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A Construction of Quandles associated with 
Quadratic Algebras II 

(tJ:; ~ Jv©~ Q*lJJx II) 

by Noriaki Kamiya (~~{~BB) 

University of Aizu, Japan (mi~~.ll:~5f*~) 1 

Abstract This note is a study of quadratic algebras equipped with involution, in par­

ticular, it is to give exmaples of quandles (or rack) in knot theory from quadratic algebras 

with a property, and to consider related topics associated with their quandles. That is, 

the contents are described to an announce roughly and its results are a new idea. On the 

other hand, these may be regarded to a generalization of symmetric composition algebras. 

;ffl~ ;!:!:1~7C ~ t-':) zp J:: 0) 2 '/'ft. f-1;;~ J: fJ n / t:' Jv ~ :+$J.Bx:T -51/o'cc-t. ,WIJ ~ r:f~~ p 1: 

O){,$:-CO) 4 jc~ Zp[i, j, k] and 8 jc~ Zp[e1 · · · e1] ~~~~ L, i T. 

key words; quadratic algebras, nonassociative algebras with involution(conjugation), 

quandles. 

( =\=--17- J-:'; ifpx;{-1;;~, 7J /' FJv, Zp J::0){-1;;~) 

§ Introduction (i;t I,; <lb I::) 

1J -{-1;;~, :,J 3 Jv~"/'{-1;;~*0) '1-F~ifa"J{-l;;~~ivf~ L,-c1,,,5$~iJ'•:l'&.ili:~~t::. quandle 

O)~,WIJ~lj.~ -5-:. t iJ!, -:. 0)1J\mfa0) § a"J-CT. ~~O)~I: t L, iJ, L, t::. G-:. O)J:fEiliJO) knot 

theory 1:: j:,1,, -c ti, m G nt::.$~iJ,t mn i it !viJt, :l> L, !ffljl't -5 .!Jtp;j ~ k<lb, ~~* 
O)}'[~iJ, G~ L, 1,, idea t VOi~ ~,t-c1,,td~~ i T. -:. O)mfu:::X.:li 2019 $ 2 fa§ 0) RIMS 

;!:l:[q]ivf~ (01fflml) ivf~~~ (RIMS Kokyuroku [K] ) O)~fRi-C-tiJt, P'J~lia!l.rtz:1::-y,fflff 

~□ffi~~fJ{NJEit'°fl:mfu~L,-c1,,tj-O)-C, ~{illfO)~I: §1 Ii [K] O)P'J~t~-'-<m~L,-c 

1,, i T. i t::.#~ifa"J{-1;;~*1: -':)1,,-c Ii [K-0] O):::X.:mRiJt 2 '/'fl.{-1;;~, ifpx;{-1;;~0)-tHl::1: 

"':J1,,-c3£~-c it:> IJ, Zp[Jq], Zp[y'Q, Jr], Zp[i,j, k], Zp[e1 , .. · , e7] ~O)pgffi < , > OUi 

II x II, J JvA) ~~~,51:-c1~1:.1Z:"':JiJ't~antitlv, GiJ'G@~. "t":tLGO)~*~~") 
:b lt-Clit.t\,'c'TiJ>, if px;{-1;;~1:J[.P*iJ;it> -5.AO)~l:~lf'~it-C 1, ,t;:t~ ~ i T. -:. 0)1J\mfa 
0) {,t,.ffljffi t: 00 L, -C ~I: quandle 0) {,t,.ffl ~ ivf~T -5 0) 1:!lm!J1*it:> -5 .A 4 I: Ii, ffiiJ! standard 

f,t t 0)-Clit,tl,,O)-CTiJ>, ;!:!:f~jc (-IH: involution ~ t "':Jff() -C~ ~ -5-:. O)mfa~iJ!1~t: 
.lZ:"':JtJ!lv:tLiT. "':Ji fJ, _:_0)1j\ffifu-Cliquandles O),W!Jt, "t"-:.-CO)f'i1,j1jU,t§i3fq]JJ;!l~ 

~ t "t" 0)-~{l::O)-=.x-l'M (triality group) ~~~ L, i T. P'J~litJ--rO)Jffi fJ -c-t. 

§ 1. Preliminary. 

§2. Definitions of Zp[i, j, k] and Zp[e1 , · · · , e7] 
§3. Characterizations and generalizations 

§4. Tables 
1 Current address; CHIGASAKI CITY, CHIGASAKI 1-2-47-201 JAPAN, 253-0041 

e-mail; shigekamiya@outlook.jp 
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§5. Applications. 

§6. Conclusions and References. 

§1. Preliminary (2$-fil t >E'.~) 

·~M t"t".::::.c'O)bijectivet~o.~U!o;/Jtg:.;zG:ht::t~, i'JZO)~{lf:1) t2) ~rrMit:: 
9 ( M, o) ~ quandle ( iJ '/ F Jv) t i§ \,\it". 

1) xox=x 
2) ( X O y) 0 z = ( X O z) 0 (y O z) for any X' y' z E M. 

2) O)~{lf:li rack O)~{lf:--Ct" . .::::. :h G Ii knot theory O)ffl~c'9. iE~t:: Ii, RxY = yox 
0) Rx ;/Jr bijective --Ct" . 

.::::. .::::. c' x * y =yo x t new product ~;E'.~9 o t, 
3) X * X = X 
4) x * (y * z) = (x * y) * (x * z) 
t i1i ~ @:9.::::. t ;1Jr--c ~ i 9. "t" l,-C BxY = x * y t ~9 t. 

0 Bxx = x 
0 BxBy = BsxyBx 

tt~I), (M,Bx) lis-mainifold tt~~L,it"(see, [K-8.1]) . .::::,O)~{lf:~t-:J{Bx} ~ 

s-map, M ~ s-set t Jllf.:S~.::::.. t t:: l, i 9 (9t~;bt:,.::::. :hli generalized symmetric space 0) 

~&~ffl~tt-~~tit"). ~-. ~O)~-~tt.,-CO)~#~~M~~;z-cO)a• 
-et" . .::::. .::::.--cli~L,1,\a•t::li~JJ,iii"/v. Bx 0) C 00-'¥~•ti~{Jj;E'.9;h/;f, 1J'i\.t5t~{iif"F 
~t~$f'r3 t t~~t" o t,W,1,\ i t"iJr, ,81jO)~~t:: L,f_::1,\ t~;z it". 

