.._.i
iy

i

® 4,

Fhwl
il

s

T e

ey

B £

W

i

>
fie







STATE ESTIMATION FOR LINEAR SYSTEM WITH JUMP PARAMETER

AND ITS APPLICATION TO CONTROL

Dissertation

Submitted in partial fulfilment of the requirements
for the degree of

Doctor of Philosophy

in

Applied Mathematics and Physics

by

Satoru FUJISHIGE

Kyoto University
Kyoto, Japan

November, 1974



Acknowledgments

The author would like to express his sincere thanks first
of all to Professor Yoshikazu Sawaragi of Kyoto University for
his guidance, encouragement and useful suggestions during the
course of the author's graduate works and thesis researches.

Sincere thanks are also due to Professor Tohru Katayama of
Kyoto University, presently a Visiting Professor of University of
California, Los Angeles, for providing the chance to access the
subject of adaptive estimation of uncertain systems and also for
his valuable discussions during the course of the graduate researches.

The author's thanks should be extéhded to Professor Tsuneo
Yoshikawa of Kyoto University for first inviting the author's

attention to stochastic control systems and for his helpful discus-

sions on adaptive control problems.

= 1§ =

'
-



Abstract

In this dissertation, the state estimation problems for
linear (1) discrete, (2) continuous, and (3) continuous-discrete
systems with jump parameters are considered; and the optimal and
the approximate estimator algorithms are presented for those jump-
parameter systems and applied to the optimal control problems.

First, we consider the estimation problem for a linear
discrete system with a Markov chain, where the system is described
by a stochastic difference equation modulated by a Markov chain.
The optimal estimator algorithm is derived by use of Bayes' rule.
The optimal algorithm, however, requires the ever-growing amount
of memory, so that a feasible approximate estimator algorithm is
proposed. An adaptive sequential estimator algorithm is also
presented for the case when the transition probabilities of the
Markov chain are unknown but fixed. Furthermore, the obtained
estimator algorithms are applied to the special discrete systems,
that is, linear discrete systems with interrupted observations.

Secondly, we treate the estimation problem for a linear
continuous system with a jump process, where the system is represent-
ed by a stochastic differential equation and modulated by a jump
Markov process. The optimal estimator algorithm is derived. The

crucial points for the derivation of the optimal algorithm are
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(1) to express the jump process in terms of its initial value, the
jump times and the values taken after the jumps, instead of its
instantaneous values, and (2) to apply general Bayes' rule to obtain
the a posteriori probability distribution of the jump process. The
optimal estimator algorithm is, however, infinite-dimensional, so
that a feasible finite-dimensional algorithm is also proposed.

Thirdly, we consider the estimation problem for a linear
continuous-discrete system with a jump process, where the system
is described by a stochastic differential equation, while the
observations are made at discrete times; and both the system and
the measurement subsystem are modulated by a jump process. The
optimal estimator algorithm and its approximate one are presented
by the same approach as adopted for continuous systems.

Finally, we consider the optimal control problems for (1)
a linear discrete system with switching environments, (2) a linear
continuous-discrete system with switching environments, and (3) a
linear discrete system modulated by a Markov chain. The optimal
control algorithms are derived for the first two systems; and for
the third system, a suboptimal control algorithm is proposed.
The optimal and the suboptimal control algorithms are coupled

with the estimator algorithms presented above.
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CHAPTER I

INTRODUCTION
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1.1 Introduction and Historical Remarks

In the real world, almost everything accompanies uncertainty,
so that its future behavior can seldom be predicted without errors.
Therefore, one of the problems facing the engineer, and much of
mankind, in making decisions is how to intelligently utilize
information from observations available. Usually, we should thus
predict the uncertain situation or state based upon the available
information and make a decision so as to minimize, in some sense,
the difference between the predicted state and the desirable one
which we have in mind. Consequently, the estimation or prediction
is the subject of great importance in practical situations; because
it provides us with the foundation for making decisions in uncertain
environments.

The estimation problems have been considered from the
earliest times, and the first rigorous studies of least-squares
estimation in stochastic processes were made by Kolmogorov (1939)
and Wiener (1949), where the work of Wiener was independent of
Kolmogorov's and their aimes were somewhat different; Kolmogorov
treated the prediction problem for discrete-time stationary
processes, while Wiener considered the continuous-time linear

prediction problem for stationary processes stressing the engineer-
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ing significance of his ideas and results. Several studies on
generalization and improvement of works of Kolmogorov and Wiener
were made thereafter. A remarkable result was obtained by Kalman
(1960) who changed the conventional formulation of the prediction
problem by assumiﬁg a "Markovian model" as the output of a dynami-
cal linear system driven by white noise. Specifically, he assumed

that the output process y(k) could be represented by

x(k+1) F(kK)x(k) + G(k)u(k) (1.1)

y(k) = H(k)x(k), (1.2)

where x(k) is an n x 1 state vector and u(k) is an mx 1
independent Gaussian zero-mean noise process with covariance matrix
Q(k). It is assumed that the initial staPe x(0) 1is Gaussian
with mean X(0) and covariance 5(0) and is independent of u(k).
Also, vector R(0) and matrices F(k), G(k), H(k) and 6(0) are
assumed completely known. Under these assumptions, by introducing
a notion of innovations, Kalman solved the linear least-squres
prediction problem in a recursive form, which is significantly
suitable for computer-aided practical implementation.

In many practical situations, however, matrices F(k), G(k)
and H(k) in (1.1) and (1.2) are not completely known as deter-

ministic matrix-functions of time k, because there may exist
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identification errors of these matrices and random changes of the
components of these matrices. For systems having such partially
known matrices, Magil (1965) made the first contribution in the
estimation problem, where considered was a scalar discrete system
with unknown constant parameters. The adaptive estimation problem
treated by Magil was extended to the vector case by Hilborn and
Lainiotis (1969). Also, a closely related problem of detection
of the presence or absence of a signal was considered by Middleton
and Esposito (1968).

Meanwhile, Nahi (1969) considered the optimal linear esti-
mation problem for a linear discrete system with uncertain obser-

vations described as follows:

x(k+1) = F(K)x(k) + G(k)u(k) . (1.3)

n

y(k) = y(KH(k)x(k) + v(k), (1.4)

where matrices F(k), G(k) and H(k) are known; u(k) and v(k)
are zero-mean mutually independent Gaussian white noises with

known covariance matrices; and +y(k) 1is an independent sequence

or an unknown constant taking on values of 0 or 1. Nahi derived
the optimal linear estimator algorithm for system (1.3) and (1.4)
and made the first contribution. in the estimation problem for

systems with '"'switching" parameters. Ackerson and Fu (1970)
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proposed a suboptimal estimator algorithm for linear discrete
systems with switching environments, where characteristics of

the noises change according to the values of the switching parame-
ter. The estimation problem for system (1.3) and (1.4) with non-
switching +y(k) was also examined by Dajani and Sage (1970).

For the case when vy(k) 1is a Markov chain, the optimal nonlinear
estimator was derived by Jaffer and Gupta (1971); and independently.
Sawaragi, Katayama and Fujishige (1972) presented a suboptimal
sequential estimator algorithm, because the optimal algorithm
requires the evergrowing amount of memory. Also, Sawaragi, Katayama
and Fujishige (1973) considered an adaptive estimation problem
where the transition probabilities of the Markov chain were unknown
but fixed.

The above-mentioned works were, ho;ever, mostly concerned
with discrete systems. Lainiotis (1971) first gave the complete
solution of the estimation problem for continuous systems with
nonswitching parameters. Also, the multi-shot joint detection
and estimation was examined in (Lainiotis, 1972), where it was
assumed that the unknown parameter was constant in each specified
signaling interval and that the switchings of the parameter could
occur at the ends of the signaling intervals only. For the case

when the uncertain parameter is expressed in terms of a jump Markov
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process, Sawaragi, Katayama and Fujishige (1974), and Fujishige
and Sawaragi (1974 a) derived the optimal estimator algorithm
and proposed its feasible approximate estimator algorithms. Also,
the estimation problem for continuous-discrete systems with jump
parameters was examined in (Fujishige and Sawaragi, 1974 b).
Optimal control problems for system (1.3) and (1.4) with
a control input term in (1.3) have béen‘considered from earlier
times; Bellman and Kalaba (1961) formulated, as the interrupted
stochastic control process, the problem of determining the optimal
control policy in a situation where at any time there is a non-
zero probability that the state cannot be observed. Such an
optimal control problem was considered by Eaton (1962), Fujita
and Fukao (1973), and Lainiotis, Upadhyay and Deshpande (1973);
and they asserted that usual "Separation Theorem'" did hold.
However, Fujishige (1974) pointed out that their results were
incorrect and that "Separation Theorem" did not hold. Similarly,
the continuous counterpart treated by Lainiotis, Deshpande and
Upadhyay (1972) was incorrect. Recently, the estimation and
control problem for uncertain linear continuous-discrete systems
has been examined by Lee and Sims (1974). Related control problems
for continuous systems with jump parameters were considered in

(Sworder, 1969; Wonham, 1970) where the complete observations of
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both the jump parameters and the state were assumed.
Also, other related problems of estimation of jump processes
have been considered in (Wonham, 1965; Shiryaev, 1966; Yashin,

1968) .

1 Outline of the Dissertation

In chapter II, we consider the estimation problem for
linear discrete systems with a Markov chain. The system to be
considered is represented by a stochastic difference equation
modulated by a Markov chain. The estimation problem is formulated
in section 2.2. The optimal estimator algorithm is derived in
section 2.3; and in section 2.4 the optiﬁal estimator algorithm
is also presented in another form, which is useful for deriving
the optimal and the approximate estimator algorithms for continuous
systems with jump parameters. The optimal estimator algorithms,
however, require the ever-growing amount of memory, so that
feasible approximate estimator algorithms are proposed in section
2.5. In section 2.6, treated is an adaptive estimation problem
for the case when the transition probabilities of the Markov chain

are unknown but fixed. The optimal and the approximate estimator
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algorithms obtained in the previous sections are applied, in
section 2.7, to linear discrete systems with interrupted obser-
vations. In section 2.8, simulation studies are carried out to
demonstrate the feasibility of the proposed approximate estimators.
In chapter 111, we consider the estimation problem for
linear continuous systems with jump processes. The system to be
considered is described by a stochastic differential equation
and modulated by a jump Markov process. The estimation problem
is precisely formulated in section 3.2. Section 3.3 is devoted
to the derivation of the optimal estimator algorithm. The approach
adopted is 1) to express the jump Markov process in terms of the
initial value, the jump times and the values taken after the
jumps, and 2) to apply general Bayes' rule (Kallianpur and Striebel,
1968) or Lainiotis' formula (Lainiotis, ib?l) to obtain the a
posteriori probability distribution of the jump process. The
minimum-variance estimate is given in terms of the a posteriori
probability distribution of the jump process and the Kalman-filter
estimates corresponding to the admissible values of the jump
process. The optimal estimator algorithm is, however, infinite
dimensional, so that feasible approximate estimator algorithms
are proposed in section 3.5. Simulation studies are also carried

out, in section 3.6, to illustrate the behavior of the optimal
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estimator and to demonstrate the feasibility of the proposed
approximate estimator algorithms.

In chapter IV, we extend the results obtained in the previous
chapters II and III to linear continuous-discrete systems with
jump parameters. That is, the system is represented by a stochastic
differential equation, while the observations are made at discrete
times; and both the system and the measurement subsystem are
modulated by a jump process. The estimation problem is formulated
in section 4.2 and the optimal estimator algorithm is presented
in section 4.3. For the same reason as in continuous systems
treated in chapter III, the optimal estimator algorithm is not
feasible, so that a feasible approximate estimator algorithm is
proposed in section 4.4. In section 4.5, simulation studies are
carried out to show the feasibility of th; proposed approximate
estimator algorithm.

Chapter V is devoted to the optimal control problems for
stochastic linear systems with jump parameters. Considered are
the following three cases: 1) the optimal control problem for
linear discrete systems with switching environments, 'in section
5.2; 2) the optimal control problem for linear continuous-discrete
systems with switching enviromments, in section 5.3; and 3) a

suboptimal control problem for linear discrete systems with a
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Markov chain, in section 5.4. For all the control problems treated
here, we take an expected quadratic cost as a performance criterion.
A certainty equivalence is shown to hold for the control problems
treated in sections 5.2 and 5.3 for linear discrete and continuous-
discrete systems with switching environments. The optimal control
input is given interms of 1) the optimal control input for the
usual linear-quadratic-Gaussian systems and 2) its correction term.
In completing the dissertation, the already published and
submitted papers laid its foundations as follows: Sawaragi, Katayama
and Fujishige (1972), and Sawaragi, Katayama and Fujishige (1973)
for chapter II; Sawaragi, Katayama and Fujishige (1974), and
Fujishige and Sawaragi (1974 a) for chapter III; Fujishige and
Sawaragi (1974 b) for chapter IV; and Fujishige and Sawaragi (1974 b)

and Fujishige and Sawaragi (submitted 1974) for chapter V.

- 10 -



CHAPTER  II

STATE ESTIMATION FOR LINEAR DISCRETE SYSTEM

WITH MARKOV CHAIN
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2.1 Introduction

In this chapter, we consider the state estimation problem
of linear discrete systems with a Markov chain; that is, the system
to be considered is described by stochastic difference equations
and is modulated by a Markov chain. Such a problem arises in
reliability theory context where there is a possibility of system-
component failure; or in communication theory context where the
signal process is subjected to random attenuation or fading.

The estimation problem is precisely formulated in section
2.2, Section 2.3 1is devoted to the derivation of the minimum-
variance estimator algorithm. The optimal estimator algorithm
is presented in section 2.4 in another form, which is useful
for deriving estimator algorithms for continuous systems (see
Chapter III). The optimal estimator algorithms derived in sections
2.3 and 2.4 are, however, practically infeasible because the
evergrowing amount of memory is required. Therefore, for practi-
cal implementation, we propose in section 2.5 feasible appro-
ximate estimator algorithms corresponding to the optimal algorithms
presented in sections 2.3 and 2.4. We further consider an
adaptive estimation problem, where the transition probabilities

of the Markov chain are unknown but fixed. A sequential adaptive

w ¥ =
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estimator algorithm is presented in section 2.6. In section 2.7,
considered is the estimation problem for systems including the
Markov chain in a special way; that is, linear systems with inter-
rupted observation mechanisms, where if the Markov chain is equal
to 1, the observation contains the information concerning the
state, while if the Markov chain is equal to 0, the observation
consists of noise only. The approximate estimator algorithms
proposed in sections 2.5 and 2.6 are rewritten for the linear
discrete systems with interrupted observation mechanisms. In
order to demonstrate the feasibility of the proposed approximate
estimators, digital simulation studies are carried out, in section

2.8, for the special system treated in section 2.7.

2.2 Statement of Problem

Consider the system represented by a linear stochastic

difference equation

x(k+1) = F(k,y(k+1))x(k) + Q(k,y(k+1))w(k) (2.1)

and let the observation be given by

o R
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y(kK) = H(k,y(k))x(k) + R(k,y(k))v(k) (2.2)

where
x(k) : an n x 1 state vector at the kth sample time;
y(k) : a-p x 1 observation vector;
w(k) : an m x 1 Gaussian white noise vector with zero

mean and unit variance matrix;
v(k) : a p x 1 Gaussian white noise vector with zero
mean and unit variance matrix;
vy(k) : a Markov chain taking on values of 1, 2, ..., M;
.F(*,=) : an n x n state transition matrix;
Q(:,°) : an n x m matrix;
H(*,-) : a p x n observation matrix;
and =
R(*,) : a p x p nonsingular matrix.
Here, the Markov chain +y(k) characterizes, for example, system-
component failures, interrupted observation mechanisms, switching
environments and so on. Therefore, system (2.1) and (2.2) includes
those treated by Nahi (1969), Ackerson and Fu (1970), Dajani and
Sage (1970), Jaffer and Gupta (1971), and Sawaragi, Katayama and

Fujishige (1972), as special cases. We assume that the transition

probabilities of the Markov chain <vy(k) is known and given by

= 14 =
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P(y(k)=j|y(k-1)=i) = pij(k), i, 3= 1; 25000 M
(2.3),

and the initial probability distribution is given by
P(y(0)=i) = p,(0), i=1,2,..., M (2.3),

The initial state x(0) 4is assumed to be Gaussian with mean
2(0|-1) = E{x(0)} and covariance matrix ﬁ[O]—l) = Cov{x(0)},
where E{+} and Cov{+} denote mathematical expectation and
covariance matrix of random variables specified in the brackets,
respectively. It is further assumed that random variables w(k),
v(k), v(k) and x(0) are mutually independent.

The objective of this chapter is to find out the sequential
estimator that produces the minimum-variance estimate i(klk) and
its approximate estimate x*(k|k) of the state x(k) by observ-
ing the data {y(0),y(1),...,¥y(k)}. It is well known (Kalman,
1963; Bucy and Joseph, 1968) that the best estimate which minimizes

the Bayes' risk:
EC[x(K) - R(k[10]'VIx(k) - ®(k[K)][YS) (2.4)
is given by the conditional expectation:

2(k|k) = E{x(X) |Y*}. (2.5)

= 1B
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Here, V is an n x n symmetric positive definite matrix; Yk

is the minimal o-field determined by observations {y(0),y(1),...,
y(k) }; E{'lYk} denotes the conditional expectation given Yk
(Doob,1953) ; and the prime denotes the matrix transpose. Hence,
if the conditional probability density function p(x(k)!Yk) of
x(k) given Yk is obtained, the optimal estimate ®&(k|k) can

be computed from
R(k|k) = J nX(k)P(X(k)IYk)dxtk) (2.6)
R

n . : : ; :
where R~ 1is the n-dimensional Euclidean space.

2.3 Optimal Estimator Algorithm

We shall show first the optimal estimator algorithm for
system (2.1) and (2.2), and then the derivation of the optimal

algorithm.

Optimal Estimator Algorithm I :

The minimum-variance estimate i(klk) for system (2.1)

and (2.2) is given by

MM
Rkl = 1 eer RG], I9P(NNY, (3.1)

- 16 -
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where 1IF = {ig,ifs-.-sip ). In (3.1), ﬁ(k|k,Ik) is given by

the following equations:

R(k|k, 1) = R(k|k-1,1%) + K(k, 19 [y (k) - H(k,ik)X(k]k—l,Ik]]

R(k|k-1,1%) = F(k-l,ik)g(k-1|k-1,1k"l)

where K(k,Ik) in (3.2) is given by

K(k,15) = ﬁ(k[k-l,Ik)H'(k,ikJ[H(k,ik)§(k|k-1,1k)ﬁ'(k,i

R(K, 1 )R (k,i,)] 7"

+

P(x|k,15)

P(k|k-1,1%) = F(k-1,1)P(k-1[k-1, 1) Fr k-1,

+ QR-1,1,)Q" (k-1,1y) -

(3.2)

(3.3)

)
(3.4)

P(k|k-1,1%) - K(k,rk)n(k,ik}ﬁ(k|k-1,1k) (3.5)

K
(3.6)

Also, the conditional probability P(Ik|Yk) appearing in (3.1)

is given by

. K. k-
C oy p(y () |15, Y5 hyp v
P IYS) = ——; . (3.7
3 e T 1Y e Y
10—1 1k=1
. k k-1 . . .
where p(y(k)|I",Y °) is Gaussian with
mean = H(k,1,)%(k|k-1,1%) (3.8),

= 17 =
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- k . i :
cov = H(k,lk)P(klk-l,I JH'(k, 1) + RCK, IR (K, i), (3.8),

and the a priori probability P(Ik[Yk_l) appearing in the right-

hand side of (3.7) is given by

IYk—l k—l|Yk—I)'

P(Ik (kK)P(I

(3.9)
k*1k-1

) =py
Remark : We see from (3.1) and (3.7) that the evaluation of the
optimal estimate R(k[k) requires the evergrowing amount of

memory, which makes the practical implementation of the optimal

estimator algorithm impossible for large values of time k.

Derivation of the Optimal Estimator Algorithm I

By the smoothing property of conditional expectations
(Doob, 1953), the conditional probability density function

p(x(k)]Yk) in (2.6) can be expressed as

p(x(K) YY) = Blp(x () [¥(0),¥ (1), . ..,v(K),Y5) [Y¥)
M M K
= 1o o0 v(0)=ig, ...,y (k)=1y,Y)
i.=1 i, =1
0 k
x P(Y(U)=io,...,Y[k)=ik|Yk]. (3.10)

Here, since the values of the Markov chain {y(0).,y(1),...,v(k)}

are specified as conditioning, the conditional probability density

v TR
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function p(x(k)|y[0)=i0,...,y(k)=ik,Yk) is Gaussian with

mean

R(k|k,1k) E{x(k)|T(0)=io,...,y{k)=ik,Yk} (3.11),

ne==

]

cov ﬁ{klk,lk) Cov{x(k)]y(D)=iO,...,Y(k)=ik,Yk},(3.ll)2

where Ik = {io,.u }. The conditional mean R(k|k,1k) can

.,ik
be calculated sequentially, for each sequence Ik, by the usual
Kalman-filter algorithm (3.2)-(3.6) using the specified values of
Ik.

Next, by use of Bayes' rule (Ho and Lee, 1964), the a
posteriori probability P(y(0)=io,...,Y[k)=ik|Yk) is given by

(3.7)-(3.9), where
P(I*IY®) & Pv(0)=iy, ..,y (0)=1, YY),

Substituting (3.10) into (2.6) and carrying out the integra-
tion, we get from (3.11) the minimum-variance estimate R(k|k)
given by (3.1). This completes the derivation of the optimal

estimator algorithm I.

2.4  Another Form of Optimal Estimator Algorithm

The optimal estimator algorithm for system (2.1) and (2.2)

- 19 -
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has been shown in the previous section. In this section, we
shall show the optimal estimator algorithm in another form, which
is useful for obtaining the optimal continuous-time estimator
algorithm shown in chapter III.

Notice that the Markov chain {y(0),y(1),...,v(k)} can
be expressed in terms of initial value y(0) and random sequences

{71,12,...,Tk} and {jl’j2""’jk}’ where

Ty 2 the random time that the kth jump of the Markov
chain occurs; (4.1]1
jk 4 the random value taken by the Markov chain at the

kth jump, that is, y(rk). (4.1]2

By using these random variables +v(0), Tk and jk' we can

obtain the optimal estimator algorithm in the following form.

