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Abstract. We suppose that M is a Calabi-Yau (or more generally almost
Calabi~Yau) manifold of dimension 3 over C. We define a moduli space V of
special Lagrangian varifolds (or currents) in M, using geometric measure theory.
We suppose that X is a compact special Lagrangian 3-fold in M with singularity
at one point and modelled on a stable T%-cone of multiplicity 1. We regard X
as a point of VV, and determine a neighbourhood of X in V.

1 Introduction

Gluing is a method of constructing blowing-up solutions to partial differential
equations, and we shall say that the gluing is surjective if all blowing-up solutions
may be re-constructed by the gluing. In Yang-Mills gauge theory, for example,
Taubes [25] constructs some instantons by the method of gluing, and Donald-
son [6] proves its surjectivity; for the details we refer also to Freed and Uhlen-
beck [8]. In special Lagrangian geometry, by a theory of Joyce [13, 14, 15, 16, 17],
we can smooth some isolated conical singularities by the method of gluing, and
we wish to prove its surjectivity.

We can formulate the surjectivity problems in terms of moduli spaces. In
the situation of Donaldson’s result [6] indeed one has the moduli space of Yang—
Mills instantons modulo gauge equivalence; using a result of Uhlenbeck [26] one
can compactify it by adding some singular instantons; one defines the boundary
of the moduli space as the set of all the singular instantons added for the com-
pactification; using the surjectivity result one can determine a neighbourhood
of the boundary in the compactified space.

We wish to do a similar thing in special Lagrangian geometry. We suppose
that M is a Calabi-Yau (or more generally almost Calabi-Yau) manifold of
dimension m over C. We take a € H,,,(M;Z). We denote by N the set of all
compact special Lagrangian submanifolds of M with homology class a. We give
N the C*-topology. Mclean [19, Theorem 3.6] proves that A is a manifold of
dimension finite.

For compactifying A/ we shall use varifolds and currents in geometric measure
theory. As special Lagrangian varifolds are calibrated in the sense of Harvey and
Lawson [9] they may be oriented and regarded as currents. By a fundamental
theorem of Harvey and Lawson special Lagrangian currents are homologically



area-minimizing, and so their area will not be cancelled; for the details we refer
e.g. to Federer [7, 5.4.2] or Simon [24, Theorem 34.5]. In effect we may use
varifolds in place of currents and vice versa. We shall mainly use varifolds
rather than currents.

We denote by V the set of all special Lagrangian integral varifolds (or cur-
rents) in M with support compact, boundary 0 and homology class a. We give
V the weak topology of varifolds. From an integral compactness theorem of Al-
lard [1, Theorem 6.4] we see that ) is compact. We may regard A as a subset
of V. From a regularity theorem of Allard [1, Theorem 8.19] we see that N is
an open subset of V, and the C*°-topology on A is the same as the one induced
from V. We denote by N the closure of A" in V. We put ON = N\ V.

In the situation of Donaldson’s result [6] the boundary of the moduli space
consists of instantons with isolated singularities, to which one can apply the
gluing method of Taubes. In our situation, however, N consists of special
Lagrangian varifolds whose singularities may be non-isolated or branched, and
it will be difficult therefore to determine a neighbourhood of ON in V. What
we shall do is to take a certain point X of OA and determine a neighbourhood
of X in V.

We have mainly two things to do: the analysis of bubbling-off and and the
classification of local models. In the proof of Donaldson’s surjectivity theorem
one uses a technique of Uhlenbeck [26] for the analysis of bubbling-off, and a
result of Atiyah, Hitchin and Singer [3] for the classification of local models.

We suppose that X has singularity only at one point and modelled on Jacobi-
integrable smooth cones of multiplicity 1. We can then analyse the bubbling-
off near X, using a technique of Allard-Almgren [2], Simon [22, 23] and the
author [12]. On the other hand it seems difficult in general to classify local
models for smoothing isolated conical singularities.

For stable T2-cones in the sense of Joyce [14, Definition 3.6], however, we
can classify the local models. We can describe the stable T2%-cones as follows.
We put

C = {(21, 29, 23) € C3\ {0} : |21] = | 22| = |23|, 212223 € (0,00)}. (1)

Harvey and Lawson [9, Chapter I11.3.A, Theorem 3.1] prove that C' is a special
Lagrangian submanifold of C3\ {0}. We put X = C'N S5. It is easy to see that
¥ is diffeomorphic to T2. Joyce proves that C is a stable cone. Haskins [10]
proves that every stable T?-cone may be expressed as a(C) for some a € SUs.

We suppose now that M is of dimension 3 over C. We suppose also that
X has singularity only at one point and modelled on C' with multiplicity 1.
We prove that we have a local model L compatible with X in the situation of
Joyce [17, Theorem 10.4]; L is a special Lagrangian submanifold of C3 asymp-
totic at infinity to C' with multiplicity 1. For each ¢ > 0 we can define tL by
re-scaling L by t. We can find a real number 7 > 0 such that for each ¢ € (0, 7)
we can glue tL to X by the method of gluing. Hence we get a smooth embedding
G:(0,7) = N with G(¢) tending to X as t — +0.

We shall parametrize G : (0,7) — A by a family of special Lagrangian 3-
folds with isolated conical singularities modelled on C'. We denote by X" the set



of all elements of V with supported connected, singularity only at one point and
modelled on C' with multiplicity 1. Joyce [14, Definition 5.6] defines a topology
on X. We prove that it is actually the same as the one induced from V. By
a result of Joyce [14, Corollary 6.11] we can take a neighbourhood Y of X in
X which has a structure of manifold. Joyce proves [17, Proposition 10.3] also
dim)Y = dim N — 1. Making 7 > 0 and Y smaller if necessary we can construct
a one-to-one local diffeomorphism G : (0,7) x Y — N with G(¢,Y) tending to
Y ast— +0 for each Y € V.

We can extend G continuously to [0, 7) x Y by setting G(0,Y) =Y for each
Y € ). We note that G : [0,7) x ) — N is a one-to-one open mapping. Our
surjectivity result is:

Theorem 1. G maps [0,7) X Y onto a neighbourhood of X in V.

We begin in §2 with a review of special Lagrangian geometry and geometric
measure theory. In §3 we analyse the bubbling-off of special Lagrangian varifolds
near Jacobi-integrable smooth cones of multiplicity 1 (which need not be stable
nor T2-cones). In §4 we classify the local models for smoothing C. In §5 we
prove Theorem 1.
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2 Review of SL Geometry and GMT

In this section we shall give a review of special Lagrangian geometry and geo-
metric measure theory. First of all we shall define almost Calabi—Yau manifolds
and their special Lagrangian submanifolds.

Let (M, w) be a symplectic manifold of dimension 2m, and let J be a complex
structure on M such that if we put §(v,w) = w(v, Jw) then § will be a Kéhler
metric on (M, J). Let Q be a holomorphic (m,0)-form on (M, J) with Q|, # 0
for every x € M. Then we shall call (M, w, J, ) an almost Calabi—Yau manifold,
and (w,J, ) an almost Calabi-Yau structure on M. We can define a smooth
function ¢ : M — (0,00) such that

2m m
%w/\m = (-1)° () QA Q where s = w (2)
We put g = 1)2§. We shall call g the almost Calabi-Yau metric on (M, w, J, Q).
Here g need not be a Kéhler metric on (M, J). If we have ¢(x) = 1 for every
x € M then g will be a Kahler metric of Ricci curvature 0. In that case we
shall call (w, J,§2) a Calabi-Yau structure on M, and g the Calabi—Yau metric
on (M,w, J, Q).

We define a Calabi-Yau structure on R?™ = C™ as follows. Let (2L, 2™)

be the co-ordinates of C™. Let wy = %(dz! Adz! + -+ + d2™ A dz2™), go =



dz' @ dzl + -+ dz™ @ dz™ and Qo =dz' A--- Adz™. Let Jy be the complex
structure of C™. Then (wp, Jo, Qo) is a Calabi-Yau structure on R?*™, and g is
the almost Calabi—Yau metric on (R*™, wy, Jo, Q).

Let (M,w, J,Q) be an almost Calabi—Yau manifold, and let g be the almost
Calabi-Yau metric on (M,w, J, Q). Then Re Q will be a calibration on (M, g) in
the sense of Harvey and Lawson [9], and so we can define Re Q-submanifolds of
(M, g), which we shall call special Lagrangian submanifolds of (M,w, J,2). Spe-
cial Lagrangian submanifolds of (M, w, J, Q) will be Lagrangian submanifolds of
(M,w).

We can also define Re Q-varifolds and currents in (M, g), which we shall call
special Lagrangian varifolds and currents in (M,w, J, ), respectively. In the
remainder of this section we shall consider calibrated geometry not limited to
special Lagrangian geometry.

We suppose that M is a manifold. For each z € M we denote by G, (T, M)
the Grassmann manifold of all vector subspaces of T, M of dimension p. We put
Gp(TM) = U,ecp Gp(TeM). By a varifold of dimension p in M we shall mean
a Radon measure on G,(TM).

We suppose that g is a Riemannian metric on M, and ¢ is a calibration of
degree p on M. For cach x € M we put Gy(T,M) = {S € G,(T,M) : |9|s|g =
1}. We also put G4(TM) = J,cps Go(TeM). By a ¢-varifold in M we shall
mean a Radon measure on Gy(T'M).

For each x € M and S € G4 (T, M) we define S e N T, M as follows. We

take an orthonormal basis (eq,--- ,e,) for T, M with respect to g|, such that
(@lzser A~ Nepy =1. Weset S =e1 A---Aep. It is easy to see that S s
independent of the choice of (eq,--- ,e;,), and so well-defined.

Let V be a ¢-varifold in M. Then we can define a p-current 7 in M by
setting

V) = / (e 31V (2, )
Go(TM)

for every p-form x on M with support compact.

