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Abstract

For a smooth compact submanifold K of a Riemannian manifold (), its unit conormal bundle
Ak is a Legendrian submanifold of the unit cotangent bundle of ) with a canonical contact
structure. Using pseudo-holomorphic curve techniques, the Legendrian contact homology of Ax
is defined when, for instance, Q = R". In this paper, aiming at giving another description of this
homology, we define a graded R-algebra for any pair (@, K) with orientations from a perspective
of string topology and prove its invariance under smooth isotopies of K. The author conjectures
that it is isomorphic to the Legendrian contact homology of Ax with coefficients in R in all
degrees. This is a reformulation of a homology group, called string homology, introduced by
Cieliebak, Ekholm, Latschev and Ng when the codimension of K is 2, though the coefficient is
reduced from original Z[mi(Ag)] to R. We compute our invariant (i) in all degrees for specific
examples, and (ii) in the 0-th degree when the normal bundle of K is a trivial 2-plane bundle.
We also outline a strategy for the proof of the conjecture that our invariant is isomorphic to
the Legendrian contact homology of Ax with coefficients in R in all degrees.
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1 Introduction

Convention. Throughout this paper, all manifolds are of class C*° without boundary and
second countable, and all submanifolds are of class C°°° without boundary, unless otherwise
specified.

Backgrounds. Let @) be a manifold with a Riemannian metric, and K be a compact submani-
fold of . For any pair (@, K), one can associate the unit cotangent bundle UT*@ of @ and the
unit conormal bundle Ax of K. It is well-known that UT*(@ has a canonical contact structure
and Ag is a Legendrian submanifold of UT™*Q.

As an isotopy invariant for Legendrian submanifolds, the Legendrian contact homology has
been studied for pairs (M, A) of a contact manifold M and its compact Legendrain submanifold
A. Tt is the homology of a differential graded algebra generated by the set of Reeb chords
of A, and was introduced by Chekanov [6] and Eliashberg [I7]. The differential is defined by
using pseudo-holomorphic curves in the symplectization of M. A rigorous definition was given
by Ekholm, Etnyre, and Sullivan in [I1, [14] when there is a diffeomorphism from M to the
contactization of a Liouville manifold which preserves contact forms. As is mentioned in [14]
Section 5.1], this included the case of M = UT*R". (We remark that the definition of [I4] is
given by pseudo-holomorphic curves in the Liouville manifold. These curves can be lifted to
pseudo-holomorphic curves in the symplectization of M. See [10].)

Suppose conceptually that we have an algebraic invariant in symplectic or contact topology
defined by using pseudo-holomorphic curves, and apply it to an object related to the cotangent
bundle T*@Q. For instance, we consider the symplectic homology of T*@Q) or the wrapped Floer
homology of the conormal bundle Lg of K in T*(@). In such case, it is known by the following
results that these invariants have another view from the topology of the loop or path space of
@ without using pseudo-holomorphic curves (Here we assume that @) is a closed spin manifold
and all homology groups have the coefficients in Z.):

e The symplectic homology SH,(T*Q) of T*Q is isomorphic to the singular homology of
the free loop space of @ [2], 3] 30].

e The wrapped Floer homology W F,(Lk, L) of Lk is isomorphic to the singular homology
of the space of paths in @ with end points in K [I].

These results lead us to an expectation that if the Legendrian contact homology of a pair
(UT*Q, Ak) is defined, it has another description in terms of the topology of the path space of
. This expectation has already been confirmed in particular cases. When the codimension of
K is 2, Cieliebak, Ekholm, Latschev, and Ng defined in [9] a graded Z[m (A )]-algebra, called
string homology, which is inspired by string topology of the path space of ). They showed
that when @ is R? with the standard metric and K is a knot, the O-th degree part of the
string homology is isomorphic to the 0-th degree part of the fully non-commutative Legendrian
contact homology of (UT*R3, A) with coefficients in Z[m(Ax)]. However, such topological
descriptions have not yet been found in higher degrees or for K which is not a knot in R3

Main results. Let @ be an oriented manifold and K be its compact oriented submanifold of
codimension d > 1. The main purpose of this paper is to define a graded R-algebra H"8(Q, K)
and observe its basic properties. This graded R-algebra can be regarded as a reformulation of
the string homology of [9], whose coefficient is reduced from Z[m(Af)] to R. The feature of
our formulation is that H;""#(Q, K) is defined for K of an arbitrary codimension and in all
degrees, compared to the string homology defined for K of codimension 2 and generated by
singular chains of degree less than or equal to 2. The two main differences from the string
homology in its construction are the reduction of the coefficient and the substitution of singular
chains by de Rham chains explained below.



The construction of H"#(Q, K) can be summarized as follows: We first choose auxiliary
data including a complete Riemannian metric on Q). As a graded R-vector space, it is defined
to be

H™8(Q,K) = lim  lim  HZ"(e,0), (1)

a—0 (£,0)€Tq: €0

where H:%(e,0) for a € Ryo \ L(K) and (e,d) € T, is the homology of a chain complex

<Cf“(a) =P CE gy (B, 59, D5> . 2)

m=0
Let us give an explanation for each piece of the above definition:

1. CIR(X, A) is the R-vector space of de Rham chains defined for a pair of differentiable
spaces (X, A). Together with the boundary operator

0: CSR(Xa A) - CSE{I(XVA)’

(CIR(X, A), ) becomes a chain complex. de Rham chains can be used as substitutions of
singular chains over R. Their basic properties are summarized in Section[2 The advantage
is that the fiber product of de Rham chains can be defined in a natural way. The main
references are [23], 24].

2. For a € Ryg and m € Z>;, 3¢, is a differentiable space of sequences (71, ...,7m) of paths
Y1 [0,Tx] = @ (k= 1,...,m) with end points in K. It contains all (y;)g=1,. » whose
total length is less than a. For the precise definition, see Section Exceptionally, ¥§ is
the one point set for a > 0 and 3 is the empty set.

3. Ds is defined by

m

Ds(x) =0z + Y (=1)PTFHLf ()
k=1

for x € C;f”m(d_z)(ﬂﬁjms, 0 ). Here

frg: CIR(zatme 30y & OIR, (5 0E 50 ) (k=1,...,m)

are linear maps which play the key role in our construction. The idea comes from an
operation of string topology explained by three steps:

(i) Fix a pair of short paths (o;: [0,&;] = N¢)i=12 in a tubular neighborhood N; of K
such that o1(g1),02(0) € K and 01(0) = o2(e2).

(ii) For any sequence of m-paths (y;)k=1,. m, we split the k-th path ~;: [0,T}] — @ at
a time, say 7, if the image () coincides with 01(0). We then concatenate vyl
(resp. Vel 7)) with o1 (resp. o2) to get a new sequence of (m + 1)-paths

(s e=15 (Wl - 1), (02 Vel ) Vet 1o -5 Ym)-

(iii) We extend the procedures (i), (ii) for families (or de Rham chains) of paths param-
eterized over manifolds.

For the precise definition, we need to take fiber products of chains. See Section and
fr,s depends on a chain ¢ € C’g}i{d(S&), where S, for € > 0 is a differentiable space of
pairs of short paths in N, introduced in Section For a € Ryo \ L(K), where L(K)
is a closed subset of Lebesgue measure 0, a set 7, consisting of pairs (e, d) is defined in
Definition [£.4] It is necessary to prove Ds o Ds = 0 for any (e,6) € 7, in Proposition
to define the chain complex .



4. The inverse limit in is defined from an inverse system

({HS (8, 0) Y e0)eTn 1R ), (e.0) Fer<e)-

Its construction is given in Section To define the linear map k(. 5 (o 5): H (€', 0") —
H:%e,6), we need to factor through another homology group constructed from “[—1,1]-
modeled de Rham chains”. Furthermore, to check its well-definedness and a claim about
composition, we need one more homology group constructed from “[—1,1]%.-modeled de
Rham chains”. These variants of de Rham chains are introduced in Section 3.6l

5. The inverse limit is denoted by H:%(Q, K) = Hm__ o HZ%e,0). The direct limit in ([1f) is
defined from ({Hfa(Q,K)}a€R>O\E(K),{I“’b}agb), where 1% HZ(Q, K) — H(Q, K)
is induced by the inclusion maps $%™¢ — $0+me for all m € Z>. See Section

6. A graded associative product structure on H. fmng(Q, K) is induced by natural maps X%, x
DI yote o for all m,m’ € Z>q. The unit comes from 1 € R = CIR(xg %9 for a > 0.

See Subsection 4.4.21
A fundamental property of HS""® (Q, K) is the invariance by C'* isotopies of K.

Theorem 1.1. The isomorphism class of the unital graded R-algebra H:mng(Q, K) is indepen-
dent on auziliary data and invariant by changing the orientation of K. Moreover, it is invariant
under C* isotopies of K. (See Proposition|4.20.)

We also give non-trivial computations when Q = R2?~! for d > 2. For two specific subman-
ifolds in R2?~1, both of which are diffeomorphic to S%! U S9!, we prove that our invariant
is isomorphic to the homology of a finitely generated differential graded algebra. Using this
computation, we obtain the next result.

Theorem 1.2. For every d > 2, there are two non-isotopic oriented submanifolds K, K' in
R24=1 of codimension d such that A is isotopic to Agr in UT*R%~1 45 a C* submanifold
with a spin structure, while HS"™8(R24-1) K) 22 HE8(R24-1 K1) (See Corollary|5.10,)

The spin structure on A for any submanifold K in a spin manifold @ is explained in
Proposition [5.11}

Another purpose of this paper is to observe the relation to Legendrian contact homology.
The following result is non-trivial from the construction of Hftrmg(Q, K).

Theorem 1.3. When the codimension of K is 2 and the normal bundle of K is trivial,
H"™™8(Q, K) is isomorphic to the cord algebra of (Q, K) over R. (See Corollary|6.11).)

If K is connected, the cord algebra over R we consider in this paper is a reduction of the cord
algebra over Z[H(Ak)] defined by Ng in [27]. Combining with the result by Ekholm, Etnyre,
Ng, and Sullivan in [15], the cord algebra for a knot K in R? was proved to be isomorphic to
the 0-th degree part of the Legendrian contact homology of (UT*R?, Ax). Later, another direct
proof was given in [9].

The author makes the following conjecture when @ = R™. (The author expects that this
conjecture holds not only for Q = R™ but for more general Q.)

Conjecture 1.4. For any compact oriented submanifold K in R™, FString (R™, K) is isomorphic
to the Legendrian contact homology of (UT*R", A) with coefficients inR. (See Conjecture[7.5,)

The Legendrian contact homology with coefficients in R is an isotopy invariant of Legendrian
submanifolds with a spin structure[I3] [14]. If Conjecture is true, then our invariant can
be applied to study the contact topology of UT*R". For instance, assuming this conjecture,



Theorem would imply that Ag is not isotopic to Ags as a Legendrian submanifold with a
spin structure.

The author is working toward the proof of Conjecture [I.4] The idea toward the proof is
explained in Section [7]] The exposition is intuitive and not rigorous at many points, but the
author think that it convinces that the conjecture is reasonable. The outline is similar to [9].
To give the isomorphism of the conjecture, we observe moduli spaces of pseudo-holomorphic
curves with boundaries in Lx and R™. If n = 3 and K is a knot, these moduli spaces were
used in the proof of [9, Theorem 1.2]. The difference from [9] is that we will consider Kuranishi
structures on these moduli spaces in order to solve a problem about the transversality of the
fiber product of moduli spaces. In Section [7, we sketch how the moduli spaces with Kuranishi
structure are related to de Rham chains which are used to define H"™8(R", K'). The reference
of this idea is [24].

Future applications.
Let us mention to two possible applications of Conjecture [1.4

e Distinguishing unit conormal bundles modulo Legendrian isotopy: Let Ky and K; be
compact submanifolds of R". If Ky and K; are C* isotopic in R™, it is obvious that
Ak, is Legendrian isotopic to Ag, in UT*R". It is natural to ask whether the converse
is true. There are several preceding researches on this subject. Shende [29] and Ekholm-
Ng-Shende [18] observed the case where n = 3 and K is a knot or a link in R3. [29] used
the derived category of sheaves with microsupport contained in Lx UR? and [16] used
an enhanced version of the Legendrian contact homology of Ak, in order to show the
following: For any knots Ky and K; in R?, if A, is Legendrian isotopic to Ag, in U*R3,
then K is isotopic to either K7 or the mirror of Kj.

In higher dimensions, such a complete answer has not been discovered. Asplund [4]
observed higher dimensional cases by using wrapped Floer cohomology stopped by a unit
conormal bundle. From the example in [4] of submanifolds of S™ for n =5 or n > 7 and
a point xg € S™, we obtain examples of pairs of codimension 2 spheres in R"” 2 S™\ {z(}
for n = 5 or n > 7 whose unit conormal bundles are not Legendrian isotopic. If we find
a systematic way to compute H;"™8(R", K) for every K under certain conditions, this

would give a partial answer to the question.

e Application to clean Lagrangian intersections: Consider T*R? and identify the image
of the zero section with R3. In [28], the author considered clean intersections in 7T*R3
of R3 and an exact Lagrangian submanifold L along a knot K in R3. By using some
computations of the Legendrian contact homology of Ag via the cord algebra of K, we
can obtain constraints on the knot types of K under a specific condition on L. The
computations of H;"™8(R", K) will be used to extend this result to clean Lagrangian
intersections in T*R™ for n > 3.

