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1 @U®IC

1.1 FEESEaOBIER

TR FELCER (LITREDOZWVRY, BIZ, Gl E i) OMEFRONEIE, EBHHEBIZBT 5 ELH
EE O B OO RFIZED V2 72 Kolmogorov (1] DRITHNT A 546 F - 720 Heisenberg (2 & 2 FHi#
Mo, BOHUMORKR, Thbh, FEBICBTABREZE) HFERBECZOOFMIZREREL L,
—DRIAFIINEHE (RL1LOFTHYDEE) THH, HIVe237 oy 7VHAEE (K10
EHEDEE) Thb, ¥4+ IAWNVERFETIE, HER Navier-Stokes A1ER & BB)Fw CE&ER D - 17,
Ty 7VHHETE, MPZANVE— - AAT—FE2ERTA0 D UTEIR Z T I FRITREITT
Bo T YTV FEDRTHIT 4752 5 VIZX BT, BLRESBBICENTHH I LA RE

% 1: Historical (DIA: Direct Interaction Approximation, RG: Renormalization Group)

Ed HIED 5 b % BH 1
1883 | Reynolds

1941 | Kolmogorov spectrum

44 Landau equation

48 turbulent viscosity (Heisenberg; 55 Chandrasekhar)
55 vortex tangle (Feynman)

57 closure problem (e.g.,Tatsumi)

59 DIA (Kraichnan; 64 Edwards, 65 Novikov)

62 | log-normal model (Oboukhov, Kolmogorov; 66 Yaglom)
7 RG (Forster-Nelson; 86 Yakhot)

78 | 3 model (Frisch-Nelkin)

87 | p model (Meneveau-Sreenivasan)

94 | log-Poisson model (She-Leveque)

94 re-summation (Procaccia)

94 Lagrangian method (Pope; 99 Reynolds, 00 Sawford-Yeung)
2000 | the multi-fractal analysis (Arimitsu-Arimitsu)

LNk o TR, 22T, EUOEELZ2EZTHAHERML, [HFEMNIELBIISVT 1750 %
MR LTWAE] ELTHRTTA250T, REOEEELRERR Y IaL— a2 5HETHHRTE S,
1 8 8 0 4EHIC Reynolds AT o 2RI 2 FEER (K1) LK1 2 0FICEAWHZFIIBIT AHE~0, #
LWHETORBTH D, COTNVT 47537 5 VIZEAEITE, SA4FIANVEFEIFLTHIEIZN
HEE5 252 LIRS,

BRDTNT 47T 7 & VI (multifractal analysis) &3, Tsallis 25347 B [2, 3] 12#ED W THEE
iz, KIREREED 720 0RHH THOEES LM DENHIETH % [4]-[16], Tsallis BT BISIL,
W2 T CAREN Rényi = > b ¥— [17] %, & 25 \VIEIEREN Tsallis =~ F T E— [2, 3, 18] DIBAE
52 BEEDTHTHD, ZOMEITEL, B Reynolds 12817 % Navier-Stokes HFER DR EZEM (scale
transformation) AEME, ZOREHICERT AHERMPEEZBIIIVT A 7T 79 VGHLTWA LW
IREIZEDNT WD, 2B, YNVT 4757 5V, log-normal €7V (19, 20, 21] & —Axfk L7 b
DEEHLZBHIEDTES, EFE, Boltzmann-Gibbs L I E—(ZHEDTVWTINVT 1 7T 7 5 VT %
179 &, log-normal E 7N ASE,N 5 (8],
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1: Reynolds’ experimental setup

1.2 Kolmogorov A7 ML (K41) EHARXRr— K« EFIL

BN A — F - E7 Vi, Richardson [22] BFIO TRIB L2 L SN TV (23] HWAT — F - EF NV
OEREH L0, [ELKIE, BERORLZZMPIBEL TR IATHE] L0 HBTH L, EBRTIRE
E LAFTHRESDVENTVERTIEL L, BLMORATF WAL 4 LML, L bEIREMREAY
Bilahs, 727 —F-E7NVE, ZOMRBARERRTLLOL LTEASNARTH L, BT 2HEB
L7cBiid, I3HFOREY A ARENEERLRE>D\MEZEAL, TRIATCIEELI NI VEEER L2
BORFFELLEBANEEET S (K2)o ZORRELRT 572012, R4 LEFINLMDT 1 X%

eﬁ:éin(Sﬁ, (Sﬁ :(5_ﬁ (ﬁ=0,1,2,~~'), (S> 1 (11)

EBL 12720, A AT —FDRAT v THERT o = bin WEFOWEEH A X, LAFoT, &K
BOBERTH B, LLTTIE, FiZ6d=2%2FAT 5, ThE, R4 LERENLZBOEEIMEREF R -
THLIEFRLTVAY, EBIIEI o TV APEEREREFERN L THOTHETELI L TH A,
BMOZANF— - B A7 — Fi, ROBEFEOSRTEROEHRE LTI DOEBICHIT CRHT S EE
FThs (3). RTOMEY A X 6, BEOREKER (M3 0EKD 1, £ IAERRA DIV F—
FEARETHAHDT, TANMF—JEAMHEE (energy input range) EIHIN D, MOEEN L, >l >0 %
W7z IR (B3 DRI 13, HOoROFENIERTE LHEIT, EW%E (inertial range) &IN5,
ZITIE, WOLANF—INERNASVIIANZITESATO L, MOBEREI/NS D nEEICR D L
BROFLEVPERTELLLD, BRARD T ANVE 13 E Lo TRIMIE E NS, 2O (K3 DFEE
I &, #&MEE (dissipation range) & IFIEN 5,

&T, TALVF— - 2R PLVOBREER (K4) (CHNDEISEBR 288 —5/3 2 FHBT 5104725
T, Kolmogorov (&K & 9 2 RFH % T/ [1]o

L R 2 BRI S BRI (6, > 6 > n) T, BL2EEOWY, Thth, E-L 0 LZH
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2: Homogeneous turbulence behind a grid [23] (Photographed by T. Corke and H. Nagib).

BRITERE) ¥EDTVD, LA > T, BUBETOER (, DBOBIE, 83 OEHATHEZ %,
ZL*W¥*Elﬁﬁ(&~&JTﬁkéntliwf—(iﬁﬁﬁ HNEEH DO A NF—F
ARZ e &3 5) 1%, EHERTIE, IBANSOVEZROBICFTESNTIT, 2 %o TRIEE
TAHLAINVF—1d vy,
3. BREE (6 ~n) T, ELROZ RV F LA ) BE EREEEEY v £$5) 12X ) B
TR ENFRT B,

Y, SEHORHLY, BOBFB T ANF—IEAE ¢ LERERE Y FETRBEE2THEEI LN
bo £EZHT, THHLDYEEDRTI,

L? L2

b= W=7 (1.2)

Thbd, ZD20DBETREDRTENEL L, HABBOREDA -5 %5259

n=(§>m (13)

ERE D, T, Kolmogorov 2% — 1 (Kolmogorov B& ) LIFEh 2, kic, 1 EHE 2&HOIK
LY, BHEBTOWERE, BOBERLLG EIAVFFEARORMKETLEELONL, 72T,
B EED ) OWBEOER) T 3V F— 23t LT

%Z u*(z)u®(x)) = /:o dk E, (1.4)

WEDERENDIANF = - AX7 MV B, DRRERKOTHL I 2B, TITOTH ()1, B
FHREMFE & EE TN LN TWE LD ET B, kITBICEME 2T,

1
k=g (1.5)
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3: The ranges in the energy cascade. I: Energy input range, II: Inertial range and III: Dissipation
range.

WCTEAT S, BE)TANF—DRITAL2/T? 20T, TAVF— - AT bV ORTTIZ

L3
wﬂ:TE (1.6)
&b, TNLY, EBHBEIHTIE (1]
Ej o €¥/355/3 (1.7)

LB ENG B, ThUE Kolmogorov A7 PV EIFIEH, M4 DEFERSBRLTY S, HEHED
WIHEE R R 7 13,
T 0 € Y3g=2/3, (L.8)

EBBIEDTDH, INLY, MEVIHIZERSHRT 52 EW00 5 &6, BOFwIL, HOEAL
WRLOHRREETHRIDEER LN A,

Kolmogorov A7 Mg, BUTFD L) 2 ERNLELTOENTE S (24]o EED Ly ~ ls + dls O
VROBMNEES ) DEBHT ANV F—%

k;+—1
En = / dk Ej o 6u2, (1.9)
ks

TEET Do 72751, k=031, LBV, 72, Sup B, ZOBOBIOEEHROESDERTHEL, Th
I, BA—EETA20ICETARRMOERIE

th = —— (1.10)

THEALND, TN, BEEN ~ L OWMPHEOBBHLANF 2%, HE~ by OBNZIETOILE
BRSVERRE (Fa) CHIRSh D, T5&, B ~ 6 DD SEE ~ by ~NOBRE - B EREH 1
DI ANF—EEE ¢, 1,

En (6uz)®
ta lr
THEZONBIEIHD (240 AT~ FOKEAT YT W23, aBEORAT v 7 EIER) TRIZ 2@
(6=2) IIHHETHH, ZhCLY, HUEEH- VDI RANVF %L e, T, T4 Xz DEDP LA
Al DWMANT AV F = PRTEEND LERX LD TH S,

€~ (1.11)
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107 ' -
*
10° e o O oyt 3, =
- . i slope = -5/3 »
10° - z
103 .
z el ,
) o 23
-4 O 23
X 10p v 37
) v 53
1 b E 72
O 130 A
" 8 170 ® s'ope=-7
E ¢ 282
, ¢ 308
10 A o1
v 540
1073 x 780
¢ 850
. + 2000
107 ® 3180 -
® 1500
1073 m 600 o
10-6 lllllull lll_lud Illl»]ml}l!,ll |
TV { 104 100 102 107 1

k,n

4: Energy spectrums collected from various observations [25]. The numerals attached to the symbols
are the Taylor micro-scale Reynolds numbers Ry: 23 (the first) boundary layer-(Tielman 1967); 23 (the
second) wake behind cylinder (Uberoi & Freymuth 1969); 37 grid turbulence (Comte-Bellot & Corrsin
1971); 53 channel centreline (Kim & Antonia (DNS) 1991); 72 grid turbulence (Comte-Bellot & Corrsin
1971); 130 homogeneous shear flow (Champagne et al. 1970); 170 pipe flow (Laufer 1954); 282 boundary
layer (Tielman 1967); 308 wake behind cylinder (Uberoi & Freymuth 1969); 401 boundary layer (Sanborn
& Marshall 1965); 540 grid turbulence (Kistler & Vrebalovich 1966); 780 round jet (Gibson 1963); 850
boundary layer (Coantic & Favre 1974); 2000 tidal channel (Grant et al. 1962); 3180 return channel (CAHI
Moscow 1991); 1500 boundary layer (Saddoughi & Veeravalli 1994); 600 boundary layer (Saddoughi &
Veeravalli 1994). The line, shifted for better visibility, describes Heizenberg’s energy spectrum given by
(2.69) with Ko = 2.0.
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LIAHT, BEROFENVER TS HEBEHER (4o >l >>n) T, EEREOBOIILF —IIME
WEBNER 6 CEIFESNDI LR b, 22T, [ 25 allE 6T —ETHD (n=€¢] LRELI I
INE (LI RRAT B, -

Sun ~ (€z)?,  En ~ (eln)*? (1.12)

2135, (1.9) £V, Kolmogorov A7 kb
Ei ~ Ezk;t ~ /37573, (1.13)
PEOLND, SHIZ, (1.12) & (1.10) IfAAT 5 &,
tn ~ e L3023 (1.14)

B0, TNIIIEUEN n, (1.8), #5225, ST, tdiss o 2/p 1281, ML X 28RN ER
L, &bty =tdiss % (1.14) KAV &, ERFEBRRNORNOBOEERNER TH % Kolmogorov A4 —
Vo BESh D,

mROEEEERE FEROEDE—A VN ORF—) Y V¥ (n %

<(§31)m> - (%)Cm (1.15)

TEHET Ho 1270, FICBRR72LI2, FY () RBYRTH > TVEHE LD LD LT 5, £,
~®¥ﬁ%Wﬁ&%ﬁﬁﬁﬁfk%## DEHDOHLFETH L, 112 DE1IREH B L, K41 T
DAYy =) v TS

Cm = gm (1.16)

CO | =t

TEZONBI LTI D

2 FEEIROERATEX
2.1 FEEHMERA

2.1.1 EZ[H

—f%iZ, WAERIE, EEHEOFFER & Navier-Stokes (F77 1 L - 2 b—2 ) FRXE@EHZT, EHEOS
R, o . 0
p - ..
THERZOND, 127201, p=p(z) IEEFE (mass density) , u® = u*(z) FHEHD o BT, dITEM
z,t

DRITHEET. d+ 1KLY Mz = (&,t) *EA L7, Navier-Stokes HF2R1$

Opu® 0 .4 o
5 " ot = 22)
THER OGN D, 250,
i’ = i (@) = puuf + PP, (2.3)
«, @, N . au 6'[],ﬂ
Pﬁ:Pﬁ(x):pdﬁ_n<6ﬁ+a ) (2.4)
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o= fo(z) GENEED D ONE, p=plx) FTWAEDES, 71 3KMEE (viscosity) Th b, #DEL
DEFELFE, MEEDDDETD (LRI, A°B*=Y¢_ A°B%),
T, FEHEUFETIEEEBELN —ETHD ip=—T. 2OLE (21) XY

ou®
Oz

=0 (2.5)
& 7%, Navier-Stokes FFE (2.2) 12

8u°‘+ Bau _(?_ y H2u™
it 078~ 0zoP "V 516628

+ f (2.6)

b, 72720, p=p/p &, BHMEZE (kinematic viscosity) v = 1j/p TEA L7, N7 PLFRIETI,
(2.5) & (26) B, Th2h

V-i=0 (2.7)
%t‘— +(@- V)i = -Vp+vVii (2.8)

Y%b, 12720, UTF, ZIHMBEOLVEAZFEIDT, F=0LBW, B (vorticity) &=V x 2
g BRI, (28) XD
+V x (@ x @) =vVi (2.9)

