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ABSTRACT

The main purpose of this thesis is to study several concepts describing the “non-positive

curvature” features of groups. First, we identify groups that have property (QT). Under the

framework of hierarchically hyperbolic groups, we provide new examples for property (QT), such

as residually finite Artin groups of large and hyperbolic type. Then we introduce a weaker notion

of property (QT), which we call property (PH), and study the invariance of these properties

under central extensions. Through this, we provide new examples of property (QT), including

outer automorphism groups of torsion-free one-ended hyperbolic groups. Finally, the study of

central extensions leads us to the question about when a quasimorphism on a subgroup extends

to the whole group. We establish a sufficient condition for a quasimorphism to be extendable,

which generalizes several known results and leads to many new corollaries. Among them, one

corollary shows that certain quotients of mapping class groups are hierarchically hyperbolic.
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CHAPTER 1

Introduction

Over the past few decades, geometric methods have become central in understanding infinite

groups. A paradigm of this idea is Bass–Serre theory [Ser77] back in the 1970s, which connects

the algebraic properties of a group to the geometry of its action on a tree. In the 1980s, Gro-

mov [Gro87] introduced the notion of δ-hyperbolic spaces, emphasizing the large-scale negative

curvature feature of a metric space. This broad class of spaces encompasses real hyperbolic

spaces Hn and simplicial trees. Groups acting metrically properly and coboundedly on such

spaces exhibit many desirable properties, such as Tits alternative and solvable word problem.

This class of groups is called hyperbolic groups and is “generic” among finitely presented groups

in some sense. For example, fundamental groups of closed hyperbolic manifolds, free groups,

and SLp2,Zq are all hyperbolic. However, many groups of interest—such as mapping class

groups (of surfaces), OutpFnq, and various cubical groups—are not hyperbolic but still display

hyperbolic-like features in some sense. This observation led to the introduction of acylindrically

hyperbolic groups and hierarchically hyperbolic groups.

Complementary to Gromov’s idea of “coarse geometry”, there is a large body of research

on “coarse homomorphisms” from a group to R, known as quasimorphisms or quasi-characters.

In classical character theory, homomorphisms to R detect abelian quotients and play a funda-

mental role in understanding group representations. Quasimorphisms extend this perspective

and reflect deep geometric or dynamical features of the group, even when the group has trivial

abelianization. In particular, Poincaré’s rotation number for group actions on the circle is an

example motivating the definition of a quasimorphisms. Moreover, quasimorphisms are closely

connected to bounded cohomology, another theme advocated by Gromov [Gro82].

This thesis focuses on the above two closely related directions, and can be divided into four

parts.

1.1 Property (QT) of relatively hierarchically hyperbolic

groups

As a fundamental concept in geometric group theory, a quasi-isometry is a map between two

metric spaces that respects large-scale geometry of these spaces but ignores their small-scale

details. For a finitely generated group G, quasi-isometries arise naturally since two Cayley

graphs of G with respect to two different finite generating sets are quasi-isometric to each

other.
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One of the remarkable features that makes Gromov’s hyperbolicity so powerful is its in-

variance under quasi-isometries. In particular, any geodesic space quasi-isometric to a tree is

hyperbolic. Such spaces are known as quasi-trees. A finitely generated group G is said to have

property (QT) if G acts on a finite product of quasi-trees such that the orbit map is a quasi-

isometric embedding. Since a quasi-tree has asymptotic dimension at most 1, property (QT)

is a stronger form of finite asymptotic dimension. Since Bestvina, Bromberg, and Fujiwara

[BBF21] introduced it, the study of property (QT) has received a great deal of interest. The

first goal of this thesis is to study which groups have (QT). Examples of groups with property

(QT) include

• Coxeter groups [DJ99];

• Residually finite hyperbolic groups [BBF21];

• Mapping class groups of finite-type surfaces [BBF21];

• Virtually colorable hierarchically hyperbolic groups whose associated hyperbolic spaces

are all quasi-trees [HP22] (including virtually compact special groups [BHS17b], the

genus 2 handlebody group [Che22], fundamental groups of non-geometric graph mani-

folds [HRSS24], etc.);

• Fundamental groups of compact orientable 3–manifolds whose sphere-disk decomposition

does not support either Sol or Nil geometry [HNY25];

along with their undistorted subgroups.

The last four examples in the above list are proved to have property (QT) with the help

of the projection complex techniques developed in [BBF15; BBFS19]. In particular, property

(QT) of mapping class groups strengthens [BBF15, Theorem C], which says that mapping class

groups equivariantly quasi-isometrically embeds in a finite product of hyperbolic graphs (of

finite asymptotic dimension). Counterexamples of property (QT) include certain special linear

groups [Man06; Man08], generalized Baumslag-Solitar groups with infinite monodromy [But22]

and groups with Property hereditary (NL) [BFG24]. For some basic corollaries of property (QT),

see [HNY25, §2.1&2.2]. Recently, Vergara [Ver24] proves that any finitely generated group with

property (QT) has a proper uniformly Lipschitz affine action on ℓ1 with quasi-isometrically

embedded orbits.

As a generalization of the Masur–Minsky machinery [MM99; MM00], hierarchically hyper-

bolic groups [BHS17b; BHS19], abbreviated as HHGs, have become an important bridge between

mapping class groups, cubical groups, and many other nonpositively-curved groups. A list of

papers in this field can be found in [HRSS24]. Coarsely speaking, an HHG is a finitely gener-

ated group G whose geometry can be recovered from G–equivariant projections to a specified

(infinite) collection of hyperbolic spaces. As shown in [BHS17a], HHGs have finite asymptotic

dimension. A natural question is

Question 1.1.1. Which HHGs have property (QT)?

The following is a collection of applications in Section 3.6. These results are new except for

mapping class groups.
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Theorem 1.1.2. The following groups have property (QT).

• Mapping class groups of finite-type surfaces;

• Residually finite admissible graphs of groups;

• Residually finite hyperbolic–2–decomposable groups with no distorted elements;

• Residually finite Artin groups of large and hyperbolic type;

Moreover, the (QT) embeddings for the above groups are quasi-median.

In application, we also consider a slightly stronger property, which we call property (QT’).

A group G has property (QT’) if G has property (QT) with respect to a finite product of

quasi-trees
śn

i“1 Ti and the G–action on
śn

i“1 Ti is diagonal. By [HNY25, Theorem 1.5], if

a residually finite group G is relatively hyperbolic such that every peripheral subgroup has

property (QT’), then G has property (QT). Without ambiguity, we also say a G–action on a

metric space X has property (QT’) if G acts diagonally on a finite product of quasi-trees
śn

i“1 Ti

and X admits a G-equivariant quasi-isometric embedding into
śn

i“1 Ti. In particular, if X itself

is a finite product of quasi-trees, then any diagonal action on X has property (QT’). We prove

the following invariance of property (QT’) under graph products.

Theorem 1.1.3. [Theorem 3.6.10] Any graph product of groups with every vertex group having

property (QT’) still has property (QT’).

1.2 Property (PH)

Similar to property (QT’), a (not necessarily finitely generated) group G is said to have property

(PH’) (standing for proper diagonal actions on finite products of hyperbolic spaces) if there exist

finitely many hyperbolic spaces X1, ¨ ¨ ¨ , Xn on which G acts coboundedly such that the diagonal

action of G on the product
śn

i“1Xi equipped with ℓ1-metric is proper. When n “ 1, this notion

coincides with the definition of word-hyperbolicity. To obtain a commensurability invariant, we

say a group G has property (PH) if it virtually has property (PH’), i.e. G contains a finite-index

subgroup G0 which has property (PH’). With a result of Button [But22], it is not hard to see

that a finitely generated group with property (QT) has also property (PH) (cf. Lemma 4.0.2).

Alternatively, there is another equivalent definition of property (PH’). For every group G,

Abbott-Balasubramanya-Osin [ABO19] defined the set of hyperbolic structures on G, denoted

by HpGq, which consists of equivalence classes of (usually infinite) generating sets of G such

that the corresponding Cayley graph is hyperbolic; two generating sets of G are equivalent

if the corresponding word metrics on G are bi-Lipschitz equivalent. We denote by rSs the

equivalence class of a generating set S of G and GpG,Sq the Cayley graph of G with respect

to S. Then by the classical Svarc-Milnor lemma, a group G has property (PH’) if there exist

finitely many hyperbolic structures rS1s, . . . , rSns P HpGq such that the diagonal action of G

on the product
śn

i“1 GpG,Siq equipped with ℓ1-metric is proper. One reason to relate property

(PH’) with hyperbolic structures is that only the set of hyperbolic structures cannot distinguish

3



PH

PH’ QT

QT’

Figure 1.1: The inclusion relationship between properties (PH), (PH’), (QT) and (QT’).

the Heisenberg group from the free abelian group Znpn ě 2q while property (PH’) can (cf.

§4.4.1).
Another motivation of property (PH) comes from the study of uniform exponential growth

by Wan and Yang in [WY25]. They proved that if a group G has property (PH) and there is a

well-behaved system of quasi-geodesics, then G has locally uniform exponential growth. If we

only assume property (PH), then there is a weaker conclusion stating that G is either virtually

abelian or has exponential growth (cf. Corollary 4.3.4).

The second goal of this thesis is to initiate the study of property (PH) of groups. As

applications, we will give a characterization of 3-manifold groups with property (PH) and derive

more examples of finitely generated groups with property (QT). We say that a virtually abelian

group G has rank r if G contains a finite-index subgroup G0 which is isomorphic to Zr. A group

is called FZ if it has a finite-index center. First, we characterize the “simplest” class of groups

with property (PH’).

Theorem 1.2.1. Suppose a group G has property (PH’) from orientable lineal actions G ñ

L1, ¨ ¨ ¨ , G ñ Lm. Then G is a finitely generated FZ group of rank r ď m. Moreover, a group

has property (PH) from lineal actions if and only if it is finitely generated and virtually abelian.

As we know, word-hyperbolicity of finitely generated groups is a quasi-isometry invariant,

and property (QT) is a commensurability invariant [BBF21] but not a quasi-isometry invariant

[But22]. By a result of Button [But22], a finitely generated group with property (QT) virtually

has property (QT’). See Figure 1.1 for an illustration of relations between properties (PH),

(PH’), (QT) and (QT’). The following proposition provides examples that help to clarify this

illustration.

Proposition 1.2.2.

1. The Heisenberg group H has an isomorphic set of hyperbolic structures to the free abelian

group Znpn ě 2q. However, Zn has property (PH’) while H does not.

2. The (3,3,3)-triangle group T “ xa, b, c | a2 “ b2 “ c2 “ pabq3 “ pbcq3 “ pac3q “ 1y has

property (QT) but no property (PH’). In particular, neither property (PH’) nor (QT’) is

a commensurability invariant.
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3. The solvable Baumslag-Solitar group BSp1, nq “ xa, t | tat´1 “ any has property (PH’)

but no property (QT) for n ě 2. In particular, the class of finitely generated groups with

property (QT) (resp. (QT’)) is strictly contained in the class of groups with property (PH)

(resp. (PH’)).

Finally, we consider the invariance of property (PH’) under graph products. Recall that any

graph product of groups with every vertex group having property (QT’) has property (QT’)

(Theorem 1.1.3). By using a similar method, we will obtain an analogous result for property

(PH’). Without ambiguity, we say that an action of a group G on a metric space X has property

(PH’) if G acts diagonally on a finite product of hyperbolic spaces
śn

i“1Xi and X admits a

G-equivariant coarsely controlled map to
śn

i“1Xi. Note that if X itself is a finite product of

hyperbolic spaces, then any diagonal action on X has property (PH’).

Theorem 1.2.3. Let pG,Sq be a colorable relative HHG. If for every domain U P S that is

nesting-minimal, the action of StabGpUq on CU has property (PH’), then G has property (PH’).

Any graph product of finitely generated groups is hierarchically hyperbolic relative to its

vertex groups by [BR22]. Moreover, it is easy to see from the definition that this relative HHG

structure is colorable. Similarly to Theorem 1.1.3, we obtain the following corollary.

Corollary 1.2.4. Any graph product of finitely generated groups with every vertex group having

property (PH’) still has property (PH’).

Let M be a connected, compact, orientable 3-manifold. As shown in [HNY25, Theorem 1.1],

the fundamental group π1pMq has property (QT) if and only if no summand in the sphere-disk

decomposition of M supports either Sol or Nil geometry. We will see later that a nilpotent

group cannot have property (PH’) unless it is virtually abelian (cf. Corollary 4.3.4) and the

fundamental group of Anosov mapping tori has property (PH’) (cf. Proposition 4.4.6). Together

with Corollary 1.2.4, we have

Theorem 1.2.5. Let M be a connected, compact, orientable 3-manifold. If no summand in the

sphere-disk decomposition of M supports Nil geometry, then π1pMq has property (PH).

1.3 Central extensions

The next goal of this thesis is to investigate the invariance of property (PH’), (PH), (QT’) or

(QT) under central extensions.

Let

1 Ñ Z
ι

ÝÑ E
π
ÝÑ G Ñ 1. (1.1)

be a central extension of groups, where Z is finitely generated. Any such extension defines a

cohomology class rωs P H2pG,Zq, called the Euler class (see Section 2.4). We say that a class

rωs P H2pG,Zq is bounded if it lies in the image of the comparison map H2
b pG,Zq Ñ H2pG,Zq,

i.e. if it can be described by a bounded cocycle. Our main results are:

Theorem 1.3.1. For the central extension (1.1), E has property (PH’) (resp. (PH)) if and

only if G has property (PH’) (resp. (PH)) and the Euler class is bounded.
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Theorem 1.3.2. For the central extension (1.1) with G (hence, E) being finitely generated,

E has property (QT’) (resp. (QT)) if and only if G has property (QT’) (resp. (QT)) and the

Euler class is bounded.

Recently, Fournier-Facio, Mangioni, and Sisto obtained an analogous result in [FMS25] which

states that the hierarchical hyperbolicity of groups is preserved under central extensions with

bounded Euler classes.

Since any central extension of a hyperbolic group has a bounded Euler class [NR97, Theorem

3.1], it follows directly from Theorem 1.3.1 that

Corollary 1.3.3. Let E be a central extension of a hyperbolic group. Then E has property

(PH’).

Moreover, in [BBF15], Bestvina-Bromberg-Fujiwara show that residually finite hyperbolic

groups have property (QT). Thus, as a result of Theorem 1.3.2,

Corollary 1.3.4. Let E be a central extension of a residually finite hyperbolic group. Then E

has property (QT).

We remind the readers that it is still an open conjecture that all hyperbolic groups are

residually finite.

Let Σ be a finite-type surface. In [BBF21], Bestvina-Bromberg-Fujiwara show that the

mapping class group MCGpΣq has property (QT). Considering the capping sequence of mapping

class groups, which is a central extension with a bounded Euler class, we can prove

Corollary 1.3.5 (Corollary 5.3.1). MCGpΣq has property (QT) for any finite-type surface Σ

with boundary. In particular, braid groups have property (QT).

Corollary 1.3.6 (Corollary 5.3.2). Let Σ be a finite-type surface. The stabilizer in MCGpΣq

of any multicurve on Σ has property (QT).

Another corollary is about the outer automorphism group OutpGq of a one-ended hyper-

bolic group G. The group OutpGq was initially studied by Rips and Sela. In particular, Sela

[Sel97] gave a precise description of OutpGq using mapping class groups and central extensions,

assuming G is torsion-free. As a corollary, we show that

Corollary 1.3.7 (Corollary 5.3.5). OutpGq has property (QT) for any one-ended torsion-free

hyperbolic group G.

In the end of this section, we remark that there are many counterexamples of property (PH)

and (PH’). In [BFG24], a group G is said to have property (NL) if no isometric actions of G on

a hyperbolic space admits a loxodromic element. Moreover, if all of the finite-index subgroups

of G have property (NL), G is said to have property hereditary (NL). Any infinite group G with

property (NL) does not have property (PH’). Indeed, the orbit of G on any hyperbolic space is

bounded, which shows that G cannot act properly on a finite product of hyperbolic spaces. As

a corollary, any infinite group with property hereditary (NL) does not have property (PH). We

refer the readers to [BFG24] for examples of groups satisfying property (hereditary) (NL).
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1.4 Extension of quasimorphisms

Let G be a group. A function φ : G Ñ R is called a quasimorphism if its defect

Dpφq :“ sup
g,hPG

|φpgq ` φphq ´ φpghq|

is finite. Quasimorphisms are closely connected to bounded cohomology of groups and have been

studied for a long time within geometric group theory and symplectic geometry. They also have

substantial connections to low-dimensional topology and group actions on the circle (see [Cal09;

PR14; Fri17; KKM19]). Many fundamental constructions arise as extensions of quasimorphisms

on certain subgroups to the whole group (e.g. Brooks quasimorphisms on mapping class groups

and surface diffeomorphism groups [BF02; BHW22], Calabi quasimorphisms on Hamiltonian

diffeomorphism groups of symplectic manifolds [EP03; Py06]). The last goal of this thesis is to

study the following natural but delicate problem:

Question 1.4.1. Given a subgroup K ă G and a quasimorphism φ on K, when and how can

φ be extended to a quasimorphism on G?

A remarkable answer to Question 1.4.1 was obtained by Hull and Osin.

Theorem 1.4.2. [HO13] If K is a hyperbolically embedded subgroup of G, then any antisym-

metric quasimorphism on K extends to G.

In fact, Hull and Osin proved the theorem for 1-quasicocycles with more general coefficients.

Later, their result has been generalized to higher-dimensional quasicocyles by Frigerio, Pozzetti,

and Sisto [FPS15]. As an application, they prove that the third bounded cohomology of an

acylindrically hyperbolic group is infinite-dimensional.

On the other hand, Kawasaki, Kimura, Maruyama, Matsushita, and Mimura have a series

of work studying Question 1.4.1 for K being a normal subgroup of G. We refer to the survey

[KKMMM24] and the more recent paper [KKMMM25a] as an update. As a notable extrinsic

application, four of them [KKMM23] showed the vanishing of the cup product of the fluxes

of commuting symplectomorphisms for any closed oriented surface of genus at least two by

examining the extendability of certain Calabi quasimorphisms. Note that an infinite normal

subgroup cannot be hyperbolically embedded [DGO17, Proposition 4.33]. Therefore, their work

addresses entirely different situations from Theorem 1.4.2. As we will see, one advantage of our

result is that Theorem 1.4.3 applies to both.

Let X be a (symmetric) relative generating set of G with respect to K. Let ΓpG,K \

Xq be the Cayley graph of G with respect to the generating set K \ X. In this thesis, we

introduce a new concept, which we call pG,Xq-controlled quasimorphisms. Roughly speaking,

a quasimorphism φ on K is pG,Xq-controlled if the φ-value of the product of all K-letters

appearing in a cycle of length L in ΓpG,K \ Xq is bounded by a function with respect to L.

We refer the reader to Definition 6.3.1 for the precise definition.

Let QaspKq be the set of all antisymmetric quasimorphisms on K, and let QaspKqG be its

subset of all G-quasi-invariant ones. Our main theorem is as follows.
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Theorem 1.4.3. Assume that ΓpG,K \ Xq is δ-hyperbolic for some constant δ ě 0. Let φ P

QaspKq. Then φ extends to a quasimorphism Φ P QaspGq if φ is pG,Xq-controlled. Moreover,

if φ is linearly pG,Xq-controlled with a constant C0 ą 0, then DpΦq ď MC0 ` MDpφq, where

M is a constant only depending on δ.

By definition of hyperbolically embedded subgroups (Definition 6.2.4) and Proposition 6.3.6,

if K is hyperbolically embedded in G, then there exists a relative generating set X such that

the assumption of Theorem 1.4.3 is satisfied. Thus, Theorem 1.4.3 implies Theorem 1.4.2

directly. Furthermore, the proof we give in this thesis is much simpler than that in [HO13].

Being pG,Xq-controlled is an appropriate assumption for extendability, because it is necessary

in many situations.

Lemma 1.4.4 (Lemma 6.3.3). If G is generated by K and a finite set X, then an extendable

quasimorphism on K must be linearly pG,Xq-controlled.

In [KKMMM25b, Theorem 1.9], Kawasaki, Kimura, Maruyama, Matsushita, and Mimura

give a sufficient condition on extendability of invariant quasimorphisms on a normal subgroup.

It is required that the quotient group has trivial bounded cohomology in lower degree. In

contrast to their result, Theorem 1.4.3 gives the following corollary, which is a special case of

Corollary 6.5.5.

Corollary 1.4.5. Let G be a group and K a normal subgroup. If G{K is hyperbolic, then any

φ P QaspKqG extends to G.

For group-theoretic Dehn filling, we obtain the following.

Theorem 1.4.6 (Theorem 6.5.8). Let H be a hyperbolically embedded subgroup of G. There

exists a finite subset F Ă H ´ t1u such that the following holds. Let N ◁H be a subgroup such

that N X F “ H. Let K be the normal closure of N in G. Let φ P QaspKqG. If there exists a

transversal L of N in H such that the restricted quasimorphism φ|N is pH,Lq-controlled, then

φ extends to G.

By applying Theorem 1.4.6 to mapping class groups, we obtain new examples of hierarchically

hyperbolic groups, and thus answer a question asked by Fournier-Facio, Mangioni, and Sisto

[FMS25, Question 4.2].

Corollary 1.4.7 (Corollary 6.5.11). Let Σ be a finite-type surface with boundary. Let g be a

pseudo-Anosov mapping class of Σ. There exists N ě 1 such that the following holds. For any

k P N, let K be the normal closure of gkN in G. The quotient group MCGpΣq{K is hierarchically

hyperbolic.

Motivated by [HO13] and [FPS15], we ask the following question.

Question 1.4.8. Can Theorem 1.4.3 be generalized to quasicocycles with more general coeffi-

cients or of higher degree in some sense?
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Structure of the thesis

In Chapter 2, we recall some basic concepts in geometric group theory that we need. Chapters

3 to 6 correspond to the above Sections 1.1 to 1.4, respectively.

Chapter 3 is based on the paper [Tao24]. We introduce the BBF projection system and

provide a sufficient condition for a hierarchically hyperbolic group to have property (QT). We

apply it to recover some known examples and also obtain new examples of property (QT).

Chapters 4 and 5 are based on the paper [TW25] joint with Wan. In Chapter 4, we introduce

property (PH) and use quasimorphisms to characterize groups with property (PH) from lineal

actions. We also study some basic examples and non-examples. In Chapter 5, we obtain

the invariance of (QT) and (PH) under certain central extensions. We use it to provide new

examples of (QT).

Chapter 6 is based on the paper [Tao25] and is devoted to the extension problem of quasimor-

phisms. We obtain a sufficient condition for a quasimorphism to be extendable and show how

this problem relates with central extensions. We also apply our result to obtain new examples

of hierarchically hyperbolic groups.
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CHAPTER 2

Preliminaries

2.1 δ-hyperbolic spaces and group actions

Let pX, dXq and pY, dY q be two metric spaces. Throughout this thesis, a “map” between X and

Y may refer to a coarse map, which sends each point to a uniformly bounded subset rather than

a single point. All statements involving such maps are meant in the strongest sense, i.e. they

hold for all choices of representatives. We will also denote dXpx1, x2q by |x1 ´ x2|X , or simply

|x1 ´ x2| if X can be inferred from the context.

Given constants λ ě 1, µ ě 0, we say that a coarse map f : X Ñ Y is

• pλ, µq-coarsely Lipschitz if

dY pfpx1q, fpx2qq ď λdXpx1, x2q ` µ

for any x1, x2 P X.

• a pλ, µq-quasi-isometric embedding if

1

λ
dXpx1, x2q ´ µ ď dY pfpx1q, fpx2qq ď λdXpx1, x2q ` µ

for any x1, x2 P X.

• µ-coarsely surjective if every point of Y is within the µ-neighborhood of the image of f .

• a pλ, µq-quasi-isometry if f is a pλ, µq-quasi-isometric embedding and is µ-coarsely surjec-

tive.

Alternatively, f is a pλ, µq-quasi-isometry if f is a pλ, µq-quasi-isometric embedding and there

exists a quasi-inverse f´1 : Y Ñ X such that |f ˝ f´1pyq ´ y| ď µ for all y P Y . When such a

map exists, the two spaces X and Y are said to be quasi-isometric.

Let I Ă R be a (possibly unbounded) interval. We write I´ and I` to mean its left

endpoint and right endpoint, respectively. A pλ, µq-quasi-isometric embedding γ : I Ñ X is

called a (parametrized) pλ, µq-quasi-geodesic in X. A coarse map γ : I Ñ X is called an

unparametrized pλ, µq-quasi-geodesic if there is a strictly increasing function f : I Ñ I with

fpI´q “ I´, fpI`q “ I` such that γ ˝ f is a pλ, µq-quasi-geodesic. We will not distinguish

between a quasi-geodesic and its image in X. For simplicity, a pλ, λq-quasi-geodesic will be

called a λ-quasi-geodesic.
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Definition 2.1.1. A geodesic metric space is called δ-hyperbolic (or simply, hyperbolic) for

a constant δ ě 0 if for any geodesics α, β, γ that form a triangle, α is contained in the δ-

neighborhood of β Y γ.

Example 2.1.2. The following metric spaces are hyperbolic.

• Real hyperbolic spaces Hn.

• Simplicial trees with the graph metric.

If X is δ-hyperbolic and Y is pλ, µq-quasi-isometric to X, then it is known that Y is δ1-

hyperbolic, where δ1 depends on δ, λ, µ. A quasi-tree (resp. quasi-line) is a geodesic space

quasi-isometric to a simplicial tree (resp. real line). In particular, a quasi-tree is a hyperbolic

space and has asymptotic dimension at most 1. A subspace Y Ă X is σ-quasi-convex for some

constant σ ě 0 if any geodesic between two points in Y stays within the σ-neighborhood of Y .

It is known that any σ-quasi-convex subspace of a δ-hyperbolic space is δ2-hyperbolic, where δ2

depends on δ, σ.

Let X be a hyperbolic space. Two quasi-geodesic rays in X are said to be asymptotic if

the Hausdorff distance between them is finite. Being asymptotic is an equivalence relation on

quasi-geodesic rays. The Gromov boundary of X, denoted by BX, is defined to be the set of

asymptotic classes of quasi-geodesic rays in X.

By Gromov [Gro87], the isometries of a hyperbolic space X can be divided into three classes.