Harvey and Lawson [9, Chapter II.1, Definition 1.4] define positive ¢-currents
in M, which we shall explain next. First of all we recall a definition of Harvey
and Lawson [9, Chapter II.A, Definition A.1]: by a ¢-non-negative p-form on
M we shall mean a p-form y on M with <X|m§> > 0 for every x € M and
S € G4(T,M). Harvey and Lawson [9, Chapter IL.A, Proposition A.2] prove
that a p-current T in M is a positive ¢-current if (and only if) we have T'(x) > 0
for every ¢-non-negative p-form on M with support compact. We have:

Theorem. Let V be a ¢-varifold in M. Then 7 is a positive ¢-current in M
in the sense of Harvey and Lawson.

Proof. We have only to prove that if y is a ¢-non-negative p-form on M with
support compact then we have V (x) > 0. By the definition of ¢-non-negative
p-forms we have (x|, ?) > 0 for every x € M and S € G4(T;M). Hence we
get 7()() = [(X|a ?)dV(m, S) > 0, completing the proof. O



We suppose now that M is compact. We take a € H,(M;R). We denote
by V the set of all integral ¢-varifolds V' in M with support compact, 67 =0
and [7] = a. We give V the weak topology in the sense of Allard [1, Defini-

tion 2.6(2)], i.e. the topology of the Radon measures on G,(T'M). We have
then:

Theorem. V is compact.

Proof. Tt is easy to see that V is a metrizable space. It suffices therefore to prove
that if V1, V4, Vi, --- € V then there exists a subsequence of (V)52 ; converging
in V. Since M is compact it is clear that ¢ is compactly-supported, and for each
n = 1,2,3,--- therefore we have areaV,, = V,,(¢) = a - [¢] where [¢] denotes
the de Rham cohomology class of ¢. This implies that area V), is bounded with
respect to n. By an integral compactness theorem of Allard [1, Theorem 6.4],
therefore, we can find a subsequence of (V;,)22; converging as Radon measures
on Gp(TM). We may identify (V)52 with the subsequence. We denote its
limit by L It suffices then to prove V € V. Since_> V., tends to V as varifolds we
see that V,, tends to 7 as p-currents in M. As 0V,, = 0 for every n =1,2,3,---
so we have 0V = 0. As [V,,] = a for every n = 1,2,3,--- so we have [V] = a.

We have therefore V € V as we want. O

Let V be a varifold of dimension p in M. Then we shall denote by ||V]||
the Radon measure on M defined by setting ||[V||(f) = V(7 o f) for every f €
C.(M;R), where 7 denotes the projection of G,(T'M) onto M, and C.(M;R)
denotes the set of all continuous functions on M with support compact.

We denote by R the set of all Radon measures on M which may be expressed
as ||V|| for some V € V. We give R the topology of the Radon measures on M.
We have then:

Theorem. The mapping V — ||V|| is a homeomorphism of V onto R.

Proof. From the definition of R it is clear that V + ||[V|| maps V onto R. Notice
also that each V' € V is rectifiable by a result of Allard [1, Theorem 5.5]. Then
we see that V +— ||[V|| is one-to-one. From the definition of ||V||, moreover,
we see that V' — ||V is continuous. We have thus proved that V — ||V is
a continuous bijection of V onto R. Notice also that V is compact and R is
Hausdorff. Then we see that V +— ||V|| is a homeomorphism of V onto R. O

We denote by T the set of all positive ¢-currents in M which may be ex-

pressed as 7 for some V € V. We give T the topology of p-currents in M. We
have then:

Theorem. The mapping V +— 7 is a homeomorphism of V into T .

Proof. From the definition of 7 it is clear that V' — 7 maps V onto 7. Notice
also that V' +— [|V]| is one-to-one by the previous proposition. Then we see that

V - is one-to-one. It is also easy to see that V +— 7 is continuous. We



have thus proved that V — 7 is a continuous bijection of V onto 7. Notice
also that V is compact and 7 is Hausdorff. Then we see that V — 7 is a
homeomorphism of V onto 7. O

3 Analysis of Bubbling-off

In this section we shall analyse bubbling-off near special Larangian Jacobi-
integrable smooth cones of multiplicity 1. We can summarize our results as
follows.

We take a special Lagrangian varifold X with singularity only at one point
x and asymptotic at = to a multiplicity 1 special Lagrangian Jacobi-integrable
smooth cone C. We consider special Lagrangian varifolds V close to X. We
define an energy functional for V. We prove that if the energy of V is small
then V has singularity only at one point y and asymptotic at y to a multiplicity
1 smooth cone close to C, and if the energy of V is large then V bubbles off.

We begin in §3.1 with the definition of an energy functional and a discus-
sion about related results. In §3.2 we discuss an important property of special
Lagrangian Jacobi-integrable cones. In §3.3 we analyse the bubbling-off.

3.1 Energy Functional

We define an energy functional as follows. For each varifold V' of dimension m
in R™ we put

S(V)—/ 575 (4 8) € [0, o0]
R x Gy (R7) [ T2 . ’

where S+ denotes the orthogonal complement to S in R™, and S+y denotes the
projection of 3 onto S=.

We shall recall a monotonocity formula for stationary varifolds. We put
B, ={y € R": |y| < p} for each p > 0 and A, , = B, \ B, for each p > o > 0.
For each Z C R™ we put Z = Z x Gp(R™). If V is a stationary varifold of
dimension m in (B, go) and if 0 < o < p < 1 then we have

VI, _IVIBD) _ g g )

pm O-m

for the proof we refer e.g. to Allard [1, Theorem 5.1(1)] or Simon [24, Equa-
tion 17.4]. Tt is easy to extend (3) to Riemannian metrics in place of go:

Proposition 1. Let g be a Riemannian metric on By with € = |g—golc1(p,) <
0o. Then there exists k > 0 such that if V is a stationary varifold of dimension
m in (B1,g) and if 0 < 0 < p < 1 then we have

VII(B,)

eo] IVIIB,)

_orea VIBe) o o 5

pm O—m



We suppose now that n = 2m and (w, J, Q) is an almost Calabi—Yau structure
on B;. We denote by V), the space of all special Lagrangian integral varifolds V'
with 8V = 0 in (Bi,w, J, Q).

We define r : R*™ — [0, 00) by setting r(y) = |y| for each y € R*™. We put
Jeyl = 17 2go, which we shall call the cylindrical metric on R*™ \ {0}.

We regard (0,00) as a multiplicative group acting upon R?™ as re-scaling.
By a smooth cone in R*™ we shall mean a closed submanifold of R?™ \ {0}
invariant under the re-scaling by (0, 00). We denote by C the set of all special
Lagrangian smooth cones in (R?™,wy, Jo, Qo).

We suppose C' € C. We denote by NC' the normal bundle to C' in R?>™ with
respect go. We get the same bundle even if we use gcy1 in place of go.

For each u € C*(C; NC) and p < o we define \u|f€p’cg]l as follows. We put

t = —logr and 0y = %. We put ¥ = C' N S?™~1. By the definition of smooth
cones Y is a compact submanifold of S?™~!. We denote by Vs the Levi-Civita
connexion over % induced from gy. We put

k,cyl _ ix]
[ulforg = _sup > oVl

7°4,j20,i+j<k

If |u|[1pcg']1 is sufficient small, then we can define the exponential map expw :
CNA,, = A, p with respect to the metric gey1, and the image of exp u will be a
submanifold of A, ,, which we shall denote by Graph,; u. We put |Graph,, u| =
H™Graph,y u where H™ denotes the Hausdorfl m-dimensional measure with
respect to the almost Calabi—Yau metric g.

We suppose that (w, J,Q) is an almost Calabi—Yau structure on By, and g
is the almost Calabi-Yau structure on B;. From the proof of the author [12,
Theorem 2.2] we get:

Theorem 2. There exists € > 0 depending only on m and C such that if we
have

19— Qoloomy) + 19— golormy <& VEV), 0<p<1, E(VLA, ) <e

and v € Coo(cm Al/Z,l;NC)7 ‘U|[217;}2,{1] <¢, |Graphcylv| = HVHLAl/Z,l

2,cyl

then we can extend v to CN A,y so that ||V|LA, 1 = |Graph,, v| and |v|[p 1 <

ke for some k >0 and « € (0,1) depending only on m and C.

Remark. For the proof one has to use a result of Lojasiewicz [18], following
Simon [22].

We shall give a corollary to the theorem above. We give C the C*°-topology.
Let C’ be a neighbourhood of C' in C. Then we have:

Corollary 1. There exists € > 0 depending only on m, C and C' such that if
we have

12— Qolcoy) + 19— golers) <6 VeV, E(V) <e



2,cyl

and v € C*(CNAy1;NC), |v [1/2,1

| <€ |Graphg o] = [[V[[LAy 2,

then V' is singular only at 0 and asymptotic at 0 to some C' € C' with multiplicity
1.

Remark. By a result of Simon [22, Theorem 5] C’ will be a unique tangent
cone to V at 0.

Proof. Let C’ be a tangent cone to V at 0. Then we can take §; > do > d3 > - -
tending to 0 with J,, 'V tending to C’ as n — co. We can also take > 0 such
that if v € C*°(X; NC') and |v|c1 () < 7 then we have Graph,, v € C'. By Theo-
rem 2 we can find v, € C*(CNAs, 1; NC) such that ||V|[LAs, 1 = [Graph,, v,

ns
2,cyl
[0n,1]

verging to |Graph,; v for some w € C°(C'N Ay /5,1; NC) with \whll’%ll] <.
This implies that C’ is smooth of multiplicity 1 and we have C’ € C’ as we
want. O

with |v,| < 7, and so we can find a subsequence of (||6, *V||L A1 /2,1 )52, con-

3.2 Special Lagrangian Jacobi-integrable Cones

We shall discuss an important property of special Lagrangian Jacobi-integrable
cones. For a moment we shall consider Jacobi-integrable cones which need not
be special Lagrangian.

