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Chapter 1 The first and the second variation formulas for the energy

v DETI harmonic map DEEDEBEARAPNRBHICHAWTHBEL 2181,
harmonic map % spectrum THHE I IF A3 IcEHUEET 5,

81 Definition of harmonic maps and their. examples

VEMFOZESOMER. ZEHoMEE L T, formulate ¥h3, ¥2CfEbh
AEZELEIL.

(i) HAHBZW X Lo functional E %2 F 2 3
(ii) E o X EkilzBiF 3 critical points #FHN3B
(iii) E @ critical points B} 5 Hessian #F N3

i)’abi’)ﬁ‘o'(b\éo
#l X, Morse theory T, E4EZHVWIZREOKBAIBEALANT
W 5,

Bl (MBHBOBE)
(N,h) :Riemannian manifold
p,g € N &LT
X {pXa% # Ssnoothi path® {§ }
= {¢:[0,2x] > ¥ smooth, ¢ (0) = p, ¢ 27z) = q}
tBEL, ¢ € XlcxL., E:energy % ' |

o 2 s do
E($) : = j (G S at

L E <. O i, E® critical point »p & q 2% 3 constant speed
OHMMBT H 5,

() I-harmonic map)



wn
(V4]

(UMFZDO//—bTik. BlclbohwhrED, HMEIXIT T constant
speed & 9§ 3, )

v—#%ic

(M,g),(N,h) :Riemannian manifolds
X := CCM,N) = {¢:M > N swooth}

LT, ¢ € X L. ¢ @D energy E(¢) 2UTORATEET %,

Ew):=jnﬂ¢ﬁh

H L.
e(g)(x) : = —é— (Hilbert-Schmit norm of d¢ at x)
= .;_ T -1 h(dg (ei),dg (ei))
{ei}i=1":1ocal orthonormal frame of (M,g)
= dim N
(UITRICHDSBZWED, n = din M &9 3, )
&7 5,
EE

$ & C"(M,N)»% harmonic map TdH 3 &1
Y gr:pe=¢ 2% variation T compact support 2EHEHH D
2L

GifJI-harmonic map)



56

£E(¢t)|t=8 = 0

THBZELEEET 5,
W Energy functional @ first variation formula &

(—1—;‘ E(p ) | eme = - Jn h(r (8),V)dVe

TH5 x65h3%, (cf. [E.L2] Proposition (2.4)) {8 L.

T(g)i= 21" {TV e - $("V e}

"V :the Levi-Civita connection on (M,g)
NV :the Levi-Civita connection on (N,h)
¥V := the connection on I" (¢ ~'TN)induced from "V
i.e. the unique connection on I' (¢ ~'TN)
such that,
for Yx € H,“'X € TxM YW € T (1N

Ty g) =Y W

{ei}i=1™ :local orthonormal frame of (M,g)

la.

¥(x) :1= p+(x) | t=0 :variation vector field

2
-+

along ¢

TH Do 2T WHPED I Do

(7#)i-harmonic map)
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“¢ H harmonic map TH3 & 7T(¢) =0 7

vo: (Mg
B Bo

Example 0

Example 1
DL E M

-> (N,h) smooth %% harmonic map 22 3B AICRREDOL S N

EEOEEEE ¢ (Mg - (N,b) 1& harmonic map T3 3o

dimn ¥ = 1 OB &
T St £721F R @ open set | standard metric 2WLWh 723D

Iz, isometric TH b, TEEPOLBBICRDOZI VTN B,

Example 2

Example 3

¢ ‘harmonic map © ¢ :geodesic

(N,h) = (R,standard metric) O & X%

¢ :harmonic map © ¢ :harmonic function

¢ :isometric minimal immersion = ¢ :harmonic map

(cf. [E.L2] Theorem (2.25))

Ezample 4

¢ :Riemannian submersion OB\ A

(Riemannian submersion {2 D W TIlX. 0’Neill O&® X [N] 2R &)
0’Neill OERZAWAIE., ROZCERHELFETHENMIN 3,

Example 5§

¢ :harmonic map © ¢ “!(¢ (x)):minimal submanifold of M

for Yx € N

¢ :holomorphic map between compact Kaehler manifolds

= ¢ harmonic

(cf. [E.L2] Corollary (8.17))

(i#)1-harmonic map)
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wExamples 0 ~ 2 ji. EBELHT SH M3,

vHHEICHTL A o-mnodel % chiral fields (. Xic din ¥ = 2 OEBESD.
harmonic map O & TH 5,

¥ harmonic map O EEZBEOL BT TH L S,

(1) wo smooth homotopy class }2 harmonic map D HET 5 0

(2) Riemann B RRE (M,g),(N,h) IcXHLT. £&
{ ¢ :(M,g) > (N,h) harmonic}
DHBBEEREY L

(3) % map DES%#FEX 2 &ic. energy functional % minimize ¥
% harmonic map PWHFEETHN. FEFET B L & &€ D harmonic map H»
energy functional % minimize ¥ 30D, 5 X 5H  harmonic map D if %
T energy functional ZWHICHEE S .

(4 ) energy functional Of{E S
{E(Co) ] & :(M,g8) = (N,h) harmonic} C [0,00)
EHE~REK, (cf.[A.S])
(5) B0 OS % (Plateau WEAZ Y ) PWHEADGA (Superstring
theory 2 ¥, ZO/—bPTPHIZCEARML B S0DIX. FIic Chapter 4 §2 O H

FTH B, )

vZO/—bFTR. (2)., (3)oMEA2BLICEZX 3.

() 1l-harmonic map)
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§ 2 The second variation formula

v o :(M,g) - (N,h) harmonic
¢ t:variation of ¢ with compact support and with g¢ge= ¢

lzx L. Energy OB 2E2RBROATEXH6N 3,
(cf. [E.L2] Proposion (4.3))

_daE(¢ t) | t=2 = IH h(JsV,V) dvs

dat?
2 L.
V& I'(¢-'TN):variation vector field
V@) = = (0| -0
dt
Jo: ' (¢ " '"TN)>T (¢ -'TN) Jacobi operator
JsV 1= A s — RV
AsV = — 2a=1"‘(’\}7eivei - Vveiei)v
:the rough Laplacian
{ei}i=1™ :local orthonormal frame of (M,g)
RV := 3 i=1" "R(g-ei,V)¢ - 8i
& T 5,
EE
CCTCHETVIMIEZ
R(X,VZ = - [V=x,Vv]ZI + Vix.v1l

TEHET 2. COEHFIE. [E.L2] (1.10) b h¥TH 3., MM-FBKOED
SEE (cf. [K.N] p133) tREESNETH 3.