-JJ homogeneous presystem T/(x, y, z) O)ffl~--C T/(x, x, y) = BxY = x * y t 9 o t, 
T/(a, b, T/(x, y, z)) = T/(T/(a, b, x), T/(a, b, y), T/(a, b, z)) ;/Jr§ 2fm%t!J.'¥~0)ffl~ t t~ IJ, homo­

geneous presystem t Bx O)l'JI!. t ;/Jr~{i l, i 9. ~ l, < Ii [K-8.1], [K-8.2] ~~.lffi G-c-r 

~\,\ (T/(X,X,T/(Y,Y,Z)) = BxByz t::-\i~L,-c-r~I,\). fffiliit::3zl!.rZo t, .::::.:nGliM t::t:, 

rt o Bx ;,Ui T/(X, y)z := T/(X, Y, z) O)ffl~;/Jr § 21m%t!J.'¥~c'&l o.::::. t ~~o* l,-C 1, \ i 9 . 

.::::. 0)1J\•--c ti 1) t 2) Ii 3) t 4) t fm{@:c'90)--C, 3) t 4) ~ rrMlt:: t"*r! * ~ t-:J~M&* 

--c~•Git". -:JilJ, *m~t-:J&io•~O)$--c, ~*~=~O)~~~E-:J~o.::::.t--c 

9. PJJ::0)$;/J> G 3) t 4) ~rrMJt:: 9 Bx ~ s-map, M ~ s-set t Jllf.:S~.::::.. t O)l'Jl!Etfc'9. 

1 < q < r < p, p ~*M&, q,r ~ §~M&, qr= l(mod p) ;/J>-:J q t r 0)1,\-f:ht.lJZ::BM& 

c'f~\,\ t 9 o (ftt-::i -C p # 2 --Ct") . 

-Wfj;z/:fp=5, q=2, r=3, p=7, q=3, r=5,p=ll,q=7,r=8~0)xf(p, q, r) 

~ ~ ;z it". "t" l,-C, ~mHt ZP = Z/ (p) J::O) Zp[ Jq, Jr] ~~- l, it" (PJ-r.::::. O)~{lf:--C 
~xo). 

ffili xy = (m + nJq + l.jr)(m' + n' Jq + z' vr), :t/A~~li x = m - nJq - l.,/r if 

x = m + nJq + l.,/r c'9 (.::::. O)ij'i ~ standard product t Jllf.:S~.::::.. t t:: l, i 9) . 

.::::..::::.--cpgffl (/JvL) ~{'JZO)./::;E'.~L,it". 

1 
II x II= ✓< x,x >,< x,y >= 2(xy+yx). 
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XX - (x + x)x + XX = 0 

~-~Gi9. ~GT~AA~&®ttR: 

II xy 11=11 x 1111 Y II (< xy,xy >=< x,x >< Y,Y >) 

7J;AAti. G i 9. ::::. ::::. -c 11 X 11 2=< x, X >= XX E Zp -C,9. GiJ' G < x, y > /;J:jJ!fr.9 Qj:~~ 
iJ;'Jb IJ i 9. 
~~®■-®A~~®•~~%~-A9Q. 

M 2 (p,q,r):={( m nq+l)lm,n,lEZp}, 
n+lr m 

GL(M2 (p,q,r)) := {A E M2 (p,q,r)ldet A=/= O}, 
SL(M2 (p, q, r)) := {A E M 2 (p, q, r)ldet A= 1 }, 

N(p, q, r) := {x E Zp[y'q, v'rll 11 x II= 1} 

~II 1. (fr9Ll~t J Jvl.,.®~~) 1:§c®§c%®:t t-ClJZiJ;AA IJ ti.~. 
cp; Zp[y'q, vrl --+ M2(P, q, r) (as an algebra, cp is a hornornorphisurn) 
Zp[y'q, Jr] x ~ GL(M2 (p, q, r)) (as a group) 
N(p, q, r) ~ SL(M2 (p, q, r)) (as a group) 

Remark. :3(n, l) E ZP x Zp, s.t. nq + l = O(rnod p) , n + lr = O(rnod p) iJ; Ker cp ® 

5f;~Lt$;Gi9 (:W.m=O -C,9). 
Remark. fffiljitct::::. t -C9iJ;, SL(M2 (p, q, r)) <1 GL(M2 (p, q, r)). C.iHJHf~,tlfp) -C9. 

lxt::, Q(N(p,q,r)) := {>, E N(p,q,r)I>.>. = "X, >. is invertible}, 

t Q(N(p, q, r)) ~YE~ G i 9 (weak quandle ®~mJ.-C9). 

f:: J:: -:J L new product ~-A 9 Qt, ::::. ®ffi * -C >.>. = "X /;J: >. * >. = >. t~iti 9. 

Remark. (✓< >.,>. >)2 =II >-11 2= >."X tct®-C, m•x*X=XX =< x,x > -e9. 

Q(N(p,q,r)) 3 >.iJ;invertible iff <=> 11 >- II=/- 0. 

Q(Zp[Jq,y'r]) = {>. E Zp[Jq,v'r]I>. *>.=>.,>.is invertible} 

t JS~, weak quandle t Ill¥ ✓~~- ::::. ti,~ Q t~9. ::::. ® Q ~ffl1.,,t, Q>-. = {>. E Qll, >., "X} 
too'.< tlJZ®::::.tiiAAti.9Q. 