An element g P IsompXq is called elliptic if some xgy-orbit is bounded. Otherwise, it is called

loxodromic (resp. parabolic) if it has exactly two fixed points (resp. one fixed point), denoted by

g`, g´, on the Gromov boundary BX of X. Alternatively, an isometry g : X Ñ X is loxodromic

if and only if the xgy-orbit n ÞÑ gno is a quasi-geodesic for some (equivalently, for any) o P X.

Throughout this thesis, group actions on metric spaces are always by isometries if not oth-

erwise specified. Let X be a hyperbolic space and G be a group acting on X. Let o P X be a

basepoint. The limit set of G is defined by ΛXG “ Go X BX, and is independent of the choice

of the basepoint. When X can be inferred from the context, we can simplify the notation as

ΛG.

According to Gromov [Gro87], all isometric group actions on hyperbolic spaces can be clas-

sified into the following five types:

1. elliptic if the orbit is bounded;

2. horocyclic if it has no loxodromic element;

3. lineal if it has a loxodromic element and any two loxodromic elements have the same fixed

points in Gromov boundary;

4. focal if it has a loxodromic element, is not lineal and any two loxodromic elements have

one common fixed point;

5. of general type if it has two loxodromic elements with no common fixed point.
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The first three actions are called elementary. It is easy to see that the orbit of a lineal action

is a quasi-line. A lineal action is called orientable if no group element permutes the two limit

points of this action.

Assume that there exists a loxodromic element g P G. Given constants λ ě 1, µ ě 0, a

pλ, µq-quasi-geodesic γ Ă X is called a pλ, µq-quasi-axis for g if γ is g-invariant. The elementary

closure of g in G, ECGpgq, is defined as the subgroup of G that stabilizes γ up to bounded

Hausdorff distance. If G can be inferred from the context, we can simplify the notation as

ECpgq. Equivalently, ECpgq is the stabilizer of the set g˘. Thus, the elementary closure does

not depend on the choice of γ. Every element that commutes with g is contained in ECpgq

(including powers and roots), but there may be other elements.

Definition 2.1.3. Let pX, dq be a metric space. A group action G ñ X is said to be

• (metrically) proper if for any x P X and any R ą 0, the set tg P G | dpx, gxq ď Ru is

finite.

• cobounded if there exists a bounded subspace B Ă X such that G ¨B “ X.

• geometric if it is proper and cobounded.

• acylindrical if for any r ě 0, there exist constants R,N ě 0 such that for any pair a, b P X

with dpa, bq ě R, we have

#
␣

g P G | dpga, aq ď r and dpgb, bq ď r
(

ď N.

Example 2.1.4. Let G be a group that has a finite generating set S. Then the natural G-action

on the Cayley graph ΓpG,Sq is geometric.

It is easy to see that a geometric action must be acylindrical. A hyperbolic group is defined

as a group that acts geometrically on a hyperbolic space. Hyperbolic groups satisfy a particular

Tits alternative, which means that a hyperbolic group G is either virtually cyclic (i.e. G has

a finite-index subgroup that is cyclic) or contains a non-abelian free subgroup. We say that a

group is elementary if it is virtually abelian. As a generalization of non-elementary hyperbolic

groups, an acylindrically hyperbolic group is defined as a group that admits a non-elementary

acylindrical action on a hyperbolic space.

Let X be a hyperbolic space and G be a group acting acylindrically on X with a loxodromic

element g. Some basic properties of this kind of actions can be found in [Osi16]. In this case, the

elementary closure ECpgq is the unique maximal virtually cyclic subgroup of G that contains g

[DGO17, Lemma 6.5]. Moreover, ECpgq has a subgroup of index at most 2 that is a centralizer

of a large power of g in G [DGO17, Corollary 6.6].

In this thesis, we will consider group actions with a large kernel, in which case the action

cannot be acylindrical. As in [BBF21], an action G ñ X is said to have acylindrical image if

the image of G in the isometry group of X is acylindrical.

Let X,Y be metric spaces. We say a map f : X Ñ Y is coarsely controlled if f is metrically

proper and there exists a function ρ` : r0,8q Ñ r0,8q such that

dY pfpxq, fpyqq ď ρ`pdXpx, yqq
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for any x, y P X. This is the same as the “coarse map” defined by [NY23b, Definition 1.4.1],

but we change the name to avoid the ambiguity. For example, if a finitely generated group G

acts properly on a metric space X, then the orbit map is coarsely controlled.

2.2 (Relatively) hierarchically hyperbolic groups

In this thesis, we deal with (relatively) hierarchically hyperbolic spaces and (relatively) hierar-

chically hyperbolic groups. For simplicity, we abbreviate them as (relative) HHSes and (relative)

HHGs. Briefly speaking, a relative HHS pX ,Sq consists of a quasi-geodesic space X , an index

set S, a collection of geodesic spaces tpCU, dU q | U P Su, and a constant E ą 0 that satisfy

several axioms. A full definition can be found in [BHS19, Definition 1.1, 1.21] (see also [BHS17a]

for a further study). For simplicity, we collect only necessary information that we need in the

following.

• An element U P S is called a domain of X . S has a partial order Ď (called nesting)

and a symmetric relation K (called orthogonality). If U Ď V (resp. U K V ), we say that

U is nested in V (resp. U is orthogonal to V ). These two relations are required to be

mutually exclusive. For any two elements that are neither comparable under the partial

order nor mutually orthogonal, they are defined to be mutually transversal and we denote

this relation by &. By SU (respectively, S˝
U ) we denote the set of all domains nested

(respectively, properly nested) in U .

• There is a unique Ď-maximal element S in S and a uniform bound on the length of Ď-

chains inS, called the complexity of pX ,Sq. The level ℓpV q of V P S is defined inductively

as follows. If V is Ď-minimal then we define ℓpV q “ 1. The element V has level k ` 1 if

k is the maximal integer such that there exists U Ĺ V with ℓpUq “ k.

• For HHSes, there is a set tpCU, dU q : U P Su of uniformly hyperbolic spaces and a set of

uniformly coarsely Lipschitz and coarsely surjective maps πU : X Ñ CU for all U P S. For

relative HHSes, the complexity is at least 2. If U is Ď–minimal, CU is not required to be

hyperbolic. This is the only difference between HHSes and relative HHSes in definition.

• For U Ĺ V or U&V , there is a E-bounded set ρUV Ă CV .

• For U Ĺ V , there is a coarse map ρVU : CV Ñ CU .

• Whenever V Ď W and W K U , we require that V K U .

• (Orthogonal containers) For each T P S and each U P ST for which tV P ST | V K Uu ‰

H, there exists W P S˝
T , so that whenever V K U and V Ď T , we have V Ď W . We say

that W is an orthogonal container of U in T if W is a Ď-minimal element satisfying the

above property. Let contK
TU denote the set of all orthogonal containers of U in T . If T is

the maximal element of S, then we suppress it from the notation and write contKU . We

denote SK
U “ tV P S | V K Uu Y tAu, where A is an arbitrary element of contKU .
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• (Consistency) For every x P X, the tuple pπU pxqqUPS is κ0-consistent (defined below). If

U Ď V , then dW pρUW , ρ
V
W q ď κ0 whenever W P S satisfies either V Ĺ W or V&W and

U M W .

• (Bounded geodesic image) There exists E ą 0 such that for all W P S, all V P S˝
W , and

all x, y P X so that some geodesic from πW pxq to πW pyq stays E-far from ρVW , we have

dV pπV pxq, πV pyqq ď E. We will refer this property as BGI in this thesis.

Definition 2.2.1 (κ-consistent tuple). For a number κ ě 0, let b⃗ “ pbU qUPS P
ś

UPS 2CU be a

tuple such that every set bU has diameter at most κ. We say that b⃗ is κ-consistent if

min
␣

dU pbU , ρ
V
U q, dV pbV , ρ

U
V q

(

ď κ whenever U&V, and

min
␣

dV pbV , ρ
U
V q, diamU pbU Y ρVU pbV qq

(

ď κ whenever U Ĺ V.

In application, we always take E to be the greatest constant in all coarseness from the above

list (see [BHS19, Remark 1.6] for discussions on these constants). For the rest of this section,

let pX ,Sq be a relative HHS.

Notation. Given x, y P X , we write dU px, yq to mean dU pπU pxq, πU pyqq. If U&V or U Ĺ V ,

then we write dV px, ρUV q to mean dV pπV pxq, ρUV q.

Notation. Given A,B ě 0, we define a threshold function by

ttAuuB “

#

A if A ě B

0 otherwise.

Notation. Given two functions f, g : X Ñ R and A,B ą 0, we write f ĺpA,Bq g to mean

fpxq ď Agpxq `B

for any x P X. We write f —pA,Bq g to mean

1

A
gpxq ´B ď fpxq ď Agpxq `B

for any x P X. Sometimes we omit the constants to mean that the inequality holds for some

constants.

The powerful Masur–Minsky distance formula [MM00] shows that the distance between

points in a mapping class group is coarsely the sum of the distances between the projections of

these points to the curve graphs of all subsurfaces. Like mapping class groups, relative HHSes

also satisfy a Masur–Minsky-style distance formula.

Theorem 2.2.2 (Distance formula). [BHS19, Thm. 6.10] There exists s0 such that for all

s ě s0 there exists a constant C ą 0 such that for all x, y P X ,

dX px, yq —pC,Cq

ÿ

WPS

ttdW px, yquus .
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Closely related to the distance formula is the existence of hierarchy paths.

Definition 2.2.3 (Hierarchy path). A pD,Dq-quasi-geodesic γ Ă X is a D-hierarchy path if

πU pγq is an unparametrized pD,Dq-quasi-geodesic for each U P S.

Theorem 2.2.4 (Existence of hierarchy paths). [BHS19, Thm. 6.11] There exists D0 such that

any two points in X are joined by a D0-hierarchy path.

Remark 2.2.5. Let γ be aD-hierarchy path connecting x and y. By the construction of hierarchy

paths in [BHS19], πU pγq is contained in the D-neighborhood of a geodesic connecting πU pxq

and πU pyq. If CU is hyperbolic, this is easy to see from Morse Lemma. Otherwise, this deserves

its own mention.

There is an important class of subspaces in relative HHSes. We will consider them in Section

3.3.

Definition 2.2.6 (Standard product region, standard nested region, standard orthogonal re-

gion). Given U P S. Fix κ ě κ0. Let FU be the set of κ-consistent tuples in
ś

V PSU
2CV . Let

EU be the set of κ-consistent tuples in
ś

V PSK
U´tAu 2

CV . Let PU “ FU ˆ EU . We can define a

coarse map ϕU : PU Ñ X as follows.

For each p⃗a, b⃗q P FU ˆ EU , and each V P S, define the coordinate pϕU p⃗a, b⃗qqV as follows. If

V Ď U , then pϕU p⃗a, b⃗qqV “ aV . If V K U , then pϕU p⃗a, b⃗qqV “ bV . If V&U , then pϕU p⃗a, b⃗qqV “

ρUV . Finally, if U Ĺ V , let pϕU p⃗a, b⃗qqV “ ρUV . We can check that the tuple ϕU p⃗a, b⃗q is κ-consistent,

and thus the realization theorem [BHS19, Theorem 3.1] supplies the map ϕU : PU Ñ X (see

[BHS19, §5B] for more details).

For convenience, we do not distinguish between PU and its image in X . We call PU the

standard product region. By choosing any copy of FU in the direct product, ϕU restricts to a

coarse map ϕĎ : FU Ñ X . We also define ϕK : EU Ñ X in the same way. We call FU and EU

the standard nested region and the standard orthogonal region, respectively.

Remark 2.2.7. By definition, FU , EU and PU depend on the constant κ. In this thesis, we

simply fix any κ ě κ0 and do not mention it again.

It is known that pFU ,SU q, pEU ,S
K
U q are both relatively hierarchically hyperbolic. By def-

inition of FU , EU and PU , there are natural retractions from X to these subspaces. We call

such a map a gate map. Take FU for example. We denote the gate map to FU by gFU
. For all

x P X and all V P S such that CV is hyperbolic, πV pgFU
pxqq uniformly coarsely coincides with

the closest point projection of πV pxq to the quasi-convex subset πV pFU q. In fact, gate maps can

be defined for all “hierarchically quasi-convex” subspaces, which is a larger class of subspaces

of relative HHSes (see [BHS19, §5] for HHSes).
For any (relative) HHS pX ,Sq, an automorphism is a bijection g from pX ,Sq to itself such

that the following hold.

1. The relations Ď,K,& are preserved by g.

2. For every U P S, there is an isometry g˚
U : CU Ñ CgU such that πgU pgxq “ g˚

U pπU pxqq for

any U P S and x P X .
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3. ρgUgV “ g˚
V pρUV q for any U, V P S with U Ĺ V or U&V .

All automorphisms of pX ,Sq form a group AutpSq, which we call the automorphism group

of pX ,Sq.

Definition 2.2.8 ((Relatively) hierarchically hyperbolic groups). A finitely generated group

G is (relatively) hierarchically hyperbolic if there exists a (relatively) hierarchically hyperbolic

space pX ,Sq and an action G Ñ AutpSq such that the action G ñ X is geometric and the

induced action on S is cofinite.

Note that ifG is (relatively) hierarchically hyperbolic by virtue of its action on the (relatively)

hierarchically hyperbolic space pX ,Sq, then pG,Sq is a (relatively) hierarchically hyperbolic

structure with respect to any word-metric on G.

Let AutpS;V q be the group of automorphisms g P AutpSq such that g ¨ V “ V . Then

there is a restriction homomorphism θV : AutpS;V q Ñ AutpSV q defined as follows. Given

g P AutpS;V q, let θV pgq act like g on the substructure SV . For a group G ă AutpSq, we write

StabGpV q to mean GX AutpS;V q and write GV to mean the image of StabGpV q under θV .

For many HHGs (for example, the case of mapping class groups), every GV acts acylindrically

on CV . However, not all HHGs have this property [DHS20].

Definition 2.2.9 (colorability). Let pG,Sq be a relative HHG. Let S1 Ă S be a G-invariant

subset. We say S1 is colorable if, S1 admits a decomposition S1 “
Ůχ

i“1S
1
i into finitely many

G-invariant families S1
i such that any two domains in the same family are transverse. Such

a decomposition is called a coloring of S1. We say a relative HHG pG,Sq is colorable if S is

colorable.

The notion of colorability is formalized in [DMS23; HP22]. There are many classes of (vir-

tually) colorable HHGs, as listed in the above papers. In particular, a coloring is constructed

for (a finite-index subgroup of) a mapping class group in [BBF15, §5], from which the notion

comes. However, one cannot expect that all HHGs are virtually colorable [Hag23]. Nevertheless,

[HP22, Prop. 3.2] provides a sufficient condition for an HHG to be virtually colorable.

Remark 2.2.10. In this thesis, we only concern unbounded domains, i.e. domains with un-

bounded associated hyperbolic spaces. As an abuse of terminology, we say a relative HHG

pG,Sq is colorable if the collection of unbounded domains is colorable.

2.3 Quasimorphisms

Let G be a group. Recall from Section 1.4 that a function ϕ : G Ñ R is called a quasimorphism

if its defect

Dpϕq :“ sup
g,hPG

|ϕpgq ` ϕphq ´ ϕpghq|

is finite. A quasimorphism ϕ on G is

• antisymmetric if ϕpg´1q “ ´ϕpgq for any g P G.

• homogeneous if ϕpgnq “ nϕpgq for any n P Z and any g P G.
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Denote the set of all quasimorphisms on G by Q̂pGq. We write QaspGq (resp. QpGq) to mean

the set of all antisymmetric (resp. homogeneous) quasimorphisms on G.

Remark 2.3.1. It is well-known [Cal09, Lemma 2.21] that the homogenization of a quasimor-

phism ϕ defined by

φpgq “ lim
nÑ8

ϕpgnq

n

is a homogeneous quasimorphism, so that }ϕ ´ φ}8 bounded above by Dpϕq. Moreover, we

have an estimate Dpφq ď 2Dpϕq (see [Cal09, Corollary 2.59]). A homogeneous quasimorphism

φ is a class function: φpgq “ φphgh´1q for any h, g P G. This implies that |φprg, hsq| ď Dpφq

for any g, h P G.

The following notion is a natural generalization of quasimorphisms.

Definition 2.3.2. [FK16] Let G be a group and H be a group equipped with a proper left-

invariant metric. Let ϕ : G Ñ H be a set-theoretic map. Define ∆pϕq Ď H, the defect set of ϕ,

by

∆pϕq “ tϕphq´1ϕpgq´1ϕpghq : g, h P Gu.

The map ϕ : G Ñ H is called a quasi-homomorphism if its defect set ∆pϕq is finite.

Remark 2.3.3. One may also define the defect set of ϕ by ∆̄pϕq “ tϕpgqϕphqϕpghq´1 : g, h P Gu.

This change does not affect the definition of quasi-homomorphisms (see [Heu20, Proposition

2.3]).

A useful fact about quasi-homomorphisms is the following result, which can be proved by

the same arguments in [Ish14, Lemma 3.1].

Lemma 2.3.4. Let H be a finite-index normal subgroup of G. Then any quasi-homomorphism

ϕ : H Ñ Rn induces a quasi-homomorphism T̂ pϕq : G Ñ Rn whose restriction on H X ZpGq is

equal to ϕ.

2.4 Central extensions and mapping class groups

Consider a short exact sequence of groups

1 Ñ Z
ι

ÝÑ E
π
ÝÑ G Ñ 1. (2.1)

A map s : G Ñ E, not necessarily a homomorphism, is called a (set-theoretic) section if

π ˝ s “ 1G. A section s is called normalized if sp1q “ 1. A normalized section s is called a

quasi-splitting if s is a quasi-homomorphism. Following [FK16], we say that (2.1) quasi-splits

if it admits a quasi-splitting. For example, every section s : G Ñ E is a quasi-splitting if G is

finite. We also say that (2.1) virtually quasi-splits if there exists a finite-index subgroup E1 ď E

such that the short exact sequence

1 Ñ Z 1 ι|Z1

ÝÝÑ E1 π|E1

ÝÝÑ G1 Ñ 1
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quasi-splits, where Z 1 “ Z XE1 and G1 “ πpE1q. Following [Wan25], a map ϕ : E Ñ Z is called

a quasi-retraction1 if ϕ is a quasi-homomorphism and ϕ|Z “ 1Z .

When Z is a central subgroup of E, (2.1) is called a central extension of G. In what follows,

we assume Z to be finitely generated. Let s : G Ñ E be a section. For g1, g2 P G, the element

spg1qspg2qspg1g2q´1 lies in the kernel of π, hence in the image of ι. Up to identifying ιpZq with

Z we may thus define the 2-cochain ωs P C2pG,Zq by

ωspg1, g2q “ spg1qspg2qspg1g2q´1.

Let us recall the following well-known facts (see e.g. [Bro82, Chapter 4]):

(1) The cochain ωs is a cocycle;

(2) If s1 is another section of π, then ωs1 is cobordant to ωs; therefore, the class rωss P H2pG,Zq

does not depend on the choice of s, and is called the Euler class of the extension;

(3) If ω1 is any representative of the Euler class, there exists a section s1 : G Ñ E such that

ω1 “ ωs1 ;

(4) The cocycle ωs is normalized, in the sense that ωsp1, gq “ 1 “ ωspg, 1q, if and only if s is

normalized.

Let ω : G2 Ñ Z be 2-cochain. We say that ω is

• bounded if the image ωpG,Gq is bounded.

• weakly bounded if ωpg,Gq and ωpG, gq are both bounded for all g P G.

Correspondingly, a 2-coclass in H2pG,Zq is called bounded (resp. weakly bounded) if it is

represented by a bounded (resp. weakly bounded) 2-cocycle. For more background on bounded

and weakly bounded Euler classes, we refer to [FS23].

Central extensions arise naturally when studying mapping class groups. A finite-type sur-

face is a closed surface with finitely many punctures. Let Σ be a finite-type surface, possibly

with boundary BΣ. The mapping class group MCGpΣq is the group of homeomorphisms of Σ

restricting to the identity on BΣ, modulo isotopy. If there are punctures P “ tp1, . . . , pnu on Σ,

we define MCGpΣ, P q to be the finite-index subgroup of MCGpΣq that fixes each puncture.

Let Σ be a finite-type surface. Let V Ă Σ be a (possibly disconnected) closed subsurface.

Let V K be the closure of Σ ´ V in Σ. We say that V is essential if

1. No component of V or V K is a closed disk.

2. Annular components of V are pairwise non-homotopic, and the same holds for V K.

In the following, let V Ă Σ be an essential subsurface, and let V̂ be the capped surface obtained

by gluing a once-punctured disk to each boundary component of V . There is an induced

homomorphism ηV : MCGpV q Ñ MCGpΣq. If V is a closed annulus, then ηV is always injective.

The following theorem determines the kernel of ηV when V is not a closed annulus.

1This definition is different from that in [Alo94], where a quasi-retraction is defined metrically.
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Theorem 2.4.1. [FM12, Theorem 3.18] Assume that V is non-annular. Let α1, . . . , αm

denote the boundary components of V that bound once-punctured disks in V K, and let

tβ`
1 , β

´
1 u, . . . , tβ`

n , β
´
n u denote the pairs of boundary components of V that bound annuli in V K.

Then kerpηV q is the free abelian group generated by Tα1 , . . . , Tαm and Tβ`
1
T´1
β´
1

, . . . , Tβ`
n
T´1
β´
n
.

By taking Σ “ V̂ , we obtain the following capping sequence of mapping class groups.

Example 2.4.2. Let V be a finite-type surface with nonempty boundary components γ1, . . . , γn.

Let V̂ be the capped surface obtained by gluing a once-punctured disk with puncture pi to each

γi, and let P “ tp1, . . . , pnu. There is a central extension called the capping sequence

1 Ñ TΓ Ñ MCGpV q
π
ÝÑ MCGpV̂ , P q Ñ 1,

where TΓ is the free abelian subgroup generated by Dehn twists Tγi around γi for i “ 1, . . . , n.

By [FK16, Propositon 6.4], the capping sequence has a bounded Euler class.
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CHAPTER 3

Property (QT) of relatively hierarchically hyperbolic

groups

Recall from Chapter 1.1 that a finitely generated group G has property (QT) if G equivariantly

quasi-isometrically embeds in a finite product of quasi-trees
śn

i“1 Ti equipped with ℓ1–metric.

In this chapter, we give a sufficient condition for relative HHGs to have property (QT). Our

result unifies and generalizes those of [BBF21], [HP22], and [HNY25] and produces many new

examples with property (QT). Furthermore, we provide a sufficient condition for the existence of

a quasi-median (QT) embedding in the sense of [HP22]. This stronger property can be used to

prove the existence of globally stable cylinders (see [PSZ25]), which connects to a long-standing

question of Rips and Sela [RS95] about canonical representatives of elements in hyperbolic

groups.

Definition 3.0.1. Let pG,Sq be a relative HHG. For any U P S, We write GU ă AutpSU q to

mean the image of StabGpUq under the restriction homomorphism.

1. We say a domain U P S is of Type I if the following holds.

(a) (Hyperbolicity) CU is hyperbolic.

(b) (Acylindrical image) GU acts on CU acylindrically.

(c) (Cobounded nested region) GU acts on FU coboundedly.

(d) (Separable quasi-axes) For any element g P StabGpUq that acts loxodromically on

CU , the elementary closure ECpgq is separable in G.

2. We say a domain U P S is of Type II if the action GU ñ CU has property (QT’).

For any U P S of Type II, property (QT’) provides quasi-trees T i
U along with GU–equivariant

maps ιiU : CU Ñ T i
U for i “ 1, . . . , nU such that

nU
ź

i“1

ιiU : CU Ñ

nU
ź

i“1

T i
U

is a quasi-isometric embedding.

Our main theorem is as follows.

Theorem 3.0.2. Let pG,Sq be a relative HHG that is virtually colorable. If every U P S is of

Type I or Type II, then G has property (QT).
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Moreover, if for any D ě 1, there exists D1 ě 1 such that for every U P S of Type II and

for each i “ 1, . . . , nU , the map ιiU : CU Ñ T i
U sends pD,Dq–quasi-geodesics to unparametrized

pD1, D1q quasi-geodesics, then G is coarse median and the (QT) embedding of G is quasi-median.

Sketch of proof. We roughly explain how to prove Theorem 3.0.2 in the case that pG,Sq is an

HHG with only Type I domains excluding the “moreover” part. This case contains most of the

key ideas.

First, we introduce a class of “thick” distances on G each of which is defined using a class

of “thick” segments of hierarchy paths on G. We prove in Section 3.2 a thick distance formula

saying that the word metric of G can be recovered by summing up these thick distances. This

is an analogue of the distance formula for HHGs.

Then we show that any class of thick segments is cofinite up to the group action. Fur-

thermore, these thick segments can be extended to a cofinite collection of quasi-axes. Using

projections to these quasi-axes, we can estimate the thick distance. This step is done in Section

3.3

Finally, we take a finite-index subgroup of G, say H, such that a collection of quasi-axes as

above is divided into finitely many H–orbits. Each H–orbit satisfies the Bestvina-Bromberg-

Fujiwara projection axioms so it gives us a quasi-tree with an H–action. We prove that H

equivariantly quasi-isometrically embeds in the product of these finitely many quasi-trees in

Section 3.4. Since property (QT) is commensurably invariant, G has property (QT).

As stated in the above proof, property (QT) is commensurably invariant [BBF21, §2.2]. It

follows that the conclusion of Theorem 3.0.2 also holds for any group that is virtually a relative

HHG that satisfies our condition, even though such a group may not be a relative HHG itself

[PS23].

It is clear that residually finite hyperbolic groups and virtually colorable hierarchically hy-

perbolic groups whose associated hyperbolic spaces are all quasi-trees satisfy the assumption

of Theorem 3.0.2. In fact, for most examples of HHGs that emerged from the study, every

domain satisfies the first three conditions of Type I. Virtual colorability is also common in prac-

tice. Therefore, the biggest restriction of our theorem comes from the assumption of separable

quasi-axes. We will further discuss it in Section 3.5 and give an easy-to-use criterion for having

separable quasi-axes.

3.1 BBF Projection systems

In this section, we review the construction of a quasi-tree of spaces in [BBF15] with improve-

ments from [BBFS19].

LetY be a collection of geodesic metric spaces, and πY pXq Ă Y be specified subsets whenever

X ‰ Y are elements of Y. Write dπY pX,Zq to mean diampπY pXq Y πY pZqq for X ‰ Y ‰ Z.

