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DYNAMICAL SYSTEMS ON DRAGON DOMAINS

EHEAEET.SY KAEKX ( Masahiro MIZUTANI )

BREBAE.HK ¥ SBE®EX ( Shunji 1TO )

ABSTRACT

Dynamical systems on fractal domains are studied.
These domains are called twindragon. tetradragon
and cross dragon respectively.

1. INTRODUCTION

We can see the following fact in Knuthl): For any complex
number there exists the zero-one sequence CEVRE: SIS P I

such that

- ; J
Z-Z-WéJékaJ(l-l) .

that is, evry complex number has a "binary" representation
with base i-1. This fact suggests an existence of a number

. i) which induces the

theoretic dynamicél system (%?-1'%i~1

~

binary expansion. Actually if there exists a domain Xi—l and

its partition {Xi-I,O’Xi—l.l} such that



(i) Xi—l = Xi—l,O ) Xi—l,l and int(Xi_l,O) N int(Xi_1’1)=¢
(1) X;_p = G=DX; | o= G=-DX; ;4 = 1,

then the transformation Ti-l on ﬁi—l such that

-] >

-2 = ti-Dz -atti-1z)

where a(z)=j if zsj+ﬁi;l 3’ J=0.1, -induces the binary

expansion.

On the other hand we can see also the followings in Davis

and Knuthz): for any complex integer m+in. there exists a

revolving sequence of finitellength 61,62,.,.8k such that
K K-
J.=1<‘SJ.(1+1)

where the revolving sequence (81.62,...) is defined by the

m+ in = L

following conditions:
(1) SJE{Ools_i-—lyi}
(ii) if (81,....8J)¢(0.,..,0)'

J+l=0 or (-i)8k° for all jelN

where k0=max{k:8k¢0,1§kéj)

(iii)  if (81.;..,83.):(0,....,0)

e{0,x1.xi}.

then 6

then 8J+1

This fact also suggests an existence of a number theoretic

dynamical system (X.T.v ) which induces the revolving

expansion
|3

- o C -
z = Xk=18k”+l)

We consider the existence problem of above dynamical

systems (&1~i'%l—i’&) and (X,T.v) and show that the

boundaries of these domains Xi;l and X. called the twindragon
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and the tetradragon respectively. are indeed fractal sets 3,

Moreover we propose a new éonstruction of the dragon
different from the paper folding process ah& consider a
dynamical system (Y.S.A) on a domain tiled by four dragon
which is not the tetradragon. called a cross dragon
Suprisingly we can show that this cross dragon system4) is

actually the dual system for a very simple group endomorphism

T, on ﬂ‘z such that

N N

2. " BINARY EXPANSION ON TWINDRAGON

Firstly consider the binary expansion with base (1+i);

- 0o . K
z = Ekﬂsk(ﬂl) .
where ske{o.i} for all kelN. If there exist a dynamical
system (xl+i’T1+i‘“) which induces this representation, then
the domain must be the limit points of Qn such that
- h . =K. .
Q, = (L & 01+1) ie,e{0,i) )
and also X1+i.e’ £=0,i, must be the limit point of Qn,e=
n -
{Zk=lek(1+i) k:el=e } in the Hausdorff metric space
(Z.,d). For after discussions we put
Pn+1 = (1+i)an for‘nél.
that is.
L PP S .
Pn+l = { Zk:uek(l+1) ie,s1€0.1) ).
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We consider the shape and properties ova1+i such that

d(X ,Pn)-+0 as n—»oo, Let U be a closed square with

1+1i
vertices 0, 1, I-i and -i, and for each point

Xx(€gy....e, )eP ., we prepare the neighborhood of a point
x(so.....zn;l)‘such that

