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Algorithms related to Diophantine approximations
and their applications
by
- -f :J>- < .
shunji 170 (1A% XK i Xf5 )
(Lecture at R.I.M.S. (Kyoto) on 24 April 1986.)

21. On the simple continued fraction expansion

Any irrational number o in the interval [0,1) has

a simple continued fraction expansion

N = 7 (1.1)

’s are positive integers.

where the digits aj
The expansion (1.1) is obtained through the following

map S: 10,1) £ such that

So(=—joz- - [—;—} . (1.2)
Put
ciwr = [1]
and
a («) =a(s™ ) n=1,2,0-
then a1(d,), az(cx), Seees are just the digits in the
expansion (1.1). Accordingly, we call the pair ( {0,1),5)

the algorithm which induces a simple continued fraction expansion.

We define (qgq_, pn) (=(qn(a ),pn(& )) recursively by

n

pO p_1 0 1

and
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n In-1 9h-1 9h-2 4 1
= (1.3)
Pn Pn-1 Ph-q Pn-2 ! 0 .
Then standard induction arguments show that
n
p. + Sd&:-P __ '
A = qn n S?;( n-1 (1.4)
n * 9n-1
and
pn,= ! and 9n-1 _ !
+— + —
a, aq

we call (qn pn) n - th princip&l convergent of o .
14
We know several metrical results concering the approximation
of ® with ( dq,r P, ).

Metrical theorems

P 2
. 1 n{__ _T
(1) Jim—log|x ﬁ;l =~ §log2
2
(2) lim —llogq = —X%
i 121log2
(3) for 0O<A <1 6\ _ 0< <%
1k | ' 1032 -7
im——"{n; q_ |9 P |<A, n < Ny=
Joo N { n’ n nl ’ = } -\ +log2A\t4 1<<\<1
1og2 22
(see [11 )

(4) for 0%A ¢ —12~

#i(qu):QIqoL—p|<}\,,(q,p)=1, q.<=N} 2%}\,

A TogN
(see [§] and c.f.[2.

'=' means a.e.equality.

; where
The main tool to obtain these theorems is the map S which
will be called a natural extension of the algorithm ([0,1),9),

and the ergodicity of the map S.

-2 -
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Let X=[0,1)x{0,1) and define a map g of X onto itself by

— 1 —
S(L s ) = (SX , ——/—=) for («, ) e X,
@ aytp F
then
Theorem 1 The map‘g is a one to one, onto map, and has

an invariant measure P satisfying

- Aod B.e
dp =592 SErTIN

Moreover, the dynamical system (§}§} P) is ergodic.

Using the natural extension, we obtain the proofs of

metrical theorems. In fact, in the case of (3), from
the definition of S and (1.4), we have /
/
S (% 0y - (s -Sn=t p /
' ’r n 7,/ /’
7 /
and n //: /
5o D /
o] #dn7Ppl = 9h-1 n ////7 /
1+ 3 -5 . //4 ,
n /// ,
. | /
_ < | ! . S .
Let D, —{(M,F)GXIW<N b, Lza
!
then ) 1 I
I
. =n, . <l
ala-a, = P l<A iff S"(«, 0)eD, . A=/

Therefore, from the individual ergodic theorem,

1 #
N 1Ri 9y &9 "P i<, n <N }
1

#{n;gn(a, 0)€Dy , DL N} =2 R(Da) a.e.

N
Putting in order the procedure of the proof, we

obtain the following scheme.



Procedure

p
approximation of & by —=

qn
|

1 -
S : _ = |- —
a3 [.dl

X : =[o,)x [0,1)
= 1
S(od /B ) = (Sed v —5—F=%)
P 5vp
- d
th: Ode

1og2 (1+df )2

(X , S, F) is ergodic

J

sl
g le-a, - pl= =
14 071, g7
. s
n
_ q._
S, 0) = ( s« ,=271
n
—_ oA -
Dy, : —{(d,@)ex .—ﬁd—P<)\}

q, | oa, = pIALEE §7 (& ,0)eDy

63

Diophantine approximation

Construction of the algorithm

which induces the approximation

Construction of the Natural
extension of the algorithm.
( Construction of the )

dynamical system

Interpretation of the terms
of diophantine approx. as of

ergodic theorey.

l application of ergodic theory
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&2 The presentation of problems

As a characterization of the principal convergents
(qn,pn) n=1,2,--+ , we know the convergents give a best
approximation to X :
for any A>0,

igalaa-p {=lazo =~ p |

where n is chosen as qn i A <'qn+1 ]

Form the geometrical point of view, the convergents
are also characterized as the vertices of approximating

polygon Z1 and 22 to the line 1 : y=« x (see figure).

