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Semiconcavity results of squared sub-Riemannian

distance on Heisenberg group and applications to
PDEs

By

Ye ZHANG*

This note is a survey of the results in the papers [9, 18].
§ 1. Euclidean convexity and semiconvexity

Recall that a real function f on an open set Q@ C R” is called semiconvex if there
exists a constant C' > 0 such that the following inequality holds:

S =Nz +Ay) < (1= 2f(2)+Af(y) + %A(l = Nl =y,

for every x,y € Q such that [z,y] := {(1 — )z + py; p € [0,1]} € Q@ and A € [0,1]. Here
the constant C is called a semiconvezity constant. If f € C?(Q), then it is equivalent
to Hess f > —C'1Id,,. Here we use Hess to denote the usual Hessian matrix on R™ and
Id,, to denote the n x n identity matrix. If the constant C' = 0, then it is exactly the
usual notion of convexity on Euclidean spaces. We call a function f semiconcave (resp.
concave) if — f is semiconvex (resp. convex).

Here two typical examples are given by distance function from a fized point d,(x) :=
|x —y|, which is convex on R and semiconcave on R\ {y}, and squared distance function
from a fixed point d;(x) = | — y|*, which is both convex and semiconcave on R.

The idea is that: the “corner-like” singularity like the one in Figure 1 will break
the semiconcavity, and the “corner-like” singularity with the opposite direction (like the
graph of —d,,) will break the semiconvexity.
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In the setting of Heisenberg group H, there is a canonical choice of the sub-
Riemannian structure (H,g). Here H := U,egH, with the horizontal plane through

p = (%,y,2) given by
H, := span{X(p), Y(p)} = {(z', ¢/, 2"); 2’y — 2y’ + 22" — 22 = 0} = p- (R® x {0}),
where the “=” is given by the identification of T),H with p 4 H:

0
a_

Ox

—I—b2 —I—c2

Hp_l— (a7 b? C)?
»  Oyl, 0z

P

and the metric ¢ is defined by letting {X(p), Y(p)} as an orthonormal basis at p. From
this choice we can see that the sub-Riemannian structure (H,¢g) is left invariant under
the operator -. Note that in the following we will not distinguish H, C T,H from
p- (R? x {0}) C H. In particular, Hy is identified with R? x {0}.

A horizontal path is an absolutely continuous map v : [0,1] — H such that #(t) €
HL, 4y for a.e. t. The length of such horizontal path v can be calculated by the following

formula:
() = / NCORIOL

The sub-Riemannian distance (or Carnot-Carathéodory distance) is defined by

d(p,q) := inf{£(v); v horizontal ,y(0) = p,~v(1) = ¢}.

By Chow’s theorem (cf. [21, Theorem 1.17]), given two points p and ¢, there exists
an horizontal path joining p and ¢, so the sub-Riemannian distance is always finite.
Furthermore, by [1, Theorem 3.31], the sub-Riemannian distance d is indeed a distance
function and its induced topology is the same as the manifold topology. In particular,
it is continuous.

Note that since the sub-Riemannian structure (H,g) is left invariant, the sub-

Riemannian distance d is also left invariant:

(21) d(p7 q) - d(p* "Dy Px Q)7 for all D«;D5q € HL.

§ 3. Graph of the squared sub-Riemannian distance from a point on H

In the following we use d,(¢) to denote the function ¢ — d(g,p) on H, namely the
sub-Riemannian distance from the point p € H. From the left invariance of d (cf. (2.1)),
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From the dashed “corner-like” singularities in Figure 3 we can guess
SCT(0) = {0},  SC'(0) = {(0,0)} x R.

Actually, these relations are true on H and they are closely related to the geometry of
H. We will not go into details in this note. For a more detailed explanation, we refer
to [3, § 4.2.1].

§4. h-convexity and h-semiconvexity

On the Heisenberg group H (or general Carnot groups) another suitable notion of
convexity (resp. concavity) is called h-convexity (resp. h-concavity). Recall that we
have the identification H, = p- (R? x {0}). From definition, given an open set Q C H,
a function f is h-semiconver if there exists a constant C' > 0 such that

FUL=Xp+20) < (1= A)f() + M) + SA0 = Nlp— gl

holds for every p € ©, ¢ € QN H, such that [p,¢] C Q, and A € [0,1]. As before, the
constant C is called an h-semiconvexity constant.