UX(SO,...}enq) = X(Egu..onE )+ (1+i)” (0D,
and let Fn+1 and Bn+1 be

Fn+1 =lJXePnHUX(£O ..... chﬂ)
and

Bre1 = 9Fnyy
respectively. We call Bn+] a (n+l)-step Bernoulli boundary
(Fig.1(a)). _Weygive the names for each side of Bn+1 as a

following way: For each n21 we name each side of the square
(1+)" M Dy A"l and B7! respectively, then we obtain
names of each side of the neighbofhood of point

x(eo.....s according to above namings. Therefore we

n-l)
can read a sequence of names for Bn+1 as to be

is a first name of a
1 1

n+l,1'8n+1,2° " Anst m(n) where A

side [0.(1+1) M 1)_iy7 and A

A n+l.1

{A,A"",B.B ') is a name

n+1,k°
of k-th side of Bn+1‘

Lemma(2.1)

are obtained from these of
1

The names of each side of Bn+1

B, that is.
1

B, by the substitution ©:A—AB, B—A~
the names of each side of Bn#l = oMaBa 1871y,
By the way, recall the notation by Dekking>’*®’ for our

purpose. Let G be a finite set of symbols, G* the free
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(a)

Fig.1: Bernoulli boundary Bn and Dragon boundary,Kn;l.

semigroup generated’by G and O:G{*G* a semigroup

ehdomorphism. Let f:G{»G bé a homeomorphism which satisfies
FOVW) = £(V) + £, fvhy = —fov |
for all words V.WeG¥. Define a map K:S*—C. which satisfies

KIVWl = KI[V] U (KIWl + f(V))
for.all reduced words,V,WGG*, by
Kl{s] = {tf(s); 0=tsS] } for seG.

This makes Klis ..st{the po;ygonal line with vertices at

K
O.f(s‘).f(sl)+f(52J,....f(sl)+..,+f(5m).



149

Especially we consider here a following case.
G = {a.b}, f(a) =1, f(b) = i,

and

1

6: 8 (a)=ab, @ (b)=a 'b.

Then the following relation holds
fé = (1+i)f.

We put

1, -1

K, = (1+i)" "KroeMcaba ‘b 11,

and call Kn a n-step dragon boundary (Fig.1(b)).

Theoren (DekkingS)’S))

(1) There exists a closed curve KG such that
(1+1) "o Mcaba"'b 111K, as n—eo

in the Hausdorff metric, |

(2) dimHK9=2logBO/1092. where BO is a unique real root of

g3-p2_2=0.

K@ is called a dragon boundary or a twindragon skin

because of lemma(3.2).

We obtain a following relation between Bn and Kn;

Lemma(2.2)

1

B = 2(1+i) " (K ).

n+l n-1
Corollary(2.3)
Let X1+i and Xl+i,£’ €=0,i. be convergent sets of Qn and
Q (£=0.1) in the Hausdorff metric (Fig.2), then

n, e



is similar to the dragon boundary.

(1) 8X1+1

(2 Xy = X0 Y XL

(3) X1+i = (1+1)X1+i,0 = (1+1)X1+i.i - 1.
(4) dimy( Xl+i.0‘q X ) = 210gB0/I092.

1+i,1
Thus we can define a transformation T1+i on X1+i by

T z = (l+id)z - [(1+i)z]1+i

1+1i
where a digit [z]1+i be

0 Hif we X1+,1.0-
i if WEI+X1+1.1‘

twly =

Then we obtain

N 1+i

Fig.2: Domain X, ;-



Theorem(2.1)

(1) The transformation (X1+i;Tl+i)'induces»the complex. binary
expansion for a.e. zeX1+i such that
o - .. —K
z = L3 (@) (1+1)
. - . k-1
where ak(z)—[(l+1)T1+i le+i'

(2) The Lebesgue measure u is invariant?with,resPect to

(X , T } and the dynamical system (X1+1‘Tl+i‘”) is

T+1° " 1+1

isomorphic to the two states Bernoulli system.

Remark:
(i) Put

X1_1= X1+i' [w]l_i=[wJl+i . |
where = means to take a complex complex conjugate, and

Tl-iz = (1-i)z - [(I—i)zll_i

. 4) induces the complex

for zeXl_i.

Then dynamical system (Xl_..T1

i -1

binary expansion with base (1-i).

(1i) Putting

= + X 3 ° €=00-ia:
and

i-1
where [wl,; ,=¢ if wé‘s+Xi_1. then (Xi-l’Ti-l’”) is well
defined and induces the complex binary expansion with base
(i-1).

(iii) Taking a complex conjugate of (Xi—l'Ti—l’”)‘ then the

dynamical system Xy Toyoyom) 1s obtained and induces ‘the
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complex binary expansion with base (-1-i).

We remark that the sets Xi—l and X—l-i include the origin as
an internal point respectively.