We denote by K the set of all smooth cones in R™. We define a functional
F: K — (0,00) by setting F(K) = area(K N By) for each K € K. We denote
by Crit F' the set of all critical points of F'.

Let K € K. Then we have Tk K = C®°(K; NK). We can also define the
hessian of I’ at K as a linear operator hessg F': Tx K — Tk K. We shall say that
K is Jacobi-integrable if for every v € Ker hess¢ F' there exists a one parameter
family (K;)ier in Crit F' with

dK,
0 M e T

We suppose that K is Jacobi-integrable. Adams and Simon [4, Lemma 1] prove:
Proposition 2. There exists a neighbourhood of K in K on which F' is constant.

For the proof one has to use the real-analyticity of F. Adams and Simon also
prove that Crit F' is a non-degenerate critical manifold in the sense of Bott [5].

We shall do a similar thing for Lagrangian cones. We denote by C the set of
all Lagrangian smooth cones in (R*™,wg). We have C C K. We put F' = F|s.
We denote by Crit F the set of all critical points of F.

We suppose CecC. By a result of Weinstein [27, Corollary 6.2], then, T@é\
may be identified with the set of all closed 1-forms on C. By a result of Oh [21,
Theorem 3.5] the hessian of F at C will be the Laplacian acting upon closed 1-
forms on C. We shall denote the Laplacian by A, and say that Cis Lagrangian



Jacobi-integrable if for every closed 1-form £ on C with A& = 0 there exists a
one parameter family (C’t)teR in Crit F' with

S 4 dC
Co=C and — d—tt t:onO =¢.

In a way similar to the proof of Proposition 2 we can prove:

Proposition 3. If C is Lagrangian Jacobi-integrable then there exists a neigh-
bourhood ofC in C on which F is constant.

Joyce [13, Definition 6.7] defines special Lagrangian Jacobi-integrable cones,
which we shall recall next. As in §3.1 we denote by C the set of all special
Lagrangian smooth cones in (R?™,wy, Jo, ). We take C € C. We shall say
that C' is special Lagrangian Jacobi-integrable if for every closed 1-form £ on C
with d x & = 0 there exists a one parameter family (Cy):cr in C with

dC,
CO C and — 7dt on = f
We have:

Lemma. If C is special Lagrangian Jacobi-integrable then C is Lagrangian
Jacobi-integrable.

Proof. Let & be a closed 1-form on C' with A¢ = 0. Then we have d*x d* £ =
and so

xdx&=a (4)
for some a € R. We define a map f* : C™ — C™ by setting fi (21,22, - , 2m) =
(€121, 29, ++ , 2mm). We put C2 = f#(C). We have then

Qolce = (£ Qo)le = "ol = " * 1. (5)
We put
o _ _dCY
&=- dt li=o™

Since C}' is Lagrangian we see that £ is a closed 1-form on C'. We may also
write €% = go(£%, @) for some £*. We have then

ddctg lt=0 = Joéa and so
d o ) ) . a
$QO|C;L = d(Jo&* Q) = d(i€* Q) = d(i€ 2% 1) = id x £°.
This combined with (5) implies that on C we have
id*£Y =idax1

and so *d * £* = a. This combined with (4) implies *d * (£ — %) = 0. By
the special Lagrangian Jacobi-integrability of C, therefore, we can find a one-
parameter family (C})ier in C with



Putting C; = fE(Cy) we get
PPN dc,
CoeC Co=Cand — 1 w=¢,
dt li=o0
completing the proof. O
By Proposition 3 and the lemma above we have:

Proposition 4. Let C be special Lagrangian Jacobi-integrable. Then there ex-
ists a neighbourhood C' of C in C on which the area functional is constant; i.e.
for each C'" € C' we have area(C’' N By) = area(C' N By).

3.3 Bubbling-off

We suppose that (w, J, Q) is an almost Calabi—Yau structure on By with J|o = Jy
and Qo = Qp. We denote by g the almost Calabi-Yau metric on (By,w, J, ).
We write g = Zszl gi;dy'dy’ and suppose

891’3’

gi]‘(O) = (Sij and 8y’“

(0) =0 for each 4,5,k =1,--- ,2m.

If W is a varifold in R” and if § > 0 then we can define §~'W by re-scaling
W by 6~1. If b € R™ then we can also define W — b by translating W by —b.

We take C' € C and a neighbourhood C’ of C' in C. X € V,. We denote by
X’ the space of all elements of Vy with support connected, with singularity only
at one point y and asymptotic at y to some element of C’ with multiplicity 1.
We take X € Vy and suppose that 0 is the singular point of X and C is the
multiplicity 1 smooth tangent cone to X at 0. We have then:

Theorem 3. Let (X,)52, be a sequence in X' converging to X. For each
n=1,2,3,--- let x, be the singular point of X,,, and let C, be the multiplicity
1 smooth tangent cone to X,, at x,,. Then x, tends to 0 and C,, tends to C as
n — 00.

Proof. By Allard’s regularity theorem x,, tends to 0 as n — co. By Proposition 1
we have

(X — 1) < okep [Xn — znll(Bp) _ okeo X5 — 2 [|(Bo)
pm O-m
where 0 < 0 < p < 1. Letting 0 — 0 we get
[ Xn — 2nll(B))

5(Xn - -Tn) < ekep - area(Cn n Bl)

pm
This combined with Proposition 4 implies

| X — an(BP)

E(Xy — ) < €FeP
pm

—area(C' N By). (6)

10



Making p smaller if necessary we may suppose

1 X11(B,)
pm

eker —area(CNBy) <e.

For n sufficiently large, therefore, we have

| X — xn”(Bp)
pm

eker —area(CNBy) < e

This combined with (6) implies
E(X, —x,) <e
By Corollary 1, therefore, C), tends to C as n — oo. O
We have also:

Theorem 4. Let (V)22 be a sequence in Vo \ X' converging to X. Then there
exists a sequence (0,)52 1 of positive real numbers converging to 0, a sequence

(Yn)52y in By converging to 0, and a subsequence of (6, (Vy, — yn))zozl con-
verging to some varifold W in R*™ asymptotic at infinity to some element of C’

with multiplicity 1 and satisfying E(W — b) > 0 for every b € R?™.

Remark. W will automatically be a special Lagrangian integral varifold with
8W =0in (R2m7WQ, JO7 Qo)

Proof. We take positive real numbers p and e, which we shall make smaller if
necessary. By assumption we have V;, € Vo \ X’. By Corollary 1 therefore we
may suppose £(V,, —y) > € for each y € B,; otherwise V,, will be singular
only at y and asymptotic at i to some element of C’ with multiplicity 1, which
contradicts V;, € Vo \ X’. We put

uly) = int {6 € (0,p) : (Vo = y)As,) = 5}

Since £(V,, —y) > € we see d,(y) > 0. It is also easy to see that y — d,(y) is
lower semi-continuous. Hence we can find y,, € B, with d,,(y,) = infyep. 6, (y).
We put d,, = d,,(yn) > 0. We have then:

Lemma. 6, tends to 0 as n — oo.
Proof. Making p smaller if necessary we may suppose £(X I_Ep) < ¢/2. We take

0 > 0. We have then E(XLA(;’p) < €/2. Since V,, tends to X as n — oo we see

that for n sufficiently large we have &(V,,LA5,) < €/2. This implies §,(0) < &
and so d,,(0) tends to 0 as n — oo. Since d,, < 0,(0) we see that J,, also tends
to 0 as n — oo. O

‘We have also:
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Lemma. ((5;1(V yn)) | has a subsequence converging to some varifold W
in R2™,

Proof. Let R > 0. Then we have only to prove
sup 8, (Ve = ) [[(Br) < (7)

n=1,2,3,-

14y

Notice that [|0,1(V,, — yn)||(Br) = 8, ™|Vsu — ynll(Bs, r). Notice also that by
Proposition 1 we have

ckendn R Vo, = ynll(Bs, r)
(6nR)™

which tends to | X||(B1) as n — oco. Then we get (7). O

< ehen Vie = ynl|(B1)

We take W as above. From the definition of §,, it is easy to see 5(WLE1,OO) <
€/2. In a way similar to the proof of Corollary 1, therefore, we can prove that W
is asymptotic at infinity to a multiplicity 1 smooth cone C’. Making ¢ smaller
if necessary we may suppose C’ € C'.

It remains to prove E(W — b) > 0 for every b € R*™. We put V! =V, —
Yn — 0b. By Proposition 1 we have

[Vall(Bs,)
5m

n

exp(key, p)” ”H( ) — exp(kendn) > S(V'LA%,p) > (8)
We note that V! tends to X and &, 'V, tends to W — b as n — oo. By (8)
therefore we have

l\.')\m

X
FEIEE) ) > O
Making p > 0 smaller if necessary we may suppose
X||(B
w < area(C' N By) + <.
pm 4
This combined with (9) implies
area(C'N By) — |[W — b||(By) > i
This combined with Proposition 4 implies
area(C’ N By) — |[W — b||(By) > i (10)

On the other hand by (3) we have

W —bll(Br)
R'"L
for each R > 1. Letting R — oo we get

area(C’ N By) — [[W = b]|(B1) = E(W — b)L Ay ).

— W = b||(B1) = E((W — b)r Ay r)

This combined with (10) implies & (W — b)LAVLOO) >e/4 and so E(W —b) >0
completing the proof. O
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4 Classification of Local Models

We define C' by (1) in §1. In this section we shall classify local models for
smoothing C. We can describe the local models as follows. We put

L= {(21,22,2’3) c (C3 : |21|2 —1= |ZQ|2 = |23|2,212223 c [0,00)},
Ly = {(21,2’2,23) S (C3 : |21|2 = |22|2 —1= |2’3|2,212223 S [0,00)}, (11)

L3 ={(21,292,23) € C3: |zl|2 = |zz|2 = |zs|2 —1,212923 € [0,00)}.

