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Abstract. We suppose that M is a Calabi–Yau (or more generally almost
Calabi–Yau) manifold of dimension 3 over C. We define a moduli space V of
special Lagrangian varifolds (or currents) in M , using geometric measure theory.
We suppose that X is a compact special Lagrangian 3-fold in M with singularity
at one point and modelled on a stable T 2-cone of multiplicity 1. We regard X
as a point of V, and determine a neighbourhood of X in V.

1 Introduction

Gluing is a method of constructing blowing-up solutions to partial differential
equations, and we shall say that the gluing is surjective if all blowing-up solutions
may be re-constructed by the gluing. In Yang–Mills gauge theory, for example,
Taubes [25] constructs some instantons by the method of gluing, and Donald-
son [6] proves its surjectivity; for the details we refer also to Freed and Uhlen-
beck [8]. In special Lagrangian geometry, by a theory of Joyce [13, 14, 15, 16, 17],
we can smooth some isolated conical singularities by the method of gluing, and
we wish to prove its surjectivity.

We can formulate the surjectivity problems in terms of moduli spaces. In
the situation of Donaldson’s result [6] indeed one has the moduli space of Yang–
Mills instantons modulo gauge equivalence; using a result of Uhlenbeck [26] one
can compactify it by adding some singular instantons; one defines the boundary
of the moduli space as the set of all the singular instantons added for the com-
pactification; using the surjectivity result one can determine a neighbourhood
of the boundary in the compactified space.

We wish to do a similar thing in special Lagrangian geometry. We suppose
that M is a Calabi–Yau (or more generally almost Calabi–Yau) manifold of
dimension m over C. We take a ∈ Hm(M ;Z). We denote by N the set of all
compact special Lagrangian submanifolds of M with homology class a. We give
N the C∞-topology. Mclean [19, Theorem 3.6] proves that N is a manifold of
dimension finite.

For compactifyingN we shall use varifolds and currents in geometric measure
theory. As special Lagrangian varifolds are calibrated in the sense of Harvey and
Lawson [9] they may be oriented and regarded as currents. By a fundamental
theorem of Harvey and Lawson special Lagrangian currents are homologically
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area-minimizing, and so their area will not be cancelled; for the details we refer
e.g. to Federer [7, 5.4.2] or Simon [24, Theorem 34.5]. In effect we may use
varifolds in place of currents and vice versa. We shall mainly use varifolds
rather than currents.

We denote by V the set of all special Lagrangian integral varifolds (or cur-
rents) in M with support compact, boundary 0 and homology class a. We give
V the weak topology of varifolds. From an integral compactness theorem of Al-
lard [1, Theorem 6.4] we see that V is compact. We may regard N as a subset
of V. From a regularity theorem of Allard [1, Theorem 8.19] we see that N is
an open subset of V, and the C∞-topology on N is the same as the one induced
from V. We denote by N the closure of N in V. We put ∂N = N \N .

In the situation of Donaldson’s result [6] the boundary of the moduli space
consists of instantons with isolated singularities, to which one can apply the
gluing method of Taubes. In our situation, however, ∂N consists of special
Lagrangian varifolds whose singularities may be non-isolated or branched, and
it will be difficult therefore to determine a neighbourhood of ∂N in V. What
we shall do is to take a certain point X of ∂N and determine a neighbourhood
of X in V.

We have mainly two things to do: the analysis of bubbling-off and and the
classification of local models. In the proof of Donaldson’s surjectivity theorem
one uses a technique of Uhlenbeck [26] for the analysis of bubbling-off, and a
result of Atiyah, Hitchin and Singer [3] for the classification of local models.

We suppose that X has singularity only at one point and modelled on Jacobi-
integrable smooth cones of multiplicity 1. We can then analyse the bubbling-
off near X, using a technique of Allard–Almgren [2], Simon [22, 23] and the
author [12]. On the other hand it seems difficult in general to classify local
models for smoothing isolated conical singularities.

For stable T 2-cones in the sense of Joyce [14, Definition 3.6], however, we
can classify the local models. We can describe the stable T 2-cones as follows.
We put

C = {(z1, z2, z3) ∈ C3 \ {0} : |z1| = |z2| = |z3|, z1z2z3 ∈ (0,∞)}. (1)

Harvey and Lawson [9, Chapter III.3.A, Theorem 3.1] prove that C is a special
Lagrangian submanifold of C3 \ {0}. We put Σ = C ∩ S5. It is easy to see that
Σ is diffeomorphic to T 2. Joyce proves that C is a stable cone. Haskins [10]
proves that every stable T 2-cone may be expressed as a(C) for some a ∈ SU3.

We suppose now that M is of dimension 3 over C. We suppose also that
X has singularity only at one point and modelled on C with multiplicity 1.
We prove that we have a local model L compatible with X in the situation of
Joyce [17, Theorem 10.4]; L is a special Lagrangian submanifold of C3 asymp-
totic at infinity to C with multiplicity 1. For each t > 0 we can define tL by
re-scaling L by t. We can find a real number τ > 0 such that for each t ∈ (0, τ)
we can glue tL to X by the method of gluing. Hence we get a smooth embedding
G : (0, τ)→ N with G(t) tending to X as t→ +0.

We shall parametrize G : (0, τ) → N by a family of special Lagrangian 3-
folds with isolated conical singularities modelled on C. We denote by X the set
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of all elements of V with supported connected, singularity only at one point and
modelled on C with multiplicity 1. Joyce [14, Definition 5.6] defines a topology
on X . We prove that it is actually the same as the one induced from V. By
a result of Joyce [14, Corollary 6.11] we can take a neighbourhood Y of X in
X which has a structure of manifold. Joyce proves [17, Proposition 10.3] also
dimY = dimN − 1. Making τ > 0 and Y smaller if necessary we can construct
a one-to-one local diffeomorphism G : (0, τ) × Y → N with G(t, Y ) tending to
Y as t 7→ +0 for each Y ∈ Y.

We can extend G continuously to [0, τ)×Y by setting G(0, Y ) = Y for each
Y ∈ Y. We note that G : [0, τ) × Y → N is a one-to-one open mapping. Our
surjectivity result is:

Theorem 1. G maps [0, τ)× Y onto a neighbourhood of X in V.

We begin in §2 with a review of special Lagrangian geometry and geometric
measure theory. In §3 we analyse the bubbling-off of special Lagrangian varifolds
near Jacobi-integrable smooth cones of multiplicity 1 (which need not be stable
nor T 2-cones). In §4 we classify the local models for smoothing C. In §5 we
prove Theorem 1.

Acknowledgements. I would like to thank Kenji Fukaya, Manabu Akaho,
Mark Haskins, Lorenzo Foscolo, Yoshihiro Tonegawa and the referees for many
useful comments. I was supported in part by a JSPS research fellowship 22-699
and a GCOE programme at Kyoto University. I wrote a part of this paper
during a visit to Imperial College London.

2 Review of SL Geometry and GMT

In this section we shall give a review of special Lagrangian geometry and geo-
metric measure theory. First of all we shall define almost Calabi–Yau manifolds
and their special Lagrangian submanifolds.

Let (M,ω) be a symplectic manifold of dimension 2m, and let J be a complex
structure on M such that if we put ĝ(v, w) = ω(v, Jw) then ĝ will be a Kähler
metric on (M,J). Let Ω be a holomorphic (m, 0)-form on (M,J) with Ω|x 6= 0
for every x ∈M . Then we shall call (M,ω, J,Ω) an almost Calabi–Yau manifold,
and (ω, J,Ω) an almost Calabi–Yau structure on M . We can define a smooth
function ψ : M → (0,∞) such that

ψ2m

m!
ω∧m = (−1)s

(
i

2

)m
Ω ∧ Ω where s =

m(m− 1)

2
. (2)

We put g = ψ2ĝ. We shall call g the almost Calabi–Yau metric on (M,ω, J,Ω).
Here g need not be a Kähler metric on (M,J). If we have ψ(x) = 1 for every
x ∈ M then g will be a Kähler metric of Ricci curvature 0. In that case we
shall call (ω, J,Ω) a Calabi–Yau structure on M , and g the Calabi–Yau metric
on (M,ω, J,Ω).

We define a Calabi–Yau structure on R2m = Cm as follows. Let (z1, · · · , zm)
be the co-ordinates of Cm. Let ω0 = i

2 (dz1 ∧ dz1 + · · · + dzm ∧ dzm), g0 =
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dz1 ⊗ dz1 + · · ·+ dzm ⊗ dzm and Ω0 = dz1 ∧ · · · ∧ dzm. Let J0 be the complex
structure of Cm. Then (ω0, J0,Ω0) is a Calabi–Yau structure on R2m, and g is
the almost Calabi–Yau metric on (R2m, ω0, J0,Ω0).

Let (M,ω, J,Ω) be an almost Calabi–Yau manifold, and let g be the almost
Calabi–Yau metric on (M,ω, J,Ω). Then Re Ω will be a calibration on (M, g) in
the sense of Harvey and Lawson [9], and so we can define Re Ω-submanifolds of
(M, g), which we shall call special Lagrangian submanifolds of (M,ω, J,Ω). Spe-
cial Lagrangian submanifolds of (M,ω, J,Ω) will be Lagrangian submanifolds of
(M,ω).

We can also define Re Ω-varifolds and currents in (M, g), which we shall call
special Lagrangian varifolds and currents in (M,ω, J,Ω), respectively. In the
remainder of this section we shall consider calibrated geometry not limited to
special Lagrangian geometry.

We suppose that M is a manifold. For each x ∈M we denote by Gp(TxM)
the Grassmann manifold of all vector subspaces of TxM of dimension p. We put
Gp(TM) =

⋃
x∈M Gp(TxM). By a varifold of dimension p in M we shall mean

a Radon measure on Gp(TM).
We suppose that g is a Riemannian metric on M , and φ is a calibration of

degree p on M . For each x ∈ M we put Gφ(TxM) = {S ∈ Gp(TxM) : |φ|S |g =
1}. We also put Gφ(TM) =

⋃
x∈M Gφ(TxM). By a φ-varifold in M we shall

mean a Radon measure on Gφ(TM).

For each x ∈ M and S ∈ Gφ(TxM) we define
−→
S ∈

∧p
TxM as follows. We

take an orthonormal basis (e1, · · · , ep) for TxM with respect to g|x such that

〈φ|x, e1 ∧ · · · ∧ ep〉 = 1. We set
−→
S = e1 ∧ · · · ∧ ep. It is easy to see that

−→
S is

independent of the choice of (e1, · · · , ep), and so well-defined.

Let V be a φ-varifold in M . Then we can define a p-current
−→
V in M by

setting
−→
V (χ) =

∫
Gφ(TM)

〈χ|x,
−→
S 〉dV (x, S)

for every p-form χ on M with support compact.
Harvey and Lawson [9, Chapter II.1, Definition 1.4] define positive φ-currents

in M , which we shall explain next. First of all we recall a definition of Harvey
and Lawson [9, Chapter II.A, Definition A.1]: by a φ-non-negative p-form on

M we shall mean a p-form χ on M with 〈χ|x,
−→
S 〉 ≥ 0 for every x ∈ M and

S ∈ Gφ(TxM). Harvey and Lawson [9, Chapter II.A, Proposition A.2] prove
that a p-current T in M is a positive φ-current if (and only if) we have T (χ) ≥ 0
for every φ-non-negative p-form on M with support compact. We have:

Theorem. Let V be a φ-varifold in M . Then
−→
V is a positive φ-current in M

in the sense of Harvey and Lawson.

