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Matrices which are knot module matrices

Adrian PIzER (KR¥ K 72)

Everyone knows the Alexander matrix of a classical knot
group is equivalent to its conjugate transpose. However the
question of how qlose is the ‘connection between this 'hermitién
symmetry' and the property of being the Alexander matrix of a
class;cal'knot group seems to haﬁe received little attention
prior to the author's paper [P1], where we gave explicit answers
to thi; guestion on both the module and presentation matrix level
(see [Pf,Remark 2, and Theorem 4]). In fact,bthe connection is
so close that we thought it wquld‘be worth while to give an
explicit;éxample of a hermitian matrix which does not occuf as
the Alexéndér matrix of a classical knot group; this was the

:

'motivation for‘the present paper.

Our results rest on a generalization of theorem 4 in
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[P1] which gives a characterization of thése Z<t>-matrices whichf
present the middle dimensional homology module o a simple odd

dimensional knot (Theorem A). Among ﬁhé applications given is an
example of a hermitian matrix H whiqh does not present such a

'knot module' (Corollary 3).

Preliminaries

Let kC5"2 be a tame V-dimensional knot in the V+2-
dimensional sphere Svuz. The covering tranélationigroupiAﬁf(X)
of the universal abelian cover £ is infinite cyclic, Aut(%) =
'<t>,ﬂand the‘action of t can be used to~give the hbmology groups
H;(X) a 2Z<t>-module structure. Let HAv= ¢ H[¢@1/21(§) 2 i'is
the universal abelian cover of a simple V-dimensional knot"
cqmpiement}. |

Then

Theorem 1 Suppose \)1 and \72 are odd numbers and\/:Vzmodtl.‘

Then %Q: %\)2.' :
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2299£ (Kearton([X]) Let V be an odd numbﬁr, and H(V+1/2)(A) be any
element of Q§¢. Choose $=+1 so that & =Vmod4. Then there

exists a square Z-matrix V with det(V-&v')=+1 such that

H(pse1/2) (%) = M(tv-év')'

' Here qn4tv_gv.) is the Z<t>-module with presentation matrix

tv-¢ev'.

pefinition A matrix such as V above is called a Seifert

matrix. When V is a Seifert matrizx, THJtV QV') is called a
(type ) knot module, and any matrix N with 9yl Z<t>-isomorphic

to ?Yl(tv —gv') 1is called a (type £) knot module matrla.

2. The main theorem

Let N be an' (nxn) Z<t>-matrix which satisfies
A(t) = detn = cotcitt...tcgtd, cocg#0, and A(1)=+1.

Let .R:Z[1/co,1/cd] denote the smallest 'subring of the
rational numbers Q in which cy and cg4 aré units, 8' be the
.coéjugaﬁe transpose of N, and N\ = Z[t,t'1,(1-t)'1] be the ring of
integral ﬁolynomials in t, t'1, and (1-t)~1..

Our main theorem is
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Theorem A N presents a (type £)-knot modules if and only if

there is an (n+e)x(n+e)./X:unimodular matrix C such that

Here I is the (exe) identity matrix, and
e = g d, if €=1, or €= -1 and n is even

d+1, if %=-1, and n is odd.

Proof. The case £= 1 is just Theorem 4 of Pizer(21]. Moreover,
generalizing this theorem to the case ¢ = -1 requires only slighﬁ

alterations to the method'given in [P1], so we omit a prooff

o

(Note that replacing 'skew-symmetric t-isometry' by 'symmetric_t-ﬁ
isometry' in Theorem 3 and (4.1) of [P1] gives a characterizatioﬁ

of (type -1) knot modules.)