(iv)' The set of the twin dragons {X1+i+m+in:m+ineZ(i)} tiles
the whole plane, that is.

U X,.,.+m+in = C

m+inT1+1i
and
u( LJm+1n3‘X1+1+m*i“” = 0.
3. REVOLVING EXPANSION ON TETRADRAGON
Let M=(MJ k)' j.ke{0,1,2.3}, be a 0-]1 matrix such that

1 1 0 0

0 1 1 0
M = 0 0 1 1

1 0 o 1/,

and (X .oM) a Markov subshift (topological Markov chain) for

M
the structure matrix M. Define a coding function WO and a
isomorphism ¥ on XM by
r 0 for 81-£2=0
1 for £1=0’
W0(81.82)=81= -] for £1=1

-1 for €, ,=2

i for 51=31 .

and for each u)eXM



_ n-1 00
W(w)-{WO(aM (w) %Fl'
Then we obtain,
Proposition(3.1)
Let W be a set of the revolving sequences. Then the map

Y is one-one onto from XM\{ezl,sz,...):aj=a for all j and
a {0,1.2.3}} to W\J(0,0.:...)}. and satisfies a commutative
relation

ge¥ = W-owr

- Now denote a set of all finite revolving sequences with
(n) (n)

length n by W and the decomposition of W by
(n)‘_ n . -
we ) = { {WO(EJ'CJ+1))j=1 : 51-8 and
(81,..,8n+1) is M-admissible 1},
and
n) N (n) . -
W(E.S) = { (81. ’Sn)ewe s 81-8 }
Then we obtain.
Proposition(3.2)
{n) _ (n)
(v = U cqo,1,2,0% -
(n)y _ ,,(n) © o, (N
2y W, =Vee. o YVie. (ciHhey
n) '_ in-l)
(3) ow(e.O) = w8 and
n) ’ _ (n—l)
VW (-118) ® Yesi(mod &)
. (n) _ , <M
(4 (l)we - _WS#Hmmi4V
. o) - () ‘
=DV 0y Y g+i(mod 4).0)°



and
) L m L
GOV )8y T Y ehi(mod 4). (-i)EFL)-

Let 2 be a map from w‘"’ to a line segment such that

Q(Sl""‘arﬂ = segment whichconnectsP(SI.....Sn,O)
and p(81....,8n,8n+1¢0). where

v i n ok
p‘§1""f8n) = Zk=lok(1+1) .

By the way. define a n-step twindragon curve Dn and a n-

step dragon (paper folding) curve H, (Fig.3(a)(b)) by

Fig.3: Twindragon Dn and Dragon H, and their boundaries.

//v



(1+1) K16 . .cabcd)
n T

A
]

and

H
n

where G={abcd} and a homeomorphism f is such that

(1+1)'“K[9T“(ab)1,

fla)=1=-f(c) and f(b)=i=-f(d).
and an endomorphism OT is defined by

8 a—*ab, b—cb, c—cd. d—ad.

T:
We notice the twindragon curve is tiled by two dragon curves.

that is,
Dn = Hn U (-Hn+1+i).

Lemma(3.1)

: (n) n) .
Let Q’s and % (e.68) be defined by

(n)
Q = U, < (n)2(8§,....6_)
£ (61....,8n)ewg/ 1 n
and
m) : :
Q =U (n)Q(a c.-'8 )9
(g.8) ( 8, oo 8n Ye w(e,a) 1 n
n) {n) S
then ¢ (£.8) and ¢ € are similar to the (n-2)-step and

(n-1)-step dragon curve respectively (Fig.4(a)(b)).

Let U be a closed square in section 2 , U' a closed square .

defined by

such that U’=U+i/2 and B'n+1

B’ ., = 8( U ye1+) O Dy oy,

1 X(€0....,8

XePpy, n-1

then

Lemma(3.2)

(1) The n-step twindragoh curve Dn is covered by a closed
cﬁrve-B?n;l as an envelope (Fig.3{a)), that is.

- , _ (. n+l
dO(Dn,B’n+l)— sup inf |[x-y|= (vrz) .

xeBgﬂ veD,,

12
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(a)
0 \Jd 0
) -
1{0,0) :,- 1: ,Ql;,)o)'%>t‘\ 1‘\)
i 1 ’ . “~ 4
-; bod _L ) &
,Qm’ =N o
o, C
’Qto.n
(b) w '
Rz ~ j(t)
(:ﬁ\vt“/\)zl(\x'ﬁ\}

Fig.4: (a) Line segments‘Q (I(% 0) and Q(IE()),I) for n=3,4.