Optimal Estimator Algorithm II

The minimum-variance estimate R(k|k) for system (2.1)

and (2.2) is given by

M
(k) = T Rk [k, v(0) =1, 7, A P(Y(0) =17, k[YH)

io=1

- 20 -
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k M M k-n+l k-n+2 k
SRR A S ST
n=1 10—1 3 ;i tl—l t2—t1+1 tn—tn_1+1
In"in-1
. n_.m .n_.n
f(k|k,y(0)=iy,t =t j =i",7  ,>k)
: n_,n .n_.n k
x P(y(0)=ig, v =t",j =i ,7  ,>k[Y") (4.2)
n _ M e : n_
where t = (tl’tZ"“’tn)' i = (11,12,..,1n). g (11,12,
20 1 (O ; : o .
...,Tn) and j = (]1,32,...,Jn). Here, the conditional esti
mates R(k|k,y(0)=i,,7,>k) and R(k|k,y(0)=i,,7 =t",j"=i", 1  >k)
? 0’1 d 0’ 2 *n+l

are defined by

. . k
RCk|k,¥(0)=1g,7,>K) = Ex(K) [y (0)=ig,7 >k, Y} (4.3),
and
_y DWW B
R(k[k,y(0)=ig, v =t ,j =i ,1__ >k
_ _: _n_.n .n_.nm - K
= E{x(k)ly(OJ—lo,r =t ,j =i ,rn+1>k,Y } (4.3]2

and are given by the usual Kalman-filter algorithms by using the
values of {y(0),y(1),...,¥(k)} specified as conditioning. The

a posteriori probabilities P(Y(O)=io,rl>k|Yk) and P(Y(0)=i0,

n_.n .n .n k .
T=t ,j =i ,1n+1>k]Y ) are given by

PO [v(0)=1 5,72k, Y )Py (0) =1 g, oK Y

2.4

_1)

P(Y(O)=io,rl>k|Yk] =
k-1
Py (k) [Y )
(4.4)

- 21 -



Sec. 2.4

and

P(Y(0)=io,rn=tn,jn=in,t 1>k|vk)

n+

& - n_,n .n_.n k-1
= P(Y(k)lY(U)-IO,T =t .3 =1 ,rn+l>k,Y )

n

: N, k-1 k-1
x P(y(0)=ig, 7 =t", =i", 7 >k[Y /PR [YT) (4.5)

where the conditional probability density function p(y[k)!y[0]=i0,
k-1

Tl>k,Y ") is Gaussian with
mean = H(k,io)ﬂ(k|k-1,y{0)=io,rl>k) (4.6)1
cov = H(k,i )P(k|k-1,y(0) =iy, >K)H' (k,i)

+ R(k,iD)R'[k,iD], (4.6)2
and also p(y(k) [y(0)=iy,<"=t",j"=i"t__ >k,¥*") is Gaussian
with *

_ . e BT LR
mean = H(k,anX[k|k-1,y(0)-10,T =™ 5 =i ,Tn+1>k) (4.7)1
_ S - n_.n .n_.n .
cov = H(k,ln)P(k]k—l,y(O)—lo,r =t ,j =i ,Tn+l>k)H'(k,1n]

+ ROk, R (K4 ). (4.7),

Moreover, the a priori probabilities P[Y(O):ig,11>k[Yk_1)

and P(T(O)=io,r“:t“,j“=i“,rn+1>klrk‘l) appearing in (4.4) and

(4.5) are given by

= 2 S
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P(y(0)=ig,t>k[YY) = p, . KPCr(O)=ig,r k1Y) (4.8,

0°"0

and

_s n__n .n_.n k-1
P(y(0) ipTr =t ,j=i ,tn+l>k[Y )

s n_n .n_.n k-1 :
pin’in(k)P(y(OJ-lo,T =t ,J =i ,Tn+1>k-l|Y ), if t < k-1,

i n-1__n-1 .n-1_.n-1 k-1
pin$1’in(ka(Y(O)-10’t =t ,j =i .Tn>k-1!Y ¥y

if t =k (4.8),

Furthermore, the conditional probability density function

p(y(k) Y1) appearing in (4.4) and (4.5) is given by

M
Py [Y<h) = le(y(k)[v(o)=io,rl>k,vk'1)P(Y(0)=io,xl>kIYk‘l)
1=

0
k-n+l k-n+2

M k
D IR E ) ) .
# n

1 t.=1 t =t . +1- t =t 1

1 271 n

POy (K) |v(0) =i, < =t 51", sk, YE D)

n+l

. N_.Tn .n_.n k-1
x P(y(0)=ij,T =t ,j =i ,t_ . >k[Y ). (4.9)

Derivation of Optimal Estimator Algorithm II :

Similarly as in the derivation of the optimal estimator
algorithm I, equation (4.2) follows from the smoothing property

of conditional expectations (Doob, 1953). The conditional esti-

= I =
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mates R(k|k,v(0)=ij,t,>k) and R(k|k,y(0)=ig, T =t",i =i",1_,  >k)

>
n+l
defined by (4.3) are given by the usual Kalman-filter algorithms;
because the values of the Markov chain are specified as condi-
tioning. The a posteriori probabilities P(Y[0)=i0,rl>k|Yk)
and P(y(O)=io,1n=tn,jn=in,1n+1>k|Yk) are obtained by applying

Bayes' rule (Ho and Lee, 1964), and are given by equations (4.4)-

(4.9).

Remark : Optimal estimator algorithm II is almost the same as
optimal algorithm I and is obtained merely by replacing Markov
chain {y(0),y(1),...} by random sequence {Y(O),Tl,jl.rz,jz,...}.
But the idea for optimal algorithm II is useful for us to obtain
the optimal estimator algorithm for continuous systems, which
will be made clear in chapter III. It sﬁould, however, be noted
that optimal estimator algorithms I and II require the evergrow-
ing amount of memory, so that approximate estimator algorithms
are to be developed for practical implementation. Finally, it
should be noted that, for the case when only a small number of
jumps occur, optimal estimator algorithm II is more effective

than optimal algorithm I.
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2.5 Approximate Estimator Algorithms

In this section, we shall first show an approximate esti-
mator algorithm based upon optimal algorithm I; and later, another

approximate estimator will be shown based upon optimal algorithm II.

2.5.1 Approximate Estimator Algorithm I

Optimal algorithms I and II are infeasible because the ever-
growing amount of memory is required; so that a feasible approxi-
mate estimator algorithm will be derived under the following

assumption.

Assumption : The conditional probability density function

p(x(k—l)[Yk_l) of x(k-1) given Y**1 .is Gaussian with

E{x(k-1) Y"1} = x*(k-1|k-1) (5.1),

k-1 *
Cov{x(k-1)|Y 7} = P (k-1]k-1) (5.1,
for all k.

This kind of assumption has already been used in deriving
the approximate nonlinear filters for the usual nonlinear esti-

mation problems (Jazwinski, 1970).

- 25 -



Sec.

Based upon assumption (5.1), an approximate estimator

algorithm can be obtained as follows.

Approximate Estimator Algorithm I

The approximate estimate x*(k|k) of state x(k) given

observations Yk is furnished by

where

and

M
x*(k|k) = 7§ x*i(k[k)p[ilk), (5.2)
i=1

x*; (k[k) = x*, (k[k-1) + K, (k) [y(X) - H(k,i)x*, (k|k-1)]

(5.3)
x*i(klk-lj = F(k-1,i)x*(k-1|k-1) (5.4)
K; (k) = PI(k]k-l)H'(k,i)[H[k,i)P;(k[k-l)H'[k,i)

+ R(k,i)R"(k,i)] 1 ) (5.5)

2.5

P;(k|k-1) = F(k-1,1)P (k-1|k-1)F'(k-1,i) + Q(k-1,i)Q" (k-1,1)

(5.6)
M
Ai(k).glpji(k)pfj|k-1)
Pk = — . (5.7)
A (k) ) ope.(K)p(ik-1)
121 * j§1 It

B =
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Here,

k-1

Ay (k) = p(y (k) [y(K)=i,Y""7) (5.8)

and the probability density function p(y{k)ly[k)=i,Yk-l) is

Gaussian with

mean H(k,i)x*i(k]k-l} (5.9}1

cov H(k,i)P;(k|k—l)H'(k,i) + R(K,i)R' (k,1). (5.9),

*
Moreover; the approximate error covariance matrix P (k]k) is

given by
N M
P (k|K) = .21{[x*(klk) - x* (K]0 ] [x*(k[K) - x* (k[0
1=
+ P;(klk)}pfilk), (5.10)
where i
P;(k[k) - P;(klk-l) - Ki(k)H(k.i)P;[k]k-l). (5.11)

Derivation of Approximate Estimator Algorithm I

Rewriting (3.10), we have

M
pCx(k) [YS) = .Eop(x(k)|v(k)=i,vk)P(v(k)=ilvk). (5.12)
1=

This expression is convenient for deriving the approximate sequen-

tial estimator algorithm as shown below. Let us first evaluate

= 2 =
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the conditional probability density function p[x(k)|7(k)=i,Yk).

By use of Bayes' rule (Ho and Lee, 1964), we can see that

Py (X) [y (k) =1,x(k)) p(x (k) IY(k)=i,Yk_lJ

p(y(K) |y(k)=i,Y< 1)

POx(K) [y (K)=1,Y") =
(5.13)
From (2.2), p(y(k)]y(k)=i,x(k)) is Gaussian. Therefore, from
(5.13), we see under Assumption (5.1) that p{x(k)]y(k)=i,¥k]
is also Gaussian with mean and covariance given by (5.3) and
(5.11), respectively, where in (5.3) and (5.11) gain matrix Ki(k)

is given by (5.5), and

x* (k|k-1) = E{x(K) |y(k)=1,Y*"1) (5.14)

k-1

P;(k|k-1) = Covix(k) |y(k)=i,Y< 1}, : (5.14),

For each i, (5.3) is the same as the usual Kalman-filter algo-
rithm, and Ki(k} defined by (5.5) is the associated optimal
gain matrix. From (5.12) and (2.6), the approximate minimum-
variance estimate x*(k|k) is given by (5.2).

Moreover, the associated error covariance matrix:
Pk = B{[x(10) - x*(K[10][x(X) - x*(k[K)]"|¥*)

can be expressed as
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P (k]k) = E{[x*(klk) - x*Y(k)(klk)][x*(k[k) - x*Y(k)(k|k)]'

5 Cov{x(k)|y(k),Yk}|Yk}

which becomes (5.10) under Assumption (5.1).
Now consider the conditional probability P(Y(k)=i[Yk}.

To simplify the notation, we define
. 1ok .
p(ilk) = P(y(K)=i]Y"), i=1, 2,..., M. (5.15)

Application of Bayes' rule gives

Py (k) [y (k) =i, Y 1y Py (k) =1 YY)

p(ilk) = , (5.16)

M
_Elp(y(k)IY(R)=i,Yk'1)P(Y(k)=i]Yk'1)
1=

where from Assumption (5.1) the conditional probability density

k-1

function p(y(k)|y(k)=i,Y °) is Gaussian with mean and covari-

ance given by (5.9). Also, we see from (2.3) that the a priori

probability P(y(k)=i]¥*"Y) in (5.16) is given by
ey, B k1
P(y(K)=i|Y""7) = _Elpji(k)P(v(k-lJ=J|Y ). (5.17)
J:

Substituting (5.17) into (5.16) yields (5.7)-(5.9) by

definition (5.14).

= T =
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2.5.2 Approximate Estimator Algorithm II

In this subsection, we shall present an approximate esti-
mator algorithm which corresponds to optimal estimator algorithm II
proposed in section 2.4. We assume here that the time interval
of interest is finite and the final time is equal to T.

Let us define the number of jumps which occur in the time

interval [0,k] as
n* = max{n|t_ e {1,2 k}}
» a PP,

Then for a small positive number e, define N as a positive
integer such that if N > Ny the inequality

P(nf <N)>1-c¢ (5.18)

is satisfied. In other words, the Markov chain (k) jumps more
than Ny times in the time interval [0,T] with probability less

than e. Here, since the discrete system is considered, the integer
No defined above is less than T for any e. Therefore, we can
obtain the optimal estimate of x(k) with probability greater

than 1 - g, if we take
_ k k
x*(k|k) = E{x(k)|Y »n_<Np} (5.19)

as an estimate of x(k).
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By the smoothing property of conditional expectations,

equation (5.19) can be expressed as

x*(k[K) = E{E{x(K) [v(0),7"0, 50, ¥} |¥*, nkeng)
o K
= ) R(k|k,y(0)=i,1,>k)P(y(0)=i,,1,>k|Y")
. L 0’1 0’1
i.=1
0
min{k,Ng) M ‘M k-n+l k-n+2 k
+ ) E ---. X E E L z
n=1 10—1 }n-! tl—l tz—t1+1 tn-tn_1+l
iT#1
n’ n-1
i n N .n.n
Rk [k, y(0)=ig, T =t",j =1, >k
_: _M_.Mm .n_.n k
* P(YEO)—]-O:T =t ) =1 ’Tn"'l)kly )1
(5.20)
5 4 n _n .n .n
where R(klk,y(D)-10,11>k) and i(k]k,y(o)—lo,r =t ,j =i,1 .k

are defined by (4.3), and min(a,b) denétes the minimum of a

and b. The approximate estimate x*(k|k) is given by (5.20)
together with (4.3)-(4.9) where in (4.9) the summation with respect
to n should be performed up to min(k,Ny) terms similarly as

in (5.20).

Remark 1 : We have proposed two approximate estimator algorithms
for discrete system (2.1) and (2.2). The approximate estimator

algorithm I presented in section 2.5.1 has a simple structure
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as compared with the approximate estimator algorithm II proposed

in this subsection. The feasibility of the approximate estimator
algorithm I will be demonstrated by numerical examples in section 2.8.
If the more accurate estimate of x(k) is desired, the approximate
algorithm II may be recommendable and positive number e in (5.18)
should be chosen closely to zero. The idea for the approximate
estimator algorithm II is useful for the derivation of an appro-

ximate estimator algorithm for continuous systems.

Remark 2 : 1In deriving the approximate estimator algorithm I,
Gaussian assumption (5.1) is used. This kind of assumption is
frequently employed in deriving approximate nonlinear filters
for usual nonlinear systems (Jazwinski, 1970); however, the
justification of the assumption has not yet been made. The only
related works are the comparative studies on several nonlinear

approximate filters (Schwartz and Stear, 1968; Wishner et al., 1969).

2.6 Adaptive Estimation with Unknown Transition Probability

of Markov Chain

In this section, we consider the Bayesian estimation problem

for linear discrete systems with a stationary Markov chain, where
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the values of the transition probabilities of the Markov chain
are unknown but fixed. For simplicity, a two-valued Markov chain
taking on values of 0 or 1 1is considered in the sequel; but
the extension to the case of the general multi-valued Markov
chain is immediate.

Let us consider the system represented by (2.1) and (2.2),
where the Markov chain y(k) 1is stationary and the transition

probabilities do not depend upon time k, that is,

Py(K)=j|v(k-1)=1) = Pij » i, 3 =0, 1. (6.1),

Let P be the transition probability matrix of the Markov chain

Y (k)

P = . (6.1]2

and let the initial distribution be given by

m = [p,y, Pyl
where P; = P(y(0)=i), i =0, 1. It should be noted that the
transition probability matrix P is characterized by the two
values Poo and Pi1- It is assumed that Poo and p,, are
unknown constants whose a priori joint probability density

function is uniformly distributed over [0,1] x [0,1]; that is,

- 33 -
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P(PggsPyy) = 1 »  for (pygsPy,) € [0,1] x [0,1]. (6.2)

The problem is to find the adaptive estimator algorithm
that sequentially produces the approximate minimum-variance esti-
mate x*(k|k) of state x(k) by observing the data {y(0),y(1),

.,¥(k)}, and that can be applied when the values of the tran-
sition probabilities of the Markov chain +y(k) are unknown. In
order to derive the sequential adaptive estimator algorithm, we
employ the same assumption as (5.1).

The adaptive estimator algorithm is then given as follows.

Adaptive Estimator Algorithm

The approximate minimum-variance estimate x*(k|k) for
system (2.1) and (2.2) with unknown transition probability matrix
P 1is given by

1
x*(k|k) = igox*i(klk)pfilk), (6.3)

where

x*; (k[K) = x*, (k[k-1) + K, (K) [y(K) - H(k,i)x*; (k|k-1)]

(6.4)
x*i(k|k-1) = F(k-1,i)x*(k-1]k-1) (6.5)
K; (K) = P;(k[k-l)H'(k,i)[H(k,i)P;(k|k—1)H'(k,i)

+ R(K,1)R" (k,1)] 7! (6.6)
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P;(k[k—l) = F(k-1,i)P (k-1|k-1)F' (k-1,i)

+ Q(k-1,1)Q" (k-1,1)

and
1—.
Alckaigopilck-1>pc1lk-1)
P(1]K) = :
T A (k) ¥ P, (k-1)p(ilk-1)
j=0 J izo 4
P(O[K) =1 - p(1]K)

Here, in (6.8),

A () 8 by lywy=j, YN

and the probability density function p(y(k)|y(k)=j,Y

Gaussian with s

]

mean H[k,j)x*j(klk-lj

cov = H(k,3)P] (k|k-1)H" (k,3) + ROk, IR' (k).

Also, E&i(k-l) (i=0,1) in (6.8) are given by

1

— k-1
pii(k'lJ = J piip(piilY
0

)dp. .

where

o BB
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(6.7)

(6.8)

(6.9)

k-1, 4

(6.10),

(6.10),

(6.11)
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1
= k-1
thj(k)[pojp(olk-l) + P (-1)p(A[k-D]p (R, [Y" )

i .
P(polY ) = 2 : —
YA (k) T p;; (k-1)p(i |k-1)
j=0 ) "i=o
(6.12)
and
- — k-1
) L 2500 [Py (k-D)p(0[k-1) + pyp(1[k-D]Ip(py ¥ )
_ J=0
p(py, Y1) = 1 T
Y OAL(K) ) pi.(k-l)p(ilk-l)
j=0 1 “i=o M

(6.13)

*
Moreover, the approximate error covariance matrix P (k[k) is

given by
i 1
P (klk) = ) {[x*(kik) - X*i(klk)][x*[klk) - x* (k|k)]!
i=0
+ P;(klk}}p(ilk) ;. (6.14)
where
Pi(k|k) = Pi(klk-l) - Ki(k)H(k,i)Pi(klk—l). (6.15)

The initial conditions are as follows:

x*(0]-1) = E{x(0)}; P (0]-1) = Cov{x(0)};
P(pooh'o) = P(PIIIYOJ =1, 0 s POD; P” = 1;

A (0)p,

A (0)p) + Ag(0)py

p(1]0) =

= 6 =
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Derivation of Adaptive Estimator Algorithm

The minimum-variance estimate x*[klk) is given by the

conditional expectation:
x*(k|K) = E{x(K) [Y<) = J nx(k)pcx(k)lvk)dx(k). (6.16)
R

By the smoothing property of conditional expectations (Doob, 1953),

Elp(x(K) [(K) .. .,y(0),Y5) |¥¥)

1
P(x(K) [7(0) =iy, ..,y (K)=1, ,Y5)
0 ik=0

p(x(k) |Y5)

n
[ e Nl
L]
L]
[ ]

x Ply(0)=iy, ..., v(K)=i, |¥5).
(6.17)

Therefore, the right-hand side of (6.17) is the weighted sum of
2k+1 Gaussian probability density functions p(x(k]|7(0]=io,...,
Y(k)=ik,Yk). Thus the evaluation of the.conditional probability
density function p(x(k)!Yk) through (6.17) is not feasible,
because the evergrowing amount of memory is required. To circum-
vent this difficulty, we derive the approximate estimator algo-
rithm (6.3)-(6.15) under the assumption that the conditional
probability density function p(x(k-1)]|Y*™1) of x(k-1) given

Yk'l is Gaussian for all k with

mean = x*(k-1|k-1) (6.18),

P (k-1]k-1). (6.18),

cov

= 8 =
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Rewriting (6.17), we get

—

Px(K) Y = T p(x(l) [y(R)=1,YPy(0=i YY) . (6.19)

i=0

Let us first consider the conditional probability density
function p(x(k)[y(k)=i,¥k). By use of Bayes' rule, we can see
under assumption (6.18) that p(x(k)|y(k}=i,Yk] is Gaussian with
mean x*i(k]k) and covariance matrix P:[k|k), where x*i(klk)
and P;(klk) are given by (6.4)-(6.7) and (6.15).

Next, let us consider the a posteriori probability P(vy(k)

=i[Yk) appearing in (6.19). Define
. T :
p(ilk) = P(y(k)=i]Y) , i =0, 1. (6.20)
By the smoothing property of conditional expectations,

P(11K) = E(R(v(K)=1[pyy,py,»Y") [Y¥}

It

1,1
JOJDP(y(k)—lipoo,pll,Y )P (PP 1Y )dpPyodpy,
(6.21)

and

p(0lk) =1 - p(1]k).

In order to obtain a feasible sequential estimator algo-
rithm, it is assumed that the information for x(k-1) and y(k-1)

given Yk-l, that is, (6.18) and p(1l]k-1) is complete, and the
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one-stage filtering will be repeated at each sample time. Thus

it follows from Bayes' rule and assumption (6.18) that

1
A ) T opy p(ik-1)
k i=0
P(y(K)=1|pyq,P 1Y ) = . (6.22)
| LA ] p,.p(ik-1)
j=0 4 1=
and
1 1 k-1
) jzohj(k)izopijp(ilk-l)p(poo,plllv )
P(Pyy:Ppp 1Y) = i = , (6.23)
Y AR} pys(k-1)p(ik-1)
j=0 1 “i=0

where Aj(k) 4 p(y(k)ly(k)=j,Yk-1) is Gaussian with mean and

covariance given by (6.10), and

1,1
k-1, _ k-1
} - Jojopijpgpoo}plllY }dpoodpllt

(6.24)

= 4
pij(k_l) - E{pijly

that is, Eij(k-l} (i,j=0,1) are the estimates of the unknown
transition probabilities Py based upon Yk'l. Substituting
(6.22) and (6.23) into (6.21) and performing the integration
yields equation (6.8). It should be noted that for the evaluation
of the conditional probability p(1|k) the values of the condi-
tional means Eii(k-l) (i=0,1) are required in (6.8). By

assuming that

k-1 k-1 k-1
P(PogsPyy 1Y ) = PRy lY Ippy, 1Y)
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for the joint conditional probability density function P(POO’

plllYk_l), the integration of (6.23) with respect to P1q and
Poo’ respectively, yields (6.12) and (6.13).

Moreover, since the conditional covariance matrix
* k
P (k|k) = E{[x(k) - x*(k[K)][x(k) - x*(k[K)]"|Y"}
is expressed as

@ 1
P (klk) = _Zop(ilk)ﬁ{[xtk) - x*(k[k)]
1=
x [x(K) - x*(k[K)] |y (0=1,Y"} ,

equation (6.14) is immediate.
Finally, equation (6.3) can be obtained from (6.19) and
(6.16). This completes the derivation of the adaptive estimator

algorithm

Remark 1 : Equations (6.12) and (6.13) are, respectively, the
recursive relations for the marginal conditional probability
density functions and they are related to each other only through
the conditional means 5ki[k-l) (i=0,1). Thus only the storage

of the respective marginal conditional probability density func-
tions is required. The conditional means are obtained by numerical

integration over [0,1] as
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1 N
- k-l ! k-l
Py (k-1) = f Py PRy Y dpy; S % ] pf P(ps; Y )
0 s=1

where i =0, 1, and N denotes the number of grid points in [0,1].