~II 2. (jJ ✓ FJv®:f1iJAA) Q>-. /;J:jJ ✓ F Jv-C'Jb I), Q = U>-..>-.=>-.Q>-. (Q>-.®f□~~) 7J;AA 
ti. G, Q /;l: weak quandle 'c'9. 
~ G 1.,,ru1:smu~ G i 9-/J;, 1 * >. = -x * -x = >.. >. = -x ~~m1.,, i 9. 
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Remark. ffi * 1:'~{lln~~t::t~1,, 2 !'X{-l;;~~~M t...,t::{-1;;~ (Zp[ytq, -Jr], *) ~::jlf x., 
't" v-c~t:: Q 0)*1! * tiir~i'i-1¥1 (nonassociative) C'9. -::> i IJ (x * y) * z ix* (y * z) 
tt~I), standard product O)ici§-1:'~9t, (xy)zix(yz) ~~0*9Q0)1:', ?P~'E'ti'!kJ* 
1! * ~~-::>{-I;;~* c'9 ( =. =. c' - li:#;f~c-9) . 

.PJJ: J: IJ =. O)f'~V~{-l;;~*iJt weak n -Y r' JvO),WU t:: t~ Qt ;jlf x. i 9. -::> i IJ 
1 JvA, tJ,-:, r!J~~t:i<:t.i -Y ~Jv~~PX9-Q (m~ffn:'15f.1 L;t l,,-Q.:: c: t.i~~,~-z:'9). 
Zp[ytq,y'r] 1::as-1,,-c, ~t::*~P iJ!1J\~1,,IP,JO)weakquandle O),WU~.PXfl::JU~L,i9 

(~ t..., < Ii [K] ~~mo . =. =.1:- N(Q) Ii Q O)n0)@~~~9-

• Z5[y'2,\/'3]; A*-A = >.. O)n~,W.-::>itQt N(Q) = 111:'iblJ, >.. = 2+\/'3 O)t_~ 
"X = 2 + 4\/'3 ~1:'9. ~$1¥Jt~ffi (standard product) 1:'li >..>.. = "X ~ri/ilft:: L, i 9. 

II >.. II= 1 O)nO){ltil~li 30 {Im. -::> i 1J a5 = 1, b6 = 1 O)nO)ffiiJ! II >.. II= 1 ~ri/ilft:: L, 
i9. 1tt-::i-CZ5[v'2,\/'3] t::as-1,,-cli, weakquandleQ ~~{:;fi:1¥Jt::>J<ilbGtLi9. 't"ZLli 
N(Q) = 11 J: IJ, 

A = 2 + v'3, µ = 2 + 2y2, V = 2 + y2 + 2v'3, K = 2 + y2 + 4v'3, ~ = 2 + 3y2 + 3v'3, 

t-t"O);#;f~n~"X,µ,v,~,~ t 1 iJ!>)<,\l)Q'E)0)""{:'9. -::>i IJ 11 f[m#'.{'El..,i9. 
=. n G iJ, G{'p G tl,Q Q>., Qµ, Qv, Q"' Qf. iJ!-t"ti't''n quandle 1:'ib IJ, weak quandle Q Ii 

Q = Q>. u Qµ u Qv u Q" u Qf. CQ Ii 11 {[mO)~*O)~i';-) l:'9. Q>. · · · , Qf. ~0):#;Jfil~'E'i' 
li{l} O)JJ-1:'9. 't"L,-C * O)ffi""t:'Q li1¥.lt-c1,,t-i±lv. 

(2 + v'3) * (2 + 2v'2) = 1 + 4v'2 + 2v'3 = 1 + v'2 + 3v'3 ff- Q""t:'9. 

• Z 11 [v'7, v'S]; >.. * >.. = >.. O)n ~ ,W.-::> it Qt N(Q) = 23 1:'9. =. tL G Ii 23 {ltll#'.{'E L, i. 
9. II >.. II= 1 O)nO){[m~li 132@. a11 = 1, b12 = 1 O)nO)ffiiJ! II >.. II= 1 ~ri/ilft:: L, i 9. 
>.. = 5 + 5v'8 iJ! >.. * >.. = >.. ~ri/ilif::9-ffeLJ""t:'9. 

• Z17 [v5, v'7]; >.. * >.. = >.. O)n ~ ,W.-::> it Qt N(Q) = 35 1:'9. >.. = 8 + 3\/'3 iJ!-,WU""t:' 
9. II >.. II= 1 O)nO)@~li 306@. a17 = 1, b18 = 1 O)nO)ffiiJ! II >.. II= 1 ~ri/ilft:: L, i 9. 

Remark. Z19[v'7,v'IT] t::-::>1,,-c, II>.. ii= 1 t~Qnt::-::>1,,-c1ia18 = 1, b19 = 1 t~Q 
nO)ffliJ! >.. O)nl:'9. 't" t...,-c >.. * >.. = >.. O)fltil~li 391:-9. z19[\/'3, Jl]] 0) t ~ >.. * >.. = >.. 
~ri/ilff::90)li>.. = 1 O)Jj,iJ!invertible t~n. II>.. ii= 1 O)n/i 19 x 20 {[ml:'9. 

Remark. Z1[v'3, v5] t:: JS\, ,-c Ii II >.. II= 1 O)n/i 56 f[m1:'9iJ!, >.. * >.. = >.. O)nli lflm 
c'9. >.. = 1 O)JJ-1:'9. 

Remark. J:icO)n1!1:', Zp[ytq, -Jr] t::as-1,,-c p, q, r O)~rRt:: J: IJ 2p+ 1 {lti!O)n~ 
t-::> weak 7J -Y F JviJ!;f®JJJG""t:' ~ i 9. 1,tt-::i -C >.. * >.. = >.. ~ ri/ilft:: 9 >.. O){ltil~ti 2p + 1 t ~fll 
1:'~i9. 

