A Construction of Quandles associated with
Quadratic Algebras II
(A RILDH B 1I)

by Noriaki Kamiya (#&1&88)
University of Aizu, Japan (BEEISZEKRZ) !

Abstract This note is a study of quadratic algebras equipped with involution, in par-
ticular, it is to give exmaples of quandles (or rack) in knot theory from quadratic algebras
with a property, and to consider related topics associated with their quandles. That is,
the contents are described to an announce roughly and its results are a new idea. On the
other hand, these may be regarded to a generalization of symmetric composition algebras.
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§ Introduction ({ZLC&HIT)

U —RE, Y a VK UREGRD FEREEIIREE IS L TV B EE D RIEH 2 72 quandle
DFEFIZEZHZEh, ZONROEKTYT. EEDOR/ITH LML S DT knot
theory IZ8WTIX, HI6NZHENPEFNEEAD, PLEET ZHNZED, RER
DALGD»SH U \idea & U THRIBTWZAZES LT, ZOFHXIE 2019 4 2 HD RIMS
HFmrgE (AR #F9E8Ee (RIMS Kokyuroku [K] ) Ok T3 745, WEIFINIIZ T
R E RV ERTITHMITL TVWETOT, MWD HIZELIE K] ONEL L 4EEL T
WET. FRIESEGRIRERIZDOWTIE [K-O] OCHRDY 2 IRAREL, & iR — iz
DWCTHERTH Y, Z,[\/4], Z,[/0 V7], Zpli, j, k], Zyler, -+ er] EONRI <, > (XU
|z, /L) 2FZ 25 ETHRISEDDEMNERA, UPUEE, ZhoDfEREZMED
DI TIEHBRWTTH, GRABICHIEDY D5 ADRIZEITIETCWEEZEET. ZO/Ni
DS IZB U THRIZ quandle DS Z #1559 % OIZBllE D 5 A% 1Z1%, FEAY standard
BEDTIERNOTYT Y, &t (—MIZ involution 2% DFE) THZ 5 Z Dimseh&Ic
Ao EbNnET. DFD, ZO/NGTIE quandles OFlE, T Z TOMELH RS
B DO —ALD =X (triality group) ZF L 3. NAIILLTO@EYD TY.
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§1. Preliminary (E{f& EF)

B£EH M &2 TDbijective 7225 Flko NEZX 6N &, ROEMT) & 2) %
$(M,o0) % quandle (> R)L) EEVET.
1) zoz=x
2) (xoy)oz=(xoz)o(yoz)forany z,y,z € M.
2) DEMiErack DERMETT. T 5 1E knot theory DFHFETTY. IEMEICIX, Ry =yox
D R, » bijective TY.
ZIZTx*y=yox & new product ZEHKT D &,
3) zxz=u
4) xx(y*xz)=(xxy)*(zx*2)
CHEETIENTEET. ZL TS, y=0xy &RT L.

& Syr==x

© S8y = Ss,ySz
&7, (M,S,) 1 s-mainifold & HBEL £ (see, [K-S.1]). TDO&RMELD{S,} %
smap, M % s-set LIERZ L2 U £T (§74b05 T generalized symmetric space D
REBERE S —IREL £3) . Ziw, S, DERRIKE UTORMEEFEEZMNITMA TOHER
TY. JITRFLVERICIIEAZEA. S, O C-GHEMIERFETIUL, WM
P72 HN e BEET D L WE T, ORI LZnweFEAET.

— 73 homogeneous presystem 7(z,y, z) DBERT n(z,z,y) = S,y = xxy 92,

n(a,b,n(z,y,2)) = n(nla,b,z),nla,b,y),nla,b,z)) »ECFRLEEOEZ LD, homo-
geneous presystem & S, OHERE VELRL £9. FHLCIF[K-S.1], [K-S.2] 22 LUTT
SV gz, z,n(y,y,2)) = SpSyz IWHELTTREIW) . fliBIZARZ L, ZhoIE M 126
3% S, XiEn(z,y)z =n(x,y,z) OMSHEHCAMEGEHRTH L Z L 2EHKLTWEXT.

