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.Cu the classification of Legandrz iz—ersions
T -~

Masahisa ADACEI and Kenji YAMATO

(RLEZ FRE)  (Amoel= TREER)

0. Introduction
In this paper we shell give a homotcpy-theorefic classifica-

tion of the Legendre immersions /A —> M of a smooth n-manifold A\

2z contact structura G- on M is & diffarsatizl l1-formon M

with 0OCAJdT A...AdGC # 0 at ezch point x € M. A smooth immersion
——————— ’

;\ :/\ —> M is czlled = Legendre immarsion if o Yanishes on
each vectors in T(M) tangent to A (/A), that is, if A*o = 0.
To each Legendre immersion A : /A —> M we can associate its
differentizl dgf;'T(/\) ~—> T(}_f). By definition d7— is a mono-
morphismvwhich ta”eé each fibre Tp(/\) to a Legendre plane in

T )(M), that is, an n-plane on which O~ wvanishes. We czll such

e

menomorphism L-monomorohisms, so that d sends each Legendre i

irmersion to an L-monomocrphism.

We will say that two Legendre immersions 7\0 and 7Ll are

L-regularly homotopic, if there is a smooth regular homotopy ;kt:

between )LO and 7\1, suéh that )kt is a Legendre immersion

*) Dedicated to Professor Nobuo Shimada on his 60th birthday
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for each &. Si n_7az_y, we can speak
gorphisas, of T(A) iate T(Y).

The follewing is the main theors

s?
S1m]

/\\ be a

and M be a compact regular contact

g

Theorenm 1. Let

induces a 1-1 correspondence betwes

'3
s3

-

of L—imme ons A —> M and L-ho

phisms T(A) —> T(M).
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of a homotopy throuzh L-zcno-
a2 of this paper.

n-zznifold
(2n + 1)-menifold. Then d
1 L-regulzar hom motopy c’aSaes

motopy classes of L-monomor-

The concept of regular contact menifolds wes 'introducad by
Boothby and Wang [4]. We recall t is in section 1. Whether for an
arbitrary smooth n-manifold ‘f\ and aﬁ arbi rv contact (2n 4+ 1)-
mznifold M the theorem above still helds or not, is open.

This paper is motivated by Bennequin [3], Douady [S].

Our approach is inspired by Gromev [§] aigg;es [11].

1. Regular contact mznifolds

We recall here regular ccontact manifolds.

Let M= (M,0°) be a contact manifold of"iﬁension 2n + 1.
Namely, M is.a C-manifold of dimension 22 + 1 and @ be
a differential bl—form‘on M with c'f\(dd;)n ¥'O at éath ﬁoint

X €M, where (da)" = do-A... AdT.

A quadratic form 9 of the Gra

*
ssman algebra AV , where
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* .
v 1s the duel to a vector space V, is szid to have rank 2r, 1

£
the extarior product ,(ewr # 0 but (Gﬁrﬁl = 0. Equivalexntly

raak & = dia vV - dim Vys wheze V ={X €v l €, v = g}
(

-d 0
Y ' . = ; s ‘1 n
It fcliys thet on a contact menifold M the coadition O A (677)
o

# 0 implies that at each point x € M the quadratic form d7

inrthe Grassmean algebra ,f\T:(M) has rank 2n. We then have
v #{XGT (M)l do (X, T_00) =‘o}
0 x | X
is a subspace of dimension one on which T~ # b, and which is thus
ccm?le:antary to the 2n-~dimensional subspace on which G = 0.
Let ZX be the element of VO on which ¢— has the value 1.
Then Z 'is a vector field, which we czall associated to O~ s
defined on all 6f M by G, and which is never zero since G (Z) =1,
This vector field defines an involutive differential system on M

and we shall call the contact structure O~ regular if eazch point has

resular nefchborhood, i.e. a cubical ccordinate neighborhood

-
<

(xl, .o ,-xzq;l) whare intersection with any given integral curve
corresponds to z single segment

X, = Cy "'}x2n+l = Choeyo c; = constant, i = 2, «o. 2n+%,

i.e., which is thus pierced a2t most once by any given integral curve.

this implies in particular that each integral curve is a closed

point set.

