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Asymptotic behavior of solutions to Eells-Sampson‘ equation

B AT BB LF (Hisashi Maile)

§ L. Imbreduction. |
%ﬁﬁmkuz,w<7#®ﬁgﬁﬁﬁﬁiﬁﬁﬁ
RE > CHEB ) ST 3, BIZN, Yang-Mls /A
Yermabe » PUB ,  Harmenic map ™% 5 T 3, SCTE,
Ffrmonie map W51 4 nZ M EEZ I vt I3,
ILFEA T x, (MI), WR) i compart clesed Riemann % 7k %
L33, o |
B0 I2 . fwmoric map HER L EA T L ELE b 5 Fells -
,J}mp5gm DEFIZ o) T T,
E:p — N 5 smeceds map 1 AL Z, F _2”&,73
density €f) L ltal energy EF) £X D X5 12ER T 3.
ey = 7 [dPF = 3 §0R (F) 5—5‘%@

E(F) :jMGCF)@uM_.

FsM——=N  smwoth map A harmonie. amap rH 3 x A,

4
P



9v

PrABBEOFEE b3 22 RT3,

CoZEIS D, P famonic map THI v L. FAE
D Euler —Xagmge 54 R 23 2 L RABTH 3 2 v A
h# 3. %30T, Eo Eubr-Jogrange IBE 2 EF 3 2,

Af =0
%
(AP)J— 502 9@’;) /Zf 3;2?: MZ(F)jﬁjjzf
L), CHUMIBIREEAR R4 Tdh 3.

harmonic map DBIL L TRBILLT D E DF H3-

M x o 2 B

» ME oL

3 Mo isemelry, % /ng- B 1 Eemonie. map.

40 kikler munifold DB D anti =) Blemorphic map

§) FM—>N & jsemelrc jmmersim 23 3L,

£ Rarmenic map <= minimal

&) conformal map

7 FiMaMe— NV AN FH DEL 12D 15T
Tarmeic map = F:Rarmenic omap

2) GLABMTLGEIEL t 2 LieBFr 73 L
BLA MGrG —> G B harmonic map

D Hspf Pbabom =8 9 pt P PE
)3 Faymonic map.

2



9%

RE B DRI, Farmeme map O HFBLER L 1. BFE ¢
Z2isn3toun, Ko Eels ~dampson p ZIE T B 3o
_Thevrem  (J- Eells = J.H. dampson 133, 7964 )
YR(IWo B MmZE) <o T3 L. C(MNY D
# femetopy FBI2 2, Y AR 2L E 17D Rarmonic map
RT3, | o
2S5, KoRFEtn B4 DH S
Theowm (P Hardomarnn [61, 7567
(1) fo. F1 & CUM.N) 2 BV fometopy 28 R
harmonic maps 9 3 v . for F13 harmonic
maps 0 family {fafocg<t EA | T Fomotopic
(2) Nk<o 2330, HUFad) G4DEEFEOT
£ ﬁémafopj;@’i H 72 72— 2 D Farmenic. map 4"
%719 5.
(1) Fo " comstant map 43X FiE 2O
(aiy M) 2N » dcﬁec/gezdéscb Y4 3 z &,
fitMy 2 25T, r kodimr L FHL
Fr=refe 243 | |
& 7. Eells ~Jampson p T XD ¥ SEE B IH AL FEL D &

1235 THESH 3.



99

j%: AFf o Mx[ow)
(E.8) o

fF=F o Mxew
o 54 A & Fells ~ Sampsmd DAL L FI 2 12 T3
>0, (ESO0BR ¢t BT SABHFoBLEA L,
t —> 00 THEEL Rarmonic ey RERF 3> btFeld, k

AN TEFEEFT LA TES,

~ B, NERE o 22 455X L v 528HTO3.
Theorem (R T- $mit# 761,79 78

F:M — NV tarmonic. map T 0 E 0 Hessiam )3
Hew,w) = f<A*v’— Traca "R (E 0)dP > ety

VRAND W ZEF = VL, U, WEFTTN)
Tp) = APV- Tra YRedf, Wdf % £ o l@ﬁ‘_
ofedy. ¥ EF S |
o FX2EHG R0 X 5 T, Ffarmonic map D FEMK D EER %
73 VLXI‘“Z“ &3,
Re fimd gy
harmonic map 0 Inde 213,
IndexP)= (Tp 0 B BF ZERIn XA
4



109

P o Mty 2R

Null () = dlem (kerJg ) .