ZONGRTIEL) & 2)1X3) L 4) LAMETT DT, 3) &4) 2z d ik« 25 ORE5%
THEHELUET. 2%0, REZIDHIEADTT, AxA=ADt A 2H/DOIF5HI LT
3. DLEDOHEDS 3) & 4) 2729 S, % smap, M % s-set LIFRZ & DI TY.

l<g<r<ppZFEH qr ZERE, ¢ =1(mod p) 2D q &r DVWTNEFHE
THRWETD (oTp#£2TY).

BAZEp=5 q=2,r=3p=7,q=3, r=5p=11,q="7,r =8 FDX (p, q, 1)
#EZET. LT, BRAKZ, =Z/(p) LD Z,[\/q,r] 2EELET UATFIOLRMAET
EZD).

Bl oy = (m+nyq+ W) m +n' g+ 1yr), WERET = m —nyg— I/ if
xfern\/_Jrl\/_ T9 (Z D% standard product EFERZ &IZLET) .

TR (JIVA) ZIROBRIZERL XY

1
Iz = V<az> <2y >= 5@y +y).
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M Z, ETO2RMILTT. 2FD Lo, B 1IIREETH Y,
zx— (r+T)r+Trx =0
ZhizUEd. £ UTHRRBOMEE :
lzyll=lz |yl (<zy2y>=<z,2><y,y>)

WL LET. 22Tl al|P=<z,x>=2T€Z, TY. L2L <z,y> 3BT 255

NdbET.
AT DGR D RITIRDOKRRFL S 2 B8 AT 5.
My(p,gq,7) :={ moong |m,n,l € Z,},

n+lr m
GL<M2(p’ q, ’f’)) = {A € M2<p7 q, T)|det A 7& O}
SL(Ma(p,q,7)) == {A € Ma(p,q,7)|det A =1},
N(p,q,r) = {x € Z,[\/g, V7]l || x [|=1}
EE 1. (TR 2V ADBFR) LEORTOE & TRV L.
¢ Zp[\/q,y/7] = Ms(p,q.7) (as an algebra, ¢ is a homomorphisum)
Zp[\/@? \/ﬂ = GL(MQ(pa%T)) (as a group)
N(p,q,r) = SL(Ma(p,q,7)) (as a group)
Remark. 3(n,l) € Z, x Z,, s.t. ng+1=0(mod p) , n+Ir = 0(mod p) »* Ker ¢ O
TLEERLET Tiwm=0T7T).
Remark. fi#RZ & TTH, SL(My(p,q, 7)) AGL(My(p,q,7)). (EHEHSHEE) TT.
WIZ, Q(N(p,q,7)) := {\ € N(p,q,7)|]A\ = X, X is invertible},
£ Q(N(p,qr)) 2EHELET (weak quandle DRI TY).
TxY =7y
IZ& > Tnew product 2EAT D&, ZOFs TM=X1F A s A=)\ &FXEXT.
Remark. (V< AMA>)?2 = A|P= M\ BDT, Mifir+T=7r =<z,2> CTT.

Q(N(p,q,7)) 2 \d¥invertible ;;; <=> || A ||# 0.

Q(Z,[a, V7)) = {) € [/, V7]|A ¥ A = X, X is invertible}

LB E, weak quandle LIER, THEQ LET. Z0Q ZHAWVWT, Qy={)c QLA \}
CEL RO EDRILT B,

EI2., (B FRLOHR) Q) BEAVELTHY, Q=UnonQy (QLOFIES) DI
7L, Q 1& weak quandle T
FHEUVIEIZIEL £ 955, 1+ A =XsA=A- A=A F2HVET.



Remark. M« THALICZ {720 2 A Z LK U R (Z,[/9, V7). %) 25 X,
Z U THIZ Q DT « 13FEME I (nonassociative) T, DXV (zxy) %z # % (y* 2)
729, standard product DFETET &, (79)2 # 2(72) 2EKT 50T, FEHEANRE
Hx 2R ORBERTY (22T iddekTd).

BLEEX D Z ORI REERA weak B> PV OBNZ 722 L FEZES. DD

JIWLIDDMETNAY RILEENRT 5 (DRETEHALTVWS I ENRETY).

