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1 Quantum Rabi model 

This is the joint work with Tomoyuki Shirai and a review of [8]. The quantum Rabi model 
describes a two-level atom coupled to a single mode photon by the dipole interaction term. 
The single photon is represented by the lD harmonic oscillator. Suppose that the eigenvalues 
of the two-level atom is { -!:::., !:::. }. Here !:::. > 0 is a constant. Let O"x, O"y and O"z be the 2 x 2 
Pauli matrices: 

Then the Hamiltonian of the two-level atom is represented by 60" z. On the other hand let a 
and at be the annihilation operator and the creation operator in L2(~), respectively. They 
are given by 

They satisfy the canonical commutation relation [a, at] = Il, and a* = at, where a* denotes 
the adjoint of a. The harmonic oscillator is given by at a, i.e., 

1 d2 1 1 
ata = --- + -x2 

2 dx2 2 2 

The harmonic oscillator ata is self-adjoint on D(a~2) n D(x2 ) and the spectrum of ata is 
spec( at a) = N U { 0}. The quantum Rabi Hamiltonian is defined as a self-adjoint operator 
on the tensor product Hilbert space c2 ® L2(~) by 

K = f:::.O"z ® Il + Il ® ata + gO"x ®(a+ at). 

Here g E ~ stands for a coupling constant. It can be seen that K has the parity symmetry: 
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The parity symmetry is also referred to as Zrsymmetry. We discuss measures associated 
with the ground state of the quantum Rabi Hamiltonian. The quantum Rabi model can be 
regarded as the one mode version of the spin-boson model in quantum field theory. In [5] 
the path measure associated with the ground state of the spin-boson model is discussed. In 
this note we also show the existence of the measure 1100 associated with the ground state <I>g 

of the quantum Rabi Hamiltonian. Then under some condition we can see that 

for some observable O with a function fo-

2 Probabilistic preparation 

2.1 Unitary transformations 

In this section we define a self-adjoint operators L. Let a= (ax, ay, az)- The rotation group 
in JR.3 has an adjoint representation on su(2). Let n E JR.3 be a unit vector and 0 E [0, 27r). 
Thus eCil2)0n·a(x - a)e-(i/2)0n·a = Rx• a, where R denotes the 3 x 3 matrix representing the 
rotation around n by an angle 0. In particular for n = (0, 1, 0) and 0 = 7r /2, we have 
Uaxu- 1 = az and Uazu- 1 = -ax, where 

(2.1) 

Then 

( 
1 d 2 1 2 y2 1 /\ ) 1 --- + -x - gx - - -u UKU- = 2 dx2 2 2 

A 1 d 2 1 2 y2 1 ' -u --- + -x + 2gx - -
2 dx2 2 2 

Let us define the unitary operator S9 . Let p = -id: and F denotes the Fourier transform 
on L2 (1R.). Then S9 is defined by 

(2.2) 

Let tpg be the normalized ground state of at a, i.e., at acpg = 0 and it is explicitly given by 

Since tpg is strictly positive, we can define the unitary operator U'Pg : L2 (1R.) ---+ L2 (JR., cp~dx) 
by 

(2.3) 

We set the probability measure cp~(x)dx on JR. by dµ, i.e., 
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Define 
1i = c2 0 L2 (1R, dµ). 

Let U = U'PgU. We define the self-adjoint operator L by 

L = UKU- 1 = -La-x 0 Il + ga-z 0 (bt + b) + Il 0 btb 

- 2 dx2 dx 2 _ V L, ( - ! ..!!:... + x..!!.. 0 ) (- 12gx L ) 
- ld d A Ir, • 

Q -2dx2+Xdx Ll y2gx 
(2.4) 

Here b and bt are the annihilation operator and the creation operator in L2 (1R, dµ), which 
are defined by cptaijcpg = bij. It is actually given by 

b =a+~' bt = at - ~-

2.2 Ornstein-Uhrenbeck process 

Let (Xt)t?:O be the Ornstein-Uhrenbeck process on a probability space 

We see that px(X0 = x) = I and 

Here lEp [·••]denotes the expectation with respect to the probability measure px. Leth= btb. 
The generator of Xt is given by - h and 

(2.5) 

It is well known that the Ornstein-Uhrenbeck process can be represented by ID-Brownian 
motion. Let (Bt)t>o be ID-Brownian motion starting from x at t = 0 on a probability 

space (X, Bx, W 0).-The distributions of Xs under px and e-s ( x + ✓-2Be2s_1 ) under W 0 are 

identical. We denote this as 

(2.6) 

We can compute the density function Kt of Xt as 

where 

(2.7) 
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The Mehler kernel Mt is defined by 

M (x ) = rpg(x)"' ( x) = 1 ex (-! (1 + e-2t)(x2 + y2) - 4xye-t) . 

t 'y rpg(Y) t Y, ✓1r(l - e-2t) p 2 1 - e-2t 

For the later use we extend the Ornstein-Uhrenbeck process (Xt)t>O to the Ornstein­
Uhrenbeck process (.Xt)tEIR on the whole real line on the probability spa~e (X, Bx, px). Here 
X = X X X, Bx = Bx X Bx and px = px 0 px. Define for w = ( W1, w2) E X X X 

(2.8) 

Then Xt and X_s for any s, t > 0 are independent. We also see that 

for any O :S s '.S t. 

