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Rings with only finitely many isomorphism classes
of indecomposable maximal Buchsbaum modules

Koji Nishida (Chiba Univ.)

wow o= (AEx o)

1. Introduction.

Throught this report R 1is a fing of the form

k[T Xio wen ,xn]] ’/ I,

where k is an algebraically closed field of <c¢ch k # 2 and I is
an ideal of k[[ le,_..‘, X 1. we deno#e by m (resp. d ) the
maximal ideal of R (resp. the dimension of R ). The Jacobson
radical of a {(non-commutative) ring A is denoted by J(A)

The purpose of this report is to give a sketch of proof of the
following result which is a joint work [16] with S. Goto .

Theorem 1. If d Z 2 , then the following two conditions
are equivalent.
(1) R is a regular»;ocal ring.
(2) R possesses only finitely many isomorphism classes of indicom-

posable maximal Buchsbaum modules. (See [6] for the notion of maximal

Buchsbaum module.)
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When this is the case, the syzygy modules of‘the residue
class field k of'.R are the representatives of indecomposablé
maximal Buchsbaum modules and so there are exactly d non-isomorphic
indecomposable maximai.Buchsbaum modules‘over R .

Our contribution iﬁ the above theorem is the implication (2) = (1).
The last assertion and the implication (15 :?(Z)Vare due to [6]. We
actually construct infinitely many non-isomorphic indecomposable
‘maximal Buchsbaum ﬁ—modules when R is not a regular local ring.

We would likg to noteiherevfhat the assumption d Z 2 in
Theorem i is not superfluous. There actually exist non-regular Cohen-
Macaulay local rings R of dim R =1 that possesses only finiteiy
many isomorphism ciasses ofiihdecémﬁosable maximal Buchsﬁaum modules.
The typical example is‘the ring

R = k[_'_[‘x, y T1/7(x3 + YZ;
(k, any field), which has exactly &5 indecomposable méximal Buchsbéum
modules ([16, Theorem (5.3)]). So the‘fesuit ofbéne—dimensional case

seems more complicated.



127

2. Key lemma.

The fq;iw;ng lemmg plays an important role in the proof of
Theorem i.

Lemma 2. Let L be an indecomposable maximal Cohen-Macaulay
(abbr. MCM) R-module and let J = J(EndRL) . If a2 2 and if one
of the following conditions
(aA) dim L/JL Z 2

(b)  dim JL/(J°L + mL) Z 2

!

is satisfied, then R has a family i M %Aék of indecomposable
maximal Buqhsbéum_modules<such that MA‘?'MF _for . ) ¢/A .
| Sketch of proof. Choose elements f and g of L (resp. JL),

when the condition (a) (resp. (b)) is satisfied, so that the classes
F and é‘ of f} and g in L/JL (resp. JL/(JZL + mL) ) are linearly
independent ové; Ak;. ’For each: A € k., we put hA = f + )\g anq
defing

My = JL + Rh, (resp. M = %L + mL + Rh, ).
Then {M }AEk | mgeﬁs the needs pf-this lemma.

Proposition 3. If R satisfies the condition (2) of Theorem 1,

then R 1is a simple hypersurface.
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Proof. Let KR. be the canonical module of R . Kh is an

indecomposable MCM R-module. If R were not a Gorenstein ring, then
by Lemma 2 we can construct from L = K infinitely many non-isomorphic

R

indeéomposable maximal Buchsbaum R—modules,‘beéause EndRKR = R and

z 2 by [7, Satz 6.10]. Hence R must be

because dim KR/EKR =

k

Gorenstein. Since R is finite CM—representétioh type, by [8, Satz 1.2
1.2] and [3, Theorem A] R 1is a simple hypersurface

Proposition‘4. If R is a normal #ing of dim R = 2 and
if R satisfies the condition (2) of Theorem 1, then R is a UFD

Proof. Assume that R is not a UFD and take a non-principal
prime ideal ¢ of 'R so that dim Rg = 1 . Then ¢ 1is an indecom-
posable MCM R-module and EndR$'= R , dimkﬁ/mg Z 2 . By Lemma 2 we

can costruct from L = < infihitely many non-isomorphic indecomposable

this is a contradiction.

maximal Buchsbaumrmodu}es
The rest of this report is devoted to show the following
proposition briefly.
Proposition 5. If R 'is a simple hypersurface.of dim R Z 2 y
then 'R‘\poésessés’infinitely many non—isombrphié indécompoéable

-
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maximal Buchsbaum modules.

From Propdsitidh 3 and Proposition 5 we get the implication

(2)= (1) of Théorem 1.