&’I%

THEIZLNLZ NI D,

BN LEESEOKESE: u, BESHVEMTHAHFHNLERLY L &35 &, 3% FT Navier-Stokes
FRER (2.8) OEUE 2 W, Bk ETHELE2HEE, FRER, W2/L, vu/L? LREDND, ZR5
D

ulL

Re= — (2.10)

i Reynolds (L4 /7 VX)) HEMTH, HEDKREZETERTETH S,
Navier-Stokes /723 (2.8) i, #E U CHEUEERIBoTOFETHL, 2% 1, Galilei B

t—)t’:t, j;‘—):i:":f+ﬁt, ’l—l:—)’lf:ﬁ-f-ﬁ (2-11)

DFT, (2.8) ERETH 5%,
F 72, Navier-Stokes 753 (2.8) 13, REEZHE (scale transuformation)

=

T3 =M, To@ =230 t-t =X pop =Xy poy =2t (212)

KEHLTHOARETH S, 72721, a 3FEOERTH S, ZOK, Reynolds EHBAETHLH I LITiEEL
By b, MLE LR ETHEEZE - THEREL T L0, HEOBRE* DO KIZFEDP7-DTIiE Reynolds $A*
BELTLE, BECEERREKREONTLE ), 22T, Reynold KEAEICTA L) Bl (hk
) CEPRTERBEBEELTHDTH D,

L ZAT, BEAKOBITCHAT A REERI,

To@ =M, G- =X tot =X"5, posp =223 (2.13)
ThHDH (26,270 T, BRMEE Y 2L S 2RV, JRE, TRERTRETH, RoRESE

b ?ﬁiﬁ%@ﬁ%ﬁ‘%{b Lig\wn] EVIHBAIEELRET L0010, REEBRAEELFIHT L2 ’C?)Za o
R CHAETIOMANFBRA SN LRT, BHEARRIILAR—-TH b, RELMH (2.13) T Navier-Stokes 77

— 342 —



[Summer School ¥FEHFE 2003 —#fA 1% - Bl OHE ]

R (2.8) AREI R DD, v=0, 2F ) Reynolds WP ERAD L EDHRTH S, EiF, FEAMKE
AEBRT 5D, Reynols B TATKREVHETH S, LI >T, REER (2.13) ZUTTHVWAE, &
Reynolds # (Re > 1) OHEEHEEL, TAEEAMNICy =0 EEXTIVERERCOERICAVLZ L
&35,

2.1.2 Fourier ZZ[H

TiES D Fourier %

w(z) = /k ul (t)e= %, /k - / dik (2.14)

IZX DEAT 5, ¥ Fourier 2

ud(t) = (—2%—0,- / u®(z)eiF? (2.15)

THRbNhA, HOYIEED Fourier 2 }ﬁ% FERRIEAT 5 &, FEEMEN (2.5) & Navier-Stokes /7523 (2.6)
X, £heEh,

k*ug(t) =0, (2.16)

(;lt uZ(t) = —vk?u ug (t) + k% px( t)+z//kﬂ6 (k—p— q)uﬁ(t) ug(t) + f7 (2.17)

TR
(2.17) 12 ik® 7T o IOV THIZ LY, (2.16) RAVA &,

L5

2185, O 0, FEMERATIE, EHEHES (L05) TRBTEDIENINs, SHERALT
EN%WHET B L, (2.17) 2FEHO Fourier A 5 @M H TR

)ul(t)ul(t) + ik £1(2) (2.18)

d . o P — i [

TUE) = —vk*ul(t) +i /,, /q MEPVS(E - p - ui(t)ul(t) + DI F1(t) (2.19)
Ehb, 12750, .
afy _ 2 (1.B oY v el
M¢ 2(k D% + kDS ) (2.20)
kKB
aff _ saf

D=3 = (2.21)

FMA LSz, koD = 0 £, DI PHEOBSH EH) B HETFTHEDZ LG h 5, ZOWATI,
SR DR
DD = D2P (2.22)

RROILDTHEIOOND, (2.19) OEDEIETE, NEOMESZINFESLTWDL I EXs0 D

2.2 IRNF-—INFTEIRINF—EER
S OARR B

QP (z,2") = ((u*(z) ~ U (W (2") — U”)) = (u*(2)u(2)) - UU?, U™ = (u*(2)) (2.23)
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RBELDo 12751, (), BERRICEYRT Y Y TNVERET D, BEORD, Tk T 1322M
IO BERIICS —ETH S LIRET b,

FHHRE U R o 2 EEZR T, FELALEFERII—H (homogenious) Th b LIRET . TOHEA,
MBI -2 OBBER DL [ QWP(F - Tt t) TDLE,

WO ) = G [ [ FHFF @ @)

— 2,” 2d// zk:c+zk Qaﬁ(f )+UaUﬁ}
= Q¥ (t,1)8(k + F') + UUPS(k)é (') (2.24)
Ehbe Lo,
QF (et =3—(%5{<u;~’<t)ufk( ) - UUPS(R)O(-F) } = (z,lr)d / eFEQ (&1, 1) (2:25)

Thsb, T/,

afB(s2 4 $1\ — —ik-& o / _i_
Q (Z7t7t) —/l:::e QE (tat)_ 5(0)

285, PHREDEGH I AN F - ESF|WRNEESH ) OMAEOEFH L 4V F—

ﬁ e~ (e (1) (#)) - UVP (2.26)

1 [+ x 1 @ e 3 [67e 4 1 [0 3 (s34 ! 1 [e3 o
(@)t (2)) - JUU = Q (0;t,t) = %00) /E(u,;(t)u_,;(t ) —5U°U (2.27)
THzbhb,
DT, [PEE U 12E-> 7R Tl, BELCEARRIFEFHTH L] LIRETH, TDEE, 28
MBI (u2 ()’ (#)) — U°UP i

(wg(B)d (¢)) - USUP = §(0)DFPqi(t,¢) (2.28)

DRAE T B, 1 FIRZIMHBIRE R

1
af - a B _pyepB
Q) = 55 {(uk (£’ (1)) ~ U°U } (2.32)
iz,
Q) =DPqu(t),  a(t) =a(t,t) (2:33)
THE2ZHNBDT, (2.27) &0
%(uo‘(z)u“( 2)) - —U"‘U" - / Deagi(t) = L2 / gt / kB (t) (2.34)
R Yil:okes ke :@2%@*@5@55&@—«&%41 '
@)’ () - UUP = 8(0) {8°Pqu(t,t') + kkPre(t,t) } (2.29)
THEZOMN5, 3612, TITRFEFHRELR>TVEDT, (2.16) £
ke (g (e’ () = 60k {qi(t,t') + kPra(t,t) } =0 (2.30)
kb,
re(t,t) = —"i(’:;—‘) (2.31)
2155,
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%185, 1721,
Ey(t) = Drqr(t), (2.35)
m?d a4

BV, T(z) BTy YEBTH L, HIln VPEOEHDO L &,

(2n + )lixl/?

D(n +1/2) = = (2.37)
Lhb,
(2.19), (2.28) &b,
Lot = 20k (t) + i‘sm//M B5(F+ 5+ DGO + s=ReDT W7 (2.38)
ar #T50) PO TR O 50 F MEE
Ehp, Zhiy
%mmzhwwmm+&m+hm (2.39)
2Bz, R,
t%“—ﬂm//DMPmé 5+ O (Ou(Hul(b)), (2.40)
L(#) = (O)mepkpw af7) (2.41)

u,%h%n,Li»#~ﬁ%ﬁtl%»¥~&kﬁf@éoW%@ﬁ%ﬁ%ﬁ@qﬂmém@u»u,%~
FEO#E (mode-mode coupling) %5l L TWw5h, 2B, Re, Sm i, £heh, £, BHOZ LT
b, TANF—E%IEIT

AWMSMQ:O (2.42)
i@’z DT, - N
%A M&@:—bA AR By (t) + € (2.43)
%8B, 7750, ~
e:A dkIL(t) (2.44)

W, B L o THARMICHENERES T VEASINLIZANT - (ZAVF—EAE) Thb, (2.43) 13,
HBBY ) OEEROI AN -, BRI > TERDONAEFENBIZL o THEASNLESIZ
Lo TRBENLIERELTWVD,

FICEFRETIE (243) OFEBHX O ERHDT, ST L > TRIEASH AT AN F =0T XTH
BICL o TRMCHBEND Z DT H 5B, ZDEE,
e:b/ dkk? E,, (2.45)
0

Zi7e Y. EEIRETIE, Ep ERMIIKTFEL 2wy,
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2.3 Taylor £ 7 A& Reynolds

IANF = AT MIZBITABEBOESYORE* REDLHE L LT, Taylor 3 7 9K (Taylor
micro-scale) A %

1 > kE,
L L M (2.46)
X T [ dkEy
TEETLHE, (245) &V,
U 2
e=3v (X) (2.47)
#1185, 12720, -
/ dkE; = §u2 (2.48)
0 2
LW,
Taylor X 7 & Reynolds # (Taylor micro-scale Reynolds number) Ry i&
A
Ry =22 (2.49)

TE#RINS, Ry & Reynolds { Re 1x, LFTOZEICX W EFROITONDE, ERL =14, BIziE, &l
R RETARTFOEEOTAX) O\MOHBELORETEEY u=20us £ T 5, ZOWMPELF1ETAHD
WCES LB

— (2.50)

u
i, ToWEDS, LDASVIRICERNT AN AR ES R b nLEILNE, 4, YA X LOW@IZT A
ME= 322 2FEAINIE L LD TOMIE, FHOLEER 7=t O, LD/ EVENT RN F—
3022 EFITELTRINIT 20T, TALE—Hi%EF e ld

=22 (2.51)
LEHETE &9, SR (2.50) #fEAT B L
€= 237% (2.52)
WELN D, (247), (252) &V e HETH L |
A= (27’:]‘ ) v (2.53)
EBHDT, (72.49) A& Reynolds & DR
R3 = 27Re (2.54)

PROND, IR 2r &, ALRARD AN OTERE LX) ZHENT 5 (28],

2.4 Heisenberg D ELRIER
Heisenberg O &L HA (29, 30] &1L, (2.35) DAL F— - 27 MV Ei(t) (x4 5 K12 (2.39)

%Ek(t) = _2UK2E(t) + Sk(t) (2.55)
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L, Si(t) T B4 (2.42) DATHEMAESB) LI bDTH S BIMEKERLITENLZ L bd
b)o 2721, TITH, BYEEBRTOIANT (K, Thbb, FMEKE LTOERER2ITHINT, =
ANF—FEAFERDATH NFHHEIZBEVTH D, (2.55) % 000k FTRTT AL,

k
% /0 dk' B (t) = =2 (v + vi(t)) Hi(t) (2.56)

BB, 2L, kIEMEBRNOKKE L,
k
Hi(t) = / dk'k"2 E (t) (2.57)
(0]

Thr, 1o, ELFKME () %
k
/ Sk (t) = —20k(t) Hi (1) (2.58)
0
TEA L Selt) WXFT 540 (2.42) & (2.58) & 1,
| Veo(t) =0 (2.59)
218%,

ZZT, LA, kLD EBOKEVERES L X DN SWIREEERICE R A EERRRTLL DO LR
Wb, 2%, BEHETIVE—  ARZ FVORMMEET b LEB F(K, Ew () ¥ AN,

vi(t) = /k ~ dk'F(K', B (t)) (2.60)

EREDERETDHDTHD, KT LDY

13
[F] = T (2.61)
BHHBDT, F(K,Ew(t) OBEH
F(k, Ey(t)) = Ak™3/2Ey(t)!/? (2.62)
EHHY B,
8T, ERREEZERD LT 5L, EUHERAOEK kIO L T
d k
p— / ;) = —
dt/o dk'Ey, € (2.63)
THHDT, (2.56) 1
£ _ & =3/ /2
H, 2v + QA/k dk'k E, (2.64)

LEIEEL, INEETHSL, (257) 55BN 5EN

d—dHEE - KB, (2.65)
EFIRT AL, Uo& K, \
‘%’i = %k—f’m (2.66)



Wit/ — b

%185, (2.59) L/ O NLEREN
€

Hyooo = o (2.67)
DTICTh e &,

2 1/3 8 —1/3
— - 4/3 v 4
Hy, ( 3 A2) k [1 + 347 (k1) ] (2.68)

&b, (2.65) &0, &R Heisenberg DL ANV F— « AT Ml

3 —4/3
By = Ko (ev®)"* (kn) ™/ [1 + 3%{2 (kn)4] (2.69)
rELhD, 22751,
g \2/3

K, = (971) (2.70)

BV, K410, Kog=20&LBED (269) ¥ ERTRRLTH S,

BHEIR TR by K 1 PBELTHDT, (2.69) &

Ey, = Ko (ev®)* (k)5 (2.71)

b, ZHE, KL TANF— - ART MV (1L.7) E—HLTWwE, —F, BEBRTIE kn> 12K

TLTWBOT, (2.69)
2\’ (51’5)1/4 -7
Ek-(§) o () (2.72)

Lk bo
(2.69) 12 X 0, SEHIKEETOELIHYE v, 1

o] [ e

1/3
- 1} (2.73)

ERE B,

3 ZWIFT1T777%2IVA
3.1 77740

5 D =1gst (triadic) Koch HIRDED A ZEHORTTERARTAHA L) 1D (n=0) DEFTDEE L,
135  Lo=1 EnEHAT Y 7TOIHAOEL S, &

Gn=6", 6=3, (3.1)
LD N, 1
N, = 47 (3.2)
THhbHNDT, Zokinekid

Ebo LIEH2T, n— oo DWIRT, ZORIFEHET 5,
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n:

n=|

SYND I

5: The triadic Koch curve.