2.3 Spin process 

In order to show the spin part by a path measure we introduce a Poisson process. Let (Nt)t>o 
be a Poisson process on a probability space 

(Y,By,11) 

with the unit intensity, i.e., 

Note that Nt is a nonnegative integer-valued random process, N0 = 0 and t c-+ Nt is not 
decreasing. Furthermore t c-+ Nt is right continuous and its left limit exists ( cadlag). Let 

Introducing the norm on IC2 by (u,v)c2 = Z::7=1 uivi, we identify IC2 ~ L2 (7L2 ) by IC2 3 u = 

( ~~) ~ u(a) with u(+l) = u1 and u(-1) = u2 • Note that 

(u, v)c2 = (u, v)L2(z2)-

Under this identification ax, ay and az are represented as the operators Ux, Uy and Uz, re­
spectively on L2 (7L2 ) by 
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We define 
St= (-l)N'a, a E Z2, 

Here (St)t>o is a dichotomous process which is referred to as a spin process in this note. Let 
a F = ½ ( a z-+ ia y) ( a z - ia y) = -ax + 11 be the fermionic harmonic oscillator. Then it is known 

that for u, v E C2, ( u, e-taFv )rc2 = I:aEz2 lErr[u(So)v(St)]. Hence 

(u, etaxv)c2 = et L lErr[u(So)v(St)]. (2.11) 
aEZ2 

We also extend the Poisson process (Nt)c:,_o to the Poisson process (Nt)tER on the whole real 
line on a probability space (Y, By, fi), where J) = Y x Y, By = By x By and fi = II® II. 
Let (Nt)t-;,_o be a Poisson process on (Y, By, II) such that t f-t Nt is left continuous and its 
right limit exists ( caglad). Define for w = ( w1 , w2 ) E Y x Y, 

Then JR 3 t f-t Nt is a cadlag path. Note that Nt is independent of N_s for any s, t > 0. We 
define 

St= (-1)1Y'a, a E Z2. 

By the shift invariance of Ss [9, Proposition 3.44] we can see that for u, v E C2 , 

for any 0 ::; s ::; t. 

3 Path measure associated with the ground state 

In this section we construct the path measure associated with the ground state of the quan­
tum Rabi model. We recall that L = -6.ax ® 11 + 11 ® btb + gaz ® (b + bt). Let 4>g be the 
ground state of L such that 

L4>g = E4>g 

with E = inf spec(L). It is shown that 4>g > 0 in [4] under the identification (3.1). Hence 
(11, 4>g)H =J 0. Then 

Let us set 
(0) = (4>g, O4>g)H 

for a bounded operator O. Then we have 
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The right-hand side can be represented in terms of Feynman-Kac formula, and under some 
condition we can also see that 

with some probability measure II= and a function f 0 . The probability measure II= is 
referred to as the path measure associated with the ground state <I>g. The similar results are 
investigated in models in quantum field theory [10, 1, 5, 6, 7], but as far as we know there 
is no example in quantum mechanics. 

3.1 Feynman-Kac formula 

Combining (2.5) and (2.11) we can represent(¢, e-tH'ljJ) by a path measure. Let 

be the (z2 x JR)-valued random process on the probability space (X@ Y, Bx@ By, px@ II). 
We introduce the identification: 

(3.1) 

by 

Here Daf3 = { ~ ~ # i . We use identification (3.1) without notices unless no confusion 

arises. Let W : Z2 x JR -+ JR be defined by 

W(o:, x) = V2o:x. 

Thus W(qs-) = -,/2S8 _X8 • The Poisson integral J;+ W(qs_)dNs is a random process on the 
probability space (X@ Y, Bx@ By, px@ II), which is defined by 

Lemma 3.1 Let¢, 'ljJ E 1i. Then under the identification (3.2), it follows that 

(3.3) 
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Proof: We refer the reader to [8]. ■ 

Lemma 3.1 can be extended to the path integral representations of Euclidean Green 
functions. Leth= -ti/2 and (Bt)c>_O be 1D Brownian motion on (X, Bx, wx). Suppose that 
0 <to< t1 < ... < tn. Let c{to,ti, ••• ,tn}(Ao X ••• xAn) = {w EX I w(tj) E Aj,] = 0, 1, ... ,n} 
be a cylinder set. Then it is known that 

We know furthermore that for f, g E L2 (1R.), 

Lemma 3.2 Let fJ = !J(a, x) be bounded function on Z2 x JR. for j = 0, 1, ... , n. Suppose 

that O < to < t1 < ... < tn. Then 

( <p, e-toL foe-(t1 -to)L Ji e-(t2-t1)L ... e-(tn-tn-1)L fne-(t-tn)L'l/J) 

~ 2e'E [ ¢( q0 )'P ( q,) (D J;( q,,)) e -di w(,,)a,] . 

