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On Primitive Ideal Spaces of C*-Algebras over

Certain Locally Compact Groupoids
by
.
dy oo SETA

Shigeru YAMAGAMI

Introduction. Let ' be a locally compact Hausdorff second countable

groupoid with a left Haar system {vx}xex in the sense of [9]1( X = the
unit space of ' ). By analogy with Fell's algebraic bundles aver
groups, we define the notion of C*—algebras over [ and , given a
C*-algebra A over ' , we can form a C*—algebra C*(F,A) as the
completion of the cross sectional algebra of A. In this note, under
some stringent assumptions on ', we present a concrete realization of

the primitive ideal space of C*(F,A). This is a C*—Version of [121.

For the proofs, we refer to [13].

§1.Assumptions.

We impose a series of conditions on I'. First we assume that

(A1) T is minimal,i.e., for all x€X, [x]={y €X ; there exists v €I

such that s(y)=x, t(y)=y}) is dense in X.

(A2) Stabilizers of I' are discrete and uniformly abelian,i.e., there

are a discrete abelian group G and a family of topological

-

isomorphisms (lX:G = Fi}x such that for g €G, X2 x =» 1x(g) €lr is

€X
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continuous and ;t(y)(g)y=?i (g) holds for y €r.

s{y)

(A3) T is amenable,i.e., for any quasi-invariant measure p in X

there is a net {fi}iEI of functions in cc(r> such that
(i) for all x €X and all i €I , we have f vx(dy)lfi(v)lz =
s(y),

(ii) the function y +—— [ v (dv ') fi(?')fi(yy’) converges

to 1 as 1 » ® |, relative to the weak* topology of Lm(F,uev).

Co mggL.AThe amenability in (A3) is due to [38]1. (A2) means that I is

a central extension of a principal groupoid by an abelian group. We

wr}te [t(y)‘g’y and YIS(Y)(g) as gy and vg in the following.

Definition 1. Let A = {AY}Y er be a separable continuous field of
Banach spaces over I'. A is called a C*-algebra over ' if the
following étructures are specified:

(i) For (yl,yo) € ', amultiplication m:A_ XA 5 (al,ag)k—e ala2

| Y1 Y2 |
€ A is defined. It is associative and satisfies lla a l<lla lla, i.
Y1Y2 172 1 2
{ii) For v € ', a conjugate linear map *: Ay-——e A -1 is defined and
. y
satisfies a™* = a, la*al = ﬂaﬂ2. and (a,a ¥ = a *a *.
, 172 207
(iiiy If wl. w2 are continuous sections of A, then
(25 )
: ) <
r 2 (Y1,Y2. —> @1(71)¢2.Y2) € AY172

is a continuous section of m*x(A), where m%(A) is the pull back of A
(2)
under the map m:l — I,
. . . L. * -1 %
(iv) If » is a continuous section of A, ¢ {(y) = @(y ) is also a

continuous section of A.
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Let CC(T,A) be the set of continuous sections of A with compact
supports. We make CC(F,A) into a *-algebra in the following way:

) _ t(y) , , -1
(@9, (¥) = VARY) (Ay*') @ (Yo, (¥ )

o* vy = oy H¥Y
CC(F,A) is completed to the C*-algebra C*(F.A) according to the
maximal continuous C*—norm (the topology of CC(F,A) is that of
uniform convergence on compact subsets.). Analogously as in [3], we
define the multiplier bundle {M(Ay)}yer . We assume

(A4)  for all v €T, UCA) = (u € M(A); b¥b = 1 bb™ = 1 } s

s(y) ’ t(y)
not empty and there is a Borel section of {U(Ay))yer in the sense
that we can find a section u(y) € U(AY) such that for any continuous
section a of A, ' 53 ¥ F——)U(Y)*a(?) € As(?) is a Borel section.

Set F(X) = UxEX Fi . F(X) is a closed subgroupoid of ' and the

restriction of A to NX) is a C*-algebra over (X)), so we can form

the cross sectional C*—algebra as in the above definition, which is

denoted by C*(F(X),A). Similarly, from the restriction of A to F: ,

we have a C*-algebra C*(F:.A). Let G*(x) = Prim C*(Fi.A) and set G* =
*

U p C . )
<€X G (x) (disjoint union)

Lemma 1(cf. {41).

Prim C*(F(X),A) = ¢F

The topology of G* is defined by this identification. Let u € U(Ay)
and define an isomorphism from C*(F:,A) onto C*(Fi,A) (X = s(y), y =

- *
t(¥)) by C(T1,A) 5 ¢ —>ue € C Ty A) where (u@)(¥') = ug(y Lyiyyu®.

- 3 -
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Now we define an equivalence relation =~ in G by ml a5 w2

e G sy, o

& there exist v € ' and u € U(A?) such that ml 2
€ G*(t(y)), and m2 = uwl. Here we assume that
*

(A5) =~ is an open equivalence relation in G

gg_m_gt. This is automatically satisfied if I' (and A) is arising from

a group action.

Definition 2 (cf. [1]1). We define an equivalence relation ~ in G

by

w0y, v oo, .¢==? {mll = [m2]
Here [w] denotes the equivalence class of =~ containing o and [w] is

the closure in G*.

