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1 Quantum Rabi model

This is the joint work with Tomoyuki Shirai and a review of [8]. The quantum Rabi model
describes a two-level atom coupled to a single mode photon by the dipole interaction term.
The single photon is represented by the 1D harmonic oscillator. Suppose that the eigenvalues
of the two-level atom is {—A, A}. Here A > 0 is a constant. Let 0,,0, and o, be the 2 x 2

Pauli matrices:
(01 (0 —i (10
2=\10) % \i o) 7 \o -1)"

Then the Hamiltonian of the two-level atom is represented by Ac,. On the other hand let a
and a' be the annihilation operator and the creation operator in L?(R), respectively. They

are given by
a—L i—&-x aT—L —i—l—m
V2 \dw ’ V2 de '

They satisfy the canonical commutation relation [a,a'] = 1, and a* = af, where a* denotes
the adjoint of a. The harmonic oscillator is given by afa, i.c.,
1 d? 1, 1

o _ = -
A= Tt Ty

The harmonic oscillator a'a is self-adjoint on D(%) N D(2?) and the spectrum of afa is
spec(a'a) = NU {0}. The quantum Rabi Hamiltonian is defined as a self-adjoint operator

on the tensor product Hilbert space C* ® L?*(R) by
K=Ao,®1+1®da+ go, ® (a+a).
Here g € R stands for a coupling constant. It can be seen that K has the parity symmetry:

(K, 0. (~1) = 0.



The parity symmetry is also referred to as Zs-symmetry. We discuss measures associated
with the ground state of the quantum Rabi Hamiltonian. The quantum Rabi model can be
regarded as the one mode version of the spin-boson model in quantum field theory. In [5]
the path measure associated with the ground state of the spin-boson model is discussed. In
this note we also show the existence of the measure Il associated with the ground state ®,
of the quantum Rabi Hamiltonian. Then under some condition we can see that

((I)gv O(I)g) = K, [f(’)}

for some observable O with a function fo.

2 Probabilistic preparation

2.1 Unitary transformations

In this section we define a self-adjoint operators L. Let o = (0, 0y, 0.). The rotation group
in R? has an adjoint representation on su(2). Let n € R? be a unit vector and 6 € [0, 27).
Thus /20 (3. g)e= (/27 — Ry . o where R denotes the 3 x 3 matrix representing the
rotation around n by an angle . In particular for n = (0,1,0) and § = 7/2, we have
Uo,U' =0, and Uo,U™! = —0,, where

U=ei. (2.1)
Then
142 1.2 1
UKU™' = (_Mﬂ*ﬁ Ve, oA >
-A 1 42+ V2 -1
Let us define the unitary operator S;. Let p = —i% and I denotes the Fourier transform

on L*(R). Then S, is defined by

F 0 0 eV
s (b (% ) o)

Let ¢ be the normalized ground state of a'a, i.e., afap, = 0 and it is explicitly given by

pyl(z) = n e,

Since g is strictly positive, we can define the unitary operator Uy, : L*(R) — L*(R, pidx)
by

U, [ =0, ] (2.3)
We set, the probability measure @2 (z)dz on R by dy, ie.,

1 2
) = Sz P
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Define
H=C*® LA(R,dp).

Let U = U,,U. We define the self-adjoint operator L by

L=UKU'= Ao, 1+ go, 2D +b)+1xbb

_ (—iéfz +rg 0 d) ~ (_ﬂg‘f ~ > , (2.4)

0 —%;—;2 +ag AN V2gz
Here b and b are the annihilation operator and the creation operator in L?(R,du), which

are defined by ¢, Yatp, = b*. Tt is actually given by

b:a+%, bT:aT—%.
2.2 Ornstein-Uhrenbeck process
Let (X¢)i>0 be the Ornstein-Uhrenbeck process on a probability space
(X, By, P%).
We see that P*(Xg = 2) =1 and
[ a0, [ B 00X due) = e

Here EE [ - - ] denotes the expectation with respect to the probability measure P*. Let h = bfb.
The generator of X, is given by —h and

(4, e*thzl/))Lz(]Kdu) = /RIEIQQ [mY/’(Xt)] dp(x). (2.5)

It is well known that the Ornstein-Uhrenbeck process can be represented by 1D-Brownian
motion. Let (B;);>o be 1D-Brownian motion starting from z at ¢ = 0 on a probability

space (X, By, WP). The distributions of X, under P* and e* (x + %Bezsﬂ) under WY are

identical. We denote this as

4 _ 1
X, = e’ o+ —=Bes_ s> 0. 2.6
( ¢221) (26)

We can compute the density function x; of X as

%UWM=4ﬂMM%Wh

where

kely, 7) = l)exp <—|y_€_tz|2) . (2.7)

1—e 2
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The Mehler kernel M, is defined by

g 1 1(1+e2)(2? +9?) — daye?
), o (L0 |
eg(y) (1 —e™2) 2 l1—e

For the later use we extend the Ornstein-Uhrenbeck process (Xi)i>o to the Ornstein—
Uhrenbeck process (Xt)teR on the whole real line on the probability space (X, B¢, P*). Here
X =X x X, By = By x By and P* = P* @ P”. Define for w = (wy,w;) € X x X

A | Xi(wy), t>0,
Xi(w) = { X_y(ws), t<0.

j\[t(xu y) =

(2.8)

Then Xt and X _s for any s,¢ > 0 are independent. We also see that

(606™0) 12 aap) — / Es. Xo)q,/)(Xt du(z / Epe |d(X_o) (X, s)} du(z)  (2.9)

for any 0 < s < .