Remark 2 : It should be noted that, if the values of the transi-
tion probabilities pij (i,j=0,1) are known a priori, the non-
adaptive sequential algorithm is given by replacing Eij(k-l) in

(6.8) by the known values of pij (cf. section 2.5.1).

2.7 Special Case : State Estimation for Linear Discrete System

with Interrupted Observation

We have considered, with great generality, the estimation
problems for linear discrete systems with a Markov chain. In this
section, our attention is focused on linear discrete systems
including the Markov chain in a special way, that is, linear
discrete systems with interrupted observations.

Let the system be represented by the following linear

stochastic difference equations:

x(k+1)

F(k)x(k) + Q(k)w(k) (7.1)

y(k) = y(k)H(kK)x(k) + R(k)v(k). (7.2)
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The difference between the present system (7.1) and (7.2) and
the original system (2.1) and (2.2) is that in (7.1) and (7.2)
matrices F(k), Q(k) and R(k) do not depend upon the Markov
chain y(k); that the observation matrix appearing in (2.2) has
the special form vy(k)H(k) in (7.2); and that the Markov chain
y(k) takes on values of 0 or 1 in the present system. The
Markov chain +vy(k) characterizes the interrupted observation
mechanisms and is called interruption process in the sequel.
If the interruption process <y(k) is equal to 1, the observation
y(k) contains the information about the state x(k); while if
vy(k) 1is equal to 0, the observation y(k) contains the noise
only.

For system (7.1) and (7.2), the approximate estimator

algorithm I presented in section 2.5.1 becomes as follows.

Approximate Estimator Algorithm

The approximate estimate x*(klk) of state x(k) based

upon observation Yk is given by

x*(k|k) = x*(k|k-1) + p(1|K)K(K) [y(k) - H(kK)x*(k|k-1)]
(7.3)

where

x*(k|k-1) = F(k-1)x*(k-1|k-1) (7.4)
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K(k) = P (k|k-1)H' (k) [HCK)P (k|k-1)H' (k) + R(K)R' (k)] ™}

(7.5)
P*(k[k—l) = F(k-l)P*(k-I]k-l)F'(k-l) + Q(k-1)Q' (k-1)
(7.6)
and
1
Al(k)izopil(k)P(i[k-l)
P(1|K) = — . (7.7)
AL(K) T op, . (K)p(i|k-1)
jzo J izo ) |
p(0]k) =1 - p(1]k).
Here,
2,00 & piyGaly(=3.Yh 5 =0, 1 (7.8)

and the probability density function p(y(k)ly(k)rj,Yknl) is

Gaussian with “

mean = j<H(k)x*(k|k-1) (7.9,

cov = jeH(K)P (k|k-1)H' (k) + R(K)R'(K). (7.8}

*
moreover, the approximate error covariance matrix P (k!k) is

given by

P(k|k) = P (k|k-1) - p(1IOKCOHKP" (k|k-1)

+p(1[K)[1 - p(1]|K)IKK)TXIK' (k), (7.10)
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where

T(k) = [y(k) - H(K)x*(k|k-1)][y(k) - H(k)x*(k|k-1)]"
(7.11)

Remark : The simplification of the present algorithm is due to
the fact that system equation (7.1) does not depend upon inter-
ruption process vy(k) and that interruption process vy(k) takes

on values of 0 or 1 only.

Now, we shall make a further specialization as follows.

Case 1 : The interruption process y(k}) is an independent sequence
with
P(y(K)=1) = p(k) (7.12),
P(y(k)=0) =1 - p(k). - (7.12),

Here, p(k) 1is the probability that the kth observation conveys
the information concerning the state x(k). Consequently, at

any time the observation is interrupted with probability 1 - p(k).

Case 2 : The interruption process vy(k) 1is constant for all k

and is equal to Yy, where the value of <y 1is unknown and

]
>

P(y=1) (7.13)1

n
—
]
>
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Here, the transition probability matrix becomes

and the initial probability distribution is

7 = [1-2,A].

For Case 1, the approximate estimator algorithm is given

as follows.

Approximate Estimator Algorithm for Case 1

The approximate estimate x*(k|k) 1is given by (7.3)-(7.11),

where for Case 1 equation (7.7) becomes

A (K)P(K)

A PG + AGCIT - p(]

p(1lk) = (7.14)

For Case 2, the optimal estimator algorithm presented in
sections 2.3 and 2.4 becomes feasible, because the interruption

process vy(k) does not jump. In fact, equation (3.10) becomes
k 1 k k
POX(K) YD) = § p(x(k)|y=i,Y )P(y=i Y"), (7.15)
i=0

and the a posteriori probability density function p[x[k)iYk) is

the weighted sum of two Gaussian probability density functions
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for all k. The optimal estimator algorithm in section 2.4

becomes, for Case 2, as follows.

Optimal Estimator Algorithm for Case 2

The minimum-variance estimate £(k|k) is given by

2(k|k) = p(1]K)& (k[k) + [1 - p(1[K)]%,(K[K), (7.16)
where
2i(k|k) = Ri[k]k—l) + i-K(k) [y(k) - H(k)xl(kyk-l]] (7.17)
K(k) = P, (k|k-1)H' (k) [H(K)P (K [k-1)H' (k) + RCK)R' (k)] 7}
(7.18)
P, (k|k) = P, (k|k-1) - i-K(K)H(K)P, (k|k-1) (7.19)
xi(k+1|k] = F(k)xi(klk) (7.20)
ﬁi(k+1|k) = F(k)ﬁi(k]k)pr(k) + q(ﬁ)q'(k], i=0,1,
(7.21)
and
A (0)p(1]k-1)
p(l]k) = : (7.22)
A ()P(L[k-1) + Ag(K)[1 - p(1[k-1)]
Here,
A (%) & ply(k) [y=1,Y""h) (7.23)

- . » . yk-1
and the conditional probability density function p(y(k)|y=1.Y )

is Gaussian with
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mean = i+H(K)%, (k|k-1) (7.24)

cov i-H(k)ﬁl(k[k-l)H-(k) + R(K)R' (k). (7.24),

Initial conditions are

£,(0]-1) = E(x(0)} ,  P,(0]-1) = Cov{x(0)} , i =0, 1
and

p(1]-1) = .

Moreover. the estimation error covariance matrix is given by

P(k|K) & covix(x) Y
= p(1[K)P, (k|K) + [1 - p(1]K)]Py(K[K)
+ p(1[K)[1 - p(1]k)] [xlﬂilk) - Ko(klk)]
x [% (k[k) -2 (k|k)]'
d 0 (7:25)
Remark 1 : Nahi (1969) considered the class of linear estimators

for the above-mentioned two cases. His result is entirely differ-
ent from the above result in that the estimator dynamics given

by (7.3)-(7.11) and (7.14) for Case 1 and (7.16)-(7.25) for Case 2
is nonlinear with respect to observations and that the correspond-
ing covariance equation is directly related to the observations.

It may be noted that for Case 1 if the conditional probability
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p(1|k) defined by (5.14) is reduced to 1, then the resultant
estimator becomes the usual Kalman filter (Kalman, 1963; Bucy and
Joseph, 1968). This shows the plausibility of the proposed esti-

mator algorithm.

Remark 2 : The result for Case 2 substantially agrees with the

one by Magil (1965), and the extension of the result to the case

of multi-valued y is immediate. Moreover, regarding the parameter
y as the unknown system parameter, the present result is directly

applicable to parameter identification problems (Lainiotis, 1971).

Remark 3 : For the interrupted observation process considered
here, we could implement the likelihood ratio test (Van Trees,
1968) in order to detect whether y(k) is 0 or 1; after the
decision has been made, we believe that it is absolutely correct.
If the answer is vy(k) = 1, then the observed data will be used
by the estimator for the purpose of prediction or filtering.
However, associated with the decision made, there is a nonzero
probability that the observation contains no information concern-
ing the state to be estimated, that is, a nonzero probability of
false alarm. It is clear that this information, which is contained
in the conditional probability p(l]k], is useful for improving

the performance of the estimator. As is seen from (7.14),
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p(1|k) is nonlinear with respect to observations. Therefore, if
we restrict ourselves to the class of linear estimators, we can
not utilize this information. In view of this, the linear esti-

mators developed by Nahi (1969) may not be very effective.

Furthermore, we shall consider the adaptive estimation

problem for the following case.

Case 3 : The situation is the same as in Case 1, except that

p(k) defined by (7.12) is constant, that is,
p(k) =q, k=0,1, 2,... (7.26)

and that the value of q is unknown. The a priori probability

density function of q 1is assumed to be given by
p(q) =1, for 0<qz=<1. (7.27)
It is to be noted that from (7.26) there holds
Pyy =1 - Py =4 (7.28)

for Py and Poo in (6.1)2 and thus that the conditional

joint probability density function of Poo and Pyy becomes

where §&6(-) .is Dirac delta function. Substituting (7.29) into
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(6.23) and performing the integration with respect to Poo yields

o I 00q a0 - @lpaYh
p(q|Y") = — — , (7.30)
A OT(k-1) + A( [ - qlk-1)]

where q 1is used in place of Ppoe

1
qk-1) & B(q¥* Yy - J qp(q|Y* Yy, (7.31)
0

and hj(k] = p(y(k)[y(k)=j,¥k—1) is Gaussian with mean and co-

variance given by (7.9). Moreover, by the similar procedure as

taken in the derivation of (6.8), we have

A, (0 q(k-1)

A (T(-1) + A [T - qk-1)]

p(l]k) = (7.32)

Thus the adaptive estimator algorithm for Case 3 becomes as

follows.

Adaptive Estimator Algorithm for Case 3

The adaptive sequential estimate x*(k|k) for Case 3 is

given by (7.3)-(7.6) and (7.8)-(7.11) together with (7.30)-(7.32).

Remark 4 : It should be noted that p(1l|k) defined by (7.32)
is also obtained by replacing p(k) in (7.14) by q(k-1) given

by (7.31). Therefore, comparing the adaptive estimator algorithm
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with the nonadaptive one, the increase of the amount of computa-

tion in the adaptive case is only the calculation of q(k-1).

Remark 5 : It should also be noted that since the approximate
estimator algorithms are entirely based upon the assumption that
the a priori conditional probability density function p[x[kJ]Yk'l)
is Gaussian, there is a possibility of divergence of the estima-
tion error (Jazwinski, 1970), and the quality of the estimate

is not known from the covariance equations defined by (7.6) and
(7.10). Therefore, the justification of the assumption must be
made in connection with the stability of the proposed estimator
algorithms. These are common problems associated with the non-
linear approximate filtering (Jazwinski, 1970). But the evalu-
ation of the accuracy of the approximate nonlinear estimators

is in general extremely difficult; there are only a few papers
on this problem so far (Schwartz and Stear. 1968; Wishner et al.,
1969). Finally. it may be noted that the advantage of Nahi's
linear estimators is that it is free from the above-mentioned
difficult problems associated with approximate estimators; that

is, the quality of the estimate is known a priori from the co-

variance equations.

We have shown sequential estimator algorithms for several
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special cases. In the next section, simulation studies will be
carried out to demonstrate the feasibility of the proposed esti-

mator algorithms.

2.8 Numerical Example

First, we shall show examples illustrating the application
of the proposed estimator algorithms and compare the performance
of the proposed nonlinear estimator with that of the best linear
estimator due to Nahi (1969) for Case 1 where the interruption
process y(k) is an independent sequence.

Consider the scalar system:

x(k+1) = ax(k) + Qw(k) (8.1)

y(K)x(k) + Rv(k), (8.2)

y (k)
where |a| < 1, and let p(k) = q. Here, p(k) is defined by
A
p(k) = P(y(k)=1),

which is the probability that the kth observation conveys the

information concerning the state x(k). From (7.5},
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*
P (k|k-1)
K(k) =

- 5 (8.3)
P (k|k-1) + R

By using (7.3) and (7.10), we have

x*(k|k) = x*(k|k-1) + p(1[K)K(K) [y(k) - x*(k|k-1)],
(8.4)
PI(k|K) = P (k[k-1) - p(1]IOP (k|k-1)%/2 (k)
+p([0 [ - p[IPT (k[k-1)?
x [y - x*(k[k-11%/2007, (8.5)
where
$(k) = P (k|k-1) + RZ. (8.6)
Also, from (7.4) and (7.6),
x*(k|k-1) = ax*(k-1|k-1), (8.7)
P (k|x-1) = a?P (k-1|k-1) + Q°. (8.8)

Moreover, from (7.7)-(7.9),

qRexp{ - [y (k) -x* (k | k-1)1%/22 (k) }
P(1]k) =

qRexpl - [y (k) -x* (k[k-1)12/25 ()} + (1-) 2/ 2 (k) expl-y (k) 2 (k) /2R%)
(8.9)

Digital simulation studies are carried out by using the
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following set of numerical values:

a=0.95 Q°=0.64, R°>=1.69, q

0.8

*
x*(0|-1) =10, P (0|-1) = 2.

The initial value of the state x(0) is sampled randomly at each
experiment from the population with N(30,2), whereas the initial
estimate x*(0|-1) 1is fixed in the whole experiment as above.
Figure 2.1 displays the running values of the estimate
x*(k|k-1), together with the estimate x(k|k-1) due to the linear
estimator (Nahi, 1969), and the actual state x(k). The covariances
are displayed in Fig. 2.2. We observe that if +v(k) = 0, the
covariance P*(k]k—l) of the next stage takes a large value; on
the other hand, since P(k|k-1) due to Nahi (1969) is determinis-
tic, it is independent of the actual obsé}vations. This is a
typical feature of the nonlinear estimator which involves the

estimation algorithm (B8.9). The performance of the two estima-

tors is compared on the basis of the sample root mean squares:

1
¥ j 2\2
Cr(k) =15 I (k) - x*(k|k-1)]%° (8.10)
j=1
1. . :
(k) = {-ﬁ; .Xl[xJ(k) - ;Jmk-m?}z , (8.11)
J:

where C*(k) 1is the performance index of the nonlinear estimator,
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and C(k) is that of the best linear estimator (Nahi, 1969), and
the superscript j denotes the number of simulation run. Total
of 50 runs are made in each experiment (N=50); each run has a
different noise sample. The results are shown in Figs. 2.3 and
2.4. The difference of the two experiments is that in Fig. 2.4
the sequence {y(k), k=0, 1,...} is fixed through out the
experiment. We can observe that the nonlinear estimator indicates
significant improvement over the linear estimator, especially
in the earlier stages of estimation. This fact is explained as
follows. Since, in the earlier stages, the S/N ratio xz(k)/R2
is extremely high, then whether y(k) = 0 or 1 can be detected
by (8.9) with high accuracy. Therefore, the present nonlinear
estimator may produce nearly optimal estimate.

We now turn to the adaptive case Jhen the actual value of
q is unknown, which was treated as Case 3 in the previous section.
For the computation of p(q|Yk) by (7.30), it is approximated by
the values on 100 grid points equally spaced in [0,1]. Thus
from (7.30),

[a A () + (1-a A (0 1p(a, [Y*h)
s'1 s” 0 5

p(qlek) = — — ,  (8.12)
Q(k-l)ﬂl(k) + [1 - CI(k-l)]AO(k)

where q_ = s/100, s =1, 2,..., 100, and from (7.31),
s
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_ - 100 ]
a(k-1) = J qpla |y ")/100 . (8.13)
s=1

Then from (7.32),

. q(k-1)4, (k)
p(l]k) = — — : (8.14)
a(k-1)A, (k) + [1 - q(k-1)]A,(k)

Digital simulation studies are also carried out; the sample behav-
ior for x*(k|k-1) and P*(k|k—1) is almost the same as those
of Figs. 2.1 and 2.2. Figure 2.5 displays the tracking behavior
of q(k-1) for the unknown value of q, together with the
sample average ?(k—l) of q(k-1) for 50 simulation runs.

We may observe that although the present algorithm is an approxi-
mate one, q(k-1) serves as an estimate of the value of unknown
probability q. )

Next, let us consider the adaptive estimation problem for
the scalar system described by (8.1) and (8.2) with a Markov
chain y(k) whose transition probabilities are unknown, that is,
the system treated in section 2.6.

Digital simulation studies are carried out by using the

following set of numerical values:

*
a = 0.95, Q2 = 10, x*(0|-1) = 30, P (0[-1) =0,
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0.8 0.2
P = (unknown) , ==1[0,1, 0.9] .
0.1 0.9

The initial value of the state x(0) is assumed to be known at
each experiment, and the conditional probability density functions
p(pOOIYR] and p(p11|Yk) are approximated by the values on 100
grid points equally spaced over [0,1].

The performance of the adaptive and the nonadaptive estima-

tors is compared on the basis of the following indices:

, 10800 . .

C* =15 1 { P - x*J(k|k)|} : (8.15)
j=1'k=0

_p loso0 . 3

C=15 ) { Yo (k) - x(k[k)[} g (8.16)
j=1'k=0

where C* 1is the performance index of the adaptive estimator
presented in section 2.6, C is that of the nonadaptive esti-

mator with transition probability matrix:

-
"

0.5 0.5 ]

0.5 0.5

and the superscript j denotes the number of simulation run.
The result is shown in Fig. 2.6. We can observe that the adaptive
estimator indicates the improvement over the nonadaptive estima-

tor; the difference between the performance indices of the two
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estimators becomes larger as the variance of the observation noise
increases., Figure 2.7 displays the tracking behavior of the esti-
mated transition probabilities ﬁ;i(k-l) for the unknown values
of P;; (i=0,1) together with the sample averages ;ii(k-l) of
5ii(k-l) for 10 simulation runs. We can observe that although
the present algorithm is an approximate one, Eii(k_l) serve as
estimates of the values of the unknown transition probabilities

Pi; (i=0,1).

2.9 Concluding Remarks

In this chapter, we have derived the optimal estimator
algorithm for linear discrete systems with a Markov chain in two
forms by characterizing the Markov chain {y(k), k=0,1,2,...}
in terms of: (1) the instantaneous values of vy(k), and (2) the
initial value +y(0), the jump times Ty and the values jk taken
at the jump times. The optimal estimator algorithm, however,
requires the evergrowing amount of memory, so that the optimal
algorithm becomes practically infeasible as time elapses.
Therefore, feasible approximate estimator algorithms have been

proposed for the practical implementation. Also presented is the
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adaptive sequential estimator algorithm for the case where the
transition probabilities of the Markov chain are unknown but fixed;
therefore, the adaptive estimator algorithm presented is coupled
with the estimation of the unknown transition probabilities.
Digital simulation studies was carried out for a scalar system
with interrupted observation mechanisms and demonstrated the
feasibility and effectiveness of the proposed estimator algorithms,
although the justification of Gaussian assumption (5.1) has not
yet been available.

Finally, it should be noted that, even if the actual system
contains several Markov chains, we can express these Markov
chains in terms of a single Markov chain, so that we can assume
without loss of generality that the system contains only a single

Markov chain as treated in this chapter.’
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3.1 Introduction

Chapter 3 is devoted to ghe derivation of the optimal
and suboptimal estimator algorithms for a class of linear conti-
nuous systems modulated by a multi-valued jump process, which
are the continuous-time counterpart of those treated in chapter 2.
The approach adopted here is as follows. First, we express the
jump process in terms of its initial value, the jump times and
the values taken by the jump process after the jump, and then
we apply general Bayes' rule (Kallianpur and Striebel, 1968) and
the likelihood-ratio formula (Duncan, 1968; Kailath, 1969; Wong,
1971; Lip&er and Sirjaev, 1972) to obtain the a posteriori proba-
bility distribution of the jump process. The minimum-variance
estimate is given in terms of the a posteriori probability
distribution of the jump process and the Kalman-filter estimates
corresponding to the admissible values of the jump process.
Another approach based upon Lainiotis' formula (Lainiotis, 1971)
is also taken, which is useful for deriving approximate estimator
algorithms.

In section 3.2, we precisely formulate the estimation
problem for continuous systems with a jump Markov process.

Section 3.3 is devoted to the derivation of the minimum-variance
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estimator algorithm. The optimal estimator algorithm is, however,
infinite dimensional, so that feasible approximate estimator
algorithms are presented in section 3.4. In section 3.5, treated
are the special cases of (i) linear continuous systems with
system-component failure and (ii) linear continuous systems with
interrupted observation mechanisms. In section 3.6, simulation
studies are carried out to illustrate the behavior of the optimal
estimator and to demonstrate the feasibilty of the proposed appro-

ximate estimator algorithms.

3.2 Statement of Problem

Consider the system represented by a stochastic differen-

tial equation

dx(t) = F(t,y(t))x(t)dt + G(t,y(t))u(t)dt + Q(t,y(t))dw(t),

t>0, (2.1)

and let the observation be given by

dy(t) = H(t,y(t))x(t)dt + R(t)dv(t), t

v

0, (2.2)

where

x(t) : an n x 1 state vector at time t;
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y(t)

u(t)

F(+,°)

G(=,)

Q(.)')
R(-)

w(t)

v(t)

and

y(t)
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a p x 1 observation vector;

a q x 1 deterministic input vector;
an n x n state transition matrix;
an n x q gain matrix;

a pxn observation matrix;
an N xm matrix;

a p x p nonsingular matrix;

an m x 1 standard Wiener process with

unit variance matrix;

a px 1 standard Wiener process with

unit variance matrix;

a right-continuous jump Markov process taking on
values of 1, 2,..., M where M is a positive

integer.

We assume that the initial state x(0) is Gaussian with mean

£(0]0) 2 E{fx(0)} and covariance P(0|0) 2 Cov{x(0)}. It is also

assumed that F(t,:), G(t,:), H(t,-), Q(t,*) and R(t)

uous in t and that the stochastic processes vy(t), w(t), v(t)

and x(0) are mutually independent.
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The main objective in this chapter is to find the minimum-
variance estimate R(tlt) by observing the data {y(s),0<s<t}.
It is well known that the minimum-variance estimate &(t|t) is

given by the conditional expectation
2(t|t) = E{x(t) Y}, (2.3)

where Yt denotes the observation record {y(s),0<s<t}.

Let us define:

the random time that the kth jump of the process

'[k=
y(t) occurs; (2.4)
jk = the random value taken by the jump process
after the kth jump, that is, Y(Tk+0); (2.5)
PO dveE )
q ; (£) = lim : (2.6)
k-1""k syt s -t
and
M
q; ()=} q ;@®), k=1,2,..., (2.7)
k-1 ik=1 k-1""k
Lefi

where we assume that the limits (2.6) exist uniformly in t

and that the functions a; i (t) are continuous in t
k-1""k

(Gikhman and Skorokhod, 1969). It is also assumed that the

- T1 =
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inequality:

t
2
IDE{”H(S’Y(S))X(S)H{R(S)R' (s) }-l}ds < ® (2.8)

holds for any t > 0, where for any vector a and matrix A

of appropriate dimensions,

2
llall ¥ = a'Aa .