Z,[\/7, /7] IZBWT, FHZHREB p AVNE WD weak quandle DFIZ AIFIZHIEL £
FELLIR[K| Z22]). ZZTNQ)IXQ OofEfiz %y,

o Zi[V2,V3]; AxA=ADTEEDITIBZENQ) =11 THYH, N=2+/3 DL X
A =2+4V3%TT. [EAERZRE (standard product) TIX A = X Zii7z L £ 7.

| X ]|=1 OIDOMEBIL30ME. DED a® =1, 15 =1 DO || N ||=1 Zh/zL
9. WMo T Zs[vV2, V3] ITBWTIL, weak quandle Q % BRIz RD SNET. Fhid

N@Q) =11 &b,
A=2+4V3u=2+4+2V2,0 =24+ V2+2V3,k =2+ V2+4V3,£ = 2+ 3vV2 + 3V/3,

EEDIETENL, TR E L1 DBRDLZEDTY. DD 11 HFEHELXT.

INSRSESND Q) Qu, Qu, Qu, Qe BENF N quandle TH Y, weak quandle Q 1%
Q=0Q:\UQ,UQR,UQRUQ: (Q XI1HDERDES) TT. Q\---,Q¢ EDILBEES
{1} OATT. 2LT+ ORTO BEILTWEEA.

C+V3)x(2+2v2)=1+4V2+2V3=1+V2+3V3¢ QTT.

e Zu[VT, V8], A A=ADTZERDIIZL NQ) =23 TT. I0SIX23MAFEL £
T. A |=1 OTOMEBUX 132, o' =1, b2 =1 OTOEH | A ||=1 &L ET.
A=5+5V8M Nk X =\ Zifi7zd—HITY.

o Zi:[V5, VT, AxA=ADTEHEDIFLE N(Q)=35TT. A=8+3V3 W —H#lT
T A ||=1 OTEOMELIL306H. a7 =1, 0¥ =1 DTOREA || X\ ||=1 &2z LET.

Remark. Z[V7,V11] I220WT, [A =1 R2TICDOVTIEa® =1, b =1 %2
TORMMN DIETT. ZUT A+ A=\ O30 TE. Ziolv3, VI3 DEZ Ax A=A
Z{i72 3 DIE N =1 OAD invertible 276, || A [|[=1 DIniE 19 x 20 fETT.

Remark. Z;[V3,V5] (IZBWTIE|| N ||=1 DTIE56HTT A, Ax A=\ Ok 11
TY. A=1DATT.

Remark.  FFIDTIIET, Z,[\/q, /1] IZBWTp, q, r DEFUZ LD 2p+1 HDTE
HDOweak WY RV TEZT. WMo TAx A=\ 27279 \DMEBIL 2 +1 &P
TEE97.

Remark. Z,[\/q,\/r] D p,q,r DEVHTA«A =X DxF 1HDEEEH D £7.

Remark.  Z3[v2], Z;[V2] FI2H1F 5 Z,[,/q) BMED L E A« A =)\ 22tld% LT
HE3METYT. o THIE LTIEXH F VIR FTEFEADTERKRLET.

LirUadds Z,[ /g MRDRHE /v 1 OofBuip+1 T
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Remark. Z,[,/q,\/r] \ZBWT Z,[\/q] & Z,[\/r] DWTIHETRNBEA I3 ZMER
I A |=1 DD p(p—1) THB. EL o0 EOLEEpp+1) THS, (Z0D
EOBRFPEPEONLDEZEZET) .

COBEDHZIATIN* N =\ 2FET 5O0OHEBAO—DIZIROFEMIZHRKL £ 7.

g FEHORABEGRETHE % g(1) « g(1) = g(1) KD TS, g(1) = A LB &
Ax A=\ Z&{i7-UEF. 7 involution 2HDE E A+ A=\ blzLEd. ZL T
i1 =1 BOTOy = {1, N} BEXSHET.