2.3 Spin process

In order to show the spin part by a path measure we introduce a Poisson process. Let (NV;):>o
be a Poisson process on a probability space
(y7 By, H)
with the unit intensity, i.e.,
tn
En [Lgn,—n}] = e . n>0.

Note that N; is a nonnegative integer-valued random process, Ny = 0 and ¢ — N, is not
decreasing. Furthermore ¢ — Ny is right continuous and its left limit exists (cddlag). Let

Zy = {-1,+1}.

el = Y lu(e)?

a€Zs

Then for u € L*(Zs),

Introducing the norm on €2 by (u,v)e2 = Yo, @vs, we identify €2 2 L(2;) by €2 3> u =
<Zl ) > (o) with u(4+1) = uy and u(—1) = uy. Note that
2

(u, V)2 = (U, V) 12(z,)-

Under this identification o,,0, and o, are represented as the operators U,,U, and U, re-
spectively on L?(Zy) by

Upu(a) = u(—a), Uyu(a) = —icu(—a), Uu(a)=au(a), u€ L*(Zy). (2.10)
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We define
Sy = (—1)Nt(,¥, o€ Zs.

Here (St):>0 is a dichotomous process which is referred to as a spin process in this note. Let
op = 3(0.+1i0,)(0. —io,) = —0, + 1 be the fermionic harmonic oscillator. Then it is known

that for u,v € C?, (u,e " v)c2 = 3, En[u(So)v(S;)]. Hence

(u, e v)c2 = ' > Enfu(So)v(S)]. (2.11)

We also extend the Poisson process (N;)g>o to the Poisson process (Nt)teR on the whole real
line on a probability space (Y, By, II), where Y = Y x Y, By = By x By and Il = II ® II.
Let (Ny);>0 be a Poisson process on (), By, II) such that ¢ — N is left continuous and its
right limit exists (caglad). Define for w = (wy,ws) € Y X Y,

% _ Nt(wl>7 tZ 07
Ne(w) = { Noy(ws), t<0.

Then R 5 ¢ — N, is a cadlag path. Note that N, is independent of N_, for any s,t > 0. We
define ) .
St = (—1)NZO[, € Zo.

By the shift invariance of S, [9, Proposition 3.44] we can see that for u,v € C2,

(€7 0)cs = ' 3 Bnfu(So)o(Se)] = ' Y Enfu(S_)o($i-s)]

aEZs aEZs

for any 0 < s <.

3 Path measure associated with the ground state

In this section we construct the path measure associated with the ground state of the quan-
tum Rabi model. We recall that L = —Ao, ® 1+ 1® blb+ go, @ (b+ bl). Let ®, be the
ground state of L such that

Lo, = ED,
with I/ = infspec(L). It is shown that ®, > 0 in [4] under the identification (3.1). Hence
(1, @)% # 0. Then

o, =1 e 1
57 e e T

Let us set

<O> = (®g7 O@g)ﬂ

for a bounded operator @. Then we have

—tL —tL
(0) = lim (et 1, Oe 1)y

tooo [le  H I3,



The right-hand side can be represented in terms of Feynman-Kac formula, and under some
condition we can also see that

(O) = En..[fo]

with some probability measure II,, and a function fp. The probability measure Il is
referred to as the path measure associated with the ground state ®,. The similar results are
investigated in models in quantum field theory [10, 1, 5, 6, 7], but as far as we know there
is no example in quantum mechanics.

3.1 Feynman-Kac formula
Combining (2.5) and (2.11) we can represent (¢, e 1)) by a path measure. Let
s = (SS7XS) s>0

be the (Zy x R)-valued random process on the probability space (X ® Y, By ® By, P* ® II).
We introduce the identification:

H = [2(Z, x R) (3.1)

by () ~ d(a, 1) = - "
<¢(x)> = p(a, 1) = 011004 (7) + 0100 (), (0, 7) € Zy X R. (3.2)

1 a= . . . . . .
Here 6,5 = a=p . We use identification (3.1) without notices unless no confusion
g 0 a#p

arises. Let W : Zy x R — R be defined by
W (a, z) = V2az.