Gif)I-harmonic map)
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83 Definition of the index, nullity and stability

v O 8§ TlE. harmonic map LT, 22008 GISTFTC. LOoBEHICH 3
index, nullity, stability ZEFE9 5,

EE
Case(i) M:closed manifold D& &
UToBEHEEREL2%E X 5,

JV = AV Ve I'(g-'TN)

Je#% ellipic operator T 5 & &. N 2% compact TH 5 & &
D, COBEHMMAEIE discrete spectrum 2F 5, XEHFMIZ. HIR
DEHEXF D,

o7, BEEZMZIWDDOPHE, EHELRDTEREDBDE

Spec(Js) = {X1,X 2,0, Xi,eee |
(X1 £ X2 S = X )
LT,
Ind(¢) := AOBEFEZOEHEORN
Null(g¢) := dim ker(Js)
& B <,
DL &

¢ H% stable < Inde (¢) = Nullg(g) = 0

¢ »% weakly stable © Ind(¢) = 0
¢ H unstable © ¢ A% weakly stable TH W

L EET L, (ZD/—bFTIE. FEiz weakly stable, unstable DB
EEEBLTWL)

(#)!-harmonic map)
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Case(ii) Q C M : bounded set
ZO0BEEF. ROBEFEMEZE X 5,

BV = AV in Q
v=20 on 4 Q

zhd, discrete spectrum # 8D, &L - T Case(i) ERBIZL T

Inde (¢) = BOBEHMBEOCEHEEOM
Nulle (@) := dim ker (Js)

B, B2

¢ stable on Q@ © Indg (¢) = Nullo(8) = 0

¢ »% weakly stable on Q < Inde (¢) = 0

¢ unstable on Q@ < ¢ % weakly stable on @ T4 W

LEET B

i
(N,h) &% nonpositive sectional curvature #% & TiX

v ¢ :(M,g)=> (N,h) :harmonic
i¥. weakly stable T > 5.
rhit, LOBPrS. LOBEBRETHARRZILDEHD 3,
Fh, DL Eficé & homotopic % harmonic map HHhiE. Thi el
energy M —FE @ geodesic homotopy TENTLESZ XM hTW 3,
(negative sectional curvature @& X2l # 5‘5‘2 LiBhZ &0 R 5,
cf. [Ht]) |

Gi#fiJI-harmonic map)



8§ 4 The eigenvalue problem of harmonic maps

VEOSTRERD2ODOHESE X3, 2O EIZ. harmonic map 3.
Spec(Js) TEDEERBESIOLINEZDLENVWSIDHLDTH B,

MAA

2 D@ harmonic maps

é1:(M1,g1)=>(N1,h1)
$2:(M2,g2)—> (N2,h2)
Mi:compact (i=1,2)

5ERB. 5

Spec(J 1) = Spec(Jd:2 )

J i:Jacobi operator of ¢
3B, DOk A,

&1: (M1,81) > (M2,g2) isometry
d2: (N1,81) - (Nz2,g2) isometry

PEAELT. XOHKX2THRIZT 5 0n?

é1:(M1,g1) => (Ni1,h1)

or] o

$2:(H2,82) - (N2,h2)

(#8)1-harmonic map)



63

FH#EB
§1 0 Examples 0 ~ 5 ¢ typical % harmonic map % Spec(Js) THEH#HD
i &Ko

vL2L, —BEBRIEHAAREREZZ L BRILEBW, ThREREXOHAID S
»Bo

/i
é :(M,g) > (N,h):harmonic
(N,h):flat torus
T B, BRATIXMMLZn (= din DBEOCETLZ N LOXT M VS
Xili=1" 2 & B,
vy e T(¢ ') 1T fi € M) k2&»T
V= Zi=1™ £; -7
EEHBZ, HBL ¥ € T(g-'TN) %.
Tix) = Xi(¢ (x))

& ﬁs b\jio ?r‘a ak

JsV = 2 i=1" (Anfi)X

An: Laplace-Beltrami operatof on (M,g)
THAHM»H, MN:compact &9 3% &

Spec(Js) = n X Spec(An)

(#J1-harmonic map)
. - 10...
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s

Spec(An) = [A 1, 2,00, A i, |
(A1 £ Az £ oo S A )

A B R

SPQC(J¢) = {}‘1’)-"'")’11,2-2’2-2’""2-2""}
& A BnfEIoESR

A, o T, (N,h):flat torus OEBS Spec(ds) & n = din N ZFT#H
FoTULE D, flat torus &, XAPHEULUTDH, isometric LIEHRZWD
T. CHhHPHBARABRTHBIEPRILEZWHE2E X 5,

v § 10 Example 0 OB AICIE. MEBICE L. XOESLBXEIH»HT
[ éo

fE ([U3])
d1,92:(M,g)>(N,h) :harmonic
Spec(J 1) = Spec(J2)

J i:Jacobi operator of ¢ i

bk, COLE. UTOXMBED L2,

.[H Tro(g 1 (Np))dve = jH Tre (g 2" p))dve

Np :Ricci curvature tensor of N

() -harmonic map)
_11-
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voOMmBAELD

(N,h):Einstein with non-zero Einstein constant

= E(¢1) = E(g2)

Nahb, B, ¢ PEFEBRTHIIE ¢ PEMERTH 50
4% bbb, (N,h):Einstein with non-zero Einstein constant OB &I
NE@BEBGTHBZ LIX. Srec(d) THREIITIHI B,

¢ BEMBERTH 5 & &2,

Spec(Js) = n X Spec(An)

EhoTnd, (Zhix. J ¥ T(M,R") = T (g "'"IN) LOHED
Laplacian B> TWANLSTH B, )

v ftlicd, MEBRIRBBLT. RKOLIBBIFALENTW 5,

@ ([U3])
¢1,p2:(M,g)>(8"(1),standard metric) harmonic
Scalar curvature of M = constant
Spec(J 1) = Spec(J2)

J i:Jacobi operator of ¢

b Lk, THOEL X, o1 P isometric minimal immersion THhIE. o2

isometric minimal immersion T H 3.

(#JI-harmonic map)
) -12-
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@y ([U3])
$1,9p2:(M,g)>(P"(C),Fubini-Study metric)
Scalar curvature of M = constant
Spec(J 1) = Spec(J2)

J i:Jacobi operator of ¢ ;

B &ke TOHDEX¢1 H holomorphic isometric minimal immersion T B h i,

$2 & holomorphic isometric minimal immersion T dH B,
VEZICEHEA21>DBHBLTEL,.

[ 2 C
Hopf fibration
¢ (82n*1(1),standard metric) - (P"(C),Fubini-Study metric)

% Spec(Js) THRBI T &

(i) l-harmonic map)
- 13_
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Chapter 2 Generic properties of the index and nullity

VoOETRDEWERZAMBIcNT S Horse HBP—ROBNBERTL 3
TREITEPERAT2HETHZ. 22T %751 THECABROBAEOD
AL, 82 C—ROFNEQIH LHEZEALT. §3 T2OMEL =
B9 5.