We say that pY, tπY uq is a projection system with projection constant ξ ě 0 if it satisfies the

following projection axioms.

(P0) diampπY pXqq ď ξ when X ‰ Y ; (Bounded projection)

(P1) if X,Y, Z are distinct and dπY pX,Zq ą ξ, then dπXpY,Zq ď ξ; (Behrstock inequality)
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(P2) for X ‰ Z the set

tY P Y | dπY pX,Zq ą ξu

is finite. (Finiteness)

Moreover, we say that pY, tπY uq is a G-projection system if a group G acts on the set Y

in such a way that every g P G acts as an isometry from Y to gY and the projections πY are

G-equivariant, that is, πgY pgXq “ gπY pXq.

If we replace (P1) with

(P1)1 if X,Y, Z are distinct and dπY pX,Zq ą ξ, then πXpY q “ πXpZq,

then we say that pY, tπY uq satisfies the strong projection axioms. While there are many natural

situations where the projection axioms hold, the strong projection axioms are not as natural.

However, we can modify the projections so that they do hold.

Theorem 3.1.1. [BBFS19, Theorem 4.1] If pY, tπY uq is a projection system with constant ξ,

then there are projections tπ1
Y u such that pY, tπ1

Y uq satisfies the strong projections axioms with

constant ξ1, where π1
Y pXq and πY pXq are apart from each other within a uniform Hausdorff

distance ϵ, and ϵ and ξ1 only depend on ξ. Moreover, if pY, tπY uq is a G-projection system,

then pY, tπ1
Y uq is still a G-projection system.

Let CKY denote the space obtained from the disjoint union

ğ

Y PY

Y

by joining points in πXpZq with points in πZpXq by an edge of length one whenever dY pX,Zq ă

K for all Y P Y ´ tX,Zu. When the spaces are graphs and projections are subgraphs, we can

join just the vertices in these projections. Moreover, if Y is a G-projection system, then G acts

isometrically on CKY.

Theorem 3.1.2. [BBF15, §4] If pY, tπY uq satisfies the strong projection axioms with constant

ξ, then for all K ą 2ξ

• CKY is hyperbolic if all Y P Y are δ-hyperbolic;

• CKY is a quasi-tree if all Y P Y are quasi-trees with uniform QI constants.

There is a very useful distance formula in CKY. Let X,Z P Y and x P X, z P Z. We define

πY pxq “ πY pXq if Y ‰ X and define πXpxq “ x. Then define dY px, zq “ diampπY pxq Y πY pzqq.

Theorem 3.1.3. [BBFS19, Thm. 6.3] Let pY, tπY uq satisfy the strong projection axioms with

constant ξ. Let x P X and z P Z be two points of CKpYq with X,Z P Y. Then

1

4

ÿ

Y PY

ttdY px, zquuK ď dCKYpx, zq ď 2
ÿ

Y PY

ttdY px, zquuK ` 3K

for all K ě 4ξ.
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Next we recall a theorem that allows us to pass projection axioms from a projection system to

a collection of certain subspaces. Let Y be a collection of δ-hyperbolic spaces and pY, tπY uq be

a projection system with constant ξ. For each Y P Y, let AY be a collection of quasi-geodesics

in Y . Let A be the disjoint union of all AY ’s. We also make the following assumptions.

• As a collection of quasi-geodesics, A has uniform coarse constants.

• For α, β P AY , we define παpβq to be the closest-point projection of β to α.

• For α P AX and β P AY where X ‰ Y , we define παpβq to be the closest point projection

of πXpY q to α.

Theorem 3.1.4. [BBF21, Thm. 4.17] For any θ ą 0, there exists ξ1 ą 0, depending only on

θ, δ, ξ and coarse constants of A, such that the following holds. If diampπαpβqq ď θ whenever α

and β are distinct elements in the same AY , then pA, tπαuq is a projection system with constant

ξ1.

3.2 Thick distance formula

In this section, we will prove a thick distance formula that is similar to [BBF21, Theorem 4.13].

This allows us to estimate the distance in a relative HHS by counting only “thick” segments

of a hierarchy path instead of the whole hierarchy path. The readers should be aware that the

definitions in this section are different from those [BBF21]. In particular, we do not have tight

geodesics in a general HHG.

Let pX ,Sq be a relative HHS and fix T ą 100E ` 10D0 (see Section 2.2 for constants

associated with a relative HHS). As in [BHS19, §2B], we say a domain U P S is T–relevant

for x, y P X if dU px, yq ą T . We write RelT px, yq for the set of T–relevant domains for x, y,

and define RelT pV ;x, yq :“ RelT px, yq X S˝
V . We write RelmT pV ;x, yq for the set of Ď–maximal

elements in RelT pV ;x, yq. When x and y are fixed, we often omit them from these notations.

Lemma 3.2.1. Given x, y P X and U P RelT px, yq, there exist at most two domains V1, V2 P

RelT px, yq such that U P RelmT pVi;x, yq for i “ 1, 2.

Proof. Suppose there exist three such domains V1, V2, V3. Since U is maximal in each

RelT pVi;x, yq, we know that Vi’s are not Ď–comparable. Moreover, any two of them cannot

be orthogonal since U Ĺ Vi. Thus, Vi’s must be pairwise transverse.

By [BHS19, Proposition 2.8], any set of pairwise transverse elements in RelT px, yq has a total

order ă, obtained by setting U ă V whenever dU py, ρVU q ď E. We assume that V1 ă V2 ă V3.

On the one hand, dV2pρV1
V2
, ρV3

V2
q ě dV2px, yq ´ 2E ą T ´ 2E by the triangle inequality.

On the other hand, dV2pρV1
V2
, ρUV2

q ď κ0 and dV2pρV3
V2
, ρUV2

q ď κ0 by consistency, which gives

dV2pρV1
V2
, ρV3

V2
q ď 2κ0 ă T ´ 2E. This gives a contradiction.

Definition 3.2.2 (T–thickness). Given S1 Ă S, we say a pair of points px, yq P X ˆ X is

T–thick for S1 if diampπU pxq Y πU pyqq ď T for all U P S1. We define PT pS1q to be the set of

all T–thick pairs of points for S1. If S1 “ tUu, we also say px, yq is T–thick for U and write

px, yq P PT pUq .
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Note that px, yq P PT pUq if and only if U R RelT px, yq. Also note that px, yq P PT pS˝
V q if

and only if RelT pV ;x, yq “ H.

Lemma 3.2.3. Let D0 be the constant provided by Theorem 2.2.4. For any x, y P X , let γ be

a D0–hierarchy path between x, y. Given any U P S and any x1, y1 P γ, then

dU px1, y1q ď dU px, yq ` 2D0.

In particular, if px, yq P PT pUq, then px1, y1q P PT`2D0pUq.

Proof. By Remark 2.2.5, πU pγq lies in the D0–neighborhood of a geodesic connecting πU pxq and

πU pyq. The conclusion then follows from the triangle inequality.

Notation. Throughout this chapter, let T̂ “ T ` 2D0 and Ť “ T ´ 2D0 for every constant

T ą 2D0.

Notation. Given two points x, y in a hyperbolic space, we write rx, ys to mean a geodesic

segment between x, y, which is coarsely unique. For an interval I or a path γ, we write I´, I`

or γ´, γ` to mean their endpoints.

Definition 3.2.4 (pT,Rq–thick distance). Fix sufficiently large constants T,R. Let γ be a

D0–hierarchy path between x and y. Let γ1, . . . , γn Ă γ be disjoint subpaths occurring in this

order such that pγ´
i , γ

`
i q P PT pS˝

V q for each i.

The pT,Rq–thick distance in V is denoted by dT,RV px, yq and is defined to be the supremum

of
řn

i“1

␣␣

dV pγ´
i , γ

`
i q

((

R
over all such choices for γi’s, and for all D0–hierarchy paths from x to

y.

It is always true that dT,RV px, yq ď ttdV px, yquuR. This becomes an equality if V is Ď–minimal.

For the opposite direction, we have the following estimate.

Lemma 3.2.5. Fix constants T,R ą 100E. For any x, y P X and W P S, we have

ttdW px, yquuR ď dT,RW px, yq ` p6E ` 2Rq|Relm
Ť

pW ;x, yq|.

Proof. If Relm
Ť

pW q “ H, then px, yq P PT pS˝
W q. Thus, both sides of the above inequality are

equal.

Now we assume that Relm
Ť

pW q ‰ H and dW px, yq ě R. In particular, CW is not Ď–minimal

so it is hyperbolic. Let γ : I Ñ X be a D0–hierarchy path realizing dT,RW px, yq, where I is an

interval of R. For any V Ĺ W , we define

s´
V :“ infts P I | DU Ď V such thatdW pγpsq, ρUW q ď 2Eu,

s`
V :“ supts P I | DU Ď V such thatdW pγpsq, ρUW q ď 2Eu.

For any U Ď V Ĺ W , we know that dW pρUW , ρ
V
W q ď κ0 by consistency. Thus,

dW pγps´
V q, ρVW qq ď 2E ` κ0 ď 3E,
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dW pγps`
V q, ρVW qq ď 2E ` κ0 ď 3E.

Therefore,

dW pγps´
V q, γps`

V qq ď dW pγps´
V q, ρVW qq ` dW pγps`

V q, ρVW qq ď 6E.

Let J0, . . . , Jn be the collection of maximal intervals in I ´
Ť

V PRelm
Ť

pW qps
´
V , s

`
V q. Note that

n ď |Relm
Ť

pW q|. Now we are going to prove that pγpJ´
i q, γpJ`

i qq P PT pS˝
W q.

On the one hand, dW pρUW , γpJiqq ě 2E for any U P RelŤ pW q by definition of Ji. Then by

Morse Lemma,

dW pρUW , rγpJ´
i q, γpJ`

i qsq ě dW pρUW , γpJiqq ´ E ě E.

Therefore, dU pγpJ´
i q, γpJ`

i qq ď E ă T by BGI. On the other hand, px, yq is Ť–thick for S˝
W ´

RelŤ pW q by definition. It follows from Lemma 3.2.3 that pγpJ´
i q, γpJ`

i qq is T–thick for S˝
W ´

RelŤ pW q. In summary, pγpJ´
i q, γpJ`

i qq P PT pS˝
W q.

Finally, we estimate that

dW px, yq ď

n
ÿ

i“0

dW pγpJ`
i q, γpJ´

i qq ` 6E|Relm
Ť

pW q|

ď dT,RW px, yq `Rpn` 1q ` 6E|Relm
Ť

pW q|

ď dT,RW px, yq ` p6E ` 2Rq|Relm
Ť

pW q|.

Let S denote the unique maximal domain in S. Recall that the level ℓpSq of S is equal to

the complexity of pX ,Sq.

Theorem 3.2.6. Fix the constants T,R with Ť ě R ą 100E. Let x, y P X . Then, for each n

ÿ

ℓpW qďn

ttdW px, yquuR ď
ÿ

ℓpW q“n

dT,RW px, yq ` 7
ÿ

ℓpW qăn

ttdW px, yquuR .

Note that each sum is over finitely many W since there are only finitely many W such that

dW px, yq ě R for given x, y by the distance formula (Theorem 2.2.2).

Proof. If ℓpW q “ n then by Lemma 3.2.5,

ttdW px, yquuR ď dT,RW px, yq ` p6E ` 2Rq|Relm
Ť

pW q|

ď dT,RW px, yq ` p6E ` 2Rq
ÿ

V PRelm
Ť

pW q

ttdV px, yquuŤ

Ť

ď dT,RW px, yq ` 3
ÿ

V PRelm
Ť

pW q

ttdV px, yquuŤ

ď dT,RW px, yq ` 3
ÿ

V PRelm
Ť

pW q

ttdV px, yquuR .

By Lemma 3.2.1, any V appears in at most two Relm
Ť

pW q. Therefore, if we sum up the left
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hand side over all W with ℓpW q “ n, we have

ÿ

ℓpW q“n

ttdW px, yquuR ď
ÿ

ℓpW q“n

dT,RW px, yq ` 6
ÿ

ℓpW qăn

ttdW px, yquuR .

Adding
ř

ℓpW qăn ttdW px, yquuR to both sides gives the desirable inequality.

Corollary 3.2.7. Fix the constants T,R with Ť ě R ą 100E. Let x, y P X . Then

1

D0

ÿ

WPS

dT,RW px, yq ´D0 ď
ÿ

WPS

ttdW px, yquuR ď 7ℓpSq´1
ÿ

WPS

dT,RW px, yq.

Proof. The first inequality is trivial since 1
D0
dT,RW px, yq ´ D0 ď ttdW px, yquuR for all W . By

inductively applying Theorem 3.2.6, with base case n “ ℓpSq, we have

ÿ

WPS

ttdW px, yquuR ď 7ℓpSq´n

¨

˝

ÿ

nďℓpW qďℓpSq

dT,RW px, yq ` 7
ÿ

ℓpW qăn

ttdW px, yquuR

˛

‚.

When n “ 1, the last term on the right is zero, and the result follows.

Combining the distance formula (Theorem 2.2.2) with Corollary 3.2.7, we obtain our thick

distance formula.

Theorem 3.2.8 (Thick distance formula). There exists R0 such that for all T,R with Ť ě R ą

R0, there exists a constant L ą 0 such that for all x, y P X ,

dX px, yq —pL,Lq

ÿ

WPS

dT,RW px, yq.

3.3 Estimation of thick distance via quasi-axes

Our proof in this section is inspired by [NY23a]. The main technique in the proof of [NY23a,

Lemma 5.5] that is different from [BBF21] is the use of the Extension Lemma [Yan19, Lemma

2.14]. Lemma 3.3.1 below is a trimmed version for acylindrical actions on hyperbolic spaces. In

the original statement of Lemma 3.3.1 in [NY23a], the group action is required to be cobounded,

but it is easy to see from the proof that this condition can be removed. The readers could

compare it with [BBF21, Theorem 4.19] for mapping class groups.

Lemma 3.3.1 (Extension Lemma). [NY23a, Lem. 4.13] Let H be a group acting non-

elementarily and acylindrically on a δ–hyperbolic space Y . Fix a base point o P Y . There

exists a set F Ă H of three loxodromic elements and constants λ ě 1, c ě 0 with the following

property.

For any h P H there exists f P F such that hf is a loxodromic element and the bi-infinite

path

γh “
ď

iPZ
phfqipro, hosrho, hfosq

is a pλ, cq–quasi-geodesic.
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Let pX ,Sq be a relative HHS with a coarse constant E, and let G be a relative HHG by

virtue of its action on X . Correponding to Definition 3.0.1, we say that a domain U P S has

1. hyperbolicity if CU is hyperbolic.

2. acylindrical image if GU acts on CU acylindrically.

3. cobounded nested region if GU acts on FU coboundedly.

4. separable quasi-axes if for any element g P StabGpUq that acts loxodromically on CU ,

the elementary closure ECpgq is separable in G, i.e. ECpgq equals the intersection of all

finite-index subgroups of G that contain ECpgq.

Till the end of this section, let V P S be an unbounded domain that has hyperbolicity,

cobounded nested region and acylindrical image.

Lemma 3.3.2 (Extension of thick segments). There exist constants λ ě 1, c ě 0, B ě 0 such

that the following holds. For any T,R ą 0, there exists a GV –finite collection AV “ AT,R
V of

pλ, cq–quasi-axes in CV such that for any pair of points px, yq P PmaxtT̂ ,Ru
pSV q, there exists

γ P AV such that rπV pxq, πV pyqs Ă NBpγq.

Proof. Fix a base point o P FV and project it to a base point in CV . If the action GV ñ CV is

elementary, CV itself is a quasi-axis of a loxodromic element, and thus satisfies the requirement.

Now assume that the action GV ñ CV is non-elementary. Lemma 3.3.1 provides a finite set

F Ă GV and constants λ ě 1, c ě 0. Recall that pFV ,SV q is a relative HHS. FV is proper

because X is proper.

Since GV acts coboundedly on FV , there exists ϵ ą 0 such that FV is covered by the GV –

translates of any ϵ–ball. Let T 1 “ maxtT̂ , Ru. By Theorem 2.2.2, there exists r ą 0, depending

only on E, T 1, ϵ, such that the distance between any pair of points in FV that is pT 1 ` ϵq–thick

for SV is bounded above by r. Fix any base point o P FV . Since FV is proper, there exists a

finite subset S Ă GV such that Nr`ϵpoq is covered by
Ť

sPS s ¨ Nϵpoq.

Lemma 3.3.1 tells us that for each s P S, there exists f P F such that sf is a loxodromic

element acting on CV . LetAV “ AT,R
V be the collection of GV –translates of the pλ, cq–quasi-axes

provided by Lemma 3.3.1 for all loxodromic elements of the form sf .

Now we verify that AV meets our requirements. Let px, yq P PT 1pSV q. We can choose g P GV

such that dFV
px, goq ă ϵ. Then dFV

po, g´1yq ď dFV
px, yq ` dFV

px, goq ă r ` ϵ. By our choice

of S, there exists s P S such that dFV
pg´1y, soq ă ϵ. Thus, we have

dV px, goq ă Eϵ` E,

dV py, gsoq ă Eϵ` E,

because πV is E–coarsely Lipschitz. Since CV is E–hyperbolic, we can find B ą 0 by fellow-

traveller property such that rπV pxq, πV pyqs Ă NBprg ¨ πV poq, gs ¨ πV poqsq. By construction,

rg ¨ πV poq, gs ¨ πV poqs is contained in some γ P AV so we are done.

Notation. Assume that γ is a quasi-geodesic in a hyperbolic space Y . We write πγ : Y Ñ γ to

mean the closest point projection. For x, y P Y , we write dγpx, yq to mean diampπγpxq Yπγpyqq.
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Notation. Assume that γ is a quasi-geodesic in CV . We write πXγ to mean πγ ˝ πV . For

x, y P X , we write dXγ px, yq to mean diampπXγ pxq Y πXγ pyqq.

The following lemma is a well-known corollary of the Morse Lemma for quasi-geodesics in

δ–hyperbolic spaces so we omit the proof.

Lemma 3.3.3. Let γ and α be two pλ, cq–quasi-geodesics in a δ–hyperbolic space. Then for any

B ą 0, there exists a constant C “ Cpλ, c,B, δq ą 0 such that

dγpα´, α`q ě diampα X NBpγqq ´ C.

The main result of this section is the following estimation that generalizes [BBF21, Propo-

sition 4.18].

Proposition 3.3.4. For any K ą 0, there exists R ą 0 such that the following holds. Given

any T ą 0, let AV “ AT,R
V be the collection of pλ, cq–quasi-axes provided by Lemma 3.3.2. Then

for any two points x, y P X ,

dT,RV px, yq ď 2pD0 ` 1q
ÿ

γPAV

␣␣

dXγ px, yq
((

K

where D0 is the constant provided by Theorem 2.2.4.

Proof. Let C “ Cpλ ` D0, c ` D0, B,Eq be the constant provided by Lemma 3.3.3. Let R ą

2D0pC`1q`K. We will show that projections to quasi-axes AV “ AT,R
V bound the pT,Rq–thick

distance in V from above.

For any two points x, y P X , let β be a pD0, D0q–hierarchy path connecting x and y realizing

dT,RV px, yq. Let tα1, . . . , αnu be the collection of disjoint subpaths of β with dV pα´
i , α

`
i q ě R

and pα´
i , α

`
i q P PT pS˝

V q such that

dT,RV px, yq “

n
ÿ

i“1

dV pα´
i , α

`
i q.

By definition of gate maps, πV pzq is coarsely πV pgFV
pzqq for any z P X . By substituting

with the image under the gate map gFV
, we can assume that αi is contained in FV up to a

bounded error of the thick distance in V . We divide each αi into several consecutive subpaths

tα̃i,j | 1 ď j ď miu with dV pα̃´
i,j , α̃

`
i,jq “ R for j “ 1, . . . ,mi ´ 1 and dV pα̃´

i,mi
, α̃`

i,mi
q ď R. By

Lemma 3.2.3, we already know that pα̃´
i,j , α̃

`
i,jq P PT̂ pS˝

V q for every pair pi, jq. Thus,

dU pα̃´
i,j , α̃

`
i,jq ď maxtT̂ , Ru

for all U P SV . By Lemma 3.3.2, there exists γi,j P AV such that πU pα̃i,jq Ă NBpγi,jq (with an

increased B by a uniform constant), which yields

diampπV pαiq X NBpγi,jqq ě R.

28



Let A1
V be the collection of all distinct γi,j ’s. We see that

πV pαizα̃i,miq Ă
ď

γPA1
V

πV pαiq X NBpγq.

Thus, we have

dV pα´
i , α

`
i q ď

ÿ

γPA1
V

diampπV pαiq X NBpγqq `R

ď 2
ÿ

γPA1
V

diampπV pαiq X NBpγqq.

Summing up from i “ 1 to n yields that

dT,RV px, yq ď 2
ÿ

γPA1
V

pD0diampπV pβq X NBpγqq `D0q. (3.1)

Note that R ą 2D0pC ` 1q `K. Thus, Lemma 3.3.3 tells us that dXγ px, yq ě diampπV pβq X

NBpγqq ´C ě R´C ą D0pC`1q `K for each γ P A1
V . We now estimate by Lemma 3.3.3 that

D0diampπV pβq X NBpγqq `D0 ď D0pdXγ px, yq ` Cq `D0

ă pD0 ` 1qdXγ px, yq.

Combining it with Equation (3.1), we obtain that

dT,RV px, yq ď 2pD0 ` 1q
ÿ

γPA1
V

dXγ px, yq

“ 2pD0 ` 1q
ÿ

γPA1
V

␣␣

dXγ px, yq
((

K

ď 2pD0 ` 1q
ÿ

γPAV

␣␣

dXγ px, yq
((

K
.

3.4 Construction of quasi-trees

This section devotes to the proof of Theorem 3.0.2. Let pG,Sq be a relative HHG that is

virtually colorable and assume that every domain in S is of Type I or Type II. The index set S

admits a G–invariant decomposition S “ SI
Ů

SII , where SI (respectively, SII) only contains

domains of Type I (respectively, Type II). Note that Type I and Type II are not mutually

exclusive, but for those domains of both Type I and Type II, we can simply put them in SII .

Before starting the proof, we summarize the dependency of some important constants that

will be used in the proof as follows.

pE,D0, Aq
Corollary 3.4.3// θ

Theorem 3.1.4 // ξ
Lemma 3.4.4 // K

Proposition 3.3.4// R
Theorem 3.2.8 // T
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Here A stands for the acylindrical constants. We draw an arrow from a constant M to N if N

depends on M . Remember that the dependency shown above is incomplete, but we hope it is

helpful to the reader.

3.4.1 Quasi-trees from domains of Type I

In this subsection, we are going to prove the following proposition.

Proposition 3.4.1. There exists a finite-index subgroup H ă G satisfying the following. For

any sufficiently large constant R and any T ą 0, there exist quasi-trees T1, . . . , Tn such that H

acts on
śn

j“1 Tj diagonally and for any choice of base points oj P Tj

ÿ

V PSI

dT,RV p1, hq ĺ

n
ÿ

j“1

dTj poj , hojq

for any h P H.

First, we recall the following lemma.

Lemma 3.4.2. [BBF21, Prop. 3.4] Let a group H act on a δ–hyperbolic space Y . Assume

that the image of H in IsompY q is acylindrical. Consider a loxodromic element g P H and the

collection A of all H–translates of a fixed pλ, cq–quasi-axis of g. Then there exists a constant

θ ą 0 depending only on λ, c, δ and the acylindrical constants such that for any γ P A, the set

th P H | diampπγphγqq ě θu

is a finite union of double ECpgq–cosets.

Corollary 3.4.3. Let U P SI . Consider a pλ, cq–quasi-axis γ Ă CU for some loxodromic

element of the acylindrical action of GU . Then there exists θ ą 0, only depending on λ, c, E

and the acylindrical constants, and a finite-index subgroup Gγ ă G such that every translate of

γ by an element of Gγ XStabGpUq either has finite Hausdorff distance with γ or has θ–bounded

projection to γ.

Proof. It is clear by Lemma 3.4.2 and separability of quasi-axes.

By definition of relative HHGs, SI consists of finitely many G–orbits, so acylindrical con-

stants for U P SI can be chosen uniformly. Thus, Lemma 3.3.2 provides uniform constants

λ ě 1, c ě 0 for every U P SI . This further gives a uniform constant θ ą 0 by Corollary 3.4.3.

Let U be a G–representative set of SI such that 1 P PU for any U P U . Let U P U . Let T ą 0

and let K ą 0 be a sufficiently large constant that will be decided by Lemma 3.4.4. Lemma

3.3.2 provides a GU–finite collection AU “ AT,R
U of pλ, cq–quasi-axes, where R is provided by

Proposition 3.3.4. By Corollary 3.4.3, we can find a finite-index subgroup HU ă G such that

for any γ P AU and h P HU X StabGpUq, either dHausphγ, γq ă 8 or diamπγphγq ă θ. For any

g P G, we define AgU :“ tgγ | γ P AUu.

Let A :“
Ů

UPSAU and H :“
Ş

UPU HU . Since U is finite, H is of finite index in G. By

adding finitely many domains to U so that there is one representative for each H–orbit on SI ,
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we obtain an H–representative set Ũ of SI . We still assume that 1 P PU for any U P Ũ .
Let tγ1, . . . , γnu be an H–representative set of A. We assume that every representative γj is

contained in CU for some U P Ũ . Let Aj Ă A be the H–orbit of γj .

Without loss of generality, we assume that H is colorable instead of virtually colorable.

Thus, the H–orbit of any domain is pairwise transverse. By [HP22, Lemma 3.4], every H–orbit

of SI is an H–projection system with constant s0 ` 4E, where s0 is the constant provided by

Theorem 2.2.2. Thus, every Aj is an H–projection system with a uniform projection constant

ξ “ ξpθ, s0, λ, c, Eq by Theorem 3.1.4. The projections defined there will be denoted by Πγ .

Using Theorem 3.1.1, we obtain modified projections Π1
γ such that pAj , tΠ

1
γuq satisfies the

strong projection axioms with constant ξ1 “ ξ1pξq and that Πγpαq and Π1
γpαq are apart from each

other within a uniform Hausdorff distance ϵ “ ϵpξq. For any K 1 ě 4ξ1, CK1Aj is a quasi-tree by

Theorem 3.1.2. The following lemma is an estimate via the orbit map between the projections

πHγ “ πγ ˝ πV in the relative HHG stucture and the projections Π1
γ in the quasi-tree CK1Aj .

