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We treat here the following QUESTION:

If a sequence of elements a in a commutative ring A
forms an unconditioned strong d-sequence (abbreviated to
u.s.d-seq.) on an A-module E, then does it form a u.s.d-seq.
on the canonical module KE of A, (here we use the term

'canonical module' very roughly.)

This raised naturally from an elementary proof to

the following problem given by the auther ([85]):



If a Buchébaum local ring A possesses the canonical
module KA’ then KA is also a Buchsbaum module.
Our ’main theorem is
THEOREM. Let A be a commutative ring with 1#0 and E ani
A-module. Assume fhat & sequence a=a, ,...,ag of elements
in A form a u.s.dfsequence on E. Then for any injective
A-module I, the sequence form a u.s.d-sequence on
ﬂomA(Hi(E), 1),
where H;(E) stands for the 1limit of the direct system of
Koszul (co-)homology modules
Hi(a?,...,ag;E)
and mappings

gt gt a®B)—— wia™E),

m
s .

where a™ denotes the system of elements a?,...,a
As an easy but useful corollay to our main theorem, we have
the following, which treat essentially the (82)—fication of

a ring that plays an important role in the argument of

Sharp's Conjecture by Aoyama and Goto in this same volume.
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Corollary. Let A be a complete local ring with the
canonical module KA’ Then if a sequence of elements a in A
forms a u.s.d—sequence on the A, then it also forms a
u.s.d-seq. on the A-module

HomA(KA,KA).

We must give here the
DEFINITION. Let A and E be as in the theorem above. A
sequence of elements in A is called a d-sequence on E if for
each i=1,...,s and for anj j with 1 £ j £ s the following
holds,
(a1,;..,ai_1)E : a.a. ::(a1,...,ai_1)E : aﬁ

1
A sequence a is called a strong d-sequence on E, if
for any integers n1,...,nS>O, the sequence

Il,] n

S
3.1 ,.oa’a

S

forms a d-sequence on E.
If besides each of the properties is stable under

any permutation of the sequence, the term unconditoned is

attached.



DEFINITION. Let A be a Noetherian local ring with the
maximal ideal m and the residue field k and E a finitely
generated A;module. A finitely generated A-module K is
called the canonical module of E denoted by KE if the
completion of K is isomorphic to

Hom, (HS (E),T,(k)),
where s=dimA and IA(k) denotes the injective envelope of k

over A.

Together with the characterization of Buchsbaum
modules by ﬂhe d-sequence property of system of parameters,
the Main Theorem leads the canonical duality theory of
Buchsbaum modules:

THEORENM, ([85]). Let A be a Noetherian local ring with
ité'maximal ideal m and the residue field k. Assume that a
finitely generated A-module E possesses the canonical module
KE.
If E is a Buchsbaum module, then KE isvalso a

Buchsbaum module.



77

In this note, to introduce the reader to the theory
of u.s.d-sequences, we quote some results stated in [86]

without proofs with the exception for the Main theorem.

u.S.d—-sequences

Throughout this section, let A denote a commutative
ring with 1#0 and E an A—module,vunless specified otherwise.
For a system of elements A=8,,..058 of A, let
K.(a3E),Z,(a;E), By(a;E) and H,(a;E) denote the complex
generated by a over E, the cycle, the boundary and the
homology module, respectiveiy.

We begin with

LEMMA, Let a=a 1,058 be a d—seqﬁence on E, then:

(1) For any i=2,...,8, 8iy+..,a, is a d-sequence on

s
E/(a1,...,ai_1)E.
(2) If igj then we have
0:a.)C(0:a.
( Eal)z( EaJ)

and

(Oéa1n)=(0£a1)
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for any n>0.
(3)If therefore a is a u.d-sequence on E, then

(O:(a)A)=(O:ai>
E E

for any i(1<igs).
Consequently, if a is a u.s.d-sequence on E, then
q
n, n ’
(Oé(a1 TEREL- N )A)=(O£ai)
for any i(1<i<s).
(4)If a =84y..+58, 1s a u.s.d-sequence on E, then

Ho(E) (M qE=0,

where g=(a)A.

LEMMA, (Goto's lemma [SS])° Assume that 8yeeerdg is a
u.s.d-sequence on E/bE for some b A. Then for any integers
n1,...,ns>0 we have,

n, n n,-1

SVE.he = TU 4 J = .
(a1 yeresBg )Eﬁ;b T T s (jéJaj ){(jEJajE)éb]‘

The next theorem is one of the fundamental facts for



the local cohomology with respect to a u.s.d-sequence.

