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Note on Hecke operators and cohomology of groups

M. Furusawa, M. Tezuka and N. Yagita
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Introduction.

'In this note we study the action of Hecke operators on
1-dimensial cohomology group of the modular group G=PSL2(Z) with
the coefficient module W, the even degree parts of the polynomial
algebra z[x,yl, or its reduction modulo a prime power L ,

W/ =(z2/2 2)I[x,y]l. The cohomology group Hn(G;W/Q) is a module
over HO(G;W4)=(W/L)G, the invariants of W/g. The ring (W[{)G

is known by Dickson [l ]. We notice the relation between the
above module structure and the action of Hecke operators. Then
we obtain some congruences for the eigenvalues of Hecke operators

on modular forms.

Theorem. Let)&’be the eigen value of the Hecke operator Tp

in MkO(G) ; the set of all cusp forms of weight k. Then

(1) ‘XSED mod 5 if k 8, 10, 14 mod 20

(2) A750’m0d 7 if k = 10, 14 mod 42

(3) A11;0 mod 11 if k=14 mod 110.

We wish to thank S. Mizumoto for many useful conversations

and suggestions.



33

§ 1. Hecke operators and the Eichler-Shimura isomorphism.

Let G=PSL2(Z) be the modular group and V=2Z[x,y], Ixl=|yl=1,
pe the polynomial algebra over Z. If we denote the positive
even degree parts of V by W, G acts on W from the left. For
any G-module E, the Eichler cohomology group H%(G;E) is definéd
to be the kernel of the restriction map j*: Hl(G;E)—7'Hl(Gv,;E),
here G, denotes the subgroup of G generated by ( % i
From Lemma 2.2 in [9 ] or [3], in the case where E=WﬁaR,}the
positive degree parts of W® R, the above map j* is epic. Therefore

(1.1) H'(GiW®R) 2 H, (GIWOR)® H (G oy iWBR).

Let us denoteiby Mk(G) (resp. MkO(G)) the set of all automorphic
(resp. cusp) forms of weght k with respect to G. Now we recall
the actions of Hecke operators on‘cohomology groups and automorphic
forms. Let o be an element of M,' (z) =/A¢M,(z)| deta»0 }. Then
the double coset GdG decomposes into a disjoint union of finite

a

number of left G cosets, GdG= lli=l Gq&. For g¢G, let of; 979 o %

with some 1{i*<d and some gie G. Then for any G-module E, the
Hecke operator'%; on Hl(G;E) is defined by

(1.2)  Tyule) = 5 & «,,ulg)  for uezl(cE).

The Hecke operator Ty on Mk(G) is defined by

k-1 k . -k for feM, (G).
(1.3) Tyf(z) = det« Zi=l £ (ol;2) J (4, ,2) k

* *
) (. =C. . L=
Here j( l,z) clz+dl for dl (Ci di).

Then there exists an R-linear isomorphism called the Eichler-
Shimura isomorphism,

(1.4) 9 %(6) = B, (G:WBR),

Mo

which commdtes with Hecke operators (Shimura [10]).
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In (1.4) wk denotes the k-degree parts of W. Let Ek be

s, R S

(z)= %
25(k) (m,n)¥(0,0) (mz+n)

the FEisenstein series E

k

Proposition 1.5. The map ¥ in (1.4) is extendable to

an R-linear isomorphism
0 1 k
P: M k+2(G)69 R‘E ., H (G;W'® R),

which commutes with Hecke operators.

Proof. From the proof of Proposion 8.5 in Shimura [10],

0

we can extend to M by defining

kt+2

(G),

- . . (z.) .
-5 k Jk'Jng J
Y(f ) (9) = 2'j=0 X’y 2, Re(fz-"dz) for fe& L

~and the 3’ commutes with Hecke operators. From (1.1), it is

easily seen that the extended Y is an isomorphism, if

» .k 11 fi” K
(1.6) the coefficient of X in ?(Ek+2)[0 1 =J; Re(Ek+zz )dz%=0.

We can prove that (1.6)>0 by direct computations for k=2 and 4,

. oo 2n
and by showing that IBk|/2k(k—1)> P n=1 S k(n)/e for nge6,
where Bk is the k-th Bernoulli number and Gk(n)= 2. dln dk
Q.E.D.