§2. Definitions of Z,[i, j, k] and Z,[e;, - ,e;] (FRER)

8 {7t Z, D Cayley algebra ( and Hamilton number) DR % 5 A 9.2
Z,ley, - ,e7] D Table;

€1 €9 €3 €4 €s €6 er
€1 -1 €3 —€g €x —€y4 €7 —E€g
er | —eg | =1 | e | —eg | er eys | —es
es | ey | —ep | —1 er es | —e5 | —eq
€4 | —€3 € —e7 -1 €1 —€9 €3
es | es | —er | —eg | —e1 | —1 es €s
eg | —er | —eq | es ey | —e3 | —1 e1
er €6 €5 €y —€3 | —€y | —€1 -1

(1& Z, £ standard product THZ %)

xxy =7y (new product)

7 7
T =ey+ Z €, T=ey— Z e; (standard involution)

i1 i=1
e1 = i,e9 = j,e3 = k in Zyli, j, k](called a quasi quaternion), ey = 1 13 (in table),
Zyler, - ,er] % a quasi octonion LWL, NRIE < 2,y >= (27 + yz)/2, BIIHIZIE

_ N A4
€3€1 = €9,€3 * €] = €361 = —€92,€CgC7 = €1,€4 * €7 = €g€7 = —€1 #.

§3. Characterizations and Generalizations ( #8313 & —EICDWT)

B £ T2 Z,[\/q, /] \281F % quandle DFIZBRE U7, £ TDidea I, KD
PRIZ—MfbTEDLHEXET.

(A, zy) ZBAIIL 1 % B D associative, commutative involutive (Ty = § T) algebra &3
5. ZZTrx*xy=72y =7y T Cnew product ZZE&HT D. A EZ~NZ MILZERE LU TIEH
UTTH, REEBEVRERD oy Loxy OMBPFELET. ZUTClxor=10=7 Th
D, BATTEFZRVIEGAHRRETT. 20 1 id para unit EIFFENSEDTT.

Q(A) :={z € Alz x x = z, x is invertible}

24 JTH, 8 TR DE K% Zorn’s vector matrix THELT D AHELFMLLETHAI I TR IOEMETERIE TV EET.



CEHTDHE, Q(A) 1F weak quandle DHEEZFFD. 7272L, oy IZIEROIIRTRIL «
ZRIORBRTYT (EMEICIZzxyc Q(A) LIFMRY FHA). Ok Q(A) 2iF%ET %
D, MERADFETT. DFD weak WV NIVOEFIZ2E5EZ22LERET.

On the other hand, B % commutative associtative algebra & 9% & &,

Q(B) = {\ € B| A\ =\, \ is invertivle},

Q(B) = {r € Q(B)|x = v, "u,v € Q(B)}(FRILTHU 5N T VD ADEAM)

Szy =y, Vo,y € Q(B)
LERTDH. ZOK o,y e Q(B) ITNULT S,z =z, 5,5, = Ss,,S: BEKDILD. DF
D Q(B) iFsset, {S,} Ids-map. > RILDFITT. 72720 Q(B) IF—MRIZEHL T\
WHHEMEDR H D £ 7.

MOBEPSE S D UBRRET. BATESLT LERZRORERE LTy 2R/E
EITBDMDES B3I DDEABRANEZSNET.

O (zxy)xx=xx(y*xx)=<xz,x>y, <x,y>€ base field

O [[zxyl=llz|llyl

® involution Ty =y *T % Ffb, +Z,0 +7 € base field,

z,z*x, 1(para unit) 28 L IREERRECR, 2F D oxr— (2 +T)xx+axT =0 2 28%
RNZ&729 (2% para quadratic algebra & FER) . 72720 para unit 1% 1xo =2
T9,

Z Dk ST DR SRR NEZ Z 6N b LW ET GREOHBAITLZ R0
BR) . <zy> FFERICEIFED £¥A, Z3)i, 5,k ICEVWTEr=i+j+kDEE
<z,xz>=[z|P=0%TY. Z,[\4], 2,1, V7], Zpli, ], k|, Zyler, - ,e7] (HBMK LD 2
RIE, 3IRIT, 41R7T, SIRTARE) W%, 2 & 3IFBEHOBEBKRA 2T EMTT. s Dk
B RIEROATRRE T T, HIZ Z,[/q, /] ZFR< 2W0t, 41k0T, 8 ot/ 1 & H
OB EMZ L 3. EiiE U TIX Meson & Baryon OFHT I IZE8 5 Gell- Mann
(1929-2019, quark #iFg D / —N)VEZEE) O SRR D Z, L TOMIETT ( BEY
MY OBEA AT ATRETT). ZORED 1 FHOBBEA 207~ L £7.