Proof: Denote the natural filtrations of (Nt)t>o and (Xt)t>o by /4 = a(Nr,0::; r::; s) and 
- -

.As = a(Xr, 0 ::; r ::; s), respectively. The Markov properties of (Nt)t>o and (Xt)t>o yield 
- -

that 

( e-sL f e-tL</J) (a, x) 

= es+tErrEp [e-gI;W(qr)drf(qs)E~sE:s [e-gitW(qr)dr</J(qt)]] 

= es+tErrEp [ e-g I; W(qr)dr f (qs)ErrEp [ e-g It W(qr+s)dr </J(qt+s) I /4 X .As]] 

= es+tErrEp [ e-g I; W(qr)dr f (qs)e-g It W(qr+s)dr </J(qt+s)] 

= es+tErrEp [e-gI;+'W(qr)dr f(qs)</J(qt+s)] . 

Repeating these procedures we have the lemma. 

3.2 Probability measure II00 associated with the ground state 

We set Ts= SL::,.s and q;' = (Ts, Xs)- We assume that 6 > 0 in what follows. 

Lemma 3.3 Let ¢, 'ljJ E 1i. Then 

■ 

(¢,e-tL'ljJ) = ei::,.t L 1 ErrEp [¢(q&')'l/J(q;')e-9 ItW(q;'lds] dµ(x). (3.4) 
aEZ2 JR 
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Proof: Since 
1 - 1 t g t 
L,.L--o-x®Il+Il® L,.bb+ L,.Uz®(b +b), 

the Feynman-Kac formula (3.3) yields that 

(¢,e-t£¢) = (¢,e-f'..t-t;L¢) = e6 t L 1 lErrlEi [¢(So,Xo)7/J(S6 t,Xt)e-tfa"''v'2SsXs;,;ds] dµ(x). 
aEZ2 II!. 

By the change of variable s to 6s in -!_ J0
6 t \/'2SsXs/f'..ds, we see (3.4). ■ 

For the later use we have a technical lemma below. 

Lemma 3.4 We have 

In particular 

Proof: We have 

]Ei [e-gftW(q;')ds] = ]E~ [e-gfte-s(x+ )s-Be2s_1)(-l)N"" 8 ds] 

= e-g(Jte- 8 (-l)N68 ds)x]E~ [e-gft B(l-e-2S)/2(-l)N6sds] 

= e-g(Jt e-s (-l)N L'.sds )x e f II It ll(l-e-2S)/2(·)(-l)N 6sds11:2(R). 

Then the lemma is proven. ■ 

Now we extend (Tt)t?.O to the process on the whole real line. Let 

Tt = (-1)1Y"''a t ER 

We can realize (Tt)tER as a coordinate process as usual. Let 'D = D(lR) be the space of cadlag 
paths on JR. There exists a topology d0 on 'D such that (D, d0 ) is a separable and complete 
metric space (e.g. [3, Section 3.5] and [2, Section 16]). Let Bv be the Borel sigma-field of 
'D. Thus 

f. : (.Y, By, fi) --+ ('D, Bv) 

is an 'D-valued random variable. We denote its image measure on ('D, Bv) by Q°', i.e., 
Q°'(A) = fi(f.-1 (A)) for A E Bv, and the coordinate process on (7J, Bv) by the same symbol 
(Tt)t>o, i.e., Tt(w) = w(t) for w E 'D. Let 7rA : 'D --+ JRA be the projection defined by 
7rA(w) = (w(to), ... ,w(tn)) for w E 'D and A= {to, ... , tn}- Then 

A= {nA1(E) I AC JR, #A< oo, EE B(lRA)} 

is the family of cylinder sets. It is known that the sigma-field generated by cylinder sets 
coincides with Bv. Moreover let 1JT = D([-T, Tl) be the space of cadlag paths on [-T, T] 
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and 7rr: D--+ Dr be the projection defined by 1rrw = w11-r,r]- Let Br be the Borel sigma­
field of Dr. Let 7rA: Dr--+ ffi.A be the projection defined by 7rA(w) = (w(t0), ... ,w(tn)) for 
w E Dr and A= {t0, ... , tn}- Note that we use the same notation 7r as the projection from 
D to ffi.A_ Then 

is the family of cylinder sets. We set 

Er= LJ 1r;1(Bs)-
O:Ss:sr 

It is also seen that the sigma-field generated by E (resp. Er) coincides with Bv (resp. Br). 
Together with them we have 

0 0 

Bv = o-(A) = o-(B), Br= o-(Ar) = o-(Br)- (3.5) 

Hence (3.3) can be reformulated in terms of the coordinate process (Tt)t>o on (D, Bv, Q<>) 

instead of (.Y, By, IT) as 

(¢,e-tL'lj;) = e6 t L 1 EqEp [¢(qf)e-gfiw(q;')ds'lj;(qf')] dµ(x). (3.6) 
<>EZ2 JR 

Here 
At::,. A A 

qs = (Ts, Xs) S E JR, 

where Xt is the Ornstein-Uhlenbeck process on the whole real line. The advantage of (3.4) 
is that t::,N, disappears. t::,N, is not shift invariant but Ts in (3.4) is shift invariant. Then 

L 1 EqEp [¢(qf)e-gfiW(q;')ds'lj;(qf')] dµ(x) 
<>EZ2 JR 

= L 1 EqEp [¢(q:'r)e-gfiW(qf'_r)ds'lj;(qf:.r)] dµ(x) 
aEZ2 I!. 

for any O ::; r ::; t. Let 

W (t ) rr rr -lt-sl 
t::,. ,s = _q1 8 e . (3.7) 

Lemma 3.5 We have 

(11,e-tLll) = 2e6 tEq [exp (~2 fot ds 1t drWt::,.(s,r))]. 