Recall from Section 3.3 that dHγ pg, hq is defined as diampπHγ pgq Y πHγ phqq for any g, h P H.

Lemma 3.4.4. Fix a base point oj P γj for each j “ 1, . . . , n. There exists a sufficiently large

constant K 1 “ K 1pξ, λ, c, Eq and a constant ∆ ą 0 such that if K ě 2K 1, then

ÿ

γPAj

␣␣

dHγ p1, hq
((

K
ď 8dCK1Aj poj , hojq ` ∆

for any h P H and any j “ 1, . . . , n.

For the proof of Lemma 3.4.4, we need the following lemma.

Lemma 3.4.5. For any constants A,B ě 0 and constants L,M ą 0,

ttA`BuuL`M

L`M
ď

ttAuuL

L
`

ttBuuM

M
.

Proof. Assume that A ` B ě L ` M . First, if A ă L then B ą M . Thus, ttBuuM “ B ě

M
L`M pA ` Bq. Second, if B ă M then A ą L and the same argument holds. Finally, if A ě L

and B ě M , then all thresholds are reached and the inequality is obviously true.

Proof of Lemma 3.4.4. For simplicity, we use |p ´ q| to mean the distance between two points

p, q in the same space. Assume that γj Ă CU for some U P Ũ . For any g P H ´StabHpUq, since

1 P PU and U&gU , we have |πgU p1q ´ ρUgU | ď E by definition of standard product regions.

Assume γ “ gγj . By hyperbolicity, there exists a constant F “ F pE, λ, cq such that if

γ Ă CgU ‰ CU then |πHγ p1q´Π1
γpojq| ď |πgU p1q´ρUgU |`F`ϵ ď E`F`ϵ . LetM ą ξ1`E`F`ϵ

and define δγphq “ |πHγ phq ´ Π1
γphojq|. We see that if δγphq “ δh´1γp1q ě M then γ Ă ChU .

Thus, for a fixed h P H, there are only finitely many γ P Aj such that δγphq ě M by projection

axiom (P2).

Let K 1 ą 2M ` 4ξ1. Define Dγp1, hq “ |Π1
γpojq ´ Π1

γphojq|. By the triangle inequality and

Lemma 3.4.5, we obtain that

␣␣

dHγ p1, hq
((

K1`2M
ď
K 1 ` 2M

K 1
ttDγp1, hquuK1 `

K 1 ` 2M

2M
ttδγp1q ` δγphquu2M .
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Therefore,
␣␣

dHγ p1, hq
((

K
ď 2 ttDγp1, hquuK1 `

K 1 ` 2M

M
ttδγp1quuM .

Summing over γ P Aj , we obtain that

ÿ

γPAj

␣␣

dHγ p1, hq
((

K
ď 2

ÿ

γPAj

ttDγp1, hquuK1 `
K 1 ` 2M

M

ÿ

γPAj

ttδγp1quuM .

By discussions above, ∆j “ K1`2M
M

ř

γPAj
ttδγp1quuM is a finite constant. Let ∆ “

max1ďjďn∆j . We conclude by Theorem 3.1.3.

Now we finish the proof of Proposition 3.4.1.

Proof of Proposition 3.4.1. Let K and K 1 be the constant provided by Lemma 3.4.4. Let T ą 0.

From discussions before Lemma 3.4.4, we know that the collection A of quasi-axes provided by

Proposition 3.3.4 forms n quasi-trees CK1Aj , j “ 1, . . . , n. Moreover, Proposition 3.3.4 tells us

that there exists R ą 0 such that

ÿ

V PSI

dT,RV p1, hq ĺ
ÿ

γPA

␣␣

dHγ p1, hq
((

K
.

Finally, we conclude by Lemma 3.4.4.

3.4.2 Quasi-trees from domains of Type II

In this subsection, we prove an analogue of Proposition 3.4.1 for domains of Type II.

Let H ă G be the subgroup provided by Proposition 3.4.1. Let V be an H–representative

set of SII such that 1 P PV for any V P V. For V P V we write rV s to mean its H–orbit.

By colorability and [HP22, Lemma 3.4], every rV s is an H–projection system with constant

s0 ` 4E.

Fix any V P V. By property (QT’) of the action StabGpV q ñ CV , there exist quasi-trees T i
V

along with StabHpV q–equivariant maps ιiV : CV Ñ T i
V for i “ 1, . . . , nV such that

nV
ź

i“1

ιiV : CV Ñ

nV
ź

i“1

T i
V

is a pλ1, c1q–quasi-isometric embedding. In particular, ιiV is pλ1, c1q–coarsely Lipschitz. Fix

i P t1, . . . , nV u. It is conventional to extend the map ιiV on rV s in an H–equivariant way. It

means that we can construct a collection of quasi-trees Ti
rV s

“ tT i
U | U P rV su with an H–action

and a collection of coarsely Lipschitz maps tιiU : CU Ñ T i
U | U P rV su such that the following

diagram commutes for any h P H and U P rV s.

CU h //

ιiU
��

ChU

ιihU
��

T i
U

h // T i
hU
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Define ΠT i
hU

pT i
U q :“ ιihU pρUhU q for any U P rV s and hU ‰ U . Clearly, these projections are

H–equivariant and the projection axioms pass to the collection pTi
rV s
, tΠT i

U
uq under coarsely

Lipschitz maps tιiUu. We modify the projections within an error ϵ such that pTi
rV s
, tΠ1

T i
U

uq

satisfies the strong projection axioms with constant ζ “ ζps0, λ
1, c1, Eq. For any K2 ě 4ζ,

CK2Ti
rV s

is a quasi-tree by Theorem 3.1.2. Define dT i
U

p1, hq :“ |ιiU pπU p1qq ´ ιiU pπU phqq| for any

U P rV s. For any V P V and i P t1, . . . , nV u, fix a base point oiV P T i
V . The following proposition

is an analogue of Proposition 3.4.1.

Proposition 3.4.6. There exists a constant K2 “ K2pζ, λ1, c1, Eq such that if R ě 2K2 then

ÿ

UPSII

ttdU p1, hquuR ĺ
ÿ

V PV

nV
ÿ

i“1

dCK2Ti
rV s

poiV , ho
i
V q.

for any h P H.

Proof. Fix V P V and i P t1, . . . , nV u. For any U P rV s ´ tV u, we have |ιiU pπU p1qq ´Π1
T i
U

poiV q| ď

λ1|πU p1q ´ ρVU | ` c1 ` ϵ ď λ1E ` c1 ` ϵ. Let K2 ą 4ζ ` 2pλ1E ` c1 ` ϵq. Similarly to the proof of

Lemma 3.4.4, we estimate that

ÿ

UPrV s

!!

dT i
U

p1, hq

))

R
ĺ

!!

|Π1
T i
U

poiq ´ Π1
T i
U

phoiq|

))

K2

ĺ dCK2Ti
rV s

poiV , ho
i
V q.

Here the first inequality follows from the triangle inequality and Lemma 3.4.5, and the second

inequality is by Theorem 3.1.3. Since the map
śnU

i“1 ι
i
U : CU Ñ

śnU
i“1 T

i
U is a quasi-isometric

embedding for any U P SII , we conclude by summing the inequality over 1 ď i ď nV for all

V P V.

3.4.3 Proof of Theorem 3.0.2

Proof. Let R ą 0 be sufficiently large that satisfies Proposition 3.4.1, Proposition 3.4.6 and

Theorem 3.2.8. Let T ě R ` 2D0. By Proposition 3.4.1 and Proposition 3.4.6, there exists

quasi-trees T1, . . . , Tm such that H acts on
śm

k“1 Tk diagonally and for any choice of base points

ok P Tk and any h P H,

ÿ

V PSI

dT,RV p1, hq `
ÿ

UPSII

ttdU p1, hquuR ĺ

m
ÿ

k“1

dTkpok, hokq.

By definition of thick distance, dT,RU p1, hq ď ttdU p1, hquuR. Thus, by Theorem 3.2.8,

ÿ

V PS

dT,RV p1, hq ĺ

m
ÿ

k“1

dTkpok, hokq

for any h P H.

On the other hand, the orbit map from H to
śm

k“1 Tk is coarsely Lipschitz since H is finitely

generated. Therefore, H embeds quasi-isometrically into
śm

k“1 Tk, which means that H has
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property (QT’). Finally, we know that G has property (QT) since property (QT) passes to any

finite-index supergroup.

For the “moreover” part, first note that G is coarse median for the same reason as [BHS19,

Theorem 7.3]. The rest of the proof is just a combination of [HP22; Pet21]. The proof of [HP22,

Proposition 3.9] can be naturally generalized to quasi-trees from domains of Type II. The proof

in [Pet21, §3] for mapping class groups can be repeated verbatim to deal with quasi-trees from

domains of Type I.

For relative HHGs with only Type II domains, we obtain the following stronger theorem.

Theorem 3.4.7. Let pG,Sq be a relative HHG that is colorable. If every U P S is of Type II,

then G has property (QT’).

Proof. The proof is just a simplified version of that of Theorem 3.0.2. Note that G is colorable

and that every domain is of Type II, so the finite-index subgroup H in the above proof can be

replaced with G itself.

3.5 A criterion for having separable quasi-axes

In this section, we provide a criterion for a relative HHG to have separable quasi-axes that

is easy to use in application. For an acylindrical action on a hyperbolic space, we have seen

in Section 2.1 that the elementary closure of any loxodromic element is a virtual centralizer.

Inspired by the discussion in [BBF21, §4.3], the following lemma generalizes this fact. In general,

we cannot expect the elementary closure to be a centralizer as in [BBF21, §4.3], because it may

contain a flip.

Lemma 3.5.1. Let G be a group acting on a δ–hyperbolic space X with an acylindrical image.

Let K be the kernel of this action. Assume that there is a subgroup H ă G such that rH,Ks “ 1

and H is mapped to a finite-index subgroup of G{K. Then for any loxodromic element g P G,

the elementary closure ECGpgq is a virtual centralizer in G of some loxodromic element in H.

Proof. Let Ḡ “ G{K, and let θ : G Ñ Ḡ be the quotient map. For any g P G, denote the image

θpgq P Ḡ by ḡ.

Let g P G be a loxodromic element. Since θpHq is a finite-index subgroup of Ḡ, we can

choose h P H and n ą 0 such that h̄ “ ḡn. Since Ḡ acts acylindrically, ECḠpḡq “ ECḠph̄q,

which contains the cyclic subgroup xh̄y as a finite-index subgroup. By definition, ECGpgq “

θ´1pECḠpḡqq. Thus, the preimage θ´1pxh̄yq “ K ¨ xhy is a finite-index subgroup of ECGpgq.

On the other hand, any element in G that commutes with h has an image in Ḡ that commutes

with h̄. Thus, CGphq ă ECGpgq. Note that K ¨ xhy ă CGphq since rH,Ks “ 1. In conclusion,

CGphq is a finite-index subgroup of ECGpgq.

Definition 3.5.2. For a relative HHG pG,Sq, we say a domain V P S has neat kernel if

there exists a subgroup HV ă StabGpV q such that rHV , kerpθV qs “ 1 and θV maps HV to a

finite-index subgroup of GV .

Proposition 3.5.3. Let pG,Sq be a relative HHG that is residually finite. Let V P S. If V

has hyperbolicity, acylindrical image and neat kernel, then V has separable quasi-axes.
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Proof. Let g P StabGpV q be a loxodromic element. Since V has neat kernel, ECpgq is a virtual

centralizer in StabGpV q of some loxodromic element h P HV by Lemma 3.5.1. Every element

that commutes with h stabilizes V . Therefore, ECpgq is a virtual centralizer of h in G. It is

known that a centralizer in a residually finite group is separable (see [BBF21, Lemma 2.1] or

the proof of [Lon87, Proposition]). It is also known that a finite-index supergroup of a separable

subgroup is still separable (easy to see from the profinite topology). Therefore, V has separable

quasi-axes.

Corollary 3.5.4. Let pG,Sq be a relative HHG that is residually finite. Let S P S be the

unique maximal domain. Then S is of Type I.

Proof. By [BHS17b, Theorem 14.3], G acts on CS acylindrically. Now kerpθV q is trivial so S has

neat kernel. Thus, S has separable quasi-axes by Proposition 3.5.3. Moreover, S has cobounded

nested region because G acts on X coboundedly. In conclusion, S is of Type I.

3.6 Applications

3.6.1 Mapping class groups

In this subsection, we explain how Theorem 3.0.2 applies to mapping class groups to recover

the following theorem. For definitions about mapping class groups, see the end of Section 2.4.

Theorem 3.6.1. [BBF21, Theorem 1.2] Mapping class groups of finite-type surfaces have prop-

erty (QT).

Proof. Let Σ be a finite-type surface, and MpΣq be its marking complex [MM00]. Let S be

the collection of isotopy classes of essential non-pants subsurfaces of Σ, where disconnected

subsurfaces are also allowed. Given any V P S, let CV be the curve graph of the capped surface

V̂ . Here the curve graph of a disconnected surface is defined as the join of the curve graphs of

its components, and thus is bounded. It is known that pMpΣq,Sq is an HHS. Moreover, the

mapping class group MCGpΣq is an HHG by virtue of its action on pMpΣq,Sq [BHS19, §11].
For any V P S˝, let MCGpΣ;V q ă MCGpΣq be the stabilizer of V . Let ηV : MCGpV q Ñ

MCGpΣq be the induced homomorphism by the inclusion V ãÑ Σ. Denote the image of ηV by

MCGpV q. By Theorem 2.4.1, MCGpV Kq is exactly the kernel of the restriction homomorphism

θV : MCGpΣ;V q Ñ GV , where GV is a finite-index subgroup of MCGpV̂ q. Moreover, it is clear

that MCGpV q commutes with MCGpV Kq and θV maps MCGpV q to a finite-index subgroup of

GV . Therefore, V has neat kernel.

It is known that MCGpΣq is virtually colorable [BBF15, §5] and residually finite [Gro74]. We

only need to prove that every unbounded domain V P S is of Type I. First, it is clear that FV

is coarsely MpV q. Since MCGpV̂ q acts coboundedly on MpV q and acts acylindrically on CV̂
[Bow08], V has cobounded nested region and acylindrical image. Furthermore, V has separable

quasi-axes by the above discussion and Proposition 3.5.3. Therefore, V is of Type I.

In conclusion, mapping class groups of finite-type surfaces have property (QT) by Theorem

3.0.2.
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3.6.2 Admissible graphs of groups

Admissible groups are introduced by Croke-Kleiner in [CK02], which generalize the fundamental

groups of non-geometric 3–dimensional graph manifolds.

Definition 3.6.2. Let G “ pΓ, tGvu, tGeuq be a graph of groups. We say G is admissible if the

following hold:

1. Γ is a finite graph with at least one edge.

2. Each vertex group Gv has center Zv – Z, and Hv :“ Gv{Zv is a non-elementary hyperbolic

group.

3. Every edge group Ge is isomorphic to Z2.

4. If e is an edge with v “ e` and w “ e´, and τe, τē are the edge monomorphisms, then the

subgroup xτ´1
e pZvq, τ´1

ē pZwqy has finite index in Ge.

5. Let e1 and e2 be distinct edges entering a vertex v, and let Ki Ă Gv be the image of the

edge homomorphism τei for i “ 1, 2. Then

• for every g P Gv, gK1g
´1 is not commensurable with K2;

• for every g P Gv ´Ki, gKig
´1 is not commensurable with Ki.

A group G is admissible if it is the fundamental group of an admissible graph of groups.

Every admissible group G has a (combinatorial) HHG structure by [HRSS24, Theorem 1.4].

According to the classification of simplices by [HRSS24, Lemma 6.2], if ∆ K g∆, where ∆ cor-

responds to an unbounded hyperbolic space, then ∆ is of Type 8 and g exchanges two adjacent

vertices in the Bass-Serre tree (see [BHMS24, Definition 1.11] for definition of orthogonality in

a combinatorial HHS). Therefore, it is easy to see that G has a subgroup of index at most 2 that

is colorable (see [NY23a, Lemma 4.6] for example). This shows the virtual colorability of G. In

particular, every non-geometric graph manifold group has a virtually colorable HHG structure

with all associated hyperbolic spaces being quasi-trees. Thus, non-geometric graph manifold

groups have property (QT) by [HP22, Theorem 3.1] or Theorem 3.0.2. However, in the HHG

structure of an admissible group, associated hyperbolic spaces are not necessarily quasi-trees.

As an application of Theorem 3.0.2, we show that property (QT) still holds true in this case if

we assume G to be residually finite.

Theorem 3.6.3. Let G “ pΓ, tGvu, tGeuq be an admissible graph of groups, and let G “ π1G.
If G is residually finite, then G has property (QT).

Proof. According to the classification of simplices by [HRSS24, Lemma 6.2], any simplex that

is not of Type 7 corresponds to a quasi-tree so it is a domain of Type II. Thus, we only need

to check that simplices of Type 7 are of Type I. The stabilizer of such a simplex ∆ is exactly

a vertex group Gv that acts on Cp∆q with image Hv “ Gv{Zv. Now Cp∆q is coarsely the

hyperbolic space obtained by coning off Hv as a relatively hyperbolic group, and F∆ is coarsely

Hv itself. Therefore, acylindrical image and cobounded nested region hold true (see [Osi16,

Proposition 5.2] for acylindricity). Since Gv is a central extension of Hv by Zv, ∆ has neat

kernel. Therefore, we conclude by Corollary 3.5.3 and Theorem 3.0.2.
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There is another approach to property (QT) of non-geometric graph manifold groups in

[HNY25]. For graph manifolds with nonempty boundary, they actually prove in a more general

setting. A Croke-Kleiner admissible group (abbreviated as CKA group) is an admissible group

that admits a geometric action on a complete proper CAT(0) space. As a corollary of Theorem

3.6.3, we recover the following theorem.

Corollary 3.6.4. [HNY25, Theorem 1.3] Let G be a CKA group where for every vertex v the

central extension 1 Ñ Zv Ñ Gv Ñ Hv Ñ 1 has an omnipotent hyperbolic quotient group Hv.

Then G has property (QT).

For definition of omnipotence, we refer the reader to [Wis00]. Note that if every hyperbolic

group is residually finite, then every hyperbolic group is omnipotent by [Wis00, Remark 3.4].

Under the assumption of Corollary 3.6.4, the central extension associated with any vertex

virtually splits by [BH99, Theorem II.7.1]. Therefore, Theorem 3.6.3 implies Corollary 3.6.4

due to the following lemma.

Lemma 3.6.5. Let G be an admissible group where for every vertex v the central extension

1 Ñ Zv Ñ Gv Ñ Hv Ñ 1 virtually splits and the hyperbolic quotient group Hv is omnipotent.

Then G is residually finite.

We omit the proof of Lemma 3.6.5 since it is almost the same as the proof of residual

finiteness for graph manifold groups by Hempel [Hem87]. The reader can also see [Ngu25] for

an improved result.

3.6.3 Hyperbolic–2–decomposable groups

We say a group G is hyperbolic–2–decomposable if G splits as a graph of hyperbolic groups with

2-ended edge groups.

Theorem 3.6.6. Let G be a residually finite hyperbolic–2–decomposable group. Then G has

property (QT) if and only if G does not contain any distorted element.

Proof. If G has property (QT), then G does not contain any distorted element by [HNY25,

Lemma 2.5]. Now assume that G does not contain any distorted element. Let S be the HHG

structure of G given by [RS20]. By construction, there is no orthogonality in S. Thus, G is

colorable. Let U P S. Then CU is either a quasi-tree or a hyperbolic space obtained by coning

off a vertex group Gv as a relatively hyperbolic group. In the former case, U is of Type II. Now

we only need to consider the latter case. Similarly to Theorem 3.6.3, we have StabGpUq “ Gv

and FU is coarsely Gv itself. It is easy to see that acylindrical image, cobounded nested region

and neat kernel hold true. Therefore, we conclude by Corollary 3.5.3 and Theorem 3.0.2.

Similarly to Lemma 3.6.5, if G is a hyperbolic–2–decomposable group without any distorted

element such that every vertex group is omnipotent, then G is residually finite (see [Wis00, §4]).

3.6.4 Artin groups and extensions of lattice Veech groups

Let G be either of the following groups.
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• An Artin group of large and hyperbolic type;

• The π1pΣq–extension group of a lattice Veech group in the mapping class group MCGpΣq

of a closed surface Σ.

As shown in [HMS24] and [DDLS24] respectively, G is a virtually colorable HHG. Moreover,

the associated hyperbolic spaces of G are all quasi-trees except the maximal one. By Corollary

3.5.4 and Theorem 3.0.2, G has property (QT) if G is residually finite. In particular, we obtain

that

Theorem 3.6.7. Every residually finite Artin group of large and hyperbolic type has property

(QT).

It is proved in [Jan22] that any 3–generator Artin groups with labels ě 4 except for p2m `

1, 4, 4q for any m ě 2 is residually finite. Therefore, any 3–generator Artin group with labels

ě 4 except for p2m` 1, 4, 4q for any m ě 2 has property (QT). On the other hand, we ask

Question 3.6.8. When is the π1pΣq–extension group of a lattice Veech group residually finite?

3.6.5 Graph products

Definition 3.6.9 (Graph product). Let Γ be a finite simplicial graph with the vertex set V pΓq

and the edge set EpΓq. Each vertex v P V pΓq is labeled by a group Gv. The graph product GΓ

is the group

GΓ “

´

˚vPV pΓqGv

¯M

xxrgv, gws | gv P Gv, gw P Gw, tv, wu P EpΓqyy .

We call Gv the vertex groups of the graph product GΓ.

Theorem 3.6.10. Let GΓ be a graph product of groups with every vertex group having property

(QT’). Then GΓ has property (QT’).

Proof. Any graph product GΓ has a relative HHG structure SΓ by [BR22]. By definition of SΓ,

any GΓ–orbit on SΓ corresponds to a unique subgraph of Γ and is pairwise transversal. Thus,

GΓ is colorable. By [BR22, Theorem 4.4], for each domain rgΛs P SΓ, either rgΛs is Ď–minimal

or CgΛ is a quasi-tree. Since each Ď–minimal domain corresponds to a vertex group, this means

that every domain is of Type II. By Theorem 3.4.7, GΓ has property (QT).
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CHAPTER 4

Property (PH)

Definition 4.0.1. A (not necessarily finitely generated) group G has property (PH’) if there

exist finitely many hyperbolic spaces X1, ¨ ¨ ¨ , Xn on which G acts coboundedly such that the

diagonal action of G on
śn

i“1Xi equipped with ℓ1-metric is proper. In this case, we also say G

has property (PH’) from actions G ñ X1, ¨ ¨ ¨ , G ñ Xn.

A group has property (PH) if it virtually has property (PH’).

To begin with, we show that a finitely generated group with property (QT) has property

(PH).

Lemma 4.0.2. Let G be a finitely generated group. If G has property (QT’) or (QT), then G

has property (PH’) or (PH), respectively.

Proof. By [But22, Theorem 6.1], a finitely generated group with property (QT) virtually has

property (QT’). It suffices for us to show that property (QT’) implies property (PH’). Let G be

a finitely generated group with property (QT’). By definition, there exist finitely many quasi-

trees Tip1 ď i ď nq on which G acts isometrically so that for any finite generating set F of G

and o P X “
śn

i“1 Ti, the orbit map GpG,F q Ñ X, g ÞÑ go is a quasi-isometric embedding. This

quasi-isometric embedding of the orbit map implies that the diagonal action G ñ X “
śn

i“1 Ti

is proper. By [Man06, Remark 3.2], any isometric group action of a finitely generated group on

a quasi-tree can be assumed to be cobounded. This shows that G has property (PH’) in the

sense of Definition 4.0.1.

By Lemma 4.0.2, it is easy to see that property (PH) is the weakest while property (QT’)

is the strongest among these four properties (PH’), (PH), (QT’), (QT). We refer the readers to

Figure 1.1 for an illustration.

4.1 Hyperbolic structures on groups

In this section, we recall some basic material about hyperbolic structures on groups and give an

equivalent definition of property (PH). For more details about hyperbolic structures on groups,

see [ABO19].

Definition 4.1.1. [ABO19, Definition 1.1] Let S and T be two generating sets of a group G.

We say that S is dominated by T , written S ĺ T , if the identity map on G induces a Lipschitz
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map between metric spaces GpG,T q Ñ GpG,Sq. It is clear that ĺ is a preorder on the set of

generating sets of G and therefore it induces an equivalence relation in the standard way:

S „ T ðñ S ĺ T and T ĺ S.

We denote by rSs the equivalence class of a generating set S of G. The preorder ĺ induces

an order relation ď on all equivalence classes of generating sets by the rule:

rSs ď rT s ðñ S ĺ T. (4.1)

Definition 4.1.2. [ABO19, Definition 1.2] A hyperbolic structure on G is an equivalence class

rSs such that GpG,Sq is hyperbolic. We denote the set of hyperbolic structures by HpGq and

endow it with the order induced from p4.1q.

Since hyperbolicity of a geodesic metric space is a quasi-isometry invariant, the definition

above is independent of the choice of a particular representative in the equivalence class rSs.

Using the standard argument from the proof of the Svarc-Milnor lemma, it is easy to show

that elements of HpGq are in one-to-one correspondence with equivalence classes of cobounded

actions of G on hyperbolic spaces considered up to a natural equivalence: two actions G ñ X

and G ñ Y are equivalent if there is a coarsely G-equivariant quasi-isometry X Ñ Y . This

gives another equivalent definition of property (PH’).

Definition 4.1.3 (Second definition of property (PH’)). A (not necessarily finitely generated)

group G has property (PH’) if there exist finitely many hyperbolic structures rS1s, ¨ ¨ ¨ , rSns P

HpGq such that the diagonal action of G on
śn

i“1 GpG,Siq equipped with ℓ1-metric is proper.

Remark 4.1.4. In the above definition of property (PH’), one can require that rS1s, ¨ ¨ ¨ , rSns

forms a finite antichain in HpGq. A brief reason is as follows: suppose that rS1s ď rS2s. By

definition, there exists a constant M ą 0 such that supsPS2
|s|S1 ď M . Then for any g P G,

|g|S1 ď M |g|S2 . Therefore, for any R ą 0, the set tg P G :
řn

i“2 |g|Si ď Ru is contained in

tg P G :
řn

i“1 |g|Si ď pM ` 1qRu and thus is finite. This implies that removing rS1s does not

affect the properness of the G-action. By repeating this procedure, one finally gets a finite

antichain of hyperbolic structures which gives the (PH’) property of G.