If L € {Li,Ls,L3} then L will be a submanifold of C* of dimension 3 over
R. We note that L is non-singular in spite of the condition z12923 € [0, 00).
Harvey and Lawson [9, Chapter IT11.3.A, Theorem 3.1] prove that L is a special
Lagrangian submanifold of C3. It is easy to see that L is asymptotic at infinity
to C' with multiplicity 1. Our classification result is:

Theorem 5. Let W be a special Lagrangian integral varifold with 8W =0 in
(RS, wo, Jo, Qo) asymptotic at infinity to C with multiplicity 1. Then we have
|W|| = |sL + b| for some s >0, L € {C, L1, Lo, L3} and b € R®.

Here |sL + b| denotes the Radon measure on RS associated to sL + b with
multiplicity 1 with respect to the Euclidean metric gg.

In what follows we give a sketch of the proof of Theorem 5.

First of all we analyse the asymptotic behaviour of W at infinity. From the
stability of C' we find b € RS such that W — b will decay rapidly to C' at infinity.
For the sake of simplicity, therefore, we may suppose that W decays rapidly to
C at infinity.

We define a T?-action on R® = C? by setting

(ew, eid’) - (21, 22, 23) = (ewzl, ez, e*w*wzg).

We note that wg, Jo, o and C are invariant under the T?-action. We take a
moment map p : C* — R?. We prove that p is constant on Spt [|[W]|. The idea
of the proof is as follows.

We suppose for a moment that W is a submanifold of C3. By the T2-
action, then, we can deform W as a special Lagrangian submanifold of C3.
The infinitesimal deformation may be identified with du|w, and so du|w will
be a harmonic 1-form on W, by the theory of Mclean. Therefore |y will be
a harmonic function on W. Since W decays rapidly to C' at infinity we shall
see that p|w decays rapidly at infinity to some constant. By the maximum
principle, therefore, 1|y will be a constant function.

Actually W need not be a submanifold of RS. Using some basic results on
varifolds, however, we can modify the argument above. Thus we see that u is
constant on Spt |||

Harvey and Lawson [9, Chapter IT11.3.A, Theorem 3.1] construct a special
Lagrangian fibration F : C? — R? invariant under the T2-action. From the
proof of Harvey and Lawson we see that every T2-invariant special Lagrangian
submanifold of C? is contained in a fibre of F.

13



We suppose again that W is a submanifold of C3. Since u is constant on W
we see that W is then invariant under the T2-action, and so contained in a fibre
of F. Actually W need to be a submanifold of C3, but we can again modify the
argument and so Spt ||W]| is contained in a fibre of F.

For each fibre of F' we have an explicit description of the topology and
asymptotic behaviour at infinity, and so we shall be able to complete the proof
by an elementary argument.

We begin now with a review of some basic properties of Laplacians over
cones.

We suppose that ¥ is a compact manifold of dimension m — 1. We put
C = (0,00) x X. We denote by r the projection of C onto (0,00). We suppose
that gy, is a Riemannian metric on . We put gc = dr? + r2gs;. With respect
to go we can define the Laplacian A¢ : C°(C;R) — C*°(C;R).

We have also the Laplacian Ay, : C*°(3;R) — C°°(X;R) with respect to
gs. Weput t =logr: C — R and 0; = %. It is easy then to see —e*Ap =
02 + (m — 2)0; — Ax. We denote by 0 = vy <, <72 < --- the eigenvalues of
As. For each integer i > 0 we consider the equation 22 + (m — 2)z —; = 0
in xz. We denote by a; and (; the two solutions with a; > §;. We suppose
m > 2. Since y9g = 0 we get fp = 2—m < 0 = ag. Since v9 < 73 < Yo --
we get ap < a3 < ag < ---and By > By > B2 > ---. Since ; tends to oo as
i — oo we see that a; tends to oo and ; tends to —oo as i — co. We also put
A ={ay, Bo, a1, B1, a2, B2, -+ }. For each A\ € R we put

Ex={f€C®(%R): Anf = AXA+m—2)f}.

By the definition of the eigenvalues we have Ey # {0} if and only if A € A.
We can also take a complete orthonormal basis {vg, v, v, -} for L?(X;R)
such that Ayv; = ~y,v; for each integer ¢ > 0. We have then:

Proposition 5. Let I be an open interval in R, let u € C®(I x ¥;R) and
suppose Acu = 0. Then there exist ag, by, a1,b1,a2,bs-++ € R such that u =
S o(air® + birPi)v; where the series converge in the local C*-topology.

We give a proof for the sake of clarity:

Proof. We put logI = {t e R:e' € I'}. For each t € logI and i € {0,1,2,---}
we define u;(t) as the inner product of u[get}xsy and v; in L*(3;R). Then
t + u;(t) is a smooth function on log I. Since Acu = 0 we get (87 + (m —2)9; —
Ai)u; = 0. Hence we find a;,b; € R such that u; = a;e®t + b;eft. It suffices
therefore to prove that Z?io u;v; converges to u in the local C'*°-topology. We

denote by duys the Riemannian measure on ¥ with respect to gs, and by || e ||
the norm of L?(X;R). We have then

o0 o0
[ Pddps= [ S juolPde= Y [ o) < .
log IXY log I, i—0 /logl
Putting w, = "1, u;v; We get flog[XZ lu—w,|?dtdus, = Z;’inﬂ flogl l|lui(t)]|?dt

which tends to 0 as n — oo. Thus w,, tends to u in the L?-topology. Applying el-
liptic regularity to u—w,, we see that w,, tends to u in the local C*°-toplogy. [

14



Let u € C*°(C;R) and o € R. Then we shall write u = O(r®) as r — oo if
there exists R > 0 such that

sup  |rmFFVRu| < oo for every k =0,1,2,3, -
(R,00) XX

where V denotes the Levi-Civita connexion with respect to gc, and | e | denotes
the norm with respect to g¢.
By a result of Simon [23, Part I, Lemma 5.9] we have:

Proposition. Suppose ¢ € (2 —m,00) \ A and f € C‘X’((R,oo) X E;R) with
f = 0(r172). Then there exists u € C*((R,00) x ;R) with u = O(r?) such
that Acu = f.

We give a corollary to this:

Corollary 2. Suppose R >0, u € C*°((R,00) xZ;R), p,g € R, 2—m < ¢ < p,
q¢& A u=0(P) and Acu = O(ri=2). Then there exists (fx)ren € Dren Ex
such that w =3\ c (g far* +O(r?) where AN (q,p] is possibly empty and in
that case we set @,y Ex = {0}.

Proof. Applying the proposition above to Acgu in place of f we find v/ €
C*>((R, ) x 3;R) with v’ = O(r?) such that Acu’ = Acu. By Proposition 5

we can find some ag, by, ar,br,az,bs, - € R such that u — v/ = Y .2 (a;r* +
birPi)v;.

Since v’ = O(r?) we get u = Y (a;r* +b;e’ )v; +O(r?). Since u = O(r?)
and p > q we get a; = 0 if a; > p. Since ap < a1 < ay < -+ tend to co we can

find a unique integer i(p) such that a;(y)41 > p and oy, < p. Since a; = 0 for

(p
every i > i(p) we see that >_:o b;r#iv; converges in the local C*°-topology. We
put w = Y50, birfiv;.

Since 0 > 2 —m = fy > p1 > B2 > --- it follows that for every p > R we

have ) R
P dr 2—m dr
/ /le2—duz§ (%) / /|w|2—d,ug.
p by r R by r

Applying elliptic regularity to w we get w = O(r>~™). Since u = Zi(:p(% a;reiv;+
w+ O(r?) and ¢ > 2 — m we get u = Zz(:pg a;r%v; + O(r?), completing the
proof. O

We suppose now that C' is a smooth special Lagrangian cone in (R?™ \
{0}, wo, Jo, ) and ¥ = C'N S?™~1. For each p > 0 we put B, = {y € R" :
ly| < p}. We denote by ic : C — R?™ the inclusion map of C into R?™.

Joyce [13, Definition 7.1] defines special Lagrangian submanifolds of (R?™, wy, Jo, Qo)
asymptotic to C' with multiplicity 1 at infinity with some rate < 2. We extend
it to varifolds as follows. We denote by W the set of all special Lagrangain
integral varifolds W with OW = 0 in (R?*™, wy, Jo, Qo) asymptotic at infinity to
C with multiplcity 1. For each A < 2 we denote by W, the set of all W € W

15



such that we can find a compact subset K of W, an R > 0 and a diffeomorphism
f:C\ Bg — Spt||W| \ K such that f —ic = O(r*"1).

We suppose that C is Jacobi-integrable in the sense of Joyce [13, Defini-
tion 6.7]. In a way similar to Simon [23, Part II, §§5 and 6], then, we can prove
that if W € W then there exists A < 2 such that W € W,.

Joyce [13, Theorem 4.3] proves a version of Weinstein’s theorem [27, Corol-
lary 6.2], which we shall recall next. We denote by T*C the cotangent bundle
over C, by O¢ the zero-section of T*C', and by we the canonical symplectic form
on T*C. We regard (0,00) as a multiplicative group acting upon C' and R?™
as re-scaling. We can lift the (0, co)-action uniquely to T*C' so that for each
t € (0,00) we shall have t*wc = t?we (on the left-hand side we regard t as a
map of C into itself). We have then:

Lemma 1. There exist a neighbourhood UC' of Im O¢ in T*C' invariant under
(0,00), and a diffeomorphism ®c of UC into R®™ equivariant under (0, 00) with
®co0c =ic and Prwy = we.