Example 1 ([P11) 2 =1, N = tv-V', V a dxd Seifert matrix.
Put z = (1—t)”1Q Then direct calculation shows Z = -tz = (1-z2).
In partiéular the identity Z = -tz shows
((tv-v' ) 0) ( zI 0 , -Z+ZEV' 0
. o 1l\o 1 0 I
= z1 0 (tv-v'")' 0
0 I 0 I
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. zI O
gence C = ( : ) , the block sum of 2zI and I, satisfies thse
; 0 I ’ :
condition of Theorem A.
Exémple 2 = -1, N = tv+V', V a' dXd Seifert matrix. As
Trotter[T1, p.178] notes, d is even.
Let E = @ g/ (O 1) , the block sum of d/2 copies of(O A
-10 -1 0
Then (tV+V' 0‘) / zI 0O = - (§V+§f_v' 0
0 I ( 0 E 0 E'
= - (zI 0 ) (tv+v')' 0
0 E' 0 I
zI O ,
Hence C = satisfies the condition of Theorem A.
0 E
- "The following corollary follows eadsily from Theorem A.
 Corollary 1 _ Suppose X is a square (nxn) Z<t>-matrix such that
de'tx(1)‘=;|-_1. For any natural number k, if X = (—t)kf'v, then X
is a (typev1) knot m'odule matrix, while if X = t(Zk’1)§', and n
}
is even, then X is a (type -1) knot module matrix.
o ’ _ 251 0
Proof If X = (—t)kX', take C = and apply Theorem A.
' 0 I : '
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; 2k-
/o _ Z&.. 1I 0 :
When X =_t\2“1)x', and n is even, take C = , and '

apply Theorem A.

Remark That X = X' implies X is a (type 1) knot module matrix

was proved by Rolfsen[R2] using surgical methods.

We shall have need of the following results. Let (™1,
denote the Jxrequivalence class of N 'under. the eguivalence
ralation ochox[F,p.199]. Trotter[T2,T3] (and indepentently,

the author) have shown

Lemma 1 There is a finite procedure for transforming N via A-
elementary transformations into a matrix of the form zI-B, where

B is an R-unimodular dxd Z-matrix.

That the Z<t>-module presented by N satisfies the conditions
required for Trotter's algorithm to be valid follows from

Zy1)=11; see CroWell[C, Theorem 1.3], and [T1, p.179].
Theorem B - [¥], = [zI-B], presents a (type €) knot module’
if and only if there is a dxd' Z-matrix U such that

1. . (zI-3)U = >£((zI~B)U)',

2. U is R-unimodular, and U'1Bk(I—B)k is a Z-matrix, for some k.
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proof See {P1,Theorem 4]. When &= 1, 1 is established in the
"
remarks after ecuation(6) and equation(4), and 2 is just

assertion.(4.3). The case %= -1 is left to the reader.

We can now establish

Corollary 2 There are type 1 knot modules which are not type -1

knot modules, and vice versa.
proof The proof is by exanmple.

Let Ny =  [tp+t+1+E  4t-1 _ |
: - My = tNg and the Alexander

a-t 1+t

polynomial A(t) = detd; of H; is A(t) = t?+6t3-15t246t+1. Note
that [M1) = -1. Hence by Corollary 1, My is a (type —1) knot

nodule matrix. ﬁe claim , howevar, that N4 is not a (type 1)
knot module matrix. (Note that the second elamentary ideal is
(5,1+t)z<t>, whenée Nq is notkcyclic, that is, equivalent to
/\(t).) Direct calculation shows N4 - tIs-Aq, where I, is the

4 X4 identity matrix, and

0 0 -1 0
. O 1 ) —5 "1 .
0 0 -5 -1
Writing By = (I4-Aq)”', [tIz-Aq], = [zI-B;], . Hence if N,

‘Presents a (type 1) knot module, by Theorem B there is a Z-
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unimodular skew-symmetric U such that 34U = U(I-Bq'). (cy=cy=1,

so R=Z) But it is easy to see that 34U = U(I-B4') if and only if

AqU = ULq )'1. We are thus lead to considering the equality
0 0 -1 0 0 p g «r 0 p g r -5 0 -1 5
1 0 15 4 -p 0 s t -p 0 s t 1 0 0 0
0 1 -5 -1 -g -s 0 u -g-s 0 u 0 1 0 ©
0 0 -5 -1 -r -t -u O/ -r -t -u 0 4 -1 0 -1

