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II. GENERATION OF INSTABILITY WAVES BY EXTERNAL UNSTEADY
PRESSURE GRADIENTS :

2.1 Some issues and some history

Sound falling upon a model in a wind tunnel is known to initiate
the growth of instable Tollmien-Schlichting (TS) waves past the
critical Reynolds number, Recr’ at the frequency of excitation. This
boundary-layer receptivity to sound has ;omplicated the inference of
the onset of trahsition to turbulence from many a wind-tunnei test.

It is one of the serious obstacles to the NASA Laminar-Flow Aifcraft
Project because the sound intensity on the wing and fuselage in flight

is considerable. It was the objective of the present project to

clarify the controlling mechanism and the parameters of this
receptivity. .

Mathematically the problem was confusing because at the offending
unstable TS frequencies, the acoustic wavelength Aac is always very

much longer than A Under such conditions, the transfer of energy

or vorticity from fge sound field to the TS field is believed to
average out to practically nothing. Analysts like Goldstein (1983)
and computation specialists like Murdock (1980) tried to simplify the
problem by studying a sound wave at grazing incidence to a semi-infi-

2n/A + 0

nite flat plate in the long-wave limit of the problem: k
They concluded that coupling could occur only close to the leading
edge where the boundary layer changed quite rapidly with x. However,
excited TS waves there are damped and would decay by factors over 1000
before they could start amplifying past the critical Reynolds number
at xcr' B |

Many experimentalists, especially the Russians, looked to the
leading edge itself for explanations. Kachanov, Kozlov and Levchenko
(1975) even found éonvincing evidence that their flat plate vibrated /
under their relatively high acoustic forcing and that the vibrations
of the leading edge of their one-centimeter thin plate caused the
vorticity waves. Furthermore, sharp, completely rigid leading edges
are mathematically singular; in inviscid flow an infinite response
takes place at the edge under even mild asymmetric exci;ation. While

viscosity, separation bubbles and finite radii of curvature reduce the
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flow response to finite values, the problem remains experimentally and
theoretically very difficult near the leading edge.

It is not functional to discuss the weaknesses of each of the
experiments. in the lengthy receptivity bibliography in the over
fifteen Russian entries alone. However, no experimenter measured the
forcing field around an exterior boundary of the boundary-layer region
where the TS response starts and grows; in other words the true
forcing boundary conditions were always left undefined. A hot-wire on
a x-y traversing mechanism can furnish such information because at
low subsonic speeds a hot wire senses acoustic velocities very well.
The real experimental:difficulty is encountered inside the boundary
layer, where the exciting signal, the response signal, and any-
parasytic signals are all superposed and cannot be rationally '
separated.

2.2 Key ideas for the design of the receptivity experiment

Past experiments and theory which experienced receptivity had one
feature in common: an x-dependence of the driving field or the
receiving field or both. This was our clue. We tried to construct an
experiment which would have the amplitude A(x) of the pressure
gradient x-dependent while avoiding the singularities of the leading
edge. We settled on a local source of sound in the free stream,
"radiating" onto the developed boundary layer on the sidewall of the
IIT Visualization Facility.

The source provided the x-dependence of sound intensity along the

well-investigated Blasius boundary'layer on the wall. Because the
| receiving layer was in the neaf field, the required speaker power was
so low that we could not hear whether it was on or off. The ibw power
always kept us in the linear range and precluded the vibration
problems that plagued other experiments. There was, of course, no
problem with the leading edge of the plate and we could document and
define the forcing field on the outside of the receiving boundary
layer. Because of the superposition of the forcing and responding
field it took us some time to understand the developments and form

several firm concepts. Let us introduce them now.

(1
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2.3 Concepts developed during the experiments

An acoustic field is irrotational except at a wall where it
acquires an acoustic vorticity sublayer because of the no-slip
conditions. This sublayer is identical to the unsteady Stokes
vorticity layer in the long-wave limit and trails the sound wave as
the wave moves along a surface. On the other hand, TS waves are quint
essentially vortical. It is then 1ogicalito look to the wall for the
coupling of the driving sound to the responding vorticity field.