Remark. Zp[ytq, vrl 0) P, q, r O)~r}]J""{:' >.. * >.. = >.. O)n/i l fljfilO)~i';-t ib IJ i 9. 
Remark. Z3 [\/'2], Z5 [\/'2] ~t::B/tQ Zp[ytq] iJ{{:,$:0) t ~ >.. * >.. = >.. t~Qnli~ < -C 

t 3{[m1:'9. 1,tt-::i-C,W!Jt l..,-Cliibi IJJ!1PKiJ!~-Ci-J±/v0)1:'~Bl§L,i9. 
L, iJ> L, t~iJ! G Zp[ytq] iJ{f:,$:O)lr,Jli J Jvk 1 O)nO){[m~li p + l fltilc'9. 
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Remark. Zp[Jq, v'rl 1: as1,,-c Zp[ytq] t Zp[✓r:l O)jjljj7JiJ'\'{,$:1:'t~1,,&f~+:5.Hkflf:li 

II >. II= 1 0) ~O)fi~iJ1 p(p - 1) -r:-&:> o. 'c.'-t G iJ,iJt -f*O) t ~ Ii p(p + 1) 1:' &:> o, c =. 0) 

J: -5 t~ f' ~ iJ! Jlx: l:J ft --:J t ~ x i 9 ) . 

=. 0)~0):/&ftl:{i:iJ"til( >. * >. = >. ~~~9 o O)iJ,O)fjEl30)---:J li?JZO)}JHPH: El3* L, i 9. 

g ~§i3Fi,]JJ'!.'¥~t9ot~, g(l)*g(l) = g(l) iJ!Jlx:l:Jft't, g(l) = A tas< t 
>. * >. = >. ~ mt:: L, i 9. it=: involution ~ t --:J t ~ "X * "X = "X t mt:: L, i 9. -f l,-C 

1* 1 = 1 t~ 0) 1:' Q ,\ = { 1, >., "X} iJ1~ x G :tL i 9. 

§2. Definitions of Zp[i,j, k] and Zp[ei, • • • , e7] (jHJ~) 

8 ??Z~ Zp J::O) Cayley algebra ( and Hamilton number) O)*ffl~ ~lj.;z i 9.2 

Zp[e1, · · · , e1] 0) Table; 

e1 e2 e3 e4 e5 e5 e7 

e1 -1 e3 -e2 e5 -e4 e7 -e5 

e2 -e3 -1 e1 -e5 e7 e4 -e5 

e3 e2 -e1 -1 e7 e5 -e5 -e4 

e4 -e3 e5 -e7 -1 e1 -e2 e3 

e5 e4 -e7 -e5 -e1 -1 e3 e2 

e5 -e7 -e4 e5 e2 -e3 -1 e1 

e7 e5 e5 e4 -e3 -e2 -e1 -1 

( {,$: ZP J::O) standard product 1:'~ X o) 

x * y = xy (new product) 

7 7 

x =ea+ Lei, x = ea - Lei (standard involution) 
i=l i=l 

e1 = i,e2 = j,e3 =kin Zp[i,j,k](called a quasi quatemion),ea = 1 Ii~~ (in table), 

Zp[e1 , • • • , e7] ~ a quasi octonion t Qlf.,,.S~. P9fflli < x, y >= (xy + yx)/2, fflli{JIJ X l;f 

e3e1 = e2, e3 * e1 = e3e1 = -e2, e5e7 = e1, e5 * e7 = e5e7 = -e1 ~-

§3. Characterizations and Generalizations ( ~~9 ,1 C: -tHt; /;:-.::> l,' -C) 

!Wffiii"c'I: Zp[Jq, ✓r:] 1:astto quandle O){JIJ~~""'i L,f::iJ1, -f;: 1:'0) idea Ii, f'JZO) 
ftH:-~{~1:'~o t~;z;J:;.9. 

(A, xy) ~ ~{.ll~ 1 ~ t--:J associative, commutative involutive (xy = y x) algebra t 9 

o. =. =. 1:' x * y = xy = y x 1:' new product ~ f!:~9 o. A /i.r-::-7 r Jv~Fsi t l,-C liFi,J 

l51:'9iJ!, {~~t$Jm:iJ1~t~ o xy t x * y O)fjliJtff'.;(± L, i 9. -f l,-C 1 * x = lx = x 1:'&> 

I:!, ~{.ll~~fflt::t~\i\1-~i\\sis-1¥1{~~1:'9. ;:O) l liparaunit t.Olflf:tLot0)1:'9. 

Q(A) := { x E Alx * x = x, x is invertible} 
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t fE'.Ji9 o t, Q(A) Ii weak quandle O)m~ ~tiJ"'.). t::. tit.,, x * y li1Fi%a~i¥JtJ:*i* * 

~tiJ"'.){~~*-c:'9 (_j_fi{!H:/ix*y E Q(A) tti~lPJ iii-Iv). ,::_O)~fJ:Q(A) ~-u}f~90 
0) :t, ~~*A..O)l\lJm·c-9. "'.) i IJ weak jJ -Y ~, JvO)~,WIJ ~ lj. x_ o t ~ x. i 9. 

On the other hand, B ~ commutative associtative algebra t 9 0 t ~, 
Q(B) = {,\ E BI,\,\=,\,,\ is invertivle}, 

Q(B) = {1,; E Q(B)l!i = µv, vµ, /,I E Q(B)}(*m-cMl.i Gt!,-Cl,\o~O)~{tt:) 

BxY = xy, 'vx, y E Q(B) 

tfE'.Ji90. ,::_O)~ vx,y E Q(B) t:t,tV-C Sxx = x, SxSy = SsxySx iifflG IJ tf."'.). "'.)i 

IJ Q(B) /is-set, {Bx} /is-map. jJ-y FJvO),WIJ-c:'9. t::.t:!.L, Q(B) /i~Jifitt:Ml.i-Cl,,tJ: 

1, , PJ ft~ •t! ii i!6 IJ i 9. 
5JIJO)ti~n,G:t -5:,1>t.,~~i9. ~{llji:;~~,rG:ttiJt::.tJ:1.,,{~~*t G-c X*Y ~*m 

t 9 o'/'XO) J: -5 tJ: 3 "'.)0)00{*~n1~x. Gti,i 9. 