§ 1 Morse theory for a geodesic and Morse-Schoenberg’s comparison

theorenm

v Morse index theorem 2R RBEZDICKDEE LT 3,
(Morse index theorem 2D W Tk, [Mi] 2R &)

iE
¢ :I=1[0,2n] -» (N,h) geodesic

t e (0,27n)
[l I N

g (1) éonjugate point for p = ¢ (0) TH 3
& TV #£ 0 : a vector field along ¢

'such that JsV = 0 on (0,27)

V() = 0 . V(t) = 0

LEET B, FIC o (t):conjugate point for p = ¢ (0) el

¢ (DOEHE (nultiplicity)
:= dim (V] vector field along ¢
such that JV = 0 on (0,27)
V(o) = 0 V(t) = 0}

(filjJ1}-harmonic map)
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B <

YEDODEZDODH L Morse index theorem F XD L S I12% B,

Morse index theorem

$:I=[0,2n]1 = (N,h) geodesic

XL

Ind:(¢) = BEM (0,27) ® conjugate point OK D
EHEAADZEM

B, 22T Indi(¢) I ¢ : harmonic map ELTODIHIDTH 3,
(see Chapter 1 § 3 Case(ii) )

VEODEERZAWDERDODEENH 3,

Comparison theorem of Morse-Schoenberg ([G.K.M])

(N,h):Riemannian manifold

K £ a

¢ : I =[0,2nx] - (N,h) geodesic
tEk, COE X

Indi(¢) + Nulli(g) = (n - DI[L(¢)Va /n]

2%, HL

(/I -harmonic map)
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NK:(N,h) o W=
[ ]:Gauss ;;;Ev"a—

L(g) 1= gDRZX
&L 7%
VIDOERBIR. CITRIEBLEZWY, XRO2200FE»6HE»h 5,
Comparison theorem

S"(1/Ja ):¥%& 1/Ja DK c R"!

(Chid WEmE = a 22, )

(N,h):Riemannian manifold

¢ : I =[0,2n] - (N,h) geodesic
¢ :I=1[0,2n] » S"(1/J a ) geodesic

L BH, THE &
Ind;(¢) + Null;(¢) = Ind;(¢ ") + Null,;(g7)

S/ a )nBa
v :I > 8"(1/4a ) geodesic

iz X L.
Ind;(¢7) + Null; (¢7) = (n — 1D[L(g)Ja /x]

EFMlxh B,

()i -harmonic map)



vS(/Va )nEEaxEDHELIRNS L,

L(g) < m/ Ja = Ind;(g7)

L(g)

n/ Jya = Ind;(¢7)

n/ Ja < L(¢) < 2xn/ Ja
= Ind;(¢") = n — 1, Null;(¢™) = n —

ooooooo

B -oTW3B,

(##)1-harmonic map)

-17-

Null, (¢ ™) =
0, Null; (9 ™)

0
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§ 2 Morse theory for a harmonic map

v§l G:iﬁ&?‘::é:%ik&)é&f WiFIcE L. KO EHBT» 5
(i) ¥ L ¢ :geodesic DR XN n/Ja EhhEIFhIE
Ind;(¢) = Null,(g) = 0
e, ¢ 1 I Lk stable TH %,

(ii)d L ¢ :geodesic DEXMVN+H A EIFhIE Ind, (¢ ). Null, (o) &
(N,h) OB EHMEDO LR L s DEX THM &R 5

VoRhoLrEARBOZ M, —#® harmonic map KA L THRIL T 5 0? b
WHMBEEZE X TH %,

(i) (M,g):Riemannian manifold
Q c M:+4/h X @EEk

6. $:Q - (N,h):harmonic XL
Indo (¢) = Nullo(g) = 0
TdH 5 0?

(ii)$ :Q - (N,h):harmonic k@t L. Indo (¢) . Nulle (¢) & (N,h) D
W= & energy

Eo (¢) =jQ e( ¢ )dv,

THET & B2

(iiljJil-harmonic map)
-18-



¥ ¢ :isometric minimal immersion OB/ HICHRL T S (1) OMEIZH L Tt ‘2
[(B.D], [H], [Mo], [Tan], [Ko] OEEFH SR TW 5,

vE|c. Lk ® comparison theorer XFHMEBROBESICHLETE L2 WHI? & 1n
SHMEDE RGN B,

vy L. HnwFETRIFRIE. (1),{HD) BKXKDEI DEDICLTEFTT X 3B,

() I-harmonic map)



§ 3 The heat equdtion method due to Berard and Gallot and its

application

vZon8§ Tk
(M,g):compact Riemanniann manifold
E:vector bundle over (M,g) with fiber metric < , >
¥ :compatible connection for E
i.e. X¥<s1,s2> = <V uxst,52> + <51,V x82>

for V‘51,82 € T (E)

LT, 8§82 oME%2&D BB, UTokdickdhs T (E) Lo

operator J ICEFTHLMIRLTEEBL T WL,

J = A - R
2L
A = - Zi“m(veive; - vVeles) rough Laplacian
{ei}i=1™ :local orthonormal frame of (M,g)
R &€ I''(Hom(E,E)) 2L T. RIT ¥Ys € T(E) jlzxL.
(Rs)(x) = Rx(s(x)) for "x € K
EERT B |
%
D &SIz
J = A - R

OB TEREN B operator ICIRKDDHBDIH 3,

(#JI-harmonic map)
..20_
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(1) A := ME® C p-form £ 1k

LT

A IZfEA $ % Laplacian

>
]

2) ) oBEDOSBT. A = M) OBE,
S%¥h, ¥#ED Laplacian Ae

Ao = 8df = — Zii®(es? = ¥ Of for f € (W)
ei

{ei}i=1 :local orthonormal frame of (M,g)
(3) Js:harmonic map ¢ x4 % Jacobi operator
(4) & :rough Laplacian (i.e. R = 0 OBE)
¥ M:compact T. J. ®icko (1) - (4) ofiZ elliptic ‘62‘55:&6\

J, A. Ae @ spectrum | discrete TH 5B, J, A. Ae DERFRICH
I 2EEHEAEHEEEZ2ADT

o
v
>
A
)
A

1
1 =
= X0 < A1 S Az S

2

S0 e

2 £

>
¢y
A ¥
>
17
>

B E Zhslzwibd 3 zeta functions %

Z )

"
.M8
0]

Z(W = I e

(#fJI-harmonic map)
_21_



© - tA
Z{) = X e
i=1
B <o
i
_ ~ <Rxs5.82>
r = Max Max ¢s. s>
xEM sE Ex
0#s
e BT
7Z() £ etrZ (1) (t > 0)
&2 B
v O®WE X, Min-Max principle ZFAWT X« 2 Xi — T 277

D, BRICEBH X 5,

vy51-o#EZFALTBZ 5

#M B2 (Kato’s inequality [H.S.U])
Zt) £ pZ (V) t > 0

p := rank E

VoD2OoDHEAGDPEIBREIND. ROMREP XL N5,

(#8Ji-harmonic map)
_22_

cek
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& ([B.G])
(1) Z({1) £ petrZ (1) (t > 0)
(DHIDIFOBEEHEOEHEEDODM £ 7 (1) (t > 0)
gk BR
(DA EL,2 VLD
(2)
-tX -tX -tX
E&B £ e =< = e + b3 e
’Xléo I:éo Ai>0
= Z(t)
g.e.d.