Thus W (qs—) = V25, X,. The Poisson integral [; "W (gs_)dN, is a random process on the
probability space (¥ ® Y, By ® By, P* ® II), which is deﬁned by

t+ n n
([ Waa.) (wns) = 3 Wla (wrss) = VIS Sy (00) X, ()
0 j=1 j=1

Here {s;} is the set of jump points such that Ny, _(w;) # N4 (wi) for 0 < s; <. Let
Z /EPEH Jdp(z).

anz

Lemma 3.1 Let ¢,9 € H. Then under the identification (3.2), it follows that

(6, ¢71) = 2¢'E [ @lq0)b(go) SN e 0 Wla] (3.3)

107
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Proof: We refer the reader to [8]. [ ]

Lemma 3.1 can be extended to the path integral representations of Fuclidean Green
functions. Let h = —A/2 and (By):> be 1D Brownian motion on (X, By, W*). Suppose that
0<ty<ty <...<t, LetClotitnd(Agx...xA,)={weX|wl;)€A;,j=01,...,n}
be a cylinder set. Then it is known that

Wz(c{to,tl ..... tn}(AO X oo X An)) =E" l(H ﬂAj(Btj)>
=0

We know furthermore that for f, g € L?(R),

/RIE” [(H llAj(Bt,)> F(Bo)g(By)

Lemma 3.2 Let f; = fj(a,z) be bounded function on Zy x R for j = 0,1,...,n. Suppose
that 0 <tog <ty <...<t,. Then

d“r — (f7 e*toh]leef(tlfto)h L. e*(tnftnfl)h]lAne*(t*tn)hg)v

(¢7 cftoLj' cf(tlfto)L./' cf(tzftl)L . cf(tn7tn,1)LJ'ncf(t7tn)L,l/))

O(q0) ¢ (gr) (H Ji(ay, ) egféw(qs)ds] ‘

Proof: Denote the natural filtrations of (Vy)i>o and (X¢)i>0 by A = o(N,,0 < r < s) and
Ms = 0(X,,0 < r <s), respectively. The Markov properties of (Ng);>¢ and (X;);>o yield
that

= QctE

(e—ste—tL¢> (a7 ZE)

= e tmpmg [0S W f(g g [eo Wy (g, )]

= *TEREL _(;gfos W(qT>de‘(qs)]EHJE1€ [cfgf(f W(qr+s)dr¢(qt+s)

s
= e HELES -efgfos Wlar)dr (g )e™ Js W(qr“)d%(%ﬂ)}

_ es+tEHE e qfs+t W(qT)de<qs)¢(qt+s):| )

Repeating these procedures we have the lemma. [ ]

3.2 Probability measure II,, associated with the ground state
We set Ty = Sa, and ¢5 = (T}, X,). We assume that A > 0 in what follows.

Lemma 3.3 Let ¢, € H. Then

(e ) =2 S / EnEp [o(ap (e )e o B W] dpa). (3.4)

[ISY2)
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Proof: Since

1 1 g
—L=- T+ 1w —bp+ = b+ b
A UI® + ®A +Agz®( + )a

the Feynman-Kac formula (3.3) yields that

(6640) = (0. 210) = e 3 [ g [3050, Xl (Sa Xi)e £ VIS0 4y (o)

a€Zs

By the change of variable s to As in £ fOAt \/ﬁSsXs/Ads, we see (3.4). [ |
For the later use we have a technical lemma below.
Lemma 3.4 We have

2 (1.2t 2
ES [e—gf(f W(q?)ds} _ efg(fot e*S(fl)NASds)wegT s )/2|fyt(71)NAsds’ dy.

In particular

2 (-2t
E% [efgfot W(éf)ds} < lali—ez 4 [ 2 Jt—y[2dy

Proof: We have
El:g I:(zfg 1N W(qﬂ?)ds} _ E?/V [c—g Iy e*-@(z+%362.§_1)(—I)NAsds:|
— 9l e_s(*l)desﬁEg‘, [e_g Jo B(l—e*%)/z(—l)deS}

— o9k e’s(—l)N“dS)xe%”fot “(1—e*2S>/2(')(*1)NASds“ia(m).

Then the lemma is proven. ]

Now we extend (7})¢>0 to the process on the whole real line. Let
T, =(-1)"¥q ter

We can realize (T})ier as a coordinate process as usual. Let D = D(R) be the space of cadlag
paths on R. There exists a topology d° on D such that (D, d°) is a separable and complete
metric space (e.g. [3, Section 3.5] and [2, Section 16]). Let Bp be the Borel sigma-field of
D. Thus .

Te: (Y, By, 1) = (D, Bp)

is an D-valued random variable. We denote its image measure on (D,Bp) by Q°, ie.,
Q¥(A) =TI(T,'(A)) for A € Bp, and the coordinate process on (D, Bp) by the same symbol

(T))es0, ie., Ty(w) = w(t) for w € D. Let my : D — R be the projection defined by
ma(w) = (w(to), ..., w(ty)) for w € D and A = {ty,...,t,}. Then

A= {mi{(E)| A C R, #A < 00, € BR)}

is the family of cylinder sets. It is known that the sigma-field generated by cylinder sets
coincides with Bp. Moreover let Dy = D([—T,T]) be the space of cadlag paths on [T, T
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and 77 : D — Dr be the projection defined by mpw = w[—r7). Let By be the Borel sigma-
field of Dy. Let my : Dy — R™ be the projection defined by ma(w) = (w(ty),...,w(t,)) for
w € Dy and A = {tg,...,t,}. Note that we use the same notation 7 as the projection from
D to R*. Then