(b) Line segments {2(2)} for n=4.

(2) The limit set DT of <Dn}n=1 has a dragon boundary as its

boundary.

Moreover using above lemma we can prove that

Lemma(3.3)
Let HT be the limit set of the paper folding curve'Hn.

Then the Hbundafy of HT consists of three parts of the dragon

boundary. Therefore dimHaHT=dimHaDT=ZIOgB0/1092.

13



Put
n _ n . -K. (n)
X(e,&) = {Zk=18k(1+1) '(81""8n)€w(8.5J }
(n) _ h k.. (n)
XC - {Zk=18k(1+1) ‘(81“'.,8n)€w8 }9'
. (n) '
and let X(s,S) and X8 be limit sets of X(g,a) and X8
respectively (Fig.5). Thus we can prove that
Lemma(3.4)
(1) (1+i)X(8‘0) = Xa
. _ _iyE
(2 (DX 8y T Xevimod & P
(3) int(X: ) N int(X

te.8) (s’,8’))=¢'for“

(e . 86)#F(e?.67),

and ax(e.S)rwaX(e’.S') consists of parts of the

dragon boundary.

i C il

Fig.5: Tetradragon X.

(n)

157



158

Then putting

GO=X and 68=8 + X for 8=(—i)8,

and let a mép T on X be

e+l (mod 4)

Tz = (1+i)z - (z1y,,
where [z1,=8 if we68 for 6e{0.1.-1,=1.i),
then a transformation (X.T) is well defined and induces the

revolving expansion.

Theorem(3.1)

(1) The Lebesgue measure v is invariant with respect to

(X.T).
(2) the dynamical system (X.T,v) is isomorphic to

(XM.JM.uM). where “M is a stationary Markov measure such

that
172 172 0 0
0 172 1/2 0 .
P = I = (1/74.174,1/4.1/4),
0 0 172 172
1/2 0 0 1721
Remark 1:

The dual algorithm of (X.T,v) is constructed by taking a

complex conjugate. X*=X, and putting

= x*. 6*8 =85 + X*

N %

U for 8e{0,1,~-i.-1.1},

0 £-1(mod 4)

and
™z = (1-1)z -L(1-1)Z1 %,
where [w]D*=8 if WGG*S- - Then a dynamical system

(X*,T*,v) is the dual system for the system (X,T,v) and
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induces the "converse" revolving expansion.,

_ o * -k
z = Ek=18 k(l iy ",

Remark 2:

If we choose formally the dual domain X# as

# _ #
X" = LJEX P
where
#  _, OO % . A * *
X e T { Z:k=18 k(1+1) ) 1,8 2,..)eid € }.

Then we obtain an interesting picture (Fig.6). This

selfsimilar fractal curve is already studied by P. Lévy in

193887

N

1

~1-i -1

16
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4. DUAL SYSTEM ON CROSS DRAGON

Let E=(EJ k)’ léj,kéﬁ, be a matrix such thai

We consider E as the structure matrix for states I'=
{0.i.-1+i.-1} by a correspondence 71:{1,2,3,4}—I" such that
r[11=0, v([2)=i, v(31=-1+i and r[4]=-1, that is, let V be a
set of infinite sequences genérated by ‘the structure matrix E,
) 21,7 .eT for all jeN )

Tj » T+l J

17 = ) : .
V—{(Tl’z’...i)"E ‘ v A
and ¢ a shift on V. Then the system (V,g) is a Markov

subshift. Let V(n) be a set of E-admissible sequences with

length n and Vr(n) be

{n)
1§ =
V., {(rl,....rn)e
Notice that nonzero entries of the structure matrix can be

written as B gy, v toke1imod 41°B 7 (x3, 7 L(k+2)mod 41 2Nd
denote these two admissible states after y=7v[k] by r(1l=

T [(K+1)mod 41 and 7 [21=71[(k+2)mod 4] respectively.