VOB WAWARAPH S, Al XX 1-form I2fEA 9 5 Laplacian
AR¥E2 3, ZTOF Weitzenboeck formula & D AL

A = A + p
A :rough Laplacian

p(¥) := — X i=1" R(ei,¥)ei Ricci transformation

WO HBELTWS, (cf [E.L2] pll (1.30)Theorem)

. g(o (N, V)

Tmin = Min in
lgx" g(v’v)

M
xEX Ve
: V#

& B,

GifiJi-harmonic map)
_23_



Z(t) - 1 as t » + oo

THBILIERLT

EHUTREAERETAE K2 BN 3,
s ¥ (Bochner)
(i) Inmin = 0 = bi1(M) £ m = din N

(11) I'nin > 0 = bl(“) = 0

v iEBj 1. Hodge Theorem  RMEZMAGDERITHR S,
(Hodge Theorem I2D W TIi&. [Wa] Chapter 6 2R &)

EE
rain < 0 OBATH, bi(W) 2ENBTRET 5T L HK B,

¥ %1z harmonic map DB E %2 F X B,
(M,g):compact Riemanniann manifold
(N,h) :Riemannian manifold

¢ :(M,g) = (N,h) harmonic

h(Z i-1" “"R(& -ei V)¢ -0:i,¥)

re¢ = Max Max :
b E=R .| VETslH h(v’V)
¥#0
y=¢ (x)

g pe. wmEID

Gi#/1}-harmonic map)
_24_
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. t.
Ind(¢) + Null(g¢) = ne i Z (t) (t > 0) €))

n = dim N = ¢ "'TN @ fiber O T
&R 5,
rs U NNk £ a (a>0) ok i,

EX(¢) = Max e(9)
=3 |

& BIiFiE
r¢ < 2aE*°(¢)
rEfixh s, (MEZHETDH 3. )
chin ) o, §2 @ (1) #0dHbOTRABEWVWY, ZThIZEWER%

EzTwaZehaghisb,

wi¥kizc., [B.Gl lck2/@E4%4 Q C M bounded DHBAICHLERT 5.
J,A,A BEEeHERKELT

Xi(Q)EHERE

JV = AV in Q
V=290 on 4 Q

OBiIBEFEMEL T 5

(#)1|-harmonic map)
' -25-



X (Q)IXEF ERE

AV = AV in Q
Vv=20 on 0 Q

OBEiIBEHEL T %

A (Q)IZEHEME

AV = AV in Q
V#O on 0 Q

NBEiIBEMBELT., (320BAL0EEFERIBVWTIEFTATWS)

co -—tXi(Q)
Zao(t)y = 2 e
i=1
_ o -t (Q)
Za(t) = 2 e
i=1
co -t2:(Q)
Zo() = 2 e
i=1
{BRx8.8>
r = Max Max r:sssi
XEN s€Ex ’
0#s

EBl, TOLEMEARICL T, RIWKIALT Lo

()i |-harmonic map)
_26-
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i I

(D Zo(t) S pet Zo(t) (t > 0) |
(DIDHEOBRBOEHEDH S Z o (D) t > 0
vE L

h(Zi-1" "R(g.ei V-2,V
h(V,V)

ro,¢+ = Max Max

€EQ Ve TN
V£ 0
y=¢ (x)

B, RPRVFLARICLTXROMBAIDPRIL T 2,

i ¥R
¢ :Q > (N,h) harmonic

s

t'ro, ¢
Ind(#) + Null(¢) £ ne Z (1) (t > 0) (%)

n = dim N = ¢ -!'TN @ fiber ORI

YoODrE AOBEHEMECE IBEEOEHEER1ITCH S, Hb
0 < 21(Q) < A2(Q) £
THAMNLH, LO2200OMBBAZAAVWTRYME X 5.

(7)1 -harmonic map)
_27_
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(i) A1(Q) 2 ra,s = Nullo(g) £ n
‘ Inde (¢) = 0
(11) A1(Q) > ra,s = Nulla ($) = Indg () = O
EoTHFHIcZDE ¥ ¢l stable &2 %,

(i) 21(Q) 2 1o,s 28k, COLE. X:1(Q) < 0 2¥BE t > =
LEE X

, 7Zo(t) £ petrZ o (1)
BRDIEBBADT(EBIVETDOAVELAELEB), ThE LD
GEIEFET S, £oT X1(Q) 2 0 k2%, Wb, Inda(g) = 0 2%
3. Bl (O KKBWT. t - o ELTRRE. A:1(Q) 2 re.s &,
OOEDOEWIEIE n LFEah. EIXF t LE6BWI L LD HHRIE S,

(ii) () kBT, t = o0 2LTRIIFE. A2:1(Q) > re,s DRZEE
D, HEN 0 s THHEMS Z L&D KD

g.e.d.

WEIZ,

A:i(Q) =z C(M,g) Vol(Q) 2/m.j-2sm

i = 1,2,¢

EWHFEM (cf.[Y1] p 22) 2#fF->T. X%H 5,
E® ([u2])

Q@ C N™ bounded set

¢ :Q - (N,h) harmonic
et LT,

T ( 521- + 1 )en-2
Indg (6) + Nullgo (8) £ n «prm-2
m
(—2- oz

(ifliJ|-harmonic map)



&R B, HL.

D= ro,s C(M,g) 1 -Vol(Q)2""

n = dim N = ¢ -'IN @ fiber 0)@(7{:
EBWwrE,
i

Q C M = (R2,ge) ge:standard metric
3a > 0 such that MK £ a

DIEEITIE.
E*°(Q,9) = Max_e(g)
x€EQ
& B IFIE
ne a
Inde (¢) + Nullg (¢) S 2z Area(Q)IE=(Q, ¢)

b I

VoOEHRD “BiIc” ORFIcED. Q 2 +HhXS R
Indg (¢) = Nullo () = 0
THB. £oT. hik §2 (i) KHTAZ120BREIZB->TW 3,

VEDEHIZ HREOMEIC A OFMAHRAL. @%%2 t 2528k
DEHZN B, BEIZ (M) (R2%,ge) OE &iIZE. A OFMicHTL
3 ERYD

(/)1 }-harmonic map)



C(R",ge) = dm2wn-2/"
nm/2

m
F(§'+1)

@Wn =
TEHEx BN, Wi
C(R2,ge0) = 4nm

BB LRI

EEO |
EHEhD Area(Q)E®(Q,¢) % E(Q,¢) TEEMASNBZWES I,

(7)i|-harmonic map)
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Chapter 3 Stability of several harmonic maps

v §1 T compact Kaechler 2R A DM ® holomorphic map i weakly stable
THBHBEWISEEIPHEDPRI VWL OPOEWEZTRT, ELT. ¥iIZ nap OFF
X% P (C) THBEEIC. “weakly stable harmonic map i3
holomorphic »? " EWIOSRMBARHWTEET 3,

§ 2T 3. ‘closed Riemannian manifold l2xf U T, weakly stable, unstable
EWSHE%EHEL T, Einstein manifold, howmogeneous space DB Az %
DEBEVEIZ>TVWEIPOHERE, TholcHELEZRAEEZVW O8N T
b

§ 1 Weak stability about holomdrphic maps

VIDOSREHRBEDFHNZVWOT, CO8RE->T. EHLREICES %
it %,

YVEROEIZ. R<ALGRTW 5,

“compact Kaehler Z#{E DM ® holomorphic map I wekly stable TH 3"
ChEFEHOETRARZERDEDI2H 3,

M (3.1.1) (Lichnerowicz [E.L2] Part I § 8)
(i) (weak stability)
(M,g):compact Kaehler manifold
(N,h):Kaehler manifold
¢ :(M,g) - (N,h) holomorphic
ko ZOR. 41X EN%&T homotopy class T energy minimizing
THb. Thbb,
Vér:éd O smooth l-parameter family with ge=z¢
5L |
E(p) £ E(g) for v t
R/ 3018

(i)l }-harmonic map)
-31-



(ii)(rigidity)
(1)) DK E I o .
¢ t+:harmonic for vt
2o
¢ +:holomorphic for vt
2%,
EE

EMBM P T holomorphic #4 T anti-holomorphic LT HED 3L D,
VIOEBOERBMEDBHLATWY 3,

EM(3.1.2) ([s], [I], [U4])
(M,g):compact Kaehler manifold
(N,h):Kaehler manifold
¢ :(M,g) - (N,h) holomorphic

k¥ X T E

1
fu RV, V) dve = 'é'ju B(DV,DV) dve

%3, HL., Ve T(g ') Izl DV € T(g '"TNQT"H) %

V(X)) := ¥ VvV -JV V
JX X

¥ :connection induced from MV
J:almost complex structure on TM or on ¢ -!TN

(ALEFTERT)

TED 3o

* ()JI-harmonic map)
-32-
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VCOEBROIABHITL B W,
YoOEMGBLDED, TEBOREAZH#AZTIIHLT

(1) ¢ I weakly stable TH 5.