)

3 1
The first presentation of problem is as follows.

Problem 1 : to construct the algorithm T1 which induces

a best approximation from below to &« , that is, to construct

which induces the sequence (q’

the algorithm T n

]

for any A>0,
Biga(do- p) = q & = P’
qu—§>0

Vs - 4
; . A
where n is chosen as 4 < < 91

-5-

,pn, ) n=1,2,+ :



65

Problem 2 : to construct the algorithm T. which induces

2
the mediant convergents, that is, to construct the algorithm T2
which induces the sequence ( Vo or W ) n=1,2,+-- such that
00
[ W AP, t P__
{'Vrl—': n=1,2""}=U{ 'qu'i‘ m1 H Kz']’z,.-: ’am}
n m=1 m In-1 :

The third problem is as follows .
Problem 3 : to construct the algorithm T3 which induces

a best approximation for inhomogeneous linear form :

B}lglCKAlo(x+P—yl=lxnoo(+@— ynl R
And then we should answer what theorem can be obtained

(in metrical point of view) by using the algorithm?
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3 3 Result

For problem 1 : Theé algorithm which induces the convergents

from below to : min ( gk - p ) = qé of ~ Pg
O<ggAa
go = p>0

Algorithm : X:= [0,1)

( ane{2'3l4l.-. .} )

Expansion and approximation :

_Tn
o = 1 _Pn 1*Pn -1
= 1 —q —T”..q
a; - n 1%H4n -1
a~
an-T1$
/! / — -
9n 9h =1 9n -1 9n -2 8 !
where P = ’ ——
Pn "Pp 9 Ph -17Pp 2 ! 0
ro !
99 ~9_4 1 0
;o =
Py “P_, 0 1
, then the sequence (qg p; ) n=1,2,.-. satisfies :
[
. V4 i
min ( g k-p ) = 9, X 7 Py
0<g<A
g —p>0

where n is chosen as q,. < A<(q; +1

N\,

Natural extension : X := [0,1)x(0,1)

T1( AL, P ) = (TH o —_—)

’ a—‘“@
afi (o, p) = 2% dp

H—d?) ,

then ( X , T, ,<iF1 ) is ergodic

_.'7_.
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n
- . 4 / ‘ T1d
‘nterpretation : q, (qn ® = P ) = 5
1=l 2 1
1 q,
—,fn( 0( 0) - (Tno( ql'; -1 1 4
1 ’ 1 ' '_‘—‘qﬁ ) , j P:I—;:
e 4
therefore . \\
¢ 4 ! E . —=n ) (1) V—‘ “ \.
9, (9« "P, )< A iff Ty(x,0) €Dy / ) N
here ' LA
(m — o (4)\ \
D = Ly €EX ¢ —/—m
A { ( ? ) T-« (5 <A } /// \,\
letrical theorem : by ratio-ergodic theorem, 0 2 ‘(\"
\\ =.1
# oA / , m (1)
(y imay (aid - Pi)< Ay m NS LR
# . 7 Vi _ Vi . . (N-)OO}— )
{n:a (a¢/a - p )< k2’n=N} h(sz
— (1) A if 0<A< 1
where f‘«1 (D ) = -

1+log) if 1<
(2) in paticular, if A1

A2 &1
# §(q,p) : 0<q(gx ~ P)<A, q < N} A4
f@p) 5 O0calax - pPlcd,  TEN] T A
(N->00)



68

For problem 2

convergents.

Algorithm : X :=[0,1)

The algorithm which induces the mediant

A . _ 1
1—_a' if « e IO = [O ¢ D )
1- & : _ Ty 1-d «
= if °(€I1—[2’1) )
_ . n-1 .
En(x) = € if T, «€ I& ] ///
E i i i :
Xpansion and approximation ‘- —< =
Io I1
r s )
n n
:= A . . A oA
t, u IINED) €,(=) Epa)

n
tn + Tzd u

d;= r
+ T .S
rn 2%°=n
W z
——-V : n=1,2,"’"‘ j
n
= + v = r + s
where wn tn un n n

Natural extension : X := (0,1)=x[0,1)

& B
= (T_‘—o(,"ﬂ'@)
LRSI
o 'T—T-_?
— dd dp
a = s
H2 (o(+(3-o({3)2

then ( X , T2 ’ drxz ) is ergodic.