Proof. We have only to prove that if χ is a φ-non-negative p-form on M with

support compact then we have
−→
V (χ) ≥ 0. By the definition of φ-non-negative

p-forms we have 〈χ|x,
−→
S 〉 ≥ 0 for every x ∈ M and S ∈ Gφ(TxM). Hence we

get
−→
V (χ) =

∫
〈χ|x,

−→
S 〉dV (x, S) ≥ 0, completing the proof.
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We suppose now that M is compact. We take a ∈ Hp(M ;R). We denote

by V the set of all integral φ-varifolds V in M with support compact, ∂
−→
V = 0

and [
−→
V ] = a. We give V the weak topology in the sense of Allard [1, Defini-

tion 2.6(2)], i.e. the topology of the Radon measures on Gp(TM). We have
then:

Theorem. V is compact.

Proof. It is easy to see that V is a metrizable space. It suffices therefore to prove
that if V1, V2, V3, · · · ∈ V then there exists a subsequence of (Vn)∞n=1 converging
in V. Since M is compact it is clear that φ is compactly-supported, and for each

n = 1, 2, 3, · · · therefore we have areaVn =
−→
Vn(φ) = a · [φ] where [φ] denotes

the de Rham cohomology class of φ. This implies that areaVn is bounded with
respect to n. By an integral compactness theorem of Allard [1, Theorem 6.4],
therefore, we can find a subsequence of (Vn)∞n=1 converging as Radon measures
on Gp(TM). We may identify (Vn)∞n=1 with the subsequence. We denote its
limit by V . It suffices then to prove V ∈ V. Since Vn tends to V as varifolds we

see that
−→
Vn tends to

−→
V as p-currents in M . As ∂

−→
Vn = 0 for every n = 1, 2, 3, · · ·

so we have ∂
−→
V = 0. As [

−→
Vn] = a for every n = 1, 2, 3, · · · so we have [

−→
V ] = a.

We have therefore V ∈ V as we want.

Let V be a varifold of dimension p in M . Then we shall denote by ‖V ‖
the Radon measure on M defined by setting ‖V ‖(f) = V (π ◦ f) for every f ∈
Cc(M ;R), where π denotes the projection of Gp(TM) onto M , and Cc(M ;R)
denotes the set of all continuous functions on M with support compact.

We denote by R the set of all Radon measures on M which may be expressed
as ‖V ‖ for some V ∈ V. We give R the topology of the Radon measures on M .
We have then:

Theorem. The mapping V 7→ ‖V ‖ is a homeomorphism of V onto R.

Proof. From the definition ofR it is clear that V 7→ ‖V ‖ maps V ontoR. Notice
also that each V ∈ V is rectifiable by a result of Allard [1, Theorem 5.5]. Then
we see that V 7→ ‖V ‖ is one-to-one. From the definition of ‖V ‖, moreover,
we see that V 7→ ‖V ‖ is continuous. We have thus proved that V 7→ ‖V ‖ is
a continuous bijection of V onto R. Notice also that V is compact and R is
Hausdorff. Then we see that V 7→ ‖V ‖ is a homeomorphism of V onto R.

We denote by T the set of all positive φ-currents in M which may be ex-

pressed as
−→
V for some V ∈ V. We give T the topology of p-currents in M . We

have then:

Theorem. The mapping V 7→
−→
V is a homeomorphism of V into T .

Proof. From the definition of T it is clear that V 7→
−→
V maps V onto T . Notice

also that V 7→ ‖V ‖ is one-to-one by the previous proposition. Then we see that

V 7→
−→
V is one-to-one. It is also easy to see that V 7→

−→
V is continuous. We
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have thus proved that V 7→
−→
V is a continuous bijection of V onto T . Notice

also that V is compact and T is Hausdorff. Then we see that V 7→
−→
V is a

homeomorphism of V onto T .

3 Analysis of Bubbling-off

In this section we shall analyse bubbling-off near special Larangian Jacobi-
integrable smooth cones of multiplicity 1. We can summarize our results as
follows.

We take a special Lagrangian varifold X with singularity only at one point
x and asymptotic at x to a multiplicity 1 special Lagrangian Jacobi-integrable
smooth cone C. We consider special Lagrangian varifolds V close to X. We
define an energy functional for V . We prove that if the energy of V is small
then V has singularity only at one point y and asymptotic at y to a multiplicity
1 smooth cone close to C, and if the energy of V is large then V bubbles off.

We begin in §3.1 with the definition of an energy functional and a discus-
sion about related results. In §3.2 we discuss an important property of special
Lagrangian Jacobi-integrable cones. In §3.3 we analyse the bubbling-off.

3.1 Energy Functional

We define an energy functional as follows. For each varifold V of dimension m
in Rn we put

E(V ) =

∫
Rn×Gm(Rn)

|S⊥y|2

|y|m+2
dV (y, S) ∈ [0,∞]

where S⊥ denotes the orthogonal complement to S in Rn, and S⊥y denotes the
projection of y onto S⊥.

We shall recall a monotonocity formula for stationary varifolds. We put
Bρ = {y ∈ Rn : |y| < ρ} for each ρ > 0 and Aσ,ρ = Bρ \Bσ for each ρ > σ > 0.

For each Z ⊂ Rn we put Z̃ = Z × Gm(Rn). If V is a stationary varifold of
dimension m in (B1, g0) and if 0 < σ < ρ < 1 then we have

‖V ‖(Bρ)
ρm

− ‖V ‖(Bσ)

σm
= E(V xÃσ,ρ); (3)

for the proof we refer e.g. to Allard [1, Theorem 5.1(1)] or Simon [24, Equa-
tion 17.4]. It is easy to extend (3) to Riemannian metrics in place of g0:

Proposition 1. Let g be a Riemannian metric on B1 with ε = |g− g0|C1(B1) <
∞. Then there exists k > 0 such that if V is a stationary varifold of dimension
m in (B1, g) and if 0 < σ < ρ < 1 then we have

ekερ
‖V ‖(Bρ)
ρm

− ekεσ ‖V ‖(Bσ)

σm
≥ E(V xÃσ,ρ).
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We suppose now that n = 2m and (ω, J,Ω) is an almost Calabi–Yau structure
on B1. We denote by V0 the space of all special Lagrangian integral varifolds V

with ∂
−→
V = 0 in (B1, ω, J,Ω).

We define r : R2m → [0,∞) by setting r(y) = |y| for each y ∈ R2m. We put
gcyl = r−2g0, which we shall call the cylindrical metric on R2m \ {0}.

We regard (0,∞) as a multiplicative group acting upon R2m as re-scaling.
By a smooth cone in R2m we shall mean a closed submanifold of R2m \ {0}
invariant under the re-scaling by (0,∞). We denote by C the set of all special
Lagrangian smooth cones in (R2m, ω0, J0,Ω0).

We suppose C ∈ C. We denote by NC the normal bundle to C in R2m with
respect g0. We get the same bundle even if we use gcyl in place of g0.

For each u ∈ Ck(C;NC) and ρ < σ we define |u|k,cyl
[ρ,σ] as follows. We put

t = − log r and ∂t = ∂
∂t . We put Σ = C ∩ S2m−1. By the definition of smooth

cones Σ is a compact submanifold of S2m−1. We denote by ∇Σ the Levi-Civita
connexion over Σ induced from g0. We put

|u|k,cyl
[ρ,σ] = sup

C∩Aσ,ρ

∑
i,j≥0,i+j≤k

|∂it∇
j
Σu|.

If |u|1,cyl
[ρ,σ] is sufficient small, then we can define the exponential map expu :

C∩Aσ,ρ → Aσ,ρ with respect to the metric gcyl, and the image of expu will be a
submanifold ofAσ,ρ, which we shall denote by Graphcyl u. We put |Graphcyl u| =
HmxGraphcyl u where Hm denotes the Hausdorff m-dimensional measure with
respect to the almost Calabi–Yau metric g.

We suppose that (ω, J,Ω) is an almost Calabi–Yau structure on B1, and g
is the almost Calabi–Yau structure on B1. From the proof of the author [12,
Theorem 2.2] we get:

Theorem 2. There exists ε > 0 depending only on m and C such that if we
have

|Ω− Ω0|C0(B1) + |g − g0|C1(B1) < ε, V ∈ V0, 0 < ρ < 1, E(V xÃρ,1) < ε

and v ∈ C∞(C ∩A1/2,1;NC), |v|2,cyl
[1/2,1] < ε, |Graphcyl v| = ‖V ‖xA1/2,1

then we can extend v to C ∩Aρ,1 so that ‖V ‖xAρ,1 = |Graphcyl v| and |v|2,cyl
[ρ,1] <

kεα for some k > 0 and α ∈ (0, 1) depending only on m and C.

Remark. For the proof one has to use a result of  Lojasiewicz [18], following
Simon [22].

We shall give a corollary to the theorem above. We give C the C∞-topology.
Let C′ be a neighbourhood of C in C. Then we have:

Corollary 1. There exists ε > 0 depending only on m, C and C′ such that if
we have

|Ω− Ω0|C0(B1) + |g − g0|C1(B1) < ε, V ∈ V0, E(V ) < ε
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and v ∈ C∞(C ∩A1/2,1;NC), |v|2,cyl
[1/2,1] < ε, |Graphcyl v| = ‖V ‖xA1/2,1

then V is singular only at 0 and asymptotic at 0 to some C ′ ∈ C′ with multiplicity
1.

Remark. By a result of Simon [22, Theorem 5] C ′ will be a unique tangent
cone to V at 0.

Proof. Let C ′ be a tangent cone to V at 0. Then we can take δ1 > δ2 > δ3 > · · ·
tending to 0 with δ−1

n V tending to C ′ as n→∞. We can also take η > 0 such
that if v ∈ C∞(Σ;NC) and |v|C1(Σ) ≤ η then we have Graphcyl v ∈ C′. By Theo-
rem 2 we can find vn ∈ C∞(C∩Aδn,1;NC) such that ‖V ‖xAδn,1 = |Graphcyl vn|
with |vn|2,cyl

[δn,1] ≤ η, and so we can find a subsequence of (‖δ−1
n V ‖xA1/2,1)∞n=1 con-

verging to |Graphcyl v∞| for some w ∈ C∞(C ∩A1/2,1;NC) with |w|1,cyl
[1/2,1] ≤ η.

This implies that C ′ is smooth of multiplicity 1 and we have C ′ ∈ C′ as we
want.

3.2 Special Lagrangian Jacobi-integrable Cones

We shall discuss an important property of special Lagrangian Jacobi-integrable
cones. For a moment we shall consider Jacobi-integrable cones which need not
be special Lagrangian.

We denote by K the set of all smooth cones in Rn. We define a functional
F : K → (0,∞) by setting F (K) = area(K ∩ B1) for each K ∈ K. We denote
by CritF the set of all critical points of F .

Let K ∈ K. Then we have TKK = C∞(K;NK). We can also define the
hessian of F at K as a linear operator hessK F : TKK → TKK. We shall say that
K is Jacobi-integrable if for every v ∈ Ker hessC F there exists a one parameter
family (Kt)t∈R in CritF with

K0 = K and
dKt

dt

∣∣∣
t=0

= v.