Here we add the restriction that the point ¢ should belong to the horizontal plane
of p, which is 2-dimensional. As a result, at least locally, h-(semi)convexity is weaker
than Euclidean (semi)convexity. If f € C?(Q), then it is equivalent to the following

estimate of symmetrized horizontal Hessian matrix

X2 f LXYf + YXf)

(HGSSHf)*: <%(XYf—|—YXf) Y2f

) Z _CId27

where we define the horizontal Hessian matriz on H by

X2f XY f
H =
essH § <YX £y f)
and -
o A—|—2A

with -T denoting the matriz transpose. For more details of the (symmetrized) horizontal
Hessian matrix we refer to [19] or [2]. Note that although H has dimension 3, this
horizontal Hessian matrix is a 2x 2 matrix since we only consider the horizontal direction,
which has dimension 2 on H. Also we remark that by definition Hessy f is not necessarily
symmetric, so we should consider the symmetrized horizontal Hessian matrix when

talking about the lower bound. Similarly, if the constant C' = 0, then it is exactly the
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usual h-converity on Heisenberg group and we call a function f h-semiconcave (resp.
h-concave) if —f is h-semiconvex (resp. h-convex).

From definition, it is easy to show the following proposition.

Proposition 4.1.  Let Q be an open set of H. Let {fo}aca be a family of h-
semiconcave functions on ). Assume that for every a € A, the function f. is an
h-semiconcave function in Q with h-semiconcavity constant C > 0 independent of «.
Suppose that

f(p) = nf fa(p) > —c0

for allp € Q. Then f is also h-semiconcave in Q) with the same h-semiconcavity constant
C >0.

§ 5. Main result

Since h-semiconcavity only “sees” the horizontal directions, the black dashed corner
in Figure 3, which is in the vertical direction, will not break the h-semiconcavity. Based
on this observation, it is reasonable to guess that the squared sub-Riemannian distance
from a fixed point is h-semiconcave, which is the main result in [9].

Theorem 5.1 ([9, Theorem 1.1]).  On the Heisenberg group H, the squared sub-
Riemannian distance from the identity 0, namely d3, is an h-semiconcave function on
H.

In fact, we can generalize this result to the case of step-two Carnot groups and our
step-two assumption is essential in the sense that we cannot obtain the h-semiconcavity
of the squared sub-Riemannian distance from the identity if we remove this assumption.
The counterexample (Engel group), is given in [20, Theorem 1.2].

However, different from the Euclidean case, the h-semiconvexity of the squared
sub-Riemannian distance from the identity is not true:

Proposition 5.2 (]9, Proposition 3.4]).  On Heisenberg group H, for every p =
(0,0,7) € H with 7 # 0, the following holds:
dy(p-h) +di(p-h™") — 2d3(p)

li = —4d .
heHO\{{I(%,haO |h| o(p)

In particular,

L B+ B R - 2B (0)
heHo\{0},h—0 |h|?

= —00,

which implies d3 is not an h-semiconvex function on H.
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Here recall that we identified H, with R? x {0} C H so we can do the group
multiplication and take the inverse of the element h € Hjy. The norm |- | here is the

usual Euclidean norm. The proof of Proposition 5.2 is based on the explicit formula of
d?. See (3.1).

§6. Idea of the proof

The proof of Theorem 5.1 is based on the viscosity theory technique, the local
(Euclidean) semiconcavity outside the origin, and the dilation structure of H. Note
that similar result holds for general step-two Carnot group case, where another notion
of horizontal semiconcavity is used. We refer to the interested readers to [9, Section 4]
for more details.

§6.1. Viscosity theory technique

We have the following viscosity characterization of h-semiconcavity:

Theorem 6.1 ([2, Proposition 5.1)).  Given an open set Q@ C H andu € LSC(})
(i.e. the function w is lower semicontinuous in 1), the following statements are equiv-
alent:

1. u 1s h-semiconcave in ) with h-semiconcavity constant C' > 0.
2. We have

(6.1) —(Hessgu)* > —C Idy in Q in the viscosity sense,

which means that —(Hessp(p))* > —C Idy whenever there exist ¢ € C*(Q) and p € Q
such that v — ¢ has a local minimum at p.

By this theorem, it suffices to prove the following claim: For every p € H, there
exist C' > 0 (independent of p) and ¢(p) > 0 such that

(6.2) d3(p-h) +ds(p-h=') —2d5(p) < CIh>,  for all h € Hy, |h| < c(p).