Mathematically, we have a forced, i.e., nonhomogeneous problem
for the perturbations of a ﬁavier—Stokes system within a rectangle of

height, say 26, and length from x, far upstream of the source to

0
x. + L somewhere downstream of the source. Within the rectangle the

sgstem of differential equations is homogeneous as are the boundary
coﬁditions at the wall. Nonhomogeneity or forcing comes from the
prescription of the oscillatory pressure field along the remaining
three sides of the rectangle. The éolution will consist of a
"particular" or "nonhomogeneous" solutiog of the differential
equations (which we shall call the forcing pressure, velocity and
vorticity fields Pgs Ugs Ve, cf) and a collection of response
solutions of the homogeneous system, i.e., eigenfunctions. Above Recr
the homogeneous solution that can grow is the TS solution with fields
Prgs Urgs Vigs and~cTS. The rest of the collection of the homogeneous

solutions, designated by Pgs Ugs V is always decaying and is in

s &3
principle constructable from the cgntrgbutions of all the higher
damped TS modes and of the continuous spectrum functions discussed by
Grosch and Salwen .(1980).

For specific flow conditions: a given circular frequency w and a
local displacement thickness 6*, the eigenfunctions of the TS and d
fields should be fixed by the dimensionless frequency F = wv/UZ'and
the Reynolds number US*/v. In principle then, for a given F and
Re ¢y only the amplitude and phases of these homogeneous solutions are
unknown a priori. As in other nonhomogeneous problems, these should
be determinable from the requirement that the total solution satisfies °
all the appropriate boundary conditions. As already discussed the wall
bdundary condition in particular could be expected to provide the link
which would determine the amplitudes and phases of the TS and d
fields in terms of the driving f field characteristics.

12



2.4 The wall boundary condition and the effect of variable pressure
gradient ‘
The simplicity of the no-slip wall boundary condition is
deceiving. 1In fact when we set u and v to zero in the x-momentum,
equation we arrive at a fundamental constraint which must always be

satisfied, for steady or unsteady flows:

9z du 1 3 p ;
-v = 4v = at y=0 (2.1)
3y 3y p 9 x

Since according to Fuchs law the term on the left represents the flux
of vorticity diffusing out of the wall, any pressure gradient
impinging on a rigid surface generates wall vorticity sources per unit
area, per unit time equal to its amplitude, divided by the density

p. In fact it is this link which ties the acoustic Stokes sublayer

to any sound wave at the wall.

Equation (2.1) could serve as a boundary condition for the
vorticity equation. If we average (2.1) over one periodbof the
forcing frequency, these linear periodic functions yield zero. To see
wheﬁher we canlcummulate some effects on the average, we multiply

(2.1) by ¢ and again average over one period to obtain

3¢ 2 3p ‘ (2.2)

for the source of mean square ‘vorticity cz_diffﬁsing out Qf‘the wall
per cycle, per unit area. The basic problem of non zero input from
the forcing field to the TS field can be illustrated through the
in (2.2) for the

nature-of the cross-correlation C =.(3p/3x)f.cTS
long-wave limit. In this limit the complex representation of the

pressure gradient with constant amplitude A is A exp (-iwt), and the
corresponding expression for CTS is g

correlation C is then A Re(Z

Tso ©XP i(kTSx - wt) The average

T50SXP ikTSx) which represents a purely
periodic variation in x. When this quantity is averaged over one TS
wavelength it yields‘zero, i.e., qusing'pressure gradients with

constant amplitude cannot generate c%s at the wall.
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When the amplitude of the pressure gradient is x-dependent, A(x),
the average cross correlation C will cease to be purely oscillatory as
above. To see that let the Fourier transform of A(x) be AF(k)’ 50
that 27A(x) = ff:Ar(k) exp ikx dk. If AF(k) has a non-zeré contribu--
tion at the TS wavenumber, i.e., if AF(kTS) # 0, there arises a net -
input rate from the forcing field to the TS field per cycle, per unit
area, C = Re[AF(kTS)c§So] Ak/2, where %* is the complex conjugate of I
and Ak is an effective bandwidth. This is the mathematical crux of
the feasability of‘receptiviﬁy to sound.