We suppose that K is Jacobi-integrable. Adams and Simon [4, Lemma 1] prove:

Proposition 2. There exists a neighbourhood of K in K on which F is constant.

For the proof one has to use the real-analyticity of F . Adams and Simon also
prove that CritF is a non-degenerate critical manifold in the sense of Bott [5].

We shall do a similar thing for Lagrangian cones. We denote by Ĉ the set of
all Lagrangian smooth cones in (R2m, ω0). We have Ĉ ⊂ K. We put F̂ = F |Ĉ .
We denote by Crit F̂ the set of all critical points of F̂ .

We suppose Ĉ ∈ Ĉ. By a result of Weinstein [27, Corollary 6.2], then, TĈ Ĉ
may be identified with the set of all closed 1-forms on Ĉ. By a result of Oh [21,

Theorem 3.5] the hessian of F̂ at Ĉ will be the Laplacian acting upon closed 1-

forms on Ĉ. We shall denote the Laplacian by ∆, and say that Ĉ is Lagrangian
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Jacobi-integrable if for every closed 1-form ξ on Ĉ with ∆ξ = 0 there exists a
one parameter family (Ĉt)t∈R in Crit F̂ with

Ĉ0 = Ĉ and − dĈt
dt

∣∣∣
t=0

yω0 = ξ.

In a way similar to the proof of Proposition 2 we can prove:

Proposition 3. If Ĉ is Lagrangian Jacobi-integrable then there exists a neigh-
bourhood of Ĉ in Ĉ on which F̂ is constant.

Joyce [13, Definition 6.7] defines special Lagrangian Jacobi-integrable cones,
which we shall recall next. As in §3.1 we denote by C the set of all special
Lagrangian smooth cones in (R2m, ω0, J0,Ω0). We take C ∈ C. We shall say
that C is special Lagrangian Jacobi-integrable if for every closed 1-form ξ on C
with d ∗ ξ = 0 there exists a one parameter family (Ct)t∈R in C with

C0 = C and − dCt
dt

∣∣∣
t=0

yω0 = ξ.

We have:

Lemma. If C is special Lagrangian Jacobi-integrable then C is Lagrangian
Jacobi-integrable.

Proof. Let ξ be a closed 1-form on C with ∆ξ = 0. Then we have d ∗ d ∗ ξ = 0
and so

∗d ∗ ξ = a (4)

for some a ∈ R. We define a map fat : Cm → Cm by setting fat (z1, z2, · · · , zm) =
(eiatz1, z2, · · · , zm). We put Cat = fat (C). We have then

Ω0|Cat = (fa∗t Ω0)|C = eiatΩ0|C = eiat ∗ 1. (5)

We put

ξa = −dC
a
t

dt

∣∣∣
t=0

yω0.

Since Cat is Lagrangian we see that ξa is a closed 1-form on C. We may also

write ξa = g0(ξ̃a, •) for some ξ̃a. We have then
dCat
dt |t=0 = J0ξ̃

a and so

d

dt
Ω0|Cat

∣∣∣
t=0

= d(J0ξ̃
ayΩ0|C) = d(iξ̃ayΩ0|C) = d(iξ̃ay ∗ 1) = id ∗ ξa.

This combined with (5) implies that on C we have

id ∗ ξa = ia ∗ 1

and so ∗d ∗ ξa = a. This combined with (4) implies ∗d ∗ (ξ − ξa) = 0. By
the special Lagrangian Jacobi-integrability of C, therefore, we can find a one-
parameter family (Ct)t∈R in C with

C0 = C and − dCt
dt

∣∣∣
t=0

yω0 = ξ − ξa.
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Putting Ĉt = fat (Ct) we get

Ĉt ∈ Ĉ, Ĉ0 = C and − dĈt
dt

∣∣∣
t=0

yω0 = ξ,

completing the proof.

By Proposition 3 and the lemma above we have:

Proposition 4. Let C be special Lagrangian Jacobi-integrable. Then there ex-
ists a neighbourhood C′ of C in C on which the area functional is constant; i.e.
for each C ′ ∈ C′ we have area(C ′ ∩B1) = area(C ∩B1).

3.3 Bubbling-off

We suppose that (ω, J,Ω) is an almost Calabi–Yau structure onB1 with J |0 = J0

and Ω|0 = Ω0. We denote by g the almost Calabi–Yau metric on (B1, ω, J,Ω).

We write g =
∑2m
i,j=1 gijdy

idyj and suppose

gij(0) = δij and
∂gij
∂yk

(0) = 0 for each i, j, k = 1, · · · , 2m.

If W is a varifold in Rn and if δ > 0 then we can define δ−1W by re-scaling
W by δ−1. If b ∈ Rn then we can also define W − b by translating W by −b.

We take C ∈ C and a neighbourhood C′ of C in C. X ∈ V0. We denote by
X ′ the space of all elements of V0 with support connected, with singularity only
at one point y and asymptotic at y to some element of C′ with multiplicity 1.
We take X ∈ V0 and suppose that 0 is the singular point of X and C is the
multiplicity 1 smooth tangent cone to X at 0. We have then:

Theorem 3. Let (Xn)∞n=1 be a sequence in X ′ converging to X. For each
n = 1, 2, 3, · · · let xn be the singular point of Xn, and let Cn be the multiplicity
1 smooth tangent cone to Xn at xn. Then xn tends to 0 and Cn tends to C as
n→∞.

Proof. By Allard’s regularity theorem xn tends to 0 as n→∞. By Proposition 1
we have

E(Xn − xn) ≤ ekερ ‖Xn − xn‖(Bρ)
ρm

− ekεσ ‖Xn − xn‖(Bσ)

σm

where 0 < σ < ρ < 1. Letting σ → 0 we get

E(Xn − xn) ≤ ekερ ‖Xn − xn‖(Bρ)
ρm

− area(Cn ∩B1).

This combined with Proposition 4 implies

E(Xn − xn) ≤ ekερ ‖Xn − xn‖(Bρ)
ρm

− area(C ∩B1). (6)
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Making ρ smaller if necessary we may suppose

ekερ
‖X‖(Bρ)

ρm
− area(C ∩B1) < ε.

For n sufficiently large, therefore, we have

ekερ
‖Xn − xn‖(Bρ)

ρm
− area(C ∩B1) < ε.

This combined with (6) implies

E(Xn − xn) < ε.

By Corollary 1, therefore, Cn tends to C as n→∞.

We have also:

Theorem 4. Let (Vn)∞n=1 be a sequence in V0 \X ′ converging to X. Then there
exists a sequence (δn)∞n=1 of positive real numbers converging to 0, a sequence
(yn)∞n=1 in B1 converging to 0, and a subsequence of

(
δ−1
n (Vn − yn)

)∞
n=1

con-

verging to some varifold W in R2m asymptotic at infinity to some element of C′
with multiplicity 1 and satisfying E(W − b) > 0 for every b ∈ R2m.

Remark. W will automatically be a special Lagrangian integral varifold with

∂
−→
W = 0 in (R2m, ω0, J0,Ω0).

Proof. We take positive real numbers ρ and ε, which we shall make smaller if
necessary. By assumption we have Vn ∈ V0 \ X ′. By Corollary 1 therefore we
may suppose E(Vn − y) ≥ ε for each y ∈ Bρε; otherwise Vn will be singular
only at y and asymptotic at y to some element of C′ with multiplicity 1, which
contradicts Vn ∈ V0 \ X ′. We put

δn(y) = inf
{
δ ∈ (0, ρ) : E

(
(Vn − y)xÃδ,ρ

)
=
ε

2

}
.

Since E(Vn − y) ≥ ε we see δn(y) > 0. It is also easy to see that y 7→ δn(y) is
lower semi-continuous. Hence we can find yn ∈ Bερ with δn(yn) = infy∈Bε δn(y).
We put δn = δn(yn) > 0. We have then:

Lemma. δn tends to 0 as n→∞.

Proof. Making ρ smaller if necessary we may suppose E(XxB̃ρ) < ε/2. We take

δ > 0. We have then E(XxÃδ,ρ) < ε/2. Since Vn tends to X as n → ∞ we see

that for n sufficiently large we have E(VnxÃδ,ρ) < ε/2. This implies δn(0) < δ
and so δn(0) tends to 0 as n → ∞. Since δn ≤ δn(0) we see that δn also tends
to 0 as n→∞.

We have also:
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Lemma.
(
δ−1
n (Vn − yn)

)∞
n=1

has a subsequence converging to some varifold W

in R2m.

Proof. Let R > 0. Then we have only to prove

sup
n=1,2,3,···

‖δ−1
n (Vn − yn)‖(BR) <∞. (7)

Notice that ‖δ−1
n (Vn − yn)‖(BR) = δ−mn ‖Vn − yn‖(BδnR). Notice also that by

Proposition 1 we have

ekεnδnR
‖Vn − yn‖(BδnR)

(δnR)m
≤ ekεn‖Vn − yn‖(B1)

which tends to ‖X‖(B1) as n→∞. Then we get (7).

We take W as above. From the definition of δn it is easy to see E(WxÃ1,∞) ≤
ε/2. In a way similar to the proof of Corollary 1, therefore, we can prove that W
is asymptotic at infinity to a multiplicity 1 smooth cone C ′. Making ε smaller
if necessary we may suppose C ′ ∈ C′.

It remains to prove E(W − b) > 0 for every b ∈ R2m. We put V ′n = Vn −
yn − δnb. By Proposition 1 we have

exp(kεnρ)
‖V ′n‖(Bρ)

ρm
− exp(kεnδn)

‖V ′n‖(Bδn)

δmn
≥ E(V ′nxÃδn,ρ) ≥

ε

2
. (8)

We note that V ′n tends to X and δ−1
n V ′n tends to W − b as n → ∞. By (8)

therefore we have
‖X‖(Bρ)

ρm
− ‖W − b‖(B1) ≥ ε

2
. (9)

Making ρ > 0 smaller if necessary we may suppose

‖X‖(Bρ)
ρm

≤ area(C ∩B1) +
ε

4
.

This combined with (9) implies

area(C ∩B1)− ‖W − b‖(B1) >
ε

4
.

This combined with Proposition 4 implies

area(C ′ ∩B1)− ‖W − b‖(B1) >
ε

4
. (10)

On the other hand by (3) we have

‖W − b‖(BR)

Rm
− ‖W − b‖(B1) = E

(
(W − b)xÃλ,R

)
for each R > 1. Letting R→∞ we get

area(C ′ ∩B1)− ‖W − b‖(B1) = E
(
(W − b)xÃλ,∞

)
.

This combined with (10) implies E
(
(W − b)xÃ1,∞

)
> ε/4 and so E(W − b) > 0,

completing the proof.
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4 Classification of Local Models

We define C by (1) in §1. In this section we shall classify local models for
smoothing C. We can describe the local models as follows. We put

L1 = {(z1, z2, z3) ∈ C3 : |z1|2 − 1 = |z2|2 = |z3|2, z1z2z3 ∈ [0,∞)},
L2 = {(z1, z2, z3) ∈ C3 : |z1|2 = |z2|2 − 1 = |z3|2, z1z2z3 ∈ [0,∞)},
L3 = {(z1, z2, z3) ∈ C3 : |z1|2 = |z2|2 = |z3|2 − 1, z1z2z3 ∈ [0,∞)}.