To be more precise, whenever there are ¢ € C?(H) and p € H such that d? — ¢ has
a local minimum at p, we denote the local minimum by m and in a neighbourhood of p
we have
dy > ¢+m

and at the point p we have d3(p) = ©(p) + m. Inserting these into (6.2), for h € Hy
with |h| small enough, we get

(6.3) e(p-h)+olp-h™") —2¢(p) < dj(p- k) +dj(p- h™") — 2d3(p) < C|n[>.
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Now we define the horizontal gradient of a function f € C1() as

(6.4) Vaf=XfYf).

By applying the Taylor expansion in the group (see e.g. [5, § 20]), we can write

o0 1) = o(p) + (Varo(p), h) + 5 {(Hessao(p)) h by + of|BI?),

(6.5) 1
o(p- 171 = 0(p) = (Vuep), h) + 5 (Hessuo(p))"h, h) + o |h[*),

where (-,-) denotes the inner product on R? & R? x {0}. Combining (6.3) and (6.5), we
obtain

(Hessuo(p))*h, ) + o|h[*) < C|R[?,

for all h € Hy with |h| small enough. Dividing this inequality by |h|? and letting
|h| — 0", we deduce that (Hessyo(p))* < C1d,, and thus we proved Theorem 5.1 by
applying Theorem 6.1.

Now we are in a position to prove the claim.

§6.2. Local (Euclidean) semiconcavity outside the origin

Recall that SC™(0) = {0}, which means outside the origin, d3 is locally (Euclidean)
semiconcave. This actually implies h-semiconcavity on compact set of H \ {0}. More
precisely, we can see this fact from the following computation:

1

p-h= <x+hx,y+hy,z+§(:chy—yhx)>,
1

p. h_l — <:[,’— h$7y_ hy,Z— §($hy _yhx)>

for p=(z,y,2) € Hand h = (hy, hy,0) € R? x {0} = Hy. As a result, the claim is true
for any compact set K C H\ {0} and in particular, we choose K to be the unit sphere of
the sub-Riemannian distance centred at 0, that is, K = 5 := {p; d(p,0) = do(p) = 1}.
More precisely, there exists C, > 0 and ¢, > 0 such that

(6.6) dZ(p-h) +d3(p- b~ 1) —2d3(p) < C,|h|?, for allpc S, h e Hy,|h| <ec,.

§6.3. Dilation structure

Recall that for each r > 0 we can define the dilation on H by

Sz, y,2) = (rx,ry,r2z), for all (z,y,z) € H,
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which is a group homomorphism. From the expression of dg above, i.e. (3.1), we have
dy(0,-(p)) = rdo(p), for all r > 0,p € H.

There are two consequences:
1. The claim is true for all p € H\ {0}.

This is because for every p # 0 we can define p = 4;/,(p) with r = do(p) (i-e.
p=0,(p)) so that p € S. Indeed, we have

do(h) = do (317, (1)) = > do(p) = =1

r

Then we can apply (6.6) to p with i = d1/r(h) for all h € Hy such that |h| < c,r. It is
worth pointing out that, due to the condition h € Hy, we have

h ~ h Cu T
sy =t =l

Hence (6.6) gives
dg(p-h) +ds(p- h™") = 2d5(p) = d5 (5, (P) - h) + d5 (5, () - h™") — 2d5 (3. (P))

=P[5 (B 6170 (h) + 3B+ 01y (W)™1) = 2d5(B)) = | d5(B- h) + dy(B- h™") — 2d3(P)

|1

<r?C,|h|* < r20*r—2 = C,|h|>.

2. By the equivalence of the homogeneous norms (cf. [5, Proposition
5.1.4 with Example 5.1.2]) there exists a constant C,, > 1 such that

(6.7) Col@® +y? + I2)) < dj(w,y,2) < Coa(@® +y7 +[2]),

which proves the claim for p = 0.

We remark that from the estimate (6.7) the constant C' in (6.2) cannot be chosen
to be 0.

§ 7. Application I: Hamilton-Jacobi equations

We study the regularity problem of the solution to the following time-dependent
Hamilton-Jacobi equations:

(7.1) {“t +®(|Vgul) =0,  in (0,+00) x H,

u(0,-) = ¢, on {0} x H,



88 ZHANG

where u; denotes the time derivative of u, ¢ is the initial datum, Vy is the horizontal
gradient defined in (6.4), and ® : [0,400) — [0,4+00) is a continuous, convex, non-
decreasing function such that ®(0) = 0.