In [ABO19], a hyperbolic structure rSs P HpGq is called

• elliptic if |BGpG,Sq| “ 0 (equivalently, GpG,Sq is bounded);

• lineal if |BGpG,Sq| “ 2 (equivalently, GpG,Sq is quasi-isometric to a line);

• quasiparabolic or focal if |BGpG,Sq| “ 8 and G fixes a point of BGpG,Sq;

• of general type if |BGpG,Sq| “ 8 and G does not fix any point of BGpG,Sq.

The sets of elliptic, lineal, quasiparabolic and general type hyperbolic structures on G are

denoted by HepGq,HℓpGq,HqppGq and HgtpGq, respectively. For any hyperbolic structure rSs P

HpGq, it is easy to see that the type of actionG ñ GpG,Sq coincides with the type of rSs P HpGq.

Since a horocyclic action cannot be cobounded, the classification of unbounded group actions

on hyperbolic spaces gives the following result.
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Theorem 4.1.5. [ABO19, Theorem 2.2] For every group G, we have

HpGq “ HepGq \ HℓpGq \ HqppGq \ HgtpGq.

The subsets HepGq \ HℓpGq and HepGq \ HℓpGq \ HqppGq are initial segments of the poset

HpGq.

4.2 Quasimorphisms and quasi-lines

The following two notions will be used in the proof of Lemma 4.2.5.

Definition 4.2.1. A pλ, µq-quasi-action of a group G on a metric space X is a map ρ : GˆX Ñ

X, denoted ρpg, xq ÞÑ gx, so that the following hold:

(i) for each g, ρpg,´q : X Ñ X is a pλ, µq-quasi-isometry;

(ii) for each x P X and g, h P G, we have

|gphxq ´ pghqx| “ |ρpg, ρph, xqq ´ ρpgh, xq| ď µ.

(Note that λ and µ must be independent of g and h.) We call a quasi-action cobounded if, for

every x P X, the map ρp´, xq : G Ñ X is µ1-coarsely onto for some µ1 ě 0.

Definition 4.2.2. Suppose that ρX : G ˆ X Ñ X and ρY : G ˆ Y Ñ Y are quasi-actions. A

map f : X Ñ Y is called coarsely equivariant if there is some ϵ ě 0 so that |f ˝ ρXpg, xq ´

ρY pg, fpxqq| ď ϵ for all g P G and x P X. A coarsely equivariant quasi-isometry is called a

quasi-conjugacy.

Example 4.2.3. Let ϕ : G Ñ R be a quasimorphism with Dpϕq “ ϵ. A p1, ϵq-quasi-action of G

on R is given by ρpg, xq “ x` ϕpgq.

Lemma 4.2.4. [Man06, Lemma 3.7] Any quasi-line is p1, ϵq-quasi-isometric to R for some

ϵ ą 0.

The following two lemmas will be very useful in the later proofs. Recall that a lineal action

of a group G on a quasi-line L is orientable if no element of G permutes the two points of

the Gromov boundary BL. Clearly the property of being orientable is invariant under the

equivalence of actions and thus we can speak of orientable lineal hyperbolic structures on G.

We denote the set of such structures by H`
ℓ pGq.

Lemma 4.2.5. Let G be a group. The following are equivalent:

1. There exists a nonzero homogeneous quasimorphism φ : G Ñ R. This induces a quasi-

action ρ : Gˆ R Ñ R defined by ρ : pg, xq ÞÑ x` φpgq.

2. G has a cobounded quasi-action on R fixing ˘8.

3. There exists a generating set S of G such that rSs P H`
ℓ pGq, i.e. G acts lineally and

orientably on GpG,Sq.
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4. G has an orientable lineal action on a quasi-line L.

Moreover, if G satisfies one of the above conditions, which gives a quasi-action of G, then we

can prove the others under quasi-actions quasi-conjugate to this one.

Proof. “(1) ñ (2)” and “(3) ñ (4)” are obvious. “(2) ñ (3)” follows from [Man05, Proposition

4.4] and the Svarc-Milnor lemma. Thus, we only need to verify “(4) ñ (1)”. Let ξ P BL be

a boundary point. The Busemann homogeneous quasimorphism βξ : G Ñ R associated with

ξ given by [CCMT15, Proposition 3.7] (see also [Man08, Proposition 4.9]) satisfies (1). Note

that the assumption of local compactness in [CCMT15, Proposition 3.7] is only used to prove

continuity, which we do not need here.

To show the “Moreover” part, we start with Item (4). The Svarc-Milnor lemma gives a

generating set S of G satisfying (3) and gives a G-coarsely equivariant quasi-isometry between L

and GpG,Sq. Next, Lemma 4.2.4 shows that there exists a p1, ϵq-quasi-isometry f : GpG,Sq Ñ R
for some ϵ ě 0. Via this quasi-isometry, one can define a quasimorphism ϕ : G Ñ R by

ϕpgq “ f ˝g˝f´1p0q satisfying (1) and a quasi-action ρ : GˆR Ñ R by ρpg, xq “ x`f ˝g˝f´1p0q

satisfying (2). It is easy to see that this quasi-isometry f is coarsely equivariant with respect

to the action G ñ GpG,Sq and the quasi-action ρ : Gˆ R Ñ R and gives the other two desired

quasi-conjugations.

Lemma 4.2.6. Suppose that a group G has an orientable lineal action on a hyperbolic space X

with a basepoint o P X. Then there exists C ą 0 such that for any g, h P G, |o´ rg, hso| ď C.

Proof. When restricted to the orbit of theG-action inX, we know thatG has an orientable lineal

action on a quasi-line. According to Lemma 4.2.5, there exists a homogeneous quasimorphism

ϕ : G Ñ R. As shown in Remark 2.3.1, |ϕprg, hsq| ď Dpϕq for any g, h P G. The proof of Lemma

4.2.5 shows that the quasi-action ρ : G ˆ R Ñ R, pg, xq ÞÑ x ` ϕpgq is quasi-conjugate to the

action G ñ G ¨ o. The conclusion then follows.

Remark 4.2.7. We caution the readers that the conclusion of Lemma 4.2.6 depends heavily

on the orientability. For example, let G “ xr, s | s2 “ prsq2 “ 1y be the infinite dihedral

group and S “ tr, su. Then rSs P HℓpGqzH`
ℓ pGq. However, it is direct to compute that

|rrn, ss|S “ |r2n|S Ñ 8 as n Ñ 8.

4.3 Property (PH) from lineal actions

A group G is said to have property (PH’) from (orientable) lineal actions if there exist finitely

many quasi-lines L1, ¨ ¨ ¨ , Ln on which G acts (orientably) lineally such that the diagonal action

of G on the product
śn

i“1 Li is proper. In this case, we also say that G has property (PH’) from

(orientable) lineal actions G ñ L1, ¨ ¨ ¨ , G ñ Ln. Similarly, a group G is said to have property

(PH) from lineal actions if some finite-index subgroup of G has property (PH’) from lineal

actions. Since horocyclic actions cannot be cobounded and elliptic actions can be removed in

a proper diagonal action, the simplest objects for us to study are those groups with property

(PH) or (PH’) from lineal actions. In this section, we are going to characterize the class of

groups with property (PH’) or (PH) from lineal actions.
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A group G is called FC if every conjugacy class of G contains only finitely many elements.

Note that a group with finitely many commutators is FC. Recall that a group G is an FZ group

of rank r if G{ZpGq is finite and ZpGq has rank r as an abelian group.

Lemma 4.3.1. Assume a group G has property (PH’) from orientable lineal actions G ñ

L1, ¨ ¨ ¨ , G ñ Lm. Then G is a finitely generated FZ group of rank r ď m. Moreover, there exists

a subset tL1
1, ¨ ¨ ¨ , L1

ru Ď tL1, ¨ ¨ ¨ , Lmu so that the diagonal action G ñ
śr

i“1 L
1
i is geometric.

Proof. By Lemma 4.2.5, there exist nonzero homogeneous quasimorphisms φi (i “ 1, . . . ,m) on

G such that the induced quasi-action ρi : G ˆ R Ñ R, pg, xq ÞÑ x ` φipgq is quasi-conjugate to

G ñ Li for each 1 ď i ď m. Properness of the diagonal action G ñ
śm

i“1 Li is equivalent to

say that the set

Tk :“ tg P G | |φipgq| ď k, @1 ď i ď mu

is finite for any k ě 0.

If there exist constants c1, . . . , cm´1 P R such that φm “
řm´1

i“1 ciφi, then for any g P G with

|φipgq| ď k for 1 ď i ď m ´ 1, we have |φmpgq| ď k ¨ maxt|ci| | 1 ď i ď m ´ 1u. This implies

that the set

tg P G | |φipgq| ď k, @1 ď i ď m´ 1u

is finite. Equivalently, the diagonal action G ñ
śm´1

i“1 Li is still proper. By choosing tφi | 1 ď

i ď ru Ď tφi | 1 ď i ď mu to be a maximal linearly independent subset, the above arguments

show that the diagonal action G ñ
śr

i“1 Li is still proper.

Since Tk is finite for any k ě 0 and G “
Ť8

k“1 Tk, we can arrange the group elements of G in

a sequence pgnqně1 such that Tk is exactly the set of the first nk elements, where nk “ |Tk| P N
is non-decreasing with respect to k. Define a map Φ : G Ñ Rr by Φpgq “ pφ1pgq, ¨ ¨ ¨ , φrpgqqT

for any g P G. For any k P N, define an (r, nk)-matrix Mk by Mk “ pΦpg1q, . . . ,Φpgnk
qq. Note

that for any k ă k1, Mk is contained in Mk1 as the first nk columns. Therefore, rkpMkq is

non-decreasing with respect to k. Moreover, rkpMkq ď r by definition. Thus, there exists r1 ď r

and k0 P N such that rkpMkq “ r1 for any k ě k0.

Claim. r1 “ r.

Proof of Claim. Suppose that r1 ă r. After passing to a subsequence pMklqlPN and reordering

the quasimorphisms if necessary, we can assume that the first r1 row vectors of Mkl are linearly

independent for any l P N. Thus, there exist constants ci P R (i “ 1, . . . , r1) such that φrpgnq “
řr1

i“1 ciφipgnq for any n ě 1. This contradicts with the linear independency of φi (i “ 1, . . . , r)

on G.

Since rkpMk0q “ r, we can choose r column vectors of Mk0 that are linearly independent.

WLOG, let Φpg1q, . . . ,Φpgrq be linearly independent. For any g P G, there exist bn (n “ 1, . . . , r)

such that

Φpgq “

r
ÿ

n“1

bnΦpgnq.

For any number x P R, we use txu to denote the maximal integer which does not exceed x. By
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definition of homogeneous quasimorphisms,

|φipg
r
ź

n“1

g´tbnu
n q ´ φipgq `

r
ÿ

n“1

tbnuφipgnq| ď rDpφiq,

for any 1 ď i ď r. Thus,

|φipg
r
ź

n“1

g´tbnu
n q| ď

r
ÿ

n“1

|φipgnq| ` rDpφiq ď rpk0 `Dpφiqq, (4.2)

for any 1 ď i ď r. This shows that g P xTky, where k “ rpk0 ` max1ďiďmDpφiqq. In particular,

G is finitely generated.

Lemma 4.2.6 and properness of G ñ
śr

i“1 Li imply that G is an FC group. Since a finitely

generated FC group is FZ (see [Neu51, §2]), G is FZ. Moreover, (4.2) also shows that the

diagonal action G ñ
śr

i“1 Li is cobounded, and thus geometric. Therefore, the rank of G

equals r.

Now we can give a characterization of groups that have property (PH’) from lineal actions.

Lemma 4.3.2. If a group G has property (PH’) from lineal actions G ñ L1, ¨ ¨ ¨ , G ñ Lm,

then G fits into the following short exact sequence

1 Ñ H Ñ G Ñ Zs
2 Ñ 1

where 0 ď s ď m and H is a finitely generated FZ group of rank r ď m. Moreover, there exists

a subset tL1
1, ¨ ¨ ¨ , L1

ru Ď tL1, ¨ ¨ ¨ , Lmu so that G ñ
śr

i“1 L
1
i is geometric.

Proof. The induced action of G on tBLi : 1 ď i ď mu gives a homomorphism ρ : G Ñ Zm
2 .

Thus, H :“ ker ρ acts orientably on each Li. By applying Lemma 4.3.1 to H, we have that

H is a finitely generated FZ group of rank r ď m and there exists a subset tL1
1, ¨ ¨ ¨ , L1

ru Ď

tL1, ¨ ¨ ¨ , Lmu so that H ñ
śr

i“1 L
1
i is geometric. Since H is of finite index in G, the diagonal

action G ñ
śr

i“1 L
1
i is also geometric.

Corollary 4.3.3. A group has property (PH) from lineal actions if and only if it is finitely

generated and virtually abelian.

Proof. “ð” is clear and “ñ” follows from Lemma 4.3.2 and the fact that any group containing

a finitely generated finite-index subgroup is also finitely generated.

By combining Lemma 4.3.1 and Corollary 4.3.3, we complete the proof of Theorem 1.2.1.

Corollary 4.3.4. A finitely generated group with sub-exponential growth has property (PH) if

and only if it is virtually abelian.

Proof. We only need to show “ñ” since the other direction is clear. Let G be a finitely gen-

erated group with sub-exponential growth that has property (PH). By passing to a finite-

index subgroup, we can assume that G has property (PH’). By definition, there exist finite

unbounded hyperbolic spaces X1, . . . , Xn on which G acts coboundedly such that the diagonal
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action G ñ X “
śn

i“1Xi is proper. Since any group admitting a focal or general type action on

a hyperbolic space contains a non-abelian free sub-semigroup and thus has exponential growth,

G must act lineally on each Xi for 1 ď i ď n. This implies that G has property (PH’) from

lineal actions. Then the conclusion follows from Corollary 4.3.3.

4.4 First examples

In this section, we are going to give some examples and non-examples of groups with property

(PH).

4.4.1 The Heisenberg group

Let H “ xa, b, c | ra, cs “ rb, cs “ 1, ra, bs “ cy be the Heisenberg group. [ABO19, Example 4.23]

shows that HpZnq “ HepZnq \ H`
ℓ pZnq for n ě 2 where H`

ℓ pZnq is an antichain of cardinality

continuum. The first result here is to show that H and Zn have the same hyperbolic structures.

Lemma 4.4.1. HpHq “ HepHq \ H`
ℓ pHq where H`

ℓ pHq is an antichain of cardinality contin-

uum.

Proof. Since H has polynomial growth, it is clear that HqppHq “ HgtpHq “ H and thus

HpHq “ HepHq \ HℓpHq. Note that there are two natural surjective homomorphisms ϕa :

H Ñ xay, a ÞÑ a, b ÞÑ 1, c ÞÑ 1 and ϕb : H Ñ xby, a ÞÑ 1, b ÞÑ b, c ÞÑ 1. By the Svarc-Milnor

lemma, these two homomorphisms give two non-equivalent generating sets in H`
ℓ pHq. Thus

|H`
ℓ pHq| ě 2. Since [ABO19, Theorem 4.22 (b)] shows that for every group G, the cardinality

of H`
ℓ pGq is 0, 1 or at least continuum. Hence, the cardinality of H`

ℓ pHq is continuum. It

remains to show that HℓpHq “ H`
ℓ pHq.

Pick an arbitrary element rSs P HℓpHq and an arbitrary element g P H such that g is

loxodromic on GpH,Sq. Note that BGpH,Sq “ tg`, g´u. Since c P ZpHq, one has that cg “ gc

and thus c fixes pointwise tg`, g´u. Moreover, it follows from another relation ab “ bac that g

can be written as ambnck for some m,n, k P Z and

aga´1 “ am`1bna´1ck “ ambnck`n “ gcn, bgb´1 “ bambn´1ck “ ambnck´m “ gc´m.

Since both g and c fix pointwise tg`, g´u, the above equations show that a ¨g˘ “ g˘, b ¨g˘ “ g˘.

Since ta, b, cu generates H, one gets that any element in H fixes pointwise BGpH,Sq. This means

that H ñ GpH,Sq is orientable. Since rSs is arbitrary, we get that HℓpHq “ H`
ℓ pHq.

Since H is a non-elementary group with polynomial growth, Corollary 4.3.4 shows that H

does not have property (PH). Therefore, having property (PH) or not gives a distinction between

Znpn ě 2q and H. Another way to prove that H does not have property (PH) will be given by

Corollary 5.1.4.

It is well-known that H fits into a central extension

1 Ñ Z Ñ H Ñ Z2 Ñ 1.
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As a corollary of Theorem 1.3.1, this central extension has an unbounded Euler class. We will

discuss central extensions and their Euler classes more detailedly in the next chapter.

4.4.2 The crystallographic group

In this subsection, we give an equivalent condition for a crystallographic group to have property

(PH’). As a corollary, we show that the (3,3,3)-triangle group has property (QT) but no (PH’).

Recall that a crystallographic group is a discrete subgroup of IsompRrq that acts properly

cocompactly on Rr. By the first Bieberbach Theorem (see [Szc25]), any such group Γ fits into

a short exact sequence of the form

1 Ñ A Ñ Γ Ñ F Ñ 1 (4.3)

where A, called the translation subgroup, is isomorphic to Zr and F , the point group, is a

finite subgroup of the orthogonal group OrpRq. The above short exact sequence right-splits.

This amounts to saying that Γ can be written as a semi-direct product A ¸ϕ F where ϕ is a

homomorphism from F to AutpZrq “ GLrpZq.

Lemma 4.4.2. Let Γ ď IsompRrq be a crystallographic group. Γ has property (PH’) if and only

if the corresponding homomorphism ϕ : F Ñ GLrpZq factors through
śr

i“1AutpZq “ Zr
2.

Proof. “ñ”: Since Γ is a virtually abelian group of rank r and has property (PH’), Lemma

4.3.2 shows Γ admits a geometric diagonal action on a finite product of quasi-lines
śr

i“1 Li.

Since rΓ : As ă 8, the diagonal action A ñ
śr

i“1 Li is also geometric. Moreover, the induced

action of Γ on tBLi : 1 ď i ď ru gives a homomorphism ρ : Γ Ñ Zr
2. Since A is a torsion-free

abelian group of rank r, the geometric action A ñ
śr

i“1 Li implies that no generating element

of A can swap the two points of BLipi “ 1, ¨ ¨ ¨ , rq. Hence, A ď ker ρ and this induces a quotient

homomorphism ρ̄ : F “ Γ{A Ñ Zr
2, which completes the proof.

“ð”: Since Γ ď IsompRrq is a crystallographic group, the translation subgroup A is isomor-

phic to a lattice Zr in Rr and A acts by translation on Zr. When the corresponding homomor-

phism ϕ : F Ñ GLrpZq factors through
śr

i“1AutpZq “ Zr
2, the point group F preserves each

factor of Zr and acts by permutation on the boundary of each factor. Since Γ “ A ¸ϕ F , one

gets an isometric action of Γ on Zr which preserves each Z-coordinate. Since rΓ : As ă 8, the

action Γ ñ Zr is also geometric, which gives the (PH’) property of Γ.

Let T “ xa, b, c | a2 “ b2 “ c2 “ pabq3 “ pbcq3 “ pac3q “ 1y be the (3,3,3)-triangle

group which acts properly and cocompactly on R2. Clearly T is a crystallographic group

with translation subgroup isomorphic to Z2. Recall that two groups are commensurable if

they contain isomorphic finite-index subgroups. Petyt-Spriano [PS23, Corollary 4.5] used this

triangle group to show that being an HHG is not a commensurability invariant.

Corollary 4.4.3. The (3,3,3)-triangle group T does not have property (PH’). In particular,

neither property (PH’) nor (QT’) is a commensurability invariant.

Proof. From the short exact sequence (4.3), we see that T is virtually Z2. Since property (QT)

is a commensurability invariant (see [BBF21]), T has property (QT) and thus property (PH) by
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Lemma 4.0.2. According to Lemma 4.4.2, if T has property (PH’), then its point group embeds

in Z2
2. However, T contains an element of order 3. This shows that T does not have property

(PH’). In particular, neither property (PH’) nor (QT’) is a commensurability invariant.

4.4.3 The Baumslag-Solitar group

Recall that a Baumslag-Solitar group is defined by BSpm,nq “ xa, t | tamt´1 “ any. In this

subsection, we prove that any solvable Baumslag-Solitar group BSp1, nq has property (PH’) but

does not have an HHG structure or property (QT) for n ě 2.

The reason why BSp1, nq has neither an HHG structure nor property (QT) is due to the

distortion of some infinite-order element in BSp1, nq; see [DHS17, Theorem 7.1] (of which the

proof is corrected in [DHS20]) and [HNY25, Lemma 2.5].

Lemma 4.4.4. [HNY25, Corollary 2.7] The Baumslag-Solitar group BSp1, nq for n ě 2 does

not have property (QT).

From now on, let us focus on Gn “ BSp1, nq “ xa, t | tat´1 “ any for n ě 2.

It is well-known and easy to prove that Gn is isomorphic to the subgroup of SL2pRq generated

by

t “

˜ ?
n 0

0 1{
?
n

¸

and a “

˜

1 1

0 1

¸

.

Thus we obtain an action of Gn on H2 that factors through the action of SL2pRq. It is easy to

see that this action is focal and cobounded. Indeed, the generator t is a loxodromic element and

the other generator a is a parabolic element and both generators have a common fixed point

8 in BH2. Moreover, a bounded fundamental domain of this action is given by the “rectangle”

with vertices i, ni, n` i, n` ni.

Another Gn-action on a hyperbolic space comes from the HNN-extension structure of Gn.

Let Tn be the corresponding Bass-Serre tree with a path metric dT . Then Gn ñ Tn is also focal

with the unique fixed point t´ P BTn and cobounded.

It is not hard to show that these two focal actions of Gn are not equivalent. Indeed there are

no non-trivial elliptic elements with respect to the first action, while all elements from rGn, Gns

are elliptic with respect to the second action. As shown in [FSY04, Proposition 5.2(4)], the

diagonal action Gn ñ H2 ˆ Tn is proper. Thus, we obtain

Proposition 4.4.5. The solvable Baumslag-Solitar group Gn “ BSp1, nq has property (PH’)

from focal actions Gn ñ H2 and Gn ñ Tn.

As a direct corollary of Lemma 4.4.4 and Proposition 4.4.5, one gets that the class of finitely

generated groups with property (QT) (resp. (QT’)) is strictly contained in the class of groups

with property (PH) (resp. (PH’)). This is a complement to Lemma 4.0.2.

By combining Lemma 4.4.1, Corollary 4.4.3 and Proposition 4.4.5, we complete the proof of

Proposition 1.2.2.
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4.4.4 Fundamental groups of Anosov mapping tori

Fix an element φ P SL2pZq that is Anosov; that is, φ has distinct irrational eigenvalues λ ą 1

and 0 ă λ´1 ă 1. The map φ is an element of the mapping class group of the torus T 2, and

the group Gφ “ Z2 ¸φ Z is the fundamental group of the mapping torus of φ.

As shown in [AR24, §7], Gφ admits two non-equivalent focal actions on H2. These two focal

actions may not be cobounded. However, [ABO19, Lemma 4.24] tells us that any focal action is

weakly equivalent to a cobounded focal action. Hence, we can drop the requirement of cobound-

edness for focal actions in the definition of property (PH’). Moreover, [FSY04, Proposition 5.3]

shows that the induced diagonal action of Gφ on H2 ˆ H2 is proper. In summary, we obtain

Proposition 4.4.6. The fundamental group of Anosov mapping tori has property (PH’) from

two non-equivalent focal actions on H2.

4.5 Relative HHGs and graph products

This section is devoted to the proof of Theorem 1.2.3, which is an analogue of [HP22, Theorem

3.1], [HNY25, Theorem 1.5] and Theorem 3.0.2. Let pG,Sq be a colorable relative HHG with

a constant E. Let V be a representing set of S under the G-action such that 1 P PV for any

V P V, where PV is the standard product region associated with V . Note that V is finite by

the definition of relative HHGs. We write rV s to mean the G-orbit of V on S.

Theorem 4.5.1 (Theorem 1.2.3). Let pG,Sq be a colorable relative HHG. If for every domain

U P S that is nesting-minimal, the action of StabGpUq on CU has property (PH’), then G has

property (PH’).

Proof. By assumption, for every V P V, there exist hyperbolic spaces Xi
V p1 ď i ď nV q along

with StabGpV q–equivariant maps ιiV : CV Ñ Xi
V for i “ 1, . . . , nV such that the map

nV
ź

i“1

ιiV : CV Ñ

nV
ź

i“1

Xi
V

is coarsely controlled. Thus, there exists a function ρ` : r0,8q Ñ r0,8q such that

nV
ÿ

i“1

dXi
V

pιiV pxq, ιiV pyqq ď ρ`pdCV px, yqq (4.4)

for any x, y P CV .

Fix any i P t1, . . . , nV u. Let Xi
rV s

“ tXi
U | U P rV su be a collection of copies of Xi

V . For any

g P G and U P S, let giU : Xi
U Ñ Xi

gU be the canonical isometry. It is conventional to define a

collection of maps tιiU : CU Ñ Xi
U | U P rV su such that the diagram

CU
g˚
U //

ιiU
��

CgU

ιigU
��

Xi
U

giU // Xi
gU
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commutes for any g P G and U P rV s.

Fix any V P V. By colorability and [HP22, Lemma 3.4], the set tCU | U P rV su equipped with

πgU pUq “ ρUgU is a G–projection system in the sense of Bestvina-Bromberg-Fujiwara [BBF15].

By (4.4), it is easy to verify that every Xi
rV s

equipped with ΠXi
gU

pXi
U q :“ ιigU pρUgU q is also a

G–projection system. We also define ΠXi
gU

pxq for any x P CU and g P G by

ΠXi
gU

pxq “

#

ιiU pxq if gU “ U

ιigU pρUgU q if gU ‰ U.

By the construction in [BBF15, §4], we obtain a quasi-tree of metric spaces CXi
rV s

for every

V P V and 1 ď i ď nV . Since Xi
V is hyperbolic, CXi

rV s
is also hyperbolic by [BBF15, Theorem

4.17]. We only need to show that the diagonal action

G ñ
ź

V PV

nV
ź

i“1

CXi
rV s

is proper. For simplicity, we will use |p´ q| to mean the distance between two points p, q in the

same space.