Organization of paper.

In Section [2, general notions of a differentiable space and its de Rham chain complex are
introduced. In Section [3.2] the differentiable spaces X%, and S. are defined. Their de Rham
chain complexes are studied in Section Through Section and the operator fy s is
defined. In Section [—1, 1]-modeled and [—1, 1]2-modeled de Rham chains for path spaces are
introduced. In Section we define the chain complexes and give a couple of computations.
In Section 4.2, we consider their variants using those chains in Section|3.6} They are necessary to
define the map k(. 5) (-,5) in Section The definition of Hf:trmg(Q, K) is given in Section
The independence on auxiliary data is checked in Section from which the isotopy invariance
follows. In Section [5, we examine the algebraic structure of H;"™8(R2?~! K) when K is a



higher-dimensional generalization of the Hopf link or the unlink in R3. In Section refering
to [9], we define the cord algebra over R and its another description as the 0-th degree part of
the string homology. In Section we construct a graded map from the string homology to
HE™8(Q, K). In Section this map is proved to be an isomorphism on the 0-th degree part.
In Section we review the definition of Legendrian contact homology. In Section we
state Conjecture and Section is devoted to outline a strategy for proving the conjecture.

Acknowledgements. The author would like to express his deep gratitude to his supervisor
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Number JP23KJ1238. Part of this work was supported by the WINGS-FMSP program at the
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2 Differentiable space and de Rham chains

In this section, the notions of differentiable spaces and de Rham chains are introduced. We also
summarize results applied in the latter sections

Remark 2.1. The notion of differentiable space goes back to [7] by K.-T. Chen. The notion of
de Rham chains was proposed by Fukaya in [19], and later, Irie gave a definition in [23] 24]. We
mainly refer, especially about sign conventions, to [24]. As is mentioned in [23, Remark 4.1],

the definition of plots (elements of a differentiable structure) in this paper is different from that
of [7].

2.1 Notations and conventions

For m, N € Z>o, let Uy, n be the set of oriented m-dimensional submanifolds of RYN. We then
define U :== U, yez., Um,N- Let us fix a few conventions about orientations. If we write R" for
n € Z>1, this means the manifold R" € U, ,, whose orientation is given so that dzy A --- A dzy,
is a positive volume form when (z1,...,z,) is the standard coordinate of R™. If we write {0},
this means {0} € Up o with a positive sign assigned.

Let us think about the orientation of fiber products of oriented manifolds. For U,V, M € U,
suppose that there are two C* maps f: U — M, g: V — M. We also assume that ¢ is a
submersion. (Hereafter, all submersions are of class C*°.) Then, the fiber product

U g V= {(u,0) €U x V| f(u) = g(v)}

is a C'*° submanifold of U x V. In order to determine the orientation at (u,v) € U sx4,V, we
take a right inverse s: Ty,yM — T,V of (dg), (i.e. (dg)y o s = idr,, m). Then, there are two
isomorphisms

TywyM x Ker(dg), — TV (2,y) = s(2) +,
T,U x Ker(dg)y = T(u0)(U sxg V)i (z,y) = (z,y + s 0 (df )u(T)).

The orientations of Ker(dg), and T(,, ,,)(U yx4V') are determined so that the above isomorphisms
preserve orientations. Of course, when X and Y are oriented R-vector spaces, we assign the
product orientation on X X Y. In particular, when M = {0}, this gives the orientation of the
product manifold U x V.

For U € U, Q2(U) is the vector space of compactly supported C* differential p-forms on U.
When p < 0 or p > dim U, we define QL(U) := 0. For U, U’ € U and a submersion 7: U’ — U,
we have an R-linear map

m: QRU') — ng—(dimU'—dimU)(U)’



called the integration along fibers. When U’ = R x R*¥, U = R¥ and n(t,z) = z for every
(t,z) € U’, this map is characterized by the following: For f € QY(U’), 1 <i; < --- < i, < d
and 1 < ji <--- <jp <k, if we take w = f(dt;;, A--- Adt;, Ndxj, A--- Ndxj,), then for every
z e U,

0 if a < d,

el = {(fw fCoa)dty Ao Adtg) (deig A+ ANdag,), i a=d.

For an arbitrary submersion 7: U’ — U, m is defined by taking local charts and a partition of
unity on U.

2.2 de Rham chain complex

2.2.1 Differentiable space

We give the definition of a differentiable space.

Definition 2.2. Let X be a set and Px be a set of pairs (U, ¢) of U € Y and amap ¢: U — X.
We say Px is a differentiable structure on X if it satisfies the following condition:

e For any (U, ) € Px, U € U and a submersion 7: U’ — U, the pair (U’, ¢ o 7) is also an
element of Px.

We call such pair (X, Px) a differentiable space. An element of Py is called a plot of (X, Px).

Example 2.3. Let M be a manifold. There are two types of canonical differentiable structures
on M:

Py ={Up)|p:U— M isaC*> map},

Py® ={(U,¢)|¢: U— M is a submersion}.

Clearly, (M, Py) and (M, P);®) are differentiable spaces. The latter is denoted by M™8. We
consider the differentiable structure Py; for any manifold M, unless we declare to use M™5.

Definition 2.4. Let (X, Px) and (Y, Py) be differentiable spaces and Z be a subset of X.
Denote the projection map from X x Y to X (resp. Y) by pry (resp. pry) and the inclusion
map from Z to X by ¢z.

1. We define differentiable structures on X x Y and Z by
Pxxy = {(Ua 90) | (U7 Pry 090) € Px and (Uv Pry 090) € PY}v
Pz ={(U,¢) | (U,iz o) € Px}.
2. Let f: X = Y be amap. Wesay f is a smooth map if (U, fop) € Py for any (U, ¢) € Px.

In the case of the above definition, we simply call (Z, Pz) a subspace of (X, Px). Note that
given a set W and two maps f: X — W and g: Y — W, the fiber product X ;x4 Y becomes
a differentiable space as a subspace of (X X Y, Pxxy).

2.2.2 de Rham chains

Next, we introduce the notion of de Rham chain complex. Hereafter, if we say that X is a
differentiable space, this means that X is equipped with a differentiable structure denoted by
Px.

Let X be a differentiable space. We consider a graded R-vector space

AX)= @ aimU).
(U,@)GPX

6



For any (U, ¢) € Px and w € QImU=*(1/) let (U, ¢,w) denote the element of A,(X) such that
its component for (V,v) € Px is

w if (V¥) = (U, ),
0 if (V,y) # (U, ).

We take a linear subspace Z,(X) of A,(X) generated by

(Ua 2 w)(V,w) - {

{(U, pomw)—(U,o,mw)| (U) € Px and m: U’ — U is a submersion}.
Then we define a quotient vector space
CIR(X) = A (X)/Z.(X).

The equivalence class of (U, p,w) € A.(X) in CI®(X) is denoted by [U, ¢, w]. We also define
an R-linear map 9: CI¥(X) — O, (X) of degree (—1) by

U, p,w] = (—1)¥ITU, ¢, dw].

This map is well-defined and 90 d = 0 holds. (CR(X), ) is called the de Rham chain complex
of a differentiable space X, and an element of CI®(X) is called a de Rham chain of X. By
taking its homology, we obtain

HIY(X) = H.(CI(X),9).
In addition, a functoriality holds. Namely, any smooth map f: X — Y induces a chain map
fo: OR(X) = CE(Y): [Uyp,0] = U fop,wl.
Remark 2.5. The following are fundamental techniques to compute de Rham chains:
1. For [U, ¢,w] € CIR(X), suppose that V C U is an open subset containing suppw. Then

[Ua (P,w] = [‘/7 (P‘V ) W‘V] € CSR(X)

if s <0
o BS=Y por some (U, o), (U, p1) € Px, then

2. If (R x U, ) € Px satisfies ¢(s, ) = .
pp ifs>1,

IR x U, o, (—1)¥Ix x w] = [U, ¢1,w] — [U, g0, w] € CIR(X)

for any closed form w € QI™U=*(77) and x: R — [0,1] such that supp x is compact and
x(s) =1 for every s € [0,1].

Example 2.6. Let M be an oriented manifold. The de Rham chain complex of M™® is naturally
isomorphic to (QI™M=*(M), d) through the map

Cpr (M) — Qg M= (M) : [U, ,0] = (1) P,

Here s(p) == (p — dim M)(p — dim M —1)/2. Hence HIR(MTe#) is isomorphic to the compactly
supported de Rham cohomology HS’CELM (M.

Let us define the de Rham chain complex for a pair of differentiable spaces. A smooth map
f: X — R is said to be approzimately smooth if there exists a decreasing sequence (f;);ecz-,
of smooth maps from X to R such that lim;_, f;() = f(z) for every z € X. The following
lemma is proved in [23, Lemma 4.11].



Lemma 2.7. For an approzimately smooth function f: X — R, let X% := f~!((—o00,a)) for
every a € RU{oc}. Then fora,b € RU{co} witha < b, the linear map i,: CIR(X*) — CIR(X?Y),
which is induced by the inclusion map i: X* — X°, is injective.

In the case of the above lemma, we define a quotient complex
CLf(XP, X%) = O (X?) /ix (CI (X)),

Its homology is denoted by HIR(X?, X).
Next, we define a fiber product of de Rham chains.

Definition 2.8. Let (X, Px) and (Y, Py) be differentiable spaces. Suppose that we have an
oriented manifold M of dimension n and two smooth maps

fr (X, Px) = (M, Pur), g: (Y, Py) = (M, Py®) = M"™®
Then, we define a linear map

CoR (X))@ CR, (V) = Cpit (X pxgY) iz @y =2 pxgy
by
x pxgy = (1P, (o x )|y, (@ x 1)y

for 2 = [U,¢,w] € CIX (X) and y = [V, 9, ] € CIR (V). Here, W := U o, X goy V is a fiber
product over M.

It is straightforward to check the well-definedness of x ;x4 y. It can also be checked that

Iz pxgy) = (02) xgy+ (=1)Px ;x4 (9y)

holds for any = € C’Z‘g_{n(X) and y € C’gfn(Y). When M = {0}, we simply write z x4y by
T X y.

2.2.3 Collection of results about de Rham chain complex

In the rest of this section, let us summarize a couple of basic results about de Rham chain
complex. The first result can be compared with the computation for M*8 in Example
Hereafter, H"(-) denotes the singular homology with coefficients in R.

Proposition 2.9. For every oriented manifold M, there exists a canonical isomorphism
Wyr: HS8(M) — HIR(M)
such that for any C*° map f: M — N between oriented manifolds, ¥ o f. = f« o W holds.

For the details of the construction of Wy, see [23, Section 4.7]. It is the composition of a
natural isomorphism between H;"®(M) and H™(M) (the homology of smooth singular chains
in M) and a canonical map from H™ (M) to HI®(M). For the proof that W, is an isomorphism,
see [23] Section 5]. This result can be extended to relative homology groups for (M, N), where
N is an open submanifold of M such that N = f~!((—o0,a)) for some approximately smooth
map f: M — R.

Next, let f,g: X — Y be smooth maps between differentiable spaces. We say f is homotopic
to g if there exists a smooth map H: R x X — Y such that H(t,z) = f(z) for ¢ < 0 and
H(t,x) = g(z) for t > 1. Then we have the following result. For the proof, see [23, Proposition

4.17).



Proposition 2.10. For two smooth map f,g: X — Y, if f is homotopic to g, then there
exists a chain homotopy K: C®(X) — CSEI(Y) such that OK + KO = [, — g«. In particular,
fe = g HIR(X) = HIR(Y) holds.

Remark 2.11. For three smooth maps f,g,h: X — Y such that f is homotopic to g and g is
homotopic to h, we can ask whether f is homotopic to h. In fact, if the differentiable structure
Py of Y satisfies the following condition, such transitivity holds (The proof is straightforward.):

e For any U € U and (U1, ¢1), (U, ¢2) € Py such that (U;);—12 is an open cover of U and
O1ly, v, = P2lu, Ay, We have (U, ) € Py for ¢: U — Y which maps u € U; to ¢;(u)
(1=1,2).

All differentiable spaces appearing after Section [3|satisfy this condition. However, as mentioned
in [23, Remark 4.4], it seems difficult in general case to prove such transitivity.

The last one is a result about excisions.

Proposition 2.12. Let X be a differentiable space and Y = f~'((—o0,a)) C X for some
approximately smooth function f: X — R and a € R. Suppose there is another approximately
smooth function g: X — R and by € R such that g~ ((by,00)) C Y. For every b > by, let X° =
g ((=00,b)) and Y° == (gly) " ((—o0,b)). Then, the inclusion map of pairs i: (X°,Y®) —
(X,Y) induces an isomorphism i,: CIR(X? Y?) - CIR(X,Y).