0 (x * y) * x = x * (y * x) =< x, x > y, < x, y >E base field 

0 II x * Y 11=11 x 1111 Y II 
0 involution x * y = y * x ~tiJ'~, x * x, x + x E base field, 

x, X * x, l(para unit) ;,j1 l 'f'Xf.tt~tJ:{~~*· "'.) i IJ X * X - (x + x) * X + X * X = 0 fJ: Q 00~ 
~ ~ riM/t::. 9 (.::. tI, ~ para quadratic algebra t r1¥ ✓1:) . t::. ti l, para unit t Ii 1 * x = x 
"c'9o 

.::. O)~tJ: 3 flffiO)jp;%a~i¥J{~~*n1~ x. Gti,o t ,w,1,, i 9 c*mO)~fllji:;~fi]'t::.tJ:\,'{~ 
~*). < x,y > /ijp~{l:'..tli~.&IJ iii-Iv, Z3 [i,j,k] /:jS-1.,,-c/ix = i+j+k O)t~ 
< x, x >=II x 11 2= 0 ~-c:'9. Zp[Jq], Zp[Jq, Jr], Zp[i, j, k], Zp[e1, .. · , e7] (~~N{*J:O) 2 

'l'X7i:;, 3'/'X7i:;, 4'/'X7i:;, 8'/'X7i:;{~~) n1, 2 t 3tlH§0)00~~~riM/t::.9~,WfJ-c9 . .::.ti,G0)1Rl 

~Tit li~~*O)-uJf~l\lJm-C9. J!t: Zp[Jq, Jr] ~ ~ < 2 '/'X7i:;, 4'/'X7i:;, 8 '/'X7i:;{~~li HI§ 
0)00~~~riM/f::.l,i9. ~~t l,-C/iMeson t Baryon O)~t~Tltt:ffl,tl,o Gell- Mann 

(1929-2019, quark :E!!!JlfuO) / -~Jv'i'.~S:~) 0) 8 '{'J(.ji:;{~~O) ZP J: "c'O),u}f~-C9 ( ~:Ei~ 
:El~ t 0)00~nt!tlH~PJft~-C9) . .::. O){~~:t Hi§ 0)00~~~mt::. t., i 9. 

In future, following [K-0] ( for a version of characteristic O), we can consider the Zorn 

vector matrix algebra and normal triality algebras for ZP versions of characteristic p. 

§4. Tables (2 )?{Ji, 3 )?{Ji, 4 )?{Ji, 8 )j{ji0){-\:~0){91J) 

,::_O)~"c'0)17tl/i9~-C II X*Y 11=11 x 1111 Y II ~riM/f::.9, t::.t:!.L, II x II= ✓x*x= ✓< x,x >. 
notations me%) 

dim dim of A (A; some closed set w.r.t *) 

N(,\; II ,\ II= 1) "PI 11 ,\ 11 = 1}, number of elements satisfying II,\ II= 1 
N(Q) " {,\I ,\ * ,\ = ,\ and ,\ is invertible}, number of weak quandles 

N(Q») (N(Q) - 1)/2, petal number 

Aut*Q>. automorphism group w.r.t * 

Trig*Q>. triality group w.r.t * 

Trid*Q>. triality derivation w.r.t * 
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gj(x * y) = 9j+1(x) * gH2 (y), j = 0, 1, 2, gj is elements of Trig. A. 
dj(x * y) = (dH 1x) * y + x * (dH 2y), dj E End A, and dj is elements of Trid.A. 

Q>. = {1, .\ 3;°} t:: ;JS\,' "'C ti1JO#s;tiJE• ~ htci:: \,' ii•, 0 = (µx) * y + x * (µy) tU~flGi~ A 

t:: ;JS\,' "'C ti'.@'.U*~fij'--:::> PJfrn•t!&:, 1J, 0, µ, µ E J m Q>. 0) t ~ t:: J::0)00~~ tip,\(; 1J :V:--:::>. 
--:::>ilJ~~JE·T~O)~~~<~#s;*~t--:::>~&*AO)J::~~~-c~h~~~T~. 
Zp 1:0) ea, e1, e2, e3, e4, e5, e5, e1 tci:: ~~Jg;~ t --:::>/{::7 I- Jv~rai·c-1.XO)~iJ;~ ~ G hi T. 
< e;,ej >= r5;,j, e;ej = -ejei, i,j -1- o, ea= 1 t B~ eae; = e;. =.t,,GO)Bci'j"O)~~ 

Zp J::O) 2 i'.?\Jt, 4 l.Xn, 81.Xnf~&~ t t t:: l, "'C O)jJ :'./ F JvO),WIJ~f'F IJ t:: \,\O)~T. 

Z3 = Z/(3) Z3[y'2] Z3[i,j, k] Z3[e1, · · · , e7] 
dimz 3 1 2 4 8 
J Jvb 1 O)f~& 2 4 33 - 3 37 - 33 

N(Q) 1 1 3x3 36 

N(Q>.) 0 0 4 (36 -1)/2 
Aut.Q>. Id Id S3 S3 

Trig.Q>. Id Id S3 X S3 X S3 S3 X S3 X S3 

Trid.Q>. 0 (0, v'2, -v'2) (0, >. - >., >. - >.) (0, >. - >., >. - >.) 

Z3[e1, .. · , e7] t::;JS1,,-c Ii, >.d = >. 0)5t/i >. = 1 +e1 +e2 +2e3 ~' 36 @#tf l, i T. =. 0) 

>. ~Jtj1,,-c Q>. = {1,>.,3;°} ~ l --:::>[!filJEl,"'C\i'iT. Aut.Z3[v'2] ~ Z2 , Trig.Z3[v'2] ~ K4 . 

Z5 = Z/(5) Z5[y'2, \/'3] Z5 [i,j, k] Z5[e1, · · · , e7] 
dimz5 1 3 4 8 
J Jvb 1 O)@& 2 5x6 53 - 5 51 - 53 

N(Q) 1 11 3x5 56 - 53 + 1 

N(Q>.) 0 5 7 53(53 - 1)/2 

Aut.Q>. Id S3 S3 S3 

Trig.Q>. Id S3 X S3 X S3 S3 X S3 X S3 S3 X S3 X S3 

Trid.Q>. 0 (0, v'2, -v'2) (0, >. - >., >. - >.) (0, >. - >., >. - >.) 