0T, Jpd elliptic TM W compact Ea 3.
Index(F), Nulllf) <teo 2 4 3o

53502, Farmonic map F zﬁ"‘”sz’z&;;/e , weakly stable
LX, 2 W, Index (F) = Nudi(f) =0, Index (FI=O
227 ed 3,
L4 5 T, “k2o2 33 2, & T ofarmenc map 4"
(weakly) stable LA 35 v #Wp3, 22T, RoFBE
EZTHLOo
Problem.
Yarmonee map F A" (weakly) stable TH 3 L&,
Fr't 50 Fe $208 2 7 Z(E-,J’,j /3 w=teo
2T EH 547
23 iz, PoBFEin, t—roy | FHE, Fampenic map
Fimwf® 335479
CoBEI-T 3 - 7@)’%&%’7\9’1 XAV ISR 03I EET
90
Thecwm. (M. Moide [71)
F:M~—N & stable farmenic. map 75
m>zdimM+2 ZH LT, BISEH EXHELT

5



101

NE = Follppmpy ) <E

Ay e, fobk i 3 3 (E.SIDHEF 2,
Cl0.00) S HTMND) A CX(Low00 ) H ™ 001.000)
LB L, |
I F et =F lymp py $CEFE(C B20)
gy /27 o T I lgmyny R NGRY 22
TH 5 Sobeley specw H™'(M.R") 0 mermo
Pezzmtk
SDFE . HBRY real amalylic nBIza,
Leom fomen L1411 X5 T4 ST ) 720

L‘:S)L"”?C")’l @;ﬁéi 12 D (T [ SQCZZZ‘C?T!Z z%/"\ 3 R

8 2. Known resulls.
S secdim TR, Eells - Sampson AR IZ 70 T

EIHTOIHERELOLL 921521023 5.

(J.Eells = 3. H- Sampson [31.71965)
Yk<o nB3, #4A @FoéC""(M,A/) AL T, Fo 2
BBy 3 (B M wW=ro X U BERS, t—r1
DE, - bopology T harmoic map RWIE I I,
6



(R. Hamiléem [£1.1975D
(M.3>, WFIEIRF DB 3 tompact Riemann HTETE T
IN 2 pompex 2o Mk<gord 3, &) Fells~ Sampson HAE

2 o %7 18 BI&
%{i = AP o Mxlow)

? = fp on M X /(0)
F=R  momdMylo,w)

13 FoloM =R 2P G PoE€CTMN) IZFT L T W =100
FTOBEBS. t—teo 0 F, C™=Zepolegy T
f,ayfmﬂuc, /MIJ‘P I ”l/%\ § 3o

(8 Neshiskawa [71, 7720)
M, 3., (NR) 5%@1} 3 compact Riemann 5# T
JM.AN 13 cenvex A 0 Nk<or 33, R o Eells—Aampsm
54 % O NeumannPIEE

3
2

o

l

= AP o Mx[ow)

:F = ‘ﬁb (])qM)(/U)
oIt _
Ju = ¢

O

m IMxlew)
13m0ty KT FECUMNY 2 FT | T w=too
ITCOHIES, t—tr 9B, (Phpbiy v
Farmonic map )2 REF J,

7



103

(P. Niskhikawa L7121, 7931)
M=NXeK , M =N’xy K’ % comprct Riemann % 22 7F
D warped preduct s NN QIBF2H S, K, KB
WA O23 3. 58 02IN 03 conpexd o Vk< o.
F:K —>K’ 1 constan? enogy density %2 2
harmonee map, $o N —>N’ smart® map 27 3.

U IMxLo00) T M smosdR Ao E 2 independent
U=JexF mIMxie) T°h3 L&,
%jz AU o Mx Lo

U= FfxF o Mx (o)
U=U maMxL[oe) -

)& glebal solubion U Mxlow) —>M 253,
IMx B 1~y C 3 T smesdk o

(L. &mﬁ [143,7783)
(M.3).(M.3)E compact wal analytic Riemann
GBI L L KB, P& leally enoigy minimizing &
map v 3 3¢, Fr H"-lopolgy (Mmr3dimMr3) 7o
T A OMME % 2o (E,f.j Bw=te I vofEi
t S, t—reo 0B, f2B L enerdy £ 2
farmonic. maplz R F 3 o (eF L-Simn ST, T Jost [43)