SIT, ERA L, O 8] 2%, K, DKo [HH#] 1P OERELED T HEFLTHE ) T
&, 13026, D DRI (6] TE) O LBEFEOIEY

Ny=—==6"P=3"P (3.4)

THHERRTDTHAS, (3.2), (34) &P

In4
D=1—n~126 (3.5)
2185, 2%, =HEX Koch BI#RIE, n — co DBIRT, 1.26 RKILOZEM% EDAFELEIILR>TVEI L
VR o7 n— oo DEETEREPEHLADIE, D (>1) kmwpﬁi&%m@t;w WMTHBNDOEFT I LD
TERV] JEDELIES7DTH b,
RIZ, ®6 LB Sierpinski D=ZAFH A4 v & FARTAL ), Sierpinski D=FHFH 27 v FOHD
(n=1 O—AOEI%E1ETEL, n ATy 7H h=1,2,--) DEZAR—LORESIE

8o =677, 5=2, (3.6)
O
N, =3" (3.7)
%OT, EE S, &
31/2 ) 31/2 3\"

THABND, n— oo DERT, COEEEEDERD,
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6: The triangular Sierpinski gasket (above) and the Sierpinski carpet (below).

ZIZT, WS, [B=AF] 25, DXL K] 1P OEB» EDTWLEEZTAL ), Ik,
138256, ® D RILD [§] TEI DI LELBEOEN

N,=>==4§P=2"P (3.9)

ThHbERLT, (3.7), (39) &b
D=22 158 (3.10)
2135,
X 6 TEXD Sierpinski 7 —Xy b Tid, 71—Xv bOFD (n=1) O—LOEER1ETHE, n ATV
7H (n=1,2,---) QAR —IOREE

Gn=6",  6=3, (3.11)
708k
N, = 8" (3.12)
DT, HIES, 3
S, = Noo2 = (g) (3.13)

THEZLND, RITD, n— oo DWRT, COEBEDIERLL S,
ZZC, EES, D [BUAK] »%, DX [KE] 1P 0 EDTWEEEZTARAL ), Zh%,
1A 6, D DKRILO (] TEH O LELRFEORIL

1D

=60 =3P (3.14)

Nn:—g;ll—)- n
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Thhb, (3.12), (3.14) XY

=—~1. 3.15
D 3 1.89 (3.15)

5%,
Sierpinski D# A7y b=y bPORLBTO [BolZ&] %, 7527 % VKT (3.10) & (3.15) DK
NNEDBEBRTH]R b THRBE, 7775 NVRITOERENGTPHTHH 9,

3.2 TIAXEFKAETRE
NBOEIHES S = [0,1] KIESHARTVLET D, ChODADIAE MDD, H5S % 2" {8
DEBIZESTH, FEBOREEIRS, =27 Thhb, BRICE,»HIEFICES:=0,1,2,---,2"-1%

5oTHB L. HOSFHIL, i FHOFERIZA>TWAEOBN, 2L, BEES, THETEXS, iFHD
SFIRIC A>TV B EOKOE S

m@=% (3.16)
i, B
2" -1
D pali) =1 (3.17)
=0

L, i FEERICAE RO AHEL 525, £
Mo = {pn()}25" (3.18)
BEZoNDE, TORBETOROF/ETEIIAMD I LIk D,
ZIRAEEERE (binomial multipricative process) B LT, YVT 4 75 7 ¥ VFEOWHEIT
[B1)e ¥, BWOBRT, SHRE S D2 O00FBICHTE I NDL, ERDOFEBIZIE, SORKONp 2T

DEEDEDNADET B, LdioT, EROEBIZESY RO BRI p(0) =p Th b, ARDOFHEEIC
BREYVDENALDT, ZTEEBOT2HEL, pp()=1-pthibd, ZOLE,

My = {pa(i)}ig = {P1(0), p1(1)} = {p, 1 - p} (3.19)
T%éoﬁﬁﬁﬁfu,%h%ﬂ@ﬁﬁ@ﬁ@ﬁ%,%&Kﬁﬁ@ﬁﬁfﬁ”éooim
Ms = {p2(1)}2_g = {p1(0)p1(0), p1(0)p1(1), pr(1)p1(0), pr(L)p1(1)} (3.20)
Ms = {ps(i)}]o

= {P1(0)p1(0)p1(0), P1(0)p1(0)p1 (1), P1(0)p1(1)p1(0), P1(0)p1(1)pa(D),
p1(1)p1(0)p1(0), p1(1)p1(0)p1(1), p1(1)p1(1)p1(0), pr(1)p1(1)p1(1)} (3.21)

o T, ZOBBEEVRT L, FESNLHEBINELA LD, FRETNOFEBOREIID %L 5o
T, W72, p=0.694, n=11 DHEDHERp,(z) EWE7Z, 72720, =45, (1=0,1, .-+, 2" ~1)
EBVZ, pa(z) &, nfBDORL H{E

pn(€) = pr(0)ep ()% = [pf(1 - p)'~¢]" (3.22)
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7: The content p,(z) of a cell as a function of the segment number z =46, (1 =0, 1, ---, 2 — 1) for

p = 0.694 in the case of n = 11.

BEb, 12720, E=k/n(k=0,1, 2,---,n—1) LBV, p,(z) DED p. (&) THHEEBN,(6) 13,

n n
Na(§) = ( . ) = ( en ) (3.23)

THbe M7 Tpu(z) DFdDKEME ppey; (10/11) = 0.0180 ¥ Npop1(10/11) = 1A, 2FHICKEWE
Pn=11(9/11) = 0.0079 ¥ Np—11(9/11) = 11 &, REBRETH 5,
8124%, FHIK[0,2] (2B 5 R M1 (z) Z8AE T, 720, RREUER

z-2"

Mo(z) = ) pali) (3.24)
=1

TEHE LA, HEOHK (3.17) i,

1
Mn(z =1) = > Na(©)un(§) = (p1(0) + p(1))" =1 (3.25)-
£=0

LET A,
RE pa() S CHDLHEI S, (6) 13, BUBRDTOMIEEZEKT 2, 280,

5=J5.(6) (3.26)
£

THhhbo HFEE S.(€) D Lipschitz-Holder 8 a(€) £ 77 7 ¥ V2RI f(€) %, FhEh,

pa(€) = 65 (3.27)
Na(§) = 6,79, (3.28)
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8: The measure M,(z) for the binomial multiplicative process for p = 0.694 in the case of n = 11.

WCTEAT S, (3.22) & (3.27) DB, B LU (3.23) & (3.28) DILE LD

a(§) = —[flogyp+ (1 — &) logy(1 — p)]. (3.29)
f(&) = —[€loga & + (1 - &) logy (1= €)], (3.30)

MWEOND [31)o 2720, EHIIY/A 5T, Stitling DAR n! = (27)/2n 1/ 2e (n > 1) ZFA L,
HFEp, () BT H/NEBONEXHFET HEIE 2z =144, &, pi1(0), pi(1) D50, 1 #FALT2EHKE
MBI EEEZR D, TmEzIE, (3.21) IXBIF72 M3 D8 DDEFX pos(i) (i=0,1,---,7) DEERZEIR,

z = {0.000, 0.001, 0.010, 0.011, 0.100, 0.101, 0.110, 0.111} (3.31)

DEHZ, MEEUT =380 2ENMNTEZLNDE, TNLDA, p,(z) DIED p,(€) TH SH/NEE
((3.27) &9, a(6) THRFIEND) ONBL5 25 N, (&) BOEESRIE, 2 EEERRO/NIEDTOEuNH
k (€ =k/n) THEINTVE, TNOLOEEANETES S, (&) DEFREHBET 50 S(€) = lim,yo0 Sn(€)
&, 7979 NVRT f&) DERREERLET L7779 VETEEERT,

(3.29) &£ (3.30) £V, 7927 ¥ VKT f(é)ida 2AVDLE

log, (1 — p) a+logy (1~p) —a—logyp —a —logy, p
fl@) = fla(e)) = — | 21982 1 2 2 2P| (33
@)= 0 (52) 2 e () tem (22) P lem (52) ]

ERED, 2 ak €iE(B291ICED, a=a@) TIHIMBLTWEDT, WHEE S,(6) DHEIETED
TR

pn(a) = oy (3.33)

2 f(8) & flo) HRLZMBTHY, ARESTHNOMBETZHVARETHEN, [RVF4TIF7 50 - ARZ P LIL
MMES f 28V ET2] LWIELTRALEABREYAVLZ LT H, ZOEBI, READLEVWIRY, EEBIBENIIMEST
WAHELDT, FDORFEBELBNFECHLLEDNS, KFEH/ — P TlE, MOBKIIL ZOEZAERAL TV A,

— 353 —



Mk —

0.5¢

0 05 1
¢

9: Multifractal spectrum f(¢).

MBS IZEDBHEIR S, (o) ~MEEXEY S, Lipschitz-Holder #$ o THEENLHTEE Su(a) 3, HAR
FORITEE LT 5
S =JSn(). (3.34)

S(@) = limy 400 Sna) &, 777 ¥ VR f(a) THENBTIZTHT HEERIERT L7575 VED
%£E6THbD, £/, Lipschitz-Holder ¥ a #FOEE ¢ = 2(a) T

dM(z) = lim

dx n—0oo (5" n—oo
z=z(a)

M@mmwa—Mww»:hmm:{o (a>1) (3.35)
oo (a<l)

Ehbo LA oT, M(z) =lim, 0 Mp(z) 13, a>1 %58 TIHEIE, a<1DFR3FERRL R
TWwd, RIEEE M) X, 02056 1 ~OHINEKTH L0 (M8BH) ZLALWIZLHTHEENED
[EREDOME (Devil’s staircase) | ZDTH 5,

-

- p =0.694

0.5p

10: Multifractal spectrum f(a) for p = 0.694 giving @min = 0.527 and amax = 1.708.
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T, ZHAEEBABROn FHOARA T - VIIxT 2 5B

Zng= Y. Na(®pal®)?=[p"+(1-p)7" (3.36)

0<€<1

2ERL, BERE (9, BLU—HILRKT (Rényi R7T) D;

Zng ~ 6770 ~ 5D, (3.37)
2Fh
7(q) = (1-q)Dg (3.38)
ICTEAT B L (32, 27),
7(q) = log, [p? + (1 — p)7] (3.39)
kb,
‘1]’11]'[1[""["l'llll]’l"'ll‘]"l‘l‘
1.5} ]
o [
Q
1 -
0.5; 1 ! 1
200  -100 o _ 100 200

q

11: Generalized dimension Dy for p = 0.694 giving Dg—_, = 1.708 and Dj=1 = 0.527.

fl@) & 7(g) &, 6, =0 (n— c0) DT,

fle) =aq+7(q) (3.40)
__dr(@)
a=— i (3.41)
L af (@)
7== (3.42)

{723, (3.40), (3.41), (3.42) if Legendre (V¥ v ¥ Fib) ZEHEHEH L T b,
(3.41), (342) &9, a & gL DR

a —p)d -
o = _PTlogyp+(1—p)7logy(1 - p) (3.43)
pi+ (1 -p)?

log,(1-p) + a]

1= _logz(lgﬂ)l 2[ —logop—a

(3.44)
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BRE Do (3.29) &0, p>1/20LE, amin & amax 5 FHEH,

Qmin = a(§ =1) = —10gy p = Dg=14co; (3.45)
Qmax = a(§ =0) = —~logy(1 — p) = Dg=-oo (3.46)

TEHRALONLZEWTH 5B, 72720, Omin & Omax 13,

f(amin) = f(amax) =0 (347)
XA L 5B, g & ¢ OIRG
_lng-lnl-¢)
= Inp~In(l —p) (348)

TH2bNb,

(3.42), (3.48) &9
daf(a) In¢{~In(l-¢)

da  lnp—In(l-p)’ (3.49)
EHIZa TS LT ()
fla) 1
da? ~— £1-6In2 (3:50)
A, T D, A
g=29 _g (3.51)
da
% HR
62505%, a=aqa E_log2p+l(2)g2(1_p) (352)
T, f(a) 3HEKAME
flag) =7(0) =1 (3.53)
REDBIEDNGMDE, 727ZL, (3.38) & (3.39) B\, EHIT, (3.40) £
7(0) = Dy (3.54)
THHNDT, (3.53) &
Dy =1 (3.55)

EERT D, —RIC, BTEES(a) D7 T 7 5 NVKIT fla) DEKME Dy &, BEOSZTIOT77 751V
REx525H, 2T, HIEREMESS =(0,1] 2KTERENTVEDT, Dyl FZDRILL &L%o
TWwh, 72720, BAEES() D7 T2 ¥ NVKTIE 1 THED, TOWAIERCBEBTLEENS &K%
BoTWhEWIRTIIRL, RIFY, 2OWSERLBHLTVEDTH S,

—7,
7= %(%) =1 (3.56)
%50
£=p, a=0m (3.57)
T, (3.38) &1
(1) = 0, (3.58)
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E5H17(340) &1

f(al) =0 (3-59)
RO Lo TWhH, TDETI,
_ 4@ _ . 4D
T D —(1-9) % (3.60)
0
= D1 (361)
LD -TEBY, ok x{
Dy = —[plogy p + (1 — p) logy(1 — p)] (3.62)

3%, Dy Z—RRICERT Y PO E—LIRIIN LA, (3.62) DERAEZRD &, TP HAREARICE
FAERLY POE—%252 Tna ZEPRTHNS,

IIZT, BE36, DHAHEBTIERLALE, ak a~a+da DHEALERT 2HE PO (a)da KD
TBI ). T, 777 FVKT f(aé)) = f(§) DEMEHDORILTWERE §, DEBOBN,(E) &
WA S EEORLLTVAHOBRE 6 LOKTERZONE NG,

P (a)da = 8L~ 7 D gq = P (¢)de (3.63)

Yk, (3.30) fEAT DL
PY(€) = [265(1 - )¢ " (3.64)
ERTD, B, £ & aDRERIE (3.29) THALNTWA,

4 EHOEFI

4% 2 TV AHELARD Reynolds ¥ Re 13,

P o\ 4/3
Re:ﬁ%ﬁ£=(ﬁq (4.1)
n

THROND, 72720, nid (1.3) IZEH & 172 Kolmogorov A7 =V (1], e 3T ANVF—EART -V 4,
NDLANVE—FEAETHD, ZNED, Re> 1y > n2ERLTVAEZ L0 90b, 20, &
Reynolds B TIXEHEBSTL VDO TH S, Bl L, N2 SHTOREZ IO 1 BD u DEL X