Let W € W,. Then we can take a compact subset K of W and a closed
1-form w on C'\ Bg such that Spt||W|| \ K = ®c(Graphw). We denote by
7y, denotes the projection of C' onto ¥. We may write w = w5nw + dhy for
some 1-form 7y on ¥ and some hy : C'\ B — R. By results of Joyce [13,
Equations (7.7) and (7.8)] we have:

Lemma 2. If a < 2 and hyy = O(r®) then we have Achy = O(r?(@=2)).
We can extend a result of Joyce [13, Theorem 7.11] as follows:

Lemma 3. Let W € Wy, N < A < 2 and [N, A)NA = 0. Then we have
W e Wy.

Proof. For each integer n > 0 we put A(n) = 2"(A—2)+2. We can take a unique
integer v such that A(v + 1) < M < A(v). By an induction on n = 0,1,--- ,v,
we shall prove hyy = O(r*(™).

By the property of hyy we have hyy = O(1r*) = O(rM). If v = 0 we can then
complete the induction automatically. We suppose therefore v > 0. Suppose
also that we have hy = O(r*™) for some n = 0,1,--- ,v — 1. By Lemma 2 we
have Ahy = O(r?A=2)) = O(rA(+1=2) Since n < v we get \(n + 1) > N
and so [A(n +1),A) N A = (). Applying Corollary 2 to hy, A, A(n + 1) in place
of u, p, q respectively, we get hyy = O(r*(**+1D), completing the induction.

We have thus proved hy = O(r™) for every n = 0,1,---,v. Putting
n = v we get hyy = O(r*™®)). By Lemma 2 we have Achy = O(r**+1)=2). By
the definition of v we have A(v 4+ 1) < N and so Achy = O(r* ~2). Applying
Corollary 2 to hy, A, A’ in place of u,p,q respectively, we get hy = O(r)‘l),
completing the proof. O

Joyce [14, Definition 3.6] defines the stability of C'. We have:

Theorem 6. Let C be stable in the sense of Joyce. Then there exists b € R*™
such that W —b e W,.
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Proof. By the stability of C' we have AN(1,2) = () and By = {b-z : b € R*™}. We
take A € (1,1+¢€). Let hy be as above. Then by Lemma 3 we have hy = O(r?).
By Lemma 2, therefore, we have Achy = O(r>*=2). Applying Corollary 2 to
hw, A, 2(X — 2) in place of u, p,q we get hyy = b - z|¢ + O(r2A=2+2),

We may suppose that for each ¢ € [0, 1] there exist a compact subset K; of
R?™ and a 1-form w; on C'\ Bp such that (Spt |W|| —tb) \ K; = ®¢(Graphwy).
We put 8 = (b-z) o c. We have then a function S : UC — R. Notice
that ®;' (W — tb) is the image of the time-one map of the flow generated by
dBwe. Then we have dw; /0t = —wjdf and so w; = wy — dfol w; fdt =
menw + d(hw — fol wjBdt). Hence we get hyw_p = hw — fol wifdt = hy —
Ble — [y (wiB — Ble)dt = O %) + O(r*~1) = O(r*2). By results of
Joyce [13, Equations (7.7) and (7.8)] we have Achy _, = O(r**~8). Applying
Corollary 2 to hw—p,2XA — 2,4)\ — 8 in place of u,p,q we get ¢ € R such that
hw_p = ¢+ O(r**=%) = O(r?) as we may suppose 4\ — 6 < 0. This completes
the proof. O

Let A < 2 and W € W),. Take a compact subset Ky of R?™, an R > 0 and
a diffeomorphism fy : C'\ Br — Spt ||W|| \ Kw with fiic = O(r*~1). Then
we have a Riemannian metric ff;,go over C'\ Br. With respect to ff;-go we can
define the Laplacian Ay, : C°°(C \ Bg;R) — C>®(C \ Bg;R). We have then:

Proposition. If u € C®(C \ Bg;R) and u = O(r®) then we have Awu =
Acu 4 O(rotA=4),

Proof. Since fy —ic = O(r*~1) we get fi,90 = itgo + O(r*~2). We denote
by Vw and V¢ the Levi-Civita connexions over C'\ Br with respect to fivgo
and i5go respectively. We have then Vi = Vg + O(r*=3) and so Awu =
Acu+ O(ret*=4) as we want. O

We give a corollary to this:

Corollary 3. Ifu € C*(C \ Bg;R), Ayu =0 and u = O(r°) then we have
u=c+ O(r’=™) for some c € R.

Proof. By the proposition above we have Agu = O(r’T*~4) = O(r*~4). If
A —2 < 2 —m then we can complete the proof by applying Corollary 2 to
0, A — 2 in place of p, g respectively.

We suppose therefore A — 2 > 2 —m. We take X' € (A, 2) such that X —2 >
2 — m. Applying Corollary 2 to 0, \' — 2 in place of p, q respectively, we get
u=c+ O(r)‘/_Q) for some ¢ > 0. We have thus improved the decay order
estimate for u, and so we can complete the proof in a way similar to the proof
of Lemma 3. O

‘We suppose now

C={(z1,"" y2m) €C™\{0} : |z1| = - = |zm|, 21 - 2m € (0,00)}.
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This is an extension of (1) in §1 to dimension m. Harvey and Lawson [9,
Chapter IT1.3.A, Theorem 3.1] prove that C is a special Lagrangian submanifold
of (RZm \ {O},wo, J()7 Qo)

We define a T~ !-action on C™ as follows. We write 7™ ! = §! x ... x §1
and S = {t € C: |t| = 1}. For each j € {2,---,m} we define the j-th S'-
action on C™ by setting ¢ - (21, -+, 25, ,2m) = (tz1, -+, t 7'z, , 2m) for
each (21, ,2m) € C™.

We also define a map p; : C™ — R by 2p;(21, -+, 2m) = |21]* — |22, We
shall identify R with the Lie algebra of S' so that u; will be the moment map
on (C™,wp) with respect to the S'-action. We have then:

Theorem. IfW € Wy and j € {2,--- ,m} then we have grady, p; = 0 almost
everywhere on R®*™ with respect to |W|.

Proof. We can take a compact subset Ky of R, an R > 0 and a diffeo-
morphism fy : C \ Bgp — Spt||W| \ Kw with fyr —ic = O(r~1). Since
p; = O(r?) and pj oic = 0 we get fiypj = pj o fw = pj 0 fw — pjoic =
Jo A1l (1—t) fu +ti (fw—ic)dt = O(r*~1r=1) = O(r°) and so ff;, u; = O(r°). By
a result of Joyce [14, Lemma 3.4] we have Ay fjj,p; = 0 for each j =2,--- ,m.
By Corollary 3 we can find ¢; € R such that fjip; —c; = O(r?*=™). Putting
Wy = pg — cj we get fy = O(r?=™). We have clearly grad wy = grad ;.

Take a smooth function x : R — [0,1] with x =1 on B; and x = 0 on Bs.
Let R > 0, and define a function x g : R*™ — [0, 1] by setting xr(z) = x(|z|/R).
Since W has first variation 0 in Bop we get then

[ aivew G )| = o
Bar
Also by a result of Joyce [14, Lemma 3.4] we have divpy grad ; = 0 and so
[ iitemad s, gradey ) + xeleradey i PAW] 0. (12
2R

Notice that (grad xr,gradpy 1) = (dXRr, dpjlspe |wipKw ) o0 St [[W]|\ K.
Take R sufficiently large so that Ky C Br. Then we have grad xg = 0 on Ky

and so (grad xr, gradyy 1) = (dxRr, dptjlspe jw\kw) o0 Spt [|[W]|. We have
therefore

/ i (grad xp, gradpyy )W < sup  (dxmdpg)| [ dIW)
Bagr Spt ||[W|\Kw Bar

and so by (12) we have

/ xrlgradpy wPdW] < sup  |d(dxmde)| [ AW (13)
Bar Spt |[W\Kw Bar

Since fy : C'\ Bgr — Spt |W|| \ Ky is a diffeomorphism we get

sup | (dxr, dpj)| = sup | fyy i (dxr, dfyypg)l- (14)
Spt W\ Kw C\Br
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Since xgr = x(r/R) we get |dxr| < kR~ for some k > 0 independent of R.
Since fiyu}; = O(r>=™) we get

sup | fiy i (dxr, dfyy ;)| < kR*™R™'R'T = kR*TP (15)
C\BR

for some k > 0 independent of R. By (13)—(15) we have
[ xaleradzy miPaiwy < kr22e [ apw.
Baor Bar

On the other hand, by the monotonicity formula, we have me d|W| < kR™
for some k > 0 depending only on m and T,,W. We have therefore

/ xrlgradpy p;)?d|W| < kR*™,k > 0 independent of R.
Bar

Letting R — 00 we get [po,, |gradpy, p5]?d|[W|| = 0, completing the proof. [

We give a corollary to the theorem above. We define a map f : C™ — C
by setting f(21,-++,2m) = Mtz ooz, for each (21, -+ ,2,) € C™. We put

Imf=(f—f)/2i:C™ > Rand F = (o, -, tbm,Im f) : C™ — R™. We have
then:

Corollary 4. If W € W, then we have T,W = Ker dF|, for |W||-almost every
y € R2™,

This follows readily from the proof of Harvey and Lawson [9, Chapter IT1.3.A,
Theorem 3.1].
We have moreover:

Corollary 5. For every W € W,y there exists ¢ € R™ such that FF = ¢ on
Spt [[W]].

Proof. By Corollary 4 we have dF|Spt IWINKw = 0, and F|Spt IWINEw is there-
fore locally constant. Since Spt ||[W|| \ Ky = C\ Br 2 (R,00) x T™ "1 we see
that Spt [|[W]| \ Kw is connected, and F'lgps |w|\ Kk, is therefore constant; i.e.
we have Flspjw\ky, = ¢ for some c € R™.

