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Enriques surfaces and root systems
— Enriques surfaces of type E7 —

0000 (MUKAI Shigeru)

o0

An Enriques surface S is called of type E7 if the twisted Picard lattice
Pic¥S contains the (negative definite) root lattice of type F7 as a sublattice.
Assume that S is not of type Fg or E7 + Ay. Then the period of S of type
E7 is the same as that of a curve of genus two y? = g1(2)go(x)g3(z) with
a Gopel subgroup, where g1, g2, g3 are quadratic polynomials. An Enriques
surface S of type Fr is birationally equivalent to the quotient of a quartic
surface {(Ayxt +yz) + (Agyt +x2) + (Aszt +xy) Y2 +4Dzyzt = 0 C P3 by the
standard Cremona transformation (x : y : z : t) — (1/(A1x) : 1/(Agy) :
1/(Asz) : 1/(A1A2Ast)). Moreover, the coefficients Aj, Ag, A3 are equal

to D(g1)R(g2,93), D(92)R(g1, 93), D(g3) R(g1, 92) and D = {det(g1, g2, 93)}>,
where D(g;) is the discriminant, R(g;,g;) is the resultant and (g1, g2, g3) is

the 3 x 3 matrix whose entries are the coefficients of ¢1, g2, g3.

Enriques 00 SO K300 XOOOODODOOODOOOeOODOOODODOOOO
000000000 bO0b00b0b00oboOn PicX — PieSOO PicvSOOOOO
OO00DO0oOobooO0oooOOoOoDpPie*SsODOODODOOOOOODOOODOODOO
0000 PicardJ O (twisted Picard lattice) 00 000000 Picard 0O Pic®S O
00000000 LO0000000'00000000Enriques00 SO LOOO
O00002000000L0 E,00000000000000000O0OOEnriques
obobbooboobooboon

§1 400000000 E;0 EnriquesU U

0000 POO4000

{(Ayot 4+ yz) + (Agyt + x2) + (Aszt + 2y)}* + 4Dayzt = 0 (1)

0000 LCcI00/LO0D000000000000 (primitive) 0000
INIkulin[11)0O0OEnriques 00 0000000000000 D0000O0DOOO00O0OOLOOO
gboboobOobooooboobooooboboooooono
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0000000004, A, A4;,D e C\{0}00000000000 40000 4
00000 (1000),...,(0001)0 D, 0000 20000000000000000
0000000000000 X = X0 000040000000000
0000020020000000000000000 400200000000
t=ys+r2+2y=0000000X002000P00000000000000
00000000000 80000000 120000000000000

Cy B,

Cs

Ey

< £, @)

000D0C;,1<:<4,0400200000000000000000000D0O0O
0000 F;,1<:<4 000000 D40 Dynkin00 4000000000000
gdod

000 (H)OOOD00O0 (zy)(zt), (zz)(yt), (xt)(yz) DOO0O0O000O00O00O0XOO
Z/2xZ/20Klein0 400000000000000000(1)0 P*000 Cremona

HEN
1 1 1 1

: : : 3
A137 Agy AQZ A1A2A3t> (>
0000000000 (A1AA3xy2t)?’0 0000000000000 0O0OOO
000 XO0ODOeO0OOODOOOOoooobobooooo

(x:y:z:t)—(

(57 — 459)? = 64dsy (4)

00000030 0000s,0 A4;,A,,A4;,D0i00000000000000 (4)
O000000000000000 Enriques00 S=X/e00000000 000
0((2)000000000000000000L0O0OO0SOOOD0OoUOoOoOOo
OO0 1wooPooooooo

=

()

30000 Ay,4:, 45, DO00000CO000 PPO000 Steinerd Roman 40000000000
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0000000000 oobOo0obo0 100000 b0oUonD E;0000 Dynkin
000000000000 0o0b000o0bOo0DbOoSO p,0000b00oon
00 (zy)(zt), (zz)(yt), (xt)(yz) O Cremona 00 (3)DO000O00OOK3OO XOO
7/2x7Z/2000 Enriques00 SOO0O0O0O00O0O0OO

00 10000000000000000000200000 (1)0d Jacobian Kum-
mer 000000000 (Laszlo-Pauly[8, §4])0