Ar = {m Y(E)|A C [-T,T],#A < o, E € B(R")}

is the family of cylinder sets. We set

l[’;’:Uyrgl(Bs), Z%T: U ng(BS)-

5>0 0<s<T

It is also seen that the sigma-field generated by l%’ (resp. ZOST) coincides with Bp (resp. Br).
Together with them we have

[e]

Bp = o(A) = o(B), Br=o(Ar) = o(Br). (3.5)

Hence (3.3) can be reformulated in terms of the coordinate process (7)o on (D, Bp, Q®)

instead of (Y, By, II) as
(0eb0) = e 3 [ e [olag)e B ()| duto) (3.6)
a€Zy "

Here o
=(Ts, Xs) SER,

where X, is the Ornstein-Uhlenbeck process on the whole real line. The advantage of (3.4)
is that AN disappears. AM is not shift invariant but 7 in (3.4) is shift invariant. Then

> / EQER [0(dp)e I Wiy ()] dpu(a)

QE€ZLy
= Z /EQE AA Je —g Jy W sy (g2 )} du(z)
Q€2
for any 0 < r <t. Let
Wal(t,s) = TyTye 5. (3.7

Lemma 3.5 We have

(1, e 1) = QGAtE%

o (% [ [[wmaion)].

Proof: By the Feynman-Kac formula given by (3.4) and inserting (2.6), we can see that

(]1 _tLll) At Z EQ |:Ez |: —ng Tee™®B 2s_,ds :| /e(\/ﬁgfgﬁescls)xd#(l,)}
R

acZo



Since

A t t
E% [e’gfo TsefsBeQS—lds} = exp (92 ds/ drT e ) (2677 — 1)>
0

t 7 s 2 " ’
/6_(\/§gf0 Tse kds)xd/l,(ﬂj) = exp { (/ Ts(isd5> } ’
R 0

we obtain that
(1, 7tL]1 et Z IEQ {exp <92 /t ds /t drTSTresr>] .
2 Jo 0

QEZLy

\

o]

Hence the lemma follows. [ |
Remark 3.6 (1) Since Wa(s,r) is independent of o, EQ [exp (% f(f ds fg dTWA($71")):| is

also independent of o. K
(2) By the shift invariance of Ts we can also see that

E [exp <g; /Otds /Ot dT’WA(S,T)>] =E} [exp <g22 /_l;uds /_tuudrwﬁ(s,r))]

for any 0 < u <t. Thus we see that

(e 1, e7 1) = 2e>*'EY [exp (92 / ! ds / ! erA(s,r)ﬂ
cxp< /tds/thWAsr>] (3.9)

We can also compute (e L1, e=#'0e~LT) for 8 > 0.

= % 2At

Lemma 3.7 Let f > 0. Then

(e_tL]l, e—ﬁbTbe—tL]l)

2 et gt 0 pt
= 2¢ ZAtIE:Q [exp <q2 / Wa(s,r)dsdr — g*(1 — e_ﬁ)/ / W@(s,r)dsdr)} .
—tJ—t ~tJo

Proof: Since

0.7%) = 3 [ e Xopmgl(o, Xldi(z).
aEZo
we see that

( 7tL]1 —pbTh —tL]l Z/ ftL]l a XO [( *tL]l)(a,Xg)]d,u(x).

QEZ2
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It is straightforward to compute (e *1)(cv, Xo) and (e **1)(cr, X5). We have

t T
(e 1) (a, Xo) = e™'EJER [e*ﬁgfo X5 ds}
_ eAt]E% [efﬁg fot T;e_sdst(‘]/v [efgf(f Tse—sBezs,lds}]

. 2 N
eAtIE% |:()\/§q fot Tse_sdsxe% fot ds fot drTsTye—(s+7) (ez(SAT)l):| )

The computation of E [(e71)(a, X5)] is more complicated than that of (e™"*1)(c, Xo).
We have

B 0 ) = 0 s [ & oo ]|
Inserting (2.6) to Xz above again, we obtain that
ey []E% { oV i Teemdse™ (at b5Baa ) 4 i ds f&drﬁﬂe‘““‘)(e%“r)1)]:|

eAtEg { (\fgfo Tse Sds)e Bze . fo ds [} drTTre=(+7) (1- e*w) fo ds 7 drTTre=(+7) (e2(/) — 1)}

o 2 ~ S
_ eAtEg o~ (V29 Jy Toreds e P ffo ds [y drTu¢Trse™ ) (1-e720) L4 [T ds [ drTstTrte_(SJrT)(ez(S/”')1):| ‘

In the last line above we shift ’f’s by t. Since ’f’u for 0 < u <t and 7A’S,t for 0 < s <t are
independent, combining above computations, we have

(eftLﬂ e*ﬂbTb 7tL]1)

_ § 2At/ |: \fgfo Tie™ bds)rr 7(\[gf0 e_te “"ds)e Baf: fo dsf0 drTTre~ (9+r)(e2<*/\r) 1)

a€Zso

2 .t t o 2 (s _ 2 ¢ t o - —(str
we's Jods g drTuiTro e (1-e728) L4 [Fds [ drTy— e+ >(e2<W)1)] de. (3.9)