Proof. We first prove the assertion when g: X — R is a smooth map. For b > by, choose § > 0
1 if b <by+6,

) - Then
0 ifd >b-04.

and a smooth function £: R — [0, 1] such that 26 < b—by and x(b') = {

we define a linear map
r: CSR(X) — CSR(Xb): [Uatpaw] = [Ub7 @‘Ub ) (nogo 90) : w|Ub])

where U’ := (g o ¢)~*((—o0,b)). This reduces to a map 7: CI®(X,Y) — CIE(X Y?). We
claim that 7 is the inverse map of i,. Indeed, for any = = [U, ¢, w] € CIR(X), we have

T — iy O’F(ZL‘) :[U,QO,U)] - [U7(10a (/{ogogp) 'w]

~{Ub. gl - (1= K)o 909) - wlyy] € CIR(Y) for Uy = (g 0 ) ((bo. 09).
Similarly, we can show that 2 — 7 o i,(z) € CIR(Y?) for 2 € CIR(X?).

In a general case, there exists a decreasing sequence (g;)j>1 of smooth maps g;: X — R
such that gj(z) — g(x) (j — oo) for every x € X. For b > by, let X]l? = gj_l((—oo, b)) and ij =
(gily) (=00, b)). From [23] Corollary 4.12 (i)], hﬂj—m) CSR(XJI-’, ij) — CIR(X? Y?), induced
by inclusion maps, is an isomorphism. We have shown that (z\ (X Y;,)) : C’SR(XJI?,YJ?’) —

J’a *

CIR(X,Y) is an isomorphism for every j > 1, so i, is also an isomorphism . O

3 Differentiable space of paths and an operation from string
topology
3.1 Preparation

Throughout this paper, ) is a manifold of dimension n and K is a compact submanifold of @
of codimension d > 1. In addition, both @ and K are required to have fixed orientations. The
construction of H{™™8(Q, K ) depends on the following auxiliary data:

1. a complete Riemannian metric g on Q. (We write g(v, w) = (v,w)y and /g(v,v) = |v|g.)



2. a constant Cy > 1.
3. a positive real number ¢y for which the map
{(z,v) € (TK)* | |v]y < €0} = Q: (z,v) > exp,(v) (3)
is an open embedding. Here, exp,: T,Q — @ is the exponential map with respect to g

t mneart=0,

_ 3
1 mneart=3g,

4. a C* function p: [0,3] — [0, 1] such that pu(t) = { and 0 < p/(t) <1 for

every t € [0, 3].

The independence of H string (Q, K) on these data up to isomorphism is proved in Section
Until then, these data are fixed, so (v, w), and |v|, are denoted by (v,w) and |v| respectively.
We define C(K) to be the set of geodesics v: [0, 7] — @ with unit speed such that v(0),~(T) €
K and v/(0) € (T0)K)*, ¥/ (T) € (T(y(r)K)*. Such geodesics are called binormal chords of K.
We also define for m € Zx>q
Lin(K) = {25 lengthym | v1,...,ym € C(K)},
LK) = Up=1£m(K).

These are closed subsets of {a € R | a > 2¢¢} since K is compact. Moreover, they are null sets
with respects to the Lebesgue measure. For the proof, see Lemma [3.10

3.2 Differentiable space of paths

In this section, we introduce two differentiable spaces of paths, ¥% and S.. Let Qx(Q) be the
set of C* paths v: [0,7] — Q with T > 0 such that v(0),v(T) € K and |7/(t)] < Cp for any
t € [0,T]. For any C* path ~: [0,7] — @, its length is denoted by

lengthy := /OT |7/ (t)|dt.
For a € R>g U {o0} and m € Z>1, we define £¢, to be a subset of Qi ((Q))*™ which consists
of (71 [0,Tk] = Q)k=1,... m satisfying either of the following two conditions:
o > b lengthy, < a.
® minj <<, lengthy, < .
The differentiable structure on X2, is defined by
Psa ={(U,p) | U €U and ¢: U — X, is smooth}.

Here, we say ¢ is smooth in the following sense: If we write p(u) = (v4: [0,T}] = Q)k=1,...m
for uw € U, then for each k € {1,...,m}, the function U — Rs: u — T}* is of class C* and

() EUXR|0<E ST — Qs (u,t) = 2 (t)

. . {x} ifa>0, . .
is a C°° map. As an exception, let us define ¥f := o " 0 together with the differen-
if a =0,
tiable structure Pga == {(U,¢) | U €U, ¢: U — X}
We consider the de Rham chain complex (CIR(322),9) for a € R>g and m € Z>(. Lemma

implies that we may think of C{R(X2)) as a linear subspace of CI®(2 ) when a < b, since

¥ — R: (M)i=1,...m — lengthy, (k=1,...,m),
R™ — R: (ag)k=1,...,m = Mini<k<m ax,

are approximately smooth functions. Thus the quotient complex (CIR(Xb %2 9) is defined.
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Remark 3.1. When a < mep, the condition that > ;" lengthy, < a implies that one of
v (k = 1,...,m) has length less than gyg. Thus, 3¢, = %0 if a < meyg. When a = oo,
220 = Q(Q)*™, which will be used only in Section [6]

Next, we define another differentiable space of paths. For every ¢ € (0, gg], the open subset
in Q
N. = {exp,(v) | z € K,v € (T,K)* and |v| < ¢/2}

is a tubular neighborhood of K in (). Then we define a set S, which consists of pairs of C*
paths (0;: [0,&;] = Ne)i=1,2 satisfying:

e 0<¢g <g/2fori=1,2.
e 01(c1),02(0) € K and 01(0) = o2(e2).
e [ol(t)] <1fori=1,2and any t € [0,g].
On this set, the evaluation map evg is defined by
evg: S = Nt (01,02) — 01(0).
The differentiable structure on S; is defined by

Ps. :={(V,¥) |V €U, 1 is a smooth map such that evgoy): V — N; is a submersion}

£

Here we say 1 is smooth in the following sense: If we write ¢ (v) = (o} : [0,€]] = N:)i=1,2 for
v € V, then for i € {1,2}, the function V' — Ry¢: v — & is of class C* and

{(v,t) eV XR|0<t<¢el} = No: (v,t) = o) (t)

is a C> map. Note that evg is a smooth map from (S, Ps.) to (Nz, Py®) = Nz defined in
Example

3.3 Homology groups

In this section, we examine the homology groups HI® (X2 3¢ ) and HIR(S.). The main results
are Proposition [3.7] and Proposition [3.9] At the end, several additional results are proved.

3.3.1 Finite dimensional approximation of ¥¢,

Let us fix by € Ry and prepare several notations related to the Riemannian metric g. We note
that there is a compact subset of ) which contains the images of all paths v € Qg (Q) with
lengthy < b, since K is compact and g is complete. For any two points ¢,¢" € Q, let d(q,q’)
be the distance between ¢ and ¢’. Let us also fix ¢, > 0 such that if ¢ and ¢’ in this compact
set satisfy d(q,q’) < g4, then there exists a unique geodesic path on [0, 1] of length d(g¢, ¢') from
q to ¢’. We write this geodesic by ¢¢’: [0,1] — Q.

For every a € [0,bp) and m € Zs1, let 3% be the subspace of 3¢, which consists of
(Vi )k=1,....m satisfying > iy lengthy;, < bg. From Proposition about excision, the inclusion
map ¢: X% — X induces an isomorphism

b HIR(SP 550y gdR(sd ya (4)

for a,b € [0,by) with a < b. This means that we cut out a subset

m
_ 1 >
{(v6)k=1,....m | 1£}clgnm lengthy, < g9 and ;lengthwC > by}
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to compute the homology group.
First, we approximate ¢ for a € [0, bg) by finite dimensional manifolds. For every v € Z>1,
let us define

2 W) = {(: [0, Ts] = Q)k=1....m € 2% | g}%lTk < Cylegv} (5)

Let us also define B,,(v) to be the submanifold of (Q*(+1))xm

so that [J02, 3% (v) = f)
0,.
1 satlsfymg

which consists of (qfc) e

° qg,qZGKforeveryk‘zl,...,m

DYDY 01 d(qu ZH) < bo.

° d(qk,, l+1)<€g forevery k=1,...,mand [ =0,...,v — 1.

We then define B (v) for a < by to be an open submanifold of By, (v) which consists of
(qk)g€ 01’ "Y' satisfying either of the following two conditions:

DYDY o1 d(qu ZH)

° m1n1<k<m <Zl 701 d(qk, l+1)> < €p.

The differentiable structures on this manifold is Ppga () defined in Example For every v €
Z>1, there are two maps: vy, X%, (v) = X% (2v) is just the inclusion map, and ¢p,: B (v) —

B& (2v) is an embedding of a manifold which maps (qk)gC 01’ T € Bh(v) to (Qk)gc_f 721/ <
B2 (2v), where
I q. if I is even and I’ = 21,
q
T dhd () if Fis odd and I = 20 + 1.

In addition, we define two maps

fv: 2% (v) = B%(v), g,: B%(v) — X% (2v),

as follows: f, maps (v¢: [0,Tk] = Q)r=1,..m € Z%(v) to (V& (%Tk))f;oll;n € B¢ (v). Note

that for [ =0,..., v —land k=1,...,m,
d (v (£T0) sy (B Tk)) < length 7’“|[£Tk,”71Tk] < Ik supiejo ) [V ()] < &g
On the other hand, g, maps (g, )l_ "€ B (v) to
(: [0, %Oo‘legv] — Q)k=1,..m € T%(20),
where, for [ =0,...,v —1,

(t) = i ox (St = §1) i 50y el St < §C5 eyl + 1),

0 neart= O
Here x: [0, 3] — [0,1] is a C* function such that x(t) = 3 meart=3 and 0 < )/(t) <1
1 neart= %,

for any t € [0, 3]. Note that |(v¢)'(t)] < d(q},qi™)- “SUPef0,3/2] X ()] %) < Cp. The next lemma
shows that B (v) approximates %% (v) as v — oo. We refer to [23, Lemma 6.3].
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Lemma 3.2. The following diagram commutes up to homotopy:

(5387

S (v) —= X0, (2v)

|

LB,v

By, (v) —= By, (2v)
Proof. The lower right triangle commutes in the strict sense. For the upper left triangle, we
need to show that ¢y, is homotopic to g, o f,.

We abbreviate Cy ' - ¢, by co. For (: [0,Tk] — Q)k=1...m € X% (v), let us define a path
Y2 [0,cov] = Q for k=1,...,m and s € [0,1] by

L Its - i <t<
() = {’Yk(ka)’Yk( CET)(t —col)  if col <t < co(l + ), (=0, ..1-1).

(2L (t - col) + LTy) if co(l4s) <t <co(l+1),

Then, 7} is equal to Vk(CTO—’“V) and 7} is a broken geodesic connecting (yy(L7}))=%. We

modify 7§ to a C* path. For instance, we take a C* function : [0,1] x [0, 3cov] — [0, cov/]

satisfying 0 < %)Z(s,t) <1 and

(s 0) col on a neighborhood of {t = 3¢ol},

s,t) =

X 2(t — 1c0)  on a neighborhood of {t = s+ 3cpl + o)}

Then, we define 77 = 77 o x(s,-): [0, %cou] — Q. If we take a C* function x: R — [0, 1] such
0 ift<o0,

that k(t) = 1 ~  then we get a smooth map
1 ift>1,

H:Rx %) = 5420): (5, (W)ketoom) = Gkt me

This gives a homotopy from H (0, ) to H(1,-). Moreover, ¢y, is homotopic to H(0, -) since the
paths of ts, ((7k)k=1,...m) and the paths of H (0, (vx)k=1,..m) differ only by parameterizations,
so the homotopy can be constructed by interpolating these parameterizations. For the same
reason, g, o f, is homotopic to H(1,-). Therefore, ¢y, is homotopic to g, o f,. O

From Lemma it follows that for any a,b € R>g with a < b < by,

lim (fy).: HS®(S5,, 55) = lim HSR (S5, (27),20,(27)) — lim HSR(B,,(2), By, (27))

Jj—o0 Jj—00 Jj—o0
is an isomorphism. Combining with , we get an isomorphism

(limg (for)o) 0 (1) ™4+ HIR(SE,, 55,) = limg HIX(BY, (), By (). ©)

j—00 vV—00

Furthermore, from Proposition H"8 (B (1), B (v)) = HIR(BY (v), B (v)).

3.3.2 Computation of homology by Morse theory

Next, we examine the homology group H:"8(B (1), B%(v)) in terms of Morse theory. Fix
meZsyand v € Z>y. For ke {1,...,m} and l € {0,...,v — 1}, we set

=0, ...,
hig: B (v) = R (g)52 7 = dla g%
For every r > 0, let us introduce the following;:
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e a C™ function o,: R>g = Rsg: 2= 2 + 1.

o 3 C* function
b

m 1
Ly: Bu(v) = R:q— Y > oy0hi(q)
k=1 1=0

e compact subsets of By, (v)

Z,.={q € L, ([0, bo])]arohi( ) <egforevery k=1,...,mand [ =0,...,v—1},

0.—={q€ Z | min Zarohk ) < eo}

1<k<m

The role of {0, },>0 is to approximate /z by C* functions. We define for every a € [0, by) and
r>0
Z} = (Lilz,) 7N ([0,0) U Z.

Then, Z} C Z¢ holds if 0 < 7' < r. Furthermore, (J,-, Z} = By, (v) holds. Therefore, we have
an 1somorphlsm induced by the inclusion maps

lim HS™8 (20, Z¢) — H{™8(Bp,(v), By (v))

r—0

for a,b € R>p with a < b < by. In order to apply Morse theory to L,, we need to determine
its critical points. The next lemma is fundamental. We omit the proof, but a similar result is
proved, for instance in [25], when there is no boundary condition.

