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§1. Introduction.

Let B = (Bt, t20) be a complex Brownian motion starting at 0
defined on a probability space (Q, F, P) and £ be a non-constant

analytic function in the unit disc A, Define ¢t~and ¥ by

t .
, 2
Pe = fO | £ (Bs)l ds,

up to the first exit time ¢ of B from A and

 »
i

We ) = C £(B _ ).

P
Then the process W is also a Brownian motion up to the time s
It is known that E[ go(c)p/2 ] = Hpr for 0 < p < » ( Burkholder,
Gundy and Silverstein [2] ). In i979vDévisY£3J noted that Py is
the first exit time of the Euclidean Brownian motion W from £(A),

Precisely let S be the Riemann surface of f"t such that S is a

covering surface of f(A) with the natural projection p and that

1

there exists a one-to-one onto mapping £7' with £ ' of = p. Such

a surface is called the Riemann surface of inverse function. The
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Brownian motion W = (Wt) can be lifted continuously on S. Let w*
= (W:) be the lifted Brownian‘motion on S. Since the'”generatﬁr
of W* is 1/2 times the Laplace-Beltrami operator corresponding to
the pull-backed metric on S from the Euclidean metric on £(A),

W is a Brownian motion corresponding to this metric and ¢, ‘is

the first exit time of W from S.

In the present paper we shall study analogously spherical

Brownian motions on. Riemann surfaces of inverse functions,

§1. Result,

Let w = f(2z) be a non—conétant meromorphic function in the
z-plane to the w-sphere. We may regard f and 4i£s rfestriction
f’{lzlir} as onefto~oné onto mappings from the comple# plane C
and {]z|<r} onto Riemannvsurfaces of inverse functions S and Sr

‘respectively. We may assume Sr € S. Now we can define a spheri-

cal metric on S by

p(w*)dw*d;* = ——JQEE%—;,
(1+w| )
for each local coordinate W' with w = p(w*). Let A dencte the

spherical area on S, then

Alr,f>

2

: , 2
Acsr),=;J | L (22— qxdy.
lz|$r C(1+]£Cz)12)

Define the Ahlfors-Shimizu characteristic T(r,f) by

L

TC(r £) = f Ax.£) 4y,
SR X
Then it is well-known that
r , 2

&

j — g(z) dxdy,
lzi<r (1+[£C2)}] )



where g is the Green’s function of {|z|<r} with a pole at 0 and z

= x+iy,.

Let W; = £(0) € Sr‘ The spherical metric p does not only

define A(r,f) and T(r,f) but also generatés a Brownian motion

W= (Wt) starting at w; on S defined on some probability space

@* F*,P*) such that

) .'* * . % ‘ R ‘ * ’
llmu0 E L u(wt) - u(wo) ] = (Lpu)(wu), (2.1)

o
[N

for each Cz-bounded function u on S where ‘E* deﬁotes the
mathématical expectation with respect +to P* and Lp is the
Laplace-Beltrami operator corresponding:tb‘ p. . Let o; be the

first exit time of H* from Sr' Then we have,
, it holds

Theorem. For each r, r > 0

ﬁ U
E 0L ] = T(r, £J.

§3. Proof, We can construct H* by the standard time

change-argument (Blumenthal and Getoor [1] p.212), Define Py by

“’tzf

0 <1+|f<Bs>;2)

ey
S

7 ds,

and put P, = ¢, Then W = (W,) = (f(B, )) is a spherical
t t t ¢t
' *
Brownian motion on the w-sphere, Let H* = (Wt) be a lifted pro-
cess of W such that W* has continuous paths a.s. with p(w:) = wt

and Wy = wy. Without loss of generélity we assume £°(0) # 0.
Then a simple épplicatioﬁ of Ito’s formﬁlé (IkédaA.and Watanabe
[4] p.66) shows (2.1). Since o) is the first exit time of W'
from Sr, we have

* * '
0. = inf ( t : Wt € Sr }



14

_ -1, % -1 v
=inf ( t ; £ (wt) € f (Sr) }
= inf { t ; 'B¢ | 2 r }
t
= inf { Pe s !Btl 2 r }
=¢o ,
r

where o is the first exit time of B from {]z}]<r}. Hence we have

*
EL o 1 =E[g, I

r
2
(o] {£7(B_)|
=E[ f r S— ds .
0 (1+}f(Bs)i )
Let p(s, z) = P( s < 0., By € dxdy ) is the density function of

the random variable BSAG with respect to the Euélidean area ele-
. r ’

ment. Then it is well-known (Ito-McKean.[5] p.237) that

(]

[ p(s,z) ds. = % g(z),
0 .

This shows

. \
EC oF 1 = % I LEL2)] - — g(2) dxdy
« {lz]<r} (1+][£¢z)|2)
= T(r,£).
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