In future, following [K-O]( for a version of characteristic 0), we can consider the Zorn
vector matrix algebra and normal triality algebras for Z, versions of characteristic p.

§4. Tables (2 R7T, 3 RJT, 4 R7T, 8 RITTDRELDA)
ZDBETOHNITRT || zxy ||=| « ||| v || 2727, 72720 ||z ||=VaexT = /< z,0 >.

notations (FL5)
dim dim of A (A; some closed set w.r.t *)
N A=1) | HAl || A= 1}, number of elements satisfying || A ||= 1
N(Q) BIA A% A=\ and ) is invertible}, number of weak quandles
N(Q») (N(Q) —1)/2, petal number
Aut Q) automorphism group w.r.t
Trig,Qx triality group w.r.t *
Trid,Q, triality derivation w.r.t
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gi(x *y) = gj1(x) * gjs2(y), 7 =0,1,2, g; is elements of Trig. A.

di(x xy) = (dj117) *y + x = (dj42v), d; € End A, and d; is elements of Trid, A.

Qxr = {LAA} EBVWTIHINARER I NRVD, 0= (u2) *xy + 2 * (Ty) 1FRER A
WIZBWTIEEREZFFOTEEMD D, 0,4, € Im QDL E1Z EOBBRAITR D LD,

DED Q) TEHETIDTIHRLEE«EZ2LORBRADETEITENEZFIRT S.

Z, LD eg, e, €963 €465 €567 TRDEEEEHDNRY MVEHTIRORVPEZEZONE T,

<ejep>=0;5, eej=—eje;, 1,]#0,eg=1LBE epe; =¢; . TNOHDELFDFT

Z, LD 2RI, 4R5t, St AE DL LIZLTOAY NVDFIZEED 720D TT.

Zs =7/(3) | Zs[V2 Zsli, j, k] Zsler, - e
dimg, 1 2 4 8
J V1 OfER | 2 4 33 -3 37— 33
N(Q) 1 1 3x3 36
N(Qy) 0 0 4 (35 —1)/2
Aut, Q) Id Id Ss Ss
Trig,Qx Id Id Sz X S3 X S5 Sz X S3 X S5
Trid, Q) 0 (0,v2,—v2) | (0,A =X, X =X) | (0,A =X, X —))

23[61,' . 767} 0:BL\Tti, /\*A = )\ O)ﬁ‘i)\ = 1+61+62+263 /_v#’ 36 ’fﬁﬁbij— :0)

Zs =7/(5) | Zs[V2,V3] | Zsli,j, K] Zsler, - e
dimg, 1 3 4 8
IV 1 OfEE | 2 5% 6 5 —5 57— 5°
N(Q) 1 11 3x5 50 -5 +1
N(Qy) 0 5 7 53(5% —1)/2
Aut, Q) Id Sy Ss Sy
Trig,Qx Id S3 X S3 X S3 | S3 X S3 X S3 Sz X S3 X S5
Trid,Qx 0 (0,v2,—V2) | (0,A =X X =X) [ (0N =X =)

Zs[V2] i2oWwWTiddim 232, J VA 1 OtofEBIL6H, Q)= {1,2+2v2,2 —2V2},
N(Q) = 3./ N(Q)\) = 17 Aut*Q,\ = Sg, T?"Zg*Q,\ = Sg X Sg X Sg, TT’ZCZ*Q)\ = {(O,A—X,X—
N} TF. Sy 1k 3IRONFREE, Ky 1% Klein's 4 Jolt. Aut, Zs[V/2] = Ss. Trig.Zs[v/2] = Sy.