(11)

If L ∈ {L1, L2, L3} then L will be a submanifold of C3 of dimension 3 over
R. We note that L is non-singular in spite of the condition z1z2z3 ∈ [0,∞).
Harvey and Lawson [9, Chapter III.3.A, Theorem 3.1] prove that L is a special
Lagrangian submanifold of C3. It is easy to see that L is asymptotic at infinity
to C with multiplicity 1. Our classification result is:

Theorem 5. Let W be a special Lagrangian integral varifold with ∂
−→
W = 0 in

(R6, ω0, J0,Ω0) asymptotic at infinity to C with multiplicity 1. Then we have
‖W‖ = |sL+ b| for some s > 0, L ∈ {C,L1, L2, L3} and b ∈ R6.

Here |sL + b| denotes the Radon measure on R6 associated to sL + b with
multiplicity 1 with respect to the Euclidean metric g0.

In what follows we give a sketch of the proof of Theorem 5.
First of all we analyse the asymptotic behaviour of W at infinity. From the

stability of C we find b ∈ R6 such that W − b will decay rapidly to C at infinity.
For the sake of simplicity, therefore, we may suppose that W decays rapidly to
C at infinity.

We define a T 2-action on R6 = C3 by setting

(eiθ, eiφ) · (z1, z2, z3) = (eiθz1, e
iφz2, e

−iθ−iφz3).

We note that ω0, J0, Ω0 and C are invariant under the T 2-action. We take a
moment map µ : C3 → R2. We prove that µ is constant on Spt ‖W‖. The idea
of the proof is as follows.

We suppose for a moment that W is a submanifold of C3. By the T 2-
action, then, we can deform W as a special Lagrangian submanifold of C3.
The infinitesimal deformation may be identified with dµ|W , and so dµ|W will
be a harmonic 1-form on W , by the theory of Mclean. Therefore µ|W will be
a harmonic function on W . Since W decays rapidly to C at infinity we shall
see that µ|W decays rapidly at infinity to some constant. By the maximum
principle, therefore, µ|W will be a constant function.

Actually W need not be a submanifold of R6. Using some basic results on
varifolds, however, we can modify the argument above. Thus we see that µ is
constant on Spt ‖W‖.

Harvey and Lawson [9, Chapter III.3.A, Theorem 3.1] construct a special
Lagrangian fibration F : C3 → R3 invariant under the T 2-action. From the
proof of Harvey and Lawson we see that every T 2-invariant special Lagrangian
submanifold of C3 is contained in a fibre of F .
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We suppose again that W is a submanifold of C3. Since µ is constant on W
we see that W is then invariant under the T 2-action, and so contained in a fibre
of F . Actually W need to be a submanifold of C3, but we can again modify the
argument and so Spt ‖W‖ is contained in a fibre of F .

For each fibre of F we have an explicit description of the topology and
asymptotic behaviour at infinity, and so we shall be able to complete the proof
by an elementary argument.

We begin now with a review of some basic properties of Laplacians over
cones.

We suppose that Σ is a compact manifold of dimension m − 1. We put
C = (0,∞)× Σ. We denote by r the projection of C onto (0,∞). We suppose
that gΣ is a Riemannian metric on Σ. We put gC = dr2 + r2gΣ. With respect
to gC we can define the Laplacian ∆C : C∞(C;R)→ C∞(C;R).

We have also the Laplacian ∆Σ : C∞(Σ;R) → C∞(Σ;R) with respect to
gΣ. We put t = log r : C → R and ∂t = ∂

∂t . It is easy then to see −e2t∆C =
∂2
t + (m− 2)∂t −∆Σ. We denote by 0 = γ0 ≤ γ1 ≤ γ2 ≤ · · · the eigenvalues of

∆Σ. For each integer i ≥ 0 we consider the equation x2 + (m − 2)x − γi = 0
in x. We denote by αi and βi the two solutions with αi ≥ βi. We suppose
m ≥ 2. Since γ0 = 0 we get β0 = 2 − m ≤ 0 = α0. Since γ0 ≤ γ1 ≤ γ2 · · ·
we get α0 ≤ α1 ≤ α2 ≤ · · · and β0 ≥ β1 ≥ β2 ≥ · · · . Since γi tends to ∞ as
i→∞ we see that αi tends to ∞ and βi tends to −∞ as i→∞. We also put
Λ = {α0, β0, α1, β1, α2, β2, · · · }. For each λ ∈ R we put

Eλ = {f ∈ C∞(Σ;R) : ∆Σf = λ(λ+m− 2)f}.

By the definition of the eigenvalues we have Eλ 6= {0} if and only if λ ∈ Λ.
We can also take a complete orthonormal basis {v0, v1, v2, · · · } for L2(Σ;R)

such that ∆Σvi = γivi for each integer i ≥ 0. We have then:

Proposition 5. Let I be an open interval in R, let u ∈ C∞(I × Σ;R) and
suppose ∆Cu = 0. Then there exist a0, b0, a1, b1, a2, b2 · · · ∈ R such that u =∑∞
i=0(air

αi + bir
βi)vi where the series converge in the local C∞-topology.

We give a proof for the sake of clarity:

Proof. We put log I = {t ∈ R : et ∈ I}. For each t ∈ log I and i ∈ {0, 1, 2, · · · }
we define ui(t) as the inner product of u|{et}×Σ and vi in L2(Σ;R). Then
t 7→ ui(t) is a smooth function on log I. Since ∆Cu = 0 we get (∂2

t +(m−2)∂t−
λi)ui = 0. Hence we find ai, bi ∈ R such that ui = aie

αit + bie
βit. It suffices

therefore to prove that
∑∞
i=0 uivi converges to u in the local C∞-topology. We

denote by dµΣ the Riemannian measure on Σ with respect to gΣ, and by ‖ • ‖
the norm of L2(Σ;R). We have then∫

log I×Σ

|u|2dtdµΣ =

∫
log I

∞∑
i=0

‖ui(t)‖2dt =

∞∑
i=0

∫
log I

‖ui(t)‖2dt <∞.

Putting wn =
∑n
i=0 uivi we get

∫
log I×Σ

|u−wn|2dtdµΣ =
∑∞
i=n+1

∫
log I
‖ui(t)‖2dt

which tends to 0 as n→∞. Thus wn tends to u in the L2-topology. Applying el-
liptic regularity to u−wn we see that wn tends to u in the local C∞-toplogy.
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Let u ∈ C∞(C;R) and α ∈ R. Then we shall write u = O(rα) as r → ∞ if
there exists R > 0 such that

sup
(R,∞)×Σ

|r−α+k∇ku| <∞ for every k = 0, 1, 2, 3, · · ·

where ∇ denotes the Levi-Civita connexion with respect to gC , and | • | denotes
the norm with respect to gC .

By a result of Simon [23, Part I, Lemma 5.9] we have:

Proposition. Suppose q ∈ (2 − m,∞) \ Λ and f ∈ C∞
(
(R,∞) × Σ;R

)
with

f = O(rq−2). Then there exists u ∈ C∞
(
(R,∞) × Σ;R

)
with u = O(rq) such

that ∆Cu = f .

We give a corollary to this:

Corollary 2. Suppose R > 0, u ∈ C∞
(
(R,∞)×Σ;R

)
, p, q ∈ R, 2−m < q < p,

q /∈ Λ, u = O(rp) and ∆Cu = O(rq−2). Then there exists (fλ)λ∈Λ ∈
⊕

λ∈ΛEλ
such that u =

∑
λ∈Λ∩(q,p] fλr

λ +O(rq) where Λ∩ (q, p] is possibly empty and in

that case we set
⊕

λ∈∅Eλ = {0}.

Proof. Applying the proposition above to ∆Cu in place of f we find u′ ∈
C∞

(
(R,∞)×Σ;R

)
with u′ = O(rq) such that ∆Cu

′ = ∆Cu. By Proposition 5
we can find some a0, b0, a1, b1, a2, b2, · · · ∈ R such that u − u′ =

∑∞
i=0(air

αi +
bir

βi)vi.
Since u′ = O(rq) we get u =

∑∞
i=0(air

αi + bie
βi)vi+O(rq). Since u = O(rp)

and p > q we get ai = 0 if αi > p. Since α0 ≤ α1 ≤ α2 ≤ · · · tend to ∞ we can
find a unique integer i(p) such that αi(p)+1 > p and αi(p) ≤ p. Since ai = 0 for

every i > i(p) we see that
∑∞
i=0 bir

βivi converges in the local C∞-topology. We
put w =

∑∞
i=0 bir

βivi.
Since 0 ≥ 2 −m = β0 ≥ β1 ≥ β2 ≥ · · · it follows that for every ρ > R we

have ∫ 2ρ

ρ

∫
Σ

|w|2 dr
r
dµΣ ≤

( ρ
R

)2−m ∫ 2R

R

∫
Σ

|w|2 dr
r
dµΣ.

Applying elliptic regularity to w we get w = O(r2−m). Since u =
∑i(p)
i=0 air

αivi+

w + O(rq) and q > 2 − m we get u =
∑i(p)
i=0 air

αivi + O(rq), completing the
proof.

We suppose now that C is a smooth special Lagrangian cone in (R2m \
{0}, ω0, J0,Ω0) and Σ = C ∩ S2m−1. For each ρ > 0 we put Bρ = {y ∈ Rn :
|y| < ρ}. We denote by iC : C → R2m the inclusion map of C into R2m.

Joyce [13, Definition 7.1] defines special Lagrangian submanifolds of (R2m, ω0, J0,Ω0)
asymptotic to C with multiplicity 1 at infinity with some rate < 2. We extend
it to varifolds as follows. We denote by W the set of all special Lagrangain

integral varifolds W with ∂
−→
W = 0 in (R2m, ω0, J0,Ω0) asymptotic at infinity to

C with multiplcity 1. For each λ < 2 we denote by Wλ the set of all W ∈ W

15



such that we can find a compact subset K of W , an R > 0 and a diffeomorphism
f : C \BR → Spt ‖W‖ \K such that f − iC = O(rλ−1).

We suppose that C is Jacobi-integrable in the sense of Joyce [13, Defini-
tion 6.7]. In a way similar to Simon [23, Part II, §§5 and 6], then, we can prove
that if W ∈ W then there exists λ < 2 such that W ∈ Wλ.

Joyce [13, Theorem 4.3] proves a version of Weinstein’s theorem [27, Corol-
lary 6.2], which we shall recall next. We denote by T ∗C the cotangent bundle
over C, by 0C the zero-section of T ∗C, and by ωC the canonical symplectic form
on T ∗C. We regard (0,∞) as a multiplicative group acting upon C and R2m

as re-scaling. We can lift the (0,∞)-action uniquely to T ∗C so that for each
t ∈ (0,∞) we shall have t∗ωC = t2ωC (on the left-hand side we regard t as a
map of C into itself). We have then:

Lemma 1. There exist a neighbourhood UC of Im 0C in T ∗C invariant under
(0,∞), and a diffeomorphism ΦC of UC into R2m equivariant under (0,∞) with
ΦC ◦ 0C = iC and Φ∗Cω0 = ωC .

Let W ∈ Wλ. Then we can take a compact subset K of W and a closed
1-form w on C \ BR such that Spt ‖W‖ \KW = ΦC(Graphw). We denote by
πΣ denotes the projection of C onto Σ. We may write w = π∗ΣηW + dhW for
some 1-form ηW on Σ and some hW : C \ BR → R. By results of Joyce [13,
Equations (7.7) and (7.8)] we have:

Lemma 2. If α < 2 and hW = O(rα) then we have ∆ChW = O(r2(α−2)).