(2)Ker(Js) = H®(¢ "'TN)
TN:holomerphic vector bundle of N
He(g-'TN):¢-'TN & holomorphic section £ 1{§

DRDIULDBEIT P %o
o (1D, QM

(DEFOELDOE LD LD
(D)FEH(3.1.2) &P

Ker(J;) = (V€ T(g¢ '"TNIDV = 0}

i d, (Hlck2BHEHEMIBEEET X &)

V=0T V=JTV v € T (TH)
JX X

FoT V € Ker(Js) lzx UL

yEIHIE. V e (¢ 'TN) Thd, NKaehler ZRIE TH 226,
J:complex structure BEFT & % B3O T V » holomorphic section i Y
L aM B, =D Ker(Js) 25 H (g " 'TN) ~OXIBIE 11 THDN. 3

(7)) -harmonic map)
_33_



B, ARBICLTTEADT. £HTHAIBEN TN, BEHEPHE D
g.e.d.

YVohbLODEHOBBAAEODDBEALTBI J

% (3.1.3)
(M,g):compact Kaehler manifold

r¥ s, id:(M,g) > (M,g) fEHZF% 11X weakly stable TH %,

oD % Jacobi operator %

Jia = A — p
A :rough Laplacian

p :Ricci transformation
THhhH, TODOLE

Ker(J ia) = A(M)
A(M) :holomorphic vector fields on ¥ £4&

&7 b

wohnlt. Lichnerowicz k> THIEFEATWS, (cf. [Li](5.2.89))
M IEEM(3.1.2) kY TikohiE, #<¢HBLHN B

VHI 1 H2EHG.1L.)DBA%2HDITTE <.

% (3.1.4) (Obata [U2])
(M,g):compact Kaehler manifold
Rign 2 a > 0

GiiJIl-harmonic map)
_34_.
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&k TDEE
Ai1(M,g) 2 2a A1(M,g):Laplacian ® non-zero £ 1 EHEH@E
B, BIICZTEHESYHRIATHIE., AM) # 0 &k 3,
i H
Af = A1, g)f
ehd f# 0 %D
V = grad f

B,

b:TM > T°H
£:T°0 > TH

% canonical bundle isomorphism & 4 3, (musical isomorphism £ 5 5

cf.[E.L2] p4), T Hh HIX connection preserving 7 bundle map T Hh 3.
df = Vy°*
TH B, Weitzenboeck formula (cf. [E.L2] (1.30)) &b

Adf = ~— trace v2adf — T i-1 (R(Cei, » )df)(e:)
— trace v2df + T i-=1™ df("R(e:, * )ei)

R,."R:curvature of T*M and TM respectively

Adf dAf = Adf

(iifiJIl-harmonic map)
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ThHBH»5H,
—- A1Ve =

trace v2avVe + 3 i-1" Ve("R(ei, » Jei)
= — (trace V2aV)b 4+ X i=1" g((”R(e;, «Jei, V)
= - (trace V2V)® + 3 i-1" g(("R(e:,V)ei, *)
= - (AV)* +Zi-1" (("R(ei,Nei)?

A1V = AV + p (V)

AV = AV - p (V)

— K. #&(3.1.3) kb id:M > M ' wekly stable TH 3 » 5.

0 < ju (T iaV,V>dve = Iu <AV = p (V),V>dve
= IH <AV = 2p (V),V>dve

£ (A1 —- 20{)J’M <V, V>dvg

V = grad f # 0 THha3HM5H,
Ar — 2a 2 0

b, CORTHESMVRILT RIL
IH <JiaV,¥>dve = 0

30T, 02 Ve 8(W) &3,

\(iﬁm—harmonic map)
_35_
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v (M,g),(N,h):compact Kaehler manifolds
é :(M,g) = (N,h) harmonic
COBREDOTT. 9FTRHAEZLLEOHELXE X 5,

Bl 1

(1) ¢» weakly stable

(o) ¢i&. #® homotopy class T energy minimizing

O (4) R () PehrEo2ed k. TDE & 41X holomorphic I,

anti-hlomorphic »?

YL2L, CRhAE—BIEIKILEW, C2TE2ORMAE252THE L,

g1 ([L.sD
(M,g) = (P'(C),ge) ge:Fubini-Study metric
(N,h) = (P'(C)XP'(C),goXgo)

7T 5,

¢ :P'(C) » P'(C)
%. P“(C) % round sphere X B> AZF® anti-podal map & ¥ &k #L T
¢ :(M,g) > (N,h)
¢ (x) = (x,0(x))
k<, TOLE
Claim ¢ :energy minimizing
(=)
p:(M,g) > (N,h)
» (x)=(x,x%)
EEONIE, wliE holomorphic Z 5 energy minimizing Th 3,
®:(N,h) -» (N,h)
O (x,y) = (x,0(¥))
g hiX, Ot isometry TH B, £»T. ¢ = O - u» T energy
minimizing T»H %, g.e.d.

()!l-harmonic map)



EZBH. i H5 I + holomorphic (i.e. holomorphic or anti-
holomorphic) TIX & W,

vl . go:Fubini-Study metric of P"(C) & 7 %,
VIHBELICRROAPS B, RIFKRILTEIERDRATW A,
BiE2 ([E.L2] p69 (3.4))

(M.,g):compact Kaehler manifold

o :(M,g) » (P"(C),ge) weakly stable harmonic map
LZolE. 61 £ holomorphic »?
VEChERIAITEEBRDATWAEEAIIR. XKOEHIZDH - %
E®  ([L.S])
(Pr{(C),ge) ® stable % minimal submanifold X complex manifold TH 3,
(HL. 2 2T® stable | area functional Ic2WTTH B )
vE¥X HMEB2RIREAID 5,
5l 2

®:PI(C)XPI(C) » P3(C) Segre imbedding

([{ze,zt],[we,w1]) » [zowe,ZewWi,ZiWe,Z1W1]

3 %, ZhiE holomorphic TH B» H. energy minimizing TH %, M

$ :P'(C)YXPI(C) » P3(C)
¢ = & - (idxX o)

(i) I-harmonic map)
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T hiF., ¢1: energy minimizing Tk H 5d + holomorphic TIEH W,

VUL E3EAICE. MEL, 2XHEN BRI AED, AL, 2ikciE
WS EBEZEDLTWS, UT. ThicBLEERZEo0ET 3,

E®  ([X], [Siu])
¢ :(52,8) - (P (C),g0) weakly stable harmonic map

5lE. 1% t holomorphic Th B

TR

(82,g) ® g iX. EE ® Riemannian metric T & W\,

((52,8) 5 DERH weakly stable TH 5 Z &£ ®. £ holomorphic TH
%51k, conformal diffeo TREDLLGLZWHETH D, 852 _td)kmetric B
Wiz, conformal diffeoc THNAS T LREET L. )

YVEOHMOKEARRZED, ROEHEXT 5,

EH
(M,g):compact kaehler manifold
(N,h):Riemann manifold
L
¢ :(M,g) » (N,h) pluri-harmonic
o a,V) + a(JX,JY) = 0
_ for YX,Y € TxM, x € M
B L.