Terms dependent on x on the exponent above can be computed as

t t
—x2—\fg< B / 87t€73d8+/ Tesds>
2 92 t ot 2
= — (7’4—/ Tee™ sd@—f——e / s—te °d s) —l-? (/ Tse’Sds—l—e’ﬁ/ Tstesds> .
0 0

The first term on the right-hand side can be integrated with respect to dz as

1 _ 9 [t o—s 9 B [t —sgs)”
e (z+ﬁf0 Tse ds+ﬁe fo Ts—te ds) de = 1.
VT Jz



The second term on the right-hand side can be computed as

t t 2
(/ T,e °ds + e*ﬂ/ Tstesds>
0 0

113

t  pt ot t "t t
= / / T~ dsdr + 2¢° / / T The Gt dsdr 4 28 / / T T e~ St dsdr.
JOo JO JOo JO JO JO

(3.10)

Terms independent of z on (3.9) are

t t
/ds/ T, T~ (SM)—l)err/ ds/ Ty Ty_ye™ (1 — e 2)dr
0 otA A
+ / ds / Ty (T, e (2N — 1ydr, (3.11)

0

(==}

Then the sum of (3.10) and (3.11) is
(3.10) + (3.11)

t ot
/dS/ s Trpe™ 1™ TId?”-I—/ ds/ TTTef‘S”‘dr—l—Qe*ﬁ/ / T, T.e” ) dsdr
0o Jo

By the trick f_t f_t = f_t f_t +f0 fo +2 f_t fo, we see that
t t A 0 t A
(3.10)+(3.11):/ ds/ Tgﬂ.e*‘S*T‘dr—Q(l—e*B)/ /TgTre*|5*T'dsdr.
—t —t 0

Then the lemma follows. [ ]
Define the probability measure Iy on (D, Bp) b

11
HT(A)—ZT T8N R {]IA62I rdt 2 dsWMﬂ, A€ Bp, (3.12)

[ AV

2 T T
where Zp = 1e?74 % B |eT Jordt/ordsWal)| g the normalizing constant. Note that

pair interaction Wa(t,s) is independent of o and hence one can replace ) ., E& with
2EQ in (3.12). We also notice that 1 = [|B,[3, = >, o, [o [Pg(a, 2)]Pdp(z), 2 = |13, =
S nens Jo dpi(x) and 22; = [|e~TE0].
Let A; € B(R) for j =0,1,...,n and A = {lg,l1,....l,} C [=T,T]. The cylinder set is
defined by
OM(Agx - x A)) ={we€Dr|w(ty) € Aj,j=0,1,...,n}.

Recall that the family of cylinder sets is denoted by Azy. We also note that o(Ar) = Br.
Let

ma(A) = 2Fte20 Z /IEQIE ]lA<I> %), (¢ )e—gfitW(é.?)ds} du(z). (3.13)

a€Zs
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Since 103 is a finitely additive family of sets, we define the finitely additive set function v on
(D, B) by v(A) = my(A) for A € 7, (By).
Lemma 3.8 v is well defined, i.e., my(A) = m(A) for A € 7, (B;) € 77*(Bs).

Proof: Notice that m, o7, ' and m, o, ! are probability measures on (D;, B;). We compute
finite dimensional distributions of m, o, ' and msom, ', Let A = {to,t1,...,tn} C [~1, 1] C
[—s,5]. Since e"t®, = ®, for any r > 0, we have by (4.4),

my o, (CMAg x - An)
n t PYAN
2Et 2At Z/ (H ) dft)q,g(qtﬁ)e*gf_t W(gs )ds d,u(a:)
QEZs Jj=0

= ( 7(t0+t)L(I)g7 Ty, e —(t1— to)EﬂAl et 1)L]1 (tft,,,)f/q)g)
= ((Pg7 ﬂAoei(tlitO)L]lAl e ef(tnful—l)L]IA"(I)g)

— (6_(t0"'«9)[_‘(1)g7 ﬂAoe—(tl—to)EﬂAl . 6—(tn—tn—1)ff]1Ane—(s—tn)f,(bg)
=mgom H(CMAg x -+ x Ay)).

It is straightforward to see that the Kolmogorov consistency condition also holds true:

myom; ! (CEA’SI’“"S'"} <AO X oo X A, X HR)) =myom; H(CHMAg x --- x Ay)).

Let ma : [—t,{]* — R® be the projection such that for w € [—t,]%, maw = (w(ly), . .., w(tn)).
Thus by the Kolmogorov extension theorem there exists a unique probability measure m; on
([=t.t]*, o(A;)) such that

(T (Ag X - x Ay)) = my o HCHMAg X -+ x Ay)) (3.14)

for all A C [—t,t] with #A < co and A; € B(R). Since the extension is unique, m; o 7, * =
my. Similarly there exists a unique probability measure ms on ([—t,¢]*, o(A;)) such that
Mg © 77[1 = mg. Then mgo 7Tt_1 =m0 77,5_1 on B;, which implies the lemma. |

The first task is to extend v to a probability measure by the Hopf extension theorem.
Lemma 3.9 v can be uniquely extended to a probability measure 11, on (D, Bp).