Z5 [v'2] t:: --:::>1,,-c ti dim iJ; 2, J Jvb 1 0)5tO){lffl&li 6 {[00, Q>. = {1, 2 + 2v'2, 2 - 2v'2}, 

N(Q) = 3, N(Q>.) = 1, Aut.Q>. = S3, Trig.Q>. = S3 x S3 x S3, Trid.Q>. = {(O, >.-3;°, 3;°­
>.)} '"'C:'T. S3 li3i'.XO)x1f1f\ll'F, K4 Ii Klein's 45tll'F. Aut,Z5[v'2] ~ S3 • Trig.Z5[v'2] ~ S4 • 

Z5 [e1 , ... ,e7] t::;JS1,,-c/i>.=2+e1+e2 ~, N(Q) li56-53+1 {~#tEGiT. 

Z7 = Z/(7) Z1[\/'3, \/'5] Z1[i, j, k] Z1[e1, · · · , e7] 
dimz 7 1 3 4 8 
J Jvb 1 O)flffl& 2 7x8 73 - 7 71 - 73 

N(Q) 1 1 3x7 76+73+1 
N(Q>.) 0 0 10 73(73 + 1)/2 
Aut,Q>. Id Id S3 S3 

Trig.Q>. Id Id Z2 X S3 X S3 Z2 X S3 X S3 

Trid.Q>. 0 0 (0, >. - >., >. - >.) (0, >. - >., >. - >.) 
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Z7 [v'3] /:: ":J1.,,-c la: dim iJ! 2, / JvL 1 O)jf;O){fi!ilf:iUa: 8 @I, Q>. = {1},, N(Q>.) = 0, 

Aut*Q>. = Id, Trig.Q>. = Id, Trid*Q>. = 0 1:9. Aut.Z7[v'3] ~ Z2 . Trig.Z7[v'3] ~ K 4 . 

Z7[e1,··· ,e7] f::jS1.,,-c!a:>.=3+e1 +5e2 +6e3 ~, N(Q) !a:76 +73 +1 {~f¥{EL,i9. 
Remark. A weak quandle 0) Q = U>.*>.=>.Q>. (Q>.O)f□#i:i'i-) t:jS[f Q~Q>. (>. ~--::J 

~5:E) O)J:t:: Aut*Q>. '::::' S3 iJ!Q>. 0)§21q]%~t l,-C{/pffl9Q. 1tt."?-C N(Q>.) O)@~ti 

tt petal Q>. 0) § 2iqj~~iJ!f¥tf L, i 9. 

§5. Applications (~ffl) 

Let (M, Bx) be as-set with s-map Bx defined in section one (i.e., satisfying (3) and (4)). 

We shall now define an endomorphism g E Epi(M, Bx) as follows; 

Then it is said to be as-automorphism on (M, Bx), because g(x * y) = (gx) * (gy). 

Ex. s-map {Sx} is as-automorphism, because SxSy = SsxySx. 

Ex. Let (G, xy) be a group. We set Sxy = (xy)x- 1 , then (G, Bx) is as-automorphism. 

Ex. Let (G, TJ(x, y, z)) be a homogeneous presystem. Then by TJ(a, b)c := TJ(a, b, c), 
and TJ(a, a) = Sa, we obtain that Sa is as-automorphism on G, because 

TJ(a, a, TJ(X, x, z)) = SaTJ(X, x, z) = SaSxz = TJ(TJ(a, a, x), TJ(a, a, x), TJ(a, a, z)) = SsaxSaz, 

where we denote by TJ(a, a, z) = Saz. 

Ex. ( counter example) Following ( [K-S.1]), we recall a quasi group ( Q5 , xy) with 

the following multible table; 

0 1 2 3 4 

0 4 3 2 1 0 

1 3 1 0 2 4 

2 0 2 3 4 1 

3 1 0 4 3 2 

4 2 4 1 0 3 

This means that 01 = 3, 10 = 3, 23 = 4, 32 = 4, 04 = 0, 40 = 2, etc., and x-1 is an 

element y satisfying xy = yx = l for any x E Q5 . Then we can define 

however, this Bx is not s-map,i.e., (Q5 , Bx) is nots-set. 

In final comments, we describe only the results. 

Aut.(Q>.(Z5 [v'2, v'3])) ~ S3 (if>.= 2 + V3) 

Aut*(Q>.(Z7 [V3, v'5])) ~<Id> (if>.*>.=>. is only>.= 1). 
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Indeed, general speaking, these mean that g(x * y) = (g(x)) * (g(y)) for any element 

g E Aut.(Q>..(Zp[y'q, yr])), where Sxy = x * y, 11x, y E Q>..(Zp[y'q, yr]). 
Remark. If N(Q>..) -:/- 0, then we have Aut.Q>.. ~ S3 . 

The details will deal in a future paper and so we will induce a concept of triality group 

as a generalization of automorphisms of these subjects. 

PJ--r Ii~ /.z iJ{faJ~ ~ x. --c 1, \ Q iJ>O)f'il,j_~t,ti}J~O)~-WIJ-C-9. 

~*~,f,ts: C O)~i';-: CX. * >. = >. O),WIJ) -new product O)'J!IJ-.-

x * y = xy, =. =. -C- xy Ii C 0) standard product, and x f,t Q::/=!;f~ (~*~O)) /: J:-:J --C 

JE~~ :tl,Q new product* ~~X. i, 9. 

0 = ~1r t 9 Qt~, f.'BM 21r -C- -11r = ~1r t Fi'u-tJH, i 9, ei0 0)::/=!;{~jcli e-ie ~.ffl 

2 · 2 · 2 · e31r, = e3m * e3m(f.'B.Jl:A 21r) J;. I') 

ei0 = ei0 * eie, ei0(x * y) = (ei0x) * (ei0y), vx,y EC, i = R. 
-:>i. I') ei9(=g) iJ"* O)*~-C-§2Fi't]~'lj'.~-C-9. Bc~-C-!f< c'.., g(X*Y) = (gx)*(gy) iJf. 