3.3 Optimal Estimator Algorithm

We shall first show the optimal estimator algorithm and
then prove it by two different approaches.

Let us define a" 8 (al,az,...,anf for any sequence
{ak, k=1, 2,...}. Then the minimum-variance estimator algorithm

for system (2.1) and (2.2) is given by the following.

Theorem 3.1 (Optimal Estimator Algorithm)
For the system described by (2.1) and (2.2), the minimum-

variance estimate R(tlt) is given by

M
2(t]t) = T 2(e]y(0)=1y,1 260 P(y(0)=ig,t 2¢|Y) +

10=1
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L M M M .t .t t
# T T T T J J ...I R(E]y (@)=, "t e
1

0/t t

n=lig=1i=1 i =tole, e

2 ST
117!1U 1nf1n_1
) N 5N N T t
x P{Y(0)=10)T Edt »] =1 ’Tn+1;tIY )’
(3.1)
) . N .0 .n .n
where X(tlT(0)=1g:TLiF] and x(tlY(0)=1o'T il ’Tn+1;F)

are defined by

2(t|y(0)=i,,1,2t) 4 E{x(tjly(0)=iO,T1;;,Yt} (3.2)
and

R(t|y (=1, =t",5 1", 1, >t)

A E{x(t)|T(0)=io,Tn=tn,jn=in,Tn+1;},Yt} (3.2)

and are given by the usual Kalman-filter algorithms using the
values of {y(s), 0<s<t} specified as conditioning. The a
posteriori probabilities P(Y(O)=io,rlg;|Yt) and P(Y(O)=io,

thedt”,j =i", 1 +1;}|Yt) are given by

n

L(t,{y(0)=iy, T2t P (v(0)=i, 1 >t)

L(t)

P(y(0)=ig,t,2t[Y%) =
(3.3)

and

. n n .n .n t
P[y{O]—lo,T edt ,j =i ,Tn+1;}IY )

= 7% =

*Th+l

1

2

5E)
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L Iy (=g, g e Py (0) =g, et 5=

n+liI)

L(t)
(3.4)

where

L(t,{y(s),0ss<t})

t
= exp{J X‘(sly(u],U;p<s)H'(s,y(s)){R(s)R'(s]}_ldy(s)
0

t
1 2
- 5‘leH(S,Y(SJ]K(Slw(u),0;y<S)H{R[5)R,[S)]-1 ds} (3.5)

M
) ; t
L(t) = ] L(t,{y(0)=iy, 7,2t HP(y(0)=iy,7,2t[Y")
i =1
0
= M M Mo tct t n .n .n .n
« % § T ¥ J J ---J L(t, {y(0)=i_,<"=t",i =" >t}
Lo L . L 0 n+l
n=! i =1 i =1 i =170/t t
0 iI#i in#i 1 n-1
170 n n-1
5 n 'n . .Nn
x P(y(0)=ij,v edt ,j =i ,t_, >t) (3.6)
and

%(s|y(u),0zu<s) = E{x(s) |y(u),0su<s,¥°} .

Here, the likelihood ratios L(t,{y(0)=i >t}) and L(t,{y(0)=io,

0’"1

Tnztn,jﬂ=iﬂ,1n+l§;}) are obtained by substituting the respective
values of y(s) (0O<s<t) specified in the brackets into (3.5).

Moreover, the a priori probabilities P(y(0)=io,r1;;) and

P(T(0)=i0,rngdt",jn=in,1n+l;;) appearing in (3.3) and (3.4) are
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expressed as

t
P(y(0)=ij,7,2t) = P(Y(0)=10J9XP{ = Joqi KS)dS} (3.7)
0
and

_s D_..n.n_.n
P(T(D)—ln,r edt ,j =i ,rn+1;;)

t t
= P(T(0)=10Jexp{-J q; (s)ds - J 1 q; (s)ds - ---

t n t n-1

n n-1
t

1
aw e F= I qi (S)ds}
0 0
X q. . (t )ee-q. . (t,)dt_---dt. , (3.8)
1n—1’1n n 10,11 1 n 1

where a3 (t) and q; i (t) (k=1,2,...) are defined by
k-1 k-1'"k
(2.6) and (2.7).

Remark 1 : It should be noted that the optimal estimator algo-
rithm for continuous systems can be obtained as the limiting case
of the optimal algorithm for discrete systems presented in section
2.4, chapter 1II. However, we can not obtain the optimal algorithm
as the limiting case of the discrete one presented in section 2.3,
chapter II. The success in obtaining the present theorem is
mainly due to the fact that we express the jump process. y(t) in
terms of the random sequence {Y(O),Tl,jl,tz,jz,...}, which has

been already used in section 2.4, chapter II.
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Remark 2 : R(t|y(0)=iy,7,2t) and R(t|y(0)=ip,t"=t",j =", >t)
defined by (3.2) can be obtained by the usual Kalman-filter algo-
rithms, because the behavior of the random process {y(s),0<s<t}
is specified as conditioning. Therefore, equation (3.1) means
that the ﬁinimum—variance estimate &(t|t) is given by averaging
the conditional Kalman-filter estimates given the values of the
jump process {y(s),0<s<t}. The a posteriori probability distri-

bution of the jump process is given by (3.3) and (3.4).

Remark 3 : It should be noted that since the right-hand side of
(3.1) consists of infinitely many terms, the evaluation of the
minimum-variance estimate K(t]t) through (3.1) is not feasible
except for the case when, for some finite positive integer N,

the jump process {y(s),0<s<t} does not _jump more than N times
with probability 1. Thus the feasible approximate minimum-vari-
ance estimator algorithms are required for the practical implemen-

tation, which will be discussed in the next section.

Remark 4 : It should also be noted that the value of the likeli-
hood ratio L(t) given by (3.6) is finite because of assumption

(2.8).

We shall present. two different proofs of the above theorem.

Of the two, the former is compact and straightforward; and the
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latter is somewhat involved but useful for deriving approximate

estimator algorithms which will be shown in the next section.

A Proof of Theorem 3.1

By definition (2.4) and (2.5) and the smoothing property
of conditional expectations (Doob, 1953), the conditional

expectation (2.3) can be expressed as

2(t[t) = E(EB(x() |¥(0),1,,3 ,jz,...,vt)lyt}

2

M
L E(x() [v(0)=iy,T 26, Y IP(v(0)=1, 7,2t [Y)
1,71

n+l

M M (t,t t n on.n.n t
Z a0 z J J I..J E{x(t)lY(0)=iO,T =t ’j =i i 2 ;t)Y }
n=1 i =
#

i #i 1 n-1

. Tt n .n .n t
x P(y(0)=ij,t edt",j =i ,fn+1;;|Y ) . (3.9)

From the above equation (3.9), we obtain (3.1); the conditional

expectations E{x(t)|y(0]=i0,11;;,Yt] and E{X(t)|Y[0]=io,Tn=tn,

n+lg},Yt} appearing in (3.9) can be obtained by the usual

.n_.N
J =1 ,T

Kalman-filter algorithms, because the behavior of the jump process
{y(s),0<s<t} is specified as conditioning. Therefore, in order
to complete the proof of the theorem, it is sufficient to derive
the algorithms that produce the a posteriori probability distri-

bution (3.3) and (3.4) of the jump process.

= PF =
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Suppose that P1 and PO are two probability measures
on continuous yt function space which generate the process

{y(s),0<s<t} under the hypotheses

hy + dy(s) = H(s,v(s))x(s)ds + R(s)dv(s),
for signal present, (3.10)1
and
h0 : dy(s) = R(s)dv(s), for signal not present, (3.10)2

1
{v(s),0ss<t}

generates the process {y(s),0<s<t} wunder the conditions that

respectively. Also, suppose P is the measure which
the signal is present and that the values of vy(s) (0<s<t) 1in
the bracket are fixed. Since for any Borel set A of Yt func-

tion space we have the equality -

plea) = E{P% (3.11)

Y(S),O;§<t}(A))’

1
the measure P{Y(s),0;§<t}
1

to measure P~ with probability 1. Thus there exists Radon-

is absolutely continuous with respect

Nikodym derivative dP } /dP1 with probability 1.

1
{Y(0)=io,11;;

Therefore, by the general Bayes' rule (Kallianpur and Striebel,

1968), we obtain

dp]
. {Y(O)=iO,T1;;} "
P(y(0)=ig, T, 2t|Y") = 1 (YP(y(0)=iy,T 2t)
| dp
(3.12)
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with probability 1. Also, by the property of Radon-Nikodym

derivatives (Wong, 1971; Loeve, 1963), we get

1 1

dP{1(0)=io,Tl;t] dp{y(0)=io,zl;t} apt
1 = 0 0 (3.13)

dP ; dp dp

with Pl—measure 1, where the Radon-Nikodym derivatives

1

{Y(Dj=io,11;;}
0 and —_—

dp dp

dp

exist from assumption (2.8). Therefore, from (3.12) and (3.13)

we obtain (3.3), where

ap}
A {Y(0)=i0.1:1;t} .
L(t, {y(0)=ig,72t)) § ——L 1 vh (3.14)
apr
and
A drl e
L) =S5 (o) . (3.15)
dp

By the same procedure used in deriving (3.3), we obtain (3.4),

where

L(t,{Y(O)=i0,1n=tn,jn=in,T >t})

n+1=
1
s Flr=ig, =™ i o)
A " oY . (3.16)
dp
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Likelihood ratio L(t,{y(s),0ss<t}) = dp%v(s),O§§<t} /ap% vty
is given by (3.5) (Duncan, 1968; Kailath, 1969; Wong, 1971; Lip&er
and §irjaev, 1972), because the behavior of the jump process
{y(s),0<s<t} is specified. The likelihood ratios (3.14) and
(3.16) are obtained by substituting the respective values of
y(s) (0<s<t) specified in the brackets into (3.5). Also, the

likelihood ratio (3.15) is given by

1
dP{Y(s),055<t}(Yt)} ) (3.17)

L(t) = E {
Yyl  gp

where E t{-} denotes the expectation over {y(s),0<s<t} with
Y

Y' fixed. From (3.17), likelihood ratio L(t) 1is expressed as

(3.6). Moreover, the probabilities P(Y(D)ziD-TléI) and

P(y(0)=i0,rnedtn,j"zi",rn+l;;) are expressed as

P(y(0)=ig,t,2t) = P(y(0)=1ig)P(t,2t|y(0)=iy) (3.18)
and

— n n .n_.n
P(Y(O)_lo.vt edt ») =1 :Tn+1?—_t)

= P(Tn+1;;|Tn=tn,3n=1n]P(Jn=1n|Tn=tn,Jnv1=1n“1]

o p(TnztnlTn-lztn.—l"]n—lz:l’l'a-l)dtn

x P[j1=i1|tl=t1,7{0)=10)p(11=t1Iy(O)=io)dt1P(Y(0)=iO).
(3.19)
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From (3.18) and (3.19), we can easily obtain (3.7) and (3.8)
(Gikhman and Skorokhod, 1969). This completes the proof of the

theorem.

Next, we shall show another proof based upon Lainiotis'

formula (Lainiotis, 1971).

Another Proof of Theorem 3.1

We derive (3.3)-(3.6) by applying Lainiotis' formula.
We assume that there is an underlying probability space (Q,B8,P),
where Q is an abstract set consisting of elementary events w,
B 1is a g-field of subsets of £ and P 1is a probability measure
defined on B. Now, define the number of jumps which occur in

the time interval [0,t) as
n:(m] 4 Sup{fl[Tn(lﬂ] e [0,t)},
and the measurable subset B; of Q@ as
By = {u[nl(0) < N, (3.20)

where N is a positive integer; that is, if w € B;, {y(s,uw),
0<s<t} does not jump more than N times. Therefore, if we
confine the elementary events w in B; C 9, we can regard the

initial value, jump times and the values taken after the jump
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up to time t as the unknown 2N+l-dimensional parameter vector
for linear system (2.1) and (2.2) in the time interval [0,t).
Thus, by applying Lainiotis' formula (see Appendix I), we can

obtain the following.

Lemma 1
_s ;.-
P(y(0) 10,11;;[BN,Y )

L(t,{y(0)=i,, 7,2t HP(v(0)=i,,T.>t|B")
_ 0’1 0’"1="1"N (3.21)
Ly (1)

_: N _..n .n_.n t ,t
P(y(0)=ij,t edt™,j =i ,Tn+l;;|BN,Y )

i n__n .n_.n _a n_..n.n_.n t
L(t, {y(0)=ip, T =t ,j =i, >tNP(y(0)=ij,T edt ,j =i ,rn+1;;|BN)

Ly ()
. (3.22)
where 0 < t1 < t2 < s < tn <t;, n=F1; 25:0:45N; iO = 1; 25aus
£ 5 n_n.n.n
M, L(t,{y(O)—lo,rI;;}} and L(t,{Y(O)—IO,T =t ,j =i ,tn+1;;})

are given by substituting the values of vy(s) (0<s<t) specified
in the brackets into (3.5), and LN(t) is defined by

M

L,(t) = zlL[t,{Y(0)=10.T1;I}]P(Y(0)=10,T1§i|B;)
0

N M M Mottt o
# 5 b L ] J J ---J L(t, (y(0)=iy,T"=t",j"=1", 7, 2th)
n=1 i=1i.=1 i=1'0't. ‘¢t
e, Mg 1wl
170 n n-1

x P(y(0)=i,, T edt",j"=i",1 ;;IB;) (3.23)

n+l
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From Lemma 1, we can easily obtain the following lemma
(see Appendix II).
Lemma 2

. t .t
P(y(o)=10,11;;[BN,Y )

L(t,{y(0)=i_,7.>tDP(y(0)=i ,T,>t)
_ 0’"1 0’"1 5 50

Ly' ()

P(Y(0)=io,1nedtn,jn=in,r

t t
n+1;=t|BN'Y )

L(t, (v (0)=iy,7"=t", i =i",r_ 2tDP(y(0)=iy, 1 edt", =11, 20)
Ly' (1)
(3.25)
where 0 < tl < tz < eee < tn <t, n=1, 2,..., N, i0 =1, 2,..
., M and
M
Ly' (1) = ] L(t,{y(0)=i, T2t DP(v(0)=i,T,2t)
i =1

10=
N M M Mttt o
« I 1 b= J J ---J L(t, {y(0)=ig, T =t",j=i" 1 >t}
n=1 i =1i=1 i=1'0't, ‘¢t
ilfi in#i 1 n-1
170 "n" "n-1

. n_..n.n_.n
X P(Y(D)=1U,1 edt ,j =i ,Tn+1;;). (3.26)

Noting that for every finite t > 0

t

t
N - Q- A

lim B
N0
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holds, where P(At) = 0 (Gikhman and Skorokhod, 1969), and that
LN'(t) is positive and monotone increasing as N, we can easily
show that both sides of (3.24) and (3.25) converge to (3.3) and
(3.4), respectively, as N + =. Also, (3.26) converges to (3.6)

as N -+ =, This completes the proof of Theorem 3.1.

Remark 5 : The result of Lemma 2 is useful for obtaining appro-
ximate estimator algorithms which will be shown in the next section.
Also, note that equations (3.1)-(3.6) are the continuous-time

analog of (4.2)-(4.9) in chapter II.

3.4 Approximate Estimator Algorithms

In this section, based upon Lemma 2 in the previous sec-
tion, we shall present approximate estimator algorithms for two
cases: (i) the time interval of operation is finite and fixed,

and (ii) the time interval of operation is free and may be infinite.

3.4.1 Finite Interval of Operation

Let T be the fixed final time. Then for a sufficiently

small positive number e, define Ny as a positive integer such
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that if N > Np the inequality
T
P(B)) >1-¢ (4.1)

is satisfied. In other words, the jump process vy(t) jumps
more than Ny times in the time interval [0,T) with probability
less than e. Therefore, we can obtain the optimal estimate of

x(t) with probability greater than 1 - g, if we take
x*(t]t) & E{x(t)|Yt,B;D} (4.2)

as the estimate of x(t)., By the smoothing property of conditional

expectations, (4.2) is expressed as

Ng .N t .t t
x*(t]t) = E{E{x(t)|y(0),7 ©0,j0,Y ,BN0}|Yt,BNO}
¥ * t t
= 1 R(t[¥(0)=10,7 20 P(y(0)=i g, 2t By ,¥0)
i.=1
0
Ng M M M o(tet ot inon o
) ) yoeee Y J J ...J R(t‘Y(O)=iO’T =t ,j =i ,t ,21)
n=11i =1 i =1 i =10t t
1""0 "n" "n-1

. n n .n .n 1 8 t
x P(y(0)=ij,7 edt ,j =i ,Tn+1;;[BNO,Y ), (4.3)

n .n .n.n
= = >
O,T t,j =1 ,Tn+1=;)

are defined by (3.2). Equation (4.3) together with Lemma 2 gives

where x(t|y(0)=io,11;;) and R(t]y(0)=i
the approximate estimate x*(t]t).
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It should be noted that the positive number e is related
to the desired accuracy of the approximate estimate and that if
e + +0, the approximate estimate given by (4.3) converges to the
optimal estimate given by (3.1) with probability 1. It should,
however, be noted that we can not make the approximate estimate
arbitrarily close to the optimal one. For, N>« as e -+ +0

and then summation of infinitely many terms must be carried out.

3.4.2 Infinite Interval of Operation

In order to simplify the following discussion, we assume
that the jump process y(t) 1is stationary. Let N; be a positive
integer determined a priori from the available amount of computer
memory, and for a sufficiently small positive number ¢, define
t

o 352 positive number such that if t < t  the inequality

0

min P(BY [Y(0)=iy) > 1 - ¢ (4.4)
1pe{1,2,.. .M} 0

is satisfied. This means that with probability greater than
1 - ¢ the jump process y(t) does not jump more than N; times
in the interval [D,to) regardless of the values of y(0). Let us

define

?: = the random time that the nth jump of the process
Y(t) occurs after the time t - tO;
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= (?t,;t,...,;{);
t 1’72 n
L= v (T
i; = (7;,7;,...,3§);
;1.: = sup{n!"r_; € [t-to,t)} 3

and

_t_ ]
BNO = {m]n:(w) < Ngl .

By the definition of t, and the assumption of statiomarity of

0
the jump process y(t),

M
_t _t . . )
P(By ) = . ZIP(BNOIY(t-to)-lo)P{Y(t t)=iy) > 1 - e
2 (4.5)
We shall present a feasible approximate estimator algorithm under
the following

Assumption : the conditional probability density function

p(x(t-t0)|Yt—t0) is Gaussian with
mean = x*(t-tolt-to) g E{x(t-t0)|Yt_t0} (4.6)1
cov = P*(t-t0|t—t0) 3 Cov{x(t-t0)|Yt'tU} (4.6)2

for any time t (> to).

Based upon assumption (4.6), we can easily see from (4.5)

that if we take t - to as the initial time and t as the final
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time T, the integer Np also satisfies inequality (4.1) and
the approximate estimator algorithm presented for the case of
the finite interval of operation treated in the previous sub-

section can be applied to this case. Thus, for t > to, we

obtain the approximate estimate

M
x*(t]t) = R0t|y(t- tU}-lo,Tl ZP(Y (t-tg)=i ,T tlB ,Yt)
i.=1

+ E . E cc.- E J J "'J’ R(tIY(t t ) 10)-[t t ’Jt=l n+l—)
t t

i #1 01 n-1

n’ n-1

t t

n-n_.n—-t ry
t[By YD, (4.7)

x P(y(t-t ] 0,1 Thedt ,Jt‘l ,Tn+1_

where

R(t]y(t-tg)=iy,T 1 >t) 2 E{x(t)ll*(t t,), Y&, y(t- tg)=ig:T] tt)

(4.8)4
=t
R(t|v(t-ty)=ig,Tp=t",o=i",7 , 2t)
A t . =h_,n-n_.n —t
= E{x(t)ll*(t—to],Y Y(t-tp)=ig, T =t j =i, >t} (4.8),

and

I*(t-t) a {x*(t-t0|t-t0),P*[t-tD]t-tU)}.

Here, from assumption (4.6), &(t|y(t- T ,rl>t) and i(tly[t—to)

Tn_in ;{
’ n+l

g >t) are obtained by the usual Kalman-filter

_. —hn__n
—1O,Tt t

algorithms assuming that the initial time is t - tO and the
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a priori information is x*(t—tolt—to) and P*(t-tolt—to).
Also, from (4.7) and assumption (4.6), the associated covariance

matrix P*(t|t) 4 Cov{x(t)lYt} is approximately given by

PH(t[t) = Covix(t)|T*(t-t,),Y")

—t =t —t =t
E{Cov{x(tl|I*(t-t0),w(t-t0), T)5JsT ,Jz,---,Y }

+ [x*(t]t) - BIX(O) | T*(t-t() ¥ (t-t)), 1,310 T500 5, -+ Y }]

x [x*(t|t)

= =t =t =t t t
- E{x(t)|1*(t‘t0) ’T(t-tOJ’TI’Jl'TZ’JZ"'.’Y }]'[I*(t'to] ’Y}

M

= . Zl{Pft|Y(t~t0J 10,r1>t] + x*(t|t] - R[tly(t t ) 10,1 >t)]
0

x [x*(t]t) - R(t|y(t-ty)=iy,T128)]" }P(Y(t -t)=ig, T >t|BN Y5

-

No M Mt ot ot —n_.n -n_.n -t
+ I E veoe z J J !Iij {P(tl"’(t—to)T-iO,Tt:t ,jt—l 3 n+1_t]
n=1 i =1 i =1/t-t ‘'t t
0 N, 0 "1 n-1
i #1i i
n’ n-1

_: —h__n —.‘n=.n —t
¥ [xt(tlt) - x(t]Y(t_tD)-luth—t !Jt 1 ,Tn"'l;t)]

5 Nn_.Nn —t
x [x*(t|t) - x(tlv(t-t03=10,?2=t“,32=1“,rn+lz;)]'}

t

ezt By Y, (4.9)

x P{y(t-to) 1T edt" J =i

where

P(t|y(t- -t ) =i O’Tl t) = Covix(t)|y(t-t,y)=i Tt 1% (t-t 5L 'as!

(4. 10)1

0°"1=
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n-n_.n-—-t

i . — i

P(tly(t-to)-lo,Tt—t J =1 ’Tn+1;;)

- i hed DDLU ST =3 B 3 t

Cov{x(t)|y(t tO) 1,1, t 371 ,1n+1;;,1 (t to],Y T
(4.10),
Moreover. by assumption (4.6), holds Lemma 2 where O, Thel” Tn,
t —t -

vy(0) and BN are replaced by t - tO’ Tieqr Tos T(t-tﬂ)
and ﬁ; , respectively.