Proof: Suppose that F, EZOS such that E, D E, D ... and lim, , v(E,) = « > 0. Tt is
enough to show that (), E, # 0 by the Hopf extension theorem. Let E = mp Y(I) with
E! € Br,. We can assume that 7,, < T),11 <— oo. Let upr = vo ﬂ; be a probability
measure on Dr. Since Dr is a Polish space, pr is regular, i.e., for A € Br and ¢ > 0 there
exist a compact set K and an open set O in Dy such that K € A C O and ur(O\ K) < e.
There exists a compact set K/, C Dy, such that ur, (E, \ K) < a/2". Let K,, = 7. (K}),
Dy =iy Kj and D = (2, D,. Since D C 1, By, it is enough to show that D # (). We
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see that

v(E,) —v(Dy) <v(E,\ Dy)
= v(Uj_ B, \ K;) = v(mg! Uiy B\ K)) = pr, (U, B\ K7)

n

= pm, (B, \ K)) <> pr (Bj\ K) <> a2,

j=1 j=1 j=1
Then 0 < v(D,,) and we see that D,, # 0. Let f,, € D, i.e., f, € ﬂ;’zl K;. Thus
fn € K, for any n > (.

Let ¢ = 1. Then np,(f,) € Kj for any n > 1. Taking a subsequence n’, we see that
limy oo 71, (frr) = by € K7 exists. Let £ = 2. Then np,(fy) € K} for any n’ > 2. Take
a subsequence n” of n' again, then lim, o 77, (for) = he € K} exists. Proceeding this
procedure, we can obtain a subsequence {m} that lim,, . 77,(fn) = he € Kj exists for
any €. Let g, = ’/Til(hg) € Ly. Define g € D by g(x) = gi(z) for x € [-Ty, Ty]. By the
construction this is well defined, i.e., go(z) = goy1(2) for z € [T}, T;]. We see that g € D
and D # 0. n

For probability measures I and I, on (D, Bp) in order to show that TIp(A) — T (A)

for every A € 1037 we define the finitely additive set function p on (Dr, l%’T) Let 17 = e TL1
for t > 0. Then s-limy_, Iy = @, and ||17||? = 2e* £ Zy. The finitely additive set function

pr on (Dr, Z%T) is defined by

1 . . ot 2V ds
pr(a) = ¥t s 57 [ e (Moo @)@ )e O dute) (315
R

Q€Zy

for A € m;'(B;) but ¢t < T. The right-hand side of (3.15) is denoted by Mz (A).
Lemma 3.10 pr is well defined, i.e, My (A) = My o(A) for A€ n; ' (By) € n74(B,).
Proof: This is shown in a similar manner to Lemma 3.8. Let
Mr(A) = e2Bte2tn Z / %E}% []IA]lT—t(Cfét)]lT_t((th)e*gfit W(éf)ds} dp(z).
aezy R

Then My om; * and My jomr; ! are probability measures on (Dy, B;). Let A = {to, t1,...,t,} C
[—t,t] C [—s,s]. We have by (4.4),

]\JTﬂg o W;l(Cé\(AO X oo X An))

. A R R ot NP
= 2Pte2ht Z /R]E%IElﬁ l(H 14, (Tt7)> Ny (§2) Iy (7 )e 9= @1 ] dp(z)

QE€Zs 7=0
- (e—(to+t)L]1T_t7 ﬂAoe—(tl—to)L]lAl o e—(tn—tn,l)L]lAne—(t—tn)L]lT_t)
_ (6_(t0+s)L]1T,s, ]lee—(tl—tg)L]lAl . 6_(tn_tn71>L]1An€_(s_tn)L]1T,s)

= Mpgom {(CMAg x --- x Ay)).
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It is straightforward to see that the Kolmogorov consistency condition also holds true:
Mrpsom,? (Ct{A’Sl""’s’"} (AO X oo X Ay X HR)) = Mrp;om H(CHMAg x --- x Ay)).

Thus by the Kolmogorov extension theorem there exists a unique probability measure ]\7[T,t
n ([—t, %, o(A;)) such that

My (Ag x -+ x Ay)) = Mpyom W (CMAg x --- x Ay)) (3.16)

for all A C [T, T] with #A < oo and A; € B(R). Since the extension is unique, My om, ' =
My Similarly there exists a unique probability measure My on ([, (]*, o(A;)) such that
Mr o ﬂ[l = Mg s. Then My 0 7r[1 = Myp, 0 w[l on B;, which implies the lemma. |

We shall show that pp = Il on ZOST for any T" > 0.

Lemma 3.11 We have pr = Il on %T.