Lemma 3.3. For kg € {1,...,m} and ly € {0,...,v — 1}, let X,i% be the gradient vector
field of hlo . We define o to be the orthogonal projection form TQ|x to TK ifly =0 or v,
and otherwzse 7l = idrg. Then, each component of XZO = (vfc)izzol"::jl;n s determined by the

following: If (k,1) # (ko,lo), (ko,lo + 1), then vk =0. Otherwzse,

lo _ o . i lo lo+1 lo+1 _ _lop+1 i lo lo+1
o =T ( dt |, Tko Tko > S (dt t=1 TkoTko ‘

Proposition 3.4. Suppose that a € [0,bg) \ L (K) and r > 0 is sufficiently small. Then q €
Z\ 72 is a critical point of L, with its value in [0, a] if and only if there exist y1,...,vm € C(K)
such that (Vk)k=1,..m € X0 (v) and q = fu,(Vk)k=1,...m)-

Proof. From Lemma (qk,)ﬁ€ 01’ " € Bp(v) is a critical point of L, if and only if the
following conditions hold for every k € {1 .,m}:
aaf € (T,

(oY (@) - | g € ()" and (o) (W (@) - &

t=0 dt t=1 (7)
_ d =T d —T
(o) (@) | g = (on) (hi(@) - | g™ for every L€ {1,...,v—1}.
t=1 t=0

Comparing the norms of both sides in the second line of , we have for [ € {1,...,v — 1}

(o) (R (@) - /By (@) = (07) (hig(@) -/ B (a).

Since (0,)'(2)y/z is a strictly increasing function of z, this equation means that d(qfcfl, q) =
d(qk,q,ljl) for I € {1,...,v — 1}. Since (0,)" > 0, the conditions of are equivalent to the
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following:

d -1 .,

p 4t € (TOK) and = q g € (TyK)™,

t t=0 t t=1 (8)
d 1o _ 4 T

— = — f le{l,...,v—1}.

ar|,_ O = g quqk or every | € { v—1}

For every q € By, (v), let us define Ty q == > ,_ 01 d(qt, l+1) and a path 74 q: [0,Tkq] = @
determined by

l l+1
fyk7q(Tk7q)—qkqf€+1(t—l) if;§t§ —It forl €{0,...,v—1}.

Note that if (y4,q)k=1,...m € ¥4 (v), then q = Jo((Vk,q)k=1,...m) holds. We take > 0 so small
that Ty q > 0 holds for every k = 1,...,m and q € Z, \ Z. Then, for q € Z, \ Z?, the condition
is equivalent to that -y q is a binormal chord of K in @, that is, v, q € C(K). In addition,

lim, 0 Ly (q) = D>y lengthyy

for every q € Z, uniformly. Recall that £,,(K) is a closed subset of Ryg. Assuming that
a ¢ Ln(K) and r > 0 is sufficiently small, it follows that a critical point q € Z, \ Z? of L,
satisfies L,(q) < a if and only if the binormal chords (V.q)k=1.....m satisfy Y ;- lengthys 4 < a.
This proves the proposition. O

Let Y, be the gradient vector field of L,.. To prove the next lemma, which is rather technical,
let us prepare a few computations. X! = ((0,) ohl)- X} is the gradient vector field of o, o hl.
For every k € {1,...,m}, l € {1,...,v — 2} and q € B,,(v), we have

_ d -
Xt = (o0 @) | AT AT
t=1 t=0
1l d 1 0+1 ? 1l d 141 2
o) |4 EET] + b L]
t=0 t=1
0175 d
+ <_(O_T)/(hl+1(q)) l+1ql+2 q ql+1> )
k dt 0 k k dt 1 k1k

We abbreviate the increasing function (o,.)'y/z by 7. Then, by Cauchy-Schwarz inequality,
Yy, XL (@) = — (B @) - 7Bl (@) + 207 (B (@) — 7 (L (@) - 7 ()
=27 (hip(@) = 7 (b (@) = 7 (B (@) - 7 (Bi(@))-
Since o, and 7, are increasing functions, we have for kg € {1,...,m} and lp € {1,...,v — 2},

or o hid (q) = max o o hi(@) = (=Y, X0 )q) <0. (9)

)

The same result holds when [y = 0 or ¥ — 1. We also note that for every ko € {1,...,m},

(=Y, 305 X,y ) (@) 0. (10)

Lemma 3.5. The trajectory of any point in Z, (resp. Z°) along —Y, never goes outside Z,
(resp. Z0) at positive time.

Proof. Suppose that I': [0,T7] — By, (v) is a trajectory along —Y,. Let us consider two contin-
uous functions f,g: [0,7] — R defined by



To prove this lemma, it suffices to show that they are decreasing functions. Indeed, there exists
a discrete subset A C [0,7] such that f and g are differentiable at every ¢ € [0,7]\ A. (9) and
imply that f/(t) < 0 and ¢'(t) <0 for every t € [0,T] \ A. Hence, f and g are decreasing
on [0,T7. O

We apply a general result from Morse theory.

Lemma 3.6. Let B be a manifold and L: B — R be a C* function. Fora,b € R witha < b and
two compact subsets Z, Z° C B, suppose that there is no critical point of L in (L|,)~*([a,b])\ Z°
and that the trajectory of any point in Z (resp. Z°) along the negative gradient vector field of L
never goes outside Z (resp. Z°) at positive times. Let us define Z% = (L|,)~'((—o0,a’)) U Z°
for a' € {a,b}. Then HS™8(Z" Z*) =0 holds.

Proof. The conditions on a, b, Z and Z° show that Z° can be deformed into Z® along the negative
gradient flow of L. Therefore, we get a map from (2%, Z%) to (Z%, Z%) which gives the inverse
map of the inclusion map up to homotopy. O

Combining the above results, we prove the first main proposition in this section.
Proposition 3.7. If £,,(K)N[a,b] = @, then HR (X2 $2) =0.

Proof. Form Proposition 3.4/ and Lemma we can apply Lemma [3.6]to show that if £,,(K)N
[a,b] = @ and 7 > 0 is sufficiently small, then H;"®(Z% Z2) = 0 holds, and thus

H3"8 (B, (v), By, (v)) = lim HE™8(20, Z¢) = 0.

r—0

From @ it follows that HIR(Sh,, Xo,) =l HS(B},(29), By (27)) = 0. 0

3.3.3 HI®(S.) and the evaluation map

Next, we examine HIR(S.) for ¢ € (0,509]. Choose a Riemannian metric ¢’ on N, for which
K is a totally geodesic submanifold of N.,. Then, we can take a constant C; > 1 such that
for any ¢,q' € N, /¢, with d(q,q') < e0/C1, there exists a unique shortest geodesic in N, with

respect to ¢’ from ¢ to ¢/. Let us write this geodesic by qqu’ : [0,1] — Ng,. In this subsection,
exp denotes the exponential map with respect to g.

There is a smooth map between differentiable spaces s.: Nz°® — S. which maps exp, v € N
(r € K, v e (T, K)* with |v] < £/2) to

se(exp, v) = (0] : [0,e/2] = N¢)i=12,

where o} (t) = expm(%%v) and o3 (t) = expm(%v) for t € [0,/2]. This satisfies evpos. = idy..
For €,€ € (0,¢e0] with € < ¢, let i z: S. — Sz denote the inclusion map.

Lemma 3.8. There exists a constant C > Cy such that for any ¢ € (0,e0/C], the inclusion
map ic,ce: S: — Sce 15 homotopic to i. ce © 5c 0 evy.

Proof. We define a C'* map

G: {(¢,d) € Noyjoy X Negjon | d(a, ') < e0/C1} x [0,1] = Ney: ((g,4'),8) =+ qq'(5)-

Then there is a constant C' > C; so that

SlRe!

1A (G(9) g (0 )]g < 5 - (Julg + [V']g)
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for every s € [0,1] and (v,v") € TyN,y 0o X Ty N o with d(q,¢') < €0/C1. For any € € (0,£0/C]
and (o;: [0,&;] = Ne)iz12 € Se, we set € := Ce and define (U(S): [0,ef] = Ng)i=12 € Sz for

)

s € R as follows: Take z € K and v € T, K such that ¢1(0) = exp, v and |v| < £/2. Then we
define

(1 —k(s))ei + k(s)e if s <3,
Ef = g 1f% S S S %7
(1—k(s—32)e+r(s—2)e ifs<i
os(eit/e) if s < 3,
o\ (1) = { Glou(eit/e), ot (t/C)n(s — 4) i 4 <s <3,
o?(et/ef) if% < s.

0 ifs<

Here, k: R — [0, 1] is a C*° function such that x(s) = .
1 ifs>

0Ol < 5 - (Lswloily + gowlotyly) < 5+ (24 5) <1
Now the homotopy from i ¢ to i. z 0 5. 0 evg is given by the map
R x 8. = Se: (5, (03)iz12) = (01 [0,25] = Ni)ic12.
O
Proposition 3.9. Let C be the constant of Lemma. For any e € (0,60/C)] and 2 € HIR(S,),
(evo)s(z) = 0 € HIR(N,) = (ic.cc)i(z) = 0 € HF(Sce).
Proof. By LemmaBg} (ic.0)s(x) = (ic.cc052)s (evo)a()) = 01 (evo)a(x) = 0 € HIR(N.). O

3.3.4 Additional results

Using the computations obtained in the former subsections, we prove several additional results.
bp is a fixed real number as before. We also fix a € [0,bp) which may belong to L(K).

Lemma 3.10. There ezists a manifold Z and a C* function f: Z — R such that £1(K)N[0,a)
is contained in the set of critical values of f.

Proof. We use the notations in the proof of Proposition for m = 1. For every critical
point q € Z, \ Z° of L., lengthy; q = f-(L.(q)) € (0, f+(bo)), where f, is determined by
fr(vo.(1)) = vV1 for every I € Rsg. We choose r > 0 so that a < f.(by). Then, from the
correspondence between binormal chords and critical points of L,, £,,,(K) N[0, a) is contained
in the critical value of f := f. o L, on Z := Z, \ Z°. O

This proves that L(K) = |, _; Lmn(K) is a null set. Indeed, for any m € Z, £,,(K) N[0, a)
is contained in the set of critical values of the C* function Z*™ — R: (z1,...,Tm) — f(x1) +
-+« + f(zm). By Sard’s theorem, it is a null set in R. Since by was chosen arbitrarily, it follows
that £,,(K) is a null set.

Next, recall that the definition of 3¢ depends on auxiliary data Cy and €.

Lemma 3.11. HIR(X2) does not depend on the choice of Co and 9. More precisely, the
following hold:

17



o If we write X3, by X7, o to clarify the dependence on Cy, the inclusion map X7, o —
e ¢ for Cy < C{; induces an isomorphism on homology.

o If we write X7, by X7, . to clarify the dependence on €g, the inclusion map Eiw’o = X s

for gy < eo induces an isomorphism on homology.

m,Co

Proof. We define a smooth map X¢ c = X¢ o which maps (yx: [0,T%] = Q)k=1,...m tO

([0, CoT3/Col = Q+ t = w(Cot/Cp)),_y

.,m

This gives the inverse map of the inclusion map up to homotopy. This proves the assertion for
Co.

To prove the assertion for €, let us write Z by Z7_ . Then, there is no critical point of
Zlyz_ol orohl in Zg e \ZZ% for every k € {1,...,m}. By deforming along the negative gradient

vector field — Zlyz_ol X ,lc , inductively on k = 1,2,...,m, we can see that Z"_, is a deformation
) =0

retract of ZZ_ . This implies that H™8(za 7% ) =0 and thus HIR (%@ 2 ,)=0. O
) =0

€07 Trey m,eo’

For the sake of discussions in Section [6] let us fix a topology on the set X4, for a € RxqU{oo}
as follows: Qg (Q) becomes a topological space so that the injection

Qx(Q) = C([0,1],Q) x Ro: (v: [0,T] = Q) = (v(T™),T)

is a homeomorphism onto its image when C*°([0, 1], Q) is equipped with C*°-topology. We give
X2 the regtricted topology from Qp (Q)*™. Then, we can consider singular homology groups,
such as H;"8 (X %2 ) for a < b. .

Suppose that a,b € Rsg and a < b < bg. By excision theorem, t,: Hy (38 59) —
H™8(xb 3¢ is an isomorphism. All maps in Lemma are continuous and the diagram
commutes up to continuous homotopy. Therefore, we have an isomorphism

(L (fy)s) 0 ()1 HIM8(S0,, 55) — lim HY"8(B,,(27), By, (2)). (11)

Jj—00 j—00
3.4 Splitting and concatenating paths
For € € (0,20/(5Cp)], we define an open subset of R?
A ={(T,7) | T >4e and 2¢e < 7 < T — 2¢}.

This becomes a differentiable space as a subspace of (R%)™&. For a € R>0, m € Z>1 and
ke {1,...,m}, define smooth maps

tl Z?n — R: ("yl: [0, Tl] — Q)l:l,...,m — T,
pry: Ac —» R (T, 1) — T.

(t] stands for the time length.) These maps define a fiber product X5, 1, Xpr,. A- over R, and
the k-th evaluation map evy is defined on it by

evi: X5, t, Xprp Ae = Q1 (M)i=1,...m» (T, 7)) = (7).