Given o € G*. we can construct the induced primitive ideal
ind o of C*(F,A) {see , for example , [21). Since ind o depends
only on the equivalence class of ~ , we have obtained a map from G*/w
into Prim(C*(f,A)). which is aléo denoted by ind. )
Now the following is proved by the method of [5], [6], [101 (cf.

(21, 041.

ind : G/~ —  Prim(CT(r,an

is a homeomorphism.

Our next problem is the concrete description of G /N*. For



43

that purpose, we need one more assumptionf Through the isomorphism

1X:G-—+ Fi , Alrx will be regarded as a C*—algebraic bundle over G
X

and then, by Theorem 9.1 ih [3], we have an action of G on Prim(AX).

Now supponse that
(A6) for each x € X, all G-orbits in Prim(AX) is dense in Prim(AX).

For example, if AX is simple, this condition is trivially

satisfied.

§2. Topological decomposition of C (I,A).
For g € G, we denote by Ag the pull-back bundle of A under the

v gy _
map X 3 X —— zx(g) € ', Let M(A®) = {M(Azx(g)))x € X be the
multiplier bundle of Ag. A section ¢ of M(Ag) is called strictly
continuous if for each continuous section f of Ag. X3 X+ 9o(x)f(x)

€ Az () is a continuous section of Ag. Let Cg be the set of bounded
x © :

strictly continuous sections, say @, of M(Ag) satisfving

@p(t(y))a = ag(s(y)) for all y € ' and all a € Ay.

(i) dimC_ < 1.
1 1 g
(iiy 1f Cg # 0, we can find ¢ E.Cg such that ¢(x) is a unitary

element in M(Alx(g

)) for all x € X.

Set § = {g € G; Cg = 0}.
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Lemma 4. S is a subgroup of G.

Set Q = 'S € ; € X, € U« '
e {0 3 2> mg C’g for all x X mg(x) U Atx(g))

and mgl(x)mgz(x) = mg1gg(X) (g,gl,g2 € GY}. Then $™(= dual gfoup of

S) acts on Q as a transformation group:

(om)g = <c,g>mg, g € SA, w € Q, g € 8.

Lemma 5. © is a principal homogeneous space under the action of S™¢(

in particular, Q # ¢).

By this lemma, we can transform the topology of s® into Q and Q
becomes a compact Hausdorff space.
Let o € Q and define an action of S on A by
= (i< Ya, € R € A .
ga mg Y))a, g S .a y .
Taking quotient, we obtain a C*—algebra A® over T'/S. Let p € CC(F,A)

and set

9, (¥ = T @ (t(v))w(g—lyl, vy € T.
g € 8§ &

Then ww gives rise to an element in Cé(F/S,Am) and we have

Lemma 6 o € Q; ¢ € CC(F,A)} defines a continuous field

structure for the family of C*-algebras (C*(F/S,Am)}m € 0"

Theorem. Let I' be a locally compact Hausdoff second countable
groupoid satisfying (A1)~(A3) and A be a C*—algebra over I' satisfying
(A4)~(A6). Then

(i) for all @ € Q, c*r/s,A®) is simple,
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.. * @ . :
(ii) CC(F,A) 3 9 F—9{¢m} € {(C (I'/S,A )}w €0 is extended to the

o € 9§
isomorphism between C*(F,A) and the cross section C*—algebra of
* ®
{C (T'/S,A ))m € 0"

Sketch of the proof. We define an action of G"™ on C*(F(X),A) by

(o) {(g,xX) = Ko,g>p(g,X).
Then the associated action of G~ on G* preserves the equivalence
relation ~ and we can show that this action is transitive. So G*/~ is
. . . . A L . 4 A
identified with G /S' , where §' is a subgroup of G and S' = (0 € G";

0l.,=1}. Now imbed C(G*/w) into C (G*) and regard it as a subalgebra

S b
of the center Z of the multiplier algebra M(C*(F(X),A)) (by Dauns-
Hofmann Theorem). Then we can explicitly write down the condition

when an element in Z belongs to C(G*/w), and this shows that S' = §

L
and S™ = G*/S'T = Q. The topological decomposition follows from [11].
Corollary 1. @ = Prim(C (I,A)).
Corollary 2. C*(F,A) is simple if and only if S = {e}.

Let G be a locally compact group and N be an open normal
subgroup of G with G/N abelian. Let A be a separable C*—algebra and
o¢:G —> Aut(A), p:N—> UCA) be homomorphisms, which form a twisted
covariance system in the sense of [6]. Set S = {g € G; there exists u
€ UCA) such that a _ (u)a = p(h’

. e lhg)e . ca)u for all h € G and all
h g

1
a € A}. Due to 89 of [31, we can construct a C*—algebraic bundle over

G/N. Since algebraic bundles are special cases of C*-algebras over
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groupoids, we have

Corollary 3. S is a subgroup of G containing N and, if A is G-simple

the primitive-ideal space of the twisted covariance algebra AXNG is

homeomorphic to (S/N)™.

This is a supplementary result to [71,08].
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