Hereafter, we will assume the manifold M to be compact.
If ¢  1is a regular contact form on N, th?h since Z is never
| n




83

zero and since the integrzl curves are clecsed and thus compact se
we see that they must be homscmorphic to the circle S, Meras

1 acticn of the additive group of

m

vector field Z generztes a glob

r frea the above that we mav

133

is cle

=

. I

(a)

rezl numbers R on
suppose that the associzted vector field Z gsnesrates an zction of
s . 1 - X e oE s .
the circle group S cen M. If B denotes the set of orbits, it

)

: : . - . . -
follows that B is a C -manifold, and that if (ul, cee s Uy
is a regular coordinate neighborhood in M, the orbit corresponding
to u, = constant, ... , u2n'i = constant, thea U = p(U) with

nborhcod on B,

Boothby and Wang [4] proved the following theorem.

Theorem 1.1. If G~ 1is a regulzar contzct form on a compact
manifold M, then

(1) ™ is a principal bundle over B with group ané fibre S,

(ii) U~ defines a comnecticn in this bundle,

(iii) the base space B is a symplectic maznifold whose
symplectic structure 0 determines an integral cccycle on B

and is the curvature form of G=, i.e. dg-= p*wW 1is the equation

of structure cf the connection.

Actually v dis the characteristic class (with real coefficients)

of the circle bundle M.
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In ovder to prove Theorzm 1, we consider the space L-Iz=(A, M)
of all Legsndére izmarsions of /A in M with C -topology

11 L-zcncrmeorph-

~r

-~/
(oW
ct
4]
(aj
e
[0}
0

e
m
)
()]
(o]
Ly}
()

Let L-YMon(T(A),

isas of T(A) dinto T(M) with compact-opex topology.

}-do

Observe that the differentiel d dsfines a map

L-I==(A, M) ——3>  L-¥on(T(A), TCNH).

o

We shall prove the fclleowing theorem.

.

Theorem 2.1. Let /\ be a simply comnected szmooth n-menifold

v

and M be a compzact regular contact (2n + 1)-mznifold. Then the map

d : L-Imm(A, ¥) —> L-Mcn(T(A), T(M)) is a wezk homotopy equivalence.

Theoren 1 follows directly from Theorem 2.1 : since d 1is

- T

a wezk hemotepy equivalence, it induces a 1-1 corraspondence d

O

'?fO(LwI:m(f\, ) ~—3 TC _(L-Mon (T (/\), T(M)0 of path components,

cns and

}te

that is, of L-regular homotopy classes of Legendre immers
homotopy classes of L-moncmorphisms.
The first step in the proof of Theorem 2.1 1is to establish a

covering homctopy for spaces of Legendre immersions. For convenience
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of notations, we will denota the p-cube by 1P, Write Dk for
13 Y k " Iy L-Z-:— - ‘
gtandzrd k-disk in R, and Dk x p°F 1 for a ne:c" orhecé of
) _1 B )
Dok x "% 11 D* x DO,
e e s < e e— 4.,
g : :% v } -
- S U
: ,/% e
» !
D&

A

. 1 : ~Let
Theorez 2.2. Let TC : L-Ima(DX X D", M) —3 L-Tma( DX x DO k1
. e n-k+1 D
M) be the ma; which maps to fl D x p" . Let FO : IT —>
D —_ 3 n-k+1 »
L-Iza (0 x DO }‘)/ : IT XTI~ L-J.:-‘.m( p X D , M) be

continuous maps such that Tt¢>F0(x) = F(x, 0). Then there exists a

. ~ P k n-k v e
continuous map F : I¥ X I —> L-Imm(D X D » M) such that

1) Fx, 0) = Fo(x),

ii) TCOF ¢ F.