From ev, and evy: S — Q™®, we obtain a fiber product over ). We define a map on this fiber
product

. a a+e
conyg : (Zm tl, Xprp As) evy Xevy Ss - Eerla
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Figure. 1: The process to define %}: and :y%

which maps ((’n)l=1,m,m? (T7 7-)7 (Ui: [01 6i] — NE)iZLQ) to (71> sy YE—15 %17%27 V415 - - - 7'}’7)1)7
where ;' (i = 1,2) are the following paths:

’)/k(t) if0§t§7—61,
W 0,74 261] =5 Qi t = { k(T — e Hap(FTEY) ifr—e <t <7+
261 — .
Ul(él—elu(%‘ilt)) if 74+ 5 <t <74 26, (12)
, 0'2(52/1;(%)) if 0 <t< %62,
Ve [0,T — 74 2e2] = Q: t— (7 + &2 —62/1(38527:)) if %52 <t < 3eo,
Yi(t + 7 — 2¢e9) if 3eg <t < T — 7+ 2e9.

Here, p1: [0, 3] — [0, 1] is one of fixed data we have chosen in Subection

This definition can be explained as follows (See Figure[l]): We split the k-th path ~;: [0,7] —
Q at 7 € (26,1 — 2¢) where (1) = 01(0)(= 02(e2)) € N, and then concatenate |y , (resp.
Velpr) with o1 (resp. o2). The reparameterizations via y is necessary in order to modify them
to C* paths. Note that

1ength% + length%% = length~y; + lengthoy + lengthoy < lengthyy + €.
The following lemma shows the cases where an element in the fiber product is mapped by

cony into E%H.

cong()i=1,...m» (T, 7), (0i)i=1,2) € Tt
if either of the following three condition holds:
(i) (W)i=1,..m € XY,.
(ii) T < 4eo/(5Cy) or T — 4eo/(5ChH) < 7.
(iii) i, satisfies for every 7' € (yx) 1 (N:) that either Vel O Vilj 1) has length less than
4eo /5.

Proof. As in the definition of cong, let us write

CODkz((’Yl)l:l,...,m» (T7 7_)7 (O-i)i2172) = (’717 s 7%17 %27 ce ,’)’m)

Under the condition (i), lengthy; < g for some [ € {1,...,m}. If | # k, the assertion is trivial.
If I = k, either fyk][oﬂ or 7k|[T,T] has length less than e0/2, and thus either 5" or 7,2 has length
less than
€0/2 + max{lengtho; | i = 1,2},

which is smaller than 9. Under the condition (ii), if 7 < 4e¢/(5Cy) (resp. T — 4e¢/(5Ch) < T)
holds, then length ~x|j ;; < 4eo /5 (resp. length ’Yk’[T,T} < 4g0/5). Therefore, either 3" or 4,2
has length smaller than eg. Under the condition (iii), we can also show that either it or 73,2
has length smaller than gg. O
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3.5 Operation on de Rham chains

For £ € (0,£9/(5Cp)], let us choose a C*° cutoff function p.: A. — [0, 1] such that

0 iftg%eorT—%ng,
1 ifJe<r<T-4e

pe(T, 1) = {

In particular, p-(T,7) = 0 if ' < 5. We also choose a C* function x,: A. — [0,1] for every
1 T <y,

The support of is compact, so we obtain
0 iT>v+1. pp XvPe p

v € Z>1 such that x, (T, 7) = {

a de Rham chain
Qe py = [AeaidAmXVpé] € CSR(AE)

)

In addition, we define X% (v) = (1, (t1x) 1([0,v)), which is a subspace of ¥2,.
For m € Zx1, k € {1,...,m} and £ € CI®(S.), we define a linear map

fre: CIR(SE) — O, (355
so that for every v € Z>q and x € CI®(X2 (v)) c CIR(¥a)),

fk,é(x) = (Conk)* ((.%' tl Xprop ae,u) evy Xevy 5) .

This map is well-defined since z 41, Xpr,. (Qey — @z ,r) = 0 when z € CIR(Z (v)) and v/ > v.
Returning to Definition we can describe the de Rham chain fj ¢(z) explicitly. For
= [U,p,w] € COR(2S), we write @(u) = (*: [0,T}] = Q)i=1,..m for u € U. If we take

V > SUDycquppw 11 then @ € CIR(S%, (v)). First, we have @ 4, Xpry Qe = [Uk, @k, Wg], where

Up ={(u,7) €U xR |2 <7 < T{ — 2},
@k: ﬁk — Zgn tlk XPTT Aa: (U,T) = (so(u)v (T]’CMJT)%

wr € QNU): (@k) (u,r) = Pe(Tg, T) - Xo(Ti, 7) - wu = pe(Ty, T) - Wy

Here, Uy, is oriented as an open submanifold of U xR. The last equality holds since x, (T}, 7) =1
for v € suppw. This shows the independence of fi, ¢(x) on the choice of x,. For { = [V,4,1] €
CIR(S;), we write ¢(v) = (07)i=1,2 for v € V. Then we have fj¢(x) = (—1)"[Wy, By, k], where

Wi ={(u,7,v) eUXxRxV |2 <7 <T}¥—2¢, vi(r)=07(0)},
q>k: Wk — 2?an15 (U,T,U) = COHk(SO(U), (Tlgﬂ T)a 1/)(’())),

G € QW) : (G (urw) = Pe(Ti T) - (W X 1),
r:=(p+1—n)n.

(13)

Here W, is oriented as a fiber product over Q of Uy, — Q: (u,7) = ~(7) and evgop: V — Q.
Lemma 3.13. For z € CSR(E%) and £ € C;iR(SE),
00 frg(x) = frg 0 0(x) — (~1)PTI" f () € CIR, L, (50,).

Proof. Using the notation of for x = [U, p,w] € CgR(E‘}n) and £ = [V,¢,n] € C’;lR(SE), we
have

0 fre(@) = frg 0 (@) — (=P fioe(w) = (= 1)P 7 (conp) (= X prp (D0zn)) evy, Xevo €)
= (_1)(p—TZ)\7]|+1 [Wk7 (I)kv Hk]a
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Figure. 2: The case where (7;);=1,...m intersects both (0;);=1,2 and (07)i=1 2.

where 0, € QF(Wy) is defined by (0k)(y,r0) = aapf( W, 7) - (wy X dT X 1y). From the condition
on p., the support of 6 lies in an open subset

Wi = {(u,7,v) € Wy | T < 4de or T} —4e < 7}.

Since (p(u), (T, 7),¥(v)) € (2%, 4, X pry AL) evyXevySe for (u,T,v) € Wy, satisfies the condition
(ii) of Lemma it follows that ®;(W},) C X0 . Therefore,

[kaq)kae] = [Wk7 (I)k’Wk ) 9|Wk] € Cgqun(z%)

This proves the lemma. O

The next lemma is crucial to define chain complexes in Section Before stating it, let us
give an observation. Suppose that we have

(M)i=1,..m € X,,
(0'7;: [0751'] _> NE)iZl,Qv (O-rlb [0782] — NE)iZl,Q E 867
kK €{1,...,m} with k < ¥/,

and there exist two points 7 € (2¢, T — 2¢) and 7 € (2¢, T — 2¢) such that

() = 01(0), () = 01(0).

When k = £/, we additionally assume that 7 + 2¢ < 7. (Figure |2 describes the situation we
consider.) Then, we can split 7 at t = 7 and vy, at ¢ = 7/, and concatenate them with (0;);=12
and (o7});=1,2 respectively. Depending on which point we use first, there are two elements

® = cong((W)i=1,...m> Tk, 7), (0i)i=1,2) € TH,
@' == cony (W)i=1,....m» (Tir, 7), (07)i=1,2) € BEF,.

In either case, there remains another point which we have not yet used. When k < &/, we can
split the (k' 4+ 1)-th path of ® at ¢t = 7" and the k-th path of ®' at t = 7, and concatenate them
with (07)i=1,2 and (0;)i=1,2 respectively. When k = &/, we can split the (k + 1)-th path of ®
at t = 7/ — 7 + 2e9 and the k-th path of ® at ¢t = 7, and concatenate them with (07});=12 and
(0i)i=1,2 respectively. After these two steps, we get the following equations:

(14)

congr 1 (P, (T, '), (0))i=1,2) = cong (P, (Tk, 7), (04)i=1,2) if k <k,
cong1 (@, (T2, 7' — 7 + 2¢2), (01)i1,2) = cong (¥, (T}, 7), (07)i=1,2) if k=K',

Here, T,f =T, — 7 + 2e9 and Tk} = 7' + 2¢). This observation leads us to the following lemma
about de Rham chains.
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Lemma 3.14. Forz € Co%(2%), ¢ € CIR(S.) and k, k' € {1,...,m} with k < K, the following
hold:

fk/+17£ o fk,ﬁ(a:) + (—1)q_nfk’§ o fkl7§($) =0 ’Lf k< k,,

fropreo frel@) + (=19 freo fre(x) € Coiorog 0, (Eia) i k=K.

Proof. We use the notations of for x = [U,p,w| and & = [V,1,n]. For short, let us
abbreviate for (T,7,T',7') € A x A,

o(T,7,T',7) = p(T,7) - pe(T', 7).
Case 1. We consider the case k < k’. We have firi1¢0 fre(x) = (=1)° Wi g, Ppoprs G| for
Wi = {(u, 7,0, 7,0") | (u,7,0) € Wy, 2e <7/ < T} —2e, vio(7') = V' (0)},
Qg s Wi — Z%f; (u, 70,7 ,0") = congr 1 (Pr(u, 7,0), (T5, 7'), w(v)),
),

Ck,k’ € QZ(Wk,k’): (Ck,k )(u,T,U,T’,U’) = p(T]?, T, le? T ) (w’u X My X Ty
= (g+1—n)nl,

by substituting k£ and [U, ¢, w] in with &' and [Wy, @k, (=1)"(x]. Similarly, fx o fir(z) =
(_1)S[Wé,k/a ‘I);g,kly C}QJ«] for

Wl:;,k’ = {(u, 7,0, 7, v) | (u, 7", 0) € Wy, 2e <7 <T} —2¢, v(1) =07(0)},
@;C e W,; W = Efn'fga (u, 7,0, 7,0) = cong (Pp (u, 7, 0"), (T, 7), % (v)),
Ck k€ Q*(Wk )t (G k’) (') = P(T5, T T ) - (W X 1 X 1)

We define a diffeomorphism
h: Wi — W[C’k,: (u, 7,0, 7" ,0") = (u, 7,0, 1,0),

which changes the sign of orientation by (—1)(+dim V=)’ From 1' it follows that <I>;€7 wOh =
Py, 1. Moreover, hy (G ) = (—1)'77|2C/,'f i holds. Combining these computations,

frrsrg o fre(x) = (—1)sHrdmVanthl g @) Gl = (=D frg o fie(@).
Case 2. We consider the case k = k’. We have fry1 0 fr(z) = (—1)°[Wg &, Prk, Coe] for

Wik = {(u,7,0,7,0") | (u,7,0) € Wy, 26 <7 < T2(u,7,0) — 2¢, (7' + 7 — 2%) = 0% (0)},

@kk:Wkk%Za"'Qa U,T,U,TI,U/ — congq(Pr(u, 7,v), T2 U, T,V ,7" , v ,
) El m+2 + k

Ck,k € Qz(Wk,k): (Ck,k‘)(u,T,U,T/,U/) = p(Tlga T, T/? (U, T, U)a T/) : (wu X My X 771)’)7
where T]?(U,T,U) =Ty — 7+ 2¢5. Similarly, freo fre(x) = (=1)°[Wy 1, ., G ] for
W,;k = {(u, 7,0V, 7, v) | (u, 7, 0) €Wy, 2e <7< T,%(T',v’) —2¢, (1) =07(0)},
fk,k: W,ik — E%f;: (u, 7,0, 7, v) = cong(Pr(u, 7', v"), (Tkl(T’,v'),T),w(v)),

Gk € (W)t (ot rmwy = PTRT T (77,07, 7) - (wu X 10 X 1),

where Tvl(T v') = 7'42e¥". Since p(Tj, T, T,f(u 7,v),7)=0for 7’ < 105 we have fryi0fr(x) =
(=1)5 Wiy s Croie] for Wi g := Wi N {7’ > 3e}.
This time, we define a map

h: Wi — Wl::,k:: (u, 7,0, 7",0") = (u, 7+ 7 — 250, T, 0),
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(_1)(1+dim V-n)®  From

which is an open embedding and changes the sign of orientation by
, it follows that @;C’k o h = ®y 1. Indeed, if we set 7, := 7" + 7 — 2¢}, then
P} 1 0 hu, 7,0, 7', 0") = cong (P (u, 7y, v'), (Tvkl(ﬂi, V'), 7),¥(v))
= cong11(Px(u, 7,v), (fkl (u,T,0), 7o — T+ 25), (V)

= & p(u, 7, 0,7, 0)

for every (u,T,v,7’,v") € Wy . Therefore, we have

()T fii16 0 fre(@) = frg © fre(®) = (=1 Wi @ oo (1) hi(Go) — i)

/ / /
For (u,7’,v',1,v) € Wi ko

2
(_1)‘77‘ (h*<<k,k>)(u,7'/,v’,7',v) - (Cllg,k)(u,f’,v’,‘r,v)
= <p(T,§,T, fg(u,T,v),T' — T+ 2eh) — p(T#,T’,Té(T’,U’),T)) Wy X My X 1y).