Proof: By the Feynman-Kac formula given by (3.4) and inserting (2.6), we can see that 

(11, e-tL11) = e!::,.t L Eq [Ei [e-gfiTse-•Be2s_1ds] 1 e-(v'2gfiTse-•ds)xdµ(x)] 
<>EZ2 I!. 
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Since 

]Ei [e-gf;Tse-sBe2s_,ds] = exp ( ~21t ds 1t drTs'I're-(s+r)(e2(s/\r) - 1)) 

J. e-( ,r,, fo T,,-,,, l•dµ(x) ~ e,xp { ·~ (l T,e-'ds) '} • 

we obtain that 

Hence the lemma follows. ■ 

Remark 3.6 (1) Since W 6 (s, r) is independent of a, lEq [exp ( f 1; ds 1; drW6 (s, r))] is 

also independent of a. 
(2) By the shift invariance of Ts we can also see that 

for any O :S u :S t. Thus we see that 

(e-tLn,e-tLn) = 2e26t1Eq [exp (~212t ds 12t drWds,r))] 

= 2e26t1Eq [exp (~
2 
[t/s [t/rW6 (s,r))]. 

Lemma 3. 7 Let (3 > 0. Then 

(e-tL]_, e-,Bblbe-tL]_) 

= 2e26t1Eq [exp (~
2 

[tt[tt W 6 (s,r)dsdr -g2(1- e-,B) 1:1t W 6 (s,r)dsdr)]. 

Proof: Since 

(¢,e-,Bblb'l/J) = L 1 ¢(a,X0)1Ep['l/J(a,X,e)]dµ(x), 
01EZ2 IR 

we see that 

(e-tLn, e-,Bb1be-tLn) = L 1 (e-tLil)(a, X0)1Ep[(e-t£Il)(a, X,e)]dµ(x). 
01EZ2 IR 

(3.8) 
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It is straightforward to compute (e-tLn)(o:, X 0 ) and (e-tLn)(o:, X 13 ). We have 

( e-tLll) ( a:, X 0 ) = e6.tlEqlEi [ e-v'2g Ii i'sX;ds] 

= e6.t]EQ [ e-y'2g Ii 'I'se-sdsxlE\\,, [ e-g Ii 'I'se-s Be2s_1 ds]] 
_ 6.t]Ea [ -y'2g J.t T8 e- 8 dsx a'3_ J.t ds J.t dr'I's'I're-(s+r)(e2(s/\r)_1)] -e Q e o e2 o o . 

The computation of lEi [(e-tLn)(o:, X 13 )] is more complicated than that of (e-tLn)(o:, X 0 ). 

We have 

]Ei [ ( e-tL ll) ( a:, X /3)] = e6.t]Ei [ lEq [ e-y'2g Ii T8 e- 8 dsXti e f I; ds I; dr'I's'I're-(s+r) (e2(s/\r) -1)]] . 

Inserting (2.6) to X 13 above again, we obtain that 

= eL,.tJE\\_, [ lEq [ e -v'2g Ii 'I'se-sdse-tl ( x+ )s-Be2tl _1) e ~ Ii ds Ii dr'I's'I're-(s+r) (e2(s/\r) - 1)]] 

= e6.t]EQ [ e-( v'2g Ii 'I'8 C 8 ds )e-tlx ef Ii ds Ii dr'I's'I're-(s+r)(1-e- 2tl) ef Ii ds I; dr'I's'I're-(s+r)(e2(s/\r)_l)] 

At [ -( ;,;2 rt r' -sd ) -ti • 2 rt d rt d r' r' -(s+r)(1 -2tl) • 2 rt d rt d y:' r' -(s+r) ( 2(s/\r) l)] ~ eL..::. IEQ e V£J9Jo s-tE s e xe2 Jo SJo r s-t r-te -e e2 Jo SJo r s-t r-te e - . 