Oun = |u(e + £,) — u(e)] (4.2)
PHEEREOLEDERTH LY, ThefAHLT

Ouin = |u(® + £in) — u(e)] (4.3)

BEAL, WAL, N2 KB TORENELRETE CTEH -7

6pn = |p(e + £,) — p(e)] (4.4)
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VEELPERTHL, EHOMEIE, BERAYZR ML
b = 6,40 (4.5)

TIT% Do 1221, 6,=0""(n=0,1,2,--) TH b, UFT, TAVF— - ARAT—F -7 VDL EL
FEEIC, FWCo=2, LTI, FEOEKn % [TVT 17575 VIEE] EMT 5, &8, EROBT
Tl n ZIEFEOEKE LTRH OT, EEMICITEROBEILERII TS, 7272, ZZTEIRT—
F-®FNVEDOBMEMRESEZ LH720IC, HLE, (4.5) OB ZEMCTHEEZEET L L #EHRY
EDDB, LIAT, YNTFA4 7537 VEERE, ZAVE— - IR —F - EFVEEBITLERTYy T A
ERBROTLNE, TAMF— - AR —F-ETLVTE, BErOROAT v 78 a3 a = —log,(r/bin)
TEHRIND, r=(, [ RATH LA L nORRF

7= n ~log(fo/ bn)- (4.6)
KL B,

5T, ELFHPE KA TEREYE » OB AT X 57 Reynolds KA Re > 1 TlE, REEHR (2.13)
(H LT, JEESRRAL SR 5 Navier-Stokes R (2.8) WAL TH o720 T ORELHEARLEM LY

du

S =02, (4.7)

6pn _ £2a/3

5 - 671 ’ (4'8)
285, 75, (L11) & (47) &1,

fn _ ga-t (4.9)

€

BIBEOLNDE, 727501, e=€n=¢ EBEWV, 2B, REERICHEALIIER o BEEDERTH 5,

4.1 log-normal €7/

K41 T, TANVF—8ER e, Pn IO T —EfEe 2 & H5bD L LTHIT L7z, ELIROBMRMEEDY
ANDT2DIT, €, DIEL X2 O TER LD log-normal 7V TH 5 [19, 20, 21]o EHEHEE TILHLR
DEBIFDPZ VDT, TAVEF—REFELY, TIVF-EREOFHYEILANVE—TEARe E—HT 5
B THL

(€,) = €. (4.10)

ZFNTIE, W% 5 0HEBCERE (- V2L ERELDTHHIN?F T, BEEI L, DRIZT
PoltIANF—D) bDEDREDEIED L, DHNZITESNIDPERT Ee,/en1 (n=1,2,--) % H
FEBELTHRALTAL Y, 48, ZOREEROEBIZ[0,00] £ T 5. Fn il T 5 IOEKESE
ZRERBITILT, FHED %, FEY o ORBOGHEBEERFOLRET S, TOLE, n>» 1
LT, HEREH \/_

1 <« e 1 €n /N
Vno ;ln €j-1 /no ln? R

DOFHIE, ROBRERICLD, FRESH (Gauss 54)

P™(@)da = \/2:02 e n(@=8)?/20% g (4.12)
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LRBBTTHD, 72121, (4.11) DBEBEDFFT (4.9) LAV a DL [~00,00] TH Do
E¥ en/e DHFAE P (e, /) %

P (%) d (%) = P (a)da (4.13)
TEATLE,
() (€n) _ € _(In(en/e) —n(1—a)Ind)°
Fe ( € ) V2rnoe, Iné P [ 2n(o Ing)? w14
2155,

IANF—EEED GROE— A ¥ M
€n\7
(2))

b, LIAHT, TANE-ERROTHHEIX, T AVF—{REH (4.10) 2l S 2T E%R L%V, £

7z, BIRMRH L X
2
<(%) > =5k (4.16)

TEZESIND, (4.10) & (4.16) % (4.15) @A T 5 &

il

[ (20 2)

_ 6;(1“‘_‘)‘7"’2 In(6)§2/2 (4.15)

a=1+ (4.17)

285, ThiD, (4151

<(f€z)"> _ gorale-1)/2 (4.18)

<<%)m> :52"/3<(€?")m/3> (4.19)

ERDIENFNHDT, (4.18) ERATH L, (1.15) TEASNA-HEHERBOR Ty —1) v 7 {aHH*

kb,
(4.7) & (49) &b

T
Cm = 3™ 18m(m 3) (4.20)

ERED, 72, (1.9) £ Y, log-normal EFNVTAHAIRNF — - ARZ ML
B o k=(6241) = p=5/3-k/9 (4.21)
21550 K41 L DRIED —p/9 THZHN T2,

42 BEFN

BETNTI, ASVBIIEER (Rt dLT5) 2 5O IBLTLEL, EENL, DBOK
BEEL B, (K1) LB LARELZ (24 WAT—FOZATFY T (n=1,2,---) T, BEEL,_, D
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WA EE L, OMEFH NBERETLELL ) Bl D@ 1A SED HHBRON, EE L, DR SE
D LBEBOFHOERES NeL e = N6~¢ THEZ LN BDT, HE L, DBOBREERR
Bn = (N§~%)" (4.22)

EREDo 1272L, TANFE—EAT A XDERF b DBOREERES o =1 & L1z, BEL, ORITHEE
by WTHEDAFAMNE L TVLLIREL TV S, @FEORATNTVLE 7T 75 IVRILE Dg L T5E,
N 3RRE 022 I A B1RRR €28 DO THHEHD

¢Pe
Eib,
B = 5D~ (4.24)
ViEbN A,
(111) ¥ o T AN —RFA 2 EETT L
3
<6n> = ﬂnél;u—n =€ (425)
E R BDT,
Su,, = (dly/s (4.26)
n ﬂn .

185, (4.24) BRAT S &

dun §(1-d+Ds)/3

Sug = (4.27)
L5,
ZIT, 777 % VRIL Dy EERMHER p EOBBREROTEI 9, (1.11) & D
3\ 2
(€n) = Bn (?—"—) =6 ? (4.28)
Elpd, 127l H2%5 T (4.26) AV, MRMEEOER (4.16) EDLBUZ LD
p=d-Dg (4.29)
PRELNB, Thib,
N =64+ B, =6 Qun _ s-u)/3 © (4.30)

éuo_ "

Sun\ "\ _ un N\ im—p)/s
<(5u0) >‘ﬁ"(5uo) =0 (4.31)
ERABDT, Ar—1) v 7k

5o
m RO EFEEEREIZ

1 1
Cm = gm — (gm - 1) (4.32)
285, TANVE—  ARZ MV E, OEEIR
' 5 1
—(C+1) = —3 " 3h (4.33)

ERY, BETFNVIIBITA KA 2 HDOMIEIL —p/3 THD I LDBF0 5,
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4.3 pEFIN

pEFNTE, [ZANVF— - A ZAF - FOREROED, FOILXNF—#EL e, DEVIZL > THHE

T5L, ALEEOME) LTINVT A 7T 77 NVICEEEEDTWD ] LIRET A L TEMDOMR L%

HIELLS LRA[32,27] 2DEZDI LY ARUTOLDOTHL, a b e, i, e, Z0NEE, (4.9)
Y In(en/€)
n(e,/e

a = T&l_ +1

THEL TV 5, 20 (d AT, 66 %4 e 0fTREZ CEODR T E, 2083 674 Th b,

FOVEODFEITER LA L &, FXTen/fe S, BERELD, en/e~enfe+d(enfe) DEHBADEELFOR

FRERTHHER P (ea/€)d(en/e) 13,

(4.34)

PO () d (<2) Py = P (@)da (4.35)

THAONLET bo 72751, P13, BAKHEN c#£0 kili7z LTCAMETH L, Thid, e, #0 0F
VEOTWELZEEDT T 7 5 VRITE Dy TOHOE P LT RTOHOH 64 LOkTEZONS

P = ¢ 4Po. (4.36)
=7, a TR LML, 7775 VR fi(e) TEMELSD TS ET 2, EHLTWAHE
a~a+da DEEOEL R 7B RO EHEE, 757 5 VAT file) DEMEEBORL LTV
D61 LT RTOHOB ¢ LOHTHEAND EEX B L,

P™(a)da = cy(a)d¢f4 (@ da (4.37)

E%b, (4.36) & (4.37) % (4.35) ILRAAT B &, iTo& £ {,

P ( €n ) _ ald € §Do—fa() (4.38)

€ c;Inéd, e,

BEOND, 7211, ak efe BRI (4.30) THEXONB, BT, EHILEH cr(a) © o MIEFHIZ R
TELLOL LTEREEHD L,
TANE—WEED GRE- AV MEEETHE

()= [Ta(2) (2 rem (2) = @29

Elb, 12721, BER 74(9) & fi(a) {3 Legendre Z ¥,

fa(a) = aq + 74(q), (4.40)
_dra(q)
a = — dq ] (441)
_afq(a)
g=—0= (4.42)

BT [27)0 LI, WEH 1 O ORRIT— A BEL, d= 1 DHEEEET Do faui(@) = f(a),
1a=1(q) = 7(q) LB &, Legendre Z# (4.40), (4.41), (4.42) &, #hFh, (3.40), (3.41), (3.42) &%
b, ZDEE—RKILKRIT Dy 13 (3.38) ICTEHR SN S,

— 361 —



A — b

HBEEOHEILL Y
7(0) = Do = f(ao) (4.43)

¥B5h, 72, TRAVF—RE (4.10) & D
7(1) = Do — 1 (4.44)
LB, (3.38) L2 (1) =0THHDT, 777 5 VEEDOXZFILRTA
Do =1 (4.45)
ERED, 61T, MRERBDER (4.16) £ D
p=7(2)~Dy+2=1+7(2) =1-D, (4.46)

PEONDE, 2751, E2%5T (445) 2UAL, E3%5 T 7(2) = —Dy AV, (4.19) I (4.39)
VB E, mROE—A Y FMEEBERBOR T ) v 7ERE

(m=1-7 (1;1) (4.47)

TEZONLI LT 5H, BAIL, ZALVEF— - ART P IVORERIE

(G +1) =7 (%) -2 (4.48)
THx2bM5b,
p EFLTIE, PMW(a) & LT HREBIED (3.63), (3.64) ZFRALL, 2%V, BEHEKI (339) T
5xbNnb, (446) L, p EEREEE u OB
p=(1+0" -1 2 (4.49)
PELND, ThiD, HEHEHK (3.39) WEREREKEOBMKELTKES
7(q) = log, [(1 + (24 - 1)1/2)‘7 + (1 —(2¢ - 1)1/2)‘7} ~q. (4.50)

37 EEEEEEO Ry — ) v I BN

Gn =21~ gy [(1 re-pv) ™ (1@ 1)1/2)m/3] (451)

Yhho TANE— 22 MLOBEFOWIEE, —1+log, {(1+(2“—1)1/2)2/3+ (1—(2* -~ 1)1’2)2/3]
Thb, &8, (345), (346) &b

Umin = 1 — log, (1 +(2¢ — 1)1/2) . Qmax =1 log, (1 ~ (2% - 1)1/2) (4.52)

L%k,
% B, pETINE log-normal €7V & DL, {F8 CICANL,
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4.4 log-Poisson €7V

HNAT—FDOn AT TOR, kAT THIANVE—%ELIDIZELY, n—k A7 v 7 Navier-Stokes
HREKUEVERPIHEE LR T A DI LIRET 5 (33,34, 2Dk %, FATHER B s

k) = kg7 (4.53)

THEZbh, TAVE—-2E)BERORI LHEER P(k) 4%, n>> 1 T, Poisson 5
P(k)=e*X*/E!, X =1}/ (4.54)
THEALNDEERDDTHL, 4B, NTA—F Aid, THRVF R (4.10) 2L hEDLN TV D,

BEXD, _
q d_q
<G@>>zﬂﬁﬂ%ﬁ, (4.55)
€

28D 2L, TIZTOFH (---) i3, Poisson i (4.54) THoTWah, RNTA—F 4y L B1F, k>1
DEHETHOEGEH DLV T — I B TiRO L, MRERKE I

p="(1-0) (4.56)
THERELTVS, B, y=2/3& 8=2/3PASNT VA ([33,34]c ZOHE, p=02&L72T kil

%f:éo
(4.19) #FIAT 5 L, (455) £

Gn= 42 [1 - (_23_),,,/3] . (4.57)

PHEOLND,

5 ZILT a4 77U RIVEERR
5.1 HEMEROTRESH

A4 —1) v 7Rl
= é_.:i"_ — APa/3
T, HLMEENEL X
0z, = |z(e +£,) — z(o)| (5.2)
rEZLH, TOLE,
"N 1 593_n : dor/3—1
|z'| = &13) i x "lggo 154 (5.3)

TERSINDZMERBIL, o <3/ TRMT 2. o id, ZOREUOEESVERTIHEL ZoTWn2,
HERELE (p=1), ENESE (4=2) LT, A% =1 7B (4.7), (4.8) »ELN b, HEEYE
R L A FIER I, Fhth

n_ 1 1
|u'] = nh_)ngo u, (5.4)
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|8 = lim a, (5.5)
n—oo

TRBREND, 2721, FEHES ¢, (SIS 5 REERKZ

z&=%ﬁ, (5.6)
R % 5
%zﬁi (5.7)

Lt WK OMERE 818, HEOEBMEMEE 1 3=0a/0t+ (@- V)i THALN5, HEEEKE
FRK FILERED, ZRFNa<3 & a< 15 THRERLEOZ LN

[u'] o lim £e/371 4 oo, (5.8)
£,—0

|3 o lim £322/3)-1 o0, (5.9)
£, —0

B, TAVF-HERIL, a<] THEELED

a—1
hmf£=1m1<ﬁ> - 0. (5.10)
n—o0 €g n—oo \ £
INTFATT I VBIROREL, BEUKREalIIVNT A 7592 9V HEPIRETHEIAILDHD, E
ZHO 1 BT a DEE o ~ a+do DEBEIZROT 5HE P (a)da 1E, 7/$9 A —% g ® Tsallis &
il

o — 2qn/(1-q)
waayzzg)b—((AS?] (5.11)