Property(4.1)

“(n)

SEEEAR Upcco,iv-1e1,-00Vp
(2) avr”” = v;"E;)] ;"[_2';,
(3) ivr‘“’ + i o= VT(T”
and
v sy = v;"[)zl.
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We realize a sequence (rl,...,rn) to a. point

P(rl.....rn) by

n L
p(Tl’...,’Tn) = Zk=lrk(l+l) ?(.

)

According to the set of sequence v ang Vr(n) 1et Y™ and

y (n)

¥ be sets of points {p(Tl"""Tn)}'a
It is verified that

(n) o(n+1) e
s
dary My » s (0

)

in the Hausdorff metric. So Y(n) and Y,r(n converge to Y

and YT respectively as n—>o0 (Fig.7).

Fig.7: Cross dragon Y.-

(8
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Lemma(4.1)
Let v=(E, % 7. (1+i) 7 K:iq yeV) and Y _=
et Y=(Z, 17, (I+1)7 717 .75 0e -

00 .. -K. _u ,
{Zk=lrk(1+1) .(71.72.,.)c\r}. Then the sets Y and

Y . 1< . satisfy following properties.
(n Y= U 0.i.-1+i.-0Yp e
(3) in + 1 = Yr[l)

and

(4) Y =F (YT) L,FI.T(YT)'

r 0.7
where F, . and F, , are contraction maps such that

(1+i)7!

F0 _(z) (iz+7r+1)

and

(1+i)°1

-
N
"

(-z+7+1+1) for each rerl.

Recall another approach for selfsimilar fractal sets

proposed by Hutchinson7) using'a.set,of,contraction maps.

Theorem (HutchinsonY))

Let £ be a finite set of éontractibn maps {Sl....,SM} on
a metric space. Then there exists a unique closed bounded
set K such that K =lJJ:kSJ(K). Moreover. let
DC(A):UJ.MISJ.(A) and £Par=££P 1(a)) for arbitrary set a,

then £P(A)—K in the Hausdorff metric as p—e for closed

bounded set A.

19
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Thus we can say that the limit sets {Yr} are invariant

sets for the contraction maps {F ,F 3. Notice that the

v O.7r’ 1,7
set {X*g} in section 3 are the invariant set for the

contraction maps (G*, _.G* _) for each £<(0,1.2,3},
where
* . - s -1 »* - s -1,. . €
G 0,5(2)‘(1 ;) z and G I,E‘Z) (1 1)» (iz+i ™),
¥* * ¥* * * ‘
X e G O,E(X s) UG l,s(x g’
PP %*
and for L£=(G 0”‘:.G l,s}
* n g% (ntD)
G 0.8( LH0) ) = X (e.0)
and
* n N 14 E0))
G g L70) ) = (e.i€y-

Then we obtain

Theorem(4.1)

Let {YT} satisfy YT = F (Y7,)lJ FI (Y_) for each

0,7 o

Té(O,i,-1+i.-1)Yr~ Then

(1) Each set Yr is a dragon with end points 0 for Y—l’ 1

rel. and Y=U

for YO. 1+i for Yi‘ i for Y and (1+i)/2 in common.

-1+
(2) The set Y is tiled by four dragons {YT}..that is.

Y=U C o 1ai _1.Y
and 7e{0,i,-1+i.-1}"7r

= : ",fr ‘
A(YTOYr,jO for r#7r -

We call the set Y a cross dragon.
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Let a map S on Y be

Sz = (1+1)z - [(1+i)z] .,
where EW]C=T.if we ?+(YTEIJLJYT[2J)' Then (Yjs) i;\well
defined and induces an expansion
_ 00 .-k ’ :
Z = Ly 7y (1+D) for a.e.zeY.
Now let Y*={x+iy:0Sx.y<1} and a map S* be

¥z = (1+i)z - [(1+i)z],

where [wl=[Re(w)1+iflIm(w)]l for zéC; This system is
equivalent to a group endomorphism T, on the torus T 2 such
that _
X 1 -1 X (x-yl
TL = - . ) .
y 1 1 y [x+y]

Theorem(4.2)

(1) The Lebesgue measure A is invariant with respect to
(Y,S).
(2) The cross dragon system (Y.S,A) is actually the dual

system for (Y .S¥.A).

Remark:
The cross dragon system (Y,S5,A) is isomorphic to a

following map on the torus.

X 1 11 /x -1 [x+y-1]
= + : - :
Yy -1 /iy . 1 [-x+y+1]
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