(expansion)

ifg ¢ I

if o & I1

(sequence of mediant conv.)
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Interpretation :

1 - o
Yl Vp = wpl=— - "
:a;‘ j—Tzd) + sz

=N _ n r
T2(0<,1) = | TZd,V%)

A o
PraTa4
therefore, - g‘)\\
N 7777
. _ . =n (2) ) \442)
vl v e wn[<7L iff T2(o(,1)éD;\l . Do
) ‘//,
(2) _ = 1-o Y v
Metrical theorem [41]: for a.e. , :ﬁ ({ \'17d
Az 00 A=A “
# ) — : (2) '
(1) gn V! V% wn‘<11, n < N} 92(Dﬁ )
#{n s VoV - w_ |[<A, n< N}—> (0f?))
' 'n''n n 2, = FZ 12
where
A if A <1
p (D(Z) =}
2 U logh+1 if 24 21 .
In paticular, if A, A 9 < 1, then
, =
2) #Sl(q,p) platae = PIA  a € NP oA ( )
: L : > a.e.
# : 1 ’ .
{ta/p) sla@a-pId, aszn} A
By inducing modified algorithm of T2 we have
7
(3) for A< 1,
#{(q,p) ila(ae = Pk, g < N} __2 A (a.e.)

log N %

—.10_.
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For problem 3 : the algorithm which induces the approximation

for in-homogeneous linear class :

min Ix@x+pg- y)| =lax +8- |
(X,y) P n TP dn
O<ix (<A

Algorithm : X:= i(o&,@): 0 £p<T
. N 1
TB(dIP)-'— (o\ a(d, -)rb(&ri%) (I)

‘where a(m,F) :=[1i£1‘["§l blotsp) ”=—[_§]

(e 'a(TE—1(d,%)))
digits bk = b(T3-1( o ’% )

¢§m<—€+1

W

where digits aj and bk satisfies
(M Jagl 22 o Ipy 27
(2) Jag[-1 2{py]

and (3) aibi> 0

b

Approximation :

qn qn—1) (qn—1 qn—Z) ( an L
’ pn~1 pn-2 1 0

Pn pn-1

..11_



then points X(i)

(i) "
pe 2= yr(ll) :=50n(ali) i=1,2,3,4

n
_(o =(1 ) _ (1 _(0) .

: Where a1 (0) , az 0o/, ag (1), aﬁ“ 1], give an
approximating parallelogram, and xél): i=1,2,3,4 né&N
gives the approximating polygons Z1 and Z2 to the line
1 : y=0(x+p . (see figure)

@) P
L7 (Y x xé,% 5

-~ /
7~

Ly ) ) @
/{g()ﬁ11x"’x"’x'\

< ,. o
7 ////’ 1 )

' N
\Q///A
AN

T ,Q:ij=o(x+j3

N *
Natural extension : X := XXX

where X :=3(¥,§) :0<§< 1 and 0< §-Y<1 3

b +g
T, (o $) t= ( Tola, p) — )
gy ) s (TP TEy, wmEy
— 1 del.d dXdS
dfs == é

1log2 (1+o<5’ >
( 2,7%,F5) is ergodic.

...12..
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Interpretation :Put Tn( &, F,o 0) = ( %n, Fn, Xh, gn), then

(l) (1) (1) -
(O(X +F>—Y [ = 5 1+0(nb/ Sn?n if i=1
1 o
ﬂm'(gn - - Fn) if i=2
N
T+ anYn (1+Xn~,§n)(1+(o(n+f3n)) if i=3

1
U T nyn (80 gt B IF isd

therefore,

in |x{P) (o x(P e ey ae8 T, B, 0, 0) e D, (A)
?i?,z, X ES < 3 ? i=1,2%3,4
where
D, (A)= {( C1ex @ L a3
1 ( IFIXI ) . 1+0(b/
=z ( §=-40)0-§)
_SCd, B Y, §)eX s
D,(A)= 10 s ¥ 1+ Y <)
= (1t T =Sy (A 4R ) .
D3("/\)={(0(I/>IXIS)6X¢ 1+D(b/ [ <)\-}
, = 1- § +
Dy ()= (st po §s 51X : Y £l <3
Metrical theorem [ 3 1 : for a.e.(« ,@) 2

(1) 1lim -1 log mlnikXx(l)
n->oo i=1,2, 3 4

vp -y} -

12log2

(2) llm-l #{n : m1n|xn ka~x )+ P—yéi)))<x, n < NS = G(A)

n+u> i=1,2,3,4
as
where G(a) = 1;g2 V{ d‘Adﬁ d{
UJDs () (14 oA Y )
i=1,2,3,4

a13.—
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