THEZLN5ET 5 [5-[8] (H8 A BH), 20" INEBEKTHB, 72750,

2X

(A®2:(1—@m2

(5.12)
EBVz, o DERIT amin < 0 < omax TH Do 2T, Omin = Qo — A, Qmax = @g+ Aa £ L7z 2
DAL, B

P (a) 6175 (5.13)

[27, 8] X BEB LT3 ((4.37) BH), ZOBRIE, A7 —VAERAERLTEY, Blla THENI LN
TERERAPENIOBE TEEMEEDTVEPERLTWA, TNED, YVTATT7 5N ARY
PV f(a) i3,

fla) =1+

Ek:ﬁﬁ} (5.14)

1
o |1 - 5 |
THELONS [51-8]. B, T FUE—RROPIFRROTHLMMbLY, ZOBIEY 52554
% P (a) &, FIUBIMEE S > T b, 3

LIAT, gL aOBREIE (442 10D 52515, ThARE, ¢ 1 OBRTHRLEEER L

1-,/C;
a— Qg = m (515)

3 AR LI BIIBERTIE, EBMOTRLLALY O - N THLIDERET A LIITEL Y,

— 364 —



[Summer School I 2003 —ifAII%E - B OEKIE— ]

2185, 12720,
C;=1+27*(1-¢)XIn2 (5.16)
Thhb, 3HIT,
2X
(1-g)n2
DRI Y amax = a(§ = —00) & Qmin = a(§ = +00) PHELN D,

Qmax — &0 = @9 — Omin =

(5.17)

a,

1.15}
1.1

1.05r

12: (a) The p-dependence of ap and X. Squares and circles are the points where the self-consistent
equations are solved. (b) The u-dependence of q. Circles are the points where the self-consistent equations

are solved.
(4.40) 12 (5.14) & (5.15) THWS &,

o _ . 2X¢? 1
T(q)_l-aoq+1+\/C_q+1_q[1—log2(l+\/a7)] (5.18)

DPEOND, ¢#£1DBAE, KEW|g 2 LT (g CHBUEA TN,
BRI p DEPREZONDE, T RX—F ay, X, qld320FGRNI)ECEREICRESINS
(B 1288), 320&MHE, AV F—DRFF (4.10)

(1) =0, (5.19)
IR p DEE (4.16) .
p=1+7(2), (5.20)
ghe, 25—y 7l ([$HEB&H) ¢
1 1 1
—1_q='&j—a (5.21)

THRObND, 72720, ar & flax) =0 %72, FH (- )X PM(a) TLEHELNDET D,

flay e D;=7(q)/(1-q) &, ThTh, 13 LR 4L, VT 1757 FVENIZBTS fla)
BFEOEOID, BDT T 7 5 VRTLIIOVTIE, BEIH (35 (CHHR SN TV A,

Boltzmann-Gibbs T b I ¥ — &2 HEHICLTULDOFHEZ % L 5 &, log-normal ETVANEINLS (ft
FCBMB), LA oT, YT 14752 % VEITIE log-normal EFVOILREIEZ LI L TE A,

4 CHE (36, 37) THIDTHIRLDDETVT A 7T 50 - ARY M) flo) BEER EHBEMRLEZLDTH D,
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13: Multifractal spectrum f(a) with g = 0.240 (¢ = 0.391).
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14: Generalized dimension Dy = 7(q)/(1 — ¢) with u = 0.240 (¢ = 0.391).
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5.2 REBEEBOXT—UCTEE
WHEE ¢, DWEE T, ~ 2, + dz, OBEIKCROT 2HE N (2,)dz, &,

I (z)dzy, = NG (2)dzy + ALY (2,)dzn, (5.22)

THEXOND, 72751, BiEbs
dz,10( (z,) = 1 (5.23)

TRTo (5.22) OF 1HIE, BRAVEZEMIIVTATZIIZIINGHELTVEELEVW)REILLLDT,
WEE ¢, DRERSPLOFERTTRLTVD, Thu, BRER |z, =62 £@LT

5 ([2n])dzn o P (o) dox (5.24)

THALNE, i, %28 ALY (za)dz, 14, Navier-Stokes 2RI B 2 BB MERAIC L 5%
xR L Twb, BEEIINEERICEDSAEREHEAOT, LEOFEEOSHITT H2EETIIE
MENTwz, F2HE, F1ENOBHEETH D, BRX (5.22) DRHIEL 2 2OMESHEL, 1) 220
WMIZERD) BO, WFRAPLDOFETHI2052RO 2HERSMAEEKE, 2) 2, ~ o, + dz, DEHIZ
T, ¥ RO BEMNHRSAEY, ORLL2oTwd, BEMICERT LMD ¢, OEEKE{, BX
HIZhrbIRFEEYTDT S, HEHDOESTLHTD ¢, DEIZES B HOFERZE LHETHE W,
%8, BESNAHEFEERE, 8%, EAEGHTH L, LT TR, EHEREBERORENZER
WKEBb0TRZVERELT, HEFEMBOGHESEHRDLI LIZT 5,

ZH |z D m KE— X M,

Qzal™be = [ dealen™0G n) = 29{00 + (1 = 21D o507 (5.25)
THAbND, HEL,
z@%;;/ Az |za|" AT (2,), (5.26)
2 1/2 (5.27)
Apm = 3 .
¢ VCsms3(1+ \/Cymy3)
Thb, HWEE
m
Cm =1- T(?)
agm 2Xm? 1
= - - 1—log, (1+/Crss) 5.28
3 9(1+4/Crna) 1-4 [ °g2( /3 ] (5:28)

REHEN, TRbLAEIELE (p=1) DmKE— A Y b (|un/due|™) DAY — 1 ¥ FHETH
B (518l BB, R (5.28) dFn \MKH L VOB RELTRAEHEOBNTH S,

5.3 MEXBEERBH
B (22)/2 TAT — L LB

€ = @%’;—1/—2 (5.29)
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THM I PDF 1YY (6,) %
1§ (6n)dén = IV (2,)d2r (5.30)

WENEATAH, ThAERTRHRLNL PDF LB ENHLRELDTH D, HIBEHME a T}
|a] = En00073 2012 (5.31)

DERDH B, 72721,

£, = {27;735,:4% +(1 - 29)ass (5.32)

TdHbo HIRE < 6| < €2 TiE, MR THRLZEZLLRT AR (5.22) 1 HOEELTITHT,
E2OHNDEHRERTELLEELNS, TALE

]—1/2

04 (€n)dén = TS (2n)d2n

g [ 1-g Gljg/eo)?]™"

— 1(») Sn_ 1-—— n/&n,0

0 lfnl[ 1 sl ] dt, (5.33)

185, 72771,
fno = Endoo0l3=Cel2, (5.34)
max __ {'négamin/:’—Czda/z, (535)
—m) __ 3(1=2%{")

(5.36)

o = —
¢ 20€, /27X |10 b,

Thoo MiF, [al <& FWMITAELRFES ENOFEL, ZIHES ENWEREICLLEL, TOH
BT, /85 A —% ¢ @ Tsallis BB

ﬁfpn) (fn)dfn = [ﬂ‘(;,%(l’n) + Aﬂfpn)(mn)] dz,

, , . 2 1/(1_‘11)
e {1_ Lo (1 20 [(&) 1}} @& (53

THEZALND ERET . 22D PDF, (5.33) & (5.37) 1%, & CTHKEL ZOEEN BT S L) ERS
NTwb, 72720,

g = £,65% /3G /2 : (5.38)
TH5b, a* i3,
%i—q;—aﬂ-f(a):o (5.39)

DINECTOBTH Do €1, n> 1 TH(E) O n REUDBANE R DA TH S,
£X (537) D 2FBOEF L (5.33) AV H L, AN (z,) 2ES R,

(n) (n)
(n) _ K¢c,m - L¢,m

S 5.40)
(n) (n) (
1+ KJ§ ~ L¢f‘0
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0.6

1€,

0.4 N

15: Contributions to PDF from the tail part and the center part are plotted on (a) log and (b) linear
scales. The solid line represents the contribution from the multifractal distribution of singularities in
physical space due to the scale invariance of the Navier-Stokes equation for large Reynolds number. The
dashed line represent the center part where the portion of the contribution from the singularities are
represented by solid line.

I2& ) 4, ORATHER LGS N D, KL,

n 3 62(m+1)a'/3—-(2¢/2 1 1—4g 3f(a* 1/(1~¢")
K = /0 dz 2™ [1 - 2" (1+ féo‘ )> (22 - 1)] (5.41)

0/ 27X |1Ind,|
ma* " n/(1-q)
L(n) = 3 6$ /3 — ! dz ,m1 1 l_q (31n|2"/z0|)2 (542)
™ g2 X[Iné,] Jax, n 2¢2X|Inéy|
z;]in — gmln/g:; — 6£(amax—a*)/3’ (543)
2 = Eno/& = 6207/ (5.44)

THb,

PLEX D, PDF O#FEHS, (5.33), GERURE p w71 757 5 ViEER (S0, Elke,)
TI3ZHE Y, FOERD PDF, (5.37), BEIC ¢ KB ENDZ L2005, K152, LS PDF % £
#, HOE PDF 2B TR L7, FOLHMCETTWAERIL (5.33) ¥ L2 0T, REAEICERTY
LHEEUNFLBTEOEREFR VTV I AR LADOLERINDS, 4B, BHRSIEESEOACLD
PDF HRE SN TV 5, K16 121&, PDF O n KEHEZ WML 72, n SKEVIZL (LA 2T, £, 2R E
WIE) PDF DEDILD > THRADDSD 5. PDF 21 2 7T n MERDI LR WEGDOH 5 Z L SR TH
N5, /IS EFLHEEVTVLEIE, TD2HDA, ¢, DEINEHDOETH D,

HEFES & PDF & #EERM PDF 13, BBILSNAERK €, = dun/((6un)?)/2 123 LT, HEOE
K (g,) =0 (6.) THA LN, )7, EHES X PDF &Rk FII#ME PDF &, #ibshr
BB wn = 0pn/{(Opn) 2N/ 1M LT, HBOERK AM (,) = M, (wn) KE>THEAND S, &B, T
INVF—BEEPDF 3¢ =3 2RALTHELNS,

B, VT 4777 YV E lognormal TV E DR EY, [HERCICANL,
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Sn

& 16: The n-dependence of the PDF IT(™ (¢,,) given by the present analysis with ¢ = 0.471 (u = 0.280)
for integer values n from 5 to 20, from left to right at the axis &.

6 EERDEEM

RERRPOLEOREEERL (PDF) OERIEK (5.33), 5.37)IC&), LTOIO0ERTHES
h7- PDF % @5 5,

1. Ry = 262 ICBIT 5 EEIED ¥ PDF, ZhUd, Lewis & Swinney (& & 4 E.LHMHRTO Couette-Taylor
AROEBRCTHE SN DTH S [38),

2. Ry = 690 (2817 % Lagrange 8% TOEERTH b WKL FIEE PDF, Z D3E&IL, Bodenschatz
HIZEY, YY) a U REEE RV TZER - BRMIEMFRELBEINICM ESEA I ETERSNLDD
Td 5 [39, 40]o

3. Ry =380 I2B1THEES X, HEGME, MAKFIMEED PDF, Zhid, BESICLEZAy v a-
H 4 X1024° OEHHMEL I 21— 3~ (direct numerical simulation; DNS) [41] THoh/zb D
Thsb,

6.1 REBERBORT—1) > TR

EEREEEBDO A7 — 1) VT IREORN (5.28) L EBRER L OB L, M17, 118, M 19 12#E/,

17 Ti, BRMERH = 0.238 12 BT H2HGHEN (5.28) 2 EMTRL, XHK[42) D Ry = 110 TOEER
T L ORBERT o1 B, MRMEIEEDTE LETOMOERIR S B#ETH S | ST Ka1 (1), B
B ETIV(24], —SBEARIE p £ TV (32, 27), FIREARIE log-Poisson E 7V (33, 34], T aHARIE log-normal
719, 20, 21] TH 5,

18 Tid, CHK [38] D Swinney H DEER TR LN RERERBO A r — ) ¥ YO 7— 4 &, EB
TR L7:HEHRHEN (5.28) L OB EITo 72, MRMREIIRESR p =028 AL TV 4, HIZIE, K4l (1]
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17: Comparison of the present scaling exponents (., for u = 0.238 (solid curve) with the experimental
results plotted by circles at Ry = 110 (Re = 32000) [42], and with other theories with the same value
of u. K41 is given by the dotted line, S-model by the dashed line, p-model by the dotted dashed line,
log-Poisson model by the short dashed curve, and log-normal by the two dotted dashed curve.
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0 10 n 20

18: The scaling exponent (,, of the velocity structure function. The experimental results obtained by
Lewis and Swinney [38] are shown by circles (Re = 540 000) and by triangles (Re = 69 000). The present
theoretical result (5.28) is drawn by solid line for the intermittency exponent pu = 0.28 taken from the
experimental data. Dotted line represents K41, whereas dashed line log-Poisson model. The prediction
of the log-normal model is given by short-dashed line with the best fit but inconsistent value p = 0.27 of
the intermittency exponent following Lewis and Swinney. '
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19: Scaling exponents (,, of the velocity structure function. The second figure (b) is a magnification
of the first (a). The results of DNS (R, = 381) conducted by Gotoh et al. [41] are shown by closed circles.
The present theoretical formula (5.28) for u = 0.240 is drawn by solid line. Dotted line represents the
prediction of K41, dashed line of log-Poisson, and short-dashed line of the log-normal model for u = 0.240.