&



104

(M. Strawe L/71,7735)

(M. 3 Ccmpo;cé Riemann soarface Ch/)ﬁ);amzpacé
Riemoamm % B2 L T, foe HY(MN) LB #RE 12
ED(ESIR, W=re X ToOFEHE 5. Be AR
BZ 5 {(de, Te)eEMxltn); 1202, T
{msap . Er FT2528)>E0 e (0,1
Far3EY EEHOZ, Mxles) k
ugular, ==L, 'ER(u,QC):fék_ ew iy

)

Remark

Lr nEZBTiE SN, £¢ unigue .

§3. FEBFEAIHALZ 4
Coospckiomrin, TEBRIE TS oo B Ll
T, 345 B0T IC(BES)DHELMHEBRT I 2R %3
FEIMEALE L,

FBn*voRE, F A stable faymonic map TH3 L0
520415 FEwiz, (E.8) % FiN 0 secbim 1231 7 3 5 4%
AicZEegd vid 25, Aets. Foskbe v53
AT IHEIE, Jacob operator . BFS T(FTTNYIZH 3
| o;zuab)r THRIBENTH3IHS TH 3,

7



105

IolniRDEXELEZ IS .

f,a 5 M — N 2

|90, Fa 1= 5800 dw (Froo oo ) o (Mo 81 % 42

iy, VETE TV P8B4 L 7,

£ @) = Xy, vcz‘) z%( 2LATE 3.

L oW EE AN D BL TR b 3.
CoFEEES T, AP, Va) (ELFT 3. Chon
B Z B4 lwl coprdinale T2 K2R T Tayler BB ( T8 2
DTH 3 o

A1) = AF =~ Je)+ PN Liv) + Pev)

S S, JFa Jawhe operaber TR BBEE, proLin 3 2B
D operator T, VEFox L T, W Py Lo 3 e
PR1Bo2 0% B XY, operazlar Tdh 3,

) 724> TE-F)oB bz IRFel<iv 0B Zn F THA
733, RoBEFERG 0fEIBNXT 3 0 22 AR
L% 3.

% —jTM:: -—J(u)+9’(u)L(u)+P(a) m Mxlow)
(%)

u Uo ' | , on MXxi)
250, (E.5)oBi® fics7l .

fo)=RXPro, Uect) T8 5 -

1

70



106

NETR, F; M—> N3 stable Rarmonic map L BEF
3o |
PFINEo 12-HEZ

UV <= fMﬂp WU By,

TCERT 3 v, Trd L solf adjoend 1> % 3
F 12 shable 245, 050 s.¢,
LJFQO , U2 2 LU, )02
&30z, PFTTNVI E o Sobeley space 5 morm %,
U Ny reei7iy) = <JF s U 9,2
vE&3 3., XL W PeE gy & 0o o, vE<,
cS1, RoGBEAES v TE 3.

Proposition 3. 1.
m>zdimM+2 23T T, B3I EBETHE L T,
IVl <€ 43, TUDCE)= Tred=P) L) 13
H™- pos[zfz‘z*e opeméa)a o

2e. P50 si <KTOOW), UJem 2y PLU ULm,

Propos dion 3-2.
ﬁ)}dc‘-me? /:jst ] -, BNV lgyy, Mgy, < 1 & S 13
IP(W) =Pl g < C IV -ttt ligsr (M llgr + 140 g4, )

}j'“ﬁ&‘ ') ﬁ 9 ]

77



107

s 4, Fh’o,‘) of Hevrom .
Section 3 Fo)%fﬁ/;‘;; . (’E»S’,) d)ﬁ X YN
B, o off BB THTI0C Lrb s Th LS

i

D Sécf[bh T, o R Benack space. Beo CABR L X 5.
ST BL (0<Tes®) AL T DX S ITER X 3.
BT, = COle. To) s HMIPFATNIY ) g €% (Lo, To ) 5 H™(P(F TN Y)

T®s T, % Dmeorm it

;3 .= su . . Y, fHuie) ~ULI) Nm~q
I “”To oﬁtZTo”u(t)”M Toﬂ,};To j £~ )"/1
‘ : . Z.‘E 5 »
RIS EE G X 5 T, BEBEALLS.
szv-.l.-).’ % -—_— N&

o %’_Zg, 1 J(Vir) = VDLV ) TPLYy)
k. 7. | ()22)
Us0) = Yo )

(4.2.) )R o (4.3.) 2 F#E. |
43 Usnt)= GpEoUsr f Gt ) Pusesods
(4]
ccT Ui -TWy % gmmzlo‘r. vy 33, A
TEH £ v, — V)R seckiom3 CER L F Soblev

spaws o WAL B L T self adjont 4 > posidive

TH3 C LI X> 7, Ko estimates 3% 0.