We can extend a result of Joyce [13, Theorem 7.11] as follows:

Lemma 3. Let W ∈ Wλ, λ′ < λ < 2 and [λ′, λ) ∩ Λ = ∅. Then we have
W ∈ Wλ′ .

Proof. For each integer n ≥ 0 we put λ(n) = 2n(λ−2)+2. We can take a unique
integer ν such that λ(ν + 1) < λ′ ≤ λ(ν). By an induction on n = 0, 1, · · · , ν,
we shall prove hW = O(rλ(n)).

By the property of hW we have hW = O(rλ) = O(rλ(0)). If ν = 0 we can then
complete the induction automatically. We suppose therefore ν > 0. Suppose
also that we have hW = O(rλ(n)) for some n = 0, 1, · · · , ν − 1. By Lemma 2 we
have ∆hW = O(r2(λ(n)−2)) = O(rλ(n+1)−2). Since n < ν we get λ(n + 1) ≥ λ′

and so [λ(n + 1), λ) ∩ Λ = ∅. Applying Corollary 2 to hW , λ, λ(n + 1) in place
of u, p, q respectively, we get hW = O(rλ(n+1)), completing the induction.

We have thus proved hW = O(rλ(n)) for every n = 0, 1, · · · , ν. Putting
n = ν we get hW = O(rλ(ν)). By Lemma 2 we have ∆ChW = O(rλ(ν+1)−2). By
the definition of ν we have λ(ν + 1) ≤ λ′ and so ∆ChW = O(rλ

′−2). Applying
Corollary 2 to hW , λ, λ

′ in place of u, p, q respectively, we get hW = O(rλ
′
),

completing the proof.

Joyce [14, Definition 3.6] defines the stability of C. We have:

Theorem 6. Let C be stable in the sense of Joyce. Then there exists b ∈ R2m

such that W − b ∈ W0.
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Proof. By the stability of C we have Λ∩(1, 2) = ∅ and E1 = {b·x : b ∈ R2m}. We
take λ ∈ (1, 1+ε). Let hW be as above. Then by Lemma 3 we have hW = O(rλ).
By Lemma 2, therefore, we have ∆ChW = O(r2(λ−2)). Applying Corollary 2 to
hW , λ, 2(λ− 2) in place of u, p, q we get hW = b · x|C +O(r2(λ−2)+2).

We may suppose that for each t ∈ [0, 1] there exist a compact subset Kt of
R2m and a 1-form wt on C \BR such that (Spt ‖W‖− tb)\Kt = ΦC(Graphwt).
We put β = (b · x) ◦ ΦC . We have then a function β : UC → R. Notice
that Φ−1

C (W − tb) is the image of the time-one map of the flow generated by

dβyωC . Then we have ∂wt/∂t = −w∗t dβ and so w1 = w0 − d
∫ 1

0
w∗t βdt =

π∗ΣηW + d(hW −
∫ 1

0
w∗t βdt). Hence we get hW−b = hW −

∫ 1

0
w∗t βdt = hW −

β|C −
∫ 1

0
(w∗t β − β|C)dt = O(r2λ−2) + O(rλ−1) = O(r2λ−2). By results of

Joyce [13, Equations (7.7) and (7.8)] we have ∆ChW−b = O(r4λ−8). Applying
Corollary 2 to hW−b, 2λ − 2, 4λ − 8 in place of u, p, q we get c ∈ R such that
hW−b = c + O(r4λ−6) = O(r0) as we may suppose 4λ− 6 < 0. This completes
the proof.

Let λ < 2 and W ∈ Wλ. Take a compact subset KW of R2m, an R > 0 and
a diffeomorphism fW : C \ BR → Spt ‖W‖ \KW with f∗W iC = O(rλ−1). Then
we have a Riemannian metric f∗W g0 over C \BR. With respect to f∗W g0 we can
define the Laplacian ∆W : C∞(C \BR;R)→ C∞(C \BR;R). We have then:

Proposition. If u ∈ C∞(C \ BR;R) and u = O(rα) then we have ∆Wu =
∆Cu+O(rα+λ−4).

Proof. Since fW − iC = O(rλ−1) we get f∗W g0 = i∗Cg0 + O(rλ−2). We denote
by ∇W and ∇C the Levi-Civita connexions over C \ BR with respect to f∗W g0

and i∗Cg0 respectively. We have then ∇W = ∇C + O(rλ−3) and so ∆Wu =
∆Cu+O(rα+λ−4) as we want.

We give a corollary to this:

Corollary 3. If u ∈ C∞(C \ BR;R), ∆Wu = 0 and u = O(r0) then we have
u = c+O(r2−m) for some c ∈ R.

Proof. By the proposition above we have ∆Cu = O(r0+λ−4) = O(rλ−4). If
λ − 2 < 2 − m then we can complete the proof by applying Corollary 2 to
0, λ− 2 in place of p, q respectively.

We suppose therefore λ− 2 ≥ 2−m. We take λ′ ∈ (λ, 2) such that λ′ − 2 >
2 − m. Applying Corollary 2 to 0, λ′ − 2 in place of p, q respectively, we get
u = c + O(rλ

′−2) for some c > 0. We have thus improved the decay order
estimate for u, and so we can complete the proof in a way similar to the proof
of Lemma 3.

We suppose now

C = {(z1, · · · , zm) ∈ Cm \ {0} : |z1| = · · · = |zm|, z1 · · · zm ∈ (0,∞)}.

17



This is an extension of (1) in §1 to dimension m. Harvey and Lawson [9,
Chapter III.3.A, Theorem 3.1] prove that C is a special Lagrangian submanifold
of (R2m \ {0}, ω0, J0,Ω0).

We define a Tm−1-action on Cm as follows. We write Tm−1 = S1× · · · ×S1

and S1 = {t ∈ C : |t| = 1}. For each j ∈ {2, · · · ,m} we define the j-th S1-
action on Cm by setting t · (z1, · · · , zj , · · · , zm) = (tz1, · · · , t−1zj , · · · , zm) for
each (z1, · · · , zm) ∈ Cm.

We also define a map µj : Cm → R by 2µj(z1, · · · , zm) = |z1|2 − |zj |2. We
shall identify R with the Lie algebra of S1 so that µj will be the moment map
on (Cm, ω0) with respect to the S1-action. We have then:

Theorem. If W ∈ W0 and j ∈ {2, · · · ,m} then we have gradTW µj = 0 almost
everywhere on R2m with respect to ‖W‖.

Proof. We can take a compact subset KW of R2m, an R > 0 and a diffeo-
morphism fW : C \ BR → Spt ‖W‖ \ KW with fW − iC = O(r−1). Since
µj = O(r2) and µj ◦ iC = 0 we get f∗Wµj = µj ◦ fW = µj ◦ fW − µj ◦ iC =∫ 1

0
dµj |(1−t)fW+tiC (fW−iC)dt = O(r2−1r−1) = O(r0) and so f∗Wµj = O(r0). By

a result of Joyce [14, Lemma 3.4] we have ∆W f
∗
Wµj = 0 for each j = 2, · · · ,m.

By Corollary 3 we can find cj ∈ R such that f∗Wµj − cj = O(r2−m). Putting
µ′j = µj − cj we get f∗Wµ

′
j = O(r2−m). We have clearly gradµ′j = gradµj .

Take a smooth function χ : R → [0, 1] with χ = 1 on B1 and χ = 0 on B2.
Let R > 0, and define a function χR : R2m → [0, 1] by setting χR(x) = χ(|x|/R).
Since W has first variation 0 in B2R we get then∫

B2R

divTW (χRµ
′
j gradµj)d‖W‖ = 0.

Also by a result of Joyce [14, Lemma 3.4] we have divTW gradµj = 0 and so∫
B2R

µ′j(gradχR, gradTW µj) + χR|gradTW µj |2d‖W‖ = 0. (12)

Notice that (gradχR, gradTW µj) = (dχR, dµj |Spt ‖W‖\KW ) on Spt ‖W‖ \KW .
Take R sufficiently large so that KW ⊂ BR. Then we have gradχR = 0 on KW

and so (gradχR, gradTW µj) = (dχR, dµj |Spt ‖W‖\KW ) on Spt ‖W‖. We have
therefore∫
B2R

−µ′j(gradχR, gradTW µj)d‖W‖ ≤ sup
Spt ‖W‖\KW

|µ′j(dχR, dµj)|
∫
B2R

d‖W‖

and so by (12) we have∫
B2R

χR|gradTW µj |2d‖W‖ ≤ sup
Spt ‖W‖\KW

|µ′j(dχR, dµj)|
∫
B2R

d‖W‖. (13)

Since fW : C \BR → Spt ‖W‖ \KW is a diffeomorphism we get

sup
Spt ‖W‖\KW

|µ′j(dχR, dµj)| = sup
C\BR

|f∗Wµ′j(dχR, df∗Wµj)|. (14)
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Since χR = χ(r/R) we get |dχR| ≤ kR−1 for some k > 0 independent of R.
Since f∗Wµ

′
j = O(r2−m) we get

sup
C\BR

|f∗Wµ′j(dχR, df∗Wµj)| ≤ kR2−mR−1R1−m = kR2−2m (15)

for some k > 0 independent of R. By (13)–(15) we have∫
B2R

χR|gradTW µj |2d‖W‖ ≤ kR2−2m

∫
B2R

d‖W‖.

On the other hand, by the monotonicity formula, we have
∫
B2R

d‖W‖ ≤ kRm

for some k > 0 depending only on m and T∞W . We have therefore∫
B2R

χR|gradTW µj |2d‖W‖ ≤ kR2−m, k > 0 independent of R.

Letting R→∞ we get
∫
R2m |gradTW µj |2d‖W‖ = 0, completing the proof.

We give a corollary to the theorem above. We define a map f : Cm → C
by setting f(z1, · · · , zm) = im+1z1 · · · zm for each (z1, · · · , zm) ∈ Cm. We put
Im f = (f − f̄)/2i : Cm → R and F = (µ2, · · · , µm, Im f) : Cm → Rm. We have
then:

Corollary 4. If W ∈ W0 then we have TyW = Ker dF |y for ‖W‖-almost every
y ∈ R2m.

This follows readily from the proof of Harvey and Lawson [9, Chapter III.3.A,
Theorem 3.1].

We have moreover:

Corollary 5. For every W ∈ W0 there exists c ∈ Rm such that F = c on
Spt ‖W‖.

Proof. By Corollary 4 we have dF |Spt ‖W‖\KW = 0, and F |Spt ‖W‖\KW is there-

fore locally constant. Since Spt ‖W‖ \KW
∼= C \ BR ∼= (R,∞)× Tm−1 we see

that Spt ‖W‖ \ KW is connected, and F |Spt ‖W‖\KW is therefore constant; i.e.
we have F |Spt ‖W‖\KW = c for some c ∈ Rm.

Put φ = |F − c|2. Then we have φ = 0 on Spt ‖W‖ \ KW and so Sptφ ∩
Spt ‖W‖ ⊂ KW . By Corollary 4 we have gradTW φ = 0 almost everywhere on
R2m with respect to ‖W‖.