! Tg—%s and %5 <7< TkI(T’,v’)—%e, then %5 <7'—7+42e) <

We can check that if 1—315 <
<7y — %5 hold, and thus

Tvlg(u,T, v) — Heand &

p(TE, 7, TR (u, 7,0), 7' — 7+ 2685) = 1 = p(Tp, 7/, T (' '), 7).
Therefore, supp((—1)"*h.(Cr) — Cip) lies in Wl UWZ ., where

Wklk = {(u, 7,V 7,v) € W,;k | 7/ < de or T} —4e < 7'},

W,?k = {(u, 7,0, 7,0) € Wy | T < 4e or T v') — 4e < 7).

From Lemma|3.12| we have ®(u, 7/,v") = cong(p(u), (T}, '), % (v")) € 29, for all (u, 7/, v/, 7,v) €
W,J; - Then, Lemma is applied again to show that

<I>§C7k(u, v 7, v) = cong (P (u, 7', 0), (Tvkl (7', 0", 1), ¥(v))

is an element of X9, , for every (u,7',v/,7,v) € W}l, UW}?,. Indeed, we can apply the case
(i) of Lemma for (u,7',v',7,0) € Wy, and the case (i) for (u,7,v',7,v) € WZ,. As a

consequence,

(=D fri1 e 0 fre(®@) — frgo fre(@)

1 2 2 dR 0
- [Wk,k UWR ks @il o (D7 he(Gon) = G )| € Ol ag-an(Ehhio).

Wkl,kuwlg,k]
O

In the definition of fj ¢ for £ € CgR(Sa), there is an ambiguity about the choice of p.: A. —
[0,1]. Suppose that we choose another p_, and define af , f; . in the same way as a., and

fre. Take an arbitrary chain z € CI¥(2%,). Since supp(p, — pe) lies in {(T,7) € A | 7 <
de or T —4de < T}, @ 41, Xpry (e — L) is a chain in the subspace
{(()k=1,..om> (T, 7)) € B5, 41, Xpry Ae | T < deor T —4de <7}

m tlg

From Lemma [3.12] we have
fre(@) = fhe(@) = (cong)u((2 1, Xpry (A — L)) evy Xevo £) € Ot g n(Si1)-

23



Therefore, for a € R>¢, the induced map on the quotient spaces, which is denoted by the same
symbol,
dR 0 dR 0
Jre: O (55, X0) — C*+1+q—n(zgz+f17 Emi1)

is independent on the choice of p.. For this map, the equation

90 fie = fre0 0= (1" fiae: CPR(ER. E0) = Colfiygn (S Shga)  (15)

follows from Lemma, and the equation for &’ > k

frrgrg© fig + (D)7 " frg o frg = 0: CR(E0,Z0) = Cploiag2n(Smis: Susa)  (16)
follows from Lemma If 9§ =0, implies that fj ¢ is a chain map shifting the degree
by (14 q —n).
3.6 [—1,1] and [-1,1]*-modeled de Rham chains

In this section, we introduce two types of variants of de Rham chains. In this paper, they are
necessary for only four kinds of differentiable spaces: ¥¢ ., 3¢ x fo,;,, Se and (M, Pyy) for a
manifold M. Throughout this section, X represents these differentiable spaces.

3.6.1 [—1,1]-modeled de Rham chains
We introduce chains in R x X. We define Px as the set of tuples (U, ¢, (74, 7_)) such that:

o (U,p) € Prrezx x. If X = S, we additionally require that (idg x evg)op: U — R x @ is
a submersion. Let us write ¢ = (¢r,¢x): U — R x X and Uy = @' (I) for any subset
ICR.

o 71: Ur,, = R>1 X Uyyy and 7—: Ur._, = R<_q X Uy_yy are diffeomorphisms such that

1

-1 . _ .
(pOT+ :ZR21 X @X|U{1}’ @oT_ :ZRg—l X @X|U{,1} .

Here, ig, (resp. ig._,) is the inclusion map from R>y (resp. R<—1) to R.

Remark 3.15. When X = S, the condition that (U,¢) € Prresxg. implies only that the
composition of (idg x evg)op: U — R x Q with prg (resp. prg) is a submersion to R (resp. Q).
The condition that (idg X evg) o ¢ itself is a submersion is necessary to define a fiber product
of [—1,1]-modeled de Rham chains in the later subsection.

For (U, ¢, (14+,7_)) € Px, we define a linear subspace QF (U, ¢, (74,7)) of QP(U) which
consists of p-forms w on U such that suppw N U|_y 1} is compact, (7;1)*w =1x w]U{l} and

(7w =1x w|U{71}. We consider a graded R-vector space
LX) = @B e U (7).
(U7¢7(T+7T*))EPX

For U = (U,p,(14,7-)) € Px and w € QX(U, p, (14,7-)), let (U, p, (74,7-),w) denote the
element of A,(X) such that its component for V € Px is

w ifV=0U,

U, (14, 7-),w)v = {0 if V#U.

We take a linear subspace Z,(X) of A,(X) generated by vectors
(‘/7 pom, (U+v U*)’ w) - (U’ ¥, (7—+7 7—*)’ ﬂ-!w)
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for any submersion 7: V' — U such that
(idR21 X ’/T’V{l}) 004 =T+ 0T, (idR§71 X W’V{,l}) 00— =T-OT.
We define a quotient vector space
CIR(X) = A,(X)/Z.(X),

whose elements we call [—1, I]-modeled de Rham chains. [U,p, (74, 7_),w] denotes the equiv-
alence class of (U, o, (74,7_),w). We define a degree (—1) linear map 9: CIR(X) — CIR (X)
by
8[U7 P, (T+7 T—)v w] = (_1)|W|+1[U7 ') (T-i-v T—)7 dw]'
Obviously 908 = 0 holds and we obtain a chain complex (CI®(X), d). Its homology is denoted
by HIR(X).
Naturally, there are three chain maps:

i CIX) = CI(X): [Vogh,w] = (=D)F™ VR x V,idg x ¢, (idpy, xv, idr._, xv), 1 x w] (17)
and
€4 CSR(X) - CSR(X) [U7907 (TJrvT*)aw] = (_1)dimU_1[U{1}a SOX|U{1} ) w|U{1}]7

_ o (18)

€_: CER(X) — CSR(X) [U7907 (T+,T_),LU] = (_l)dlmU 1[U{71}7 @X‘U{_l} ) w’U{_l}]'
Here, Uyyy and Uy_yy are oriented so that 7 and 7_ preserve orientations. Clearly, e 0f =
e— 0i =idcar(x). Forioey and ioe_, the next result holds.

Lemma 3.16. ioey and ioe_ are chain homotopic to the identity map idgar(x) -

Proof. This assertion is essentially proved in [24, Lemma 4.8]. We should notice that the result
in the reference is proved for a specific differentiable space Z;1(a) (a differentiable space of
marked Moore loops in a manifold). However, even for a differentiable space X considered in
this section, we can extend the definition of a chain

K(U, ¢, (14,7-),w)) == ()R x U, g, (7}, 7-), 0] € CH (X)

for any [U, ¢, (14,7-),w] € CIR(X), which appears in the proof of [24, Lemma 4.8]. Then
K: C®(X) — CI® (X) gives a chain homotopy from idear(xy to i0eq. The proof for ioe_
is completely parallel. O

3.6.2 [-1,1]>-modeled de Rham chains

Let us define a smooth map
v (R?)™8 x X — (R?)™8 x X: ((r1,72),2) — ((r2,71), 2).

We often use the coordinate (11, r3) of R? to denote its subsets, for instance R>; xR = {ry > 1},
We introduce chains in R? x X. We define Px as the set of tuples (U, ¢, (11, 71), (72,72))
such that:

o (U p) € Prejreaxx- If X =S¢, we additionally require that (idgz x evg) op: U — R? x Q
is a submersion. Let us write p = ((¢%, 932),0x): U = R? x X and Up = {u € U |
(ok(w), 92 (u)) € D} for any subset D C R2.

o 7] 72 (j = 1,2) are diffeomorphisms such that

o (m) T =imay X (PR X 0x)]y, o 0o (P =imey x (R X x)|y,
2

Lowo (7-_?_)—1 =Ry, X (gpﬂg X ('OX)’U{Q:” , LOYO (7-_)—1 = iR, X (W]%% X Q‘OX)’U{Q:—U .
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For (U, ¢, (t1,71), (12,72)) € Px, we define a linear subspace Q2(U, ¢, (71, 71), (12, 72)) of
QP(U) which consists of p-forms w on U such that suppw N U [-1,1]x[~1,1] s compact and

(1) ™w=1x w|U{T:1} , (D)™ HYrw=1x W‘U{'r~:—1} (1=1,2).
J J

We consider the graded R-vector space

A(x) = D OImU=24 (U, (7, 71), (72, 72)).
(Uspy(r1,72),(72,72))€Px

For U = (U, ¢, (TJlr,Tl) (7‘+, 2)) € Py and w € 0P (U, ¢, (7‘_,_, ), (T+a 2)), let
(Uv @, (Ti7 71)7 (Tiv TE): W)
denote the element of A,(X) such that its component for V € Px is

w IfV=0U,

U’ b 17 i? 2’ E? =
( ‘P(T+7')(7'+T)W)V 0 fV£U

We take a linear subspace Z,(X) of A,(X) generated by vectors

(V7 poT, (0—11-’ 0{)’ (U—Zi-v U%)’w) - (Ua ©s (T}_,Tl), (7—3-77—3)’ W!w)

for any submersion 7: V — U such that for j = 1,2

(id]R21 X W!V{szl}) o ai = Ti o, (idRS_1 X 7T|V{'rj:71}) ool =7 onx
Now we define a quotient vector space
CIR(X) = AL(X)/Z.(X),
whose elements we call [—1,1]°- modeled de Rham chains. [U,p,(t1,71),(72,72),w] de-

notes the equivalence class of (U, p, (71,71), (73,72),w). We define a degree (—1) linear map
0: CIR(X) = GO, (X) by

O, ¢, (t1,71), (72, 72),w] = (1)U, o, (71, 71), (72, 72), dw).

Obviously d 08 = 0 holds and we obtain a chain complex (CIR(X),d). Tts homology is denoted
by HIR(X).
Naturally, there are six chain maps
L O G (),

_ 19
el 2 )  CINK), "
define as follows: ' and 72 map z = [V, %, (14, 7_),w] € CIE(X) to

! = (_1)dimV—1[R X ‘/ledR va (idR21 xVaid]RS_1><V)a (7A_+77A_*)7 1x w]a

2= (-1 [R x V, v o (idr x¥), (74, 7-), (idro, xv, idr._,xv), 1 X ],

=0 =
8

8
I

where 74t Rx Vg, — Ry x (RxVipy) and 7—: RxVe__; — R<_1 x (RxV{_1y) are determined
by

(', i (ru)) = (r, (7, ug)) for o € R and (r,uy) € Rt x Vi,
7o (r', 72 (rus)) = (r, (7, un)) for ' € R and (rou) € Ry x Vi,
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In addition, ei and €/ (j=1,2) map y = [U, ¢, (rL,71), (12, 72),w] € CI’(X) to

dim U 2 2 2
_1) " [U{l}va (SDR’SDX)‘U{I}XR ’ (T+}U{1}XR>1 ’ T—‘U{l}xR<71)7 w|U{1}><R]’

dimU-1 1 1 1
_1) " [URX{1}7 (¢R7 SOX)}U]RX{l} 7(7—+}UIR21><{1} ) T_‘URsflx{l})7 w‘U]Rx{l}]’

1, . dim U 2 2 2
ey = _1) " [U{—I}XR7 (‘pRa SDX)’U{—l}XR ) (T+’U{_1}XR>1 ’ T_}U{—I}X]R<_1)’ w|U{7l}><R]7
2 . dimU—-1 1 1 1
e_y = —1) m [URX{fl]n ((pRa ('OX)‘URx{fl} ) (T+‘UR>1><{,1} ) T*lUJR<71X{,1})’ w‘URx{—l}]‘

Here, the orientations of Up for D = {r; = 1},{r; = —1} (j = 1,2) are determined so that T_{_
and 77 preserve orientations. The signs are chosen so that

eroel =ejoed, e_oel =eroe?, efoel =e_oel, e_oel =e_oe?. (20)

J o — o

hold. Clearly, €, o4 = e’
next result holds

o%j:id@m( y for j =1,2. ForzjoeJr and 7 o ¢! (j = 1,2), the

Lemma 3.17. 7/ o ei and i/ o e’ (7 = 1,2) are chain homotopic to idédR(X) .

