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So‘v'ma the ST&r-Tﬁanﬁ‘e relocﬁon

MiwA  TETSUJL

RIMS =@ #H=

Jimee HICHIO

Wi &K

1°) Let X be a finite set with % elem‘en‘ts,
eq. X=1{014,-.94-11}. Bta the star-triangle (ST )

relaﬂon we mean 'H‘le Fo“owinﬂ cet of Funcﬁonal

4
ecluations {:or q nknown -Funcﬁons W(G,lo,C,d;'u)
(a.b,c,deX , ueC ) :

(1) wa(a,b,ﬂ,fsu)w(f,a,d,e;uw)w(g,b, e d;v)
e

= % w('a,c,d,e;u)w(a,bﬂ,‘g;ufU)W(f,a,%,e>U‘)
for any a,b,-, § e X

GY‘aPh‘ica“y (l) Can be represented as
e d

. .-.-.fc

W&W\ﬁ QQOL\ ‘Fac.e stands ‘For ) ‘H\e -Fuy\c,'ﬁO ng
W(a'b)cld \) Ll. )
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u | = wlbedsu)

o b

Eclum‘icns (1) are the condition for “exact §oivability ’
of the corresponding statistical mechanics model in
2 dimensions (so-called e nteraction- rownd - the - face

nodel ) 3 wlab,c,ds u) are the Boltzmann weghts,

For details see ref 1).
A humbey OF solutions fo (‘) are a(v‘eaah{

known (mest often n a S(?ﬁh‘r(y di flerent Eormulation),

FOP 'l‘hese seec Hae re{:erences Clu,ofed in 2) HOWCVer‘

comP\efe dassiFication of solutions s shll an enfire\)/

open Pr‘o l::lem R

2°) It: s easy to see that (1) l:ecomes‘ o

’rau\-oloﬁy -Fo»r U=20 Pn:vialed

(2) wia,b.¢,d;0) = S, .

T\\ene,core W s natural o assuwme Hie expansion
wab c.d, u) = S + 2 Wabcduw
J21 J

Since (\3 [CN \/\1%\\\7 overdetermined <ystem (
, ,
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%6 equations (or Q% mknowms ) , the coefficients
W}(alb,C,d) are also Subject 1o overdetermined
velations. It canm be shoewn that wp to the 2" order
in UWand vV, (1) determine W, (a,b, c.d) wrtiquely
in terms of -W;_(G'L,C,d)) [e,avina ne eXtra Constraints
on the latter. o the 3“‘ order one gets a non-
trivial  system of homoﬂeneous cubic equations For
Wilab.e.d). We call thew the Laﬂg.e_m.tsa\__éf_“_’im'ia\s
(TST) relation. T‘ne.j are & Necessary ( but

a priori far from being sufficient ) condition for

the edstence of selutions to () sq‘h'sFyincj (2).

30) SWFPOSG that  the weici hts wia,bc. d) SQHSF\/
'?urﬂner H’ie Fouowina Zc‘s - Symmef‘r\/ C};omc{iﬁ’ows :
d < d c+hn din ¢

= ! fr any M
G b Own b I btn

Il
I

(3)

where the indices a,-, d.n are read modulo 1.
(Le. toles X= Z«l ). This  reduces  the Numbe ~ of
unknowns and  equations o ¢ anmd  TLE)
respectively. Tut
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—Dnen the s\'ar—-rr\ancj\e relation (1) reads as

(L{.) \A)A(u‘\-v)z é%)\wa(u)\«ﬁ(l/) = (,\ <> B )
Xy |
for any A pe Z{

where o d= o), For =) A=M )€ Zy
Differentiating (4)  with respect to U and selting

v=0 , we have
(5) AW = 2Wiha -2 W,
(5 wxw,‘ 2 Warg (T C7H%)
W, ZW; L L)
..,\o(

*WWAEWP_O,G— =

A |uzo .

o

["ere w;\ = wA/ufb and W; =
Final\y te TST relation wn Be written as

©) WAZPA(C LOEEDWW = (e po
for any )\,f'( ¥ (0,0)

Since (8)-(€) are necessary conditions. Hoeu/ an

be useOl to dassiCY a” 1‘,46 solutions Saﬂ;sﬁyrna

2).
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Actual work‘mﬁ involves  the fv“owinci steps .

L

l{WA}

Eueck ST @) }

We \nave Gone i‘hmuﬁh these steps  in the cases
CL?—B and & (Fw 9=2, (€) is veid amd the

solution o (4) s Boxter's B-Vertex solution ) with

7 fhe ard o¥ a\c_\ebra\c w\qn;\ou\\c\TToV\ Sysi‘ew\ (MACS‘(”A)‘

The \“esu.\i—‘mc) assi§icarion of  goluttons  Ts  gilven
in ﬁ\e Yolles o{: ‘re_f. 2). A\\ the SOluﬁom$ are

\Paraw\o\*ﬁzeol \07 eu‘\\oﬁc, \‘riﬂonome’ﬁric or rah‘onq\

?&AV\CTTOV\S. n the coursge we observed the
go\\ow‘w\cj Fad’s by QXPlfci-l- ‘Qompu+c\+(onf
(‘\) A\\ Hne \Yreducible Comtoowenfs c{: TST
(6) are linear. wmanifolds,

) To each solution of TST , there alwo«\/s
exsts awn actual LuV\\(O‘\AE) solution of C‘\-—)

1
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( Tt s the prope iy () that wmakes  the actual
werk: nq o be carced through to the end ;
O‘H’lerw‘\se Suc\f\ bf\&te Force C..alcu\c\'h‘om wo wla lf\aue

beon Im pes= ble )

Thus we are led

Con\ecfufe. _n\e stotements Q) ond 1)) are

Vahol ivn the wost %enem\ case ( net assuming

’r\'\e Zi’ Symme\“ry )
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