Essentially the proof had already been given in [SB]Prop.A.

- Theoren. If a=aj ;.58 is a u.s.d-sequence on E, and
g=(a)A. Then:
qu(a?,...,ag;E)=O,
- for any n and p>O0.
Consequently, if p<s, then
qHP (E)=0.

q

Proof of the main Theorem .

Let gq=(a)A and L = HomA(H:(E),I).
We must show that for each i and j with 1<{ilj<s, the
following holds

<
(a1""’ai—1)Liaiaj_(a1""’ai-1)Liaj .

There exists an exact sequence
oA s-1 . s-1
(#):0 > 87, (E) > B (B/ayE) —
s s m5(B)—> o
H E ——e —
q( ) q

and the I-dual sequence which is also exact,
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2 T 1
> L > LY > Hom (HS; (E),I)—> 0 ,

(#2):0 > L — A

7 s-1
where L'—HomA(H q (E/a1E),I).

We at first treat the leading two elements in the
sequence. From (#2) it follows that a, is regular on L. Also
a, must be regular on L' by the same reason, because
Boyesesdg form a u.s.d-sequence on E/a1E, hence a, acts

regularly on the submodule L/a1L of L'.

Note that we have already finished for the case

where i=1 and 2, in general.

In order to go further, we prepare the following
lemma which is the key:
LEMMA ([85]). Let A,E and a be as the statement of the
theorem (1.1) and s2»3. Let P denote the A-linear mapping
HS;1(E) —_— Hsa1(E/a1E)
induced from the natural mapping

E———> E/a1E

and I be any A-mdule.
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Suppose that OYREREY - are A-linear mappings of
HS;1(E/a1E) into I satisfying the following equation:
a2g2+...+asgs=0.
Then for each i=2,...,s the composition gi°P=O.
Let us continue the proof of the Main Theorem. The
remaining cases are s23 and i23. Let
f €i(a1,...,ai_1)L£aiaj.
Then we have
aiajf EE(aq,...,ai_1)L,
*
and by operating T
| * f 1= 1
aiajT ( ) (a,},ooa,ai_.])L -(az’ool,ai_1)L .
By the induction hypothesis on the length s of the sequence,
we may conclude that
* _ i-1
(#3) ajT (£)= le=231gl
for some gl's L!'. By the lemma above, for each
1=2,...,i-1, we have
% ;
P/(gl)=gloP=O.
By the exactness of (#2), for each 1=2,...,i-1, there exists
*
L such that T (f

f . Substituting them to (#3), it

1 1)=81

follows,



8<

* _ i-1
T (ajf)— 1=2 lT (f )

and hence

7 (a f- 2:1 _,a,f;) = 0.

Again by exactness of (#2), there must exist f1 L such
that
aqfy=a f- AL ALRE S
namely as required we have
ajf E (a 8qyeeer8y 1)L
(Q.E.D.)

Let us give you a brief Proof of the Corollary stated in the

introduction.
Proof of Coroliary. Since we may consider A as a
homomorphic image of a complete Grenstein local ring R of
the same dimension as A, KA=HomR(A,R) and it follows by the
local duality theorm that

HomA(KA,KA)=K(KA).
Consequently the assertion follows directly from the main

theoren.
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We close this note with an example which sustains the

best possibility of our main theorm.

Example. The d-sequence property is not necessarily
inherited by the canonical module, even in the case where A
has the finite local cohomology.
Indeed let (A,m,k) be a local ring of dimension d>2
d-1 _ 2 _
and depth d-1 such that H (A)=A/m" .Let a=a,,...,a; be a
s.0.p of A, If furthermore we choose for some as with i<d,
say i=1, a, is not contained in nz, then, with
A’=A/(a1,...,ad_1),
10 (a1)=[0:(a a. )1,,.2 =[0:a,],, 2=m/m"
m ATt e®q1/ A /m *F1°A/m *
This means that A' is a Buchsbaum ring of dimension 1, hence
a forms a d-sequence on A, On the other hand,
H? (K, )=Hom, (B (4),E, (k))=Hom, (A/m%,E, (k))
m A A m A A A
and

' =HomA(A/(a1 ,a2)+n2,EA(k)).

g (Ky/ (21,8,)K,)=10: (a,a))] )
' mA

H

Let us choose a1,a2,a3 so that they form a part of a minimal

- 11 =
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generating system of m from the first. If they were
d-sequence on KA’ then we have

a H2(K /(a,,a,)k,)=0

3'm A 1292770 27
namely, ag belongs to the annihilator (a1,a2)+-2. But it is

impossible, because dim A >2.
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