Proof: Let ¢ < T. It is enough to show that II7(A) = pr(A) for A € m, }(B;). Let A =
{to,t1,...stn} C[~t,t] C[-T,T) and Ag x --- x A, € B(R). We have

n

1 1 ~ g2 T T
HT 07'[';1(0?(/10 X - X An)) = ZQQTA§ Z ]Egz l(H IlAj (ﬂ;)) e? fﬁTdtf?T ClSVVA(t,S)‘| )

Q€Zy j=0

(3.17)
prom (OMAgx -+ x A,))

1 O T - 7~ ~ ~ —g [t 62 )ds
= e2Et62At”ﬂT”2 Z /REQEF’ l(H 1L, (ﬂ;)) ﬂTft(qft)]let(th)e 95 Wiad ] dp(z).

a€Zs J=0
(3.18)
By (4.4) we see that
(317) = ||]11||2(]L e_(toJrT)LﬂAUe—(ﬁ—to)L]lAl . ﬂAne_(T_t”)Lﬂ)
T
o2Et
= ||I[T||2 (ﬂTfh 6—(t0+t)LﬂAoe—(tl—to)LﬂAl L. ﬂAne_(t_tn)LﬂTft) _ (318)
Then we have
o Y(CMAg x -+ x Ap)) = prom {CMAg x --- x Ay)). (3.19)

Since both sides of (3.19) satisfy the Kolmogorov consistency condition, there exists a unique
probability measure p on (Dr, B;) such that

M(’/’I‘Xl(Ao X X An)) = HTOﬂt_l(CtA(flo X X An)) = pTOTFt_l(CtA(AO X X An))
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Iyom; ! and ppow; * are probability measures on (Dy, B;), and Ipom, H(CA(Agx---x A,)) =
Hyom H(my'(Agx -+ x A,)) = prom, {(CAMAgx -+~ x A,)) = prom, Hmy (Ag X -+ x Ay)).
Since the extension is unique, Iz o 7, ' = = pr o7, * on (Dy, By) follows. |

The following proposition is shown for spin boson model in [5, Theorem 3.8] and for rela-
tivistic Pauli-Fierz model in [6, Lemma 7.6], and the proof for the quantum Rabi Hamiltonian
is a minor modification of [5, 6].

Proposition 3.12 There exists a probability measure Iy, on (D, Bp) such that

lim TIp(A) = I.(A) A€B.

T—o00
Proof: By s-limp_, Iy = ®, we obtain that s-limp_o lp—y = @, and limp,o |17 = 1.
Then for each a € Zy, (Ip—/||17[|)(-,0) = @g(-,0) as T — oo in L*(R,dp). Let & = HTﬁ

Note that @, & € L>(Zy x R). Let A € 7, (B;). Then IIp(A) = pr(A) by Lemma 3.11
and v(A) = T (A) by Lemma 3.8. We have

Ir(A) — () = pr(A) — v(A)
2Bt 200 Z]Ea {JIA/]E; [( A A)Cb (Qt ) — @gT(qAét)q)gT(thA» efgfftW(é.?)ds} d,u(x)] .

Q€L
Then
) . ) . R e "
Ep [ (Dg(qét)q)g(qt&) - (PgT(qét)(Dg(th)’ =9/ W(gs)d ] du(x)
R
< El% H(I) AA (pT(AA)lq) (qt )‘ —gf_ w(gs ds:| d/.L( )

+

t ~N
(0721 @) - @F(a)| o] dp(a).

ali

/
[

We estimate [, EZ { Dg(45) — DT (G5)|P4(d7)

we have

e 9 Sl W ds] dp(x). By the shift invariance

[ 25 [J@uat) - aT@ )| e ] dce)

LG RATIE|IX
R

By the Schwarz inequality we also have

< ( / |@4(do) —¢§<4§>|2du<x)>1/2< / Ep U@ ar)

Since by Lemma 3.4,

9l W(é?)ds} du(z).

} dﬂ(:v))l/z(E% [efzg,fgtW(qu)ds])yz.

o (2t Al Y (=742 5, 1o
ES [e 29 [3* W (4 )ds] < eloli=e)lal yo? f3 2t-yPdy
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we have

[ [ - aTGED )] dute)

= (/'q) (@§)I2du(w)>l/2 </Re-"'(1—6‘2%du(x)>1/2,

Here we employed that @, € L>(Zy X R). Since [, |(I)g((§0A) - @g((joA)Pd,u(x) —0asT — oo,
N ~ . ot 8 ds
/El% H‘I)g((ft) - @gT(qet)@g(th)‘ g9 /= Wia)d } du(z) =0
R
as T — oo. Similarly we can also show that
~ ~ . ot 2ds
[ B8 (001 4(2) - @1)] eI duta) > 0
R

as T — oo. Then the proof is complete. |

The sequence of probability measures (II7)7q is said to locally converge to the probability
measure Il whenever limg_, ITp(A) = I (A) for all A € m;*(B,) and for all £ > 0.