3. The case where d 223 .
It is well known that a d-dimensional simple hyperéurface is

isomorphic to a singularity of form

2. . 2

k[ L X,Y,2,, ,zd_l'I]/(f(x,y) * 2,5 e s 2, 0T,
. o
where f(X,Y) is one of the following ([9])
(a) x2 & ytt? (nz 1)
(0 ) x™1 4 oxy® (nza)
(E6) x3 . vt ( ch k #£ 3)
x3 + v, %3 x%y? + v? ( ch k =3)
(E,) x° & xy° ( ch k # 3 )
%3 . xy3, x3 X2Y2 xy> ( ch k = 3)
(E8) X3 4 v ( ch k # 3, 5 )
x3 4 Y5, %3+ x2¢% 4 Y5, x3 4 x%v2 4 ¥° ( ch k = 3 )
x3 . Y5, x3_+ xy? 4+ v ( ch k = 5 )
In the case where d Z 3 ,
v 2 2
Ry = k[T Xo¥,20, ooe 524 4 T/7ee(x,Y) + 2,5 4 e+ 2y g )

-5
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is also a simple hypersurface. Hence there exists’ an indecomposable

MCM Ro—moduie M which is not.free,_ By KnOrrer's Periodicity Theorenm

([10, Theorem 3.1]) we can take an indecomposable MCM R-module L

so that L/(zd_l, zd_2)L.= M'e N , where Z4.1 {(resp. Z4 5 ) is the
class of Zd—l (resé. Zd—2 ) in R and N 1is the first syzygy
module of M . Let

€: L — M e N
be the canonical epimorphism. Then We can prove that

1

€( JL )‘CJlM o J,N ,

where J , Jl and J2 denote J(EndRL) , J(EndRM) and J(EndRN)

respectively. So € 1induces the epimorphism

€ : L/JL —— M/JlM e N/J,N ,
and we get dika/JL Z 2 . Hence Proposition\S is deduced from
Lemma 2 in the case where }12:3

-4, The case where d = 2 .

Let R be a 2-dimensional simple hypersurface which satisfies

the condition (2) of Theorem 1. By Proposition 4 R must be of type
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E., . Hence R  is a ring of the form

k[ x,Y,2 I]/(x3 R N S

Where G 1is either O or one of the following

X°Yy , X (chkx=3) |,
5 .
XY ({ ch k =5 ) .
Let x , y , 2 and g respectively denote the class of X , Y ,
Z and G in R . Then the maximal ideal m of R is (x, y, z)R

Let L' denote the second syzygy module of R/m
i
3 2
0O — L' > R - y R~ —> R/m —= 0.
(x y z)

Then L' is a MCM R-module of rank 2 and is generated by

x2 |-y -z 0
4 + Y X 0 z
y ve ’ , and .
z 0 X y
3 2 : .b . a
Let 4’: R™ —3 R be the homomorphism defined by - #( bl) = , and
7 : . o , { c le
put L = +(L') . Then L is also a MCM R-module of rank 2 and is
generated by
f. = , T, = , f_. = and f4 =
1 z 2 0 3 b4 Yj
We can see that L is indecomposable and dika/JL = 1 , where

Jv= J(?ndRF)
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To show that dikaL/(JZL + mL) Z 2 we consider the ring

= R/yR ( = x[I X,z ]j»/(xs--+ z22) ). Let .T denote the normalization

T and put t = -z/x . Then
= 2 3
T = k[I,t I] y X = -t~ , and 'z = t .
t L = L/yL and recall that any indecomposable maximal Cohen-

caulay T-module is isomorphic to T or T ([8, Satz 1.6]). Then

have that
L=TeT,
'
ranka = 2 and as L 1is minimally generated by the four elements
fi }1 < i €4 (here . denotes the reduction mod yL ). It is

sily checked that f, and f3 form a T-free basis of L

Since EndTE = Ende , we shall identify EndTE with

C = MZ(T) (the matrix algebra) via the T-free basis f, and 53 .

Let A = EndRL and put A = A/yA . Then A may be canonically

Vconsidered to be a subalgebra of Ende‘ and we have a homomorphism
* : A — Endrf = C

of R-algebras. Thus via + we may write each element of A as a

2 x 2 matrix with coefficients in T . Then we have the following



Then

above

So £

Hence

since

Fact. : Let ¢§ é J and write - *(é) =

— . o
c €tT, a, d &€t T, and b &t T .

Lef £: L ;———;ﬁ L denote the canonical epimorphism.
Fgct weiclan ;ee that S(JZ# +AmL)C: w‘, where W = t°TF
induces the epimorphism

R R S /42T o T/tT

dika/(JzL + mL) Z2 3, by which we have

JL/(J%L + mL) Z 2

dlmk

This compietes the proof of Theorem 1.

il
[t

dlka/JL

133
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