Proof. We omit the detailed proof as Lemma For any = = [U, ¢, (t1,71),(r2,72),w] €
C’SR(X ), let us define diffeomorphisms for j = 1,2

7‘Jr R x U{r >1} — R>1 X (R X U{r 71}) R x U{r <-1} — R< 1 X (R X U{ij_l})

so that (7)1 (ry, (r,u)) = (r, (1)~ (rj,u)) and (7)) (ry, (r,u)) = (r, (1) (rj,u)). Refer-
ring to the proof of [24, Lemma 4.8], we can find ¢/, 7, @’ (j = 1,2) to define
K1<x> = (-DMHR < U@t (7], 7L), (77, 72), 01,

(DR x U @2, (7L, 7L), (72, 72), 07,

=
)
P\
&
i

so that K7: C’dR( ) — C*+1( ) is a chain homotopy from idgar () to W oei for j =1,2. The

proof for i o ¢’ is completely parallel. O

3.6.3 Collection of analogies with ordinary de Rham chains

As above, X and Y are chosen from one of the following differentiable space: X% 5 3% x E?,;,,
Se and (M, Pyr) for a manifold M. Let f: X — Y be a smooth map. If Y = S., we require
that X = So and evgof = evy. Then, f induces chain maps

fo: CIR(X) = CRY): (U, (74,7 ),0] = (U f o, (74, 72), wl,
fa: C’SR(X) — C’fR(Y): U, o, (T}r, =), (7 ,7'2),w] — (U, f oo, (T}F,TE), (T_%_,TE),W].

If X =%% and Y = X% for a < b and f is the inclusion map, then we claim that the above
maps are injective. This can be proved as Lemma so we omit the proof. As a consequence,
we can define CIR(xb 3¢ ) and CIR(XP %) as quotient complexes.

Next, let (X,Y) = (2%,%%,) or ({0},S:). We identify {0} x S. with S.. Then, a

cross product = X y € Cpfq(X X Y) is defined for x = [U, ¢, (74,7-),w] € C’I‘}R(X) and

y=[V,9,(01,0-),1) € CgR(Y) by
z xy = (—1PW, &, (7, 7),w x 7).
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Here, W := U , Xy, V is a fiber product over R and ¢, 7, 7_ are determined by
oW ->Rx (X xY): (u, ) (or(u),

PX
T (u,v) = (1, (ug, 04)) ()~ (r, U+) (04)7 (1 vs)) € Wey,,
7 (u,v) = (r, (u—,v-)) for (W})Z((T )7 (rus), (02) 7 (rv)) € Wy

S
—~
£
<
~—

I
—~

Similarly, a cross product z xy € CIR (X x V) is defined for z = [U, ¢, (i, 71), (72, 7%),w] €
nl €

A p+q
CSR( ) and Y= [V¢ (0-—1—’ ) (U+a0 )7 CdR( ) by

zxy = (D)W, 3, (71, 7L), (72, 72), w x 1.

Here, W .=U (oh2) X (k) V is a fiber product over R? and @, 7'+, (] = 1,2) are determined
by

@A: W —=Rx (X xY): (u,v) = (pr(u), ox(u), l/Jy(U)?,
7 (u,v) = (r, (uy, 01)) for (u,v) = ((r1) 7 (rug), (03) 7 (r,vp)) € W 21y,
# (u,) = (r, (u_,v_)) for (u,0) = (1)~ (r,u_), (67 )7 (r,0)) € Wiy, —yy.

The next result is analogous to Proposition and Proposition It follows immediately
from the fact that (ey).: HI®(X) — HIR(X) is an isomorphism (see Lemma ).

Proposition 3.18. Let a,b € Ryg with a < b and ¢ € (0,e9/C] for the constant C' of Lemma
3.8 Then, the following hold:

o If L,,(K)NJa,b = @, then HIR(Xb 2 = 0.
e For any v € HIR(S,),

(evo)« 0 (e4)(2) = 0 € HI®(N,) = (ic.ce)(2) = 0 € HI®(Sc.)

3.6.4 Operations on [—1,1] and [~1,1]?>-modeled de Rham chains

In the rest of this section, let us define linear maps corresponding to f¢. We rather refer to

the explicit description (13]) of f;¢(x) than its original definition using fiber products of chains.

Let ¢ € (0,50/(500)] and pe: A — [0,1] be the C* function we have chosen in Section [3.5]
For k=1,...,m and £ € CdR(S ), we define a linear map

fkg CdR(Ea ) = C*+1+q n(zgrj—fl)
as follows: Let
T = [U’ ') (T+,T_),W] S C’SR(E%% g = [‘/7 wa (U+7U—)7?7] € CgR(SE)’
and denote

e(u) = (pr(u), px(u) = (er(u), (' [0, 1] = Q)i=1,..m) € R X XF,,
P(v) = (Yr(v), ¥s(v)) = (Yr(v), (07 )i=1,2) € R X S,
for every w € U and v € V. Then we define fkg(x) = (=1)%[Wy, @k, (T4, 7—), Ck], where
Wi ={(u,7,v) eU xR xV |2 <7 <T¥—2e, (pr(u),v; (7)) = (Yr(u),07(0))},
Dp: W — R % Z%flz (u7 T,’l)) = (SOR(U’)vCOHk((PZ( ) (Tk7 )71/}5'( )))
Gk € Q:<Wk> (Ck)(u,'r,v) = p&(TIg:T) ) (wu X 771))7
s=(+1-n)n+n+1,
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and

T4 (u, 7,0) = (r, (us, 7, 04)) € R x (Wg) =1y
for (u,7,v) = (77 (r,ug), 7,07 (r,v4)) € (Wk){r>13, and

T (u, 7,0) = (1, (u—, 7,v-)) € R x (Wi)=—1y

for (u,7,v) = (t-Y(ru_), 7, 0" (r,v_)) € (Wk){r<—1y- Here, Wy is oriented as a fiber product
over R x () of the map

{(u,7) eUxR |26 <7 <T} =2} >R xQ: (u,7) = (pr(w),7£ (7))

and the submersion (idg x evg)o: V — R x Q. It can be checked that i and ey, e_ intertwine
this operator and f ¢ for £ € CSR(SE). Namely,

00 fie = fric 0t €40 frg=fre,g0€4, €~ 0 fre="frc goe-.
Similar results as fj ¢ are the following: fk,é induces a linear map
fkg CdR(Za ZO ) - C*+l+q n(zz’b—szgﬁ-l)

which is independent on the choice of p.. The next equations are variants of and , and
they follow from similar computations as Lemma [3.13] and Lemma [3.14] so we omit the proof.

Proposition 3.19. For k' > k, the following equations hold:
do fk{ flc{ 0d = (1P OE* CdR(Egna Sm) = Cp+1+q n(zgn—fb 2m+1)
fk/+1,§_o fk,g‘ (=17 fk,g‘o fk/,g' =0: C;}R(ng e m) —* Cp+2+2q 2n(231tr2287 Em+2)
Next, for k=1,...,m and £ € C’SR(SS), we define a linear map
fk{* CSR(EQ ) — C*+1+q n(zg‘rjfl)

as follows: Let

and denote
p(u) = (ppe (), o (u) = (PR (w), 9 (W), (7 [0, 1] = Qiz1,...m) € R? x X,
Y(v) = (Vg2 (v),¥5(v) = (Vr(0), PE(©)), (07)i=1,2) € R? x S,
for every u € U and v € V. Then we define fké(:p) = (—1)*[Wg, @k, (7L, 71), (72,72), (), where
Wi ={(u,7,v) eU xR xV |2 <71 <T} =2, (pra2(u),7 (7)) = (Yr2(u),o7(0))},
(pk: Wk — R2 X 2%’:1—81: (U,T,’U) = (‘pRQ (u)v conk(gpg(u), (Tlgﬂ—)a ¢S(U)))a

G € QW) : (G uyr) = Pe(Ty's ) - (Wu X M),
5= (p+1-n)nl,

and for j =1, 2,

?j_(u, T,v) = (rj, (u+,7' v+)) € Ry x (Wk){rjzl}
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for (u,7,v) = ((r]) 7L (rj, @), 7, (07) 1 (rj,v%)) € (Wi) ;513 and
7 (u,7,0) = (rj, (W, 7,00)) € Re_y Wk) (r,=—1)

for (u,,v) = ((Tz)_l(rj,uj,),T, (crj):l(rj,v{)) € (Wi)ir,<—1)- Here, Wy is oriented as a fiber
product over R? x ) of the map

{(u,7) EUXR|2e<7<T¥ -2} =+ R*xQ: (u,7) = (pga(u),y(1))
and the submersion (idg2 x evg)oy: V — R2x Q. It can be checked that i/ and ei, e (j=1,2)
intertwine fk,é and fk{- for £ € C_‘SR(SE). )
Similar results as fi ¢ are the following: f, é induces a linear map

fkfz C’SR(ng EO ) C*+1+q n(zgi—fl? Em—H)

which is independent on p.. The next equations are variants of (|15)) and ., and they follow
from similar computations as Lemma [3.13] and Lemma [3.14] so we omlt the proof.

Proposition 3.20. For k' > k, the following equations hold:
Do fre=freo0= (1P get CoR (S0, 50) = Ot gon (St Shs),
fk:’—i—l,é o fké (_ ) nfké © fkgé =0: CSR(E%a ZO ) - C p+2+2q— Qn(zgn—|—2267 Em—i—Q)

4 Construction of H{""(Q, K)

4.1 Definition of chain complex

For a € Ry and € € (0,e0/(5C))], we define a graded R-vector space

056 = ) ity (5 0.

Ifm > z—g, then a + me < m(%ao +¢) < mep. In such case, X% = 30 by Remark
Therefore, the components for m € Z>q vanishes if m > g—g
For each m € Zx¢, we think of CIR (d— 2)(2;’”“"5, Y0 ) as a linear subspace of C%(e) in a
natural way. For § € CI® (S.), we define a degree (—1) linear map
Ds: Cs%(e) — CS%(e)

so that for x € C (Batme 309,

m(d-2)
= 0w+ 3 (1P () € O (o).

When m = 0, the RHS is just equal to dzx.
Proposition 4.1. If§ € Cd§ (Se) satisfies 06 = 0, then Dso Ds =0 holds.
Proof. Take an arbitrary = € Cp (d— 2)(Egjm5, 0. Since 909 =0,

m

Ds o Ds( Z ( 1Y o fi5(w) + (=1 fr 50 a(:p))
1

m+1 m

Z ST EEE LR 5o fis(a).

k=1 k=1
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Applying for g = n—d and £ = 4 for which 9§ = 0 holds, we can see that the first summand
is equal to 0. For the second summand, we apply forq=n—d and £ = 6. Then

m+1 m
SN ()EFEI g s o frs(x)
k'=1k=1
= ) ((—1)(k+k/+1)d_1fk'+1,5 o frs(x) + (~1)FHIL g 50 fk/,5($)>
1<k<k'<m
=0.
This shows that Ds o Ds(z) = 0. O

In summary, for a € R, € € (0,20/(5Cp)] and 6 € CI® (S.) with 95 = 0, a chain complex
(Cs%(e), Ds) is defined. Let H (e 6) denote its homology.
The chain complex (C%(¢), Ds) is filtered by subcomplexes {F: },ez defined by

Fop = @ CIR a2y (T ™, 50, (22)
m>—p
Let Eéaé) = ({(E<a )p b {(di‘%)); 4}) be the spectral sequence determined by {F = }pez. Note

that ]-"5; =0 for p S gg and .7-'5“ F=§ for p > 0, and thus this spectral sequence converges
to HS%(e,6) in the sense of [31] Bounded Convergence 5.2.5]. The first page is given by

g—m(d—1)

dR 0 dR 0 :
(E<a )1_ _ H(q_m)_m(d_z)(zgj—me’ by ) H (E%—ms’ Em) if m >0,
(&0)7=ma ] if m < 0.
Let us state an abstract lemma about morphisms in the category of spectral sequences. This
result, which is a refinement of [31, Comparison Theorem 5.2.12], will be repeatedly used in the

rest of this paper.

Lemma 4.2. Let E = ({E q} {dy,}) and E' = ({E],},{d};,}) be bounded spectral sequences
which converge to Hy and H respectively in the sense of [31, Bounded Convergence 5.2.5]. Let
[ =Afpq} be a morphism from E to E' which is compatible with {hy: Hy, — Hj }nez. Then,
the following assertion hold:

e Suppose that for some 1o > 1 and ng € Z, [,5 is an isomorphism if p +q < no, and a
surjection if p+q = ng. Then, hy, is an isomorphism if n < ng and a surjection if n = ny.
In particular, if 39 is an isomorphism for every p,q € Z for some ro > 1, then hy is an
isomorphism for every n € Z.

Proof. Suppose that {f}  } satisfy the condition of the assertion for ro > 1 and ng € Z. Note
that for any r > 1 and p,q € Z,

T+1, r+1 " r Il o "
o Byt =Kerdy,  /Imdy,, ..y — By = Kerdy /Imd],, . ..y

is induced by {f} ;}pq- Therefore, by inductive arguments about {fy .} onr =rg,79+1,..., we
can prove that f77: EJS — Ez’fg is an isomorphism if p+ ¢ < ng, and a surjection if p 4+ ¢ = ny.
We omit the concluding argument about h,, since it is parallel to [31, Comparison Theorem
5.2.12]. O

For ¢,2 € (0,e0/(5Ch)] with & < &, let joz: &M — BUF™E (m € Zsg) be the inclusion
maps. These maps induce a linear map

(Je)e: CS(e) = CF2(8).
Moreover, for any 6 € CI® (S.) with 96 = 0, (jez)s is a chain map form (C%e), Ds) to
(C5*(8), D, .),s) and preserves the filtrations {}'<“}pez and {F5) }pez.
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Lemma 4.3. Suppose that a € Rso \ L(K). Then the induced map on homology
(Jeg)w: HZ(e,0) = HI(E, (ice)«0)
is an isomorphism if £ satisfies [a,a + g—gé] NLK)=2a.