In the last line above we shift 'I's by t. Since Tu for O :S u '.S t and 'I's-t for O :S s '.S t are 
independent, combining above computations, we have 

(e-tLll, e-J3btbe-tLll) 

= L e26.t 1 e-: lEq [e-(v'2gI;i'se- 8 ds)xe-(v'2gI;i's-te- 8 ds)e-tlxef I;dsI;drT8 Tre-(s+rl(e2(s/\r)_1) 

aEZ2 IR ft 

Xe2 Jo SJo r s-t r-tE -e e2 Jo SJo r s-t r-tE e - dx. g2 rt d rt d r' r' -(s+rl(l -2tl) g2 rt d rt d r' r' -(s+r) ( 2(s/\r) l)] 
(3.9) 

Terms dependent on x on the exponent above can be computed as 

The first term on the right-hand side can be integrated with respect to dx as 

- e - X v'2 Jo se s v'2e Jo s-te s dx = 1. 1 1 ( +_J/.._ rtr' -sd +_J/.._ -/3 rtr' -sd )2 

ft lR 
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The second term on the right-hand side can be computed as 

Terms independent of x on (3.9) are 

lat ds lat Ts'I're-(s+rl(e2<sl\r) - l)dr + lat ds lat I's-t'Tr-te-(s+rl(l - e-2,B)dr 

+ lat ds lat I's-t'Tr-te-(s+rl(e2<sl\r) - l)dr. (3.11) 

Then the sum of (3.10) and (3.11) is 

(3.10) + (3.11) 

= lat ds lat I's-t'Tr-te-1s-rldr + lat ds lat I's'Tre-1s-rldr + 2e-,B lat lat I's-t'Tre-(s+r)dsdr 

= J0 ds J0 Ts'T're-1s-rldr + r ds t TsT're-1s-rldr + 2e-,B J0 rt TsTre-1s-rldsdr. 
-t -t lo lo -t lo 

• Jt Jt Jo Jo rt rt Jo rt By the tnck -t -t = -t -t + Jo Jo +2 -t Jo, we see that 

(3.10) + (3.11) = it ds it I's'Tre-1s-rldr - 2(1 - e-,a) 1° r Ts'I're-1s-rldsdr. 
-t -t -tlo 

Then the lemma follows. 

Define the probability measure IIr on (D, Bv) by 

■ 

IIr(A) = ;r ~e2r.6 L lEQ [ llAeu;. f_:rdtf_:rdsW"'(t,s)] , A E Bv, (3.12) 
0<EZ2 

where Zr= .!e2r.0, '\"' lE°' [e~ f_:r <ltf.:'rd8w"'(t,s)] is the normalizing constant Note that 2 L...,c,EZ2 Q ' 

pair interaction W .0, ( t, s) is independent of u and hence one can replace LaEz2 Eq with 
21Eq in (3.12). We also notice that 1 = ll<I>gll1 = La<EZ2 JR l<I>g(a,x)l 2dµ(x), 2 = 1111111 = 
LaEz2 JR dµ(x) and 2Zr = lle-TL11ll 2. 

Let Aj E B(ffi.) for j = 0, 1, ... , n and A= {t0 , t1, ... , tn} C [-T, T]. The cylinder set is 
defined by 

C~(Ao X .. • X An)= {w E Dr I w(tj) E Aj,] = 0, l, ... ,n}. 

Recall that the family of cylinder sets is denoted by Ar. We also note that CT(Ar) = Br. 
Let 

mt(A) = e2Ete2.6t L 1 lEqlEp [ llA<I>g(q:\)<I>g(q;")e-gf~, W(q;')ds] dµ(x). (3.13) 
0<EZ2 JR 
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Since B is a finitely additive family of sets, we define the finitely additive set function v on 

(IJ, B) by v(A) = mt(A) for A E 1r;1(Bt)-

Lemma 3.8 vis well defined, i.e., mt(A) = m 8 (A) for A E 1r;1(Bt) C 1r_;-1 (B8). 

Proof: Notice that mt o 1r;1 and m 8 o 1r;1 are probability measures on (Vt, Et)- We compute 
finite dimensional distributions of mt o 1r;1 and ms o 1r;1 . Let A = { t0 , t 1 , ... , tn} C [-t, t] C 

[-s, s]. Since e-rLqig = <I>g for any r 2:: 0, we have by (4.4), 

mt o 1r;1(Cf(Ao X • • • X An)) 

= e2Ete2/:,.t L 1 lEqlEi [(rr llA/i"tj)) <I>g({jf',t)<I>g({j;')e-gf~, W(q;')ds] dµ(x) 
aEZ2 IR J=O 

= (e-(to+t)L<l>g, llAoe-(t1-to)LnA1 ... e-(tn-tn-ilLnAne-(t-tn)Lqig) 

= ( <l>g, llAoe-(t1 -to)LnA1 ... e-(tn -tn-1)LnAn <I>g) 

= ( e-(to+s)L<I>g, llAoe-(t1 -to)LnAi ... e-(tn -tn-1)LnAn e-(s-tn)Lqig) 

= ms o n;1(Cf(Ao X • • • X An)). 

It is straightforward to see that the Kolmogorov consistency condition also holds true: 

Let 7rA: [-t,tJIR--+ ffi.A be the projection such that for w E [-t,t] 11\ 7rAW = (w(t0 ), ... ,w(tn)). 
Thus by the Kolmogorov extension theorem there exists a unique probability measure int on 
([-t, t]R, a-(At)) such that 

(3.14) 

for all A C [-t, t] with #A < oo and Aj E B(R). Since the extension is unique, mt o 1r;1 = 
int. Similarly there exists a unique probability measure ms on ([-t, t]R, a-(At)) such that 
ms o 1r;1 = ins. Then ms o 1r;1 = mt o 1r;1 on Et, which implies the lemma. ■ 

The first task is to extend v to a probability measure by the Hopf extension theorem. 