Fix any V P V and any i P t1, . . . , nV u. Fix a base point oiV P Xi
V . Since 1 P PV , we have

|πU p1q ´ ρVU | ď E for any U P rV s ´ tV u by definition of standard product regions. Thus, by

(4.4), we have |ιiU pπU p1qq ´ ΠXi
U

poiV q| ď ρ`p|πU p1q ´ ρVU |q ď ρ`pEq for any U P rV s ´ tV u.

Therefore,

|ιiU pπU p1qq ´ ιiU pπU pgqq| ď|ιiU pπU p1qq ´ ΠXi
U

poiV q| ` |ΠXi
U

poiV q ´ ΠXi
U

pgoiV q|

` |ΠXi
U

pgoiV q ´ ιiU pπU pgqq|

ď|ΠXi
U

poiV q ´ ΠXi
U

pgoiV q| ` 2ρ`pEq

for any g P G and U P rV s.

Suppose that dCXi
rV s

poiV , go
i
V q ď C for any V P V and 1 ď i ď nV . By the distance formula

for CXi
rV s

(see [BBF15, Theorem 4.13]), |ΠXi
U

poiV q ´ ΠXi
U

pgoiV q| ď C 1 for any U P rV s, where

C 1 is a constant independent of g, V, i. Thus,

|ιiU pπU p1qq ´ ιiU pπU pgqq| ď C 1 ` 2ρ`pEq.

Since
śnV

i“1 ι
i
V is proper, |πU p1q´πU pgq| is bounded for all U P S. Therefore, by Theorem 2.2.2,

the word length of g is bounded. In conclusion, G has property (PH’).

4.6 Open questions

Note that Theorem 1.2.1 shows that the property of being finitely generated is implied by the

property (PH) from lineal actions. We wonder whether this phenomenon occurs for all groups

with property (PH). So we ask that

Question 4.6.1. Does property (PH) imply finite generation?
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If each hyperbolic space in the above definition of property (PH’) is assumed to be proper,

then we say G has property (PPH), which is studied by Cui and Wan in [CW25]. In particular,

they obtained the following Tits Alternative for finitely generated groups with property (PPH):

a finitely generated group with property (PPH) from focal and lineal actions must be amenable.

We think the additional assumption that each hyperbolic space is proper is not essential. So

we raise the following question.

Question 4.6.2. Are (finitely generated) groups with property (PH) from focal and lineal actions

amenable?

Let L “ xt, a, b | ra, bs “ 1, ta2b´1t´1 “ a2b, tab2t´1 “ a´1b2y be the Leary-Minasyan group

defined in [LM21]. It is also shown in [LM21] that L is a CAT(0) group quasi-isometric to

F5 ˆ Z2. In [But22], Button utilized this group to show that property (QT) is not a quasi-

isometry invariant. As a generalization of both word-hyperbolicity and property (QT), we

wonder that

Question 4.6.3. Is property (PH) on finitely generated groups a quasi-isometry invariant? In

particular, does the Leary-Minasyan group L have property (PH)?

We remark that Item (3) in Proposition 1.2.2 reveals an essential difference between property

(PH) and (QT). That is, a finitely generated group with property (PH) may contain distorted

elements, while a finitely generated group with property (QT) cannot (cf. [HNY25, Lemma

2.5]). By studying existing examples with or without property (PH), we ask that

Question 4.6.4. Is every element in a finitely generated group with property (PH) either undis-

torted or at least exponentially distorted?

Motivated by the work of Wan and Yang in [WY25], another question is that

Question 4.6.5. Does the shadowing property defined in [WY25] have an invariance similar

to Theorem 1.3.1 and 1.3.2?
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CHAPTER 5

Central extensions

5.1 Central extensions and bounded Euler classes

In this chapter, we will show that all of properties (PH’), (PH), (QT’) and (QT) are preserved

under a central extension with a bounded Euler class (Theorems 1.3.1, 1.3.2). This gives us more

interesting examples of these properties in a unified way. In this section, we briefly introduce

some notations about central extensions and then give some equivalent conditions for bounded

Euler classes.

5.1.1 Geometric properties of central elements

Lemma 5.1.1. Let E be a group acting isometrically on a hyperbolic space X and Z “ ZpEq.

1. If the action E ñ X is cobounded, then any element c P Z is either elliptic or loxodromic

on X.

2. If there exists an element c P Z that is loxodromic on X, then the E-action on X is lineal

and orientable.

Proof. (1) Assume that c is parabolic on X. Let ξ P BX be the unique fixed point of c. If there

exists a loxodromic element g P E on X, then the equality cgc´1 “ g shows that cg˘ “ g˘

which contradicts with |Fixpcq| “ 1. Hence, there is no loxodromic elements in E on X. Since a

horocyclic action cannot be cobounded, one gets that E ñ X is a bounded action. This implies

that c is an elliptic element, which is also a contradiction.

(2) Since c is central in E and loxodromic on X, E leaves Λxcy “ tc`, c´u invariant. This

means the action of E on X is lineal. Suppose that there exists an element b P E that swaps

the two points c`, c´. Then for any o P X, it is clear that |bcno ´ cnbo| Ñ 8 as n Ñ 8. This

shows that bcnb´1 ‰ cn for n " 0, which is a contradiction to c P Z. Hence, the action of E on

X is lineal and orientable.

Lemma 5.1.2. Let E be a group that has property (PH’) from actions E ñ X1, ¨ ¨ ¨ , E ñ Xn.

Assume Z ď ZpEq is an abelian group of rank r. Then r ď n and there exists a subset of quasi-

lines tL1, ¨ ¨ ¨ , Lru Ď tX1, ¨ ¨ ¨ , Xnu such that the diagonal action of Z on
śr

i“1 Li is geometric.

Proof. From Lemma 5.1.1, an important observation is that each Xi on which Z acts non-

elliptically is a quasi-line and E has an orientable lineal action on it. Hence, by removing all
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Xi’s on which Z acts elliptically, we get some quasi-lines L1
1, ¨ ¨ ¨ , L1

m in X1, ¨ ¨ ¨ , Xn and Z has

property (PH’) from orientable lineal actions Z ñ L1
1, ¨ ¨ ¨ , Z ñ L1

m. The remaining proof is

completed by Lemma 4.3.1.

Next we give a necessary condition for a group to have property (PH).

Lemma 5.1.3. Let G be a group and c P ZpGq be a central element. Suppose that a subgroup

G1 ď G of finite index has a cobounded action on a hyperbolic space X. If c is a commutator in

G, then ck acts as an elliptic element under the action G1 ñ X for some k ą 0.

Proof. If c is of finite order, then there is nothing to prove. Suppose c is of infinite order. Up

to taking a finite-index subgroup, we can assume that G1 ◁G. Denote rG : G1s “ k ě 1. Then

it follows from the normality of G1 that gk P G1 for any g P G.

Claim. ck
2m2

is a commutator in G1 for any m ě 1.

Proof of Claim. Since c is a commutator in G, there exist g, h P G such that ghg´1 “ ch.

Since c P ZpGq, ghkmg´1 “ ckmhkm for all m ě 1. Reformulating this equality gives that

h´kmghkm “ ckmg and then h´kmgkmhkm “ ck
2m2

gkm. Note that gkm, hkm P G1 for each

m ě 1. Thus, rg´km, h´kms “ ck
2m2

is a commutator in G1.

Suppose that ck is not elliptic on X. By Lemma 5.1.1, the action G1 ñ X is orientable lineal.

Hence, Lemma 4.2.6 shows that the orbit of xck
2
y on X is bounded, which is a contradiction to

the non-ellipticity of ck.

Corollary 5.1.4. Let G be a group. If there exists an infinite-order element c P ZpGq such

that c is a commutator in G, then G does not have property (PH).

Proof. Let G1 ď G be a finite-index subgroup that has property (PH’) from actions G1 ñ

X1, ¨ ¨ ¨ , G1 ñ Xn. By Lemma 5.1.3, some power of c is elliptic on each Xi for 1 ď i ď n. This

contradicts the properness of the diagonal action G1 ñ
śn

i“1Xi since c is of infinite order.

We remark that Heisenberg groups satisfy the condition of Corollary 5.1.4.

5.1.2 Characterizations of central extensions with bounded Euler classes

Consider a central extension of groups

1 Ñ Z
ι

ÝÑ E
π
ÝÑ G Ñ 1 (5.1)

where Z is finitely generated. Let rωs P H2pG,Zq be the Euler class of this central extension.

In what follows, we will identify Z with ιpZq. For any g P E, we write ḡ to mean πpgq P G.

According to the structure theorem of finitely generated abelian groups, there exists r ě 0

and a finite abelian group F such that Z – Zr
À

F . Let tc1, . . . , cru be a standard generating

set for Zr. Part of the following lemma is also proved in the recent work of Fournier-Facio,

Mangioni, and Sisto (see [FMS25, Proposition 2.9]).

Lemma 5.1.5. For the central extension (5.1), the following are equivalent:
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1. rωs is bounded.

2. The central extension (5.1) quasi-splits.

3. The central extension (5.1) admits a quasi-retraction.

4. There exist quasimorphisms ϕi : E Ñ Z for i “ 1, . . . , r, such that ϕi is unbounded on xciy

and bounded on xcjy whenever i ‰ j.

5. There exist rS1s, ¨ ¨ ¨ , rSrs P H`
ℓ pEq such that ci is loxodromic on GpE,Siq and elliptic on

GpE,Sjq whenever i ‰ j.

6. There exist quasi-lines L1, ¨ ¨ ¨ , Lr on which E acts lineally such that the diagonal action

of Z on
śr

i“1 Li is geometric.

7. The central extension (5.1) virtually quasi-splits.

Proof. The equivalence of p1q and p2q is given by [FK16, Lemma 2.9]. The equivalence of “p2q

and p3q” is given by [Wan25, Theorem 1.5]. “p2q ñ p7q” is obvious. “p3q ñ p4q” is also obvious

because a composition of quasi-homomorphisms is still a quasi-homomorphism. The equivalence

of (4) and (5) is easy to see from Lemma 4.2.5. “p5q ñ p6q” is also obvious. Thus, we only need

to prove “p6q ñ p1q” and “p7q ñ p2q”.

p6q ñ p1q: We divide the proof into three steps.

Step 1: we construct a quasi-homomorphism φ from E to Z.

Since the action of Z on
śr

i“1 Li is geometric, there exists at least one loxodromic element

in Z on each Li. It follows from Lemma 5.1.1 that E acts lineally and orientably on each Li.

By Lemma 4.2.5, each orientable lineal action E ñ Li gives a homogeneous quasimorphism

ϕi : E Ñ R. Define Φ : E Ñ Rr by Φpgq :“ pϕ1pgq, ¨ ¨ ¨ , ϕrpgqqT for any g P E. As a

product of homogeneous quasimorphisms, Φ is a homogeneous quasi-homomorphism. Denote

K “ supg,hPE }Φpghq ´ Φpgq ´ Φphq}1. Then for any c “ cn1
1 ¨ ¨ ¨ cnr

r P Z,

}Φpcq ´ p

r
ÿ

i“1

Φpcni
i qq}1 “ }Φpcq ´ p

r
ÿ

i“1

niΦpciqq}1 “ }Φpcq ´ Θpn1, ¨ ¨ ¨ , nrqT }1 ď pr ´ 1qK (5.2)

where Θ :“ pΦpc1q, ¨ ¨ ¨ ,Φpcrqq is a matrix in MrpRq. Since the action of Z on
śr

i“1 Li is

geometric, Θ P GLrpRq. To obtain a quasi-homomorphism from E to Z, we need to composite

another two quasi-homomorphisms.

For any α “ px1, . . . , xrqT P Rr, denote tαu :“ ptx1u, . . . , txruqT P Zr. Define two quasi-

homomorphisms η : Rr Ñ Zr and ρ : Zr Ñ Z by ηpαq :“ tΘ´1αu for any α P Rr and

ρpn1, ¨ ¨ ¨ , nrq :“ cn1
1 ¨ ¨ ¨ cnr

r for any n1, . . . , nr P Z. Note that ρ is a group isomorphism between

Zr and a finite-index subgroup of Z. Let φ :“ ρ ˝ η ˝ Φ : E Ñ Z. As a composition of

quasi-homomorphisms, φ is a quasi-homomorphism from E to Z.

Step 2: we show φ|Z is close to the identity map.

For any c “ cn1
1 ¨ ¨ ¨ cnr

r P Z, we denote α :“ Φpcq ´Θpn1, ¨ ¨ ¨ , nrqT . By compositing η on the

left, we have

ηpαq “ tΘ´1αu “ η ˝ Φpcq ´ pn1, ¨ ¨ ¨ , nrqT .
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Next, by compositing ρ on the left, we have

ρptΘ´1αuq “ c´1φpcq.

Note that Formula (5.2) shows }α}1 ď pr ´ 1qK. Hence, the above equality shows that there

exists a finite subset A Ă Z such that c´1φpcq P A for any c P Z.

Step 3: we construct a bounded representative of rωs.

For any g P E, g “ φpgq ¨ pφpgq´1gq. Since φ is a quasi-homomorphism and φpgq´1 P Z, one

has

φpφpgq´1gq P φpφpgq´1qφpgq∆pφq P φpgq´1φpgqA ¨ ∆pφq “ A ¨ ∆pφq.

Denote B “ A¨∆pφq. The above equality shows that for any g P E, φpgq´1g P φ´1pBq. Since

φpgq P Z “ kerpπq, πpφpgq´1gq “ πpgq. This allows us to pick a section s : G Ñ E such that

spGq Ď φ´1pBq. Let ωs : GˆG Ñ Z given by ωspg, hq “ spgqsphqspghq´1 be the corresponding

cocycle. Since the image of ωs lies in Z, Step 2 implies the equivalence between boundedness

of ωs and boundedness of φpωsq. The latter is clearly bounded since spGq Ď φ´1pBq. Therefore,

the Euler class rωss is bounded.

“p7q ñ p2q”: By definition, there exists a finite-index subgroup E1 ď E such that the

following central extension 1 Ñ Z 1 Ñ E1 π
ÝÑ G1 Ñ 1 quasi-splits where Z 1 “ Z X E1 and

G1 “ πpE1q. By the equivalence of (2) and (3), there exists a quasi-retraction Φ1 : E1 Ñ Z 1.

Assume Z 1 “ Zr that embeds intoR “ Rr canonically. We consider Φ1 as a quasi-homomorphism

with values in R. By Lemma 2.3.4, Φ1 : E1 Ñ R induces a quasi-homomorphism T̂ pΦ1q : E Ñ R

whose restriction on Z 1 is the identity map.

Denote Ē “ E{Z 1, Z̄ “ Z{Z 1. Then G “ E{Z –
E{Z1

Z{Z1 “ Ē{Z̄. The original central extension

1 Ñ Z Ñ E
π
ÝÑ G Ñ 1 is splitted into the following two central extensions

1 Ñ Z 1 Ñ E
π1
ÝÑ Ē Ñ 1 (5.3)

and

1 Ñ Z̄ Ñ Ē
π2
ÝÑ G Ñ 1. (5.4)

Since the map T̂ pΦ1q : E Ñ R is a quasi-homomorphism whose restriction on Z 1 is the identity

map, the equivalence of (2) and (3) shows that the central extension (5.3) quasi-splits. Note

that Z̄ is finite since Z 1 is of finite index in Z. Thus any normalized section of the central

extension (5.4) is a quasi-splitting.

Let s1 : Ē Ñ E and s2 : G Ñ Ē be two quasi-splittings. Define a map s : G Ñ E as the

composite map s1 ˝ s2. Then s is the desired quasi-splitting from G to E.

Remark 5.1.6. (1) Suppose that rωs is bounded. Let s : G Ñ E be the quasi-splitting given by

(2). From the proof of [Wan25, Theorem 3.15], the map ϕ : E Ñ Z defined by ϕpgq “ gspḡq´1 is a

desired quasi-retraction for (3). Note that ϕpgq “ 1 for any g P spGq. Since each quasimorphism

ϕi in (4) is obtained by compositing ϕ with a natural projection, one gets that ϕipspGqq “ 0
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for 1 ď i ď r. According to Lemma 4.2.5, this implies that spGq has a bounded orbit on each

quasi-line Li obtained in (6).

(2) When the group extension is not a central extension, Items (2), (3), (7) in Lemma 5.1.5

may not be equivalent anymore although the relation “(3) ñ (2) ñ (7)” always holds. In

[Wan25], Wan shows that a general group extension admits a quasi-retraction if and only if it

quasi-splits and the image of this quasi-splitting almost commutes with the normal subgroup.

Besides, there exists a group extension which virtually quasi-splits but not quasi-splits. For

example, the surjective homomorphism from F2 to the infinite dihedral group D8 gives a short

exact sequence of groups 1 Ñ H Ñ F2 Ñ D8 Ñ 1. Since D8 is virtually cyclic, it is easy to

see this extension virtually quasi-splits. However, it does not quasi-split since any unbounded

quasi-homomorphism to F2 is either a homomorphism or a quasimorphism with images in a

cyclic subgroup [FK16, Theorem 4.1].

The following lemma is a complement to Lemma 5.1.5 (6).

Lemma 5.1.7. If rωs is bounded and G admits a proper action on a metric space X, then the

induced action of E on X ˆ
śr

i“1 Li by g ¨ px, y1, . . . , yrq :“ pḡx, gy1, . . . , gyrq is proper where

L1, ¨ ¨ ¨ , Lr are provided by Lemma 5.1.5 (6). If in addition that G is generated by a finite set

S, then the induced action of E on GpG,Sq ˆ
śr

i“1 Li is geometric.

Proof. By Lemma 5.1.5 (2), there exists a quasi-splitting s : G Ñ E. Any group element

g P E has a decomposition g “ gZgG, where gZ “ g ¨ spḡq´1 and gG “ spḡq. Note that

gZ P Z and ḡ “ ḡG. Fix a basepoint px, o1, . . . , orq P X ˆ
śr

i“1 Li. For any C ą 0, we denote

BpCq :“ tg P E : |x ´ ḡx| `
řr

i“1 |oi ´ goi| ď Cu. Let g P BpCq. There are only finitely many

choices of gG “ spḡq in E since tḡ P G : |x´ ḡx| ď Cu is finite. Now we fix such a choice of gG.

By triangle inequality,

r
ÿ

i“1

|oi´gZoi| ď

r
ÿ

i“1

p|oi´gZgGoi|`|oi´gGoi|q “

r
ÿ

i“1

|oi´goi|`
r
ÿ

i“1

|oi´gGoi| ď C`

r
ÿ

i“1

|oi´gGoi|.

Since the action Z ñ
śr

i“1 Li is geometric, there are only finitely many choices of gZ . This

shows that BpCq is finite for any C ą 0, which gives the properness of the diagonal action

E ñ X ˆ
śr

i“1 Li.

Suppose that G is generated by a finite set S. By the above arguments, we only need to show

that the induced action E ñ GpG,Sq ˆ
śr

i“1 Li is cobounded. Fix a basepoint p1, o1, . . . , orq P

GpG,Sqˆ
śr

i“1 Li and an arbitrary point px, y1, . . . , yrq P GpG,Sqˆ
śr

i“1 Li. Since Z ñ
śr

i“1 Li

is geometric, there exists c P Z such that c ¨ po1, ¨ ¨ ¨ , orq is uniformly close to py1, ¨ ¨ ¨ , yrq. Let

g “ spxqc P E. By Remark 5.1.6, spGq has a bounded orbit on
śr

i“1 Li. Hence, g ¨ p1, o1, ¨ ¨ ¨ , orq

is uniformly close to px, y1, ¨ ¨ ¨ , yrq, which completes the proof of coboundedness.

Corollary 5.1.8. Assume that rωs is bounded. If G has property (PH’) or (PH), then E has

property (PH’) or (PH) respectively. If G is finitely generated and has property (QT’) or (QT),

then E has property (QT’) or (QT) respectively.

Proof. If G has property (PH’), then it is easy to see from Lemma 5.1.7 that E has property

(PH’). Now assume that G has property (PH). Then G has a finite-index subgroup G1 with
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property (PH’). Denote E1 “ π´1pG1q, which is a finite-index subgroup of E. Note that Z is

contained in the center of E1. Hence, one has the following central extension

1 Ñ Z Ñ E1 π1

ÝÑ G1 Ñ 1

where π1 “ π|E1 . The corresponding Euler class rω1s is bounded since rωs is bounded. The

conclusion thus follows from the former case.

Next, we assume that G is finitely generated and has property (QT’) or (QT). By the

Svarc-Milnor lemma, the geometric action E ñ GpG,Sq ˆ
śr

i“1 Li in Lemma 5.1.7 gives a finite

generating set F of E such that the orbit map GpE,F q Ñ GpG,Sqˆ
śr

i“1 Li is a quasi-isometry.

Via this quasi-isometry, one gets easily that E has also property (QT’) or (QT), respectively.

Corollary 5.1.9. If E has property (PH), then rωs is bounded.

Proof. By Lemma 5.1.5, it suffices to show the central extension (5.1) virtually quasi-splits.

Let E1 ď E be a finite-index subgroup that has property (PH’). Let Z 1 “ Z X E1 and

G1 “ πpE1q. Consider the following central extension 1 Ñ Z 1 Ñ E1 π
ÝÑ G1 Ñ 1. By Lemma

5.1.2, there exist quasi-lines L1, ¨ ¨ ¨ , Lr on which E1 acts lineally such that the diagonal action

of Z 1 on
śr

i“1 Li is geometric. This shows that the above central extension satisfies Lemma

5.1.5 (6). As a result of Lemma 5.1.5, the above central extension quasi-splits, which amounts

to saying that the original central extension (5.1) virtually quasi-splits.

Note that Corollary 5.1.8 gives one direction of Theorems 1.3.1, 1.3.2, and Corollary 5.1.9

gives part of the other direction. We will complete the remaining proof in Section 5.2.

5.2 Property (PH) under quotients

Keep the setup of Section 5.1.2: 1 Ñ Z
ι

ÝÑ E
π
ÝÑ G Ñ 1 is a central extension of groups where

Z is finitely generated and rωs P H2pG,Zq is the corresponding Euler class. We identify ιpZq

with Z and write ḡ to mean πpgq P G.

The goal of this section is the following proposition, which together with Corollary 5.1.9

almost gives the other direction of Theorem 1.3.1.

Proposition 5.2.1. If E has property (PH’), then G has property (PH’).

5.2.1 Construction of hyperbolic quotient space

Let X be a connected graph with path metric. Let Γ be a group acting isometrically on X. Let

H ◁Γ. Recall that there is a well-defined quotient metric on X{H, and Γ{H acts isometrically

on X{H.

Lemma 5.2.2. Let Γ be a group acting coboundedly on a hyperbolic space X. Let c be a central

element of Γ. If c is elliptic on X, then X{xcy is a hyperbolic space quasi-isometric to X. If c

is loxodromic on X, then X{xcy is a bounded space.
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Proof. If c is elliptic on X, then the conclusion can be deduced from [BFG24, Lemma 4.10]. If

c is loxodromic on X, then Lemma 5.1.1 shows that X is a quasi-line. So X{xcy is a bounded

space.

From now on, we assume that E has property (PH’) from actions E ñ X1, ¨ ¨ ¨ , E ñ Xn.

According to the structure theorem of finitely generated abelian groups, there exist r P N
and a finite abelian group F such that Z – Zr

À

F . By Lemma 5.2.2, each quotient space Xi{F

is still hyperbolic and the induced diagonal action E{F ñ
śn

i“1X{F is still proper. Based on

this fact, we can assume that Z is infinite (i.e. r ě 1) and torsion-free. Let tc1, . . . , cru be a

standard generating set of Z.

For simplicity, we denote X̄i :“ Xi{Z for each 1 ď i ď n. Up to re-ordering, let

X̄1, . . . , X̄mp1 ď m ď nq be all bounded quotient spaces. We collect some basic properties

about X̄ip1 ď i ď nq.

Lemma 5.2.3. 1. For 1 ď i ď m, Xi is a quasi-line and the action of E on Xi is orientable

lineal.

2. For each 1 ď i ď n, X̄i is hyperbolic and the following are equivalent:

(i) m` 1 ď i ď n, i.e. X̄i is unbounded;

(ii) Z has an elliptic action on Xi;

(iii) Xi is quasi-isometric to X̄i.

3. The integer m satisfies r ď m ď n. Moreover, if m “ n, then E and G are two finitely

generated elementary (i.e. virtually abelian) groups.

Proof. (1) This follows from Lemma 5.1.1.

(2) This follows easily from Lemma 5.2.2.

(3) Since each X̄i is unbounded for m ` 1 ď i ď n, it follows from Item (2) that Z has an

elliptic action on
śn

i“m`1Xi. Thus the proper diagonal action Z ñ
śn

i“1Xi passes to a proper

diagonal action Z ñ
śm

i“1Xi. By Item (1), these orientable lineal actions Z ñ X1, ¨ ¨ ¨ , Z ñ

Xm give the (PH’) property of Z. Then it follows from Lemma 4.3.1 that r ď m. Moreover,

if m “ n, then all X̄ip1 ď i ď nq are bounded. By Item (1) again, E has property (PH’) from

orientable lineal actions. As a result of Lemma 4.3.1, E is a finitely generated elementary group.

As a quotient of E, G is also finitely generated and elementary.

5.2.2 Proof of Theorem 1.3.1

Keep all notations in Section 5.2.1. We are in a position to prove Proposition 5.2.1.

Proof of Proposition 5.2.1. We will divide the proof into two steps.

Step 1: we construct auxiliary quasi-lines on which G acts lineally.

Recall from Lemma 5.2.3 that each Xip1 ď i ď mq is a quasi-line and the action of E on

Xi is orientable lineal. By Lemma 4.2.4, there exists a uniform constant ϵ ě 0 such that each

Xi is p1, ϵq-quasi-isometric to R. Denote fi : Xi Ñ R as a p1, ϵq-quasi-isometry. It is easy to
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see the map χi : E Ñ R given by χipgq :“ fi ˝ g ˝ f´1
i p0q is an unbounded quasimorphism for

1 ď i ď m.