—
-

In section 3 we sketch the proof of Theorem 2.1, gi:EB&zLEL_;\
' Theorem

We will prove Theorem 2.2 in section 4.
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3. The immsrsion classificetion theoren

Let /N be a smocth n-zmenifold and M be a contact smooth

I
rr
m
0
“t
n
or
[}
A
0
rt
o
"t
o
.

(2n + 1)-zznifold with co
We begin with a description of the set of Legendre planes in

s in the fibres of T(M) on which

slzan

(]

TQM), that is, the set of n-

u

0

the contact form ¢ wvanishe

.

Lez=a 3.1. Let M be orienteble. The set L(M) of Legendre

planes in T(M has the structure of a bundle on M associated

]

with T(M) and with fibre U(n)/0{n).

’ . . 9 2n+l . .
Proof. Consider a2 Euclidezn space R of dimension 2n + 1

. .. n n .
with coordinate (x, y, z) R X R XR. The 1l-form

9

xdy + dz

spzce of © through the origin has equation dz = 0.

We tzke x and y as coordinates in this hyperplane. Therefore,

in this plane we have

d G*{ 0= dx A dy. (cf. Arnold T[11)

g =

=

2 -
However, in the canonical symplectic 2n-space (R n,ﬁo’), 29,

dx A dy, the set of lagrangé planes is considered to be U(n)/0(n)
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(cf. Armold [2], Souriau [12]). From this fact, we obtain the lezma,

: e
. 2 o . - : r-
New suppose /\ has been given a2 Rifzmanniazn msztric, and ZA
— /A be the frame bundle, i.e. principzl O0(n)-bundle asscciated

2th T(A). Let EELKMD —> L) be the 0(n)-bundle of n-frames in

the Legendre planes in T(M).

Corollary 3.2. L-monomophisms & TA) = 1) are in

1-1 correspondence with 0(a)-bundle maps ‘E%(/\)—“‘§ :% L.

Theorem 3.3. The restriction map

k

-1 | ) | . e
L-¥en(T(DX X D™°5), T()) = L-Mon(T(d DX X DV 1), T())

is a fibration.

Proof. By Corollary 3.2, the covering homotopy theorem holds for
L-monczorphisms. However, the assertion is simply a restatement of
this property.

Ihe next result is the 2nd step of the preparation for the

proqfof Theorem 2.1.

Lezma 3.4. Let M= (M, UC) be a contact manifold of dimension
20+ 1 and D" -be the n-disk. Then the map which maps the map f

to its differential df
d : L-Tmm(D", M) —> L-¥a(T(D")), T()
5 v

is a homotopy equivalence.
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. . N
ction of D cnto a prescribed

1
N
~
m
N
e
’_l
~
(4]
«t
r{
1}

By an argument formelly identical to Hzefligzr-Poesnaru [10],

o

L-Im (D", ¥) —> L-Im=(0, M)

is 2 homotopy equivalence,

On the other hand,

r, + L%on(T(Y), TCO) —>  L-Moa(T ("), T(n)

* .
equivezlence by Theorem 3,3, Since the dizgranm

L-Izm (D", M) i—a L-¥on (T (D7), TCD)

_ | Y,
L
L-Imm(0, M)  ——— L-Mon(ro(ﬁn), T())

is 2lso 2 hemotepy

is commutztive, it is su fficient to show that

d : L-Imm(0, ¥) —2 L-Mon(T_(0"), TCD)

is a homotopy equlvalence.
However, an inverse L Won(T (D ), T(%)) —> L- Inm(0, M)

[1], Appendix 4).

is porvided by Darboux's theorem (cf. Arnold
‘ n-k

Proof of Theorem 2.1. By Theorem 2.2 (L Imm(D X D , M),

U, L-TImm(J Dk X ank+1, M)) 1is a fibre space, where TU ' is

the restriction map. Furthermore, the following diagram :
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ol

L-Im=(D° X D°7%, M) ., L-Mea(T(d" X D*”

R P d . N
L-Tza(PD° X D" N0, 1) ——> Lowon(z(? DX x DXL 100)

|3

» TGD)

is commutzive, namely d 1is a fibres map, where kl is the rest-

[10], Haefliger [8], [9].