By definition, a function u € LSC([0, +00) x H) is a lower semicontinuous viscosity
solution of the Hamilton-Jacobi equation (7.1) if, for any test function ¢ € C1((0, +00) x
H) such that u — ¢ admits a local minimum in (g, pg), it holds

Spt(tOva) + @<|VH§0(t07p0)|) =0.

The connection of the Hamilton-Jacobi equations and the sub-Riemannian distance
is shown by the following theorem.

Theorem 7.1 ([8, Theorem 4]).  If ¢ € LSC(H) and there exists a constant C >
0 such that ¢ > —C(1 + do), then the lower semicontinuous viscosity solution u €
LSC(]0,400) xH) of the Hamilton-Jacobi equation (7.1) can be obtained by the (metric)
Hopf-Lax formula

d(p,q)
¢

02t =it o)+ (D)L () € voo)

where ®* is the Legendre-Fenchel function associated to ®, that is defined by
*(s) :=sup {s7 — (1)}, s>0.
T2>0

2

5 % Since by the left
invariance (2.1) we have d(p,q) = d(¢~'-p,0) = do(q™! - p), from the Hopf-Lax formula
(7.2)

For example, if we consider the case ®(7) = ﬁ, then ®*(s) =

d2 -1,
u@mzm{w@+i@—@},@mem+wxm
qeH 2t
For fixed ¢ € H, the function
da(ap
p— ¢lq) + %

is h-semiconcave (with h-semiconvexity constant independent of ¢). As a result, Propo-
sition 4.1 yields the following theorem.

Theorem 7.2 ([9, Theorem 6.2]).  Assume ¢ € LSC(H) and there exists a con-
stant C' > 0 such that ¢ > —C(1 +dy). Let ®(7) = 72/2 for 7 > 0 and u be defined by
the Hopf-Lax formula (7.2). Then u(t,-) is h-semiconcave in H, for every t > 0.

In the general case, with similar ideas, similar results hold as well under some
assumption on the function ®.
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Theorem 7.3 ([9, Theorem 6.4]).  Assume that ¢ € LSC(H) is bounded. Let
d: [0,400) — [0,400) be a continuous, convex, non-decreasing function with ®(0) = 0.
Assume in addition that ® is coercive in the sense that
®(r)

T

— +00  as T — +00,

and the even extension ® : R — [0,+00) of @ is locally strongly convexr in R. Let u
be defined by the Hopf-Lax formula (7.2). Then u(t,-) is h-semiconcave in H for every
t>0.

Here, similar to the semiconvexity, for a real function f on an open set Q@ C R"”,
we say f is strongly conver if there exists a constant C' > 0 such that the following
inequality holds:

C
FIO =Nz 4+ 2y) < (1= Nf() + Af(y) = FA0 = Nz =y,
for every z,y € Q such that [z,y] C Q and XA € [0,1]. It is called locally strongly
semiconvexity if for every x € €) there exists an open neighbourhood €, C Q of x such
that f is strongly convex on €Q,.

On the other hand, for h-semiconvexity, we have the breaking result.

Theorem 7.4 ([18]).  Let ® : [0,4+00) — [0,4+00) be a continuous, convex, non-
decreasing function with ®(0) = 0. Assume in addition that

o o
ﬂ_>0+ as T — 0T, ﬂ—>—|—oo as T — 4o0.
T T
Then for every t > 0 and C' > 0, we can find a lower semicontinuous h-convex function
¢ (depending on t and C) such that the function u(t,-) given by the Hopf-Lax formula

(7.2) is not h-semiconver with h-semiconvexity constant C.

In fact, from the assumptions on ®, ®* is continuous and strictly increasing. If we
choose ¢(q) = +o00 if ¢ # 0 and ¢(q) = 0 if ¢ = 0, then from the Hopf-Lax formula (7.2)
we obtain t®*(dy /t), which is not h-semiconvex by our assumption and Proposition 5.2.
The idea of the proof is to approximate the limit function ¢ by lower semicontinuous

h-convex functions.

§ 8. Power concavity

Before the second application, we recall the notion of power concavity for nonneg-
ative functions. Let 2 be an open set in R” and o € R := [~00, +00] = RU {&o0}. A
nonnegative function f on € is called a-concave if

JUA =X+ Ay) = Ma(f(x), f(y); A), foralle,y € Q, x,y] C QA (0,1],
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where for a,b > 0 and A € [0, 1], the function

(max(a, b), if v = +o0,
(1= Na*+ M),  ifaeR\{0},
Mala,b;A) =9 | || ,
a b, if o =0,
min(a, b), if « = —o0,
\

if ab> 0 and My (a,b;A) :=0if ab=0. If a = 1, it is the usual notion of concavity on
the set {x € Q; f(zr) > 0}. If « =0 (resp. @ = —00), it is also called logconcave (resp.
quasiconcave). By Jensen’s inequality, a-concavity implies §-concavity for § < a. Thus
quasiconcavity is the weakest notion of (power) concavity.