Lemma 3. 9 v can be uniquely extended to a pmbability measure lie)() on (V, Ev). 

0 

Proof: Suppose that En EB such that En ::) En+l ::) ... and limn--+oo v(En) = a > 0. It is 
enough to show that nn En -f= 0 by the Hopf extension theorem. Let En = 1rr:(E~) with 
E~ E Brn• We can assume that Tn < Tn+l <--+ oo. Let µr = v o 1rr1 be a probability 
measure on Vr. Since Vr is a Polish space, µr is regular, i.e., for A E Br and E > 0 there 
exist a compact set Kand an open set O in Vr such that KC AC O and µr(O \ K) < E. 

There exists a compact set K~ c Vrn such that µrn(E~ \ K~) < a/2n. Let Kn= 1rr:(K~), 
Dn = nJ=l KJ and D = n~=l Dn. Since D c nn En, it is enough to show that D -f= 0. We 
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see that 

a - v(Dn) ::; v(En) - v(Dn) ::; v(En \ Dn) 

= v(U'J=1En \ Kj) = v(1rr: U'J=1 E~ \Ki)= µrn(U'J=1E~ \ Ki) 
n n n 

j=l j=l j=l 

Then O < v(Dn) and we see that Dn c/- 0. Let fn E Dn, i.e., fn E n:i=l Kj. Thus 

fn E Ke for any n 2'. £. 

Let £ = 1. Then 7rr1 Un) E Kf for any n 2'. 1. Taking a subsequence n', we see that 
limn'--+oo 7rr1 Un') = h1 E Kf exists. Let £ = 2. Then 7rr2 Un') E K~ for any n' 2: 2. Take 
a subsequence n" of n' again, then limn"--+oo 1rrJJ n") = h2 E K~ exists. Proceeding this 
procedure, we can obtain a subsequence {m} that limm--+oo7rreUm) = he E K~ exists for 
any £. Let ge = 1rr/(he) E Le. Define g E 'D by g(x) = ge(x) for x E [-Te, Te]. By the 
construction this is well defined, i.e., ge(x) = 9e+i(x) for x E [-Te, Te]. We see that g E D 
and Di- 0. ■ 

For probability measures IIr and II00 on ('D, Ev) in order to show that IIr(A) ---+ II00 (A) 

for every A E B, we define the finitely additive set function Pr on ('Dr, Br). Let llr = e-TLn 
fort 2: 0. Then s-limr--+oo llr = <I>g and llllrll 2 = 2e2TEzr. The finitely additive set function 

Pr on ('Dr, Br) is defined by 

P (A)= e2Ete2t6_l_'"' 1]E0:JE'!' [n n (q'fc,)ll (q'fc,)e-gf~,W(q;')ds] dµ(x) 
T llll 112 L...., Q P A T-t -t T-t t 

T aEZ2 Ill. 

for A E 1rt1(Et) butt::; T. The right-hand side of (3.15) is denoted by Mr,t(A). 

Lemma 3.10 Pr is well defined, i.e, Mr,t(A) = Mr,s(A) for A E 7rt1(Et) C 1r;1 (Er)­

Proof: This is shown in a similar manner to Lemma 3.8. Let 

Mr,t(A) = e 2Ete2t6 L 1 lEqlEp [nAllr-t(q:\)llr-t(czf)e-gf~,W(q;')ds] dµ(x). 
o:EZ2 Ill. 

(3.15) 

Then Mr,t07rt1 and Mr,so1rt1 are probability measures on ('Dt, Et)- Let A= {to, t1, ... , tn} C 
[-t, t] C [-s, s]. We have by (4.4), 

Mr,t o 1rt1(Cf(Ao X • • • X An)) 

= e 2Ete26t L 1 lEqlEp [(fr nAj(Ttj)) llr-t(CZ::'t)llr-t(czf)e-gf~, W(q;")drl dµ(x) 
aEZ2 Ill. J=O 

= ( e-(to+t)Lllr-t, llAoe-(ti-to)LllA1 ... e-(tn-tn-1)LllAn e-(t-tn)Lllr-t) 

= (e-(t0+s)Ln ll e-(t1-to)Ln ... e-(tn-tn-1)Ln e-(s-tn)Ln ) T-s, Ao A1 An T-s 

= Mr,s O 'lrt1(cf(Ao X • • • X An)). 
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It is straightforward to see that the Kolmogorov consistency condition also holds true: 

Thus by the Kolmogorov extension theorem there exists a unique probability measure Mr,t 
on ([-t, t]lll., o-(At)) such that 

Mr,t(nA1(Ao X • • • X An))= Mr,t o 1r;1(Cf(Ao X • • • X An)) (3.16) 

for all AC [-T, T] with #A< oo and Aj E B(lR). Since the extension is unique, Mr,ton; 1 = 
Mr,t• Similarly there exists a unique probability measure Mr,s on ([-t, t]lll., o-(At)) such that 
Mr,s o 1r;1 = Mr,s- Then Mr,s o 1r;1 = Mr,t o 1r;1 on Bt, which implies the lemma. ■ 

0 

We shall show that Pr= Ilr on Br for any T > 0. 