4. Covering homotopy propertyv for the space of Legzndre immersions

Now we prove the covering hcooteopy property for the space

Y
g

of Legendre immersions into a cozpact regular contact manifold,
i.e. Theorenm 2.2.

Let £ : 1° —5 L-Tmm (DX XDV, M), £ IPXI —>

_1
L-Izm (2 DX x D7 <F1

"3

, M) be continucus maps. Let

' -x R XN
Tc : L"IT@(Dk X Dn ﬁ’ M> — L_I:::(Q Dk X Dn ...1’ M)
. ‘ v let
be the map which maps g to the rasiriction g 3pk x pnRFL
£ of £

Suppose T[olfo(x) = f(x, 0). Then we want the lifting
k n-k . ~ . . .

to L-Imn(D X D , M) with £(x, 0) = £ O(x). New M is a

compact regular contact manifold, M is a principal Sl—bundle over

a symplectic manifold B : (M, p, B), B = (B, wW). Moreover, we

have d g~= p*w. Corresponding to fo, f, we have the following

maps, respectively :



90

_7
FO:Ipxnkxnn‘ —_— M,

Fo:1°x1x )05 x0™ ¥ —»

4

Eere, for ezch (u, t) G»Ip X I, if we put fu t(x) = F(u, t, x),

fu,O(x) = Fo(u, <5 x), f are Legendre imzersions. Comccosin

LE . T
u,t : *

w

these meps with p : M —> B, we have the following maps

3

kg p™” —> B,

|%
GO : I XD

G :1Px1xdpfx ¥t 5 B,

Eere, if we. put. g, t(x) = G(u, t, x), g, O(x) = Go(u, x), then
? 3

re lzgrangs immersions, by Thsorem 1.1.

0q
(a4

]
1=
o

n

Gromov [7]), we have a fzmily of lzgrange immersions

h)

-~ k

P n-%
G:I"XIXD XD > B,
which is an extensicn of both GO and G. However, for k #1
i . s T
by Theore= 1.1, we can 1lift G to M, nzmely, we obtzin the follow-
o0
ing C =-ma&p

k

k

~ —
F: 1P x 1xp° x D" —_— M,

i) F 1s an extension of both FO and F,
k

. . ~ B . n-
ii) if we put F(u, t, x) = fu,t(x)’ then fu,t : D‘ XD

k

—
M 1s a Legendre immersion, j%r‘ eacle  (u4,¢) é.IPK.f'

1ii) peoF = G.
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Since we zssume that the source manifold A\ 1is simply commactad,

. ~
Proof of the existence of 1lift F for k 7 1.
v taking sufficiently smell cubic subdivision of I7 X I X
k . 0D-K . P - . S .
p- X D 7, it suflices that we consider the czse where the S -

bundle (1, p, B) to be

In+l '
M= (R°" , 0, G'=§.xidyi+dz,
2n+1
R"l = (:{l, cee Xn, yl, eee s yn, z)

B = (227, W), W =dg,

27
Rﬂa(xl, NS S STIEEE ,yn),
G- = ) xdv.,
t
p;(xl, cee s Xy Ygsoeen ,y,z)r-—'-/‘*(xl, . ,xn; ¥y

Thea for (u, t) & 1P X I, let

£ . a Dk X Dn-:c-?'l R2n-rl
u,t ;
: -1 . 2+
FuO:DkXD"“ — g*H
b

be Legendre immersions with Fu,O 3 Dk X D" . fu_,o. Let us

denote as follows @

Fu,O = & Yu,O’ Zu,O

u,0’