PX I') "fl.t; i 9. Y.. ~1ri(x * y) = (~1rix) * y + x * (~1riy) iJf.pj(; I') "fl.t; i 90)-C-, =. :tili ~1ri 

iJ"(C,*) 0)1Jl&7t~;@'.~t.,i,9 Cf.'BM21r 1:~x_i,9). ~1ri O)::/=!;f~/i-~1ri ~.ffl\,\i,9. 

·0 2 
e' +------+ i0 ( 0 = 31r) 

t.t Q glogal +------+ local M $ ~ ~ L, --C 1, \ i 9. -:> i l'J {'J\ 0) ~'t $ iJf. AA I') "f1. t; i 9. * 0) ffi"c-, 

Aut(C, *) ~ S3 (symmetric group of order 3) 

i.e., g(x * y) = (gx) * (gy), g is the automorphism, 

global relation +------+ local relation( corespondence) 

2n . . 
Der(C, *) = { d E End Cid= ( 3 )m, n : integer}. 

i.e., d(x * y) = (dx) * y + x * (dy), dis the derivation . 

.:. :tL G 0)-f.Yit{I:: t t.,--c triality group C § 2Fi'tJ~O);fJt5:fHm~) ~~ x. Q. -:i i l'J ::1 A;Jv.::.. 

-7 7-1¥-1 ~;ffl c' 9 iJf., xy = x * y t: J: -:J --C standard product ~ ~ X. Q t , § 2 Fi'u ~ 'lj'.~ g 

iJf. x * y O)ffi1: g(x * y) = g(x) * g(y) t l.,--C AA I') "fl_-:> J:. -5 f,t =. t iJf.A]f~t.t{~~* ~ ~>]<9 

QO);/Jf.§~-C-9. -tG--C gj(X*Y)=(gj+1X)*(gj+2Y), j=0,1,2 f,tQgj ~~;:i:L,t;:\,\ 

t~ X. --C\,\ i 9. "a priori"/:* ~~ X.{',X/: x * y iJ> G xy ~JE~9 Q. 

~*~O)~i';-0) triality group Ii 2 {',Xjc~~,f,ts:c'ilb I') {',XO)~/: f,t I') i 9, 

~~O)~i';-0) triality group Ii (Id, -Id, -Id), (-Id, Id, -Id), (-Id, -Id, Id), (Id, Id, Id) 
iJf.-t 0) 7G -c- &.) I') 

Trig.R ~ K 4 (Klein's group) . 

.:. :tL G O)l!I!.EtJiJ' G Zp !t)j.=:.Jf J]iJ_!l!_O),Jvf~ ~;j!f~ t., t:: \,\O)-C-9 

CW~~f_!!!_{~~"FO)~SJ§- - -:;k:~~-C-9iJ") . 
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§6. Conclusions and References (i:16 c.1l-'e!: c.~~X~t l, t-yt~) 

=- O)tJ\M"c'!ir-Oim~~ Ii t Iv t:'{}jJE'. L, iii /vO)"c', sl ffl::X:~!i~ < !i*lf'i it Iv. =­
=- "c'~.r(f;: Zp[Jq, Jr], Zp[i,j, k], Zp[e1, • • • , e7] ~O) 21',?Z{~M&!i, symmetric composition 

algebra ( < xylxy >=< xlx >< YIY >) 0) variation (ib offlO)-tHI:'..) --c:'9. pgffl < , > 
iJ11l~{l:'.."c't.t\,'~~"c'~;z -n,i9. ZP J::, (xy)x = x(yx) =< x,x > y ~tif;:9{~M&* 
t~?t.Gni9. -:'.:_O) algebra O)•[!~, -:Ji I) II xy 11=11 X 1111 y II(< x,x >= II X 11 2 O)JE'. 

aO) t t "c') t.t o lfflf*~ ~tit;: 9{~M&* t, -=.x,f@::E_!!l_ (triality of groups and algebras) /: 
-::>1,,-c !i, {',JZO)>(~ [K-0] iJqj/:}'z:-::> t ,~ 1,, i 9 (-:'.:. n!i-=.X't@:J'IO) local+-+ global O)x,f 

JZ.fflt~iJ1~.r( G n -c "' o ~1JJO)M::X:--c:'9--c:'9) . 
[K-0]; N. Kamiya and S. Okubo, Algebras and groups satisfying triality relations, Mono­

graph (Book), Aizu Univ., (2015) (itM& 0 0)-f,$:J::O){~M&*"c'O)-=.x-tlfflf*O),lvf~) . 

Y..., 1,JZO)>(~ [K-S.1] and [K-S.2] t quandles O))Z,ffl t l,-Cfj/:}'[-::>iJ>t~Oniit/v. 

[K-S.1]; N. Kamiya and Y. Shibukawa, Dynamical Yang-Baxter maps associated with 

homogeneous presystems, J. Gen. Lie theory, (2011) Art ID,G110116. 

[K-S.2]; N. Kamiya and Y. Shibukawa, Dynamical Yang-Baxter maps and weak Hopf 

algebras associated with quandles, Proc.of the meeting for study of Number theory, Hopf 

algebras and related topics, 2019, pl-23, (Yokohama Publisher) !&~M::X:. 
=. nG O)J::!c 2 M::X:!i::IJ::,,, FJvt -v ::,,,/f • ,l\'7 7.. ::>?-:15f¥~/:jfflJ!I! L,f;:M::X:c'9. 

[K]; N. Kamiya, A construction of quandles associated with quadratic algebras, RIMS 

kokyuroku ( vol.2130, ~:X~) (2019). 