/2



108

4. 4.) 10530V < 1V N
&

. &) NO5L3 VI, < 5 Wlm-z

I, Bl-GDTHEFSHELVIZTT 3, aprer BB Z

A% o,
Proposition % 1.
m>TdmM+2 27 T,

K,(zo)-kjaff‘tﬁ, WMSUEIN, v < ¢,
ke T2 <C 4813, K>0 -if"‘%tf&& z,
Ki<k (iz6e) # o KTR4C z7%5.
3., Ke—orinid. Koo e &3,
(preef)
4.3.) W3 5 ¢.

10y (Bl < DU} IV, jouu PP 5 nds

4 4.) | < Vol +Cj Lt1§), WPV, (5l g 43

$ ”/Uo”'m'* Cyt (t'\;)/ ”/U)‘li)”rma/§
L3S S,

(2}47“) KJ-H Ko "'CToko
%}7? {;C%Tg 12 & 5 Z , CkanyZS’% 7;[5 )J‘\,

IK>0 s.b. Ky>K 4 2 CKT/ZU/z LT T oI T

3.

3

i



IF, ke™0 v3 32, k20232 2i1X.

LrOBHB S hb S, [

3 0 apriori estimale t . M.Poler~Ferry [131 12 X 3 #E 54
AP0 BERF LR 1. 2T lcal sclubion o HH, K2
2 TS WEAFREBIL T, glbel solubion 0T 5 £7 9
ﬂhwm%&
DSEnB L LT AR T, Ke<A L S, (R

D unifue LY BT, 12379 3.

(precf)
a2, Ul -Vt 2280 L £ 5,
V5 18 P50 = (516,00~ U1 1802) Vo

t .
#( (0 103PY (3 = U 3IPY )3

) 724857, Aup-BoFHaLXox> 243,
.8 IULE0)=05-1E:0) Vo Nl g € CNV5= Uyt i, N Vsl
N> esiz’mazfe 1, %1’? }ﬂi N gevwmfbr d)/}i’g 12 X
3¢ 0. [13, popescteon €]
éﬂ%%ﬁm?ﬁ&imﬁﬁ)
it 05 (83> POy (3D~ ULt 30 PUy-1(3)lim
< U583 — U514, 32 ) PV3) I,

4



110

t U= (830 (PUMZ O~ PUat30) llm
(2.9.) < GV =Tp-1 ”1"’; WP (3, (£-307°
+ IPVNZ) =P U130 llom-y (£-307%
C Vs =Vl SKAE-9"0+ 2k (4-57%

1 ,
ST F<O<],

N

XS T, (4.3 i) 2 B ot T,

(10-) Vs ld) = Uy (£l £ CLkuk 7! szV‘)

A 45 h 1,
—%H, ~HR12 UEH™ IR T, Rox >4,
interpolation preperty 7% 5 -
HULt) -M(,o) lom-1
) Lt ,4}/*5MP/utt) % 50‘1’ Ilolé w4

OLLLT,
t) A & Lo, lo]

o B AAES 2 win, srUnlb)- FrUie) L EFR T
3.
ISVt = S5V sy
S PY i)~ PVsq (B llpm-s
T TV Vs L) = TtV521 () Uy () llm-2
< 2K NV ) =Vy-1 LE) lm—1

+ CNVyn ) = W5 1) Nlom

7$



1

< CIV =Vt I (2K + Ko+ KITS S+ 2KTH)
LA 3L . (B, (4100 2235 T,

#12.) 1V~ u;; < ClKo K, To) Ny =21l
3483, - CTCRKeTo—=>0rd WIE,

zﬁs’

F s> 7, C<1t4a33350. KooTo 20 1,

C—>0 v 4 3!