We shall now use a result of Michael and Simon [20, Theorem 2.1], who
prove a Poincaré–Sobolev inequality for varifolds; we refer also to Simon [24,
Theorem 18.6], who uses varifolds more explicitly. We are going to use the
following version:

Lemma. Let W be a stationary integral varifold of dimension m in (Rn, g0).
Suppose that we have a smooth function φ : Rn → [0,∞) with Sptφ ∩ Spt ‖W‖
compact and gradTW φ = 0 almost everywhere on Rn with respect to ‖W‖. Then
we have φ = 0 on Spt ‖W‖.
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We give a proof for the sake of clarity:

Proof. We define r : Rn → [0,∞) by setting r(y) = |y|. We can then define
∂r = ∂/∂r as a smooth vector field on Rn\{0}. It is easy to see that r∂r extends
smoothly to Rn. Let φ be as above, and let χ be a compactly-supported smooth
function on Rn with χ = 1 on Sptφ ∩ Spt ‖W‖. Then we can define φr∂r as a
smooth vector field on Rn. Since W has first variation 0 we get∫

Rn
divTW χφr∂rd‖V ‖ = 0.

Since χ = 1 on Sptφ ∩ Spt ‖W‖ we get
∫

Sptφ∩Spt ‖W‖ divTW φr∂rd‖W‖ = 0.

Since gradTW φ = 0 on Spt ‖W‖ we get
∫

Sptφ∩Spt ‖W‖ φdivTW r∂rd‖W‖ = 0.

Since divTW r∂r = m we get
∫

Sptφ∩Spt ‖W‖mφd‖W‖ = 0. Since φ ≥ 0 we get

φ = 0 on Sptφ ∩ Spt ‖V ‖, completing the proof.

Hence we get φ = |F − c|2 = 0 on Spt ‖W‖, completing the proof of Corol-
lary 5.

We suppose now m = 3. For the fibres of F : C3 → R3 we have an explicit
description of the topology and asymptotic behaviour at infinity, which we shall
use next. The behaviour of F : Cm → Rm is rather complicated if m > 3, which
we shall not discuss.

We put Y = {(a, 0, 0) ∈ R3 : a ≥ 0}∪{(0, a, 0) ∈ R3 : a ≥ 0}∪{(−a,−a, 0) ∈
R3 : a ≥ 0}. We note that if c ∈ R3 \ Y then F−1(c) has no fixed point with
respect to the T 2-action

(eiθ, eiφ) · (z1, z2, z3) = (eiθz1, e
iφz2, e

−iθ−iφz3).

We have:

Proposition 6. Let W ∈ W and suppose Spt ‖W‖ ⊂ F−1(c) for some c ∈ R3.
Then we have c ∈ Y .

For the proof we shall use:

Lemma 4. If c ∈ R3 \ Y then F−1(c) is a submanifold of R6 diffeomorphic to
R× S1 × S1 and asymptotic to C ∪ −C with multiplicity 1 at infinity.

Proof. We put c = (c1, c2, c3). We may suppose c1 ≥ c2 ≥ 0 without loss of
generality. Since (c1, c2, c3) ∈ R3 \ Y we get c3 6= 0 or c2 > 0. For each t ∈ R
we can find a unique φc(t) ∈ [0,∞) such that

(φc(t) + c1)(φc(t) + c2)φc(t) = |t+ ic3|2.

It is easy to see that φc(t) depends smoothly on t. We put ψc(t) =
√
φc(t) + c1

√
φc(t) + c2.

Since c3 6= 0 or c2 > 0 we get ψc(t) > 0 for every t ∈ R, and so we can define
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ψ−1
c (t) > 0 for every t ∈ R. Define a smooth map Φc : R × S1 × S1 → f−1(c)

by setting

Φc(t, u, v) = (
√
φc(t) + c1u,

√
φc(t) + c2v,

t+ ic3
ψc(t)uv

),

and a smooth map Ψc(t) : F−1(c)→ R× S1 × S1 by setting

Ψc(z1, z2, z3) = (Re z1z2z3,
z1

φc(Re z1z2z3)
,

z2

φc(Re z1z2z3)
).

Then Ψc ◦ Φc is clearly the identity map of R × S1 × S1. It is also easy to see
that Φc ◦ Ψc is the identity map of F−1(c), and so F−1(c) is a submanifold of
C3 diffeomorphic to R×S1×S1. It is also easy to see that Φc ◦Ψc is asymptotic
to C ∪ −C with multiplicity 1 at infinity.

Proof of Proposition 6. We give a proof by contradiction, and so suppose c /∈
Y . By Lemma 4, then, F−1(c) will be a connected submanifold of R6. By a
constancy theorem of Allard [1, Theorem 4.6(3)] or Simon [24, Theorem 41.1],
therefore, ΘW will be constant on F−1(c). On the other hand we have ΘW = 1
near infinity on Spt ‖W‖ and so we shall have ΘW = 1 on F−1(c), which implies
‖W‖ = |F−1(c)|. By Lemma 4, however, F−1(c) is asymptotic at infinity to
C ∪−C with multiplicity 1, which contradicts that W is asymptotic at infinity
to C with multiplicity 1. This completes the proof.

Let c ∈ Y ⊂ R2 × {0}. Then we have z1z2z3 ∈ R on F−1(c). For each ε > 0
we put Lεc = F−1(c)∩{z1z2z3 > ε}. We also put Lc = F−1(c)∩{z1z2z3 ≥ 0}. By
the definition of C we have L0 = C. By (11) we have L1 = L(2,0,0), L2 = L(0,2,0)

and L3 = L(0,−2,−2).
We have:

Proposition 7. Let W ∈ W and suppose Spt ‖W‖ ⊂ F−1(c) for some c ∈ Y .
Then we have ‖W‖ = |sL| for some s > 0 and L ∈ {C,L1, L2, L3}.

For the proof we shall use:

Lemma 5. L1, L2, L3 are submanifolds of C3 diffeomorphic to S1 × R2 and
asymptotic to C with multiplicity 1 at infinity.

Proof of Proposition 7. We give the proof only for L1; we can do it likewise
for L2 and L3. By definition we have L1 = {(z1, z2, z3) ∈ C3 : |z1|2 − 1 =
|z2|2 = |z3|2, z1z2z3 ∈ [0,∞)}. Define a smooth map φ : L1 → S1 × C by
setting φ(z1, z2, z3) = (z1/

√
|z2|2 + 1, z2), and a smooth map ψ : S1 × C → L1

by setting ψ(eiθ, z) = (
√
|z|2 + 1eiθ, z, e−iθ z̄). Then φ ◦ψ is clearly the identity

map of S1 ×C. It is also easy to see that ψ ◦ φ is the identity map of L1. This
implies that L1 is a submanifold of C3 diffeomorphic to S1 × C. It is also easy
to see that L1 is asymptotic to C with multiplicity 1 at infinity.
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Proof of Prosposition 7. We have only to prove ‖W‖ = |Lc|. For each ε > 0
we put U+

ε = {Re z1z2z3 > ε} and U−ε = {Re z1z2z3 < −ε}. In a way similar
to the proof of Lemma 5 we can take ε0 > 0 such that if ε ∈ (0, ε0) then
F−1(c) ∩ U+

ε and F−1(c) ∩ U−ε will be connected submanifolds of R6. By the
constancy theorem, therefore, ΘW is constant on F−1(c)∩U+

ε and F−1(c)∩U−ε ,
respectively.

In a way similar to the proof of Lemma 5 we can prove that F−1(c)∩U+
ε is

asymptotic at infinity to C with multiplicity 1 and F−1(c)∩U−ε is asymptotic at
infinity to −C with multiplicity 1. Notice also that W is asymptotic at infinity
to C with multiplicity 1. Then we see that on F−1(c) ∩ U+

ε we have ΘW = 1
and on F−1(c) ∩ U−ε we have ΘW = 0. This holds for every ε > 0, and so
‖W‖ = |F−1(c) ∩ {Re z1z2z3 ≥ 0}| = |Lc| as we want.

We shall now complete the proof of Theorem 5. We suppose that W is as in
Theorem 5. By Theorem 6, then, we can find b ∈ R6 such that W − b ∈ W0. By
Corollary 5, therefore, we can find c ∈ R3 such that Spt ‖W − b‖ ⊂ F−1(c). By
Proposition 6, therefore, we have c ∈ Y . By Proposition 7, therefore, we have
‖W − b‖ = |sL| for some a > 0 and L ∈ {C,L1, L2, L3} as we want.

5 Proof of Theorem 1

As in §1 the main steps in the proof of Theorem 1 are the bubbling-off analysis
in §3 and the classification result in §4. In order to complete the proof, however,
we have to do some technical things in addition. We begin with a review of the
theory of Joyce [13, 14, 15, 16, 17].

We suppose that (M,ω, J,Ω) is an almost Calabi–Yau manifold of dimension
3 over C. We suppose that M is compact. We take a ∈ H3(M ;Z). As in §2 we
denote by V the space of all special Lagrangian varifolds V in (M,ω, J,Ω) with

Spt ‖V ‖ compact, ∂
−→
V = 0 and [

−→
V ] = a.

We denote by X the set of all elements of V with support connected, and
singularity only at one point and modelled on C with multiplicity 1. We take
X ∈ X . We denote by x the singular point of X. We take a linear isomorphism
γ : R6 → TxM with γ∗g|x = g0, γ∗J |x = J |0, γ∗Ω|x = Ω0 and γ(C) a multi-
plicity 1 smooth tangent cone to X at x. We may regard X as a submanifold
of M \ {x}, which we shall denote by X ′.

As in §2 we define ψ : M → (0,∞) by (2). We have then ω0 = ψ2(x)γ∗ω|x.
By a theorem of Darboux we can find a real number δ > 0 and a diffeomorphism
Γ of Bδ into M with Γ(0) = x, dΓ|0 = ψ(x)γ and Γ∗ω|x = ω0.

Joyce [14, §3.2] proves that C is rigid and so special Lagrangian Jacobi-
integrable, which implies that x is an isolated conical singularity in the sense
of Joyce [13, Definition 3.6]; for the details we refer to Joyce [13, Theorem 6.8],
Allard–Almgren [2], Simon [23, Part II, §6] and Adams–Simon [4].

We define T ∗C, ωC , UC and ΦC as in Lemma 1. From results of Joyce [13,
Theorem 4.4 and Lemma 4.5] we see that making δ > 0 smaller if necessary we
can take an embedding fX of C ∩ Bδ into X ′, a function hX : C ∩ Bδ → R
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and an α > 2 with hX = O(rα) such that f−1
X (X ′) = ΦC(Graph dhX). We put

Z = X ′ \ Im fX where Im fX = fX(C ∩ Bδ). It is clear that Z is a compact
submanifold of X ′ of co-dimension 0 with boundary diffeomorphic to Σ.