Since E has property (PH’), Corollary 5.1.9 shows that rωs is bounded. This is equivalent

to the existence of a quasi-splitting s : G Ñ E by Lemma 5.1.5. Then the composite map

χ1
i “ χi ˝ s : G Ñ R is also a (possibly bounded) quasimorphism. WLOG, we assume that

χ1
1, . . . , χ

1
k are all unbounded quasimorphisms. If k “ 0, then there is nothing to supplement

in this step. If 1 ď k ď m, then Lemma 4.2.5 shows that for each 1 ď i ď k, there exists a

generating set Si of G such that rSis P H`
ℓ pGq. Moreover, [ABO19, Lemma 4.15] shows that

the map χ1
i is also a quasi-isometry between GpG,Siq and R. Let λ ě 1, ϵ1 ě 0 be two constants

such that χ1
i : GpG,Siq Ñ R is a pλ, ϵ1q-quasi-isometry for each 1 ď i ď k.

Step 2: we show the diagonal action G ñ
śk

i“1 GpG,Siq ˆ
śn

i“m`1 X̄i is proper.

Fix a basepoint px1, ¨ ¨ ¨ , xnq P
śn

i“1Xi with xi P f´1
i p0q for 1 ď i ď m. Let x̄i P X̄i be the

image of xi P Xi under the quotient map.

Claim. There exists a constant M ą 0 such that

k
ÿ

i“1

|ḡ|Si `

n
ÿ

i“m`1

|x̄i ´ ḡx̄i| ě λ´1p

n
ÿ

i“1

|xi ´ spḡqxi|q ´M

for any ḡ P G.

Proof of Claim. We prove the claim in three cases according to the range of i.

Firstly, we estimate |xi ´ spḡqxi| for 1 ď i ď k. Note that each χ1
i is a pλ, ϵ1q-quasi-isometry.

Hence, |χ1
ipḡq| “ |χipspḡqq| ď λ|ḡ|Si ` ϵ1. By definition of χi, χipspḡqq “ fi ˝ spḡq ˝ f´1

i p0q “

fipspḡqxiq. Since each fi is a p1, ϵq-quasi-isometry and fipxiq “ 0, one gets that

|xi ´ spḡqxi| ď |fipxiq ´ fipspḡqxiq| ` ϵ “ |χipspḡqq| ` ϵ “ |χ1
ipḡq| ` ϵ ď λ|ḡ|Si ` ϵ` ϵ1.

Secondly, we estimate |xi ´ spḡqxi| for k ` 1 ď i ď m. In this case, each χ1
i : G Ñ R is a

bounded quasimorphism. The same arguments as above show that

|xi ´ spḡqxi| ď |fipxiq ´ fipspḡqxiq| ` ϵ “ |χ1
ipḡq| ` ϵ ď M1

for some M1 ą 0 independent of ḡ.

Finally, we estimate |xi ´ spḡqxi| for m ` 1 ď i ď n. In this case, Z has an elliptic action

on each Xi since X̄ipm` 1 ď i ď nq are still unbounded hyperbolic spaces. Thus there exists a

constant M2 ą 0 such that |xi ´ cxi| ď M2 for any c P Z. By the definition of quotient metric,

one has that |x̄i ´ ḡx̄i| “ |xi ´ spḡqcxi| for some c P Z. Therefore, by triangle inequality,

|xi ´ spḡqxi| ď |xi ´ spḡqcxi| ` |xi ´ cxi| “ |x̄i ´ ḡx̄i| ` |xi ´ cxi| ď |x̄i ´ ḡx̄i| `M2.
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In conclusion, we get that

k
ÿ

i“1

|ḡ|S1
i

`

n
ÿ

i“m`1

|x̄i ´ ḡx̄i|

ěλ´1
k
ÿ

i“1

|xi ´ spḡqxi| ´ kλ´1pϵ` ϵ1q `

n
ÿ

i“m`1

|xi ´ spḡqxi| ´M2pn´mq

ěλ´1
k
ÿ

i“1

|xi ´ spḡqxi| `

n
ÿ

i“k`1

|xi ´ spḡqxi| ´ kλ´1pϵ` ϵ1q ´M2pn´mq ´M1pm´ kq

ěλ´1p

n
ÿ

i“1

|xi ´ spḡqxi|q ´M

where M “ kλ´1pϵ` ϵ1q `M2pn´mq `M1pm´ kq.

Since the diagonal action E ñ
śn

i“1Xi is proper, it follows from the above Claim that the

diagonal action G ñ
śk

i“1 GpG,Siq ˆ
śn

i“m`1 X̄i is also proper. This gives the (PH’) property

of G.

Finally, we can complete the proof of Theorems 1.3.1, 1.3.2 now.

Proof of Theorem 1.3.1. Recall that Corollary 5.1.8 gives one direction of Theorem 1.3.1. As

for the other direction, Corollary 5.1.9 and Proposition 5.2.1 give a partial proof. It suffices for

us to show that if E has property (PH), then G has also property (PH).

Let E1 be a finite-index subgroup of E so that E1 has property (PH’). Now we have the

following central extension of groups

1 Ñ Z 1 Ñ E1 Ñ G1 Ñ 1

where Z 1 “ Z X E1 and G1, seen as the image of π|E1 , is a finite-index subgroup of G. Let rω1s

be the corresponding Euler class. By Proposition 5.2.1, G1 has property (PH’). Hence, G has

property (PH) since rG : G1s ă 8.

Proof of Theorem 1.3.2. Recall that Corollary 5.1.8 gives one direction of Theorem 1.3.2. As

for the other direction, Corollary 5.1.9 give a partial proof. It suffices for us to show that if E

has property (QT’) or (QT), then G has also property (QT’) or (QT), respectively.

Case I: if E has property (QT’), then G has property (QT’).

According to the proof of Lemma 4.0.2, there exist finitely many quasi-trees Tip1 ď i ď nq

on which E acts coboundedly and the orbit map from E to the product X “
śn

i“1 Ti equipped

with ℓ1-metric is a quasi-isometric embedding. Since E has property (QT’) and thus (PH), rωs

is bounded by Corollary 5.1.9. Let s : G Ñ E be a quasi-splitting provided by Lemma 5.1.5.

Fix a finite generating set F of G and a finite generating set A of Z. It is easy to see that

F 1 “ AY spF q is a finite generating set of E. Fix a basepoint x “ px1, ¨ ¨ ¨ , xnq P
śn

i“1 Ti. The

(QT’) property of E shows that the orbit map GpE,F 1q Ñ
śn

i“1 Ti, g ÞÑ gx “ pgx1, ¨ ¨ ¨ , gxnq is
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a pλ0, ϵ0q-quasi-isometric embedding for some λ0 ě 1, ϵ0 ě 0. That is,

λ´1
0 |g|F 1 ´ ϵ0 ď |x´ gx| “

n
ÿ

i“1

|xi ´ gxi| ď λ0|g|F 1 ` ϵ0 (5.5)

for any g P E.

Let T̄i “ Ti{Z be the quotient space for 1 ď i ď n. Similar to the proof of Proposition 5.2.1,

we assume that there exist 1 ď k ď m ď n such that T̄ip1 ď i ď mq are all bounded quotient

spaces and χ1
i “ χi ˝ s : G Ñ Rp1 ď i ď kq are all unbounded quasimorphisms. Then there exist

generating sets Si of G such that rSis P H`
ℓ pGq for 1 ď i ď k and G admits a proper diagonal

action on
śk

i“1 GpG,Siq ˆ
śn

i“m`1 T̄i. Moreover, the Claim in the proof of Proposition 5.2.1

shows that there exists M ą 0 such that

k
ÿ

i“1

|ḡ|Si `

n
ÿ

i“m`1

|x̄i ´ ḡx̄i| ě λ´1p

n
ÿ

i“1

|xi ´ spḡqxi|q ´M

for any ḡ P G.

Together with the inequality (5.5), one has that

k
ÿ

i“1

|ḡ|Si `

n
ÿ

i“m`1

|x̄i ´ ḡx̄i| ěλ´1p

n
ÿ

i“1

|xi ´ spḡqxi|q ´M

ěpλλ0q´1|spḡq|F 1 ´ λ´1ϵ0 ´M ě pλλ0q´1|ḡ|F ´ λ´1ϵ0 ´M

where the last inequality holds since |spḡq|F 1 ě |ḡ|F .

On the other hand, it follows from the triangle inequality that

k
ÿ

i“1

|ḡ|Si `

n
ÿ

i“m`1

|x̄i ´ ḡx̄i| ď λ1|ḡ|F

where λ1 “ maxtPF p
řk

i“1 |t|Si `
řn

i“m`1 |x̄i ´ tx̄i|q.

By setting λ1 “ maxtλ1, λλ0u and ϵ1 “ λ´1ϵ0 ` M , we have shown that the orbit

map GpG,F q Ñ
śk

i“1 GpG,Siq ˆ
śn

i“m`1 T̄i, ḡ ÞÑ pḡ, ¨ ¨ ¨ ḡ, ḡx̄m`1, ¨ ¨ ¨ , ḡx̄nq is a pλ1, ϵ1q-quasi-

isometric embedding. This gives the (QT’) property of G since each GpG,Siq is a quasi-line.

Case II: if E has property (QT), then G has property (QT).

Suppose that E has property (QT). Then E contains a finite-index subgroup E1 that has

property (QT’). Denote Z 1 “ Z X E1 and G1 “ πpE1q. Since rE : E1s ă 8, it follows that

rZ : Z 1s ă 8 and rG : G1s ă 8. Now we focus on the following central extension

1 Ñ Z 1 Ñ E1 π1

ÝÑ G1 Ñ 1.

Let rω1s be the corresponding Euler class. The same arguments in Case I shows that G1 has

property (QT’) and thus (QT). Since property (QT) is a commensurability invariant, we get

that G has property (QT).
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5.3 Applications

5.3.1 Mapping class groups

In [BBF21], Bestvina-Bromberg-Fujiwara show that the mapping class group of any finite-type

surface has property (QT). Recall from Section 2.4 that the capping sequence of mapping class

groups has a bounded Euler class. Therefore, as a corollary of Theorem 1.3.2, we have

Corollary 5.3.1. MCGpΣq has property (QT) for any finite-type surface Σ with boundary. In

particular, braid groups have property (QT).

Now let Σ be a finite-type surface, possibly with boundary. Amulticurve C Ă Σ is a collection

of pairwise disjoint, homotopically distinct, essential simple closed curves. Let C “ tα1, . . . , αnu

be a multicurve on Σ. Let MCGpΣ;Cq ă MCGpΣq denote the stabilizer of C. Let N be an open

neighborhood of
Ťn

i“1 αi, and let tα`
i , α

´
i u be the boundary components of the neighborhood

of αi. By Theorem 2.4.1, the inclusion Σ ´N ãÑ Σ induces a central extension

1 Ñ TC˘ Ñ MCGpΣ ´Nq Ñ MCGpΣ;Cq Ñ F,

where TC˘ is the free abelian group generated by Tα`
1
T´1
α´
1

, . . . , Tα`
n
T´1
α´
n
and F is a finite group.

By Corollary 5.3.1, MCGpΣ ´Nq has (QT). Therefore, Theorem 1.3.2 gives the following.

Corollary 5.3.2. Let Σ be a finite-type surface. The stabilizer in MCGpΣq of any multicurve

on Σ has property (QT).

5.3.2 Outer automorphism groups of hyperbolic groups

The basic idea for understanding the outer automorphism group OutpGq of a torsion-free one-

ended word hyperbolic group G is due to Rips and Sela [RS94; Sel97]. Since G has a canonical

JSJ splitting [Lev05], automorphisms of G may be seen on this splitting: OutpGq is virtually

generated by Dehn twists along edges of the splitting, together with mapping class groups of

punctured surfaces (automorphism groups of ‘maximal quadratically hanging’ subgroups).

Theorem 5.3.3. [Lev05, Theorem 1.1][Sel97, Theorem 1.9] Let G be a torsion-free one-ended

hyperbolic group. There is a central extension

1 Ñ Zn Ñ Out1pGq Ñ
ź

vPV2

PMCGpΣvq Ñ 1

where Out1pGq has finite index in OutpGq, and n “ |E | ´ |V1| is the number of edges in the

‘essential JSJ decomposition of G’.

Theorem 5.3.4. [Lev05, Theorem 1.2] Let G be a torsion-free one-ended hyperbolic group. Let

r be the number of vertices of V1 connected only to vertices of V2, and q “ |E3| ´ |V1| ` r. The

group OutpGq is virtually a direct product ZqˆM , whereM is the quotient of
ś

vPV2
PMCGBpΣvq

by a central subgroup isomorphic to Zr.

By Corollary 5.3.1 and Theorem 1.3.2, M in Theorem 5.3.4 has property (QT). Since prop-

erty (QT) is a commensurability invariant, Theorem 5.3.4 implies that
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Corollary 5.3.5. Let G be a torsion-free one-ended hyperbolic group. Then OutpGq has property

(QT).

By Theorem 1.3.2 again, together with the above corollary,

Corollary 5.3.6. The central extension in Theorem 5.3.3 has a bounded Euler class.
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CHAPTER 6

Extension of quasimorphisms

In this chapter, we focus on the study of the extension problem of quasimorphisms (Question

1.4.1).

6.1 Quasi-invariant quasimorphisms

Let K ă G and φ P Q̂pKq. If φ extends to a quasimorphism Φ P Q̂pGq, we have

|Φpghg´1q ´ Φphq| ď |Φpgq ` Φpg´1q| ` 2DpΦq ď 4DpΦq

for any g, h P G. Restricting to K, we know that

DGpφq :“ supt|φpk1q ´ φpk2q| | k1, k2 P K that are conjugate in Gu ă 8. (6.1)

Thus, (6.1) gives a necessary condition for extendability of φ. We say that a quasimorphism

φ P Q̂pKq is G-quasi-invariant if it satisfies (6.1). Let

Q̂pKqG :“ tall G-quasi-invariant quasimorphisms on Gu.

The above discussion shows that there is a restricting map

r̂ : Q̂pGq Ñ Q̂pKqG.

Therefore, Question 1.4.1 is essentially asking what the image of r̂ is. Note that we do not

explicitly require quasi-invariance in Theorem 1.4.3. This is because controlled quasimorphisms

are always quasi-invariant (see Lemma 6.3.5).

6.2 Relative presentations

For any generating set Z of a group G, we write Z˚ to mean the set of finite words on Z. For

any w1, w2 P Z˚, we write w1 “G w2 to mean that w1 and w2 represents the same element in

G.

A relative presentation of G with respect to a subgroup K and a relative generating set X
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is a presentation of the form

G “ xK,X | RK , Ry, (6.2)

where RK Ă K˚ is the set of all words on K that represent the identity of K. A word on K\X

is reduced if it does not contain a subword of the form k1k2 with k1, k2 P K ´ t1u or a subword

of the form xx´1 with x P X. Throughout this chapter, we can always assume that R only

contains reduced words. Thus, any word in R can be identified with an element in K ˚ F pXq.

For any a P K ˚ F pXq, we write |a| to mean the word length of a on the generating set

K \X. The unique word on K \X whose length achieves |a| is called the normal form of a.

Let θ : K ˚ F pXq Ñ G be the natural projection. Clearly, kerpθq is the normal closure of

R in K ˚ F pXq. A function f : N Ñ R is called a relative isoperimetric function of (6.2) if for

every element a P kerpθq with |a| ď n, there exists m ď fpnq and an expression

a “

m
ź

i“1

hirih
´1
i ,

where hi P K ˚ F pXq, ri P R.

Definition 6.2.1. The relative presentation (6.2) is bounded if the words from R have uniformly

bounded lengths. The relative presentation (6.2) is strongly bounded if it is bounded and the set

of letters from K appearing in words from R is finite. The relative presentation (6.2) is finite

if R is finite.

Note that a finite relative presentation is always strongly bounded. We refer to [DGO17]

for more discussions. In particular, there is a characterization for weak hyperbolicity using

bounded relative presentations as below.

Definition 6.2.2. We say that G is weakly hyperbolic relative to K and X if the Cayley graph

ΓpG,K \Xq is hyperbolic.

Lemma 6.2.3. [DGO17, Lemma 4.9] Let K ă G. Let X be a relative generating set of G with

respect to K. The following are equivalent.

1. G is weakly hyperbolic relative to K and X.

2. There exists a bounded relative presentation G “ xK,X | RK , Ry with a linear relative

isoperimetric function.

3. There exists a bounded presentation G “ xK,X | R1
K , Ry with a linear isoperimetric

function in the classical sense, where R1
K Ă RK consists of the words of length at most 3

and thus can be seen as the multiplication table of K.

For strongly bounded relative presentations, we recall the following.

Definition 6.2.4. [DGO17, Theorem 4.24] A subgroup H ă G is hyperbolically embedded with

respect to a subset X Ă G if there exists a strongly bounded relative presentation G “ xH,X |

RH , Ry with a linear relative isoperimetric function.
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We write H ãÑh pG,Xq to mean that H is a hyperbolically embedded subgroup of G with

respect to X. We also write H ãÑh G to mean that H ãÑh pG,Xq for some X Ă G.

For finite relative presentations, we recall the following definition of relatively hyperbolic

groups given by Osin [Osi06], which is equivalent to that of Farb’s [Far98].

Definition 6.2.5. We say thatG is hyperbolic relative to a subgroupK and a relative generating

set X if there exists a finite relative presentation G “ xK,X | RK , Ry with a linear relative

isoperimetric function.

6.3 Controlled quasimorphisms

We are going to introduce the core definition of this paper, i.e., controlled quasimorphisms.

Throughout this section, let G be a group and K a subgroup. Let X be a (symmetric) relative

generating set of G with respect to K. Let F pXq be the free group with the basis X. There

are two natural projections

K
η

ÐÝ K ˚ F pXq
θ
ÝÑ G,

where η maps every x P X to the identity and every k P K to itself, and θ is given by the

assumption that K \X generates G.

For any φ P Q̂pKq, let φ̃ be the pull-back of φ via η. Specifically,

φ̃paq :“ φp

n
ź

i“1

kiq,

where ki’s are the K-letters that appear in the normal form of a P K ˚ F pXq in order. Clearly,

φ̃ is a quasimorphism on K ˚ F pXq with the same defect as φ.

Definition 6.3.1. We say that a quasimorphism φ P Q̂pKq is pG,Xq-controlled by a function

f : N Ñ R if for any a P kerpθq with |a| ď n, we have |φ̃paq| ď fpnq. We say that φ is

linearly pG,Xq-controlled with a constant C0 if φ is pG,Xq-controlled by a linear function

fpnq “ C0n` C0.

First, we explain the motivation behind the definition of controlled quasimorphisms. Let

G be a group and ω : G2 Ñ Z be 2-cochain. We say that ω is bounded if the image ωpG,Gq

is bounded. We say that ω is weakly bounded if ωpg,Gq and ωpG, gq are both bounded for all

g P G.

Let

1 Ñ Z ι
ÝÑ E

π
ÝÑ G Ñ 1. (6.3)

be a central extension of groups. Recall from Section 2.4 that a central extension is associated

with an Euler class in H2pG,Zq. We have seen in Lemma 5.1.5 that the central extension

(6.3) has a bounded Euler class if and only if there is a quasimorphism Φ : E Ñ R such that

Φ ˝ ι “ 1Z.

Back to the 1990s, Neumann and Reeves [NR97] proved that any such central extension

with G being hyperbolic has a bounded Euler class. A key step in their proof is to employ a
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maximizing technique similar to [EF97] to prove the following, which is somehow implicit in

their paper.

Lemma 6.3.2. If the central subgroup Z is undistorted, then the Euler class of (6.3) is weakly

bounded.

Note that Lemma 6.3.2 gives an answer to [FS23, Question 1.9]. Definition 6.3.1 is inspired

by the use of undistortedness of Z in their proof. Indeed, assume that E is finitely generated

by X. It is easy to see that the identity map 1Z is linearly pE,Xq-controlled if and only if the

central subgroup Z is undistorted in E.

The following lemma shows that a linear control is necessary for extendability if X is finite.

Lemma 6.3.3. If G is generated by K and a finite set X, then an extendable quasimorphism

on K must be linearly pG,Xq-controlled.

Proof. Assume that φ P Q̂pKq extends to ψ P Q̂pGq. Let ψ̃ P Q̂pK ˚ F pXqq be the pull-back of

ψ via θ. Let B :“ maxt|ψpxq| | x P Xu.

Let a P kerpθq. Let x1, . . . , xm and k1, . . . , kn be the X-letters and the K-letters in the

normal form of a in order, respectively. Note that |a| “ m`n. Since ψ̃ is a quasimorphism and

ψ|K “ φ, we have

|ψ̃paq ´

n
ÿ

i“1

φpkiq ´

m
ÿ

j“1

ψpxjq| ď pm` n´ 1qDpψq.

By definition,

|φ̃paq ´

n
ÿ

i“1

φpkiq| “ |φp

n
ź

i“1

kiq ´

n
ÿ

i“1

φpkiq|

ď pn´ 1qDpφq.

Thus,

|ψ̃paq ´ φ̃paq| ď mB ` pm` n´ 1qDpψq ` pn´ 1qDpφq

ď |a|pB `Dpψq `Dpφqq.

The conclusion follows because |ψ̃paq| “ |φp1q| ď Dpφq.

When X is allowed to be infinite, it is easy to construct counterexamples of Lemma 6.3.3.

Let Φ P Q̂pGq. Assume that the restriction quasimorphism φ “ Φ|K is unbounded. Take a

sequence of elements tknunPN in K such that φpknq Ñ 8. Fix any x P X. We can produce

a new relative generating set X 1 from X by adding the elements xn :“ k´1
n x P G for every

n P N. Now any element of the form knxnx
´1 lies in kerpθq and has word length at most 3,

while φ̃pknxnx
´1q Ñ 8 as n Ñ 8. However, the following question does not seem obvious.

Question 6.3.4. Does there exist a group G, a subgroup K, and an extendable quasimorphism

φ P Q̂pKq such that φ is not linearly pG,Xq-controlled for every relative generating set X?

The following lemma shows that controlled quasimorphisms are quasi-invariant. We will not

use it, but we prove it here for completeness.
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Lemma 6.3.5. For any φ P Q̂pKq, if φ is pG,Xq-controlled, then φ is G-quasi-invariant with

DGpφq ď 2Dpφq.

Proof. Let k P K and g P G such that k1 “G gkg´1 P K. Choose any a P θ´1pgq. Consider the

element akna´1k1´n P kerpθq, where n P Z. By definition,

|φ̃pakna´1k1´nq| “ |φpηpaqknηpaq´1k1´nq|

ě |φpknq ` φpk1´nq| ´ 5Dpφq

ě n|φpkq ´ φpk1q| ´ p2n` 5qDpφq.

On the other hand,

|φ̃pakna´1k1´nq| ď fp|akna´1k1´n|q

ď fp2|a| ` 2q,

where f is the function that controls φ. Combining the above inequalities and letting n be

arbitrarily large, we can conclude that |φpkq ´ φpk1q| ď 2Dpφq, and thus finish the proof.

The following proposition gives a partial characterization of controlled quasimorphisms using

relative presentations.

Proposition 6.3.6. Let

G “ xK,X | RK , Ry (6.4)

be a relative presentation. Let φ P Q̂pKq. If (6.4) has a relative isoperimetric function f and

supt|φ̃prq| | r P Ru is finite, then φ is pG,Xq-controlled by a constant multiple of f . Conversely,

if (6.4) is bounded and φ is pG,Xq-controlled, then supt|φ̃prq| | r P Ru is finite.

Proof. Let B :“ supt|φ̃prq| | r P Ru and D :“ Dpφq. For any a P kerpθq, there exists m ď fp|a|q

and an expression

a “

m
ź

i“1

hirih
´1
i ,

where fi P K ˚ F pXq, ri P R. Note that |φ̃phirih
´1
i q ´ φ̃priq| ď 4D since φ̃ is a quasimorphism.

Therefore,

|φ̃paq| ď

m
ÿ

i“1

|φ̃priq| ` 5Dm ď pB ` 5Dqfp|a|q.

This shows that φ is pG,Xq-controlled by a constant multiple of f .

Now we need to prove the second statement. By definition, for any φ P Q̂pKq that is

pG,Xq-controlled by a function f ,

|φ̃prq| ď fp|r|q

for any r P R. The right hand side is bounded because R is bounded.

Corollary 6.3.7. Assume that G is weakly hyperbolic relative to K and X. A quasimorphism

φ P Q̂pKq is linearly pG,Xq-controlled if and only if φ is pG,Xq-controlled.
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Proof. By Lemma 6.2.3, there exists a bounded relative presentation G “ xK,X | RK , Ry with

a linear relative isoperimetric function. Assume that φ is pG,Xq-controlled. By the second part

of Proposition 6.3.6, supt|φ̃prq| | r P Ru is finite. Therefore, φ is linearly pG,Xq-controlled by

the first part of Proposition 6.3.6.

6.4 Extending controlled quasimorphisms

Thoughout this section, let G be a group and K a subgroup. Let X be a (symmetric) relative

generating set of G with respect to K. Let φ P QaspKq with the defect Dpφq “ D. Assume

that φ is linearly pG,Xq-controlled with a constant C0 ą 0. For any a P K ˚ F pXq, we write

|a|X to mean the number of X-letters (with multiplicity) in the normal form of a.

Now let a P kerpθq. If |a|X ě 1, since φ is linearly controlled, we have

|φ̃paq| ď C0|a| ` C0

ď C0p2|a|X ` 1q ` C0

ď 4C0|a|X . (6.5)

If |a|X “ 0, then a “ 1, because θ is injective on K. By antisymmetricity, φp1q “ 0, and thus

(6.5) also holds. We will use the new inequality (6.5) for linearly controlled quasimorphisms in

the rest of this section.

Given a constant C ě 20C0 ` 11D, define a function on K ˚ F pXq by

φ̃Cpaq :“ φ̃paq ` C|a|X .

For any g P G, define

ΦCpgq :“ inftφ̃Cpaq | θpaq “ gu.

We will prove that the antisymmetrization of ΦC is the quasimorphism we want.

6.4.1 Auxiliary lemmata

The following coarse triangle inequalities mix those associated with φ̃ and | ¨ |X and are easy to

use.

Lemma 6.4.1. For any a, b P K ˚ F pXq, we have

(i) |φ̃Cpabq ´ pφ̃Cpaq ` φ̃pbqq| ď C|b|X `D

(ii) |φ̃Cpabq ´ pφ̃paq ` φ̃Cpbqq| ď C|a|X `D

Proof. For (i), since φ̃ is a quasimorphism and | ¨ |X satisfies the triangle inequality, we estimate

that

|φ̃Cpabq ´ pφ̃Cpaq ` φ̃pbqq| “ |φ̃pabq ` C|ab|X ´ φ̃paq ´ C|a|X ´ φ̃pbq|

ď |φ̃pabq ´ φ̃paq ´ φ̃pbq| ` C||ab|X ´ |a|X |

ď D ` C|b|X .
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Similarly, the inequality (ii) is also true.