12
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£ = (x z
e - Gue Yo e Zue) o
=3
= (X Y =poF
- u,0 ( u,0’ u,O) P u,0’
g - :‘: = o f °
u,t (u,t’ yu,t) P u,t
Then & ., ¢ ate lesrange immersions into (2%
nen "'-U.,n, S’u,t gre 1:_:,-:-.:15;’2.1..4::1'5-0115 1nco (R ’ L\)) such
that
Pe o o~ A
7 = -dz
Cifu,t) - u,t’
4.1)
=) A5 = - dz
(S u,0> 2 u,0’
k n-k+1
and 2 DX D =z,
,0 u,0
(here we are considering =z s Z a2tz cocrdinate functions on
®  Tu,t u,0 _

k n-kx+1 ‘
the bundle space ecn 3 D XD induced by fu ¢ and on
J
k., .n-k . -
D"XD induced by F_ ., respectively).
< u,0
Asserticn., In this situzticn, we have a lazrange immersion
e k X 2
n-X n .
& : D°X D — RT,wW)

such that
pg k ~k+1
j’u,,t‘BD XD =
Fu,0 =<z"’_u,o'

As is stated above, we use here the flexibility of lagrange immersions

(cf. Gromov [7], Part III).

13 —
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~ k n-%

Now wz construct a Legendre immersion Fu , : D XD —_—
3
Ranl with
~ _1'
T oleofxp* -
u,c u,t
~ . ~
F = . Sin 2 zgrange immersior
w,0 Fu,O ce _S’u,t is a lagranze i om,
(G )% 0. Theref ( )% 1 k
: sve * «.= 0. Tnerasfora * is closad or
wa heve yu,t o r s 9u,t a sed on D X
=T
Dn =, By Poincare’s Lemma, we have a chwfuncticn Ku . : Dk X
3 R
__7 .
D" —s R, such that
. ' D
* = ~dXx : I.
(?u,t) ' d\u,t, (u, t) I° X

n-k+1
is connected. By (4.1) we have

Suppose k 2 2. Then o p* x p

k n-k+1 _
xutlan XD T T =2z +c .,

R u,t u,t
Ke,o = Zu0 t G0
St K, n-k#l .
here ¢ . dsfconstant on D XD for ezch (u, t) &
2
1° X I, and C issconstant en ‘Dk'X DUT°  for each u é-Ip.

w0 S

- Then we have

s Y ogekel e L
C % x o™l o [apkx p Rl - g J pk x pr¥*l
u)o ugo .U,O

- ) k n-x+l
Ku,O‘ AD X D‘ zu,O
= cu,O.
’ ~S .
Therefore, for each (u, t) € 1P X I, we can take|constant Cu ¢
. . ’
L A

14
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bn Dk X D°°° such that
k n-%x+1
0) cu,t[bn XD =y e
~
Cu,O N cu,O,
~ . D
1L Cu ¢ is smoothly dependent on (u, t) € IY X I.
. b
new we put
~ ~
zu,t - Ku,t - Cu,t ?
~ k n-k P
Z,, 3D XD —> R, for (u, t) &I XI.
3
Then wes have
k n-%+1
Zy ¢ 2D XD = Zy
~ - ::!"'."-'?
Zu,O -E ’O(~
We define for (u, t) €1° x 1
~ - | 2a+
. Dk x "% ___5 R n 1,
u,t
o ~~ P d
Fu,t - (59u,t’ Zu,t)'
Then we have
~~ -~ ‘ o~
I * = * <+
( u,t) o (f?u,t) ET dZu,t
= 0,
a4
namely, Fu ¢ is a Legendre immersion and
’

— 15
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k n-x+1 _
Fu’tBD X D = £, o
o
Fu,O B Fu,ﬂ.

+ s

Thus we have a lift which we want,.

)
Note. 1In case k =1, Cu ¢ as above os not well-defined.
’ 3
Department of Mathematics ' Department of Mathexmztics
Faculty of Science Ccllege of Generazl Education
Kyoto University ‘ Oszka University -

16
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