We denote by T ∗X ′ the cotangent bundle over X ′, by 0C the zero-section
of T ∗X ′, and by ωX the canonical symplectic form on T ∗X ′. Since fX maps
C∩Bδ diffeomorphically onto X ′\Z we get a vector-bundle isomorphism T ∗fX :
T ∗(X ′ \ Z) → T ∗(C ∩ Bδ) covering f−1

X : X ′ \ Z → C ∩ Bδ. By a result of
Joyce [13, Theorem 4.6] we can find a neighbourhood UX of Im 0X in T ∗X ′

and a diffeomorphism ΦX of UX into M with ΦX ◦ 0X = iX , Φ∗Xω = ωX and

ΦX |UX\T∗Z = Γ ◦ ΦC ◦ (+dhX) ◦ T ∗fX

where +dhX denotes the fibrewise translation of T ∗C by dhX .
For each y ∈ M we denote by P |y the set of all linear isomorphisms φ :

R6 → TyM with φ∗g|y = g0, φ∗J |y = J0 and φ∗Ω|y = Ω0. We put P =⋃
y∈M P |y. It is clear that P is a principal bundle over M with structure group

SU3. We have (x, γ) ∈ P . By a result of Joyce [14, Theorem 5.2] we can take
a neighbourhood Ux,γ of (x, γ) in P such that for all p = (y, φ) ∈ Ux,γ we can
construct embeddings Γp of Bδ into M depending smoothly on p with Γp(0) = y,
dΓp|0 = φ and ψ2(y)Γ∗pω = ω0, and embeddings Φp of UX into M depending
smoothly on p with Φp ◦ 0X = iX , Φ∗pω = ωX and

Φp|UX\T∗Z = Γp ◦ ΦC ◦ (+dhX) ◦ T ∗fX .

Joyce [14, Definition 5.6] defines a topology on X . On the other hand X
has also the topology induced from V. By a result of Joyce [14, Theorem 5.3],
Allard’s regularity theorem and Theorem 3, the two topologies on X are the
same.

By the stability of C we can apply a result of Joyce [14, Corollary 6.11], who
proves that we can take a neighbourhood Y of X in X which has a structure of
manifold, and TXY is isomorphic to the image of H1

c (X ′;R)→ H1(X ′;R). We
can parametrize Y as follows. Since Spt ‖X‖ and Σ are connected we see that
X ′ is also connected, and so H1

c (X ′;R) → H1(X ′;R) is injective. We denote
by Ω1

Z the space of all 1-forms on X ′ supported in Z; we can then define the
natural projection πZ : Ω1

Z → H1
c (X ′;R); we can take a linear subspace H1

Z

of Ω1
Z such that πZ maps H1

Z isomorphically onto H1
c (X ′;R). We take a real

number µ ∈ (2, 3) as in Joyce [14, Definition 3.7] and define a function space
C∞µ (X ′;R) as in [14, Definition 4.2]. From the proof of Joyce [14, Corollary 6.11]
we get:

Lemma 6. There exist a neighbourhood Z of 0 in H1
Z and an embedding H of

Z into X with the following property: for all ζ ∈ Z there exist p(ζ) ∈ P and
hζ ∈ C∞α (X ′;R) depending smoothly on ζ with H(ζ) = Φp(ζ)

(
Graph(ζ + dhζ)

)
.

We define L1, L2 and L3 by (11) in §4. We take L ∈ {L1, L2, L3}. We
can then take a compact submanifold K of L of co-dimension 0 with boundary
diffeomorphic to Σ, a real number R > 0 and a diffeomorphism fL of C \ BR
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onto L \K with fL − iC = O(r−1). Making R > 0 larger if necessary we can
find a 1-form ηL on C \BR with ΦC(Graph ηL) = L \K.

We denote by T ∗L the cotangent bundle over L, by 0L the zero-section
of T ∗L, and by ωL the canonical symplectic form on T ∗L. Since fL maps
C \BR diffeomorphically onto L\K we get a vector-bundle isomorphism T ∗fL :
T ∗(L \ K) → T ∗(C \ BR) covering f−1

L : L \ K → C ∩ BR. By a result of
Joyce [13, Theorem 7.5] we can find a neighbourhood UL of Im 0L in T ∗L and
a diffeomorphism ΦL of UL into R6 with Φ∗Lω0 = ωL, ΦL ◦ 0L = iL and

ΦL|UL\T∗K = ΦC ◦ (+ηL) ◦ T ∗fL

where +ηL denotes the fibrewise translation of T ∗C by ηL.
We have a homomorphism f∗X : H1(X ′;R) → H1(C ∩ Bδ;R) ∼= H1(Σ;R).

We denote by [ηL] the de Rham cohomology class of ηL. We have then [ηL] ∈
H1(C \ BR;R) ∼= H1(Σ;R). By Hodge theory we can take a harmonic 1-form
η′L on Σ with [η′L] = [ηL]. We denote by πΣ the projection of C onto Σ. We put
η̃L = π∗Ση

′
L.

We denote by Im f∗X the image of the linear map f∗X : H1(X ′;R)→ H1(C ∩
Bρ;R) ∼= H1(Σ;R). Joyce [17, Lemma 10.1] proves that Im f∗X is of dimension
1 over R. Joyce [17, Equation (77)] proves also that if L 6= L′ ∈ {L1, L2, L3}
then [ηL] and [η′L] are linearly independent. Hence we get:

Lemma 7. There exists at most one L ∈ {L1, L2, L3} with [ηL] ∈ Im f∗X .

As in §1 we suppose X ∈ ∂N . By Corollary 6 below, then, we shall have
L ∈ {L1, L2, L3} with [ηL] ∈ Im f∗X . Hence we can find a closed 1-form ξL on
X ′ with f∗X [ξL] = [ηL]. By a result of Joyce [17, Theorem 10.4] there exist

a real number τ > 0. an open submanifold K̂ of L with K ⊂ K̂ and an
open submanifold Ẑ of X with Z ⊂ Ẑ such that for all t ∈ (0, τ) we can find

uC : C ∩AtR,δ → R with |duC |1,cyl
[tR,δ] = o(t), uL : K̂ → R with |duL|C1(K̂) = o(t),

and uX : Ẑ → R with |duX |C1(Ẑ) = o(t) such that on f−1
L (K̂) ∩ AtR,δ we have

t2(f∗LduL+ηL) = duC+t2η̃L, on f−1
X (Ẑ)∩AtR,δ we have f∗X(duX+t2ξL)+dhX =

duC + t2η̃L, and

Γ
(
tΦL(Graph duL)

)
∪ Γ ◦ ΦC

(
Graph(duC + t2η̃L)

)
∪ ΦX

(
Graph(duX + t2ξL)

)
will be a compact special Lagrangian submanifold of (M,ω, J,Ω). From the
proof Joyce [17, Theorem 10.4] it follows readily that we can extend the result
as follows:

Lemma 8. There exist a real number τ > 0, a neighbourhood Ux,γ of (x, γ) in P ,

a neighbourhood Z of 0 in H1
Z , an open submanifold K̂ of L with K ⊂ K̂ and an

open submanifold Ẑ of X with Z ⊂ Ẑ such that for all (t, p, ζ) ∈ (0, τ)×Ux,γ×Z
we can find uC ∈ C∞(C ∩AtR,δ;R) with |uC |1,cyl

[tR,δ] = o(t), uL ∈ C∞(K̂;R) with

|uL|C1(K̂) = o(t), and uX ∈ C∞(Ẑ;R) with |uX |C1(Ẑ) = o(t) such that on
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f−1
L (K̂) ∩ AtR,δ we have t2(f∗LduL + ηL) = duC + t2η̃L, on f−1

X (Ẑ) ∩ AtR,δ we
have f∗X(duX + ζ + dhζ + t2ξL) + dhX = duC + t2η̃L, and if we put

G(t, p, ζ) = Γp
(
tΦL(Graph duL)

)
∪ Γp ◦ ΦC

(
Graph(duC + t2η̃L)

)
∪Φp

(
Graph(duX + ζ + dhζ + t2ξL)

)
then G(t, p, ζ) will be a compact special Lagrangian submanifold of (M,ω, J,Ω).

Thus we get a map G : (0, τ)× Ux,γ ×Z → N .
We take (t, p, ζ) ∈ (0, τ)×Ux,γ×Z. We denote by it,p,ζ the inclusion map of

G(t, p, ζ) into M . We denote by T ∗G(t, p, ζ) the cotangent bundle over G(t, p, ζ),
and by 0t,p,ζ the zero-section of T ∗G(t, p, ζ). We shall define a neighbourhood
Ut,p,ζ of Im 0t,p,ζ and an embedding Φt,p,ζ of Ut,p,ζ into M with Φt,p,ζ ◦ 0t,p,ζ =
it,p,ζ .

We put φt,p,ζL = Γp ◦ t ◦ ΦL ◦ duL where duL is regarded as a map of

K̂ into T ∗K̂. Thus we get an embedding φt,p,ζL : K̂ → G(t, p, ζ). We put

Gt,p,ζL = Imφt,p,ζL . Since φt,p,ζL maps K̂ diffeomorphically onto Gt,p,ζL we get a

vector bundle isomorphism T ∗φt,p,ζL : T ∗Gt,p,ζL → T ∗K̂. On a neighbourhood of

Im(0t,p,ζ ◦ φt,p,ζL ) in T ∗G(t, p, ζ) we set Φt,p,ζ = Γp ◦ t ◦ ΦL ◦ (+duL) ◦ T ∗φt,p,ζL .

We put φt,p,ζC = Γp◦ΦC ◦(duC+t2η̃L) where duC+t2η̃L is regarded as a map

of C∩AtR,δ into T ∗C. Thus we get an embedding φt,p,ζC : C∩AtR,δ → G(t, p, ζ).

We put Gt,p,ζC = Imφt,p,ζC . Since φt,p,ζC maps C ∩ AtR,δ diffeomorphically onto

Gt,p,ζC we get a vector bundle isomorphism T ∗φt,p,ζC : T ∗Gt,p,ζC → T ∗(C ∩AtR,δ).
On a neighbourhood of Im(0t,p,ζ ◦φt,p,ζC ) in T ∗G(t, p, ζ) we set Φt,p,ζ = Γp ◦ΦC ◦
(+duC) ◦ T ∗φt,p,ζC .

We put φt,p,ζX = Φp ◦ (duX + ζ + dhζ + t2ξL) where duX + ζ + dhζ + t2ξL
is regarded as a map of Ẑ into T ∗Ẑ. Thus we get an embedding φt,p,ζX : Ẑ →
G(t, p, ζ). We put Gt,p,ζX = Imφt,p,ζX . Since φt,p,ζX maps Ẑ diffeomorphically onto

Gt,p,ζX we get a vector bundle isomorphism T ∗φt,p,ζX : T ∗Gt,p,ζX → T ∗Ẑ. On a

neighbourhood of Im(0t,p,ζ ◦φt,p,ζX ) in T ∗G(t, p, ζ) we set Φt,p,ζ = Φp ◦ (+duX)◦
T ∗φt,p,ζX . Thus we get:

Lemma 9. There exists a neighbourhood Ut,p,ζ of Im 0t,p,ζ and an embedding
Φt,p,ζ of Ut,p,ζ into M with Φt,p,ζ ◦ 0t,p,ζ = it,p,ζ .

We shall now take a neighbourhood U of X in V and define a map F :
U ∩ N → (0, τ) × Z. By Allard’s regularity theorem we may suppose that
for every N ∈ U ∩ N we can find a unique 1-form βX on Z such that N \
ΦX
(
T ∗(C ∩ Bδ)

)
= ΦX(GraphβX). Since 0 6= [ηL] ∈ Im f∗X and Im f∗X is of

dimension 1 we can find a unique s ∈ R with s[ηL] = f∗X [βX ]. We have then
a compactly-supported 1-form βX − sξL on Z. As [βX − sξL]|∂Z = 0 we may
write [βX − sξL] ∈ H1

c (X ′;R). As πZ maps H1
Z isomorphically onto H1

c (X ′;R)
we may write [βX − sξL] ∈ H1

Z . We set F (N) = (s, [βX − sξL]).
It is easy to see that for each (t, ζ) ∈ (0, τ)×Z we have F ◦G(t, ζ) = (t2, ζ).