The following lemma shows that ΦC is a well-defined real-valued function.

Lemma 6.4.2. For any g P G, ΦCpgq is finite. Moreover, for any k P K, ΦCpkq “ φpkq and

the only element in θ´1pkq that realizes the infimum is k itself.

Proof. Fix any g P G. Let a, b P θ´1pgq. Obviously, ab´1 P kerpθq. By (6.5), φ̃pab´1q ě

´4C0|ab´1|X . Thus,

φ̃Cpab´1q ě pC ´ 4C0q|ab´1|X ě 0.

The second equality holds if and only if a “ b. On the other hand, by Lemma 6.4.1, φ̃Cpab´1q ď

φ̃Cpaq ´ φ̃pbq ` C|b|X `D. Therefore,

φ̃Cpaq ě φ̃pbq ´ C|b|X ´D.

It follows that ΦCpgq ě φ̃pbq ´ C|b|X ´D, which is finite.

For the “moreover” part, let a P θ´1pkq such that a ‰ k. Note that φ̃Cpkq “ φpkq and

|a|X ě 1. By (6.5),

φ̃Cpaq ´ φ̃Cpkq “ φ̃paq ` C|a|X ´ φpkq

ě φ̃pak´1q ` C|a|X ´D

ě ´4C0|ak´1|X ` C|a|X ´D

“ pC ´ 4C0q|a|X ´D

ě C ´ 4C0 ´D

ą 0,

and hence the conclusion follows.

6.4.2 The Cayley graph

Let a P K ˚ F pXq and ϵ ě 0. If φ̃Cpaq ď ΦCpθpaqq ` ϵ, we say that a is an ϵ-minimal

element. Note that for any ϵ ą 0 and any g P G, there exists an ϵ-minimal element in θ´1pgq.

Correspondingly, a path in ΓpG,K \ Xq labeled by the normal form of an ϵ-minimal element

is called an ϵ-minimal path. Clearly, the set of ϵ-minimal paths are G-invariant. We fix any

ϵ P p0, C0q in the following.

For any path γ Ă ΓpG,K \Xq, we write lpγq to mean its length and use Labpγq to denote

its label. For simplicity, we also write Labpγq to mean the element in K ˚ F pXq represented

by Labpγq when Labpγq is a normal form. The following lemma shows that a subpath of an

ϵ-minimal path is p4D ` ϵq-minimal.

Lemma 6.4.3. Let γ Ă ΓpG,K \ Xq be an ϵ-minimal path and α Ă γ a subpath. Then

φ̃CpLabpαqq ď ΦCpθpLabpαqqq ` 4D ` ϵ.

Proof. Assume that γ “ β1αβ2. Let a “ Labpαq, b1 “ Labpβ1q, b2 “ Labpβ2q. Let a1 P

θ´1pθpaqq be an ϵ-minimal element. By assumptions, ∆ :“ φ̃Cpb1a
1b2q ´ φ̃Cpb1ab2q ě ´ϵ.
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On the other hand, note that |b1ab2|X “ |b1|X ` |a|X ` |b2|X since γ is labeled by a normal

form. We estimte that

∆ “ φ̃pb1a
1b2q ´ φ̃pb1ab2q ` C|b1a

1b2|X ´ C|b1ab2|X

ď φ̃pa1q ´ φ̃paq ` 4D ` C|a1|X ´ C|a|X

“ φ̃Cpa1q ´ φ̃Cpaq ` 4D.

In conclusion, φ̃Cpaq ď ΦCpθpaqq ` 4D ` ϵ.

Lemma 6.4.4. Any ϵ-minimal path is a p3, 2q-quasi-geodesic in ΓpG,K \Xq.

Proof. Let γ Ă ΓpG,K \Xq be an ϵ-minimal path and α a subpath. Let β be a path with the

same endpoints as α. Let a “ Labpαq, b “ Labpβq.

By Lemma 6.4.3, φ̃Cpaq ď ΦCpθpaqq ` 4D ` ϵ ď φ̃Cpbq ` 4D ` ϵ. On the other hand, we

estimate by (6.5) that

φ̃Cpbq ´ φ̃Cpaq “ φ̃pbq ´ φ̃paq ` C|b|X ´ C|a|X

ď φ̃pba´1q `D ` C|b|X ´ C|a|X

ď 4C0|ba´1|X `D ` C|b|X ´ C|a|X

ď pC ` 4C0q|b|X ´ pC ´ 4C0q|a|X `D

Therefore,

|a|X ď
C ` 4C0

C ´ 4C0
|b|X `

5D ` ϵ

C ´ 4C0
.

Note that lpαq “ |a| because Labpγq is a normal form. Thus, lpαq ď 2|a|X `1. On the other

hand, lpβq ě |b| ě |b|X . Choosing β as a geodesic, we conclude that γ is a pλ, µq-quasi-geodesic,

where λ “ 2C`8C0
C´4C0

ď 3 and µ “ 10D`2ϵ
C´4C0

` 1 ď 2.

Lemma 6.4.5. For any δ,m ě 0, there exists M ě 1 such that the following holds. Assume

that ΓpG,K \Xq is δ-hyperbolic. For any g, h P G, if g lies within distance m from a geodesic

from 1 to gh, then |ΦCpgq ` ΦCphq ´ ΦCpghq| ď MC.

Proof. Let α1 be an ϵ-minimal path from 1 to g, let α2 be an ϵ-minimal path from g to gh,

and let β be an ϵ-minimal path from 1 to gh. By projecting g to a closest point g1 on β, we

divide β into β1β2. Let γ be an ϵ-minimal path from g to g1. Let a1, a2, b, b1, b2, c be the labels

of α1, α2, β, β1, β2, γ, respectively. By definition, φ̃Cpa1q ď ΦCpgq ` ϵ, φ̃Cpa2q ď ΦCphq ` ϵ and

φ̃Cpbq ď ΦCpghq ` ϵ.

By Lemma 6.4.3 and Lemma 6.4.1, we estimate for the triangle α1γβ
´1
1 that

φ̃Cpb1q ď ΦCpθpb1qq ` 4D ` ϵ

ď φ̃Cpa1cq ` 4D ` ϵ

ď φ̃Cpa1q ` φ̃pcq ` C|c|X ` 5D ` ϵ.
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Similarly, we also have

φ̃Cpa1q ď φ̃Cpb1q ´ φ̃pcq ` C|c|X ` 5D ` ϵ.

Therefore,

|φ̃Cpa1q ` φ̃pcq ´ φ̃Cpb1q| ď C|c|X ` 5D ` ϵ. (6.6)

For the triangle α2β
´1
2 γ´1, we can estimate in a similar way and obtain

|φ̃Cpa2q ´ φ̃Cpb2q ´ φ̃pcq| ď C|c|X ` 5D ` ϵ. (6.7)

Combining (6.6) with (6.7) and note that |φ̃Cpb1q ` φ̃Cpb2q ´ φ̃Cpbq| ď D and C ě 11D` 2ϵ,

we obtain

|φ̃Cpa1q ` φ̃Cpa2q ´ φ̃Cpbq| ď p2|c|X ` 1qC.

Since γ is a p3, 2q-quasi-geodesic, we have |c|X ď lpγq ď 3dpg, g1q ` 2. Since β is a p3, 2q-quasi-

geodesic, the distance dpg, g1q “ dpg, βq is bounded above by a constant depending only on δ,m

by Morse Lemma. Thus, the conclusion follows.

Proof of Theorem 1.4.3. By Lemma 6.3.7, we can assume that φ is linearly pG,Xq-controlled

with a constant C0. Therefore, we can follow the discussions in this section. For any g, h P G,

consider a geodesic triangle with vertices 1, g, gh. Since ΓpG,K \ Xq is δ-hyperbolic, there

exists c P G such that c lies within distance δ from each side. Let

Φ1
Cpgq :“

1

2
pΦCpgq ´ ΦCpg´1qq

be the antisymmetrization of ΦC . Clearly, Φ1
C inherits the property described in Lemma 6.4.5

from ΦC . Therefore, there exists M ě 0 that only depends on δ such that

|Φ1
Cpcq ` Φ1

Cpc´1gq ´ Φ1
Cpgq| ď MC,

|Φ1
Cpg´1cq ` Φ1

Cpc´1ghq ´ Φ1
Cphq| ď MC,

|Φ1
Cpcq ` Φ1

Cpc´1ghq ´ Φ1
Cpghq| ď MC.

Combining these inequalities and noting that Φ1
Cpc´1gq`Φ1

Cpg´1cq “ 0 by antisymmetricity,

we have

|Φ1
Cpgq ` Φ1

Cphq ´ Φ1
Cpghq| ď 3MC `D.

This proves that Φ1
C is a quasimorphism with the defect at most 3MC ` D. By choosing

C “ 20C0 ` 11D, we see that DpΦ1
Cq ď 60MC0 ` 34MD. By Lemma 6.4.2, Φ1

C |K “ φ. In

conclusion, φ extends to Φ1
C P QaspGq.
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6.5 Normal subgroups

6.5.1 A criterion for being controlled

In this subsection, we are going to give sufficient conditions for quasimorphisms to be controlled,

including a general criterion (Proposition 6.5.3) and its corollaries. Throughout this subsection,

let G be a group and K a normal subgroup. Let Ḡ “ G{K. Consider the short exact sequence

1 Ñ K Ñ G
π
ÝÑ Ḡ Ñ 1. (6.8)

Assume that there are presentations K “ xY | Sy and Ḡ “ xX̄ | R̄y. For each x̄ P X̄, choose

any x P π´1px̄q, and let X :“ tx | x̄ P X̄u. This induces a natural map s : X̄˚ Ñ X˚ called a

lift of X̄˚. The quotient map π induces a natural map from pX \ Y q˚ to X̄˚. For simplicity,

we still use π to denote this map.

For any r̄ P R̄, its lift r :“ spr̄q represents an element in K. Let kr P K be the element

represented by r. Let wr P Y ˚ be a word that represents kr, and let

R :“ trw´1
r | r̄ P R̄u.

For each x P X and y P Y , the word xyx´1 represents an element in K, and thus is represented

by a word wxy P Y ˚. Let

T :“ txyx´1w´1
xy | x P X, y P Y u.

The following lemma seems to be well-known (see, for example [HEO05, Proposition 2.55] or

[BW11, Lemma 2.1]).

Lemma 6.5.1. With the above notations, xX,Y | R,S, T y is a presentation of G.

For our interest, the presentation of K will be fixed as xK | RKy. In this case, each wr or

wxy can be chosen as a unique K-letter, and the presentation provided by Lemma 6.5.1 can be

seen as a relative presentation with respect to K. We rewrite R as

R “ trk´1
r | r̄ P R̄u.

For each w P X˚ and k P K, the word wkw´1 represents an element kw P K. Thus, we can

expand T to

T 1 :“ twkw´1k´1
w | w P X˚, k P Ku.

The following lemma is a variation of the Bryant Park lemma [BBM20].

Lemma 6.5.2. If the presentation Ḡ “ xX̄ | R̄y has an isoperimetric function fpnq, then the

relative presentation G “ xK,X | RK , R, T
1y has a relative isoperimetric function 2fpnq ` n.

Proof. Consider any a P kerpθq of word length n. Without loss of generality, assume that the

normal form wa of a starts with a K-letter and ends with an X-letter. There is an expression

wa “

m
ź

i“1

kiwi,
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where wi P X˚. We need to reduce wa to the empty word in the group G using relations from

RK YR Y T 1 and bound the number of times a relation from R Y T 1 is used.

It is easy to see that

wa “K˚F pXq

m
ź

i“1

wi ¨

m
ź

i“1

vi,

where vi “ p
śm

j“iwjq
´1 ¨ ki ¨

śm
j“iwj . Thus, we can use at most n relations from T 1 to reduce

wa to w1
a “

śm
i“1wi P X˚.

The word w1
a projects to w̄1

a P X̄˚ under the map π. Since wa represents the identity of G,

w̄1
a represents the identity of Ḡ. Therefore, there is an expression

w̄1
a “F pX̄q

l
ź

j“1

f̄j r̄j f̄
´1
j ,

where r̄j P R, f̄j P X˚, and l ď fpnq. By lifting this equality, we have

w1
a “F pXq

l
ź

j“1

fjrjf
´1
j .

Now we can use at most fpnq relations from R and at most fpnq relations from T 1 to reduce

each subword fjrjf
´1
j to a single K-letter. Till now, wa has been reduced into a word on K

that represents the identity. We are done since it is a relation from RK .

During the whole process, we use at most fpnq `n relations from T 1 and fpnq relations from

R so the conclusion follows.

The following criterion is very useful for extending quasimorphisms from normal subgroups.

Proposition 6.5.3. Let φ P Q̂pKqG. Assume that the presentation Ḡ “ xX̄ | R̄y has a linear

isoperimetric function. If supt|φpkrq| | r P Ru is finite, then φ is linearly pG,Xq-controlled.

Proof. By Lemma 6.5.2, the relative presentation G “ xK,X | RK , R, T
1y has a linear relative

isoperimetric function. By Proposition 6.3.6, we only need to prove that supt|φ̃pvq| | v P

R Y T 1u ă 8.

First, note that |φ̃prk´1
r q| “ |φpk´1

r q| for any rk´1
r P R. By assumption, this gives supt|φ̃pvq| |

v P Ru ă 8. Second, for any wkw´1k´1
w P T 1, k and kw are conjugate in G. Since φ is G-quasi-

invariant, |φpkq ´ φpkwq| ď DGpφq for any wkw´1k´1
w P T 1. Thus,

|φ̃pwkw´1k´1
w q| “ |φpkk´1

w q|

ď |φpkq ´ φpkwq| ` 3Dpφq

ď DGpφq ` 3Dpφq.

This shows that supt|φ̃pvq| | v P T 1u ă 8.

In conclusion, φ is linearly pG,Xq-controlled.

Recall that a section s : Ḡ Ñ G is called a quasi-splitting if the set

∆psq :“ tspḡ2q´1spḡ1q´1spḡ1ḡ2q | ḡ1, ḡ2 P Ḡu
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is finite.

Corollary 6.5.4. If (6.8) admits a quasi-splitting s : Ḡ Ñ G, then any φ P Q̂pKqG is linearly

pG, spḠqq-controlled.

Proof. Consider the trivial presentation Ḡ “ xḠ | R1
Ḡ

y, where R1
G Ă RG consists of the words

of length at most 3. Clearly, this presentation has a linear isoperimetric function. The quasi-

splitting s induces a lift map s̃ : Ḡ˚ Ñ G˚. Let r̄ “ ḡ1ḡ2ḡ3 P R1
Ḡ
. Since ḡ3 “Ḡ ḡ´1

2 ḡ´1
1 , we

have

ks̃pr̄q “ s̃pḡ1ḡ2ḡ3q

“G spḡ1qspḡ2qspḡ´1
2 ḡ´1

1 q

ĂG spḡ1qspḡ´1
1 q∆psq´1

ĂG sp1q∆psq´2.

Since ∆psq is finite, Proposition 6.5.3 tells us that any φ P QaspKqG is linearly pG, spḠqq-

controlled.

A transversal of a normal subgroup K in G is defined to be a set of coset representatives of

K in G.

Corollary 6.5.5. Let G be a group and K a normal subgroup. Assume that there exists H ă G

such that the quotient group G{K is hyperbolic relative to H{pK X Hq. Let φ P QaspKqG. If

there exists a transversal L of K X H in H such that the restricted quasimorphism φ|KXH is

pH,Lq-controlled, then φ extends to an antisymmetric quasimorphism on G.

Proof. Let Ḡ :“ G{K and H̄ :“ H{pK XHq. By Definition 6.2.5, Ḡ has a presentation

Ḡ “ xH̄, X̄ | R1
H̄ , R̄y

with a linear isoperimetric function, where R̄ is finite.

Let π : G Ñ Ḡ be the quotient map, and let L be the given transversal of K X H in H. As

before, we also use π to denote the map from pH \Xq˚ or pK \L\Xq˚ to pH̄ \ X̄q˚ induced

by π. Let s : pH̄ \ X̄q˚ Ñ pL \ Xq˚ be a lift map. By Proposition 6.5.3 and Theorem 1.4.3,

we only need to prove that supt|φpkspr̄qq| | r̄ P R1
H̄

Y R̄u ă 8, where kspr̄q P K is the element

represented by the word spr̄q.

Let r̄ P R1
H̄
. Suppose that spr̄q has the form spr̄q “ l1l2l3, where li P L. Note that kspr̄q P

KXH, and thus l1l2l3k
´1
spr̄q

P pL\ pKXHqq˚. Since φ|KXH is pH,Lq-controlled by a function f ,

we have |φpkspr̄qq| ď fp4q. Since R̄ is finite, we know that supt|φpkspr̄qq| | r̄ P R1
H̄

Y R̄u ă 8.

Clearly, Corollary 1.4.5 follows from Corollary 6.5.5.

Example 6.5.6. Let G be a hyperbolic group, and let K be a normal subgroup which is itself

hyperbolic. By [Mos96], the quotient group G{K is also hyperbolic. Thus, by Corollary 1.4.5,

any antisymmetric G-quasi-invariant quasimorphism on K extends to G.
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6.5.2 Group-theoretic Dehn filling

Let H ãÑh pG,Xq. By Definition 6.2.4, there exists a strongly bounded relative presentation

G “ xH,X | RH , Ry

with a linear relative isoperimetric function. Given a subgroup N ◁ H, the quotient group

Ḡ :“ G{ xxNyy
G is called the Dehn filling of G with respect to N .

Let K :“ xxNyy
G, the normal closure of N in G. Consider the short exact sequence

1 Ñ K Ñ G
π
ÝÑ Ḡ Ñ 1.

Let H̄ :“ πpHq – H{pKXHq and X̄ :“ πpXq. We still use π to denote the map from pH\Xq˚

to pH̄ \ X̄q˚ induced by π, where H̄ :“ πpHq – H{pK XHq and X̄ :“ πpXq.

The following is part of [DGO17, Theorem 7.19].

Theorem 6.5.7. With the above notations, there exists a finite subset F Ă H ´ t1u such that

for any N ◁H satisfying that N X F “ H, the following hold.

1. The natural map from H{N to Ḡ is injective. In other words, K XH “ N .

2. Ḡ has a strongly bounded relative presentation Ḡ “ xH̄, X̄ | RH̄ , πpRqy with a linear

relative isoperimetric function.

3. The restricted map π|X : X Ñ X̄ is bijective.

Now we can state the main result of this subsection. It shows that the extendability of a

quasimorphism φ P QaspKqG only depends on its restriction on N .

Theorem 6.5.8. Let H ãÑh G, and let F be the finite subset provided by Theorem 6.5.7. Let

N ◁H be a subgroup such that N XF “ H. Let K “ xxNyy
G and φ P QaspKqG. If there exists a

transversal L of N in H such that the restricted quasimorphism φ|N is pH,Lq-controlled, then

φ extends to G.

Proof. Let X Ă G be a relative generating set such that H ãÑh pG,Xq. Let s : pH̄ \ X̄q˚ Ñ

pL \ Xq˚ be the lift map induced by the transversal L and the map pπ|Xq´1. By Theorem

6.5.7(2) and Lemma 6.2.3, Ḡ has a strongly bounded presentation

Ḡ “ xH̄, X̄ | R1
H̄ , πpRqy

with a linear isoperimetric function. By Proposition 6.5.3 and Theorem 1.4.3, we only need to

prove that supt|φpkspr̄qq| | r̄ P R1
H̄

Y πpRqu ă 8, where kspr̄q P K is the element represented by

the word spr̄q.

Case 1. Let r̄ P R1
H̄
. Suppose that spr̄q has the form spr̄q “ l1l2l3, where li P L. Note that

kspr̄q P KXH “ N , and thus l1l2l3k
´1
spr̄q

P pL\Nq˚. Since φ|N is pH,Lq-controlled by a function

f , we have |φpkspr̄qq| ď fp4q.
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Case 2. Let r̄ “ πprq, where r P R. Suppose that r has the form

r “

m
ź

i“1

wihi,

where wi P X˚ and hi P H. Each hi can be represented by a unique word lini, where li P L and

ni P N . Specifically, li “ spπphiqq and ni “H spπphiqq´1hi. By definition,

spr̄q “

m
ź

i“1

wili.

It is easy to see that

r “K˚F pL\Xq

m
ź

i“1

wili ¨

m
ź

i“1

vi,

where vi “ p
śm

j“i`1wjljq
´1 ¨ ni ¨

śm
j“i`1wjlj . Therefore,

kspr̄q “G p

m
ź

i“1

viq
´1.

Let ki P K be the element represented by vi. Since φ is G-quasi-invariant, |φpkiq ´ φpniq| ď

DGpφq. Therefore,

|φpkspr̄qq| ď

m
ÿ

i“1

|φpkiq| ` pm´ 1qDpφq

ď

m
ÿ

i“1

|φpniq| `mDGpφq ` pm´ 1qDpφq.

Since R is bounded, the number m is uniformly bounded. Since there are only finitely many

h P H that appear in words from R, the set

tn P N | n “ spπphqq´1h, where h P H appear in words from Ru

is finite. Thus, supt|φpkspr̄qq| | r̄ P πpRqu is finite.

6.5.3 Mapping class groups

Theorem 6.5.9. Let Σ be a finite-type surface, and let G “ MCGpΣq. Let g be a pseudo-

Anosov mapping class. There exists N ě 1 such that the following holds. For any k P N, any
antisymmetric G-quasi-invariant quasimorphism on

@@

gkN
DDG

extends to G.

Proof. As shown in [BF02], the given g acts as a WPD element on the curve graph of Σ (see also

[PS17] for a simpler proof). This implies that the cyclic subgroup xgy is contained in a unique

maximal elementary subgroup H by [DGO17, Lemma 6.5]. Moreover, H is hyperbolically

embedded in G by [DGO17, Theorem 6.8].

Let F Ă H´t1u be the finite subset provided by Theorem 6.5.7. We can chooseN sufficiently

large such that xgNy ◁H and xgNy X F “ H. Let φ P QaspKqG, where K :“
@@

gkN
DDG

. Since
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xgNy is a normal subgroup of H of finite index, Corollary 6.5.4 tells us that the restricted

quasimorphism φ|xgN y is linearly pH,Lq-controlled for any transversal L. Finally, we can apply

Theorem 6.5.8 and conclude.

Let Σ be a finite-type surface with nonempty boundary components γ1, . . . , γn. Let Σ̂ be

the capped surface obtained by gluing a once-punctured disk with puncture pi to each γi, and

let P “ tp1, . . . , pnu. Let g be a pseudo-Anosov mapping class of Σ, and let K :“
@@

gkN
DDG

,

where N P N is provided by Theorem 6.5.9 and k P N is arbitrary. By [FMS25, Proposition

4.4], K X TΓ “ H. Thus, from the capping sequence (see Section 2.4), we obtain a quotient

central extension

1 Ñ TΓ Ñ MCGpΣq{K Ñ MCGpΣ̂, P q{πpKq Ñ 1. (6.9)

[FMS25, Proposition 2.16] says that if a certain (antisymmetric) quasi-invariant quasimor-

phism on πpKq extends to MCGpΣ̂, P q, then the quotient central extension (6.9) has a bounded

Euler class. Theorem 6.5.9 shows that it is indeed the case.

Corollary 6.5.10. The quotient central extension (6.9) has a bounded Euler class.

The base group MCGpΣ̂, P q{πpKq is known to be hierarchically hyperbolic by [BHS17a,

Theorem 6.2]. Using [AHPZ23, Theorem 5.14], we have shown that

Corollary 6.5.11. MCGpΣq{K is hierarchically hyperbolic.

This answers [FMS25, Question 4.2] affirmatively.

6.5.4 Stable mixed commutator length

In this subsection, we introduce a direct application to stable mixed commutator length. Let

G be a group and K a normal subgroup. In their paper [KKMM22], Kawasaki, Kimura,

Matsushita, and Mimura introduce the (stable) mixed commutator length on the subgroup

rG,Ks, generalizing the classical (stable) commutator length defined on commutator subgroups.

We briefly review their definitions.

A pG,Kq-commutator is an element in rG,Ks of the form rg, ks “ gkg´1k´1 for some g P G

and k P K. Let rG,Ks be the subgroup generated by pG,Kq-commutators. The pG,Kq-

commutator length clG,Kpgq of an element g P rG,Ks is defined to be the word length of g with

respect to the generating set consisting of all pG,Kq-commutators. It is known that the limit

sclG,Kpgq “ lim
nÑ8

clG,Kpgnq

n

exists, and we call sclG,Kpgq the stable pG,Kq-commutator length of g. When K equals G,

clG,G and sclG,G equal the commutator length and the stable commutator length, respectively.

In this case, we write clG and sclG instead.

The celebrated Bavard’s duality theorem [Bav91] (see also [Cal09]) relates stable commutator

length to homogeneous quasimorphisms. Recently, this duality is generalized to stable mixed

commutator length and invariant quasimorphisms in [KKMM22]. In particular, for any g P
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rG,Ks, sclG,Kpgq ą 0 if and only if there is a G-invariant quasimorphism φ on K with φpgq ‰ 0.

Here we say that a quasimorphism φ on K is G-invariant if φpgkg´1q “ φpkq for any g P G and

k P K. Clearly, every G-invariant quasimorphism on K is antisymmetric and G-quasi-invariant.

From this duality, Kawasaki, Kimura, Maruyama, Matsushita, and Mimura [KKMMM25b]

prove the following as part of their Theorem 2.1.

Theorem 6.5.12. If every G-invariant quasimorphism on K extends to G, then sclG and sclG,K

are bi-Lipschitz equivalent on rG,Ks.

Combining Theorem 6.5.12 with Corollary 1.4.5 and Theorem 6.5.9 respectively, we have

Corollary 6.5.13.

1. If G{K is hyperbolic, then sclG and sclG,K are bi-Lipschitz equivalent on rG,Ks.

2. If G “ MCGpΣq and K “
@@

gkN
DDG

as in Theorem 6.5.9, then sclG and sclG,K are

bi-Lipschitz equivalent on rG,Ks.
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Mathématique de France, Paris, 1977. 189 pp. (1 plate).
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