Corollary 3.13 Let f be a B;-measurable and bounded function. Then
lim ]EHT [f] = EHOO [ﬂ
T—o0

Proof: It is enough to show the corollary for a nonnegative function f. Since f is bounded
and B;-measurable, there exists a sequence { f,,} such that lim,, o sup,ep | fu(z)— f(z)| = 0.
Here f,, is of the form f, = Z;n,l a;jlly, with A; € By and a; > 0. Let € > 0 be arbitrary.
We assume that sup,cp | fu(z) — f(2)] < e Then we see that

|EHT[f] - Enoo[f” < ]EHTHf - fn” + |]EHT[fTL] - El'loo[an +]EH0<>[|fTL - fH
<2+ |]EHT [fn] — Err, [fn]'

and from Proposition 3.12 it follows that limy_, [En,.[f] — En.[f]| < 2¢. Then the corollary
follows. n

4 Expectations by Il

In this section we give some examples of application of II,,. These examples are one mode
versions of the spin boson model [10, 5]. Then we show only outlines of proofs.
4.1 Number operator b'b

Theorem 4.1 Let 8 € C. Then
<65Mb> = En_ |:efgz(17eﬁ)fgoc Jo WA(s,r)dsdT} 7 (41)

=3 ([ [T weteoar) | 42

=1



Here a;(m) = (—”1)1 lezl(—l)s(i) are the Stirling numbers. In particular ((b'b)™) < €29° — 1

for any m > 0.

Simple but non trivial application is as follows. We know that (o, ® (—1)"'"®) < 0 since the
parity of ®, is —1. As a corollary of Theorem 4.1 we can show that ((=1)P') > 0.

Corollary 4.2 We have
<<_]1)bTb> _ IEHQO [6725]2 ffoo fooc WA(S,'I')dsd'ri| > 0.

Proof: Put 8 = im in Theorem 4.1. Then the corollary follows. |

4.2 Gaussian functions

We construct a path integral representation of (e?’*).

Theorem 4.3 We have
. a2 5K
<€m> =e ™’ /4]Euoc [63 ] )

9 [T
K=—-—— T,e ¥lds.
V2 /_oo
Corollary 4.4 Let € C such that |8] < 1. Then

where

(o5 — ﬁmnm [eKﬂ} . (4.3)

In particular limgyy ||e%°/2®, || = co.

Proof: By Theorem 4.2 we see that

2,.2 1 ; 2 1 .2 22 : 2
(e a"/2y = TS /(@g,el’fﬁ%g)e*k Ak = T / e H ARy [P e R 2k
R R

2w

1 7k252/4 ikBK 7k2/2 :| 1 |: g2K2:|
=E — [e e PR e dk| = ———F e B2 |
e L/zw/R Itz ™

By an analytic continuation we obtain (4.3) for 5 € C such that || < 1. Then the corollary
follows. [ ]

4.3 Spin o,

Let L = L — E. Path integral representations of Euclidean Green functions by Lemma 3.2
can be rewritten as follows.

119
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Corollary 4.5 (1) Suppose that ¢,¢ € H and [; = [j(a,2z) € L¥(ZyxR) forj =0,1,...,n,
and 0 <ty <ty <...<t,<t. Then

(¢7 e—toifoe—(tl —to)ifle—(tz—tl)i . 6—(tn—tn,l)ane—(t—tn)Ew)

=eteft Y / EQE [q‘»@?)w(qf) (H f]-@ﬁ)) emo kWi ﬂ : (4.4)
R J=0

aEZo

(2) Suppose that g; = g;(a) € L®(2Z3) forj =0,1,....nand 0 <ty < t1 < ... < t, < t.
Then

(1, eftoligo(o.z)e*(tlfto)igl (O,Z)ef(tzfn)li . ef(tnftn,l)f/gn(az)ef(tftn)ﬁ]l)
=etef ) By [(H gjmj)) / B et W] du(l‘)] . (4.5)
QEZ2 7=0 R
Proof: (1) is a simple reworking of Lemma 3.2 and (2) is a special case of (1). |

One can see that the integrand in (4.5) is

K [c—gf(f W(a.?)ds} _ emo(fem e )e 2 [0 e Nasds| Py
by Lemma 3.4.

Theorem 4.6 We have <0zc"t’s|iaz> = Ep_, [Tth] for any L, s € R.

Proof: By Lemma 4.5 and a limiting argument, we see that

0,D,, e Mo, ®,) = lim ——— (0,17 g,eftioz]lT, 9
( g g) Tsoo HﬂTft/2||2( t/ t/ )
o2ET 2T {A 2T -
= lim ——— EX | T 2T 262 dethdSWA(t1S):| )
oo [Ag_ypa? &= Q772

Q€L

Then we have
[ Q2ET 2T A

(0.Dg, eftiazd)g) = lim

~ ~ 2 T
§ E() T_ T 6% f—T dtf,T dSWA(t,S):|
700 [ Lr—ypa||* || Lr[|? @ { K

s

T - g2 T T . .
172 Eg |:Tt/2Tt/2@2 S dt [ de WA(t»‘):|
= lim

= B, [T1/2T}/].
700 || Lr—y2? Eg [e§ ffTTdtffTTdsVVA(LS)} i [T-t/2Tiz]

Hence for ¢t > s,

(0. Py, e_(t_S)Eo'zq)g) = En, [T—(t—s)/QT(t—s)/z} = B, [1171%]
by the shift invariance. |
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