J:complex structure of M

(¥8)i-harmonic map)



a(37,Y) = @‘X—¢—(Yﬂ) - ¢-(VX—Y—)
for X7,Y" € T (ITH)

P ETEAB2ERBA

the connection on ¢ -!TN induced from "V

<
B

the Levi-Civita connection of M

<
"

wpluri-harmonic map ICE T 3 W< > OB+ BRS, HHIZEBSTDH 3.

(1) ¢ :pluri-harmonic = ¢ :harmonic
(2)(N,h):compact Kaehler manifold
¢ :(M,g) - (N,h) holomorphic
"= ¢ :pluri-harmonic

(3)dimCH = 1 %ZHiF. £T® harmonic map & pluri-harmonic T H 5.

(4)(M,g):compact kaehler manifuid
(M’,g’):compact complex manifold
(N,h):Riemanniann manifold

¢ :(M,g) - (N,h) pluri-harmonic
p:(M",g’) - (M,g) holomorphic

¢ o :(M,g’) - (N,h) pluri-harmonic

VIEEL, 2ICHMELC B, KCHERE>DTREREZDRKOERTSD
%

£ (Ohnita [0h2])
(N,h) :Riemannian manifold
¢ :(P"(C),ge) - (N,h) weakly stable harmonic map

= ¢ :pluri-harmonic

(i) I Fharmonic map)
_40..



VEDEROBBEDDBDTH %o

% (Bando,Ohnita[0h2])
¢ :(P"(C),ge) -> (P"(C),ge) weakly stable harmonic map

= ¢ :* holomorphic

FEE1
ACHEOERIZ EROEEHTH S (P"(C),g0) % rank 2 2 OXNHZEH
cEEmzOoh RV, (BF2PRHAIEL>TW 3. )

EE 2

BH., ACHEORIDWT. KEH pininal isometric immersion DHER
FHINEIE>THBB R TWE,

(#Jil-harmonic map)

fot e R




§ 2 Weak stability about Einstein manifolds

v-®D8§ Tlx. closed Riemannian manifold Joxf L T. weakly stable,
unstable P WO & 4 F%&EL C. Einstein manifold, homogeneous space O
BALZEOHBANE I B>TWADPDOHERL, ThoHEELEREZWLSD
PRI T B

v F (M,g):closed Riemann Z R &9 3,
id:(M,g) —» (M,g) identity map
& harmonic map TH D. % O Jacobi operator i
Jia = A — p:T(H) ~» T (TH)
T#H o7 (see Chapter 3 §1 p34), ROEHER. RFERIC XL %

iE
D) (M,g):weakly stable
e id:(M,g) - (M,g) identity map 2* harmonic map &L T
weakly stable T & 5o
(2) (M,g):unstable
&  (M,g) » wekly stable TH W,
§a E%
(1) := the isometry classes of all compact Riemannian manifolds
(2)ms := {[(M,e)] € M | (M,g):weakly stable]
(OMe 1= [[(M,e)] € M | (K,g) :unstable]
vyvoor

M = Ms U Mv (disjoint union)
THb, ROBBEIZOWTEET 5,

(i) -harmonic map)
_42_
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M3
Ms Xi& Mo 2REYR Lo

Y4 ET o, COMBIBEBLTIOPo TWAEEAR2BRB L

(i) FHED Mo @ M OBLLEHMCHLEESTS 3.
(B %1E. C-topology KBMILTEEATH 5o )
(ii) ([(M,e)] € M | (M,g) :Kaehler] C Mo
(Chapter 3 83 OEH (3.1.1) 2R &)
(iii) {[(H,g)] € M | Ricn S 0] C M-
(zhid. Tis OBEDEBE D)

vLHDL. M 2K TEZZOIRELWO T, R %4 Einstein manifold (2
BBLTEEA2EATHSD, TOBE. RKOBEEREX AL TW 3,

iﬂ (R.T.Smith [Sm 2])

(M,g):compact Einstein manifold with Einstein constant «

(i.e. p = ag)
D E, KOG, (LDBPRILT 3,
(i) (M,g):weakly stable

< Ai(M,g) 2 2a

A1(M,g):the first non-zero eigenvalue of Laplacian

(ii) Null(id) = dim Ker(J iq)
= dim i(M,g) + n(2a)
i(M,g) := {¥ € T(TH) | Killing vector field |}
p(2a) := dim {f € CM) | Af = 2af |

VHBEHIIOWTER., oA TW B,

(i#)1l-harmonic map)
' -43-




@B ([ohl],[U1])

(M,g):connected and simply connected

compact Riemannian symmetric space

&5 (Mg &
Do

CEI

Einstein T ® 5%,

:0)8%\

(M,g):unstable & (H,2) BREXDOWINDLTH S

E¥ (Ohnita [0h1])

(1)sr (n

()6Ge.a(H) = Sp(p+g)/Sp(p) X Sp(a)
(p 2 ¢

(3)P2(Cay) = Fa/Spin(9)

(4)Es/Fs

(5)SU(2p+2) /Sp(p+1) (p

(6)SU(p+1) (p

(1sp(p) (p

(M,g):isotropy irreducible compact symmetric space

tﬁJ:o :o)tg\
(i) (M,g):unstable

KRD3IDIBZEMBETH 5.

(ii) v (N,h):Riemannian manifold

v ¢ :(M,g) = (N,h):non-constant harmonic map

Ao T &R E &

¢l unstable TH 3.

(iii) ¥ (M’,g’):Riemannian manifold

v :(H,g’) - (M,g):non-constant harmonic map

FoC &L %, wlt unstable TH 3,

VERZICBEBOPHEEA2DITTE <.