Hence we see that G : (0, τ)×Y → N is injective. By an argument of Joyce [17,
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§8.2], moreover, F : U ∩ N → (0, τ) × Z is a local diffeomorphism. Hence we
see that G(t, p, ζ) is independent of p ∈ Ux,γ as we may suppose that Ux,γ is
connected. We may therefore write G : (0, τ)×Z → N .

We can extend G continuously to [0, τ)× Z by setting G(0, 0) = 0 for each
0 ∈ Z. We can re-state Theorem 1 as follows:

Theorem. G maps [0, τ)×Z onto a neighbourhood of X in V.

We are going now to prove the theorem above.
Using the results of §§3–4 we shall determine a neighbourhood of X in V:

Theorem 7. Let ε > 0, let K̂ be an open submanifold of L with K ⊂ K̂, and let
Ẑ be an open submanifold of X with Z ⊂ Ẑ. Then there exists a neighbourhood
U of X in V such that for every V ∈ U \ X we can find an L ∈ {L1, L2, L3}, a

real number s > 0, a point p ∈ P , a 1-form βC on C ∩AsR,δ with |βC |1,cyl
[sR,δ] < ε,

a 1-form βL on K̂ with |βL|C1(K̂) < ε, and a 1-form βX on Ẑ with |βX |C1(Ẑ) < ε

such that on f−1
L (K̂) ∩ AsR,δ we have s2(f∗LβL + ηL) = βC , on f−1

X (Ẑ) ∩ AsR,δ
we have f∗XβX + dhX = βC , and if we put

N =
∣∣Γp(sΦL(GraphβL)

)
∪ Γp ◦ ΦC(GraphβC) ∪ ΦX(GraphβX)

∣∣
then we have ‖V ‖ = |N | where |N | = H3xN where H3 denotes the Hausdorff
3-dimensional measure on (M, g).

Remark. Since s2(f∗LβL + ηL) = βC on f−1
L (K̂) ∩ AsR,δ and f−1

X (Ẑ) ∩ AsR,δ
on f∗XβX + dhX = βC we see that N will be a compact submanifold of M .

Proof. Let (Vn)∞n=1 be a sequence in V \X converging to X. Then we have only
to prove that for each ν = 1, 2, 3, · · · we can find an integer n > ν such that
with Vn in place of V the property above will hold.

We consider γ∗ exp∗x Vn. To γ∗ exp∗x Vn in place of Vn we can apply Theo-
rem 4, and so we can find a sequence (δn)∞n=1 in (0,∞) converging to 0, a se-
quence (yn)∞n=1 in Bρ converging to 0, and a subsequence of

(
δ−1
n (Vn− yn)

)∞
n=1

converging to some special Lagrangian varifold W in (R6, ω0, J0,Ω0) asymptotic
at infinity to some C ′ ∈ Cε with multiplicity 1 and satisfying E(W − b) > 0 for
each b ∈ R6. We may suppose that

(
δ−1
n (Vn − yn)

)∞
n=1

itself converges to W .
Since C is rigid in the sense of Joyce we can find a ∈ SU3 with aC = C ′. To

a−1W we can apply Theorem 5 and so we can find λ > 0, L ∈ {C,L1, L2, L3}
and b ∈ R6 such that ‖W‖ = |λL+ b|. Since E(W − b) > 0 we get E(L) > 0 and
so L 6= C, which implies L ∈ {L1, L2, L3}.

We define an embedding En of Bρ into M by setting En(y) = expx γa(y +
δnb). We put y(n) = En(0) = expx γa(δnb), It is easy to see that y(n) tends as
n→∞ to expx γa(0) = x. We put also φ(n) = dEn|0 = γ ◦ a. It is easy to see
that φ(n) is close to γ.

We put sn = δnλ. From Allard’s regularity theorem and Theorem 2 we
see that for n sufficiently large we can find an embedding eL,n of K̂ into R6

with |eL,n − iL|C1(K̂) < ε, an embedding eC,n of C ∩ AsnR,σ into R6, with
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|eC,n − iC |1,cyl
[snR,σ] < ε and an embedding of Ẑ into X with |eX,n − iX |C1(Ẑ) < ε

such that
‖Vn‖ =

∣∣En(sn Im eL,n) ∪ En(Im eC,n) ∪ Im eX,n
∣∣.

We put p(n) = (y(n), φ(n)). We have then Γp(n)(0) = En(0) and dΓp(n)|0 =

dEn|0. Hence we can find an embedding fL,n of K̂ into R6 with |fL,n −
iL|C1(K̂) < ε, an embedding fC,n of C∩AsnR,σ into R6, with |fC,n−iC |1,cyl

[snR,σ] < ε

and an embedding of Ẑ into X with |fX,n − iX |C1(Ẑ) < ε such that

‖Vn‖ =
∣∣Γp(n)(sn Im fL,n) ∪ Γp(n)(Im fC,n) ∪ Im fX,n

∣∣.
Hence we can find a 1-form βL,n on K̂ with |βL,n|C1(K̂) < ε, a 1-form βC,n on

C ∩AsnR,δ with |βC,n|1,cyl
[snR,δ]

< ε, and a 1-form βX,n on Ẑ with |βX,n|C1(Ẑ) < ε

such that

‖V ‖ =
∣∣Γp(snΦL(GraphβL)

)
∪ Γp ◦ ΦC(GraphβC) ∪ ΦX(GraphβX)

∣∣.
This implies that on f−1

L (K̂) ∩ AsnR,δ we have s2(f∗LβL,n + ηL) = βC,n, on

f−1
X (Ẑ)∩AsnR,δ we have f∗XβX,n+dhX = βC,n. This contradicts our hypothesis,

and so completes the proof.

We give a corollary to Theorem 7:

Corollary 6. Suppose that for every neighbourhood U of X in V we have U\X 6=
∅. Then there exists an L ∈ {L1, L2, L3} with [ηL] ∈ Im f∗X .

Proof. Let ε > 0, and let U be as in Theorem 7. Then we have by assumption
U \ X 6= ∅, and so we can find some V ∈ U \ X . Let s, βL, βC and βX be as in
Theorem 7. Then we have s2[f∗LβL + ηL] = [f∗XβX + dhX ] ∈ H1(Σ;R) and so
[f∗LβL + ηL] ∈ Im f∗X . Notice also that [βL] tends to 0 as ε → 0. Then we get
[ηL] ∈ Im f∗X , completing the proof.

We shall give another corollary to Theorem 7. By assumption we have X ∈
∂N . By Corollary 6, therefore, we can find L ∈ {L1, L2, L3} with [ηL] ∈ Im f∗X .

We take ε > 0 and suppose that K̂ and Ẑ are as in Theorem 7. Making K and Ẑ
smaller if necessary we can construct G : (0, τ)×Ux,γ ×Z → N as in Lemma 8.
We define Φt,p,ζ as in Lemma 9. We have then:

Corollary 7. There exists a neighbourhood U of X in V such that for every
V ∈ U \ X there exist t > 0, p ∈ P , ζ ∈ H1

Z and w ∈ C∞
(
G(t, p, ζ);R

)
with

|dw|C1(G(t,p,ζ)) < ε such that ‖V ‖ = |Φt,p,ζ(Graph dw)|.

Proof. Let U be as in Theorem 7, and let V ∈ U \ X . Let βC and βX be as in
Theorem 7. Then we have [βC ] = [dhX +f∗XβX ] = [f∗XβX ] and so [βC ] ∈ Im f∗X .
Let s and βL be as in Theorem 7. Then we have s2[f∗LβL+ηL] = [βC ]. We have
also |βL|C1(K̂) < ε and [ηL] 6= 0. We may therefore suppose [βC ] 6= 0. Notice

that Im f∗X is generated by [ηL] and [βC ] is sufficiently close to s2[ηL]. Then we
can find a unique t > 0 with t2[ηL] = [βC ] and t sufficently close to s.
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Notice that f∗X [βX − t2ξL] = [βC ]− t2[ηL] = 0. Notice also that we have an
exact sequence H1

c (X ′;R)→ H1(X ′;R)→ H1(Σ;R). Then we get βX − t2ξL ∈
Im
(
H1
c (X ′;R)→ H1(X ′;R)

)
. Hence we can find a : X ′ → R with βX−t2ξL−da

compactly-supported. We denote its compactly-supported de Rham cohomology
class by [vX − t2ξL − da]c. Let πZ and H1

Z be as in Lemma 6. Then πZ maps
H1
Z isomorphically onto H1

c (X ′;R), Hence we can find a unique ζ ∈ H1
Z with

[ζ]c = [βX − t2ξL − da]c where [ζ]c denotes compactly-supported de Rham

cohomology class of ζ. Let φt,p,ζX be as in Lemma 9. Then we can find an exact

1-form αX on Ẑ such that Spt ‖V ‖ ∩ Φp(T
∗Z) = Φt,p,ζ(GraphαX).

Let p be as in Theorem 7. Then we can find a 1-form α on G(t, p, ζ) with
|α|C1(G(t,p,ζ)) < ε such that ‖V ‖ = |Φt,p,ζ(Graphw)|. We have to prove that α
is an exact 1-form.

Since L andX ′ are connected we get an exact sequence 0→ H1
(
G(t, p, ζ)

)
→

H1
(
K̂
)
⊕H1

(
Ẑ
)
. It suffices therefore to prove [α] maps to 0 underH1

(
G(t, p, ζ)

)
→

H1
(
K̂
)
⊕H1

(
Ẑ
)
.

The map H1
(
G(t, p, ζ)

)
→ H1

(
Ẑ
)

is given by φt,p,ζX and we have φt,p,ζ∗X α =
αX , which is an exact 1-form.

Let φt,p,ζL be as in Lemma 9, and let αL = φt,p,ζ∗L α. Then we have to only

prove [α|L] = 0 ∈ H1(K̂). Let uL be as in Lemma 8. Then we have

t2
(
f∗L(α|L + duL) + ηL

)
= βC .

on f−1
L (K̂)∩AtR,δ We have also t2[ηL] = [βC ] and so f∗L[αL] = 0 ∈ H1(Σ;R). As

in the proof of Lemma 5 we can construct a diffeomorphism of L onto S1×R2 and
we may suppose that K̂ is diffeomorphic to S1×R2. Hence we get H1

c (K̂;R) = 0.

Notice also that we have an exact sequence H1
c (K̂;R)→ H1(K̂;R)→ H1(Σ;R).

Then we see that f∗L : H1(K̂;R) → H1(Σ;R) is injective. On the other hand

we have f∗L[α|L] = 0 and so [α|L] = 0 ∈ H1(K̂;R) as we want.

We shall now complete the proof of Theorem 1. Let U be as in Corollary 7,
and let V ∈ U \ X . Then we have only to prove Spt ‖V ‖ = G(t, ζ) for some
(t, ζ) ∈ (0, τ)×Z. Let (t, p, ζ) be as in Corollary 7. Then we can find a function
w : G(t, ζ) → R with Φt,p,ζ(dw) = Spt ‖V ‖. As Spt ‖V ‖ is special Lagrangian
w satisfies an elliptic equation to which we can apply a maximum principle of
Hopf [11]. Hence we see that w is constant, and so ‖V ‖ = |G(t, ζ)|.
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