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On a Bernoulli property for multi—dimensional mappings
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ABSTRUCT
A class of multi-dimensional mappings whose element -
-has a finite range structure is proposed. In previous
work 2), sufficient conditions for ergodicity ‘and
~ the existence of J -finite invariant measures on this
class were given. In this paper, we show that such
‘mappings are weak Bernoulli if .they admit finite - |

invariant measures,

1. INTRODUCTION
: 2 .
In previous paper ), we introduceda mapping T on
a bounded domain X C R" which is characterized by a partition
0 = {Xa: aeI} of X and a finite number of subsets {UO,"yUNﬁ of

X as follows. ‘
(1) Each Xa is measurable connected subset with piecewise

smooth boundary.
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(2) Each U, has a positive measure.

(3) For each Xé’thé mappinq{TL restricted on X, is
< : a

injective, of class C1, and det*DT& £ 0.
. a ’

. L =1

(4) If 1nt(Xa1)n1nt(T
n e ap(n=T) - U

then T (Xa1ﬂ nTt Xan) = Uy for some kG{Q ,N}.

Xaz’n‘“nin’t (T"”(n"”xan) £9,

Various mappings which are associated with the expénsions of
points in R™ have the above structure. In this paper, we call
this mapping %i&ulti-dimensional mapping with a finite range
structure. The ergodicity and properties of invariant measure .
of T were investigatea in (2) .

In this work , we prove that the partition Q becomes
a weak Bernoulli partition with respect to T under some condi-

tions on T. .
For mappings on an interval having a finite partition,

it is known that the weak mixing property implies the weak

Bernoulli property if the mapping is uniformly expansive.

n

(See Bowen for details). When the mapping is not uni-

formly =~ expansive Ledrappier 4) recently proved the same

statemant as above under the existence of an absolutely
continuous invariant measure with a positive entropy. The main
ingredient of his proof, which is patterned after the work of

7)

Sinai and Ratner 6) , is the use of Rohlin's formula for

proving the absolute continuity of some conditional measures .
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For multi-dimensional mappings with:a countable partitiOn,
we should point out in this connection that a regular condition
CRen&i condition") on T allows us to have the following: T is
an exact endomorphism with an absolutely continuous ergodic
inVariant measmfe whose density}is bounded, and Q is a weak
Bernoulli partition 5) ' ?) . However, if Renyi condition
is not satisfied, then it is very difficult to estaﬁlish
these properties; Our main purpose of this work is to give
a sufficient conditibn for T to have the weak Bernoulli beﬁ
perty when they do not ﬁecessarily satisfy the Renyi condition.
We do need,however, to make several assumptions on the trans-
formation. Under the assumptions, we will show that T is
exact, and that "Rohlin's formula" holds for T. Next, we
construct a natural extension for T and conditional measures
with respect to the extension. By using Rohlin's formula, we
prove the absolutely continuity of the conditional measures,

and this will leads us to the desired conclusion along the

line of argument used in (4) and (6) .

2 NOTATIONS AND RESULTS

Throughout this paper, T denotes a multi-dimensional
) 1

mapping with a finite range structure. If int(Xa1)nint(T Xaz)
=N = (n=1) denote X 1 ceepr— (n=1)
) | Nint (T Xan) 5?% , We a,‘f'\ Xazn n Xan
by xa a and call it a cylinder of rank n with respect
177" “n
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~to T. a((n), denotes the' family of all cylinders Xa» a of
177" %n

rank n, and /= () ,,(_(n) . If X'a a, € oé(n) , we call the
séquence (a1u-an) T-admissible. Denote the set of all T-

admissible sequences of length n by A(n). We write "‘i/a. for

(T% )—1 and definelinductively
a S -
=Y oY .
Yap-a 89--8p-1 7%
For a constant C 2 1, we call a cylinder Xa 5 an "R.C-
1T " "n

cylinder" if it satisfies “Renyi”conaition", i.e.

sup IdetDl_.l{ar__a (x)| £ ¢ inf [aet DY, (0]
; . : n R | n.

x e THX X € TnXa

--a ..a
a1n

T ™n
Let R(C.T) denote the set of all R.C-cylinders.