§2 FE;0 Enriques0 000000000

Enriques00 SO K300 XOOOOODOODOOeODODODODOOOODOOOS
0000000000 Z4000000z40 XO0O0O0O0OOO ZxX0O (—1x)xe
00000000000000000 20000000 Hg:=H*S,Z%) ~7%0
0020 HodgeUOODUOUOOHs®,CO H* o HY' ¢ H*? 00000 O Hodge O
01,10,10000%Z¢ xZs — Zs 0000000000000 HsOOO 12000
0 (2,10) O odd unimodular 000000 [,;,,00000000HodgeD OOOO
000000000 Picard00O0O HgO (1,1) 000000000

00 1 [TorelliDO O] 000 Enriquesd 0 S,8'00000000000 HodgeO
0 H,HsODOOODODOOSO S0OO0O0oooo

00000 Enriques0 00 0000OO0ODOOO0OO0OO
{Enriques 00 }/00 — D/O(Iy1), S+ Hg (6)

000000000000000MO000DY0 10000IVOO0O0OOO
2000000000000 Ly,0000 O(Ly,)00000000

00 2 ToreliDOODOOOOOO0OOOO0DODOOOOODOOO Allcock[1]ODOO0O0
O0O0oobDoobOo0ooooobZg0DbO0O000 R. Oudompheng OO OO0
gooood

LOO Enriques0 0 SOOOO0O0O0OHsOODOO LOODOOODO HodgeOODO O
oooooboobooboboobobduo Loboobboobboooboo By O
gboboboooobbbuooobbob

1. &0 L,y000000000000

2. 00 E,— L,/ 000000 MOOOO0O0OO0OOO000OODO diag[l,1,—-1,—1,—2]
goboboooobobosboooonbn
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3. 0000 O(Iy, B7) — O(Z,diag[1,1,-1,-1,-2)) 0000000
D00000 ToreiDOOO0OOO0OO
{E-;0 Enriques 00 }/E;00 — D3/0O(Z,diag[1,1, -1, -1, —2]) (7)

gobobodgo
000300 1IVOODO0000 pPO0D*0000onn 20 Siegel DO OO $y =

b
gbooooboboooooobon

b
{%(a >>0}DDDDDDDDDDDDDDDDDDDDDDDDDDDDD
c

D?/O(Z, diag[1,1, -1, -1, —2]) ~ $,/T%(2) (8)

O0000000rg(2)00oo2000000

A B
[(2) = C=0(2 Sp(4.7 9
0(2) {(C D>| <>}c p(4,2) (9)
. 1 0 _12
0 Fricke L 00000020 000000oooon
v2\21, 0

0000000 $/To(2),9/T5(2) 0 PELOOD Abel 00000000000
00D00000%H,/To(2)0 Gopel D00 DOOD Abel0D (A, L,G)0000D0O
0000000000000 AbelOO (A, L)0O GépelDOODODODO2000000
0040000 GC ADD2000000 Weil pairing Ag) x Ay — 1200000
00000000000000000000 L®200 AbelOO X/GOOOOO L
O descent 00 0000000000000 (A:=A/G,L/)D000000 AbelO O
0000000A020000 A0 A-AD0000CG 0O (A,L)0 Gopeld0O
00000 H,/T52) 0 H/T0(2) 0 Fricke 0 000 $5/T0(2) 00 00 Fricke 000
O0000000ooooooooo (A L,G)DO (A, L,¢"00000

000 Abel00O (A, L)00000000CO0O0OCOOOOOODOO0O(A,L)O
002000 CO JacobiODOO JacCOODODODOOOCO 60000000 PO
2000 ¢* = fe(x)000000Gopel 000 GOOODOOOOOO G600 300
0000000000000 00(C,G)oDoooo300200 g1,90,930000
v = g1(7)ga(2)g3(x) 00D 00000000 g(z)=00000 ¢, ;0 Weierstrass
00000000¢+4+7~—-KeOGOOOOOOOOO

§3 000
004000 (1) 0000000 O0ODOOO0OOOOOOOOOO
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00 2 Enriques00 SO E,000000E000 (B-+A)000000004C
SO0000 (70 @®D00000000 GépelJODDOOODODO AbelDOO (A,L,G)
D000(AL)000 20000000000 CO JacobiOOO JacCOOODO
000000000GOO0000CO000 i =g (x)g(z)gs(x)0000000
0o0so

A = D(gl)R<92793)7 Ay = D(92)R(91793)7 Az = D(g?))R(glagZ)a
D= {det(91792,93>}2
oooogogo4000 (I)DDDDDDDD X:X(A:B:c:D)DDD edD0OOOO0OO