0

For t <ty Wwecan employ the approximate estimator
algorithm presented in the previous subsection 3.4.1 to obtain

the estimate x*(t|t) (t <t and the associated covariance

e
matrix P*[t]t) is approximately given by
M (.
P*(t|t) = ] {p(t}T(O)=iO,T1;;) + [x*(t|t) - ﬁ(t|y(0)=iD,T1;;)]
i =1
0
t Yt

x [x*(t]t) - x(tlv(0)=io,11;t)]'}P(v(0)=io,11;$|BND, )

-

No M M trt € fa
+ E E s e Z J J DDGJ {P[tl-\r(0):10’Tn=tn’jn=in’,l_n+1;t)
n:l i =1 i =1 D t t
0 % T 1 n-1
i #i

n n-1

. .Nn_.7n
+ [x*(e]t) - k(t|y(0)=ig,x"=t",5 =" 20)]

x [x*(t]t) - REt|Y(0)=10,T“=tn,jn=in.Tn+1;$)]'}

t t

>t|BN YO (4.11)
0

n+l1=

x P(y(0)=i0,rnedtn,jn=in,1
where

P(t]y(0)=iy,7 2t) = Covix(t) |y (0)=iy, 2¢,Y") (4.12),
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P(t|y(0)=iy, 7 =t","=i",c_ >t)

n+l

= Covix(t) |y(0)=iy,7"=t", i =i x_ >t,Y"}. (4.12),

n+l

The values of x*(t|t) and P*(t|t) given by (4.3) and (4.11)

for t <t, and (4.7) and (4.9) for t > t, will be used as

0 0

the a priori information to obtain the estimate x*(t+t0|t+t0)

and the covariance matrix P*(t+t |t+t For the implementation

OJ‘
of the present algorithm, we also need the a posteriori probabi-

lities P(Y(t)=£|Yt} (2 =1, 2,..., M), which are approximately

given, for t < t;, by

Pr(t)=2|Y") 2 PCy()=2[By ,Y)

t

t
= P(y(O)-z,rI;;IBND,Y )

Ng M M tet t - ) )
« 3 L J f P(y(0)=iy, " edt”, ;" =i, ~2|ng
n=1 10=1 1n_1=1 0 Y tn-l
i#i, 0.0 (4.13)
and for t > to, by
t
P(y(t)=2|Y")
2 P(y(t-t )=, To>t|BE Y%
0 1= No’

No M Mot qt
+ E . E ---- Z J J es e
n=l 1p=l iy Tttty

in.1#lin_p,2}
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t
s n-mm-1_.n-1 =t — t
J P(v(t-ty)=ij,Tpedt’, 53 =i ,Jn=2[B;0,Y]. (4.14)
t
n-1

Equations (4.3) and (4.11)-(4.13) for t <t_ and (4.7)-

0

(4.10) and (4.14) for t > t, together with Lemma 2 completely

0
specify the approximate estimator algorithm for the case of the

infinite interval of operation.

Remark 1 : It should be noted that the approximate estimator
algorithm presented here is based upon assumption (4.6) and that
there is a possibility of divergence of the estimation error.

It should also be noted that from a theoretical point of view
if Ng »~ and e + +0 simultaneously, then the approximate
estimator algorithm presented here converges to the optimal one
over the every finite time interval of operation with probabi-

lity 1.

Remark 2 : If, for a given small number €, the integer N
defined by (4.1) is too large for the available computer memory,
then the approximate estimator algorithm for the infinite interval
of operation is recommendable even for the case of the finite

interval of operation.
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3.5 Special Case

In this section, we shall make a specialization of the
results obtained in the previous sections for the following
systems: (i) linéar continuous systems with system-component
failure, and (ii) linear continuous systems with interrupted

observations.

3.5.1 Linear Continuous System with System-Component Failure

Let us consider the state estimation problem for systems
with random component failure; that is, the system is represented

by a stochastic differential equation:

dx(t) = F(t,y(t))x(t)dt + G(t,y(t))u(t)dt + Q(t,y(t))dw(t),
(5.1)

and the observation is given by

dy(t) = H(t)x(t)dt + R(t)dv(t). (5.2)

Here, the difference between the present system (5.1) and (5.2)
and the original system (2.1) and (2.2) is that the jump process
y(t) does not appear in the observation equation (5.2).

For system (5.1) and (5.2), the minimum-variance estimate
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g(t|t) is given by the following.

Theorem 3.2
For the system described by (5.1) and (5.2), the minimum-
variance estimate ﬁ(t]t) of state x(t) given observations Yt

is furnished by

M
Reelt) = T R0t|v(0)=iy, 7 20)P(r(0)=ip, 7 2t [YD)
i.=1
0
@ M M (t(t t o E
* § Lws ] J J -'-J 2(t|y(0)=ig, 7" =t",§ =101 >1)
n=1 1 =1 i =1'0't t
0 PR 1 n-1
i #i
n n-1

i n n .n .n t
x P(y(0)=ig,7 edt ,j =i ,rn+1;;|v ), (5.3)

i . n.n.n .n t
where x(t|y(0)=10,11;;) and R(tly(0)=10,1 =t ,j =i ,Tn+1;;|Y )
are defined by (3.2) and are given by the.usual Kalman-filter

algorithms. The a posteriori probabilities P(y(0)=io,t1;;|Yt]

n

and P[Y(0)=10,Tnsdtn,jn=i ,Tn+1;jIYt) are given by

L(t, (y(0) =1, 7 2P (y(0) =i, T >t)

0’"1

; t
P(Y(0)=ig,7 2t|Y") =

L) (5.4)

and

i n n.n.n t
P(Y(0)=10,T edt ,j =i ,Tn+1;;]Y )

n—

n.n.n
=t =

. L(t,{Y(0)=i0,r =i

i n n .n_.n
y T 2t DP(Y(0)=1 ), T edt, j =1, 1 >t)

L(t)

(5.5)
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where

t
L(t) = exp{J R’(s]s)H'(s]{R(s)R'(s)}-ldy(s)
0

t
1 2
-3 IOIIH(s)x(s|s)|I{RCS)R,(S)}—l ds} (5.6)

t
L(t,{y(s),0<s<t}) = exp{J X'(s|7(u},O;y<s)H'(s){R[s)R'(s]}“ldy(s)
0

t
1 2
- E-IOHH(S)X(SIY(H],ng<s]u{R(s)R,(5)}~1 ds}
(5.7)

and

&(s]|y(u),0<u<s) 4 E{x(s)|y(u},0éy<s,Y5}.

Here, the likelihood ratios L(t,{y(0)=i0,r1;;}) and L(t,{y(0)

n__n

. .n_.n : 2 p
=1, =t ,j =1i ,rn+l;;}) are obtained by substituting the respec-

tive values of «y(s) (0ss<t) specified in the brackets into
(5.7). Moreover, the a priori probabilities P(y(0)=io,r1;;)
n .n_.n

and P[T(O)=io,rnsdt ,] =1 ,rn+l;;] appearing in (5.4) and (5.5)

are given by (3.7) and (3.8).

Remark : For the present case, the expression (5.6) of the likeli-

hood ratio L(t) is significantly simplified, compared with
equation (3.6) of the original system. This is due to the fact
that the jump process y(t) does not appear in the observation

equation (5.2).
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3.5.2 Linear Continuous System with Interrupted Observation

We shall now consider the estimation problem for linear
continuous systems with the interrupted observation mechanism
which is characterized in terms of the jump Markov process taking
on values of 0 or 1. Consider the system represented by a

stochastic differential equation:

dx(t) = F(t)x(t)dt + Q(t)dw(t), (5.8)
and let the interrupted observation be given by

dy(t) = y(t)H(t)x(t)dt + R(t)dv(t). (5.9)

The present system is the continuous-time counterpart of the
discrete system treated in section 2.7, ehapter II. Note that
system equation (5.8) does not contain the jump process y(t) and
that the jump process y(t) takes on values of 0 or 1 only.
From (5.9), if y(t) 1is equal to 1, the observation process
contains the information about the state x(t); while if +y(t)

is equal to 0, then the observation process consists of noise
only. Thus the jump process y(t) characterizes the interrupted
observation mechanisms and is called interruption process as in

the case of discrete systems treated in section 2.7, chapter II.
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The minimum-variance estimator algorithm for system (5.8)

and (5.9) is given by the following.

Theorem 3.3
The minimum-variance estimate $[t|t) for system (5.8)
and (5.9) is given by

R(t|t) = _EO{Ri(t|t)P(T1;;|Y(O)=i,Yt)P(y(0)=i]Yt)
1=

+ 1 J J ---J %, (t]t,tp("=t" |y (0)=1,Y")
n=t/o’t, Je %

: t 1t
x P(Tn+1;}[Y(0)=1,Tn=tn,Y )P(Y[O)=1|Y ]dtn---dtl}.

(5.10)
where Ri(t|t) and Ri(t|t,tn) are defined by
% (t]t) = E(x(t) [y(0)=i,t2¢,Y"} ° (5.11);
and
e I
Ri(t|t,t ) = E{x(t)|y(0)=i,T =t ST g2t (5.11),

Also, p(TI;;ly(o)=i,vt)p(y(03=ilyt) and p(t"=t"|y(0)=1,Y")

P, 2t|y(0)=1,t"=t",Y)P(y(0)=i|Y") are given by

P(r,2t|v(0)=1,Y")P(y (0)=1]Y")

L(t, {y(0)=i,7 2t})P(r 2t [y(0)=i)P(y(0)=i)
= (5.12)
L(t)
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and

p("=t" |y (0)=i,Y)P(x_, 2t[y(0)=i,7"=t", Y )P (v (0)=1|Y")

_ L(t,{Y(0)=i,Tn=tn,Tn+1g;})p(Tn=tn|y(0)=i]P(tn+1;;|Y(D)=i,rn=tn) )
L(t)
P(y(0)=1)
(5.13)
where
L(t,{'r(O)r-i,'rl;t})
t -1
= exp{J i-xi'(s[s)H'(s){R(s)R-(s)} dy(s)
0
l-[ti-”H(s)i {5|s)"2 -1 ds} (5.14)
"2 0 i {R(s)R"(s)} % .
L(t, {y(0)=i, 7 =t", x>t}
L n n -1
= exp{[ yi(s,t )21'(s|s,t JH' (s){R(s)R'(s)} “dy(s)
0
1 t n " n.g 2
- E-Joyi(s,t )"H[s)xi(s|s,t )“{R(S)R'(S]}-l ds
(5.15)
and

1
L) = T {Le, (01t 2P (e 2t Y O =DPr(=1) +
i=0

-~ BB =
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n__n
T =t

and
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trt t I o " i
lJ J "-J L(t,{y(0)=i,1 =t .Tn+1;;})p(1 =t |y(0)=i)
1 n-1

x P(tn+1;;|y(D)=i,1n=tn]P[v(0)=i)dtn---dtl}.(5.16)

yi(s,tn) appearing in (5.15) is y(s) with vy(0) = i,

Tn+1;t and 0 < C Rk < tn < t. Moreover,

t
P[Tlgle(O)=i) = exp{ - J qij(sjds} 3 (5.17)
0

t
exp{ - J qij(s]ds} , for n = 2m,
t
n

P(r_, 2ty (0)=1,7 =t)

t
exp{ - [ qji(s)ds}, for n = 2m-1,

A (5.18)

p(t"=t"|y(0)=1)

'
. qji(s)ds}
1 n-1

L 9
— - i - N d - s e -
exp{ JD qu(s)ds Jt q}l(s) s J

x qij(tl)qji(tz)---qji(tn) , for n = Zm,

Ej
= exp{-JO qij(s)ds > J

2 tn '
qji(s)ds - see - It qij[S)ds}
1 n-1

t

t

X qij(tl)qji[t2)~--qij(tn) , for n = 2m-1, (5.19)
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where i,j =0, 1, i# j, and m=1, 2,

Remark : For the present case, the interruption process y(t)
takes on values of 0 or 1 only, so that we can express the
interruption process y(t) in terms of its initial value y(0)
and the jump times Ty without using the random variable jn
defined by (2.5). Due to this fact, the optimal estimator algo-

rithm for the present case is slightly simplified, compared with

the general one presented in section 3.3.

3.6 Numerical Example

We shall carry out simulation studies in order to illus-
trate the behavior of the optimal estimator and to demonstrate

the feasibility of the proposed approximate estimator algorithms.

ExamEle 1

Consider the scalar system:

dx(t) = £(y(£))x(£)dt + g(y(t))u(t)dt + Q(t)du(t)
(6.1)
dy(t) = x(t)dt + R(t)dv(t). (6.2)

Here, it is assumed that the jump Markov process y(t) is
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stationary, that is, q; i (t)
k-1""k
of 1, 2, 3 and that 9y ¢ = 0,

q and takes on values

-1k
430 =0 93 5 = 93,2 ©
This means that only the jumps from 1 to 2 and from 1 to 3

o, 0.
are possible. Also, we assume +y(0) = 1 with probability 1. In
this case, for example, if +v(t) = 1, the system is in normal
operation and if y(t) = 2 or 3, the failure of machine A or
machine B has occured, respectively. The system described by
(6.1) and (6.2) is the one treated in section 3.5.1.

Since the jump may occur at most once in this example, from

(5.3) the optimal estimate ﬁ(tlt) is given by
g(t|t) = X(t[y(0]=1,11;;]P(11;;[y(O)=1,Yt]

3 rt
) f R(t[Y(0)=1,7 =t ,j =i )
il=2 0

i SO -
x P(Iledtl,Jl—llly(O)nl,Y ¥ (6.3)
where

. L {Y(0)=1,7 2t P (1 2t y(0)=1)
P(Tl;;|7(0)=l,Y ) = (6.4)
L(t)

e .
P(Tladtl"]l_ll |Y(0)_11Y )

R v L evey oy DRG e, o, O
L(t)
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Here, L(t,{y(O]zl,TI;;}) and L(t,{y(0)=1,T1=tl,jl=il}) are
given by the formula (5.7) and L(t) by (5.6).
Computer simulation is carried out over the time interval

[0,1] using the following numerical values:

£(1) = - 4.5, f(2) =0, £(3) =5.0, g(1) = 1.0,
g(2) =0, g(3) =0, int) = 0.25, R%(t) = 0.25,

Q , = 1.0, q 5=1.0, £(0]0) = 5.0, ﬁ(0|0) = 10,
u(t) = - 1.0, x(0)=10,

and we set the time increment At = 0.01.

Fig. 3.1 shows the sample behavior of the state x(t) and
the optimal estimate R(tlt). The corresponding behavior of the
jump process y(t) and the a posteriori probabilities P(y(t)=1]
Y, Py(t)=2]YY) and P(y(t)=3|Y") afe shown in Fig. 3.2,

where the a posteriori probabilities are given by

P(y(£)=1]Y") = P(r,2t[y(0)=1,Y") (6.6)
and
) t t 5 i t
P(y(t)=11|Y ) = J P(Tlsdtl,]1=11[Y(O)=1,Y ),
0

i, =2, 3 (6.7)

together with (6.4) and (6.5). It should be noted that we can

perform filtering and detection of the jump process {y(t),0<t<l}
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by using (6.6) and (6.7).

Examgle 2

Let us now consider the following scalar system with the

interrupted observation mechanism:

dx(t)

n

- ax(t)dt + Q(t)dw(t) (6.8)

dy(t) = y(t)x(t)dt + R(t)dv(t), (6.9

where a > 0, and let ql,O(t) = ql,O’ qO,l(t) = qo'1 and
P(y(0)=1) = P;- System (6.8) and (6.9) corresponds to the system
treated in section 3.5.2,
In the case when p1 =1 and qO 1 = 0, from (5.10)
2

the optimal estimate R(t|t) is given by

2(t]t) = Xl(tlt)P(Tl;jly(0)=l,Yt)

t
t
+ Joﬁl(t]t,tljp(Tl-tl|Y(O)-1,Y )dt, . (6.10)

Computer simulation is carried out over the time interval [0,1]

using the following set of numerical values:

a=15 Q) =1.0, R%(t) = 0.1, q, , = 2.0,
q ;= 0, x(0) = 10, 2(0[0) =5, P(0]0) = 10, (6.11)
P, = 1.0,
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and we set the time increment At = 0.01.
Fig. 3.3 shows the tracking behavior of the state x(t)
and the optimal estimate #&(t|t) together with the a posteriori

probability P(T(t)=1]Yt), where
ot t
P(y(t)=1]Y") = P(ry2t|y(0)=1,Y")

with probability 1.
Next, we consider the case when ql,O £ 0 and qo’1 # 0.
In this case, the optimal estimator algorithm is not feasible,
because the number of jumps which occur in the time interval [0,1]
is not bounded with probability 1. The approximate estimate
x*(t|t) presented in section 3.4.2 is given by
1

x*(t|t) = izo{xi(t]t)P(TlgI|Y(0)=i,BE;Yt)P(Y(O)=iIBi’Yt)

+

t
J xi(t|t,t1)p(11=tl17(0)=i,B§,Yt)P(T(O)=i|Bf,vt)dt1}

0
for t < tO’ and
_ ~0, =T oo =Rk b Nt [RE
x*(t|t) = izo{ﬁi[tIt,Tt)P(Tl;I|T(t-t0)-1,Bl,Y JP(y(t-t) 1|31,Y )
I t|t,To=t )p(e=t, |y(t-t)=1,B5, Y P(y(t-t,)=i[BL,¥")dt }
l( »Tl_ l)P(Tl"tl Y 0 =L 1: Y 0 1’ 1
t-t
0
for t > tO' where
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—0, A oyl =t t
Xi(t|t,1t) 2 E{x(t)|y(t to)-1,11;t,Y ¥y

—t_ A P t
xi(t|t,11—tlJ o E{x(t)ly(t—t0)~1,1’l—t1, S2t,Y )

and the integer N, appearing in (4.4) is chosen to be 1.
Computer simulation is also carried out using the set of
numerical values in (6.11) except that qO,l = 2.0 and P, = 0.95.
We set ¢ = 0.018 and t0 = 0.1 so that inequality (4.4) 1is
satisfied. Fig. 3.4 shows the tracking behavior of the state
x(t), the approximate estimate x*(t[t) and the estimate ;[tlt)
using the Kalman-filter algorithm when the true values of y(t)
are known, together with the approximate a posteriori probability
of P(Y(t)=1[Yt). We may observe from Fig. 3.4 that the appro-

ximate estimates x*(t|t) are nearly optimal even when the

integer Np is chosen to be 1. .

3.7 Concluding Remarks

The minimum-variance estimator algorithm is presented for
linear continuous systems with a multi-valued jump Markov process.
In the case when the jump Markov process has an ergodic subclass,
the optimal estimator algorithm is not feasible because the

summation of infinitely many terms must be carried out. This is
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due to the fact that the number of possible jumps is not bounded.
Therefore, the feasible approximate estimator algorithms are
proposed for the practical implementation. It should, however,

be noted that, to implement the approximate estimator algorithms,
time is quantized to a level determined by the characteristics

of the jump Markov process under consideration and the random jump
is assumed to occur at the quantized time. It should also be
noted that the quantization of the jump time is performed in the
approximate estimator algorithms and that if from the beginning
the random jump is assumed to occur at the quantized time in
original system (2.1) and (2.2), then the estimation problem
considered here becomes similar to that of multi-shot joint detec-
tion and estimation considered by Lainiotis (1972). Finally, it
should be noted that we can also perform-filtering, smoothing

and detection of the jump process {y(t),0st} by using the a
posteriori probability distribution (3.3) and (3.4) of the jump

process.
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—  X(1)

s XLEIE)

B

STATE and ESTIMATED VALUE

0.0 0.5 1.0

Fig. 3.1. Sample paths of &(t[t) and x(t).
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P(Y(t)=2|Yt) P(y(t)=3|Y")

0.0 0.5 1.0
1.0
0.5
0.0-‘_’_—HhﬂN\—J—\’\h._._,—_:‘F—ﬂ—-fhd\—r\/\L ]
0.0 0.5 1.0
j:_l.o
]
X 0.5
oo
Z 0.0 ; |
B 0.0 0.5 1.0
3 :
~
E2F
-
1
L |
0.0 0.5 1.0
TIME t

Fig. 3.2. A sample path of vy(t) and the corresponding behavior

of P(y(t)=i|Y%) (i=1,2,3).
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0 1 [
0.0 0.5 ) 1.0
TIME t
-
5 W ——— ¥(1)
(o8]
305 — P(¥()=IYY
0.0 I 1
0.0 0.5 1.0
TIME t

Fig. 3.3. Sample paths of f(t|t) and x(t), and the a posteriori

probability P(y(t)=1|Y").
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0 1 |
0.0 0.5 ) 10
TIME t

>

= 1.0

-

o

205 — P@()=1Y"Y

(@)

£0.0 1
0.0 0.5 1.0

TIME t

Fig. 3.4. Sample paths of x*(t|t). x(t|t) and x(t), and the

s t
approximate a posteriori probability P(y(t)=1[Y").
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Appendix I

Proof of Lemma 1

A
Let 6 = (30,91,...,8

A
N) and a = (al,az,...,aN) be random

variables defined by

0 = (Z,7%9%iws05T%)
} if y(0) =i, T, >xt,

2
l}

[ R TR )
g = {i!tl’tzi"-’tnﬁT*JT*:"'JT*) } if Y(O) =i, T =t
a = [il,iz,...,in,T*,T*,...,T*)

=i, T 2t
and
if

TN+1;t, (A.1)

=]
n
~
o
-
o
-
L=
—

where 0 < t1 < t2 < see < tn <t, n=1, 2,..., N and t* is
an arbitrary but fixed real value in [t,»). From this definition,
if o (#(0,0,...,0)) and o (#(0,0,...,6)) are known, the behav-
ior of {y(s),0<s<t} is completely specified. Therefore, if we
confine the elementary events w in B; C q, that is, if we
assume that the number of jumps of y(s) (0<s<t) 1is less than

N, then we can regard the random variables 6 and o as the
N+1- and N-dimensional unknown constant parameter vectors for

linear system (2.1) and (2.2), respectively. Thus, from Lainiotis'

formula (Lainiotis, 1971),
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& o L(t,{8,a))p(0,x|By)deda
p(B,a|BN,Y ydeda = (A.2)

t
2N+1L(t,{6,a})p(ﬂ,a]BN)deda

R

where

t
L(t,{6,a}) = exP{f %' (s|s,18,a1)H' (s,{6,a}) {R(S)R" (5) )" 'dy(s)
0
L (“ls, 8,a12(s]s, (0,01 1d
7 | s 18,a)2(s]s, 10,00 (peg)pe(syyt 4

(A.3)

and

ne=

%(s|s,{0,a}) 2 E{x(s)]6,a,Y°}.

Here, H(s,{0,a}) is defined as H(s,y(s)) corresponding to

{6,a}, and R2N+1 is the 2N+1-dimensional Euclidean space.