Similarly, we have the corresponding horizontal version of power concavity on H.
On an open set Q@ C H, given a € [—o0, +o0], we call a nonnegative function f h-a-
concave if

F((L=XNp+ Ag) > Ma(f(p), f(@);N),

for allp € Q,q € QN H,,[p,q] C 2, A € [0,1]. As before, for « = 1,0, —00, we also call
the function f h-concave, h-logconcave, and h-quasiconcave respectively.

§9. Application II: heat equation

Now we consider the following heat equation on the Fuclidean space R™:

ur — Au =0, in (0,400) x R”,

9.1
(5-) u(0,-) = o, on {0} x R".

In this paper we only consider the initial datum ¢ € L°°(R"™) such that ¢ > 0, that
is, nonnegative bounded initial datum. Under these assumptions, the solution can be
represented by the following formula

ult, z) = /Q o~ ()dy,  (h.2) € (0,400) X R?

with the heat kernel given by

ki

e At

wl3

hi (y) = (4nt)”

In this note we focus on the concavity preserving/breaking problem, i.e., whether
the a-concavity of the initial datum ¢ will be preserved /broken by the heat flow. In [6,
Corollary 3.5], it is shown that logconcavity is preserved by the heat flow on Euclidean
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spaces. This result comes from an important property of the heat kernel on Fuclidean
space R": logconcavity, that is,
-]? n

log by (1) = % "3 log(4nt)

is a concave function. Note that this fact comes from that the squared Euclidean
distance is a convex function.

However, if n > 2, quasiconcavity and a-concavity (for some o € (—o0,0)) is not
preserved by the heat flow (see [12, Theorem 1.1] and [13, Theorem 4.1] respectively).
In the recent paper [14], the authors showed that the only power concavity preserved
by the heat flow is the logconcavity (cf. [14, Corollary 1.7]).

In general we can furthermore consider the heat equation on an open set of R” with
Dirichlet boundary condition. For the sake of simplicity, we only consider the full space
case in this note and refer to [14, Section 3| for more details about the general case.

Now we consider a counterpart of (9.1) on Heisenberg group H, namely

uy — Agapu = 0, in (0, 400) x H,

(9.2)
u(0,-) = o, on {0} x H,

where the sub-Laplacian is given by Agyp := X? + Y2, In this case the solution can be
represented by the following formula:

(9.3) ult, p) = /H oo O Qdg,  (t.p) € (0,400) x H,

where the function R}’ is called the heat kernel on H. For more properties of such heat
kernel on Heisenberg, we refer to [10, § G of Chapter 1].
On the Heisenberg group H, the following Varadhan’s formula holds (cf. [15,
Théoreme 1] and [16, Théoreme 11.3]):
lim 4tlog hi(z,y, 2) = —d2(x,y, 2).

t—0T

We know that the squared distance function d3 is not h-semiconvex, so the heat kernel
on the Heisenberg group H is not h-logconcave.

Furthermore, combining Proposition 5.2 with the following precise upper and lower
bound of the heat kernel established in [17, Theorem 1] (here f ~ ¢ means there exists
a universal constant C' > 1 such that C~1g < f < Cyg):

3 1 _ dB(w,y,2)
h{fﬂ(l‘?y7’z) Nt 2 € 4 3

\/t + V22 +y2do(x,y, 2)

we can further obtain the theorem:
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Theorem 9.1 ([18]).  On the Heisenberg group H, the heat kernel by (z,y, 2) is
not h-quasiconcave w.r.t. (x,y,z) € H for every t > 0.

As a result, we can further obtain the following breaking property of the heat flow
on Heisenberg group H:

Theorem 9.2 ([18]).  On the Heisenberg group H, for every o € R, t > 0, there
exists an h-a-concave function ¢ (depending on «,t) such that u(t,-) given by (9.3) is
not h-quasiconcave.

The idea of the proof is similar to the one of Theorem 7.4. For initial datum 4o,
we return to the heat kernel case, which is not h-quasiconcave. Then we can prove this
theorem by an approximation process.
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