0 

Lemma 3.11 We have PT= Ilr on Br. 

Proof: Let t :::; T. It is enough to show that Ilr(A) = pr(A) for A E 1r;1(Bt)- Let A = 
{t0 , t1, ... , tn} C [-t, t] C [-T, T] and A 0 x · · · x An E B(lRA). We have 

II O 7f-l(CA(A X ... X A )) = ~e2T6! ~ E" [(rrn] .(t)) e1 I!:rdtf!:rdsWL'.(t,s)] T t t O n z 2 ~ Q A1 t1 , 

T aEZ2 j=O 

(3.17) 

By ( 4.4) we see that 

(3 17) = _l_(] e-(to+T)L] e-(t1-to)L] ... ] e-(T-tn)L]) • ll]rll2 , Ao A1 An 

e2Et 
= --(] e-(to+t)L] e-(t1-to)L] ... ] e-(t-tn)L] ) = (3 18) ll]rll2 T-t, Ao A1 An T-t • • 

Then we have 

Since both sides of (3.19) satisfy the Kolmogorov consistency condition, there exists a unique 
probability measureµ on ('Dr, Bt) such that 
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IIT01r;1 and pTon;1 are probability measures on (Dt, Bt), and IITon;1(Cf(A0 x · · · x An))= 
ITT o 1r;1( ni1(Ao X • • • X An)) = PT o 1r;1( Cf (Ao X • • • X An)) = PT o 1r;1( ni1(Ao X • • • X An)). 
Since the extension is unique, ITT o 1r;1 =µ=PT o 1r;1 on (Dt, Bt) follows. ■ 

The following proposition is shown for spin boson model in [5, Theorem 3.8] and for rela­
tivistic Pauli-Fierz model in [6, Lemma 7.6], and the proof for the quantum Rabi Hamiltonian 
is a minor modification of [5, 6]. 

Proposition 3.12 There exists a probability measure II00 on (D, Bv) such that 

lim IIT(A) = II 00 (A) A EB . 
T-+oo 

Proof: By s- limT-+oo JIT = <I>g we obtain that s-limT-+oo JIT-t = <I>g and limT-+oo ll11TII = 1. 
Then for each a E Z2 , (IlT-t/llilTII)(·, a)--+ 'Pg(·, a) as T--+ oo in L2 (R, dµ). Let <I>f = ~;;11 . 

Note that <I>g, <I>f E L00 (Z2 x R). Let A E n;1 (Bt)- Then IIT(A) = PT(A) by Lemma 3.11 
and v(A) = II00 (A) by Lemma 3.8. We have 

IIT(A) - II00 (A) = PT(A) - v(A) 

= e2Ete26t L Eq [nA 1 Ep [ ( <I>g( q:'t)<I>g( qf) - <I>r ( q:"t)<I>r ( qf)) e-g J~, W(q;')ds] dµ(x )] . 
0<EZ2 IR 

Then 

1 Ep [l<I>g(CZ:'t)<I>g(qf) - <I>r(cz:"t)<I>r(qf)I e-gf~, W(q;')ds] dµ(x) 

:=; 1 Ep [I <I>g( cz:'t) - <I>r ( cz:"t) l<I>g(qf) 1 e-g J~, W(q;')ds J dµ(x) 

+ 1 Ep [1<I>r ( cz:'t) I I <I>g( qf) - <I>r ( qf) I e-g J~, W(q;')ds] dµ(x ). 

We estimate Jill. Ep [I <I>g( cz:'t) - <I>f ( cz:"t) l<I>g( qf) I e-g J~, W(q;')ds] dµ(x). By the shift invariance 

we have 

1 Ep [I ( <I>g( q:"t) - <I>r (q:"t) )<I>g( qf) I e-g J~, W(q;')ds] dµ(x) 

= 1 l<I>g( czt) - <I>r ( czt) IEp [I <I>g( q~) I e-g Jg' W(q;')ds] dµ(x). 

By the Schwarz inequality we also have 

Since by Lemma 3.4, 
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we have 

1 m:i [I ( <I>g( q::'t) - cl>~ ( q~t) )<I>g( q;') I e-g J~, W(q;')ds] dµ(x) 

:SC (1 l<I>g(qf)- cI>~(qf)l2dµ(x)) 1/2 (1 elgl(l-e-2')lxldµ(x)) 1/2 

Here we employed that <I>g E L 00 (Z2 x R). Since JJR l<I>g(qf)- cI>~(qf)l2dµ(x)--+ 0 as T--+ oo, 

1 Ep [l<I>g(q:\)- cI>~(g:\)l<I>g(q;')I e-gf~,W(q;')ds] dµ(x)--+ 0 

as T --+ oo. Similarly we can also show that 

1 Ep [l<I>~(q~t)I l<I>g(q;')- cI>~(qf)I e-gf~,W(q;')ds] dµ(x)--+ 0 

as T --+ oo. Then the proof is complete. ■ 

The sequence of probability measures (IIr )r>o is said to locally converge to the probability 
measure II00 whenever limr--,00 IIr(A) = II00 (A) for all A E 1r;:1(Bt) and for all t 2'.: 0. 