Likelihood ratio (A.3) exists under the assumption (2.8). By

the definition (A.1) of © and a, the conditional joint pro-

t

bability density function p[B,aIB;) of 8 and a given BN

is expressed as

p(e,ulB;)deda

M N
_ . t . _ ) N
= Z p(y(O)_lo,TI;;IBN)G(eO ig) M {6(8, -T*)8(u, ~1*)1d0d0 da
i,=1 k=1
N-1 M M
' n.n .n t
+ ) yoeee ) P[7(0)=10,Tned6 .3 =i ,Tn+1;;]BN)

n=1 1O=l i=1

N

i #i

n n-1 B N
X §(0.-i.) Il 8(a.~-i.) T {6(0,-1*)8(a, -T*)} x
070% ") Tgeps1 K &
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N

n=3

ut(ej)deuda --odBNda

j=1 n+l
M N .N_.N
¢ J eee p(Y(o)_lo,T ede",j =i |BY ) 8(8,-10)
i=1 1i-=1
0 iM#i
n’ n-1 N N
x T {6(0.-i. 8.)}de da ", A.4
j=1{ (aJ J)ut( 3)} 0°® e
where 0" = (e, ,8 8 ) e
S R = (@000 0000
1 for 0 < s <t
u (s) = { (A.5)
0 otherwise,

and ¢&(+) denotes Dirac delta function.
Also, the a posteriori conditional probability density

function p(e,aJB;,Yt) becomes

p(e, a]B Y%)doda

Z P(y(0)= 10,T1>t|B Yt )6(8y-1p)
i.=1
0 N v
x T {&(8, -1t*)6(a, -1*)}d6 do do
e k K 0
=]
N-1 M M
+ 5 e I Pev(oy=ig,cleds™ Jn=in,Tn+1ij]B;,Yt)

n=1 10=1 i "1

1n#ln-l
n N
x 8(0,-1,) N &§(a.-1.) T {&(6 -1*)6(& -1*)} x
g j=1 3 ) k=n+1 %
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j=1
M M
. N, N.N.N,.t _t ;
+ L oees I P(y(0)=ig,tedd i =i |By,Y)8(0,-1,)
i=1 i =1
0 i
i #1
n n-1 N
; N
x I {8(a.-1i.)u (6.)de da . A.6
o (aJ J) t[ J) ode (A.6)

Substituting (A.4) and (A.6) into (A.2) and comparing the both

sides of the resultant equation yields Lemma 1, where y(0), P

and jn are used instead of 60, 6" and an, in view of

definition (A.1).

Appendix II

Proof of Lemma 2

By the definition of conditional probability,

. n ., n.n_.n t
P(Y(D)—lo,T edt ,j =i ,1n+1;;|BN)

. n_,.n .n_.n
) P(Y(D)—lO,T edt ,j =i ,Tn+1;j)

z (A.7)
P(BN)
holds for n=1, 2,..., N, and similarly,
t P(y(0)=ij,7,2¢)
P[y(ﬂ)=io,T1;;|BN) = : (A.8)

t
P(By)
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Substituting (A.8) and (A.7) into (3.21) and (3.22), respectively,

yields Lemma 2.
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CHAPTER IV

STATE ESTIMATION FOR LINEAR CONTINUOUS-DISCRETE

SYSTEM WITH JUMP PROCESS
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4.1 Introduction

In practical situ-tions, espec’ lly in computer control
systems, the observations are usually given at discrete-time
instants; while most physical processes have dynamical behavior
best described using differential equations. Thus, in this
chapter, we corsider the state estimation problem for a class
of linear continuous-discrete systems with a jump process, where
the system is described by a s*ochastic differential equation
and the observations are made at discrete times.

The minimum-variance estimator algorithm will be derived
here. The approach adopted is the same as in chapters II and
ITI; that is, (i) we express the jur» Markov process in terms of
the initial value, the jump times and the ~lues taken after the
jumps, instead of its instantaneous values, and then (ii) we
apply Bayes' rule to obtain the a posteriori probability distrib-
ution of the jump process. The optimal estimate is given in
terms of the a posteriori probability di:=:ribution of the jump
process and the continuous-discrete-Kalman-filtor estimates
corresponding to the admissible values of the jump process. The
resultant optimal estimator algorithm is, however, infinite

dimensional, so that a feasible approximate estimator algorithm
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is presented for the practical implemen%ation.

In section 4.2, the state estimation pr-“lem for a linear
continuous-discrete system with a iump process is precisely
formulated. The minimum-vari-mce estimator algorithm is derived
in section 4.3, ar” the approximate estimator algorith~ is “roposed
in section 4.4 for the practical implementation. Simulation studies
are also carried out, in section 4.5, to demons*—2te the feasi-

bility of the approximate es® -z2tor algorithm.

4.2 Statement of Prohlem

Consider the system represented by a stochastic differential

equation:

dx(t) = F(t,y(£))x(£)dt + Glt,y(t))u(t)dt + D(t,y(t))dw(t),

0 <t

3 (213

and let the discrete observation bhe given by

= H Vx(t
Y(tk] u(tk:Y(tk,)x\—k) + E(tk:Y[tk}Jv(tk))

where
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x(t) : an nx 1 s*a*e vector at time *%;

y(tk) : a px 1 observation vector at discrete

u(t) : a ¢ x 1 deterministic input vector;

F(+,:) * an n x n state transition vector;

G(-,=) = an n x q gain matrix;

H(-,:) :+ a pxn oYservation matrix;

w(t) : an r x 1 standard Wiener process;

V(tk) t a px ' =zero-mean ind.~endent Gaussian
sequence with unit variance matrix;

Df:,<} : an n x r matrix

e

E(*,7) : a px p nonsingular matrix;
and
v(t) : a right-continuous jump Markov process

taking on values of 1, 2,..., M with

transition rates q..(t) (i,7=1,2,...,M; i#J]).

13

It is assumed that x(0) is Gaussian with mean vector 2£(0)
and covariance matrix ﬁ(ﬁ) and that stochastic processes w(t),
v(ty), v(t) and x(0) are mutually independent.

The problem is to find the minimum-variance estimate
ﬁ(tltk) of the state x(t) based upon observations YTk &

1 whaoarn b2
y(e)uy(t)) ey ()t where £ <2 <ty .



4.3 Optimal Est mator Algorithm

In this section, we shall derive the minimum-variance
estimator algorithm for continucus-discrete system (2.1) and
l{) of the state

<t <%

(2.2). The minimum-variance estimate 2(t|t

. . t . .
x(t) given observations Y K for t is given by

k k+1

the conditional expectation:

2(t|t) = BGx(n) [YKy.

™
‘A
=]
L

By the smoothing property of conditional expectations (Doob, 1953),

equation (3.1) is expressed as

(t]ty) = E{E{x(%) [y(s),0< <t,Y X}|ytky, (3.2)

In (3.2), the inner conditional exnectation E{x{t)|Y[s],O;si;,

Ytk} can be obtained by the usual continuous-discrete-Kalman-filter
algorithm (Jazwinski, 1970), because the values of the jump process
{y(s),0<s<t} are specified as conditioning; whereas the outer
conditional expectation must be performed over the rz~com

function {y(s),0<s<t}. In order to overcome this difficulty,

let us define:

Ty the random time that the nth jump of the process

y(t) occurs; (3.3)4

- 120 -
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ig = v(T #0), (3.8,

as in chapters II and I77. By the above - ="inition, the random
function {y(s),0<<<t} can be expressed in terms of the random
sequence {Y[O],Tl,jl,Tz,jz,..-}, which makes it possible for
us to obtain the optimal estimate ﬁ[tftk) given by (3.2) in the

explicit form as follows.

Theorem 4.1 (Optimal Estimator Algorithm for Continuous-Discrete
Systems with Jump Parameter)
The minimum-variance estimate ﬁ(tltk) (tk;;<tk+l) for

continuous-discrete system (2.1) and (2.2) is given by

M
- | s b r Ayt tk
2[t|tk) 2 ) Rt |ty (Y (0)=1 5yt >t P(r(E _10,11>c]y )
i =1
0
= B K - e IE ) n n.n_.n
# 3L Loeee I 0 et (el Av(@=igres T 2t
n=% i =1 1i.=1 I =1‘0%s. ‘=2 -
0 'l#i in#. 1 n-1
1% g tn-1
x P(y(0)=i,""eds","=1",r_ >tIYK),  (3.4)
n n _ K S
where T = (11,12,...,tn), s = (sl,sz,...,sn}, j = (31,32,..
; .M s = ; ,
..,Jn), i = (11,1?,...,1ﬂ) and
é A ling £ tk
i(t[tk,{v(s),O;gir}} = r{x(t)|{v(s),0<s<t,Y X}, (3.5)
; i
Also, the a posteriori probabilities P[Y(O)=10,11>tJY k] and
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: n ., n .n .n A : . p
P(Y(0]=10,T eds ,j =i ,Tn+1>t'Y “) appearing in the right-hand

side of (3.4) are, respectively, g'ven by

1 ) t . B
P{Y(tk)yY(0}=10,11>t,y k-l}p(Y(0)=1o,Tl>thtk 1y

P(y(0)=iO,T1>tIYtk) -

-
p(y{t) [Y K1)

k!
(3.6)
and
P(Y(O)ziD,THSdSn,T =1,T ‘_1>tgvtk\
\es n_n .n_.n tx.1
_ PO (@m0 eyl
Pyl ) v K3
P(*(sziO’TnEdSE,jn=in,T +1>t1Ytk‘1)
. - . (3.7)

Here. the conditional probability density function p(y[tk)}y[s),

0<s<t,Y k=1y  is Gaussion with

= +- 4+ | Tl
mean = H tk’y('k]}ﬁ“”k'tk—l"Y‘S)’O;Sé;k}) (3.8)1
= B o [ IV e
cov = h(tk:\((tk)]?’{tks “](_13{Y(5j Oésétki}u —:&,Y(tk)]
+ E(ty,v (5 ) E (1, v(T)). (3.8)
where
ﬁ(t [t {y(s),0<s<%, 1) 4 Covix(t,)ly(s),0<sst Ytk‘l}.
k! k-1’ V==K RN AT AT

(3.9)
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Moreover, the conditic 21 prohability density furction p(y(tk)l

Ytk- l‘)

appearing in (3.6) and (3.7) is given by

ply(ty) YTk~

M

L p(y{:tk}"vco)=i0’T .- Ytk_l)P(Y(0)=io}T St FYtk'l)
i.=1
0

1k 1 -k

=

+
et (Y

) ; ...‘ {“\‘k
n = Sl Sn—l

n n-1

=
L]
L]
b ]

.
e e
|

. n_,n .n.n ti
Dr e EEk - k-1
x Ply(0) 1g0T eds ,7 =1 "n+l>tk|Y j

P(y(t,) |y(0)=iy, v =s",i =i x

n+l

(3.10)

The conditional estinate ﬁ(t[tk,{v{s),cggég}) defined by (3.5)

and the associated covariance ma*trix P(tkltk_lg{y(s).ﬂgﬁéﬁk}}

defined by (3.9) are chtained by *he usual continuous-discrete-

Kalman-filter algorithm, using the specified values of +v(s).

The initial conditions are given as follows:

and

E(x(0)} = 2(0), Covix(0)} = P(0),

r ot
Ply(0)=1jy,7,>t) = ?CYEO)IiOJ?X?t-doin(S)dS},

n.n

P(Y[0)=iO,Tnedsn,j =3, >t)

Tasl
(S, rt )
= Plr(D =i dexpi | "9, (s)ds - oo =  §; (s)dsy

40 70 "8 n
¥ qy g (8y)mergy 5 (s )de reeds,.

i
0’71 n-'"n

(3.11),

(3.11),

>t. ¥

k)

tk-l)
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where

Proof of Theorem 4.1

By deiinition (3.3), equation (3.2) can be expressed as

2(t|t,) = E{E{x(t) |v(0),t ytky|y*ky

»)

:J13T2,:‘2,"’,

From this equation, we can easily show equation (3.4). Equations
(3.6) and (3.7} are obtained by applying Bayes' rule (Ho and Lee,
1964). Also, by the similar procedure as in deriving (3.4), we

get equation (3.10). Equation (3.11) is o»tained from the property

of the jump Markov process (Cikhman and Skorokhod, 1969).

Remark : The optimal estimator algorithm presente  above is not
generally feasible because the summation of the infinite number

of terms must be carried out in (3.4) and (3.10). Thus the optimal
estumator algorithm is not given in closec¢ form, so that a
feasible approximate estimator algorithm will be proposed in the

following section for practical implementation.
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4.4  Approximate Estimator Algorithm

In this secticn, we shall present a feasible approximate
estimator algorithm by the similar approach as adopted in section
3.4.1, chapter III. We assume fZor simnlicity that the jump
process vy(t) wunder consideration is stationary and that the
sampling times for observations are equally spaced. We shall

present an approximate estimator algorithm under the following

assumption.
Assumption : The conditional probability density function
p(x(tk)[Ytk) of state x(t,) given observations vtk is
Gaussian with
= ik L4 i 4.1
mean = x*(t, [t,) (4.1)4
- D* !
cov = PH(ty |t,) (4-1),

for all k > 0.

For a sufficiently small positive number g, choose a
positive integer Ng such that if N > Ny the jump process y(t)
does not jump rore than N tirmes between the two successive
sampling t‘mes with probability greater than 1 - e. Then,

regarding t, as the initial time and assuming that the jump

k
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process v(t) Jumps at most Ny times for t, Lt St ., we
obtain from Assumption (4.1) an approximate estimate x*(t}tk)
{tk<t<tk+1) as follows.

Approximate Estimator ‘lgorithm

The approximate estimate x*(trtk) {tk<t<tk+}) of state

: : £ . . ;
xlt) given observations Y kK for system “2.1) and (2.2) 1s given

by
M
*(t| = xrele £ V=i T.>tMP(T.>t] s
X (t.th . E}x \t,uk.{"r( ) 10,-1>t.,P(Tl>tw(th ip)
O——
x Ply(ty)=iy| IT* (1))
Np M M [t (t 23
P 1 _ _n=n_N—
’ Zl i E’l.“ 2’1,:t : o x*(t]t ’{thk:] 19°T =5 51 =1 5Thg
e B il S S 5
1 =
n’ n-1
x P(Teds", T =10, T L >ty (t,)=1,)
3 > J !'n+l k O
& Yo, | 1 .2)
x POr(e)=i,|1*(t)) (4.2)
where
é fw * ! b 4 3
I*(t,) & {x (tk}th,P (ty tk,} (4.3)
and
A
x*[tftk,{yisj,tkéﬁg;}] = E{x(t)Iy[s),tkégég,l*(tk)}.
(4.4)

Here, <t_ and 3; appearing in (4.2) are defined as follows:
5 2
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all

.
after time t,;
k
.= y(t_+0).
1n = Yiv, *0)
Also, the approximate estimate

*
x* (e [tay)

the random time th*~t the nth jump of «y(t)

Sec. 4.4

occurs

x*ft is given by

Sx+ 1)

M
= L X, [t ()=t ot o B
10~l
x POy(t) =i, Tyt o | 1550,y (t 1))
Ng M M t
k+l k+1, L+
R { .
n=1 10-1 3 ; 't s1 Sn—l
-n__N -n_.Nn —
X* (g g Iy (=t ri=s L1 =i n 2t 0 B
x Ply(t)=i,,T eds", T'= ‘“? >t, 1%t ,y(t, L))
Y% - F 3T 0 Tha17 kel e TS L
(4.5)
where
}
x*(ty 1 [t IY(8)st g8zt 1)
= E{x(t,, D lvis),tyzsst, L TH (), y(t 403 (4.6)

The associated approximate error covariance matrix

is given by

i
]
-~

P*(tyap [t



Sec. 4.4

10 1
Ng M M
e 1 T I i’tk*zrw £
=] 4 = =1 ¥l \
By in#; %1 Sn-1
n’ n-1
_ N =sn_.n—
P(tk+1,fY(»,1 it =s L3 =i, tk+1}’
. - n --—-?'1 TR ==
X PLy(ty)=ig, T eds T =1 ,7 >t o [1%(8,), (8, 1)),
(4.7)
where
Pl Y(sdi sty ) )

2 pee, It L Iv(), tsset, D)

Iy Ity - (e, I s rsssty o D)

x [X*(tk+1!tk+1) - X*(tk+l!tk+1’{T(S)’tk§§é;?+l}j]I (4.8)
and
p*(tk+1:tk o Iv(s),tzssr, 3]
= Cov{x(tk+1)IY(s) t, Ssst ATl W s 8 (4.9)

X - s : i =2 = IT*
The a posteriori probabilities P{y{ﬁkl lO’Tl>tk+1'" [tk),y(tk+1))

and P(y(tk)=io,?ﬂsds“,F“:i“,?

in (4.5) and (4.7) are given as follows.

e | TF(t LY (8, ;) appearing
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POyt =iy, 7>t 150t ),y (2, 1))

POyt )yt =it ot Lo I (E P (T >t D=i)
p(y{fk*lzil*ctk))
P(y(t,)=i,{I*(t,))
* LA g (4.10)
and
. g ¢ q I =
Plr(ty =iy, T eds 3 =i, ot o |14 (e )yt )
ROyt ) v (e=in st TENT oy TR D)
- |
PLy (L, ) [ T*(E )
— 1’1—3"!.:!'[— ] s *
X P(teds ,3 =1 ,T >t 1.Yt—.‘ o) Pyt )=1 [I (t,))
(4.11)

where from Assumption (4.1) the probability density fuction

ply(ty, ) v(s),t sscty ) I*(t))  is Gaussian with

mean = H(tk‘Pl’Y(tk*l))x*'{t?{"’-lw‘ ’ Y(q):t <Sitk 1}) (4'12)1
cov = H(ty 4,7(%, ))P7(t 1‘tk,{vfsj SELAN 1})

* s SFpagd)

# Bty oy o Y00 DVENEE ¥ (00 (4.12),
The probability density function p(y[tk+l}fl*(tk)) appearing

in (4.10) and (4.11) is given by equation (4.7) which results
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from replacing ﬁttk+1’{yﬁg)’tkisi¢k+l}) by P(Y(tk+1)lY(5)s

tkgs<t ,I*(tk}]. Moreover, the conditional probabilities
r =4 cT‘ F0_T— - 3
P(Tl>tiyktk} i,) and P(t eds”, T =4 ,Ln+1>,|y(tk)-1o) are

expressed in terms of transition rates q;4 as

P(T >t|yrt =3 Y = exp{—qi (t-t

) i (4.13)
k* 70 0

»
and

- . n-n_.n— i
P(s ,J —1 ,Tn+l>t|\r(tk)"‘_l.0)

= expi- q, (8.t ) = g, [(55854]) = =e% = a; (t—sn}}
-0 1 n

Gy = Qo o v, . ds_ee+eds_ds. . (4.14)
ety et p-1*"n 7 ? ok
Furthermore, the a posteriori probabilities P(y(t, ) I*(t 1)

(r=1,2,...,M) appearing in (4.2) are given as follows.

Py(t)=r|I*(t)))

= Ply(ty_)=T,7,>%, [TH(t, 1),y (1))

Mot
K e =
+ J Z_]( p(Y(tk_lJ-lo 1 d 1:_1 3 2>t |I* 'k 14 JY(tk)}
i=1'¢t
0y ®1
0
N T JUUREE LB W
L o | : (4.15)
n=2 i.=1 i,= i =1 3 ‘s ‘s 1
l f':i 4n—1¢_»:| 311 1 n-
170 "n-1"""m-2"""
m-lgnel = o \
x P(y(t,_j)=ip,T Tleds”, I =1 R SUIE S LA IS (WD R
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Equations (4.2)-(4.15) completely specify ““= approximate esti-

mator algorithm

Derivation of Approximate Estimator Algorithm

By the smoothing property of conditional expectations, the

approximate estima L g 4 (t <t~k
2 te PIEIT) Gty
ytk

Y is expressed as

of state x(t) given

x*(t]ty) = B{E(x(8) |v(s),tyssst, I (t ) HI* (e )}

»

1

E(E(x(8) [v(t,),T 0T 0, I*(t ) HI*(r )}, (4.16)

where we assume that the process y(s) (* fs<t jumps at most

K1)

Ng times. From (4.16), we can easily obtain (4.2). Similarly,

the approximate estimate x* k llbk 1) is expressed as
% | 3 i
B wn ! Senn?
= ! r _J\ _—N "'f ) T*
E{E{x(t) ) iv(t 0.7 ", 0 7, 1*(t),Y u1)} (t,d>y(ty )}

which results in (4.5).
Furthermore, the associated approximate error covariance

matrix P*(t ) is given by

Kol el

Prity g [t ) = Bty ) = ¥¥ (18 ,0)]

o |
x [x(ty 0] = x* (0 1 01" 15 (e ),y (8 1))

}=d
21

i
1



S\ —A
{P (tk"'l’ T+ 1:{Y(tk) T O 0].]

. Ny <N
* Dy ) = X (g [ v (8,70, T01]

[y * |
¥ Uy Mo

- x*(t 0 TNy T et

)

which leads to equations (4.7)-(4.9).

By applying Rayes' rule (Yo and Lee, 1964), we can easily

get the a posteriori probabilities P(Y(tkj=i ,11>tk+1|1*[tk),y(tk+l)]
n -

- =1 3 =.n: iT* o i
and Pty(th gt eds ,1 =1 Ty k+1 (t, ,,y(-k+1)}, which are
given by (4.10) and (4.11), respectively. Equations (4.13) and
(4.14) are obtained from the ~roperties of the jump Markov process
(Gikhman and Skorokhed, 1969) and the assumption of the stationarity

of the jump process. Equation (4.15) follows fronm

-

Ply(t)=riT*(t,))

= E(P(v(t)=rlv(s), 1, _j=s<t, , I¥(,)) [I*(e ) ).

This completes the derivation of the approximate estimator algo-

rithm.

Remark 1 : Tt is to be noted that the positivo. number e, which
appears in the definition of integer Ny, should be determined

<

according to the capacity of the computer memory and the desired
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accuracy of the approximate estimate.

Remark 2 : The approximate estimat~» algorithm proposed here

can also be employed for the case: when the optimal estimator
algorithm is not feasible due to the insufficiency of the capacity
of the computer memery, though the number of the jumps of the
process y(t) is bounded with probability 1 so that the summa-
tion of a finite ~umber of terms has only to be carried out in

the optimal algorithm.

4.5 Numerical Example

We shall show an illustrative example in order to demons*~-te
the feasibility of the proposed approximate estimator algorithm.