(F##) , log-Poisson E 7 )V [33, 34] (BiAR) OEEFRHIAR D B 72, AL log-normal €7V [19, 20, 21]
TdH b7, Swinney HDOMEIZHEV p =027 *FHALTH 5,

19 Tid, Bk [41) DRES DERTRONEEBEMBOA T, —) Y Jig o7 — 5 &, ER TR
L7-EmEN (5.28) L DB AT, MIRMEEEEI L =0240THH IR RH LA, RIS, K41 1] (O
#) , log-Poisson €7V [33, 34] (Bi#%) , log-normal E 7V (19, 20, 21) (JEHk#R) OHFHHIR D WL 7,

6.2 MHEXRBRERN
6.2.1 Swinney 5NDEER

20 1%, Swinney 5 [38] 2% Ry = 262 (2B CRELLHAERICFHAE 272 Couette-Taylor LU THIE L 72
BERES EPDF Thb, TAMFIEAAT =V b, &, EBREBEOKE L3812 4, = 27 x 19.00 ~
119.32 cm T5 2 615, Kolmogorov A% — Vi n~0.006 cm LHE SN TWAE, Zh LD, Reynolds
3 Re =540 000 & RIEDL b b,

k4D PDF 7—% (/EfIo PDF 7— 2 3H=/A, Al PDF 7— 2 i$ANA) 2 FH L0 EBAL
TRENT WS, YVT 47775 VN TH L NIEERE S & PDF OB (5.33), (5.37) 1%, E&
TRENTVD, EBRT— 5 B LHEr/n = £,/n DIEIX, E2STA, 11.6,23.1, 46.2, 92.5 208, 399,
830, 1440 TH 5, HimM#RICBIT A2~V T 4 757 7 Y VIEEE n &, EAST, 14, 13, 11, 10, 9.0, 8.0,
75, 70 TH b, RELTHDIZ, & PDFIZMEICIH-T —132%5 Lz, 28, HRMEKICIIEE
BEEBORT —) Y VT HREOBICHRONT p =028 2FAL, TRIVLELR/NT X —F ¢=04T71,
ap =1.162, X =0.334 xR0 72,

20 DT E NGO NT, nDr/p EEBHEE 21 LBEL, ZO8HER/N_RETHENTLIL
W&, ERTRLUICER

n = —1.019 x log,(r/n) + 0.901 x log, Re (6.1)

A S L7 (9o kB, HBOBMIE, MRS ZR LR VHED nor/n KT

n = —logy r/n + (3/4) log, Re. (6.2)
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20: Experimentally measured PDF of the velocity fluctuations by Lewis and Swinney for Ry = 262
(Re = 540 000) are compared with the present theoretical results JT™(&,). Open triangles are the
experimental data points on the left hand side of the PDF taken from Lewis and Swinney, whereas open
squares are those on the right hand side. Closed circles are the symmetrized points obtained by taking
averages of the left and the right hand experimental data. For the experimental data, the distances
r/n = {,/n are, from top to bottom: 11.6, 23.1, 46.2, 92.5 208, 399, 830 and 1440. Solid lines represent
the curves given by the present theory with ¢ = 0.471. For the theoretical curves, the number of steps in
the cascade n are, from top to bottom: 14, 13, 11, 10, 9.0, 8.0, 7.5, 7.0. For better visibility, each PDF
is shifted by -1 unit along the vertical axis.
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Tdhbo (6.1) &0, lo~877cm 255, THEZAINVF—FAR G, SV KRELRETHD, VT 17
Sy NVEREKn ETANT— - AR —F - A7 v THnald (4.6) THEL TV,

20 . S—
<
1o
0 1 2
10° 10° 10

r/n

21: Dependence of n on r/n, extracted from [X] 20, is given by circles, which can be fitted by solid line
(6.1). The dashed line put for reference represents (6.2) ‘which is derived in the absence of intermittency.

6.2.2 Bodenschatz 5 DEER

Bodenschatz 5 DFEER [39, 40] {3, BLMHICTR LAA ZHKERN - OEEGEHIC & ) hn®EE 2 JlE U 72 B
BiabDThHb, TOEERE, VT 14777 5 VETOEREEZR L TR EAOEEEIA L ERES
ZIbDEMIRTE S, 78, Bodenschatz 51, A NVF—EAAST — I £, = 0.071 m, Kolmogorov
A=y =303 pm 22K (4.1) IfAAL, Re=31400 £ LTWw5h,

22 12, Bodenschatz 5% Ry = 690 D EERTH -k FIN#EE PDF (HUA & HA) & HiZ% PDF
B (EH) %, WEEBBOBA Y -V TEE (14, 16)0 72721, BNAIERTE SNz PDF ¥
FOF—5, ALEFDOEFFDOT— 5 Th b, ERTHL N HAK T IERE PDF 25, EAHTH 5
ZEMNRTHEMNS, B PDF HI# (5.33), (5.37) ZHVAEE, YAWTF 4777 VEEEIn=171¢,L
72o TG 0 =logy(bo/ln) \CEBRE by = b, &, BIEIIBITHEMPHEEL, =05 um ZAALTHELD
DTH5, BRWRETICL ) ERBEEBOMBEL LT p=0240 2L, Thib, BHEITOREICL
BERfbD /8T X — 5 DEA ¢ = 0.391, ap = 1.14, X =0.285 LRKD LNz, HOHEZ RO DDITLER /S
GA—HId g =145 Tdh 5,

EXABT, p (BB, n) OELHMHTAE, FICERS T TRE)BLEOEEBRIILAEZT
% VIR FILER PDF 4 (fatness) [14] ‘

Fln = {at) _ <(w4 ) = 23/‘(1’1) +(1- 25/(()")) ag 658 (6.3)
a - 2\2 n P .
<<a'n>> [Q,S,E") + (1 _ 2:),[()71)) aq 6514
~ s §—26s (6.4)

1-27" a3 "

&, B GHEE % [43], B, AR (6.4) 215 512H720, (6.3) DREDOARFDOFFEFTFIIH S
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22: Comparison between the experimentally measured PDF of fluid particle accelerations by Boden-
schatz et al. at Ry = 690 (Re = 31 400) and the present theoretical PDF A(™(w,,) are plotted on (a) log
and (b) linear scales. Open squares are the experimental data points on the left hand side of the PDF,
whereas open circles are those on the right hand side. Solid lines represent the curves given by the present
theory with p = 0.240 (¢ = 0.391), (n, ¢') = (17.1, 1.45), wk = 0.605 (a* = 1.01), and w™* = 2040.

(n)

n

23: Dependence of the flatness on the multifractal step n. The thin and thick lines represent, respec-
tively, the dependence for the parameters used in the study of the experiment by Bodenschatz et al. (X
22), and of the DNS by Gotoh et al. (X 27 below).
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B 1HD, $2HICHTEE 2H» O SHTRELS/NS VI &2 HV72, Bodenschatz & [39, 40] DEERIC
BIsRER, FM =569 L%b, ThE, XHK[39, 40) IKHME SN T VWA~ 55 +4 LEARETH 5,

BEDD, {2312, REOD n KWL WA TH <, Bodenschatz 5> DEBRFHTICED L1872 —5 T
&, B (14)

F{™ = _6.872 + 5.216n — 9.969 x 10™'n2
+1.075 x 10703 - 5.296 x 1073n* + 1.241 x 10~ *n5, (6.5)

RO Nz, HITIE, %8S O DNS OFEFTIZED 5358 O [14]

F(™ = —7.592 + 5.831n — 1.114n*
+1.203 x 107 'n® — 5.925 x 10™3n* + 1.389 x 10~ *nS. (6.6)

bBETH D, p DENFFA—ICHHST (UTOX27 B08) MEOMBIIELDOThIH LD, ¢ O
BELBDTH S,

RECHETIETHIMEED 4 KT~ 27 FOFRFEE w4 (w,) &, K 24(a) ICHETEL
[14]o

10°F " 1
(b)
2
10 3
107 L . .
107" 10° 10" 102
()

24: Comparison of the theoretical curves (solid lines) for the integrand wi A (w,) of the flatness F™
with the corresponding (a) experimental quantity by Bodenschatz et al. (open squares for the data on
the left hand side, and open circles on the right hand side), and (b) DNS quantity by Gotoh et al. (closed
circles both for the data on the left and right hand) in loglog scale. The parameters in the theoretical
PDF’s for (a) and (b) are the same as those given in [X] 22 and [ 27, respectively.
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20 :n 30

25: Analyses of the PDF’s of velocity fluctuations (closed circles) and of velocity derivatives (open
circles) measured in the DNS by Gotoh et al. at Ry = 380 by the present theoretical PDF’s IT(™(¢,,) for
velocity fluctuations (solid lines) and for velocity derivatives (dashed line) are plotted on (a) log and (b)
linear scales. The DNS data points are symmetrized by taking averages of the left and the right hand
sides data. The measuring distances, r/n = £,/n, for the PDF of velocity fluctuations are, from the
second top to bottom: 2.38, 4.76, 9.52, 19.0, 38.1, 76.2, 152, 305, 609, 1220. For the theoretical PDF’s
of velocity fluctuations, p = 0.240 (g = 0.391), from the second top to bottom: (n, #, q') = (20.7, 14.6,
1.60), (19.2, 13.1, 1.60), (16.2, 10.1, 1.58), (13.6, 7.54, 1.50), (11.5, 5.44, 1.45), (9.80, 3.74, 1.40), (9.00,
2.94, 1.35), (7.90, 1.84, 1.30), (7.00, 0.94, 1.25), (6.10, 0.04, 1.20), & = 1.10 ~ 143 (a* = 1.07), and
max = 204 ~ 6.63. For the theoretical PDF of velocity derivatives, (n, @1, ¢') = (22.4, 16.3, 1.55),
& = 1.06 (a* = 1.07), and £™** = 302. For better visibility, each PDF is shifted by —1 unit along the
vertical axis.

6.2.3 %50 DNS

2512, %EED [41) D DNSIZE D Ry = 380 THROLNEEIES £ PDF (BA) LEEEMH PDF
(BA) %, MBEBHOWMA T — N TRE/: (14, 16)o 727°L, F—%Hld, PDFOERE*FHLELD
ZF LT 5, 5 PDF OFRX (5.33), (5.37) LAV LB, EEBEREOR T - v 7B ¢, OH
ERERZIBNT L CTIR72ME, p=0240 ZBRA L7 21 LD, ¢=0391, o9 = 1.14, X =0.285 ¥ 3 5,
Kolmogorov 27 — Vi3, n=~0.258 x 1072 L FHESINTWV5D [41]o TDDNSIIBITAZANVF—FAR
Fovid, AEREREGLREORTICBIARRORE Gu/n=n/n~ 1220 BE L BIEDL 5 005EY T
b5 [44]e EBRT— Y IIBTLEH r/n = L,/n DIEE, E»ST, 238, 4.76, 9.52, 19.0, 38.1, 76.2,
152, 305, 609, 1220 T 5% [16], HEIE S ¥ PDF OHEGGHIHR (ER) ITLEL TG A —=51E, ErS T,
(n, @, ¢') = (20.7, 14.6, 1.60), (19.2, 13.1, 1.60), (16.2, 10.1, 1.58), (13.6, 7.54, 1.50), (11.5, 5.44, 1.45),
(9.80, 3.74, 1.40), (9.00, 2.94, 1.35), (7.90, 1.84, 1.30), (7.00, 0.94, 1.25), (6.10, 0.04, 1.20) T 3 [16}o —
7, REEMH PDF DMK K [CUBEL/STA~51E, (n, 7, ¢) = (224, 16.3, 1.55) TH 5
[16]c B5 < $572DIZ, & PDF IR T -1 3295 L,
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26: Dependence of n on r/n extracted from [X 25 for velocity fluctuations. The crossover occurs at
L /n = 48.26.

HEIES X PDF O LD n O r/n KK

n = —0.989 x log,(r/n) + 16.1 (for £, <)

6.7
n = —2.40 x logy(r/n) +24.0  (for r < £.) (6.7

i L72 (26) [16]c ZORDS, EWEEY, FBRE 6./n =487 THEEN D 2 DOFERILH
FoNDZENFNL, ZORBIREIE, KD Taylor 270K \/n =383 LEVETHS, X (6.7) £
X, B4O@ABH AT — FRA7Ty THIC 2B PN ZANF — - H A7 — N - ETVOHBRE-HLTY
Bo LL, 1< ASIET AR (6.7) Tid, E@IH AT — F - A7 v THBICEENICIES = 1.33 ~ 4/3 8
WHPNBEIEERLTVD (1] 2L, WOHEEDEVICEZHNDT, DNSICL DWOTWHILICL Y
WRRTE 5, EBE, EEMN Taylor 37 0RA LD RKEVBIZELONEEXTRAEHRTELLTED,
AL DAIVIIEEIEMITSINAT LR o TVBE I L FHEIN TS [45), %8, (6.7) & (4.6) ITHAAT
LEDNSIIBIIDLALE— - AR —F - EFWVDRT vy THAaNKRDONL, (6.7)12n=0%KA
LTHRONERE fo/n~6300013, b,/n LVEPICKEVAT— VLo TWnA,

HREEMY PDF[41] O 5B 5N7on =224 (= 16.3) IKHIET AR E r=¢, &, (6.7) 2T
rip=161¢ %%, ORI, EEEEEE KD LOINIET S DNS F— 5 D) bOEENLRENE
SERBLOTWVAHLEEZERZOLND, COREHDNSHEFDOXY Y aDKES Ar/n=27/(1024 x ) ~ 2.38
[41] LERBETH S LIFERICET %,

27 {2, [A U DNS T#& b N2 HMAEHFIEE PDF [41] 23 EMZOM A 7 — L THA 72 [14, 16].
p=0240 XY, ERGERET LT XA -5 D g =0.391, ap = 1.138, X = 0285 B’"F 5N 5, RED
Ly (K23 BLUK24(b) BH) , n =175 (3 = 114) 187z, TOfE% (6.7) CRATH &, ik
TOHMURE r/n =661 [14 285N 5, ZOfEIL, DNS 7— & %0 L CIEEZ T 2BOEY
B BATRELBIRTE 2755, %8, %ELDI O DNS TOREE, FY =700Thb,

28 (21, H.LE PDF ORIKE RO D ¢ O r/n KFEEE E7: [16), HEIE S X PDF O#ITCHES
iz~ 5132 H, EEEEHPDF 2507 — 3@k, HEKTIEE PDF 2505 D% H=fTR
LTHhb, Thil, B

= —0.05 x log,(r/n) + 1.71 (6.8)

ql
EHH L7 [16)0 & ORI, BHEROEERE L DAL CYEESHED T S10F A F 3 v 27 b5
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27: Comparison between the PDF of fluid particle accelerations measured in the DNS by Gotoh et al.
at Ry = 380 and the present theoretical PDF A(") (w,,) are plotted on (a) log and (b) linear scales. Closed
circles are the DNS data points both on the left and right hand sides of the PDF. Solid lines represent
the curves given by the present theory with p = 0.240 (¢ = 0.391), (n, @, ¢') = (17.5, 11.4, 1.70),
wr = 0.622 (a* = 1.01), and wP** = 2530.