(ﬁﬁ}”—harmonic map)

-44-

isotropy irreducible

v

v

[\

v v

(M,g) T L

3)

1)

2)

2)
2)



fisg 4
isotropy irreducible compact homogeneous Riemannian manifolds %
stable 2 D & unstable R HOICTHY L,

HEE

Z ®# % Riemannian manifold }& Wolf [tk o TRLKHEINATW %,
(cf. [W1],[wW2])

HME4A4028EOPR . symmetric TIlX % W unstable manifold 2R DT 5
hhid, XEEBHWE RS,

¥isotropy EH ' reducible O ElclE. D IZiller kAR ELE
FEBLTBZ S5, (cf. [ZD)

“ 3 g:847*3 = Sp(n+l1)/Sp(n) L@ homogeneous F B
such that
(i) S4n*3® [k @ canonical metric 21X isometric TIE X W,
(ii)id:(8*"+%,g) - (8*"*%,g) unstable”

(Hatsuzéwa kB8R ([M]) #f-> T, 2@ Einstein B’ unstable T
BB5CLBBEPDEN B, ) ‘

BES5 (Lawson-Simons [L.S])
(M,g):compact Riemannian manifolad

1 " . 1 .
1 < "k £ 1 (i.e. H.4 pinched)

7 5.
v (M’ ,g’),Y (N,h):Riemann manifolds
Y% :(M,g’) > (M,g):non-constant harmonic map
v¢:(M,g) » (N,h):non-constant harmonic map

2FoT&72E i, p* o1ld unstable TH 3 b,

(i) I |-harmonic map)
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B The Sphere Theorem i2&k V. MES DO REZHZT M. 8) @
universal covering ¥R I homeo T #H B, (The Sphere Theorem IZffW T
1. [Kl] Theorem 2.8.5 % & Lo )

Yol H T 3B S MESIE Avinov,Kawai,Howard SIc &> TE B AT W 3,
(cf. [A], [How], [K])

vEiglc, #E®O J.L.Kazdan KOBMZMEALLTRAXRTE L

i

M:compact manifold

3 gi1,g2:Riemannian metrics on M
such that (M,g:):stable
(M,gz2):unstable
ERBE5% K BEETIZN?
F#bb. unstable, stable OBA I diffec TREH?

(7ifi)I-harmonic map)
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Chapter 4 Constructions and classification problems of

harmonic mappings

Y- OETIE. harmonic map ZEEMICHMMYT 52 L. harmonic map %
parametrize 32 & ICBIL TE BT 3,

§1 Eigenmaps into spheres

W harmonic map OHRICBEA L TEAN L ORBRKDOERT b 5.

EH (Eells-Sampson [E.S])
(M,g),(N,h):compact Riemann manifoldé
"NKE £ 00
ke TOEE
Yy :M > N smooth map
3 ¢4 :(M,g) > (N,h) harmonic map
such that (i) ¢ € [p] (l»l:9» % &% homotopy class)
(ii) ¢id. [»] T energy minimizing

VHIRAFEREMILED., EHKEHE 4 DREH VR B,

VN,bD) OMEOFHLIEVWES ROLISLMEND 3.

BE7 ([Y2] No.112)

(8",g) :standard unit sphere

7 i(8") = [Si,8"]:8" ® i-th homotopy &
95, ZDLE ni(8") DBERL%R

¢ :S' - S" harmonic

THRRTBHEILBTEDZ»

SR e S e =

(i#f)i-harmonic map)
_47-



VELZROIIZHEADBZE R LN B,

M8 (Eells)
(Si,g) ®5 (5°,8) ~DLT D harmonic map % D HE Lo

VHEETIREALTE., KXO R.T. Snith OERY B 5.

“n £ 7 426 7w.(8") OEEODTIE. harmonic map THREXT HEW
T&5%, ”

I 7. 81z attack ¥ 5121k, RO R, essential TH %,

¥ (Takahashi [T],(T.D])
(M’,g’):Riemann manifold -
(S",g):standard sphere in R"*!
LT, i:(8",g) » R"*' % %@ imbedding & ¥ 3,
Z DR _
v g:(M,g’) > (S",g) smooth map
e L
Q(x) 1= i°6@x) = (Pe(x),21(x),,Pn(x))
& BT
| ¢ ‘harmonic
f=4
Adi = 2(8)D i i= 0,1,e,n
fHL A :Laplacian of (M’,g’)

V ¢ harmonic THB3Z ¢ RAMBETHBKRDORK

, T(¢) =0
A8 ThIE. EHOAMB oM B,

(i#fi)i|-harmonic map)
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YZOE®ED, ¢:(W,8°) > (S",g) harmonic BEXShAEELE KD2
DOBERFTIFIZIELPEKREF D,

(i) e(g):constant on ¥’

(ii) e(# ):non-constant on M’
UFCo/—-bTlR. Q) OBEE2HF X 5,
((i1) OB\ A, [Sol] KHIBWERY B 3. )
(i) #%## 7 ¢ barmonic map ¢ :(M’,g’) -» (5",8) % eigenmap & BES,
COFSIE. AOEEM 26(¢) OEEMMTS 3. EICKOEEIMS R T
W5, (EERHTCSEE4 EBOBRIKERL 2, )

MW (do Carmo - Wallach [D.W], D’Ambra - G.Toth [T.D])
(M’,g’):isotropy irreducible compact oriented
homogeneous Riemannian manifold

(8",g):n-dimensional standard sphere

(1)gp : (¥’ ,g’) - (S",g) harmonic with constant energy
density (i.e. e(#$) = constant on N’)
ZelE., M,g’) ® Laplacian OH 2B HE A« XL To

2e(g) = A«
TH %o
@QAxc:ADBHEME %212BET 3,
DL E,

[ : (M ,g°) » (8",g) | full, harmonic, 2e(é) = A«
n:BRAKY }

I finite dimensional vector space ¢ compact convex body

L« T parametrize Xh 3,
(n S LICEFEER L)

(ifi)I-harmonic map)
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VIEOEHEROD (2) THTEEZEEDERLX2T 5,

E#
¢ :M’ - S" smooth AF full TH 3
<~
S’:hypersphere of (S",¢g)
" (i.e. totally geodesic (n — 1)-dimesional sphere)
T.
$ (W) C §°
2B 8 BELELEZW,
E&

M> = G/K, A«:as in the theorem
Yk i= {(fe W) | Af = Axf]

243, (dimV < 0o THBEEIHEE® & )

va € V« such that

§:Vve = Vo for ¥s € K
fvel =1
BL
s've(x) = ve(sx) for Vx € M,Ys € G
I I :L2-norm

(CORE ve BRTHEET 5. )

%3 ve ZEELT. RKDKXSKEHET 5
S2(V«):symmetric square of V«
ve? :symmetric square of ve
We := {c € 82(V«) | © L gve?2 for Yg € G}
Le 1= {c &€ W ] ¢ + I 2 0}

(#)1-harmonic map)
_5 0._
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I & 582(V«):identity element
L:L2-norm ICEd BER
(Lv 1 W« @ convex body IcZ o THE D, din ¥« < © TH 3, )

VlO:I)‘.‘/\F LTBLE, EOB%A Aw:k-th eigenvalue of A (k 2 1)
HRHLUT dimWe > 0 22230 WO 5MER ARNFROBMELEEL (H
HHHBETDH 5.