We are indebted to S.Mizumoto for the proof of (/.6).



§2. Cohomology and congruence.

In this section we obtain some results about congruence
properties of eigenvalues of Hecke operators on modular forms
by studying the cohomology of G. The following two propositions

are simple but fundamental. For a prime{ let W4 be WAW.

Proposition 2.1. If there is a ) eZ/mZ such that’f;x=xx
for any xe;Hl(G;wk/nJ, thenfor any eigen

value Ay of T4 in Mk+2(G)' a conguence ),= A\ ( modl) holds.

Proof. We have an exact sequence
1 L 1 1 :
H™(G;W) —>» H (G;W) —> H (G;W/¢2).
. N, A 1
From the assumption, we have Tgx =X'x (mod { H (G;W)) for any
erl(G;W). Hence the proposition follows from Proposition 1.5.

Q.E.D.

By the cup product, Hl(G;W/Q) is an HO(G;W/2)=(W/'Q)G module.
The action of (W/p)® is defined by (wu) (g)=w-u(g) for we(w/g)C,

116Z1(G;W/L) and geG.

Proposition 2.2. Let we(W/p_)G and o(éM2+(Z). If there
is a )\ ¢ Z2/¢Z such that Aw=\w, then E;wu =‘Aw5;u for any

wenH (G;W/p) .

Proof. By the definition (1.2),
'i"dwu(g) = Zdi* (wu) (g;)
=Zoli*w o gulg;) .
Since di*=gi—%(ge GdG, di*w;Aw holds from the assumption. Terefore

"i"dwu(g) = /\wZO(iu(gi) = )\w"f‘:(u(g). Q0.E.D.



Next we consider the invariant WWQ)G for a prime number { .

We define two elements El and E2 in v=Z[x,y] by

El;xyg—xiy ( when {=2, El=(xy2—x2y)2) and
E2=X9(¢—l)+x(2;l)(9—1)y(f—l)+,” +yf(2—l).
Then the classical result of Dickson [1 1, A says that

(W/L)G=&/QZ)[E1,E2] and moreover WA is a free Z/ﬂZ[Ei,EZ]—module.

It is wellknown that G=ﬁSL2(Z) is the free prodﬁct 2/ 22X 2/3%2.
.Here Z2/2Z (resp. Z/3Z) is generated bY'(=(91!é) (resp.6'=(_i é))LWJ,
Therefore, about the classifying space we have

BG o~ BZ/27ZV BZ/3%Z
where V denotes the one point unioh. For any G—modulé E, we
have the Mayer-Vietories exact sequence
(2.3) E2/2%4 g2/3Z; g ﬁ»Hl(G;E)-—i:Hl(Z/ZZ;E)Q al (z/32) — 0

1

Proposition 2.4. The Z/ZZ[El,Ezl—module H (G;WA) is

generated by generators of degree equal or less than 12-1

( 6 for 2,=2).

Proof. The free Z/QZ[El,Ezl—module W/ is generated by

the degree equal or less than

|Ej] +IE,| -2 = -1 (=6 for {=2).

2/27 z/32,

Hence so is the quotient module:! (W/p)/((W/e) + (W)
We also prove Hl(Z/Z;W/2) (resp. Hl(z/3;W/3)) is generated by
elements degree £6 (resp. 8 ) from the explicit computation

of the cohomology.( seel9]). Q.E.D.
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Theorem 2.5. Assume CiEi=Ei (resp.<XEi=HiE. for some Hiez/QZ)

i

~7

and there is a A€ Z/fZ such that a;x=Ax (resp. de=0) for

any xeH (G:W/g) with 0¢k¢#?-1 ( when £=2, 0¢k<6). Then for
any eigen valués'Adof Tk in MK+2 , with any K2 0, the congruence

Mg =X mod (resp. Ay =0 modl) holds.

Proof. Any element fEHl(G;W/z) can be written as f=2§aifi
here aiéZ/ZZ[El,EZ] and \fi\gg?-l., Then from the assumption
and Proposition 2.2,

~/ ~n

Tyf = 2a;Taf; = Zaghf; =Af.
So the assersion follows from Propositiion 2.1. Q.E.D.