Let us consider the following scalar system:

dx(t) fly(t))x(t)dt + gly(£))u(t)dt + &dw(t) (5.1)

(5.2)

y(t) = x(t,) + ev(t

k)’

where +v(t) is a stationary jump Markov process taking on values
of 1, 2, 3. We assume that only the transitions from 1 to 2

and from 2 to 23 are possible for the jump process v(t).

o

L

3
I
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This means that ql’3 = qy 4y = 44 =0, It is also

e 3

= qSJl
assumed that y(0) =1 with orobability 1,

Y

Equations (4.2) and (4.5) for c<vstem (5.1) and (5.2) become

I ~1'A

x*(tlt) =

1

0

x*(t|t
il

fy(e ) =1, 1>t NPT >t |y (L, ) =1 o)

k.‘ O!

x Py(t, )=1,1T%(t,))

2t
+ i * \_. = _"z' 7
' ; : x*(t] tk,xy(t 1s Tl 5153, 10+1,‘2>t})
10—1 tk

- =
x P(t,eds,, 1,=
4 o L

Tt =i
—O+1’T2>t‘Y(tk) _0)

® PylE )=t j T 00 (5.3)

and

x*(tk+1]tk+1) = y le*(tk+,l k+,,{Y[t ‘"10,T1>t,+1})
Y
x Ply(*

,T ., - [I*(t

91; *D k.]_l k),y{‘:kﬂ'l))

+1 i ] o B
X (g [ty Iy (et my=s ) T =ielr >, D)

x PLy(ty =i, eds, Ty=8 41,00t o JT1%(e 3,9 (t.))
(5.4)
where ¢ and Nj defined in the previous section are chosen to
be 0.018 and 1, respectively.
Also, the a posteriori probabilities P(V[tk]=10|1*[tk))
(io=1,2,3) are given by
I ty o ¥=l, Tt [T*
Py(t)=1]I*(t,)) = Ply(t, . d=l,7>t, 1I7(t, ,).¥(t))
(5.5)
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POy (t)=1]1%(t,)

1 "'1" "‘kz
e, S e = n
+Jt P\Y(tk_l]—l-,,Tledsl,;'1=1,l’2>tki I*(tk—lj :Y(tk))
k-1

for i =2, 3. (5.6)

Simulation studies are c¢r ~ied out over *he time interval

[0,1] using the following set of numerical values:

£(1) = - 4.5, £(2) =0, £(3) = 5.0, g(l) = 1.0,
6 = 1.414, B = 1.0, quz = 2_0’ qz,s = 2‘0’
£(0) =5, P(0) = 10, wu(t) = 1.0, x(0) = 10,
y(0) =1, t, =0.1xKk,

and we set the time increment At = 0.01.

Fig. 4.1 shows the sample beho ior of the state x(t)
and the approximate estimate x*(titk) together with the estimate
E(tftk) by the continuous-discrete Kalman filter given the true
realization of the jump process <vy(t). The corresponding behavior
of the jump process vy(t) and the an- roximate a poste-ilori proba-
bilities P(Y(t)=i[1*fbk}) (i=1,2,3; t <t<t, ., k=1,2,...,9) is

displayed in Fig. 4.2. We may observe from Fig. 4.1 that the

proposed approximate estimate is nearly optimal. It should be
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noted that, using the approximate a posteriori probabi’ities
P(y(t]=i]1*(tk)) (i=1,2,3), we can perform detection and estima-

tion of the jump process vy(t).

4.6 Concluding Remarks

The minimum-variance estimator algorithm is derived for a
class of continuris-discrete systems with a iump process. The
optimal estimator algorithm is, however; infeasible, so that an
approx:mate estimator algorithm is proposed for practical imple-
mentation. Simulation szucdies are also carriod out to demonstrate
the feasibility of the proposed approximate estimator algorithm.
It should be noted that by the similar prbcedure as taken in this
chapter we can also ob*ain the optimal and the approximate esti-

mator algorithms for the following continuous-discrete system :

dx(t) F(t)x(t)dt + G(t)ult)dt + Q(t)dw(t)

and
™
o H(s)x(s)ds + R(z Jv(t

L =

“k-1

y(t,) s

where matrices F(t), G(t), Q(t), Y(s) and R(t) may be modulated

by a jump process. The estimation problem for the above continuous-
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discrete system without Jjump parameter is treated in (Fujishige,

1975). The details are omitted here.
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CHAPTER V

STOCHASTIC CONTROL FOR LINEAR STOCHASTIC SYSTEM

WITH JUMP PARAMETER
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5i, 1 Introduction

In the previous chapters, we have con< Jered estimation
problems for linear discrete, continuous, and continuous-discrete
systems with jump parameters. Usually, problems are not only to
find out the optimal er~imate of the state but also to determine
the optimal control policy by employing the estimated value of
the state. Thus, in this chapter, we consider the combined
optimal estimation and control »roblems for linear stochastic
systems with jump parameters.

In section 5.2, considered is the optimal control problem
for linear discrete systems with switching environments, where
characteristics of system- and measurement-noise processes

change according to a Markov chain. The continuous-discrete
counterpart is treated in section 5.3. A suboptimal control
algorithm for discrete systems with a Markov chain is presented

in section 5.4, where the system components are submitted to
random failure. Here, an expected quadratic cost is taken as

a performance criterion throughout this chapter. In sections

5.2 and 5.3, shown is a separation theorem that the optimal control

input consists of two parts: (i) the optimal control input for

linear-quadratic-Gaussian systems and (il) 1ts correction input
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due to the fact that the no = processes are non-white and have

TION-ZEeTro means.

5.2 Optimal Control for Miscrete Svetem with Switching

Environment

We shall consider the optimal control problem for linear
discrete systems with switchire environments, where the character-
istics of the system- and measurement-noise processes depend upon
a Markov chain.

Consider the linear discrete system represented by

x(k+1) = F(k)x(k) + CCQu(k) + alk,y(k+1))

+ Qlk,y(k+1))w(k), (2.1)

and let the observation he given by

y(x) = H(K)x(k) + b(k,y(k)) + R{k,y(k})v(k), (2.2)

where

x(k) : an n x 1 state vector;
y(k) : a px 1 obscrvation vector;
u(k) : an T x 1 control input vector;

- 142 -
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F(k) : an =n xn state transition matrix;

G(k) : an n x r control gain matrix;
H(k) : a pxn observation matrix;
a(k,:) : an nx 1 vector;
b(k,:) : a px 1 vector;
Q(k,:) : an n xm matrix;
R(k,*) : a px » nonsingular matrix;
w(k) : an m x 1 zero-me-n Gaussian white noise sequence

with unit variance Matrix;
v(k) : a px 1 zero-mean Gaussian white noise sequence

with unit variance matrix;

v(k) : a Markov chain taking on values of 1, 2,..., M
with transition probability matrix:
r A |
P=1!p, (k) [, o,k 2 PYK)=]lv(k-1)=1),

X

and it is assumed that stochastic processes w(k), v(k). y(k)
and x(0) are mutually irdependent and that the initial state
x(0) 1is Gausslan.
The problem is to find out the optimal contr~' nolicy
which minimizes the expected quadratic cost:
¢ N

J =4 [

A
[x"(X+1)P(k+1)x(k+1) + u'(k)ql(k)u(k)]F, (2.3)
x=0 ’
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where P(k) (k=1,2,...,N+1) are n x n symmetric nonnez-<ive
definite matrices and Ql(kj (x=1,2,...,N) are r x r symmetric
positive definite matrices. Here, we assume that the a’missible
control wu(k) at time k is Yk-measurable, where Yk is a
minimum o-field generated by observations {y(0),y(1),...,¥y(k)}.

The optimal control algerithm for system (2.1) and (2.2)

with quadratic cost (2.3) is g'ven hy the following theorem.

Theorem 5.1 (Optimal Control Algorithm)
The optimal control input u*(k) for system (2.1) and (2.2)

with criterion (2.3) is given by
ur(k) = - K(KR(k|[X) - LOQQ#*(k[K), (2.4)

where
2k 2 Ex@o |YSY,

and

K(k) = [G'(K)P*(k+1)G(k) + Ql{k}}"ls‘{k)P*{k+l)F(k) (2.5)

L(K) = [6' (KIP*(x+1)6(K) + Q) (0] TH6" (). (2.6)

Here, P#*(k+1) appearing in (2.5) and (2.6) is given by the

backward equation:

P*(k) = F' (K)P*(k+1)F(k) + P(X) - P (%), (2.7

- 144 -
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Po(k) = F"(K)P*(k+1)G(X)K (k) (2.8)
and

P*(N+1) = P(N+1), k = X, N-1,..., O.
Also, @*(k|k) is defined by

o*(klk) & Brwr o YY) (2.9)
where

w*(k) = P*(k+1)£(k) + T(k+1)w*(k+1) (2.10},

E(K) = a(k,vy(k+1)) + QX,y(-1))w(k) (2-103,

T(K) = Fr(k)  F' (KP*(k+1)G(K)L(K) (2.1
and

w*(N) = P(N+1)E(N). (2.12)
Remark : Theorem 5.1 shows that a certainty equivalence (Patchel

and Jacobs, 1971) holds for system (2.1) and (2.2) with criterion

(2.3).

Proof of Theorem 5.1

We devide the observation rprocess y(k) into the component
yl(k) functionally dependent upon the past control inputs Uk_l g
{u(k-1),u(k-2),...,u(0)> and the component yz[k) func*ionally

k-1

independent of the past control inputs U~ ~. That is, we consider

- 145 -
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processes ylﬁk) and yz(k) generated by
x) (k1) = P0x, (K) + 6(Ku(k), x,(0) = 0, (2.
y, (k) = H{K)x, (%) (2.

and

X, (k+1) = F(X)x, (k) + a(',y(k+1)) + Qlk,y(+1))w(k),

x,(0) = x(0), (2

Yo(k) = H(K)x, (k) + b(k,y(k)) + R(k,y(k})v(k), (2

respectively. From (2.13)-(2.16), we have

x(k) = xl(k] - xz(k) (2
and

y(k) =y (k) + y,(k). (2.
Here, yl(k) is completely determined by Uk-l, and ysz)
functionally independent of Ukﬂl and is given by (2.18) in
of y(k) and yl{k}. This means that

"the amount of information contained in {Yk,Uk-l} is

equivalent to the one contained in {Y k Uk_l]", (2.

where

lemma :

2 >

sz is a o-field generated by {y. " 7),vy (l),...,yztk)

Now, we shall show the following lemma.

Estimation errors:

- 146 -
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Y

X(klk) = x(k) - *(x/k) (2.20)
and

" «

Exl 2 e - 2k (2.21)
are functionally independent of the past control inputs Uk—l,
where

2(k]k) = E{x(x) |ty (2.22)

- -1

£(k|%) = B0 05T vF (2.23)
and

E(K) = a(k,y(k+1)) + Q(k,y(k+1))w(k). (2.24)
Proof of lemma : From proposition (2.19) and equations (2.13)-
(2.18), we have

. kS -

xi(klkj = X, (k) - E{xsz)IYz } (2.25)
and

BB = £ - BrEC Y, (2.26)

because process xz(k) defined by (2.15) and process (k)

defined by (2.24) are indepercent of the past ec:trel inputs
5L, The above lemma follows fram (2.25) and (2.26).
The fact that the estimc . ion errors E(k}k} and E(k}k)

: ; : k- :
are functionally independent of the past control inputs U ! is

a crucial point for Theorem 5.1 to hold.
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By Bellman's principle of cp<imality (Bellman, 1957), the
optimal control input u*(%) is given by u(k) which minimizes
the right-hand side of the following functional equation:

*
J, = min E{x'(k+l)?(k+l]x[k+1) + u'(k)Q, (Ku(k)
1
AP

* ;| X
" gk I,Y{f (2.27)

and

where kX = N, N-1,..., 0. The optimal control input u*(N) which

minimizes (2.27) for k = N 1is given by
u*(N) = - KCORNIN) - veverNINg, (2.28)

where K(N), L(N) and @*(N|XN) are defined by (2.5)-(2.12),

*
and then JN becomes

J; = E{xrgw}[pigw)pfw+1)?(w) = Py (N} ]x(N)

L 20 )TOWH )+ 10 (U I,Y“} ; (2.29)

where
I(N) = ET(N)PONHL)E(N) - w*' (N)G(N) L) w* (N)
v | Y] .
£ IPNSL)FONXNIN) + wr(N[R)T 'S LY)

x [POVDIEMNXONN) + wr(N')]. (2.30)
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Here, I(N) defined by (2.30) is functionally independent of

N"l ¥
U by the above lemma, because &*(" N) 1is obtained by a linear

transformation of E(N|N) by definition (2.12), (2.21) and (2.24).
Suppose that for k = n we have

*

Iy = E{X’CHJIF’(H)P*(H+1]F(HJ - Py(n)Ix(n)

~

-1 1)

+ 2x' (M) T(n)w*(n) + I(n)!U" L, (2.31)

n-1

where I(n) 1is functionally independent of U Substituti-g

(2.31) into (2.27) for k = n-1 and performing the minimization

with respect to u(n-1) yields the optimal control input u*(n-1)

*

given by (2.4)-(2.12) for k = n-1; and as a result, Jn-l becomes

®
Jn-l = E(x'(n~l)[F’[n-l)P*{n]F(n—l) - Po(n—l)]x(n—l)

+ 2x'(n-1)T(n-1)w*(n-1) + f(n—l)IUn-z,Yn-l},[Z.SZJ
/4

where
I(n-1) = I(n) + E'(n-1)P*(n)E(n-1)
- w*' (n-1)G(n-1)L(n-1)w*(n-1)
+ [P*(n)F(n-1)X(n-1n-1) + w*(n-1]n-1)1'G(n-1)L(n-1)

[P*(n)F(n-1)¥(n-1/n-1) + w*’n-1|n-1)].
(2.33)

Here, w*(n-1|n-1) is a linear function of {Z(k|X),k=N,N-1,...,

- 149 -
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n-1}; therefore, from lemma, equation (2.33) is functionally
independent of the past control inputs Un—2. In deriving
equation (2.32), equations (2.5)-(2.12) are employed.

Now, we see from (2.32) that equation (2.31) also holds

for n replaced by n - 1. T':refore, by induction, Theorem 5.1

holds. This completes the proof of Theorem 5.1.

From (2.4), the values of the estimates R(k!k) and
#*(k|k) are required to realize the optimal control input u*(k).
By the same procedure as taken in chapter II, we can easily obtain
the optimal estimates 2(k|k) and @*(k|/k), though system (2.1)

1

and (2.2) is slightly different from the system treatr’' in chapter

IT.

Theorem 5.2
For system (2.1) and (2.2), the optimal estimates R{k[k)
of state x(k) and ®*(klk) defined by (2.9)-(2.12) are given

by the following.

M M
2k|)) = T -es T o(k|k,INPCRYS, (2.34)

where

2ok |k, 15y & Bix(x) [TX=1¥,¥¥) (2.35),

- 150 -
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=
11

A
1 (0) s ¥l noecn?lkl (2.35),
and

KA. . .
L% [l wnally B (2.35),

> 1
Here, ®&(k|k,I") defined by (2.35) is given by

k

2(klk, 1) = g(k{k-l,lkj

# KOT [y() - HOOR(K]K-1,1%) - b(k,1,)]

(2.36),
and
x(k\k-l,zk) = F(k-l]X(k~l|k-1,Ik_l) +a(k-1,4), (2.36),
where
k - k., ] ¥ k
K(k,T™) = P(k[k-1,17)4" (k) [H(K)P(k]k-1,1)H" (k)
T ] a -1
+ R(k,1 )Rk, 1] (2.37),

Pk|k, I = P(K|k-1,1 - K(k,I'yH(K)P(K|k-1,15) (2.37),
P(k|k-1,I%) = F(x-1)P(k-1]k-1,1% 1y Fr(k-1)

+ Qf%-1,1,)Q" (k-1,1 (2.37);

k)'

Also, the a posteriori probability P(Ik|Yk) appearing in (2.34)

is given by

= 151 -
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k k-1 ¥ de-1
. p{y(x) |17, )PIT|YT)
PIINYY) = — ~ , (2.38)
o o k yk-1 yk-1
T e Tyt T Y e YY)
10-; X =1
where p(y(kjj k, B l) is Gaussian with
mean = H(k)X(k}k-l,zk) + blk,i,) (2.39),
cov = H(k)ﬁ(ktk-l,zk}"'(kj * R{k,i IR (k,1p), (2.39),

and the a priori probability P(I‘\Yk'lj appearing in (2.38) is

given by

peIdIYS Yy = p. L popr®?
-1

k-

Y. (2.40)

Equations (2.34)-(2.40) offer us the optimal estimate #&(k|k) of
state x(k) given observations Yk sequentially.

Next, the optimal estimate @*(k|k) is given by

5 . N+, N+T )k
a*(k|K) = y o oeee ¥ 0% (K, Iy, }p(1k+,iY'), (2.41)
1k+1=1 Ive1”™ 1
where
N+l 8 : .
2.42
T = Uerodienr e oodva? (2.42)
+1

and @*(k, Ik 1) is defined by

¥ (k, I ) = P*(k+1)a(k,i + T(k+1)w*(k+1, Ik 2) (2. 43)1

Ie+ 1}

= 152 =
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T(k) = F'(k) - B'(K)P*(k+1)G(K)L(K) (2.43),

LK) = [6'(OPFR+1)G(K) + Q, (0] 6" (1) (2.43),
and

FH (N, iy ) = PO+1acy, i ), (2.43),

Also, the conditional probability D[Ig:}]Yk) is given by

N+1

k Ky K
P(Ik+1|Y ) = E ‘oo 1

P(IiY )p

= i [k-!-]_)x p—
1 er kel

e w ¥

(N+1) (2.44)

B
i 05 |

and P(Ik|ij in (2.44) is given by equations (2.38)-(2.40).

Proof of Theorem 5.2

Equations (2.34)-(2.40) for the optimal estimate 2&(k|k)
are obtained by the same procedure as was.adopted in section 2.3,
chapter II. The differences are in that bhias terms a(k—l,ik)
and b(k,ik) appear ir equations (2.36) and (2.39). Similarly,
from definition (2.9)-(2.12) of the optimal estimate 0*(k}k)
and by the fact that white noise w(k) 1is independent of obser-
vations Yk, we can easily obtain egvations (2.41)-(2.44) for

the optimal estimate &*(k|k).

Remark 1 : Theorem 5.1 also holds for linear discrete systems

with arbitrary second-order noise processes such as
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x(k+1)

FOx(X) + GlQui} + g(*) (2.45),

y (k)

H(k)x(k) + n(k), (2.45),
where

E{g"(R)g(k)} < =
and

E{n'(On(k)} < =.

Here, it is not required that noise sequences {£(k),k=1,2,...}
and {n(k),k=1,2,...} are Gaussian and/or white and that £(k)
and n(k) are uncorrelated. The optimal con*rol input  u*(k)
under the performance criterion (2.3) is given by (2.4)-(2.12)
without (2.10];1 But it should, however, be noted that for the
general system (2.45) the optimal estimages 2(klk) and @*(k|k)

appearing in (2.4) can not be obtained, although for system (2.1)

and (2.2) the optimal estimates are given by Theorem 5.2.

Remark 2 : As was pointed out in section 2.3, chapter II, the
evergrowing amount of memory is required for the evaluation of
the optimal estimate &(k|k). Therefore, the optimal control
algorithm presented above becomes infeasible for large N, where

N is the total length of the control interval. Thus an appro-

*) Certainty equivalence has recently been examined by Akashi

and Nose (to appear).
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ximate estimator algorithm should be employed in such a case.
An approximate estimator algorithm for =&(k|k) and w*(klk) can
be obtained by the same approach as was tak%en in section 2.5.1,

chapter II, as follows.

Approximate Estimator Algorith~

Approximate estimates x*(k|k) and w*(k|k) of the optimal

%(k|k) and w®*(kx!k) are furnished as follows.

x*(k|k} =
1

x,* (k| K)pE]K) (2.46)
i

N Be-

where
x,*(k[K) = x *(k|k-1) + K, (K) Iv(k) - H(K)x, *(k|k-1)
- b(k,1)] (2.47);

xi*(k;k-lj = F(k-1)x*(%-1'%-1) + a(k-1,i) (2.47),

K. (k) = P*(X'k-1)H"(X) [H(K)P* (k|k-1)H" (k) + R(k,i)R'(k,i)]'l
o - 3 (2.47) 4

Pr(k|k-1) = F(k-1)P¥(k-1]k-10F' (k-1) + Q(k-1,1)Q" (k-1,1)

(2.47),
M
A; 00§ pss (OpGHKk-1)
.=1
pil¥) = < (2.47)

£

A (K) TPl () k-1)
=1t =17

=1
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and Ai(k) in (2.47)5 is defined by

A . . o k-1
A () = ply () [vy()=1,Y" 7) (2.47) ¢
and is Gaussian with
mean = H(k)xi*[kfk—l) + Blk;1)
(2.47),

cov = H(K)P¥ (k|%-1)H' (k) + R(k,1)R' (k,1).

Also, the approximate error covariance matrix P*(k'k) is

given by
M o,
P*(klk) = 7§ ¢P*(k|k) + [x*(k]k) - x,*(k|k)]
=1k * =
x De*(k]k) - x,*(k k)]'}p(i[k), (2.48)
where “
P;(k[k) = Pz(k|k—1) - Ki(k)H(k)P;(klk—l). (2.49)

Moreover, by using the annroximate a posteriori probability
p(ilk) 2 Pfy(k)=i|Yk) given by (2.47}5, an approximate estimate
wr(k|k) of w*(k) given Y* can be obtained as follows:

M

wr(klk) = } s*(k,ik)p[ik[k), (2.50)

ik=1

where
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M N N+1
s*(k,i, ) = 5 aes E ar(k,I, )p. . (k+1) x +oe
L W R N R T )
k+1 TN+l T
eee x p. L. (N#1) (2.51)
N> INel

. N+1 X :
Here, & (k,Ik+l) is defined by (2.43).
Remark 3 : Because (2.43) is 2 deterministic equation, s*(k,ik)

defined by (2.51) can be obtained by off-line computation. Appro-
ximate estimates x*(k|k) and w*(kl!k) given by (2.46)-(2.51)
together with Theorem 5.1 furnish a suboptimal control input

for system (2.1) and (2.2) with criterion (2.3).