Put ¢ = |F — ¢|?. Then we have ¢ = 0 on Spt ||W]| \ Kw and so Spt¢ N
Spt [|W|| € Kw. By Corollary 4 we have gradpy ¢ = 0 almost everywhere on
R?™ with respect to |W].

We shall now use a result of Michael and Simon [20, Theorem 2.1], who
prove a Poincaré-Sobolev inequality for varifolds; we refer also to Simon [24,
Theorem 18.6], who uses varifolds more explicitly. We are going to use the
following version:

Lemma. Let W be a stationary integral varifold of dimension m in (R™, go).
Suppose that we have a smooth function ¢ : R™ — [0, 00) with Spt ¢ N Spt |W]|
compact and gradpy, ¢ = 0 almost everywhere on R™ with respect to |[W||. Then
we have ¢ =0 on Spt ||W|.
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We give a proof for the sake of clarity:

Proof. We define r : R™ — [0,00) by setting r(y) = |y|. We can then define
Oy = 0/0r as a smooth vector field on R™\ {0}. Tt is easy to see that 0, extends
smoothly to R™. Let ¢ be as above, and let x be a compactly-supported smooth
function on R™ with x = 1 on Spt ¢ N Spt ||IW||. Then we can define ¢rd, as a
smooth vector field on R™. Since W has first variation 0 we get

divew x¢ro-d||V || = 0.
R'ﬂ,
Since xy = 1 on Spt ¢ N Spt ||W]| we get fsptqsmsptHWH divrw ¢ro,.d||W| = 0.
Since gradpy, ¢ = 0 on Spt [|[W|| we get fsptqmspt w @ divew ro.d|W| = 0.
Since divrw rd, = m we get fSpt rSpt W med||W| = 0. Since ¢ > 0 we get
¢ = 0 on Spt ¢ N Spt ||V, completing the proof. O

Hence we get ¢ = |F — c|*> = 0 on Spt ||W||, completing the proof of Corol-
lary 5. O

We suppose now m = 3. For the fibres of F': C> — R3 we have an explicit
description of the topology and asymptotic behaviour at infinity, which we shall
use next. The behaviour of F': C™ — R™ is rather complicated if m > 3, which
we shall not discuss.

We put Y = {(a,0,0) € R*: a > 0}U{(0,a,0) € R? : a > 0}U{(—a, —a,0) €
R3 : @ > 0}. We note that if ¢ € R*\ Y then F~1(c) has no fixed point with
respect to the T2-action

(€%, €'Y - (21, 20, 23) = (€21, €020, 670710 23).
We have:

Proposition 6. Let W € W and suppose Spt |W|| C F~1(c) for some c € R3.
Then we have c €Y.

For the proof we shall use:

Lemma 4. If c € R3\ 'Y then F~(c) is a submanifold of RS diffeomorphic to
R x S x St and asymptotic to C U —C with multiplicity 1 at infinity.

Proof. We put ¢ = (¢1,c2,c3). We may suppose ¢; > ¢ > 0 without loss of
generality. Since (cj,c2,c3) € R3\ 'Y we get c3 # 0 or ¢co > 0. For each t € R
we can find a unique ¢.(t) € [0,00) such that

(6e(t) + c1)(@e(t) + c2)e(t) = [t + ics[*.

It is easy to see that ¢.(t) depends smoothly on t. We put ¢c(t) = \/¢c(t) + c11/dc(t) + ca.
Since ¢z # 0 or ¢ > 0 we get ¥.(t) > 0 for every ¢t € R, and so we can define
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Yo 1(t) > 0 for every t € R. Define a smooth map ®. : R x ST x S — f~1(¢)
by setting

t+ iC3
Ye(t)uv

and a smooth map W.(t) : F~1(¢) — R x S x S! by setting

. (t,u,v) \/qbc —i—clu\/(bc t) + cov,

),

Z1 22

\ch y 22 = (R ’ ’ '
(21 22 23) ( € 212223 ¢C(Rezlz223) ¢C(Rez1z2Z3))

Then VU, o ®, is clearly the identity map of R x S x S'. It is also easy to see
that @, o W, is the identity map of F~!(c), and so F~1(c) is a submanifold of
C3 diffeomorphic to R x S x S*. It is also easy to see that ®,o W, is asymptotic
to C'U —C' with multiplicity 1 at infinity. O

Proof of Proposition 6. We give a proof by contradiction, and so suppose ¢ ¢
Y. By Lemma 4, then, F~1(¢) will be a connected submanifold of RS. By a
constancy theorem of Allard [1, Theorem 4.6(3)] or Simon [24, Theorem 41.1],
therefore, Oy will be constant on F'~!(c). On the other hand we have Oy = 1
near infinity on Spt ||W|| and so we shall have Oy = 1 on F~!(c), which implies
W] = |F~(c)|. By Lemma 4, however, F~1(c) is asymptotic at infinity to
C' U —C with multiplicity 1, which contradicts that W is asymptotic at infinity
to C' with multiplicity 1. This completes the proof. O

Let c € Y C R? x {0}. Then we have 212923 € R on F~!(c). For each € > 0
we put L = F~1(c)N{z12023 > €¢}. Wealso put L. = F~1(c)N{z12223 > 0}. By
the definition of C' we have Lo = C. By (11) we have Ly = L(,0,0y, L2 = L(0,2,0)
and L3 = L(07_2,_2).

We have:

Proposition 7. Let W € W and suppose Spt ||W| € F~1(c) for some c € Y.
Then we have ||W | = |sL| for some s >0 and L € {C, Ly, Ly, L3}.

For the proof we shall use:

Lemma 5. L1, Ly, Ly are submanifolds of C? diffeomorphic to S* x R? and
asymptotic to C with multiplicity 1 at infinity.

Proof of Proposition 7. We give the proof only for Li; we can do it likewise
for Ly and L3. By definition we have L; = {(z1,22,23) € C3 : |51]> — 1 =
|22 = |23]%, 212223 € [0,00)}. Define a smooth map ¢ : Ly — S x C by
setting ¢(zl,22,23 (21/4/]72]? + 1, 22), and a smooth map v : S x C — L,
by setting ¥ (e, 2) = (/|22 + 1, z, e ~io z). Then ¢ o is clearly the identity
map of S x C. It is also easy to see that 9 o ¢ is the identity map of L;. This
implies that L; is a submanifold of C? diffeomorphic to S* x C. It is also easy
to see that L; is asymptotic to C' with multiplicity 1 at infinity. O
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Proof of Prosposition 7. We have only to prove |W| = |L.|. For each ¢ > 0
we put U = {Rez12223 > €} and U. = {Rez12223 < —¢}. In a way similar
to the proof of Lemma 5 we can take ¢y > 0 such that if € € (0,¢p) then
F~1(e)nUF and F~1(c) N U7 will be connected submanifolds of R®. By the
constancy theorem, therefore, Oy is constant on F~1(c)NUF and F~(c)NU_,
respectively.

In a way similar to the proof of Lemma 5 we can prove that F~!(c) N U is
asymptotic at infinity to C' with multiplicity 1 and F~1(c)NU_ is asymptotic at
infinity to —C with multiplicity 1. Notice also that W is asymptotic at infinity
to C with multiplicity 1. Then we see that on F~1(¢) N U we have Oy = 1
and on F~!(c) N U~ we have Oy = 0. This holds for every ¢ > 0, and so
W] = |F~(c) N {Re z12223 > 0}| = |L| as we want. O

We shall now complete the proof of Theorem 5. We suppose that W is as in
Theorem 5. By Theorem 6, then, we can find b € R® such that W —b € W,. By
Corollary 5, therefore, we can find ¢ € R? such that Spt [|[W —b|| € F~1(c). By
Proposition 6, therefore, we have ¢ € Y. By Proposition 7, therefore, we have
lW —b|| = |sL| for some a > 0 and L € {C, Ly, Lo, L3} as we want.

5 Proof of Theorem 1

As in §1 the main steps in the proof of Theorem 1 are the bubbling-off analysis
in §3 and the classification result in §4. In order to complete the proof, however,
we have to do some technical things in addition. We begin with a review of the
theory of Joyce [13, 14, 15, 16, 17].

We suppose that (M, w, J,Q) is an almost Calabi—Yau manifold of dimension
3 over C. We suppose that M is compact. We take a € Hs(M;Z). As in §2 we
denote by V the space of all special Lagrangian varifolds V in (M, w, J, Q) with
Spt V|| compact, 8V = 0 and [V] = a.

We denote by X the set of all elements of V with support connected, and
singularity only at one point and modelled on C' with multiplicity 1. We take
X € X. We denote by x the singular point of X. We take a linear isomorphism
v : RS — T, M with v*gl. = go, V*J|= = J]o, 7*Qe = Qo and v(C) a multi-
plicity 1 smooth tangent cone to X at z. We may regard X as a submanifold
of M \ {z}, which we shall denote by X’.

As in §2 we define ¢ : M — (0,00) by (2). We have then wy = ¥?(x)y*w|,.
By a theorem of Darboux we can find a real number § > 0 and a diffeomorphism
T of Bs into M with I'(0) = z, dT'|p = ¢ (z)vy and T™*w|,, = wp.

Joyce [14, §3.2] proves that C is rigid and so special Lagrangian Jacobi-
integrable, which implies that x is an isolated conical singularity in the sense
of Joyce [13, Definition 3.6]; for the details we refer to Joyce [13, Theorem 6.8],
Allard-Almgren [2], Simon [23, Part II, §6] and Adams—Simon [4].

We define T*C, we, Ue and @¢ as in Lemma 1. From results of Joyce [13,
Theorem 4.4 and Lemma 4.5] we see that making § > 0 smaller if necessary we
can take an embedding fx of C' N Bs into X', a function hx : CN Bs — R
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and an a > 2 with hy = O(r®) such that f5'(X’) = ®c(Graphdhyx). We put
Z = X'\ Im fx where Im fx = fx(C N Bys). It is clear that Z is a compact
submanifold of X’ of co-dimension 0 with boundary diffeomorphic to .