10

Let p be a prime number. Let us write $&=Tp for<X=(O pl

It is immediate that

O(Ei‘ = Ei if p=1 modX or if p=-1 mod £ and i=2

oE, = -E; if p=-1 modg .

. =+ : = N 1 k 2
Therefore if p=Ilmod ¢ and Tpx—(l+p)x in H7(G;W /R) for k4§ -1,
then Ap=(l+p) modA hold in M (G) for all positive degree weigt s.
It is known by Hatada U4J ( Heberland [2 ] , Papier ( § ],
1§ € J) that for f<4 7 the above congruence hold. However

- :
it seems difficult that one check Tpx=(l+p)x for £25 now.

11
01

map. The cohomology of G, 1is easily computed

Recall Y=( ), G£=<U> and j : G, SG is the inclusion

Lemma 2.6. HY (Gu;VA )% (V/£)/Im({~1)

~ Z/(Z [V]W(Z/({l,x, .. ,XQ-Z}@ Z2/0 7 [Y]\‘ Xi—]j)

(-1

where V=x?¢-xy and z/¢24%a,b,..} is the Z/g -module generated by

a,b,...
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. 11 . 0
It is easily seen that GaG=TTGai, ai=(0 p) for 0gigp-1 , ap=(g 1

Lemma 2.7. j*(Tp?)=(a0+pap)jﬁf in Hl(GN;W/z) for ?eHl(G;W/Q).

Proof. Direct computation shows that an=l'a.

541 for 0£jsp-2,

a?_{x=[a0 and abr=wpap. Therefore we have

~ _ p-2
Tp?(y)_ Z;j=0aj+ly(1)+a07(K)+ap?(xp)
= aoy(()+ap(1+6+...+Bp_l)?(33
_ p-1 ,p"
'aOT(F)+pap?((%FZi=0(5 -1)aénax

3 j-—. p
since a = a_. E
px ! P Q.E.D.

Corollary 2.8. (i) TIf p=+1 mod L , then j*(Tpg)=(1+p)j?@L
(ii) If p=0 mod L , then jﬁTp?)=j*(9) for 3%(9)=v°x and j*(T§§)=0

for j*(f)é—Ideal Y.

0
k+2

eigenvalue )P=0 mod § for the Hecke action Tp in Ms+20(G) where

Theorem 2.9. Let {-1<k< Lz—l and M (G)=0. Then the

s=k mod 2 (9-1).

Proof. Consider the maps

1

1 r 1 i* ’
H™(G;W) —> H (G;Wf ) — H (Gu:;W/L)/(Ideal y).

From corollary 2.8, Hl(G;WS/Q) decomposes as Keri®E with Ea7/ .
Let us take Hl(G;W)=KE>E with r(K)=Keri” and r(E)=E’/. Hence
E2 Z because for the Eisenseries, the Hecke action operates

Ty (E and from Proposition 1.5, E®R&~R. Since K®R~

s+2) “Eg42
HPl(G;WS)® R and E is torsion free, K is closed under Tﬂ.

k is torsion . The ¢ -torsion

By the assumption Mk+20(G)=O, K
in Hl(G;W) is isomorphic to HO(G;W+/Q):Z/L[E1,E2]+ from the exact

sequence



3

L
10 (6w ——> 1%(G:W/p) 25wt X vl

0

and HO(G;W)=W . Therefore Kk=Z/k{Elm} where we only need to

consider the j-torsion since the lowest dimensional 22-torsion
element is Efﬁ
Let feKeri®, since l—l(k(?.z-l and s=k mod {€-1). we can
take
r

f = E2 f1+Elg, Ifﬂ =k, ryl.
Note that olEl=xQ(!y)~(Qy)QX=0 in W/¢ and Proposition 2.2,
~r g . m
T2E1g=( OkEl)Tz g=0. Since ‘fl=,\r8(El ), A& 2N,

Yo, _ .r m, _ m, r—

E,"f,= ESrs(e,™= E,"E, " rg(E,) .

~ s ~ . . ;
Hence T,L(E2 fl)=0' Therefore T((Kerl )=0. Since K is closed
under ’\TJQ , "‘I"l (K)=0 mod § (K). Since K@R&HP]'(G;W)OR , we have

the theorem. ' Q.E.D.

The fact M_, ,°(G1=0 for s+2¢14 and 412 implies the

theorem in the introduction.
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