In other words, the mismatch of the characteristic }ength A£ of
the sound field and ATS leads to cancellation of the input average,
when the amplitude A of the forcing sound is constant. With a.
variable A(x), however, Af ceases to be the sole acoustic characteris-
tic length. The Fourier spectrum of A(x) in effect measures the
"spreéd"'over other scales. ‘If it overlaps with the kTS scéle, there
is a positive input on the average.

The input at the wall is not ﬁhe only mechanisum for increasing
Z . In the equation for 7 itself there is a term’vU" which
represents the rate of transfer from the steady_gean flbw VOrticity to
the unsteady vorticity. When the eduation for CZ is formed by
multiplying by ¢ and averaging over the forcing period this term
becomes v U". The conditions for the transfer to C%S from the mean
flow by the Ve forcing motion comes to the condition for non zero
cross—correlation vf;TS.. The amplitude Af of Ve is proportional to
A" (x) + 1kA(x) However, since the Fourier transform of A’'(x) is
ikAF(k), the cross-correlation again is non zéro when AF(kTS) # Of

One can also write down a formula for the total contribution from
the Ve motion, integrated over the boundary layér; but that adds
little new insight. What is meaningful is that because of this input
there can be a build-up of C%S far from the wall, long before any
diffusive effect could reach there.

2.5 Evidence for the prOpdsed concepts

Any general analytical solution for the f, TS, and d fields is
not on the horizon. At present we can try to verify different
features of these fields in specific solutions; i.e., in physical and

numerical experiments. At our instigation Professor H.VFaseIJof the

14
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University of Arizonma carried out a difference solution of the
Navier—-Stokes equations for which the nonhomogeneous forcing boundary

condition was purposely shifted to the wall. Specifically a local
oscillating vorticity source -vdz/dy at the wall was prescribed to be
zero except for a narrow strip where it was proportional to

sin m (x—xl)cos wt. The strip was made narrow so that the Fourier
transform of sin m (x-xl), would be broad and cover k . This indeed
happened and a vigorous TS wave with a wavelength just over twice the
strip width grew within two TS wavelengths. The vi U" build-up of the
vorticity farther away from the wall clearly contributed to the rapid
growth. It was possible to identify the f and TS field byvtheir
evolutionary behavior. The d field could not be identified as such,
but it must be present. _

While in the numerical experiments the total wu, v, and C
fields were available from the computer, in our laboratory experiments
only the information on the total u field could be obtained. We
could identify ug

Stokes-1ike near the wall). We did trace the expected change from

+ uy fields far upstream (they were essentially

Stokes~1ike profiles to those with increasing umak at higher vy
locations as the TS field grew. Farther downstream, as the ratio
|“T81/qul became large the phase speed approached that of TS waves.
When we halved the free-stream speed without changing the forcing
field, the response collapsed to an essentiai1y>étokes-like behavior
throughout. 1In the terminology of the preceding Section, A(x) and
AF(k) remained the same, but AF(k) could not overlap with any kTS
wavenumbers because at this lower speed the boundary layer was
subcritical and stable. Thus the TS field became part of the d

field and only ue +u, was identifiable. ‘

The details of both the physical and numerical experiments will
be found in the paper by Nishioka and Morkovin under revision, aimed
at the Journal of Fluids Mechanics. Here we can only outline the
issues, the useful new concepts, and their verification in qualitative
terms. However, it should be stressed that the often puzzling results
reported in the earlier literature appear consistent with the views

presented here whenever the forcing remained linear.
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