We denote by T*X’ the cotangent bundle over X', by 0¢ the zero-section
of T*X’, and by wx the canonical symplectic form on T*X’. Since fxy maps
C'N B diffeomorphically onto X'\ Z we get a vector-bundle isomorphism T* fx :
T*(X'\ Z) — T*(C' N Bs) covering fx' : X'\ Z — C N Bs. By a result of
Joyce [13, Theorem 4.6] we can find a neighbourhood UX of Im0Ox in T*X’
and a diffeomorphism ®x of UX into M with ®x o 0x =ix, 3w = wx and

Ox|ux\r+z =T o®co(+dhx)oT" fx

where +dhx denotes the fibrewise translation of 7*C by dhx.

For each y € M we denote by P|, the set of all linear isomorphisms ¢ :
R® — T,M with ¢*g|, = go, ¢*J|, = Jo and ¢*Q|, = Qp. We put P =
Uye u Ply- Tt is clear that P is a principal bundle over M with structure group
SUs. We have (z,v) € P. By a result of Joyce [14, Theorem 5.2] we can take
a neighbourhood U,  of (z,v) in P such that for all p = (y,¢) € U, 4 we can
construct embeddings I', of Bs into M depending smoothly on p with I',,(0) = v,
dlplo = ¢ and ¢?(y)[jw = wo, and embeddings ®, of UX into M depending
smoothly on p with ®, 0 0x =ix, @;w = wy and

(Pp|UX\T*Z = Fp o q)C o (+dhX) o T*fX

Joyce [14, Definition 5.6] defines a topology on X. On the other hand X
has also the topology induced from V. By a result of Joyce [14, Theorem 5.3],
Allard’s regularity theorem and Theorem 3, the two topologies on X are the
sarme.

By the stability of C' we can apply a result of Joyce [14, Corollary 6.11], who
proves that we can take a neighbourhood ) of X in X which has a structure of
manifold, and Tx ) is isomorphic to the image of H}(X';R) — H'(X’;R). We
can parametrize ) as follows. Since Spt || X|| and ¥ are connected we see that
X’ is also connected, and so H}(X’;R) — H(X’;R) is injective. We denote
by Q7 the space of all 1-forms on X’ supported in Z; we can then define the
natural projection 7z : Q) — H!(X’;R); we can take a linear subspace H}
of QL such that 7z maps H}, isomorphically onto H!(X’;R). We take a real
number p € (2,3) as in Joyce [14, Definition 3.7] and define a function space
C 2 (X';R) as in [14, Definition 4.2]. From the proof of Joyce [14, Corollary 6.11]
we get:

Lemma 6. There exist a neighbourhood Z of 0 in HL, and an embedding H of
Z into X with the following property: for all ( € Z there exist p(¢) € P and
h¢e € CP(X';R) depending smoothly on ¢ with H({) = ®,(¢) (Graph(( + dhc)).

We define Ly, Ly and L3 by (11) in §4. We take L € {Lq, Lo, Ls}. We
can then take a compact submanifold K of L of co-dimension 0 with boundary
diffeomorphic to ¥, a real number R > 0 and a diffeomorphism fr, of C'\ Bg

23



onto L\ K with fr —ic = O(r~!). Making R > 0 larger if necessary we can
find a 1-form 77, on C'\ Bg with ®¢(Graphnz) = L\ K.

We denote by T*L the cotangent bundle over L, by 0 the zero-section
of T*L, and by wy the canonical symplectic form on T*L. Since f; maps
C'\ By, diffeomorphically onto L\ K we get a vector-bundle isomorphism 7% f7, :
T*(L\ K) — T*(C \ Bg) covering f;' : L\ K — C N Bg. By a result of
Joyce [13, Theorem 7.5] we can find a neighbourhood UL of Im 0y, in T*L and
a diffeomorphism ®;, of UL into RS with ®}wy = wy,, 1 007, =iy and

Srlupnrex = Pcoo(+nr) o T f1

where +7, denotes the fibrewise translation of T*C by ny.

We have a homomorphism f% : HY(X’;R) — H'(C N Bs;R) & HY(;R).
We denote by [n;] the de Rham cohomology class of 7. We have then [nz] €
H'(C \ Bg;R) = H'(3;R). By Hodge theory we can take a harmonic 1-form
77L on X with [n}] = [nr]. We denote by 7y, the projection of C' onto . We put
L = TN

We denote by Im f% the image of the linear map f% : H*(X;R) — HY(C'N
B,;R) = H'(X;R). Joyce [17, Lemma 10.1] proves that Im f% is of dimension
1 over R. Joyce [17, Equation (77)] proves also that if L # L' € {Lq, Lo, L3}
then [ny] and [n}] are linearly independent. Hence we get:

Lemma 7. There exists at most one L € {L1, Lo, L3} with [n] € Im f%.

As in §1 we suppose X € ON. By Corollary 6 below, then, we shall have
L € {L1, Lo, L3} with [n] € Im f%. Hence we can find a closed 1-form &7, on
X" with f%[&c] = [nz]. By a result of Joyce [17 Theorem 10.4] there exist
a real number 7 > 0. an open submanifold K of L with K C K and an
open submanifold Z of X with Z C Z such that for all t € (0,7) we can find
besl — o(t), up : K — R with |duL\C1 &) = o(b),
and uy : Z — R with |duX|Cl(Z) = 0( ) such that on f; (K )ﬁ Air,s we have
t2(fidur+nr) = duc+t*nL, on fx'(Z )ﬁAtR’g we have f% (dux +t%¢L)+dhx =
duc + t%7;,, and

[ (t®y(Graphduy)) UT o ®¢(Graph(duc + t*77.)) U @ x (Graph(dux + t2¢1))

will be a compact special Lagrangian submanifold of (M,w,J,2). From the
proof Joyce [17, Theorem 10.4] it follows readily that we can extend the result
as follows:

Lemma 8. There exist a real number T > 0, a nezghbou'rhood Uy, of (:E v) in P,
a neighbourhood Z ofO in H., an open submanifold K of L with K C K and an
open submanifold Z of X with Z C Z such that for all (t,p,¢) € (0,7) x Upy X Z
we can find uc € C°(C'N Air,s;R) with |uo\[t;{y3§] =o(t), ur € C®°(K;R) with
|uL|Cl(f() = o(t), and ux € C*(Z;R) with |UX‘Cl(Z) = o(t) such that on
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fL (K )ﬂAtgg we have t2(fiduy, +nr) = duc+t L, on fX (Z )ﬂAtR(; we
have f%(dux + ¢+ dhe +t2¢1) + dhx = duc + 271, and if we put

G(t,p,¢) =Tp(t®L(Graphdur)) UT, o & (Graph(duc + t*7.))
U®, (Graph(dux + ¢ + dhe + t2¢1))

then G(t,p, ) will be a compact special Lagrangian submanifold of (M,w, J,Q).

Thus we get a map G : (0,7) x Uy, X Z — N.

We take (t,p,¢) € (0,7) x Uy y x Z. We denote by i , ¢ the inclusion map of
G(t,p, () into M. We denote by T*G(t, p, ¢) the cotangent bundle over G(t, p, ),
and by 0; , ¢ the zero-section of T*G(t, p, (). We shall define a neighbourhood
Ui p,¢c of Im0; p, ¢ and an embedding ®; ,, ¢ of Uy, ¢ into M with @44, c00; ¢ =

Y,pC-
We put ¢2p’< = I, ot o ®p oduy where duy is regarded as a map of

K into T*K. Thus we get an embedding oy PC K o Gt p, C). We put
G%p’ Im ¢} EPC - Since oy PC maps K dlffeomorphlcally onto G P we get a
vector bundle 1som0rphlsm T*QSL’p < T*GtL’p’ —T*K. Ona neighbourhood of
Im(0;, ¢ 0 ¢57¢) in T*G(t,p,¢) we set ;¢ =Tpotody o (+dur) o T*pPC.

We put ¢ EpiC — =T, 0®co(duc +t%7L) where duc +t27)y, is regarded as a map
of CNAp,s into T*C. Thus we get an embedding ¢ <. :CNArs — G(t,p, C).
We put Gt’p’ = Im ¢y LPC - Since puP ¢ maps C' N Ay diffeomorphically onto
G4PS we get a vector bundle 1som0rphism T*guPC - T*GEPS — T*(C'N Asrys).
On a neighbourhood of Tm(0; 5, ¢ 0 p2*) in T*G(t, p, ¢) we set @, , ¢ = [odg o
(+duc) o T*gbt S

We put ¢ P6 = =®,0 (duX +<C + dhe + t2¢1) where dux + ¢ + dhg + t2£L
is regarded as a map of Z into T*Z. Thus we get an embeddlng ol tPe 7
G(t,p,¢). We put G5 ¢ =TIm o ¢ Since o ¢ maps Z diffeomorphically onto
Gt‘p‘< we get a vector bundle isomorphism T*gZ)tp< T*Gt)’(p’C — T*Z. On a
neighbourhood of Tm(0; - 0 5" Y in T*G(t, p, ¢) we set By, ¢ = o0 (+dux)o
T* 5P ¢, Thus we get:

Lemma 9. There exists a neighbourhood Uy ¢ of Im0;, ¢ and an embedding
Pip¢ of Utpc into M with @4 pc 00 p¢ = itpc-

We shall now take a neighbourhood ¢ of X in V and define a map F :
UNN — (0,7) x Z. By Allard’s regularity theorem we may suppose that
for every N € U NN we can find a unique 1-form Sx on Z such that N \
@X(T*(Cﬁ B5)) = ®x(Graphfx). Since 0 # [nr] € Im f% and Im f% is of
dimension 1 we can find a unique s € R with s[n.] = f%[Bx]. We have then
a compactly-supported 1-form Sx — s&;, on Z. As [Bx — s€r]loz = 0 we may
write [Bx — s&1] € HY(X';R). As 7z maps HL isomorphically onto H}!(X’;R)
we may write [Bx — s€] € HL. We set F(N) = (s,[Bx — s&1]).