N

RONZR M B, vR 33 . AV r &R Y,

AME) X (k) D mugué % solubion ¢ 4 3. l_—_[

Theorem 4.3. ‘
DI EBI4BL LT, Ko< 4 &S L () )3 Bes
I2 unipue LHL ?3} Do

(preof )
teom 4.2. T3, Ko<t oW, [0.T] T o solution
W BB L 722", & o vit) E3FL T,

1M Nm <4 Ymz 1, Vi€ To,mTo]
TH3 2 LEF X Ve 2w,
11y =S4T, hefvie lom
LhE,
7550 s.d. V>0 L Wollm<h 7 373 1V € CllVol

/8



112

EAELEIO, I TREPEWPY Tho T,
¥ 13 propesctim 3-1. o constant -
VRARXRDRAEH LL T O3

| SRR
413 W) = Utho)Vs +S UL $PVSd3
&

TERE Uik o esbimales 2 HFE T o
WUVl € EEEN W Im,

Ut65) Ul < SEZ 101
: m< gogy (Vlm-g

LEYS T, (13004,
t _ _ |
[Tty € 1Vollm + CJ (t-3) %Lc_ﬂzm},tp; A3

(4

< MWellm + Col VI,
LEME T E T,

Ko $Col4 v 2 1d,
[Ty <CKe ¢ T& T,
& 0 3551
HVE) oy L CKoe Bt t€ o)
2453,
&> T (#) 11 Bw IZuniue 5 54 5. %o Fa,

,expmwnfz‘az wa/er Z"c‘[ecay 59 3C v z)"‘h ﬁ‘.»,} %o D

77



113

RErxs 1. b M)vﬁ;ﬁ L #H D(EL) o fFI,

fa.tr = Pep, V. 4) |
L&D s, ChLowed; HMM N) ) o CULo.005 HT(MN)) 12 A
3. =31, IO ~Flm<CeBt 2772 2571,
P P13, Faymmic map F 12 expomentiol owler 7° decay | j 3

SLA b3

78



114

References

1
2]
(3]
(4]
[5]

6]
17

(3]
[9]

[10]

J. Eells and L. Lemaire, A report on harmonic maps. London Math. Soc. 10 {1978),
1-68. _ : v

J. Eells and L. Lemaire, ”Selected Topics on harmonic maps.” C. B. R. N. Regional
Conference Serise, 1980,

J. Eells and J. H. Sampson, -Harmonic mapping of Riemannian manifelds. Amer. J.
Math. 86 (1964), 109-160. '

J. Jost, "Harmonic Mapping Between Riemannian Manifolds.” Proc. Cetre Math.
Analy., Australian National Univ. 1283,

R. Hamilton, "Harmonic maps of manifolds with boundary.” L. N. M. 471, Berlin-
Heiderberg-New York, Springer-Verlag 1975.

P. Hartmann, On homotopic hamonic maps. Canad. J. Math. 19 (1967), 673-687.

H. Naito, Asymptotic behavicr of solutions to Eells-Sampson equations near stable
harmonic maps. preprint.

H. Naito, in preparation.

S. Nishikawa, On the Neumann problem for the nonlinear parabolic equation of Eells-
Sampson and harmonic mappings. Math. Ann. 249 (1280), 177-190.

S. Nishikawa, On the existence of global solutions of the nonlinear parabolic equation
of Eells-Sampscn over product manifolds. Proc. A. M. S. 82 (1981), 369-373.

1] S. Nishikawa, "Harmonic map o F#42 20 J§ " Report on Global Analysis, 1980.

A Pazy, "Semigroup of Linear Operators and Applications to Partial Differential Equa-
tions.” New York-Berlin-Heiderberg-Tokyo, Springer-Verlag 1983.

M. Poiter-Ferry, The lineatization principle for the stability of solutions of quasilinear
parabolic equations. Arch. Ratio. Mech. Anal. 77 (1981}, 301-330.

L. Simon. Asymptotic for a class of non-linear evolution equations, with applications
to geometric problem. Ann. Math. 118 (1983), 525-571.

L. Simon, Asymptotic behavior of minimal submanifclds and harmonic maps. Proc.
Sympo. prue Math. 44 (1986), 369-377.

R. T. Srmth, The second variation formula for harmonic mappings. Proc 4. M. S. 47
(1975), 229-236.

M. Struwe, On the evolution of harmonic mappings of Riemann surfaces. Comm. Math.
Helv. 60 (1985), 558-581.

/7