10° 10

r/'n
28: Dependence of ¢’ on the distance r/n extracted from the analyses of the PDF’s for velocity

fluctuations (closed circles), for velocity derivatives (open circle) and for fluid particle accelerations (open
triangle). The line represents ¢’ = —0.05log, (r/n) + 1.71.
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HTEAZLHTFREES,

7T FED

BLIMMEBRTHIE SN - KEOMERFERI (PDF) 25, YV7 4777 % VR TR LN PDF O
wER (5.33), 53N LV ERETHRTELIENSh ol ZORITLLEFFORNEE L A A
ZANZ2DODELGIZEEVFHET LI EPPEL NIk o7z, VEDIX PDF DBHTEFLDD, &9 O
EDIZPDF OHLEERIA D DTH S, BETORIKIL, ELAFDOFHAVET HHREOERE L 7 5 K
HWREEDODRMTHL, ZOHEL, BEMNELCHEILTATIZ2INVIIDHLTVELEILEOENT
Hb, TITEHIFEML I, B Reynolds 8T Navier-Stokes FREARAVEH ORBEEBRAEHICER TS b
DELTVAS, PDF OFELTIK (5.33) 1, [EEMOH 55T, REERICHNSIE T A~¥F o %k
an~a+de DEFICEDIFBHERIIING A —5 ¢ @ Tsallis BISHEKTER OS] LWIHIREICLS
bDTH5b, BHIEL o LOBRIE, REEBICIVHALI LN TESL, XTI X =% ¢ 3B 2 S0
MR EIMET A LOLVWET, ZOHIERPGELONLE (HDHViE, BRUEENSZONME) Lk
FroDEEZLNE, —F, FOROBKRE, RETEMLHSL [Th] 2 KBL-2bDTHE, 2D
h] oRRI, RATOEEEECHERELREICERTI OLEEZ bR L, F.LE PDF OFEIKIC
LTI, [BRlEZOLDEERE LA, /85 2—% ¢ O Tsallis BAHBHTEZ LML ] LIRE L,
ZDIINT A —F ¢ BHENEORFNGEETRESND LD LEFHESH, ZOMHEIZER 2 AR OEREIC
LoTELBLTHIS), ZITEIRNEORINZEE L, ERPOWBE SO QY LIRE), BEOM
HERBLREXBL TS, LEDOFIE, ST 475779 VBITICEIAERZIRVR-oTAS L, X )
WKhb, £, BIE0 ERJERED PDFNOFGIL, BIRE, <& IKBOLNLI E0Fh 5, EERD
& PDF D¥#, Lweis & Swinney DEER [38] Tid £, =110~ 1.32 (a* = 1.08) , HELD D D [41) Tid
& =110~ 143 (o* = 1.07) ThH b, %ELDEEEMEEH PDF[41] Tid & = 1.06 (* = 1.07) TH b,
Bodenschatz & DIRAKFIEE [39, 40) DIHE €, = 0.605 (a* = 1.01) TH Y, &Kk D DMK FINEE
[41)42xF L TiE € = 0.622 (o* = 1.01) TH 5, Re > 11IBI} % Navier-Stokes HERD A 7 — VALK
CRRTAERMER a2 YN T A 7779 MAHETHERE L&A, ARHICEbIAREE, > &
WKEBENATWS, WTFRIZLTD, itk ar bo—1Eh5 PDFO#HERTE JICEV I Pa—L &R
HHLIEFDLELDIAFIv I A RBTI &L, BREVSHOMETH S,

IANF—FEART =Vl & [ROKEE] 4 2R TOTNT 1 75 7 5 VI A D R
BV FIBRZANE - - AAT—F - ETFNVIEBITIBAT Y THA X ROLDOILETH L, EREED
BEDPS Ly, WEZOLNEZTHIE, ALYV TA 7T INAT Y T n L ORI (4.6) THRT L, <
FATTTIVBTOERRPIAT — VAERIZEDONWTBEY, Lo TELTWLIZRDOKE X 2R
THAHLERELTVDSZ EIZHET L, FOEKRT, [ROKE X ¢ IPHRMEREF - L2VWEEZ LR
%o EBE, Lewis & Swinney DEERIC X 5EEIE S X PDF @7 L CE»ANAKK (6.1) £V £~ 877 cm
BEOLNL, COBEIEBREBORAKNDAKE SY 1 X 4, ~119.32 cm EHANKEV, %ESDDNSIZE
5EFEES E PDF S LT, EBX (6.7) £ 5 6 /n ~ 63000 #35N 2, Zhid DNSHFOHEADK
& & 6 /n~ 1220 & D b H% ) KEV, /5, Bodenschatz DEERDETTIL, Lo L LTHESR71em %
BOWTELRTWAEDY, Thid by =4, *EWRTSE, —FH, ThT4 7775 VIENIZEDIESNRS PDF
X, BESINS 2 SHERERR, MEDZEMSHEE, DNSDO A v Yo -4 XL nolzn BFREVTOFH
HEXICHEETH D, 1512, BRED2ODRIL, YVTA 757 IVEHITELLBETEXLL)THb,
EREBORFHMIRIDBRENNT AT I 7 I VBT ED L) ITHARADIE, SHOEELMED
VEOTHbH, TANF—EAE%2ED Navier-Stokes FRERDPLHBLIILD, YT 41 757 ¥ Vg
DERELLDBTAT Iy I AOBRHEBIEO LI o728, ZOZEBHHETLTHS ),

INVTAT T VERORIN L ) ELROMEHESEHEETHSONL LI ko720 T, EMS
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DERRENSINVT A 7T INTHTHIEHLESRONTELLFERL ) 2DODORIFENLH
1, B ‘He R HIE) SHe FICHET LM%Y 7' (vortex tangle) THA D, ks ¥ S VDBWME
BREFLSATEY, BRETTR (2HEETVOERTO) BREIND L EHEES OB ER
TELNLTH5S 46l b L, BROBEMOFERAVSBONTRKICHL LT L, BROYNVT 4750 ¥
MEGBEERFERFORPETIMEOSTHLEEL TVEEEXTOREDPDL ), ZOKE, WHE >
TNVIIBITAHFEUOSMITL=7TF 27 %)V (uni-fractal) &%, BREVPBH S ZNWI EIZE 5D, —
7, bL, BEMOFERGPBOBEEISLETHE, BLIROINVT A 77 7 9 VHITBOBEERDOE
ZEHOSGHAEG L TWBHEEZLNE ), TOHREIE, @R X INVIIBITAHEREOSHE VT 4
7575k RY, BMREEETLETHS ), TTI, T~70mK UTOBEET, Big He hOWIE
BIKE L 2 WHEDLENET 5 ZEPMREINTVDS 47, S 51T, WRETVTO, BEED L WIEBIE
HeH s VDY Iab—2a32T, KA T A VF— - 2AX7 PAPEHASNA TS 48] VT 1T 5
I NBRTHNAL ST A—% o CHETLI VI VORFRMNT A F 3 v 7 A0 EDIE, BREIK
SFEERERSDOMICE < AHEEEE (mutual friction) DEERZIESLFHEN Y IBONLOTRRVH L
FT&%,

2REEAFHZRD 2R AT ¥ ¥ VA 2 E#EMEEL L TV 5% Bose-Einstein &#FfHN Y I 2L —
YarsT, OB FEENREINTNS [49), CORETY Y I VN RETHURELIELIO D H
REWVEHETH S, b LERTLDOTHNE, BEFAERTO Taylor-Couette ELIDEFAE VD Z LTk
59,

f%ks v 7 v, qulSl (quantum LSI) APERLABEICIIEELREEREOHLE LD THS ) qulsl
X, BT, BREBOBK qubit OBZEL— 7 [50) »oBRENL I LIILALH, FArEa—¥
DHEERICEZDON—TRHENDLEROMENEETENT 570, BHE qubit DFTEDIETLEh
THERDY Y IV EABTEEZONLENOTH D, ¥ v I VHOHIAN, B LTETFKRAEGVIRK
%€ (quantum entangled state) ZAERFTLDICEFITHLDONENPERLD G, 4HOBEKEVHET
H5b,

INT AT T I NETOTFRRIEAZ W OPBRT, ZOEKR/ — PEFHOREY & Liov, KK
AR (Large Scale Biosphere-Atmosphere; LBA) ERATT <V VEFERA Tl TnE, 20—
IRELT, MEOKTE (canopy) LT TOEMPRRREERINEZ LEBEHEL-OIEEILH ¥ PDF
R S 7z [51, 52)c €D PDF 2NV T 4757 % VENTHON/ PDF ICTHKRT 5T LD MHOH
hTwa (K29 BLUK3I0 ), REWES (econophysics) 12 B1T BRMMEBEERY Y () DT
BONLIEEEE Z(t) =Y (t+ At) - Y () ST HEE PDF P(Z) D, IVT 1777 5 VEITICL 5
FRMLFAELED TV D, M31124, Z(t) & At=15& LTHF L2EE PDF P(2) &, £974Y
74— (BERE) o TRRILLZEE Z/0 DB E LTELTH 5 [53]o AL Standard & Poor’s 500
(S&P 500) fe¥id &t S W/l ZEEN O PDF, ERIELT 1 757 Y VBITTHLNEEIZS &
PDF (/89 A—%id, =028 ¢=047, n =42, ¢ = 1.7) , B#E Lévy BEDA, H#IE Gauss 57
Thb, KIREMET[54) E~NVT 4 TT 79 VENEDOBERFRLZ &b, SBOBRECEELRME
ThHb,

COEBETHMN Lo ZELRICEET A55EIE, PIRIE, BARANCX25EE [56)-[62] 4B shb
LEBEIDT 5,

B &
IOHEBHEY LT, KEHEEOELEFHLI#ELELL,
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29: PDF’s of velocity fluctuations of canopy turbulence measured by Ramos et al. above an Amazon
forest at the height 66 m of micrometeorological tower are analized, preliminarily, with the present
theoretical PDF’s [1(™(¢,,) (solid lines), and are plotted on (a) log and (b) linear scales. The observed
data points are symmetrized (closed circle) by taking averages of the left (open triagle) and the right
(open circle) hand sides data. The measuring distances, r = ¢,, for the PDF of velocity fluctuations
are, from top to bottom: 0.0101, 0.101, 1.01, 10.1 m. For the theoretical PDF’s of velocity fluctuations,
u = 0.28 (g = 0.47), from top to bottom: (n, ¢') = (24.0, 1.80), (20.0, 1.70), (13.0, 1.50), (6.0, 1.20). For
better visibility, each PDF is shifted by —1 unit along the vertical axis.

A —MEEhAT> rOE—ICED ER
INTFATIT IV INEEDRERAT Yy TEEWIHVTHLERELT, n EHOEREIIBITA5H B

P (@) o [P ()" (A1)
FWHT B, PO () & RET BB, RO :
/ daP(a) = 1 (A.2)
£ TgHH of B LT BRM

5 o JdaP(a)?(a - o)’
Uq - <(a - ao) >q - fdaP(a)‘I (A3)

D2OOHPROTIZ, —HMxfbEhicry boE— (Rényi L b1 ¥ — [17] & 5\ id Tsallis-Havrda-Charvat
(THC) > b0 ¥ — [18,2]) OHiA% &b, kB, ¢ 1T, —BLSN72T> } 0¥ —id Boltzmann-
Gibbs ¥ F O ¥ =% %,
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30: PDF’s of velocity fluctuations of canopy turbulence measured by Ramos et al. within an Amazon
forest at the height 21 m of micrometeorological tower are analized, preliminarily, with the present
theoretical PDF’s I1(™(¢,,) (solid lines), and are plotted on (a) log and (b) linear scales. The observed
data points are symmetrized (closed circle') by taking averages of the left (open triagle) and the right
(open circle) hand sides data. The measuring distances, r = £,, for the PDF of velocity fluctuations
are, from top to bottom: 0.0065, 0.065, 0.65, 6.5 m. For the theoretical PDF’s of velocity fluctuations,
1 = 0.17 (g = 0.19), from top to bottom: (n, ¢') = (75.0, 1.95), (45.0, 1.90), (35.0, 1.60), (15.0, 1.30).
For better visibility, each PDF is shifted by —1 unit along the vertical axis.

31: Analysis of the PDF P(Z) of index changes extracted from S&P 500 (closed circle) by the
PDF 11(™(¢,) for velocity fluctuations (solid line) derived by multifractal analysis with the parametars
u =028 ¢g=047,n =42 and ¢' = 1.7. The index change Z is scaled by the volatility o. The original
data points are symmetrized by taking averages of the left and the right hand sides data. The Lévy stable
distribution (dashed line) and the Gaussian distribution (dotted line) are also shown as references.