Z5[€1,"' 767} KBM‘T@Z/\:?—i—eI—i—eQ %, N(Q) 5156—53+1 1@&[/&‘;_

Z:=17/)(7) | Z:[vV3,V5] | Z]i, ], k] Ziley, - er]
dimg, 1 3 4 8
J VI 1 D% | 2 7x8 -7 7773
N(Q) 1 1 3x7 T+ 41
N(Q») 0 0 10 (7 +1)/2
Aut,Q, Id Id S S,
Trig,Qx Id Id Zy X S3 X Sz Zy X S3 X S3
Trid, Q) 0 0 (0, =X A=) | (0,A =X X —))




Z:[V3] 2oV Tiddim A2, /A1 OxoEBiE8fd, Q. = {1}, N(Q,) = 0,
Aut,Qy = Id, Trig.Q\ = Id, Trid.Q\ =0 TI. Aut,Z:;[\/3] = Zy. Trig.Z:[V3] = K,.

Zrler, - ,er] WBWTIEA=3+e; +5eg +6e3 55, NQ) &0+ 7 + 1 HFEHELET.

Remark. A weak quandle @ Q = Uyuon@Qy (QOFIES) 12817580, (A 22—
EE) D EIZ Aut,Qy ~ S5 P Qy DEHCHEH L UTERT 5. o T N(Q)) DfEE7Z
\J petal Qy D ECHBBENFEL 7.

§5. Applications (it&F)

Let (M, S,) be a s-set with s-map S, defined in section one (i.e., satisfying (3) and (4)).
We shall now define an endomorphism g € Epi(M, S,) as follows;

95z = Sgag-
Then it is said to be a s-automorphism on (M, S;), because g(z *y) = (gz) * (gy).
Ex. s-map {S,} is a s-automorphism, because S, S, = Sg,,S;.
Ex. Let (G, xy) be a group. Weset S,y = (xy)z !, then (G, S,) is a s-automorphism.

Ex. Let (G,n(x,y,z)) be a homogeneous presystem. Then by 7(a,b)c := n(a,b,c),
and n(a,a) = S,, we obtain that S, is a s-automorphism on G, because

n(a,a,n(x,z,2)) = Sen(x,x,2) = 8,82 = n(n(a,a,z),n(a,a,z),n(a,a,z)) = Ss,+52,
where we denote by n(a, a, z) = S,z.

Ex.(counter example) Following ([K-S.1]), we recall a quasi group (Qs,zy) with
the following multible table;

01234
0(413]2]11]0
113(1(0(2]|4
2101213141
3/11014]3]2
41214111013

This means that 01 =3, 10 =3, 23 =4, 32 =4, 04 =0, 40 = 2, etc., and 27! is an
element y satisfying zy = yxr = 1 for any = € Q5. Then we can define

Spy = (zy)z™

however, this S, is not s-map,i.e., (Qs,S;) is not s-set.

In final comments, we describe only the results.
Aut, (Q(Zs[v2,V3])) = S5 (if A =2+ V/3)

Aut, (QA(Z[V3,V5])) 2< Id > (if \* A= Xis only A = 1).
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Indeed, general speaking, these mean that g(z x y) = (g(z)) * (g(y)) for any element
g9 € Aut (Q:(Z,[\/q, v/])), where Sy =z xy, "z,y € Qx(Zy[\/7, V7))

Remark. If N(Q,) # 0, then we have Aut, Q) = Ss.

The details will deal in a future paper and so we will induce a concept of triality group
as a generalization of automorphisms of these subjects.

UTRIEF % B %25 2 T3 OB o I3,

BFRBURC OBE: A+ X =)D -new product O A-

rxy =71y, ZI TuaylkC D standard product, and T 72 5 Jif% (EHFEHD) 12&k->T
FEFE I NS new product x 2H5 X 7.

=2r 352 E, Affior T—fr=32r YA—HLET, ¢ OB TIE e 21
WT,

e = ei™ k3T (H 27) kD
e’ =€ x e ez xy) = () % (e¥), x,ye€C, i=+—1.