5.3 Optimal Control for Continuous-Discrete System

with Switching Environment

In this section, we shall consider the stochastic control
problem for a class of linear continuous-discrete systems with
switching environments, where the characteristics of the system-
and the measurement-noise processes change according to a jump
Markov process. Wz shall show that a certainty equivalence
(Patchel and Jacobs, 1971) holds for linear continuous-discrete

systems with switching environments.
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Consider the system describhed by a stochastic differential
equation:
dx(t) = F(t)x(t)dt + G(t)u(t)dt + a(t,y(t))dt

+ Qt,y(t))dw(*), 0 <t <T. (3.1),

and let the observation be given by

y(ty) = Hr)x(t,) + ble,y(t)) + R(t Ly (8 VL),

0 < By %Ry & e g, R Ty [3.1)2
where

x(t) : an n x 1 state vector;

y(tk) : a px 1 observation vector;

u(t) : an r x 1 control inpu“ vector;

F(t) : an n xn state transition matrix;

G(t) : an n x r control gain matrix;
H(tk) : a pxn observation matrix;

a(t,*) : an n x 1 vector;

b(tk,-) i a px 1 vector;

Q(t,=) : an n x m matrix;
R(tk,-) : a p x p nonsingular matrix;
w(t) : an mx 1 standard Wiener process;
v[tk) : a px ! zero-mean CGaussian white noise seguence
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with uvnit varisonce matrix;
and
y(t) : a right-continuous jump Markov process taking on

values of 1, 2,..., M with transition rates

P(y(s)=]|y(t)=1)
q..(t) = lim , (525,
syt s -t

Also, define:

M
q, (t) = _; q; . (t). (3.2),

(ML

It is assumed that the control input u(t) is Ytk—measurable
for tk <t < tk+1’ where ytk is a minimum o-field generated by
{y(tl),y(tzj,...,y(tk)}. That is to say,” the control input u(t)

for t £ L <L is determined based upon the observations

k k+1
{y(tlJ,y{tz),...,y(tk)}. Tt is also assumed that stochastic
processes w(t), v(tk], y(t) and x(0) are mutually independent
and that x(0) is Gaussian with ZE{x(0)} = %(0) and Covi{x(0)} =
P(0).

The objective of this section is to find the optimal

control policy which minimizes the following expected quadratic

cost:



T E
n 2 Ir 2 f "2 )
5= eflxm « [xcol? et « [ucol? . ath,
\ P']‘ 'O P('] ,O Qll:t) ’

{3.3)
where PT and P(t) are n x n symmetric nonnegative definite
matrices and Ql(t) an r x r symmetric positive definite matrix.

The optimal control policy can be found by the similar
approach as was taken in the previous section. The following

theorem completely specifies the optimal! control algorithm.

Theorem 5.3
The optimal control input u*(t) for system (3.1) with

criterion (3.3) is given by

u*(t) = - K(t)x(tltkj - L{tjw*(tlth (3.4)
for tk <t < tk+l’ where )

K(t) = Q (£)6' (£)P() (3.5),

L(t) = Q, (16" (D) (3.5),

P*(s) + P*(s)F(s) + F'(s)P*(s) + P(s)

- P*(s)C(5)Q, T (5)G' ()P*(s) = 0, (3.5,

PH(T) = Py, (3.5),

and
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K(t}tk) 4 E{x(t)‘ytk}
ﬁ*(s\tk) + Fr(s)w+(s}tk} + p*(sj&(s,tk)

w1
- P*(s)G(s)Q; "(s)G'(s)m*(s[ty) = O,

for t gsgt .y, k=N, N1,..., 0, (3.6),
Wty 1t = Bweee, Lt YR, k=0, 1., N1,
(3.6),
> (T[ty) = 0, (3.6),
a(s,t,) & Efa(s,y(s)) |Y*k).

Here, the upper dot denotes differentiation with respect to time s,

and we set to = 0 and tN+1 = T.

Proof of Theorem 5.3

-

Let us consider processes yl[tk) and yE[tk) generated by

n

dx, (£) = F(t)x, (t)dt + a(t,y(t))dr + Q(t,y(t))dw(t),

1]

xl(O) x(0), (3.?)1

v (t) = H(EDx (8] + Bty (t)) + R(t,y(£)IV(t).

(3.7}2

and

1]

dx, (t) = F(£)x,(£)dt + G(tlu(t) e, x,(0) =0,  (3.8)

1
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FolEed = Bt w0t ], (3.8),

respectively. Fr~m equations (3.1), (3.7) and (3.8), we have

x(t) = x, (1) + x, (%) . (3.9)
and
y(t) =y (t) + y,(t). (3.10)

Here, xl(t) and yl(tk) are independent of the control input;

while xz(t) and are completely determined by the control

(t.)
Yol
input. Therefore, for a random varinhle =z independent of the

control input, we have

E{z|u%,Y*k} = E{zl‘(ltk}, (3.11)
t A ! ty A _
where U = {u(s),0zsst}. Y, kg {y (& ry, (e) sy (B 15

and equation (3.11) is functicnally independent of control inputs

Ut. Thus, from (3.7)-(3.11), we can easily show the following

lemma.
lemma : Following variables:
Y(elt,) & 2(t| = x(t E{xct) U, YTk}
by k) - X(t) = (t.th ( - X( ) - XL"), ] }
and
a(t,t) & Elare,y() U5, ¥k, g <t
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are functionally independent of the past control inputs ut,

Proof of lemma : From (3.7)-(3.11),

il

"y
X(tt) = x (1) - Elx, (t)|ut, ¥y

it

X, (t) - E{XTEEJ}Y1tk}1 independ: nt of ut.

Also, since y(t) is functinnally independent of pas* control
inputs Ut, we see from (3.11) that a(t,tkj is functionally

; . T
independent of past control inputs U".

Based upon the above lemma, we shall derive the optimal

algorithm. Let us define:

-
- 12 [ 2
J{th = E*-\HX(T}\IP + 1 \x(tjnp(t)dt
T g

. & luo)ll? . dt]utk ytx (3.12)

e URLE) T T g

t i
and
Je(t, ) & min J(t.) (3.13)
k k”°

{u[s),tkiﬁij}

Then, by Bellman's principle of optimality (Bellman, 1957),

the optimal control wu*(s) £tk§§<t is given by wu(s) which

k+1)

minimizes the right-hand side of the following functional equation:
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rt
aegey = min E[J k”’flx(s]”gts)ds
{u(s},tk§5<tk+l}~ tk
(Fx+1 2 Tl ot
" lu(s HQI(S}ds + I, O [URHLY k}
k (3.14)
with tN+1 =T and
1 ;|2
I*(T) = lx(Mll; -
T
For kX = N, we have from (3.12)
T,
2 i 2
- I [ i
J(ty) ”x(T[tN]HPT + (4 wﬂ(tItN)hP(t)dt
: N
e 2
+ L Hu(t]HQI(t)dt + Ity (3.15)
N

where IO[tN) is a functional of estimation error ?(t[tN) ipa

Ni
t<T) and is functionally independent of {u(t),0<t<T}, from

lemma. Also, from (3.1), we have

R(t]t) = F(n)2(e]t) + G(tu(t) + a(t,t (3.16)

N

t. £t Ts

N =

(£

Therefore, from (3.15) and (3.16), we see that the problem of the

minimization of J(t,.) with respect to {u(S),tNéﬁéI} is merely

N
the usual linear deterministic control problem. Performing the

minimization of (3.14) for k = N yields the optimal control
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inputs u*(t) (tN;;;Fj which is given by (3.4)-(3.6) for k =

As a result, equation (3.14) becomes

& = i '}”2 v | *( |
J (tN) r.g(tj t\‘v,\p*(t J + 28 (-\‘: tN}W \tN.tN) + Il(t.\:)’

(3.17)

where I (t is a functional of {x(tltN) a(t ty) st <t<T} and

N?

is functionally independent of the past control policy, from lemma.

From (3.'7), we have

E{J*(tM)fUtN,YTN'l} =llact | + 227 (ty |y )0e(ty|

N N- 1)”p*(t ) NI EN-1)

Tty 1) (3.18)

| é ! . ! t"‘r—l :
where @*(tylt, ) = E{0*(t ILN)‘YI } and I,(ty ;) isa

functional of {x( = \J X( (t]t N_1),a(t,t ] N- 1Sty } and is
uty.

independent of the past control inputs Also, we can obtain

the following equation which is similar to (3.16):

R(tlty ) = F(IR(t]ty 1) + 6(u(t) + Al t (3.19)

N-1’

for ty1 £ t < tN' Moreover, from (3.18), equation (3.14) for

k = N-1 TDbecomes

+

min (IHN (et

{ult), tyo 1Sty } 'tN 1

MELTE ¢

2
|
gl = N—I}JP(t]dt ¥
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t
it . 'Q, (1) TATNUON-1/prre )
N-1 = N
+ 2% (gt er(ny |t )+ T ) s (3.20)

where Té(tN-lJ is a functional of {%(tNItN),;(tftN_l),;(t,tN_l),
tN_lé;épN} and is functionally independent of the past control
policy. Therefore, from (3.19) and (3.20) we can easily perform
the minimization of (3.20) and the optimal control input wu*(t)
(tN_1§;<tN) is given by (3.4)-(3.6) for k = N-1, which results
in

2

* = | |
I*(ty_y) = [0y g It M b s + 220 (e Ity (e [ty )

N-l}

+ L(t (3.21)

N-l) 3

where IS(tM—l) is a term which is functionally independent of
the past control policy. Thus, from (3.17) and (3.21), we can
show by induction that the optimal control input wu*(t) (0<t<T)

is given by (%.4)-(3.6). The details are omitted here.

Remark 1 : If for fixed t

y We define w(s!tk) pro?ess (t,25<T)

by

Wis|t) + FU(s)i(s|t) + Pr(s)a(s,t,)
= P*(s)G(szl—lfs]G‘(s)ﬁ(s!tk) = 0,

(3.22)

I
w
3
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with E{T[tk) = 0, then there holds

w*(sftk} & w(s}tk), for te 5 < T (3.23)
where W(s{tkj (tygszty,,) is defined by (3.6).
Remark 2 : It is to be noted that the first term in the right-hand

side of (3.4) corresponds to the optimal control input for usual
linear-quadratic-Gaussian systems and that the second one is the
correction term due to the fact that the noise processes are non-

white and have non-zero means.

Remark 3 : Theorem 5.3 shows that a certainty equivalence (Patchel
and Jacobs, 1971) holds for system (3.1) with criterion (3.3).
It is to be noted that the certainty equivalence also holds for

the following system (Fujishige and Sawafﬁgi, submitted 1974):

dx(t) = F(t)x(t)dt + G(t)ult)dt + dw(t) (3.24),

y(t) = H(t)x(t,) + v(t (3.24),

k).‘

where {v(t k=0,1,...} is an arbitrary second-order noise

kj’
sequence and {w(t),0<t<T} is also an arbitrary second-order noise
process with w(0) = 0 which satisfies

sup E{w' ()w(t)} < =
0<t<T

- 167



Sec, 5.3

and

_ " ru
E{w(u) |UY, Yk} = |
-0

a[s‘tk}ds
for u >t > t,r Here, a[s,tk} is assumed to be independent of
the control policy. Under the criterion (3.3)., the optimal control

input wu*(t) for system (3.24) is given by the same equations

(3.4)-(3.6). System (3.24) includes system (3.1) as a special case.

Now, we shall show the optimal estimator algorithm for

x[t[tk] and w*(t{tk) for t, <t k=0, 1,..., N,

L5 Lt <
kS5 S Tger
which are required for us to realize the optimal control input

u*(t) in (3.4).

Theorem 5.4
- _-l 1 - - -
The optimal estimate X{t‘tkj {tI:;;;k+1) is given by

M
£
= =1 T ‘t]- P~ ( =1 X
ﬁ(tltk) i Elﬁ(ﬂtk,{v(ﬁ) 19>79? DRy (0) 10,11>t1‘f )

g
0
™ M M M r‘t‘t rt w W W
+ 5 3 ) ( 2(s|t {y(0)=ij,t =s",j =1, >t}
n=1 i =1 i, = i =10-s s
0 'l#i Ny 1 n-1
L7 a1
i n n .n.n tx
x Py(0)=i,,t eds,j =i ,Tq+1>t|Y Vs (3.25)

¥ t
where the a posteriori probabilities ?{Y(0}=1n,r1>t{Y k) and

P(Y(0)=io,Tnsdsn,jnzin,1n+7>t\Ytk) are, respectively, given by
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5 S o .
Ply(t) Iy (0)=ij,7,>t, YK IJP(Y(O):lozT1>t1Ytk’l}

P(y(0)=i_,t >t|Y'k) =
0°"1
ply(t) Y1

(3.26),
and
—: n ,n .n.n t

P(y(0)=iy,t eds ,j =i ’Tn+1>t?Y ky

! -3 M_.D .n_.n k=]
i P(Y(tk]iY(OJ 1ot =s 3 =i, >t,Y ) .

txo
p(y(t,) Y 1)
P(y(0)=ig, 7 eds™, i =i, >t|YTk-1)
* g (3.26),,

Here, P(Y(tk)]Y(S},Ogﬁgy,Ytk'l} is Gaussian with
mean = H(tk)R(tkItk_l,{yts),Oéﬁéﬁk}) + b(tk,y(tk)) (3.27)1
- 5 | -
cov = H(tk)P(tk!tk_l,{y(s],O;;;tk})H'(tk)

+ RO (8 IR (v (1)), (3275,

where

ELx(t) |y(s),0<s<t,Y"K} (3.28)

x(tltk,{v(53,0;5;t})
and

Covix(t) |y(s),0ss<t,Y KL, (3.29)

§(tztk;{vcs),0;s;;}3

Moreover, the conditional probability density function

p(y(thIYtk'l} appearing in (3.26) is given by
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py(t) Y1)

M
t
= I POty (@=ig,c >t Y Np(y(0)=i . >t ytk-1,
i.=1 k 0 0 kl
0
@ M M M .t .t E
Mk X
# 1 L Tee 3[R
n=1 lozl l_‘=1 1 -.:l-'O JS.‘ [~
gy 1“#1 - R~

i’ tk-
P(}’(tk»‘ JY(O) lO}T _S ,j —:l-. ,T + >tk,Y k l)

. P{y(0)=i0,Tnsdsn,fn=in,Tn+1>tk]Ytk‘l). (3.30)

Furthermore, @* (t]tk) (t,stst, ,) is given by equations

(3.6)1-(3.6)3 or by equation (3.22), where ;(s,tk) 4 E{a(s,v(s)) |

Y'K} is obtained by

a(s,i)P(y(s)=1|Y"K) (3.31)

a(s,t,) =
K ]

i

1=

and

P(y(s)=1i|Y™K) = P(y(0)=1,7,>s|Y"K)

_z n . n_.n-1_.n-1. _. tx
Pfy(Oj—lo,T edu ,j =i j —1,1n+1>s|Y ).
(3.32)

Here, the notation adopted follows the one in chapter IV.
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Remark 4 : We can also express a(s,tk) as follows:
. M "
a(s,t;) = ¥ o, (s,1)P(y(t,)=1]Y ¥), (3.33)
k STk k
1=1
where

o (5,1) & Efas,y(s))|y(t =1}, s 2t (3.34)

K-
Equations (3.33) and (3.34) may be more convenient than equations
(3.31) and (3.32) for on-line computation, because ak(s,i] is
a deterministic function of %k, s and i, and can be obtained

a priori for tk <s<T, k=1, 2,..., N and i=1, 2,..., M.

Remark 5 : Since the optimal estimator algorithms for x{t[tk)
and W*(t|tk} are not feasible, approximate estimator algorithms
are required for the practical implementation. We can obtain

approximate estimator algorithms by thc similar procedure as was

taken in chapter IV.

5.4  Suboptimal Control for Discrete System with Markov Chain

We shall consider, in this section, a stochastic optimal
control problem for a class of linear discrete systems with a

Markov chain. In section 5.2, we have already considered the
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stochastic optimal control prolem for linear discrete systems
including a Markov chain in a special way, that is, linear discrete
systems with switching environments. More general discrete systems
will be treated in the following.

Let us consider the system represented by a stochastic

difference equation:

x(k+1) = F(k,y(k+1))x(k) + G(k,y(k+1))u(k)

+ Q(k,y(k+1)Jw(k), (4.1),
and let the observation be given by
y(k) = H(k,y(k))x(k) + R(k,y(k))v(k), (4.1),

where the notation and the assumption are_the same as in section
5.2. The difference between the present system (4.1) and system
(2.1) and (2.2) is that matrices F, G and H in (4.1) depend
upon the Markov chain y(k) and that system (4.1) does not contain
random-bias terms.

The problem is to find the optimal control policy which
minimizes the performance criterion given by (2.3) in section 5.2.
However, the optimal control policv cannot be found for system
(4.1) with criterion (2.3) (cf. Fujishige, 1974); therefore, a

suboptimal control algorithm will be presented in the sequel.
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Let us define:
-\:
J(X) = 5{ Y [x'(k+1)P(k+1)x(k+1)
L=k
+ u'(kjc,_c1<1u€k)J!Uk,v"} . (a.2)
and

J*(k) = min J(k). (4.3)
{u(i),kiN}

Then, by Bellman's principle of optimality (Bellman, 1957),

J*(k) = min sfx'(k+1jp(k+z)xck+1) + w' (10Q, (Qu(k)
u(k)

+ J*{k*-l)%Uk,Yk}’ k =N, N-1,..., O,
(4.4)

and

J*(N+1) = 0.

The above functional ecuation cannot be soved analytically;
therefore, in order to obtain a near-optimal control policy, we

approximate J*(k+1) in (4.4) by assuming as follows.

Assumption : The trve values of x(i) and y(i) are given at

each time 1 for k £ 1 2 N.

It is to be noted that the true values of future x(i) and v(i)

(k<i<N) are not given at time k.
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Based upon Assumption (4.5), J*(k+1) in (4.4) is given by

.
J*(2,x(%),1) = min E{x'<z+1)Pcz+1)xtz+lJ +u(2)Q, (M)n(8)
u(®)

+ J*EE+1,XE2+1),Y(£+ZJ)\X(ile(2+l]=i}
J
(4.6),

for £ =N, N-1,...., k+1, with

JEN+L,x(N+1) ,y(N+2)) =

1
(]

(4.6),

Suppose that

J*(+1,X(2+1) Y (8+2))

x'(2+1)S(2+1,yv(2+2))x(2+1)

+ I1(2+1,v(2+2)), (4.7)

where I(&+1,y(2+2)) 1is functionally independent of the control

policy. Substituting (4.7) into {4.6)1 yields

J*(&,x(8),1)
= min {[F[i,i)x{k] + GlR,)u(e)]'[P(e+1) + T(2+1,1)]
ulgy b
x [F(2,1)x(8) + G(&,1)u(r)]

+u'(2)Q, (Mu(a) + I(l,i)}, (4.8)

where

T(2+1,i) =

]

=

S(2+1,3)py ; (4+2) (4.9)
1

and
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I(e.1) =

==

T(&+1,3)p;. (8+2)
l v

j

+ tr Q'(L,1)[P(r+1) + T(2+1,1)]Q(%,1).

(4.10)
Minimizing (4.8) with respect to u(2) yields
J*(R,x(8),1) = x"()S(R,1)x(R) + I(2,1), (4.11)
where
S(2,1) = F'(2,1)P*(8+1,1)F(2,1) - P,(4,1) (4.12),
P*(&+1,i) = P(o+1) + T(R+1,i) (4.12),
and
Pofﬁ,i) = F'(e,1)P*(2+1,1)G(R,1)
X [6' (4, 1)P*(2+1,1)6(2,4) + @ (2)]™!
x G"(%,1)P*(e+1,1)F(2,1). (4.12)3

Thus equation (4.7) also holds for & replaced by 2-1. Also,

for . = N+1, equatibn (4.11) holds with

S(N+1,i) =

11
(]

(4.13}1

and

1
o

I(N+1,1) = (4.13),

from (4.6)2. Therefore, by induction, equation (4.11) holds for
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= N+1, N,..., and J*(k+1,x(k+1),y(k+2)) is given by

J*(k+1 ,x(k+l) Y [k+2))

= x'(k+1)S(k+1,y(k+2))x(k+1) + I(k+1,y(k+2)). (4.14)

Replacing J*(k+1) in (4.4) by *(k+1,x{(k+1),y(k+2)) in (4.14),
we have

J*(k) = min E![F(K,Y(k+1lix(k) + G(k,y(k+1))u(k)]"'
u(k) &

x P*(k+1,y(k+1))

x [F(k,y(k+1))x(k) + G(k,y(k+1))u(k)]

* u‘(k]Qlik)u{k) + I(k,y(k+1))[Uk,Yk}.(4.15)

Performing the minimization of (4.15) with respect to u(k),

we have a suboptimal control input:

ur(k) = - AT ODK), (4.16)
where
AGK) = BLG (K,y(k+1))P* (ke 1,y (k+1))G (K, v (k+1)) + Q () [¥*)
(4.17)
and
B(K) = E{6" (k,y (k+1))P* (ke 1,y (ke 1) ECk,y (ke 1)) x (K) [Y¥).

(4.18)

We thus have a suboptimal control 2Tgorithm as follows.
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Sec. 5.4

Suboptimal Control Algorithm

A suboptimal control input wu*(k) for system (4.1) with

criterion (2.3) is given by
&g &
u*(k) = - A " (k)b(k), (4.19)

where A(k) and b(k) are defined by (4.17) and (4.18), respec-
tively. In (4.17) and (4.18), matrices P*(k+1,1) (i=1,2,...,M)

are given by (4.9)-(4.12) together with (4.13)1.

Remark : Here, the conditional estimates A(k) and b(k) are

necessary for us to obtain (4.19). By the application of the
approximate estimator algorithm presented in section 2.5.1,

chapter II, A(kK) and b(k) are approximately given by

-

AGK) = Q (9 + igl :EIG'(k,f)P*(k+1,j3GCk,ijijck+1)p(iXkJ
(4.20)
and
- oM
b(k) = igl jzlG'{k,i)P*(k+l,j)FCk,j)x*iEk k)P, s (k+1)p(3iK),

(4.21)

where p(i!k) and x*i[k1k} are given by (5.2)-(5.10) in section

2.5.1, chapter II.
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Sec. 5.5

5.5 Concluding Remarks

We considered the optimal contrel problems for linear
stochastic systems with jump parameters. It was shown that a
certainty equivalence holds for both linear discrete systems and
continuous-discrete systems with switching environments. As was
pointed out in sections 5.2 and 5.3, the certain-y equivalence also
holds for linear systems with general second-order noise processes.
However, the optimal control algorithm for linear switching
environment systems is not feasible, so that combining the feasible
approximate estimator algorithms proposed in the previous chapters,
feasible suboptimal control algorithm was also presented.
Furthermore, a suboptimal control algorighm was proposed for
linear discrete systems modulated by a Markov chain, for which
the optimal control policy cannot be obtained analytically. By
applying the approximate estimator algorithm presented in section
2.5.1, chapter II, we have a feasible near-optimal control algorithm.

The optimal control problem for linear continuous systems
with jump parameters was not considered here; but we can obtain
a feasible suboptimal control algorithm by combining the appro-
ximate estimator algorithm proposed in section 3.4, chapter III

and the optimal controller due to Wonham (1970) and Sworder (1969),
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where considered was the case when the complete information on
both the state and the jump parameters was available to the
controller. Related optimal control problems of non-Gaussian
systems have recently been treated for discrete systems by Alspach

and Sorenson (1971) and for continuous systems by Kwakernaak (1974).
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