We define for C Z 1

o

(n), for 1 £ 4 €
{Xa,'---ane L Xa1---a.e & \NR(C.T) for 1 3 n}

J
D = ‘ ' X ’
n a,---a,

Xa —--a € °8'n
1 n
(n) &
= JX € &7 : X & . X eR(C.T)}
/% { a;--ay a;-ap g n-1 a,---ay
By = L) *ia-
Xa'---a eﬁn 1 n
1 n
Let “AU.) Dbe the normalized Lebesgue measure on X.

In previous paper 2) ; we showed that T is ergodic

and has a finite invariant measure [/ equivalent to ")  under
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the following conditions.
(C.1) (generator condition)
w N
V.t = ¢ , i.e. the partition into points.
Assume that there exists a constant C Z 1 such that

(C.2) (transitivity condition)

for each j with 0 £ j £ N, there exists a cylinder

XaT;‘as contained 1n‘Uj such that XaT__aSeeR(C.T)
s.J o - d
and T ]X = X.
a,---a
1 S.
J
(C.3) If X € R(C.T), then X € R(C.T)
ag---ay b1-¢.bka1...an

for any (b1"'bka1"‘an) € A(k+n),

(C.4)

M3

1;&@%9 < +oo.

Under the same conditions {(C.1) A, (C.4), we can show that
Theorem 1. T is exact.

In general, the density of M is not bounded. For this
reason, we need some technical conditions.

(C.5) For all n)0,

W= f_ 5 ' sup Idet D”(yk1___k (Y)'l
m=0 m
X e B
ko--kS%m |\ yer™, e
s e e, 0 ()

is finite.

Remarkl. The following impoftant properties follow from this

condition: The density of A is bounded on (Dn)cfor each n>0
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and therefore for all n)0, there exists M(n) such that
M (X, .3
1 - "n

X

< M(nj for any X ac(n).
) a,'---ane

178,

(C.6) #J% is finite.

The next condition is weaker Renyi condition.
(C.7) there exists a positive integer 1 such that for

all n)0 and all (a;---a )€ ;Bh

sup det Dzya a (xﬂ
n 1777 "n
XeT X5 - a
1 n = O(nl).
inf det DY _ (x)] |
X eTnXa —a 24 an
1 n

Remark 2, )This condition allows us to have inf det}DT(XH}O,
T xeX

We also suppose

- (C.8) log|det DT(-)| ¢ E(X,X).

Then we have

Theorem 2. Rohlin's formula (R) is true.

(R): h(y) = Sx log |@et DT (x)| du (x).

For main theorem, we assume further

Co
(C.4)* P2 7\_(Dn) logn ¢ + oo,
n=1

(C.9) there exists a positive integer k0 which satis=’

. . . c
fies the following; if Xa1--- a_ e,s.n and Xaz___an



141

’ 0
€ & qsthenx . C LJ Bj.
1 n 1
Theorem 3. Let T be a multi-dimensional mapping with é
finite range structure satisfying (C.1) ~(C.9). Then Q is

a weak Bernoulli partition with respect to T.

3. APPLICATIONS

-+ As applications of our theorem,we give two examples
of multi-dimensional mapping with a finite range structure.
These examples arise from the metrical theory of numbers:
an inhomogeneous diophantine approximation problem and
complex continued fractions. Neither of these transformations
satisfies the Renyi condition, but both of them do satisfy
a local Renyi condition. We can show that these transforma=
tions satisfy all of the assumptions, and therefore, are

weak Bernoulli.

3)
Example 1. X = {(x,y)eRZ: 0 2 y <, -y L x <-y+1}
1 1=
T(x,y) = (—-[___Y}-[— 3’_], —[--Y-]-l ) -
B X X X X X
8
Fxample 2,°) x={z = xol+yd : -+ £ x,y & l‘}
2 2=
( (=1 +i),
T(z) = L —Fl} , where [?]1 denotes
p4 z A

[X*’ l‘]o( + [y + _L]&‘ for a complex number
2 2

Z =X +yo .



The proofs of these theorems and examples will be

0)

published in Tokyo Journal of Mathematics ' ©). Hence we state

results only here.
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