The general solution is

0 P p+4u u
S = -p 0 p+3u -5p-16u
-p-4u -p-3u 0 u
-u 5p+16u -u 0
which has determinant detS = [(5p+16u)(p+4u)+u(2p+3u)]2. Hence"

detS is a unit in Z if and only if (5p+16u)(p+4u)+u(2p+3u) =

2+38pu+67u2 = +1, Making the change of varlables P = 4p'+u';v

5p
u=-p', we see the quadratic form [5,38,67] is equivalent to
[-5,2,5]. But [5,38,67] has discriminant 382-20.67 =_104,_and-
all reduced forms with this discriminant occur in the two chains
(1,170,-11,0-1,10,11 and {s,2,-51,(-5,8,2%,(2,8,-51,[-5,2,51,
[5}8,-2],[-2,8,5]. (see the 4dlgorithm in Dickson[D,p.1031). But.

Theorem 86 of [D] states that the absolute value of the lower
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pound for numbers represented by 592+38pu+67u2 for integers p and
4, not both zero, is the lower bound of the ]ai}, where
[aiﬂﬁjai+11 constitute the chain of reduced foras equivalent to
[5,38,67]. The lower bound is therefores egual to two. Thus
592+389u+67u2 = +1 has no integral solutions r. a contradiction to
the zZ-unimodularity of U. Hence Ny does not present a type 1
knot module matrix. |

It can be showﬁ that any sguare Z<t>-matrix N with
determinant A(t) = ct2+(1—2c)t+c is a type 1 ?not»module matrix.
(see Pizer[P2]) On the other hénd, the Alex%nder matrix of the

trefoil Xnot, Ny = tz-t+1, is not a type -1 knot module matrix.

Indeed, (t2-t+1) - (t' 1) = tI,-A;, where A, = (o -1). By
\-1 t-1 1 1

the above, Nypresents aftype -1 knot module if and only if there

is a Z-unimodular symmetric U such that A,U = U(A2W’1. We are

thus led to considering the equality

D) - a0

' -2c c
which has the general solution U = ( . However
: : c =2c
32 = Gety = +1 has no solutions in integers.. Hence N, does not

‘Present a type -1 knot module.
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Corollarvy 3 [M] = [ﬁT] does not imply N, is a knot modulézg

matrix.

Proof Let N be the matrix

tI4z-Aq 0
N = , :

: 0 tIZ_AZ

where A4 and A, are the matrices defined above.‘tI4—A1 is a type,

-1, but not a type 1, knot module matrix. tI,-A, is a:type 1,

but not a tyvne -1, knot module matrix. Because each block is

equivalent to its conjugate transpose , [N] = [N']. . Writing By

= (I-Ai)‘1, i=1,2, wesee N~ M = (zI4—B1 0 ) . Now suppose
V 0 ZIz—Bz

that N is a type £ knot module matrix. Then by Theorem'B, there

is a 6 X6 Z-unimodular matrix U such that MU ;éﬁﬁ@;“

Partition U into a 4 X4 matrix Uy, -4 X2 matrix U,, 2 X4

matrix Us, and 2 %2 matrix Uy, U = (U1 U2) . Then MU = &U'M'
Us Uy
implies
(214—B1)U1 = 251'(214—B1)| 000(1) )
(212—32)U4 = 834' (ZIz‘Bz)' ..~.(2)
(2I4-Bq)U; = £U5' (2I,-B,)" vee(3)
Equating the coefficients of z in (3) shows U, = - gU;3'.

10



Ecuating the constant terms in (3) thus implies

B1U2 = UZ(I—BZ,) ---(4)

Equation (4) is a linear egquation in the elements of U,, and
direct calculation shows the only solution is U, = 0. Hence Uy =

0, and U =(U1 O) , the block sum of U4 and Uy. But U is
- OU4 - ‘ )

z-unimodular, hence U4 and Uy must be Z-unimodular. Bquations
(1) and (2) together with Theorem B therefore imply 2I4-B4 and

zI,-35 are both type ¢ knot module matrices, a contradiction.
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