=. O)M::X: [K] iJ1M&fl{~M&~O)~@l'f9t.t~1JJ0)1J\M--c:'9. 
[K-M]; N. Kamiya and D. Mondoc, On a construction of Lie (super) algebras and (c, 8) 

Freudenthal-Kantor triple systems defined by bilinear forms. (2020) 

doi: 10.1142/S0219498820502230. 

~m:0)-:'.:.0)M::X: [K-M] !i-=.Jl*f~M&t lJ-f~M&, lJ-MU~M&O)fj!J.BJG~M~L,f;:M&J'lf/o/Jfl 
~ (M&fl{~M&~) "'-O)JZJ:§iJ1~?t.GnotO)c'9. -:'.:.O)triplesystem t1,,-5ffl~li3-::> 

O)M"c'JE:a~nk~M&*"c'iblJ,.~~~B0o-7*-7flMttlfflJ!l!L,i90)--c:'~-O) 
~MiJ1Mffl~ no :B-!.rti t,~1,, i 9. 

-®I: Zp J::O) 21,JZ{~M&O)J'IMt:B1,,-ct 45'GM&{~M&, 8 5'GM&{~M&~itM&pJ::O){.$:"c'~ 

;z o =. 0)1J\M"c'~.l's. td! {_$:i'fkJt.t~M p = 3, 5, 7 O)~~iJ1~ffl"i:iJff~--c:'9iJ1t nli i tdJU 0),11 
~/:~.!'( ~,i'""[\,\f;: fi ~ i 9o 

M&~ 5:.i'lkJfJIUOO 0) }'[~iJ, G tl i 9 t, ~P~~e.g{~M&* + !t~,11~~ = knot theory, math­
ematical physics, etc., ( {ili:fr!.r"'-O)i!lt~i'lk]t,t)Zffl iJ1~ ;z G n i 9) . 

=. O)~t.t~~l'lkJ:fr!.riJ1~~HIH '-::> iJ>;!,r~;z o ~Y/Mt: t.tnta:' t ,~ 1, \ ~~*""O);fn°,E t L, -CJ! 
t:)M5:_0)-::::J 7 t L, -C-:'.:.-:'.:. t:!c~ ~,t-c1,,f;: ti ~ i L, f;:-:'.:. t ~ffl]Jii~ < ti~ 1,,. $~ t L, 

-c !iW~M&flf~M&~O)tiJttti'fkJt.tM~~ =. =. 0 iJqt-c 1,, i 9 (::kJ18~~Jbtf-c1,, i 9) . 

Y..., JE:aO) t =- 0~--c:'. as§O)!ci'j°~t G-c:9€mf t s;,t,:iJ1 -3: o/ 7 A Gt;:::x:~1:t.t 1J i Gt;: 
=. t, J!t::S-:fr!.rO)AJit: t IJ, ~'?9 < L,f;:-::>t IJ iJ!iJ,;z-:J -C$~0)51,Jm0)~, l.l:t&l~ 
itt;:iJ>:t Gniit/v. W/l'.::f5Rt.t::X:,f,$:, Bilf L, < ti~1,,. 

~111:, rm t G -c1,JZO) =. t ~~.I's. ~it-c 1,,t;:ti~ i 9. 
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• Zp[Jq,Jr] t.:OOL,--C O < q < r <p, p ti*~, qr= l(modp), q,r li1JLJJ~"c't~1.,,t_ 

~, -t" L, --C N(Q) ti weak quandle Q O)ji:;O)@~ t 9 Q. 
a) J Jv.L,. 1 O)jf;O){i~iip(p+ 1). ~iff Zp[ytq] Xti Zp[Jr] ;oq,f,:. 
b) J Jvl,. 1 O)jf;O)@~iJi p(p- 1). ~iff Zp[ytq] ;o>"J Zp[Jr] O)jjljjJJiJi{*"c't~1,,. 

a) O)a:,y p + 1 iJi 3 O){if~Xti b) O)a:,y p - 1 ;ot 3 O){if~ ⇒ N(Q) = 2p + 1, .:::::.tt,.PJ3'f-li 
N(Q) = 1 1:'9. 

• Zp[i,j,k] O)J Jv.L,. l O)ji:;O)@~tip3 -p, -=t-l,--C N(Q) =3p 1:'9. 
• Zp[e1, · · · ,e1] O)J Jvl,. 1 O)jf;O){i~tip7 - p3 , 

-=t- l,--C N(Q) = p6 + (1- bp,3)(-1)11--'(p3 + (-1)~), t.::ti l,~c% bP,3 li'.7 P ;r, o/ :JJ-0) 
7"';1, :>? 1:' 9. 

"Ji I) Z3 [i,j, k] t.:B/tQ J Jvl,. 1 O)jf;/i 24@, >.. * >.. = >.. O)jf;ti 9 {itf::(£9 Q. 
Z3[e1,e2,··· ,e7] t.:;Btj-QJ Jv.L,. l O)jf;/i37 -33{i, A*A=A O)jf;/i36 {1itf::(£9Q 

( ,WIJ;z/;f 1 + e1 + e2 + e3 iJi-=t"O)ji:;1:'9). 
~::it.: ti.PJJ::0)-'ffJiJtM?:R ~ tt, --c 1,, --c ret~ O);\\s*t~ 0) iJ•v iJ• IJ i it A., ;ot~-"' ~ it--C 1,, t.:: 
~~i9(#i\\s~~~~*O)~-~G"c'O)~"c'9). 

-¥M.O);\\s*t~O)"c'{I}~ · i!)(.&L,t~tttt,tf't~Gt~1,,1~~1,if::(£9Q t.J!l1,,i97'Ji, 5tlii 
a,gt~,uJf~t 1..,--CO)-'f;fflt l,--CB~Vf~1.,,. 

Remark. Zp[ytq] t.:009 Q,u;f~li RIMS Kokyuroku vol.2104 "M-~f-1.~iJ• GZJU: 2 
1'X{~~" p24-28,(2019) iJif)tt.: ~"J >(~ t ~ ;z i 90) "c'~)ffl L, --C < ti ~ \.,'. 
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