Corollary 3.13 Let f be a Brmeasurable and bounded function. Then 

lim ErrT [fl = Erroo [!]. 
T➔oo 

Proof: It is enough to show the corollary for a nonnegative function f. Since f is bounded 
and Brmeasurable, there exists a sequence Un} such that limn--+oo supxED lfn(x)- f(x)I = 0. 
Here fn is of the form fn = 2:;;:;1 aj]IAJ with Aj E Bt and aj > 0. Let E > 0 be arbitrary. 
We assume that supxED lfn(x) - f(x)I :SE. Then we see that 

IErrT [f] - Erroo [f] I :S ErrT [If - fnl] + IErrT [fn] - Enoo [fn] I + Erroo [lfn - fl] 

:S 2E + IErrT [f n] - Err00 [f n] I 

and from Proposition 3.12 it follows that limr--,00 IEnT [f] - Err00 [f] I :S 2E. Then the corollary 
follows. ■ 

4 Expectations by IT 00 

In this section we give some examples of application of II00 • These examples are one mode 
versions of the spin boson model [10, 5]. Then we show only outlines of proofs. 

4.1 Number operator btb 

Theorem 4.1 Let (3 E C. Then 

(ef3btb) = Erroo [e-g2(1-ei3)f~oofoooW,:,.(s,r)dsdr]' 

((1,11,im) ~ ta,(m)/1En~ [ (Lf Wds,r)dsdr)']. 

( 4.1) 

(4.2) 
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Here az(m) = (~~)! L~=l(-1)8(!) are the Stirling numbers. In particular ((btbr)::; e292 -1 
for any m ~ 0. 

Simple but non trivial application is as follows. We know that (ax 0 (-ntb) < 0 since the 
parity of <Pg is -1. As a corollary of Theorem 4.1 we can show that ((-ntb) > 0. 

Corollary 4.2 We have 

((-]tb) = lErroo [e-2g2 J~ 00 J0
00 WL>(s,r)dsdr] > 0. 

Proof: Put (3 = i1r in Theorem 4.1. Then the corollary follows. 

4.2 Gaussian functions 

We construct a path integral representation of (eif3x). 

Theorem 4.3 We have 

where 

Corollary 4.4 Let (3 E IC such that l/31 < 1. Then 

In particular lim13t1 llef3x2
/ 2cpgll 2 = oo. 

Proof: By Theorem 4.2 we see that 

■ 

(4.3) 

By an analytic continuation we obtain ( 4.3) for (3 E IC such that 1/31 < 1. Then the corollary 
follows. ■ 

4.3 Spin O'z 

Let L = L - E. Path integral representations of Euclidean Green functions by Lemma 3.2 
can be rewritten as follows. 
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Corollary 4.5 (1) Suppose that¢, 'ljJ E 'H, and fJ = fJ(a, x) E L00 (Z2 xlR.) for j = 0, 1, ... , n, 
and O < t 0 < t1 < ... < tn < t. Then 

( ¢, e-toL foe-(ti -to)L fie-(t,-t,)L . .. e-(tn-tn-1)L f ne-(t-tn)L'I/J) 

= elo.teEt L 1 lEqlEi [¢(qf)'I/J(q;') (frfJ(qt)) e-gJJW(q;')ds]. (4.4) 
aEZ2 IR J=O 

(2) Suppose that gj = gj(a) E L00 (Z2) for j = 0, 1, ... , n and 0 < t O < t1 < ... < tn < t. 

Then 

(Il, e-toL go( az)e-(t, -to)L gi ( az)e-(t,-t,)L . .. e-(tn-tn-1)L gn( az)e-(t-tn)L]) 

= e6 teEt L lEq [(frgj('i\i)) 1 lEi [e- 9 fJW(q;')ds] dµ(x)] . (4.5) 
aEZ2 J=O IR 

Proof: (1) is a simple reworking of Lemma 3.2 and (2) is a special case of (1). ■ 

One can see that the integrand in ( 4.5) is 

]Ei [ e-g JJ W(q;')ds] = e-g(JJ e-s(-l)N-"sds )xe f JJ1-e-2')/2IJ:(-l)N-"sdsl2 dy. 

by Lemma 3.4. 

Theorem 4.6 We have (aze-lt-siLaz) = lErr00 [T/fs] for any t, s E JR. 

Proof: By Lemma 4.5 and a limiting argument, we see that 

- 1 -
(az<I>g, e-tLaz'l)g) = lim II Il ll 2 (az]T-t/2, e-tLazllT-t/2) 

T-+oo T-t/2 

e2ET e2Tlo. [, , g2 r r ] = lim ---~ lE" T T.. eT LrdtJ_rdsW"'(t,s) 
II :n 112 ~ Q -t/2 t/2 • 

T-+oo T-t/2 aEZ2 

Hence fort> s, 

-(t-s)L , , , , 
(az<I>g, e az<I>g) = lErr00 [T-(t-s)/2T(t-s)/2] = lErr00 [TtTs] 

by the shift invariance. ■ 
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