It is easy to see that for each (¢,¢) € (0,7) x Z we have F o G(t,() = (t2,().
Hence we see that G : (0,7) x Y — N is injective. By an argument of Joyce [17,
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§8.2], moreover, F' : U NN — (0,7) x Z is a local diffeomorphism. Hence we
see that G(t,p, () is independent of p € U, as we may suppose that U, - is
connected. We may therefore write G : (0,7) X Z — N.

We can extend G continuously to [0,7) x Z by setting G(0,0) = 0 for each
0 € Z. We can re-state Theorem 1 as follows:

Theorem. G maps [0,7) X Z onto a neighbourhood of X in V.

We are going now to prove the theorem above.
Using the results of §§3—4 we shall determine a neighbourhood of X in V:

Theorem 7. Lete > 0, let K be an open submanifold of L with K C IA(, and let
Z be an open submanifold of X with Z C Z. Then there exists a neighbourhood
U of X inV such that for every V e U\ X we can find an L € {L1, Lo, L3}, a

real number s > 0, a point p € P, a 1-form Bc on CNAsp s with |ﬂc|[1s’§%yz] <€,

a 1-form By, on K with ‘5L|Cl(f() <¢, and a 1-form Bx on Z with |BX|01(2) <e€

such that on f{Y(K) N Asg.s we have s2(f3 8L +n1) = Be, on fx*(Z2) N Asrs
we have f%fx + dhx = B¢, and if we put

N = |I‘p(5<I)L(GraphBL)) UT, o ®c(Graph o) U @X(Graphﬁx)}

then we have ||V|| = |N| where |[N| = H3.N where H* denotes the Hausdorff
3-dimensional measure on (M, g).

Remark. Since s?(f;8L +n.) = Bc on f;l(l?) NAsgs and f);l(Z) N Asrs
on fxBx + dhx = Bc we see that N will be a compact submanifold of M.

Proof. Let (V;,)22, be a sequence in V\ X converging to X. Then we have only
to prove that for each v = 1,2,3, -+ we can find an integer n > v such that
with V,, in place of V' the property above will hold.

We consider v* expk V,,. To v*exp} V,, in place of V,, we can apply Theo-
rem 4, and so we can find a sequence (0,,)52; in (0,00) converging to 0, a se-
quence (y,)32; in B, converging to 0, and a subsequence of (6, *(V;, — yn))zoz1
converging to some special Lagrangian varifold W in (R®, wy, Jo, o) asymptotic
at infinity to some C’ € C, with multiplicity 1 and satisfying £(W — b) > 0 for
each b € R®. We may suppose that ((5;1(‘/” — yn)):):1 itself converges to W.

Since C' is rigid in the sense of Joyce we can find a € SUs with aC = C’. To
a='W we can apply Theorem 5 and so we can find A > 0, L € {C, Ly, Ly, L3}
and b € RS such that [|W| = |AL+b|. Since E(W —b) > 0 we get £(L) > 0 and
so L # C, which implies L € {L1, Lo, L3}.

We define an embedding E,, of B, into M by setting E, (y) = exp, va(y +
onb). We put y(n) = E,(0) = exp, va(d,b), It is easy to see that y(n) tends as
n — oo to exp, va(0) = x. We put also ¢(n) = dE,|o = v o a. It is easy to see
that ¢(n) is close to 7.

We put s, = d,A. From Allard’s regularity theorem and Theorem 2 we
see that for n sufficiently large we can find an embedding ey, ,, of K into RS
with |er ,, — iL\Cl(f() < ¢, an embedding ec, of C' N Ay g, into R® with
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lec,n — id%;?g’g] < € and an embedding of 7 into X with lex n — iX|Cl(2) <€

such that

Vel = |En(sn Imer ) U E,(Imec,,) U Imexyn|.
We put p(n) = (y(n),d(n)). We have then I';,)(0) = E,(0) and dl'p)lo =
dE,|o. Hence we can find an embedding fr,, of K into RS with |fon —

itloi () < € an embedding fe,, of CNA,, ro into RS, with | fon—ic|;)% ;) < €

and an embedding of Z into X with |fxm— ZXlCI(Z) < € such that

”VnH = |Fp(n)(8n Im fL,n) U Fp(n) (Im fC,n) U Im fX,n|-

Hence we can find a 1-form 8, on K with |5L,n‘c'1(f<) < €, a l-form B¢, on

CnNAs, rs with \Bcn|lsc‘;;lc 5 <6 and a 1-form Sx , on 7 with |5X,n|cl(2) <e€
such that

[V = |Tp(sn®L(Graph8)) UT, o @ (Graph B¢) U @ x (Graph Bx)|.

This 1mphes that on fL (K )ﬂ As, rs we have s*(fiBrn + 1) = Bon, on

fx (Z )ﬂASnR,g we have f%Bx n+dhx = B¢,,. This contradicts our hypothesis,
and so completes the proof. O

We give a corollary to Theorem 7:

Corollary 6. Suppose that for every neighbourhood U of X inV we have U\X #
(. Then there exists an L € {L1, Lo, L3} with [nz] € Im f%.

Proof. Let € > 0, and let U be as in Theorem 7. Then we have by assumption
U\ X # D, and so we can find some V € U \ X. Let s, 81, B¢ and Bx be as in
Theorem 7. Then we have s%[f} 8. + 1] = [f%Bx + dhx] € H'(X;R) and so
[fiBr +nr] € Im f%. Notice also that [3] tends to 0 as € — 0. Then we get
[ne] € Im f%, completing the proof. O

We shall give another corollary to Theorem 7. By assumption we have X €
ON. By Corollary 6, therefore, we can find L € {Ly, Lo, L3} with [nz] € Im fx
We take € > 0 and suppose that K and Z are as in Theorem 7. Making K and 7
smaller if necessary we can construct G : (0,7) X Uy x Z — N as in Lemma 8.
We define ®; ;¢ as in Lemma 9. We have then:

Corollary 7. There exists a neighbourhood U of X in V such that for every
V €U\ X there ezist t > 0, p € P, ( € H}, and w € C™(G(t,p,();R) with
|[dw|cr(Gep,c)) < € such that ||V]| = [®q p ¢ (Graph dw)|.

Proof. Let U be as in Theorem 7, and let V € U \ X. Let S¢ and Sx be as in
Theorem 7. Then we have [8¢]| = [dhx + fxB8x] = [f%Bx] and so [B¢] € Im f%.
Let s and 31, be as in Theorem 7. Then we have s2[f; 8. +n.] = [Bc]. We have
also [BL|p1 () < € and [nL] # 0. We may therefore suppose [S¢] # 0. Notice
that Im f% is generated by [nz] and [B¢] is sufficiently close to s[nz]. Then we
can find a unique ¢ > 0 with #?[n;] = [3¢] and ¢ sufficently close to s.
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Notice that f%[Bx — t2¢L] = [Bc] — t2[nL] = 0. Notice also that we have an
exact sequence H}(X";R) — HY(X';R) — H'(3;R). Then we get 8x —t2£r, €
Im(H}(X';R) — H*(X';R)). Hence we can find a : X’ — R with Sx —t?{,—da
compactly-supported. We denote its compactly-supported de Rham cohomology
class by [vx — t?¢, — da].. Let 7z and H} be as in Lemma 6. Then 7z maps
HY, isomorphically onto H!(X’;R), Hence we can find a unique ( € H. with
[Cle = [Bx — t2¢1, — da]. where [(]. denotes compactly-supported de Rham
cohomology class of (. Let (b}p * be as in Lemma 9. Then we can find an exact
1-form oy on Z such that Spt ||V]| N ®,(T*Z) = ¥4 p ¢ (Graphax).

Let p be as in Theorem 7. Then we can find a 1-form « on G(t,p, () with
|l (aepc)) < € such that |V = |®;, (Graphw)|. We have to prove that o
is an exact 1-form.

Since L and X’ are connected we get an exact sequence 0 — H' (G(t,p,()) —
! (IA() oH! (2) It suffices therefore to prove [a] maps to 0 under H* (G(t7 D, C)) —
Hl(IA() ® H1(2)

The map H'(G(t,p,()) — H' (2) is given by (;St)’(p’g and we have gbt)’(p’g*a =
ax, which is an exact 1-form.

Let ¢27¢ be as in Lemma 9, and let ay, = ¢7”**a. Then we have to only
prove [a].] =0 € HY(K). Let uz, be as in Lemma 8. Then we have

2 (fr(alp + dur) +n1) = Be.

on fZl([?)ﬁAtR75 We have also t2[n;] = [B¢] and so ff[ar] =0 € HY(Z;R). As
in the proof of Lemma 5 we can construct a diffeomorphism of L onto S}\XRQ and
we may suppose that K is diffeomorphic to S* xR2. Hence we get H} (K;R) = 0.
Notice also that we have an exact sequence H} (I/(\', R) — H! (I/(\'7 R) — H'(Z;R).
Then we see that f} : Hl(I/(\';]R) — HY(X;R) is injective. On the other hand
we have fj[a|r] =0 and so [o|r] =0 € Hl(I/(\';R) as we want. O

We shall now complete the proof of Theorem 1. Let U be as in Corollary 7,
and let V € U \ X. Then we have only to prove Spt ||V = G(t,() for some
(t,¢) € (0,7) x Z. Let (¢,p, ) be as in Corollary 7. Then we can find a function
w: G(t,¢) - R with &, (dw) = Spt ||V||. As Spt ||V|| is special Lagrangian
w satisfies an elliptic equation to which we can apply a maximum principle of
Hopf [11]. Hence we see that w is constant, and so ||V = |G(¢,()|.
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