— 383 —



B/ - b

A.1 RényiI> hOE-—

(A2) & (A3) DEHDOTT, Rényi L hut— [17):

SEP(a)]=(1-¢) 'In / daP(a)? (A.4)

DBRKEIS &, EERFEEBRK
PP(@)da = Z;1 [1— (1 - ) B((a - a0)? —02)]/" " da (A.5)
= 2 [1-(1-q) 8 ((a-a0)*)]" "™ da (A.6)

PROND, Z, & Z, 3ITEEBTH S, $72, §13 Lagrange EH, B =01+ (1—q)Bo2] 2 Thb,
T
/ do[PO (@) = 710 (A7)
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&% D, Lagrange B G &
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kD EZbRA, TREY, (AS) IS, Boltzmann OMHEO—HTHD L Vidb, L, Z, #RHK
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Zy=2Z,eP% #HVTFR = —(In2,)/B L ¥5 L, FR =02 - 3-1SR OBFEHIEBONG, 12751,
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SHCTP(e)] = (1-¢q)7" ( / daP(a)? — 1) (A.10)

DEBAZES L, HHBEK
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q
_ 271/(1—q)
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q

PROND, LEL, Z, & Z, PEBETH S, $72, B & Lagrange EHTHY, 8 = B1 + (1 -
Q)Bo2/Z} 12 THE, ZIT
/ da[P{ (a))? = Z}7 (A.13)
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b Z;—q = Z;—4[1+(1—q)ﬂ_0§/Z;—4]—1 PHWA L, 6/Z3(1_") - B/Zg(l—q) DG EBL NS, 2X/In2 =
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Z;79=21""-(1-q)Bo’ =2Z;"1

(1 —2(1 - q)B03/Z;79)
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ECHL] LIRETHONRLETHL ) OREDTIE, loflala) = lo/l(Br), a=1-qLBLE [B
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k525,
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f&) =0y = Dyoy Ri7THATHE, $72, (A17) ICHND a5, a =g = —log, \/p(1 - p) Zifitz L
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[ 32 12 p = 0.694 DHAD P (€) &7z [4]e PV (6) 11, ZHARIEBIITH T 50K (3.64)
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n 20
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32: The probability density functions of the dissipation of turbulent kinetic energy as a function of
the dimensionless quantity £, i.e. the label of eddies, for n = 5. Pg(§) = P]g") (&) is the one based on
the binomial multiplicative process, Pr(¢) = P{™(£) on Tsallis statistics, and Pg(¢) = PV (€) on the
Gaussian approximation. They are normalized by the peak height, and have, respectively, the smallest,
middle and the largest values at the origin (£ = 0). Parameters are ¢ = 0.237 and p = 0.694. Pg(£) and
Pr(¢) intersect each other near £ = 0.05 and £ = 0.95.

Thb, ¢ DIER
_q_ Lnptlog (14 (1 —27#)1/2) -log, (1 — (1 — 27#)1/2) (C.6)
= logy (1 + (1 — 2-#)172) — logy(1 - (1 — 2-#)1/2) '
XY, MRERELEESITLNTNS 4, (C6) &
dD; '
po= —2—&—_1L = 2(ap — Dy) = —log,{p(1 — p)] — 2 (C.7)
q lg=0
WZERIE 1 = 0.235 [27, 55) XA L TIB72{EA5q = 0.237 & p=0.694 TH 5,
C.2 TIT4 7357 2IVEMREDER
[FEEORE] (A2) & 4k
7 = ((a - a0)’) = [ daP(@)a - ao) (8)
T—EILTAH] L) 2 0D%MHEDT T, Boltzmann-Gibbs I~ b T ¥ —
Sea[P(a)] = —/daP(a) In P(a) (C.9
DBKEIS &, Boltzmann-Gibbs Bl O34 B %k
_ (a - 00)2
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PELND, (5.13) LW MIETHEINFTITI &N - ARSIV,
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foa(a) =1~ @0 (C.12)
BG(a) = o .

Ehibo THUEYE 27 KFALRTVE LD ERALERTH A,

SE B

[1] A.N. Kolmogorov, The local structure of turbulence in incompressible viscous fluid for very large
Reynolds numbers, Dokl. Aked. Nauk SSSR 30, 301-305 (1941). Dissipation of energy in locally
isotropic turbulence, Dokl. Akad. Nauk SSSR 31, 538-540 (1941).

[2] C. Tsallis, Possible generalization of Boltzmann-Gibbs statistics, J. Stat. Phys. 52, 479-487 (1988).

[3] C. Tsallis, Nonextensive statistics: Theoretical, experiment al and computational evidences
and connections, Braz. J. Phys. 29, 1-35 (1999); On the related recent progresses see at
http://tsallis.cat.cbpf.br /biblio.htm. '

[4] T. Arimitsu and N. Arimitsu, Analysis of Fully Developed Turbulence in terms of Tsallis Statistics,
Phys. Rev. E 61, 3237-3240 (2000).

[5] T. Arimitsu and N. Arimitsu, Tsallis statistics and fully developed turbulence, J. Phys. A: Math.
Gen. 33, L235-L241 (2000) [CORRIGENDUM: 34, 673-674 (2001)].

[6] T. Arimitsu and N. Arimitsu, Tsallis statistics and turbulence, Chaos, Solitons and Fractals 13,
479-489 (2002). ’

[7] T. Arimitsu and N. Arimitsu, Analysis of fully developed turbulence by a generalized statistics,
Prog. Theor. Phys. 105, 355-360 (2001).

[8] T. Arimitsu and N. Arimitsu, Analysis of turbulence by statistics based on generalized entropies,
Physica A 295, 177-194 (2001).

[9] N. Arimitsu and T. Arimitsu, Multifractal analysis of turbulence by using statistics based on non-
extensive Tsallis’ or extensive Rényi’s entropy, J. Korean Phys. Soc. 40, 1032-1036 (2002).

[10] T. Arimitsu and N. Arimitsu, PDF of velocity fluctuation in turbulence by a statistics based on
generalized entropy, Physica A 305, 218-226 (2002).

[11] T. Arimitsu and N. Arimitsu, Analysis of velocity fluctuation in turbulence based on generalized
statistics, J. Phys.: Condens. Matter 14, 2237-2246 (2002).

[12] N. Arimitsu and T. Arimitsu, Analysis of velocity derivatives in turbulence based on generalized
statistics, Furophys. Lett. 60, 60-65 (2002).

— 388 —



[Summer School HOEMHE 2003 —iiik)1% - L OEHE ]

[13] T. Arimitsu and N. Arimitsu, Analysis of accelerations in turbulence based on generalized statistics,
Condensed Matt. Physics (2003) in press [cond-mat/0203240 (2002)].

[14] T. Arimitsu and N. Arimitsu, Multifractal analysis of fluid particle accelerations in turbulence,
cond-mat /0210274 (2002).

[15] T. Arimitsu and N. Arimitsu, Multifractal analysis of various probability density functions in tur-
bulence, cond-mat/0301516 (2003).

[16] T. Arimitsu and N. Arimitsu, Multifractal analysis of various PDF in turbulence based on generalized
statistics: A way to tangles in superfluid He, cond-mat /0306042 (2003).

[17] A. Rényi, On measures of entropy and information, Proc. {th Berkeley Symp. Maths. Stat. Prob. 1,
547 (1961).

(18] J.H. Havrda and F. Charvat, Quantification methods of classification processes: Concepts of struc-
tural a entropy, Kybernatica 3, 30-35 (1967).

[19] A.M. Oboukhov, Some specific features of atmospheric turbulence, J. Fluid Mech. 13, 77-81 (1962).

[20] A.N. Kolmogorov, A refinement of previous hypotheses concerning the local structure of turbulence
in a viscous incompressible fluid at high Reynolds number, J. Fluid Mech. 13, 82-85 (1962).

[21] A.M. Yaglom, The influence of fluctuations in energy dissipation on the shape of turbulent charac-
teristics in the inertial interval, Sov. Phys. Dokl. 11, 26-29 (1966).

[22] L.F. Richardson, Wheather Prediction by Numerical Process (Cambridge Univ. Press, Cambridge,
1922).

(23] U. Frisch, Turbulence —The Legacy of A.N. Kolmogorov (Cambridge Univ. Press, Cambridge, 1995).

[24] U. Frisch, P-L. Sulem and M. Nelkin, A simple dynamical model of intermittent fully developed
turbulence, J. Fluid Mech., 87, pp. 719-736 (1978).

[25] S.G. Saddoughi and S.V. Veeravalli, Local isotropy in turbulent boundary layers at high Reynolds
number, J. Fluid Mech. 268, 333-372 (1994).

[26] U. Frisch and G. Parisi, On the smgularlty structure of fully developed turbulence, Turbulence and
Predictability in Geophysical Fluid Dynamlcs and Climate Dynamics in Turbulence and Predictability
in Geophysical Fluid Dynamics and Climate Dynamics, ed. by M. Ghil, R. Benzi and G. Parisi
(North-Holland, New York, 1985) 84.

[27] C. Meneveau and K. R. Sreenivasan, The multifractal spectrum of the dissipation field in turbulent
flows, Nucl. Phys. B (Proc. Suppl.) 2, 49-76 (1987).

[28] G.K. Batchelor, The Theory of Homogeneous Turbulence (Cambridge Univ. Press, Cambridge, 1953).
[29] W. Heisenberg, Zur statistischen Theorie der Turbulenz, Zeit. Phys. 124, 628-657 (1948).

[30] W. Heisenberg, On the theory of statistical and isotropic turbulence, Proc. R. Soc. A195, 402-406
(1948).

[31] J. Feder, Fractals (Plenum Press, New York and London, 1988).

— 389 —



Wi — b

[32] C. Meneveau and K. R. Sreenivasan, Simple multifractal cascade model for fully developed turbu-
lence, Phys. Rev. Lett., 59, pp. 1424-1427 (1987).

[33] Z-S. She and E. Leveque, Universal scaling laws in fully developed turbulence, Phys. Rev. Lett. 72,
336-339 (1994).

[34] Z-S. She and E. Waymire, Quantized energy cascade and log-Poisson statistics in fully developed
turbulence, Phys. Rev. Lett. T4, 262-265 (1995).

[35] A.B. Chhabra and K.R. Sreenivasan, Negative dimensions: Theory, computation, and experiment,
Phys. Rev. A 43, 1114-1117 (1991).

[36) U.M.S. Costa, M.L. Lyra, A.R. Plastino and C. Tsallis, Power-law sensitivity to initial conditions
within a logisticlike family of maps: Fractality and nonextensivity, Phys. Rev. E 56, 245-250 (1997).

[37] M.L. Lyra and C. Tsallis, Nonextensivity and multifractality in low-dimensional dissipative systems,
Phys. Rev. Lett. 80, 53-56 (1998).

[38] G.S. Lewis and H.L. Swinney, Velocity structure functions, scaling, and transitions in high-Reynolds-
number Couette-Taylor flow, Phys. Rev. E 59, 5457-5467 (1999).

[39] A. La Porta, G. A. Voth, A. M. Crawford, J. Alexander and E. Bodenschatz, Fluid particle acceler-
ations in fully developed turbulence, Nature 409, 1017-1019 (2001).

[40] G. A. Voth, A. La Porta, A. M. Crawford, J. Alexander and E. Bodenschatz, Measurement of particle
accelerations in fully developed turbulence, J. Fluid Mech. 469, 121-160 (2002).

[41] T. Gotoh, D. Fukayama and T. Nakano, Velocity field statistics in homogeneous steady turbulence
obtained using a high resolution DNS, Phys. Fluids 14, 1065-1081 (2002).

[42] C. Meneveau and K. R. Sreenivasan, The multifractal nature of turbulent energy dissipation, J.
Fulid Mech. 224, 429-484 (1991).

[43] A. M. Crawford, N. Mordant and E. Bodenschatz, Comment on ”Dynamical foundations of nonex-
tensive statistical mechanics”, (2002) physics/0212080.

[44] Communications with Prof. R.H. Kraichnan and Prof. T. Gotoh.
[45] Private communication with Prof. M. Tanahashi at Tokyo Institute of Technology.

[46] R.P. Feynman, ” Application of quantum mechanics to liquid helium” in Progress in Low Temperature
Physics, ed. by C. J. Gorter, North Holland, Amsterdam, 1955, p17.

[47] S.I. Davis, P.C. Hendry and P.V.E. McClintock, Decay of quantized vorticity in superfluid *He at
mK temperatures, Physica B 280, 43-44 (2000).

[48] T. Araki, M. Tsubota and S.K. Nemirovskii, Energy spectrum of superfluid turbulence with no
normal-fluid component, Phys. Rev. Lett. 89, 145301 (2002).

[49] K. Kasamatsu, M. Tsubota and M. Ueda, Giant hole and circular superflow in a fast rotating Bose-
Einstein condensate, Phys. Rev. A 66, 053606 (2002).

[50] I. Chiorescu, Y. Nakamura, C.J.P.M. Harmans and J.E. Mooij, Coherent quantum dynamics of a
superconducting flux qubit, Science 299, 1869-1871 (2003).

— 390 —



[Summer School $EEMEE 2003 —iiikII5: - ELIEOKIE ]

[51] M.J.A. Bolzan, F.M. Ramos, L.D.A. S4, C.R. Neto and R.R. Rosa, Analysis of fine-scale canopy tur-
bulence within and above an Amazon forest using Tsallis’ generalized thermostatistics, J. Goephys.
Res. 107, doi:10.1029/2001JD000378 (2002).

[52] F.M. Ramos, M.J.A. Bolzan, L.D.A. S4 and R.R. Rosa, Atmospheric turbulence within and above
an Amazon forest, preprint (2003).

[53] R.N. Mantegna and H.E. Stanley, Scaling behavior in the dynamics of an economic index, Nature
376, 46-49 (1995).

[54] T. Watanabe, Y. Nakayama and H. Fujisaka, Large deviation statistics of the energy-flux fluctuation
in the shell model of turbulence, Phys. Rev. E 61, R1024-R1027 (2000).

[65] F. Anselmet, Y. Cagne, E. J. Hopfinger and R. A. Antonia, Hight-order velocity structure functions
in turbulenct shear flow, J. Fluid Mech. 140, 63-89 (1984).

[56] 38 KIiE, &Lk (HEF/E, 1962).

[57] & KIE, /X7 Ry 7 X& LTOHE (BEEAL, 1996).

[58] KHEHE, VW& 5HEHFE? (AE, 1994).

[59] AHEHE, HIEE—HR, EARHFE (FIEE)E, 1999).

[60) HHEEE, ELFIBROER GIEEE, 1998).

61] #E f, 714 v T FLAT Ly, RAENE REMEIR CERERFLME, 1998).
[62] FE B, WENFE GEERFEHLMRE, 2001).

— 391 —