000000000D(g)020000000R(g,9,)0200000000000
000 (g1,92,93) 0 200 ¢1,¢0,9s 00000000000 3000000000

(10)

00 30000000 AbelODO (A, L)D000O0O0DODOOOOOOODOOOOO
DO0O000O0000Enriquesd 00 EgO0DO0OOO

000000000000 Es00 (Br+A4,)00000 0000000000
0000000 100000000Es,(E;+A,)00000000COODOOOOO
0000000000000 AAA;400000000000 P? g2000

(z:y:2)

7% = wyz{(Ayxt + Ayt + Aszzt)(yz + vz + 2y) + Dayz} (11)
goddobooooog 3bdbzyz=00 300000 3000
(Ayxt + Asyt + Aszt)(yz + vz + 2y) + Dayz = 0 (12)

0000000000D=00000003000000M00 30000 P20
Cremona OO (z:y:2)— (1/(Ax) : 1/(Ax) : 1/(Asx)) DD O0OOO0OO0O20
00 (11)0 Cremonad 000000

r 1 1 -7 )
AlfL' ' AQy ' AgZ . A1A2A3[l§'y2’

(x:y:z:7)—( (13)
000000000000 X = Xy D00 e0000000(4)0000
O00000e000000000Enriques000 S=X/c000000
D#£00000(11)04000 ()000000O000 (000)0000000
00000oooo00oooooUooooooooo()o (ny)ooooooooo
X = X4, 4yepy 000000000 (11)0 D =000 Enriques 0000000
00D ()D0000000D=00000Enriques00 SO (B;+A)00000

0000 over lattice 0 00000000 E,OO0DDDO(E;+A4)T00000D00000OO
gboboobooboooooboood
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00 400 (E;+A) 00000000000 (numerically trivial involution) O
0000000000 9Uooo0o0o0oooo0oO0 2000000000000
r——70SO000000000000 A(S,QO0U00000000

00 5 D400000 (1)O(1)0DoOO0O0O0O0O0O0O0O00T7— —0SOO0O00O0O
000000 A*(S,Z)00000000000AF*(S,QUo000o0oooood
0000000 (numerically reflective) DO 00000 [1000000000000
00000 Hutchinson-Gopel UOD OO DOOODO E,000000 Enriques 00 0O O
gobobooggooood

000200000 (11)00 0000000000000 0DO0O0ODO0O0O K3
HEN

77 =w + {(t* — p1)? — poyu® + (ps — 2pst?u (14)
0000000000t000000 PPO00000O0 w0 fiber000O00OO0
(T,u) = (co,00)0 00 0O00000(r,u)=(0,0)00000000002-torsion [
0000000000000 t=00000000 fiber 00000000 p3#00
U0 L, 001200 ps=0000 LyODODOOOOOoOO

(ps — 2pst®)T py — 2pst?
(7—7 u, t) = <_ U2 ) u ) —t (15>

000004 000000000000 0000000000000D00O Enriques
00000000000 ps=00000 Barth-Peters2 000000000

O00PP000000300 2zyz=0000 3000 (At + Agyt + Azzt)(yz +
xz+2y)=0000000 100000 (penci) D0ODODOODOO K3ODO (11)0O
00 fibration 0000 O0ODOO fibration OO0 2-torsion 0000000000
00000000000000 (14000000000 Kumar[7] 0 Enriques O O
O00000EO000000O00O0 Inose[6] 0 Clingher-Doran[4] O Enriques O O
000000

00 3 SO E;0 Enriques 1 00000S00000000 Gépel OO OODODO
Abel00 (A, L,G) 000 py,pa,ps,pa 000005000 K300 (14)000 (15)
0000000000000SO Es000000p;#0000000000040
0ooo

= (A1+ A+ A3 —D)/2, pp = A1 Ay + A1 Az + As A3, p3 = A1 AxAs,
pa = A1AA3D

gobobodog
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00 prpo,ps,pa 0 $H2/T5(2)00002,4,6,8000000000000000
00000000000000000000006,/T,(2)0000 2,4,4,6000
0000000000 (Ibukiyamals, §6])0

00 6 F;00 Enriques0000000000O0ODOOOP(1:2:3:40000
00000000 4)00000000Hwmbert 0000000000 O0ODO

Ooon
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