" are not simply trivial
different from Kaneto's example [5]. The Heegaard diagram Y has

no waves and so is an counterexamplé to Whitehead conjecture and
moreover, different from already known examples, it does not permit
us to directly reduce Heegaard genus of it, but permit us to make
another Heegaard diagrams which have arbitrary many intersections
of one complete system of meridians‘and another one. Such a

Heegaard diagram has as the fundamental group the following;

1711 ml-lin

H(n,m) = {X,Y,2 ; XZ X =
7y (xz) ™ ty"lg7 iy o g
xzyhz " 1x~ Ly g7+l o gy

3. A new algorithm for recognizing S3 in 3-manifolds.

Let M be a closed connected 3-manifold and (I ; v,w) be a
Heegaard diagram of genus g of M, where v = vlLJvzlJJ.,k4vg and
w = wlLszlJ...kag; Then a simple closed curve y on I' is called
a bridge associated with v (resp. w) if if is disjoint from v
(resp. w) and there exists some meridian vy in v (resp. wj in w)
such that v' (resp. w') is a complete system of meridians of F
and that the number of the intersections of v'Nw (resp. vrnw')
is less than that vnNw, where v'= le...Uvi_lU Y Uvi+lU PR vg
(resp. w'= wlU..Jij_lUdewj+lU...Llwg). Given a Heegaard diagram,
to observe the two Whitehead graph of it, it is easy to determine

whether the diagram has a bridge or not. For example, the diagram

given by Figure 1 has a bridge Yy as illustrated in the one.
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Then our assrtion is as follows; All Heegaard diagrams of S3;
other than the canonical one, have always bridges.

If Heegaard diagrams have waves, then they have also bridges.
And so this assertion is true in the case of genus two. Bridges
is a generalization of waves and the method in the proof of Lemma
6 in [8].
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