( FEED, dim W > 0 ThhiE. EHOREZHFHET 2¢(9) = A« &
% full harmonic map {& L« # {0} T vparametrize X, infinitesi-
mally rigid TiE% W, )

(cf. [US])

(##JlI-harmonic map)
_51_
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8§ 2 Non-linear o -models

vdin ¥ = 2 OB A& D harmonic map DELFEICOYWTR., XOEHEIBIAS
I?’L'Clr\%o

FE ¥ (Sacks - Uhlenbeck ([S.U])

(M,g):closed Riemannian manifold, dim ¥ = 2
(N,h) :Riemannian manifold, = :=2(N) = (0}
935, TOIK

Y :M > N smooth map
3 ¢:(M,g) » (N,h) harmonic
such that
(i) ¢ € [p] ([pl:v %2&% honotopy class)
(i“i) $ix. [ ] T energy minimizing

v T (M,g) = (S2,g):standard 2-sphere & L CT# % %,

(i)Calabi constructions 52 -» @§n

wCalabi OFEHAEN TS~ Ic. notation 42RO TH <,
% 3 |

I, = S0(2p+1)/0(p)
r8<. Iold. C2°'' WO PRI isotropic subspaces REOMTEM L

A—#®|& N3, 2LT Ir I2lE hernite HHTMHME L TD metric 2 AR T
Bl 2o i, I, I21% compact Kaehler manifold @ﬁi‘éﬂf)\éo

(7§ )I|-harmonic map)
_52_



106

w:1, = 82 = S0(Q2p+l1l) / S0(2p)

. BRR2aA&H1EZ
U(p) - S0Q2p) X + S =1 Y w» [_x §1

X,Y € ¥(n,R)

PEoFEIXIIEEL T 5,
> fuit Riemannian submersion &% - TwWwd, (cf. [N])

(M’,g’):Riemanniann manifold L A & &
»w :(M,g’) » I, & horizontal T H 3.

= . (IT,0) c H for x € ¥’

p (x)
fH L. H.:Horizontal space of Riemannian subersion =

fory € I,
L & B,

E B (calabi [C1],([C2])
¢ :(82,g) - (S°,g):full harmonic
DL E KROD2OPKIT B,
(i) n = 2p (i.e. n:even)
(ii) ? » :(82,g) -» I, holomorphic horizontal map
such that ¢ = =n - »

WwEEB 2o W TiE. (L] Proposition 1.2, Theorem 3.8 % R &,

(fiJi-harmonic map)
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YXROMBEEZBIFTTEZ S

B9 (Verdier [V])
S2 w5 I ADLTDH holomorphic horizontal map A{—*&b o

(ii)Twistor constructions S2 - Pr(C)

YoRRHELTR EH21oB0TE<L. BATWAEHOH., BHD4A
I EEET BO3IADPRMAEETH 5,

SE¥®  (Din-Zakrewski, Glasev-Stora,Burns-Eells-Wood [E.¥])
RKO2O00KEGOMICIE 1M1 HEIFDH B,
(¢ ] (s2,8) » (P"(C),go) full, harmonic]
o [(f,r)] f:82 -» P~(C) full, holomorphic
0 £ r £ n integer}
(ge:Fubini-Study metric)

(iii)Chiral fields S2 = U(n)

v U(n) := X € M(n,C)| XX = 1}
LT, Un) ki ’

<%,Y> := Trace (X:-*Y )
for X,Y € u(n) = (X € Hn,C)| X + X = 0}
ENFEEIRRI3BFEMAZELR metric h( , ) ZANRTEL.

ge = dx? + dy?  metric on R?
Q@ C R? bounded

(ji#iJI|-harmonic map)
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EF B, DL A $:(Q,ge) = (U(n),h) @ energy i&

E($,Q) = jj l Sl " l¢-*%{j |2}dxdy

HL 0¢./0x ROVNAERDTEBICHRILEDOD
] | 1 h TE%% norm

tEEh3, COXRIDVBE-RTZHFELT,

¢ :(Q,ge) - (U(n),h) smooth
A% harmonic map T & 5.

—Q—<¢-1~U'> + —ﬂ—<¢-’g—$> 0 onQ (%

nwHSer b, XOMBEIE (52,8) »5 (U(n),h) ~ D harmonic map
OGS, (R2,ge) 5 (U(n),h) ~® harmonic map ODHICRE XL 3
BEirRLTW3, W IcIE. Sacks-Uhlenbeck DR ([S.U] Theorem 3.6)

%mb\éo

#i &
v ¢:(R2,ge) -» (U(n),h) smooth

B, (DEHwEL
E(¢ ,R?) < o
ThHhhiE. ¢k (S2,g) »5 (U(n),h) A @ harmonic map ~. (82,2)» 5

(R2,ga)ANDYUBFHEALBLT. ~BRR#BERINZ, HFIi
¢ :(S2,g) » (U(n),h) harmonic

HEZHhERIC

(#)I}-harmonic map)
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u:{(R2,g0) = (582,¢g) 'inverse of stereographic projection
g hiE, ulk conformal Z» 5

¢ o #:(R?%,g0) = (U(n),h) harmonic
&5,

= .0 = 4108
Ay = 2775 Ay—¢ 3y (%)

& BiFiE. Ax , Ay ¥ u(n)-valued function on Q@ & % 3,

FLT. (x) BRoEris,

0 _a_ _ s
BXAX+ ayﬁy—ﬂ on Q ()

Bk, COBRFFEAXROCOOBEITREEAFI

By~ By b maoa =0 (o)
gx ¥ dy X X y

B, TODEE, Koz ghrsb, (cf. [Yol §61)

“ v Ax , v Ay ;u(n)-valued functions on Q satisfying (#%), (%)

ZolX, EFEKEXALGNE (Xe,ye) € Q, Ue € Q IZHLUT,
| ¢:(Q,ge) > (U(n),h) harmonic
such that
¢ (x0,y0) = Ue

WHEEL T, Ay A BIZED (K) TEE R B, T

(i) 1-harmonic map)
' ~-56-
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B> TRERR (o), () 2HAET A Ay RROBZELICKRESNE

vZoor, HER (), (kxx) ORMEERKRIZCOWTHRANRE S,
QLD uln) H1XMHER A= Adx + Ady 2% 2, QLOEBHAERI b
WH E= Q X C" %282%. 2T E LRI ES

i.e. v,6 = ¥c + Ao

for ¢ € T(E), £ € T(TQ)

#5 2%, AL, Ao & T(E) = QLEOC"EHCHEL2E &akL
AX) 2#139&LT o6 IREHZIBAEDBDOTH 5.

XC, & % (Q,80) OFRMD (i.e. dual of exterior derivative) & ¢
hai’

I
o

(x%) & S§A

2o TW5B, .
A, Vvicxdd 3 curvature R %

R = v

XY (X, Y] [v

g’ VY} for X,Y € T (T1Q)

LEELELEE,

(k%%) © R = 0
ie. VRFHLZER
($#£-> T, BH% Yang-Mills 8 TH 5. )

EZH5TWwWE, (WIOhHLMELRHETHEIPDODON S, )

(i#)1}-harmonic map)
-5 7...
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P
(i), (xxx) %FH{ET Ax ) ﬂy BT chiral field GHIFNR TWBEHOT

ﬁéozmﬁ&Afﬂyééfﬁhﬁ?zkm,k%@éhﬁ%&%bﬂ&

CHICBL T, K.Uhlenbeck OBBBIEZTVIFY PP B3N, FFEEL2IZIE
BRI TWE W,

VEHEZICHEAHLTEZ 5,

EE‘I 0
(S2,g) » 5. Hermite MFRZM (N,h) ~® harmonic map O EH % 8 #,
((),01) o&Hikk. (N,h) oF Y%L Twistor ZHEZED. Twistor

construction ¥ £, )

FE

COMBIZBEALTI, (N,b) PERISIATVE2REDOBAICIE, Burstall
DR (cf. [Bl) 5 5. %7, Eells-Salamon O#®m X (cf. [E.Sal]) & &
Eilcn 5.

Gif)I-harmonic map)
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