DED ¥ (=g) B x OFETHOAHMEMHTY. LETHLL, glrxy) = (g92) * (gy) B
OB ET. Xiri(zxy) = (Gmiz) xy+a* (3miy) BROIULETDT, T 2mi
W(C,x) DB EEERLET A2 THEAEY) . 2mi OHREF —2mi ZAVET.

e i (0 = %ﬂ')
7% glogal «+— local fIEZRLUTCWET. DEDROMIGHRDILE ET. « DET,
Aut(C, %) =2 S5 (symmetric group of order 3)

i.e., glxxy) = (gx) * (gy), g is the automorphism,

global relation <— local relation(corespondence)
Der(C, ) = {d € End C|d = (%)m’, n :integer}.
i.e., d(z*y) = (dx) xy+x*(dy), dis the derivation.
s D—fEfbe UT triality group (BB OILEMR) 22 5. 2%ha)=
I AR TIT D, oy = Txy (2 &> T standard product 2F 25 &, HOEGH g
NWaxy DETg(rxy) =g(x)xg(y) EUTHD LD KSR &P ATREARREBER 2 Bk S
5DONEHETY. £LT gj(:c*y) = (gj+12) * (gj42y), J =0,1,2 725 g; ZPREL 72\
EERATVWET. 7apriori”IZ« ZFRARIC xxy PO oy ZEHRT B.
BRI DGE D triality group (& 2 IRTTE KT H DIROERIZAHR D £

Trig,C = (e, €2, ¢), and Trid,C = (i0y, 0y, i03), where 0y + 0y + 05 = 0.
FH DB triality group & (Id, —1d, —1d), (—1d, Id, —1d), (~Id, —Id, Id), (Id, Id, Id)
MBEDITTHY

Trig.R = K, (Klein's group).

o DHHD S Z, IR=XFEDMHE2ERL 72D TY
(FIFBELRECE DRI — — — REETITH) .
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Z ORRIRREMGIE DR WD A Z 2RI X E B, fBRAOfifg e UTHE
WCEREO—av e LTI IR I TWAEZEE LI L2 HREASZI V. EFL L
TR EHIEARBFZ ORI ZEREEZ Z 2 A T0E T (KEEBEZRTTWET) .
X, EHEDELIAHET, MEHOHSEZ U THELHAN IV I ALEXEIZRD EULE
e, HIZENBHONEIZL Y, BT U2 DN R > THEEDRMD &, HILX
Blhb LhEEa., BEARLUEK, BFL LI

BRI, FRELUTROZ L ZRARIETWAEEEET.
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o Z,[\/q,/r] TBELTO<q<r<p, pl&RE, qr = 1(mod p), q,r IZFSTEHTHRNE
&, ZFLTN(Q) I weak quandle Q DTTOEEE T 5.

a) /A 1 DTLOMEBA p(p+1). <ipp Zp[ /7] XIEZ,[\/7] DMK

b) V1 DD p(p — 1). <=ipp Zy[\/a) 222 Zy[\/r] DETTI AT,
a) DI p+ 1 D3 DEEHLIZD) DI p — 1 A3 D = N(Q) = 2p+ 1, ThBSZ
N@) =1 TY.

o Z)i,jk] D/ VA1 DTOEBUL P —p, ELTNQ)=3p TY.

o Zyer, - ,er] DIV OITLOMEBUL " — p?,

ZFLT NQ)=p"+(1—0,3)(-1)"= (P*+ (-1)"7), 2ELEE 6,5 lEr7E 2y H—0
FTIVRTY.

DEY Zsli, j, k| 1IZBT DNV A 1D IE 24, Ax A=\ DX IEFET 5.
Zsler,ea,- ,er] IZBTD/IVA 1 DOFEIE3T -3, A« A=\ DL EFLET D
(BIAE L +e; +eg+e3MWEDITLTY).

EEIZIZU LD TR I N TV THHMOER RO b ARSI ET W
ZEET GEEANRERDNEG NS TDRETY).
FEAOMERLRDTHSE - MR LURIINERSBRVWES A FET 2 L BVETH, JbK
R e LTOPEE LTEFHFLTII W,

Remark. Z,[,/q] (ZB9 245E1% RIMS Kokyuroku vol.2104 " FHHEERL A 5 4172 2
RS ” p24-28,(2019) DRI DX EFZZETDOTERIEL T Z3 0.
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