Proof. If m > 2a, yatme — yigkme — 330 1f 0 <m < 22, [a+ me,a +me] N L(K) = & from
the condition on €. Thus, Proposition is applied to show that H SR(E%'T”E , Yarmey = () for
all m € Z>o. Therefore, the induced map on the (—m, ¢)-term (m > 0) of the first page

(eie)st (BEs) 2ma = HoBmga—n)(Z ™ Z) = (B, .0 g = Hybma—y (5™ E)
is an isomorphism. Now the assertion follows from Lemma O

As we have seen in Example HIR(N:®) = HY(N.;R). Therefore we can determine
a unique homology class Th. € H (NI°®) which corresponds to the Thom class of (TK)*
through the diffeomorphism {(z,v) € (TK)* |v < e} — Ne.: (z,v) > exp, v.

The above lemma leads us to define a set of data (e, ) as follows.

Definition 4.4. Let C' > 1 be the constant of Lemmal[3.8f We define 7, for every a € R>o\L(K)
to be the set of pairs (g,0) of £ € (0,9/(5C?%)] and § € CI®,(S,) such that:

1. [a,a+ ?—gé] NL(K) = @ for é = C3e.
2. 36 = 0 and (evg).[d] = The € HI® (N:®).

Let a,b € Ry with a < b. For ¢ € (0,29/(5Cp)] and § € CI® (S.) with 96 = 0, there exists a
chain map (I#?), from (CZ%(e), Ds) to (C=8(e), Ds) induced by inclusion maps I xatme
E% ™ for all m € Z>¢. We define a quotient complex

a,b . a
(ClM(e) = C2(e) JCE(e), Dy).
Let H La’b) (€,9) denote its homology. Obviously, there exists a long exact sequence

a,b a,b
e HE(e,6) TR B2 (e, 8) — B (6,6) —= HE (e,8) R (23)

The next result is computations from the spectral sequence.
Proposition 4.5. For a,b € R\ L(K) with a < b and (&,9) € To N Ty, the following hold:
o If[a,b]NL(K) =, then Hia’b)(s,é) =0.

{c} if m =my,

o If there exist c € L(K) and mg € Z>1 such that [a,b]N Ly, (K) = {@ l then
else,
a,b ~ a
H*[‘ )(57 6) = Hfgmo(d—2) (ZIT)YL()? ZTn())

Proof. Let E [Z:? be the spectral sequence determined by a filtration {F5, /F5% ez, We apply

) m/ Y e;m
Proposition to the first page. For the first case, (E([Z’g);g = 0 for every p,q € Z, so the
assertion is trivial. For the second case, (E([Z’Z;)zl),q = 0 for every p # —my, so all differentials
are the zero map. Therefore, H(Ea’b) (e,0) = (E([Z’gg)l_m07q+mo and the assertion follows from
[a,0) 1 _ pydR b+ + ~ prdR b
(E(575))7m0,q+m0 - Hq_m()(d—Q) (2m0m057 ZgnOmOE) = Hq—mo(d—Q) (Emo, Egno).
Here, the last isomorphism comes from Proposition O
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4.2 Variants from [—1,1] and [-1, 1]*>modeled de Rham chains

In Section we introduced [—1,1]-modeled and [—1,1]%-modeled de Rham chains. In this
section, we define chain complexes as Section by using these types of chains. Their con-
structions and some of computations are parallel to the previous section, so we often omit
proofs.

First, we deal with [—1, 1]-modeled chains. For a € R and ¢ € (0,g0/(5Cp)], we consider
a graded R-vector space

Ct(e EB o (S 5.

For § € C4R (S.), we define a degree (—1) map Ds: C5%(e) — C5% () by

m

Ds(x) = 0z + ) (~1)PHHHf 5(x)

k=1

for z € o 1 o) (Zh ™, 20)).

Proposition 4.6. If § € CIR (S.) satisfies 95 = 0, then Dgo D5 =0 holds.

This is analogous to Proposition and can be deduced from the two equations of Propo-
sition From this proposition, for 6 € C_'gf{d(Sg) with 0§ = 0, we obtain a chain complex
(Cs%(e), Ds). Let H:%(e,d) denote its homology.

Let us consider a relation to the chain complex defined in Section The linear maps ([18)
for X = Rotme

eryemt CIV(EEme) o CIR(Seme) (m € Zo)

naturally induce linear maps

ety Ce " Cr(e) — CF%e),

and these are chain maps from (C5%(e), Dj) to (CF%(e), D, .5) and (C5%(e), D, _5) respectively.
We define a filtration {F =0} pez by

Fob= 6P O oy (S, 50,

m>—p

Let E(<‘g) be the spectral sequence determined by this filtration.

Lemma 4.7. e, and e. _ are quasi-isomorphisms.

Proof. We prove this assertion for only e. . The proof for e, _ is parallel. Since e. 4 preserves
filtrations {F=}pez and {F 5 }pez, this induces a map on the first page (ec 1 ).: (E% —

(€,0) )P q
(Eé‘le+6)) . For p = —m <0, this coincides with

(e )t HYR L a1y(Sef ™o, 20) = HIE g1y (T ™, 20).

From Lemma this map is an isomorphism. Now the assertion follows form Lemmal[£.2] O

For £,¢ € (0,e0/(5Cp)] with £ < &, the linear map (jzz¢)«: Cr%(&) — C5%(é), induced by
the inclusion maps jzz: 4™ — $4FME for all m € Zso, is a chain map from (C%(&), Ds) to
(C5), D, ).5)-
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Lemma 4.8. Suppose that a € Rso \ L(K). Then the induced map on homology
(js‘,é)*3 I:I<a(§ S) - ﬁfa(éa (ig,é)*g)
is an isomorphism if ¢ satisfies [a,a + 22 EINLK)=2.

Proof. The proof is parallel to that of Lemma The chain map (jz¢)« preserves the filtrations
{Fs5 pez and {F; <a}p€Z This induces an isomorphism on the first page since for every m €

Z>0,
I_{ (Ea—i-mé Ea+mé) =0
* m »~m

holds by Proposition [3.18, Now the assertion follows from Lemma [£.2] O

The above lemma leads us to the following definition.

Definition 4.9. Let C > 1 be the constant of Lefnma We define 7, for a € R\ L(K) to
be the set of pairs (£,6) of € € (0,e0/(5C?)] and § € CI® (S:) such that:

L. [a,a+ 226N L(K) = & for é = C%.
2. 96 =0 and (evg).|e46] = The € HIR (NI%).

Next, we deal with [—1, 1]>-modeled chains. For a € R~ and € € (0,&0/(5Cp)], we consider
a graded R-vector space

C<a @ C* m(d— 2)(Ea+m8 ZO)
For 6 € C’Sffd(SE), we define a degree (—1) map D(;: Cso(e) = C2% (e) by

m

Dy(x) = 0w + Y (=17 ()

k=1

for z € C’ (Bafme 530,

—m(d—2)
Proposition 4.10. Ifé € C’Sf_{d(se) satisfies 86 = 0, then 155 o [)8 = 0 holds.

This is analogous to Proposition and can be deduced from the two equations of Propo-
sition From this proposition, for 6 € CI® (S.) with 86 = 0, we obtain a chain complex

(C=o(e ) ) Let H=%(e,6) denote its homology.
Let us con81der a relation to the chain complex defined by [—1, 1]-modeled de Rham chains.
For 5 = 1,2, the linear maps of E for X = yatme

ej+7 CdR(EaA—ms) N CdR(Ea-l-ms) (m c ZEO)
naturally induce linear maps
el el OFe) = C5%),

and these are chain maps from (C=%(e), 155) to (C5(e), D, 5) and (C£%(e), D, ;) respectively.
+

Lemma 4.11. ¢ + and e _ (j =1,2) are quasi-isomorphisms.

Proof. The proof is parallel to that of Lemma This time, we use the spectral sequence
determined by a filtration {F, p}pe% which is deﬁned by

= D (5.

m>—p

eg+, el _ (j = 1,2) preserve filtrations {F ¢ tpez and {F? }ez. By Lemma [3.17, they induce
an isomorphism on the first page. Now the assertion follows form Lemma |4.2 O
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4.3 The limit of ¢ — 0
In this section, we define a transition map
k(er 5, (e.0): HEU(E, ') — HE(e,9)

for every a € Ry \ £(K) and (¢,6), (¢/,8") € T, with &' < ¢, by using (£,4) € T, satisfying

£ <&, eyd=(icg)sl, e_0 = (icr z)s0. (24)
In fact, k(s s1),(c,5) is an isomorphism. We also prove that ({H (g, 0) }e,6)e7 1k(er,5),(e,6) Je'<e)
forms an inverse system.
4.3.1 Construction of transition maps
Let us first prove the existence of the above (£, 4).
Lemma 4.12. For (¢,6), (¢',6) € T, with € < e, there exists (€,6) € T, satisfying .

Proof. Let us take € := Ce¢ for the constant C' in Lemma and rewrite 04 = (i)« and
d_ = (i £)+0" for short. Since

(ev0)«[0 — (ier 2)+0"] = The — (i )« The = 0 € HIR,(N,),
Proposition shows that there exists § € CIR, +1(85) such that
00 = (icz)+(0 — (ier c)+0") = 04 — O_.

1 if1<
Let k: R — [0,1] be a C° function such that x(r) = {0 ?f ; T’l We take chains 8, 5_ €
if r < —1.

C_’SR({O}) defined by
By = [R,idg, (idpy,, idr._, ), 5],
B- = [R,idg, (idg,,,idg__,),1 — .
Now we define § by
5= By x (i61) + B x (i6_) + (9By) x (i0) € CIRy(Sx).
This satisfies the condition (24)). Moreover, 96 =0 and (eVO)*[eJrS] = (evo):[d+] = The hold.

Now, it is clear that (£,0) = (Ce,d) satisfies the two conditions to be an element of 7. O

From Lemma [.3] and Lemma [4.7] we can define isomorphisms

fed g = U)o (eey)w: HEY(E0) = HS(e, ),
f(gj),f = (.7%’,5‘)?1 o (ez,—)x: HI(E,0) — HSO(e', ),

so that the following diagrams commute:

_ fiz5 _ fiz5).—
HZo(e,8) S0 L [g<a(e, ) HZo(6,8) — 0=, geael §)
(es +)*i i(je,e)* (ea)*l i(k’ &)+
HZ(E, e4.8) == HZ(E, (ic.2)40), HE(E, e 85) == HZ(E, (iw 2)40").

We define an isomorphism
ks = fesyr o (fep ) HEUE, ) = HS (e, ).

Later, we will prove the independence on (&,d) (Corollary , and this is the transition map
k(€/75)’(575) we need.
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Lemma 4.13. When (¢/,8') = (¢,9) € Ta, we may take (,i5) € T, as an element satisfying
. In this case, we have

K(eis) = idpzeic )

Proof. To prove this assertion, let us introduce a chain map i from (C%(g), Ds) to (C%(g), Dis)
induced by i: CI% (d— 2)(E‘”ms) — Q4R (d— 2)(2%””5) (see 1} for all m € Z>¢. This satisfies

*—m
€e,+ © ie = ldC<a(€) = €, 01, and thus

(et )e = ()71 = (ec)o: AS(e,36) = HE(e,0). (25)
Therefore, k. 55y = (€c,+)« 0 (ec,— )it = idgzai g)- O

4.3.2 Compositions

Next, we think about compositions of maps of {k( 5} ¢ 57, For (¢,9),(e',d"),(e",d") € Ta
with ¢” < & < ¢, suppose that we have chosen (&,9), (£,8), (€,0) € T, satisfying:

? = (ZE, )6, ? = (iE'f)*(s/?
5 = (Za’ 5’) 5,7 e d = (ia”,é’)*(s,,a
€+ = (’Ls,s)* ) e = (is”,g)*(su-

In this case, let us first prove the following lemma.

Lemma 4.14. There exists ¢ € (0,e0/(5Co)] and 6 € C’ggd(Sg) such that 96 = 0 and

el = (iz2)ud, €10 = (i )ud', €20 = (ize)sd, €26 = (ion¢)u(i8").

Proof. Let us take p := C - max{&,&,&}, & := Cp and rewrite 6, = (ig,p)*g and 6_ = (iz ,).0’
for short. Since

(ev0) © (e4)s[(izc15)46 — (iz,c-1)+0'] =(izc1,)+(The) = (izr o-1,)(Ther)
=0€ HSR(NC*HJ%

Proposition shows that there exists f; € C4 d+1(S ) such that 96, = 0, — §_. We define
RI:R xR — [O, 1]: (r1,72) — K(r1), where £ is the function appeared in the proof of Lemma

Then, we take chains 3, 5 € CSR({0}) define by
{Bi = [R?,idge, (7}, 71), (73, 72), A],

AL = [R?,idge, (71, 71), (72,72),1 — &),
where T+ idgr;>1y and o =idg <1y for j = 1,2. We define
£im B x (15, + 1 x (1) + (03L) x (01 — ie_01)) € Gy (5,).
This chain satisfies 9¢ = 0 (note that and e_(96;) = e_0, —e_6_ = 0). Moreover,
eh€ = (izp)s8, €L€ = (i), €= (icn ,)u(8")

hold. The former two equations are easy to check. The third equation can be checked as follows:
Since €2 o' =7 oe_ holds, we have €2 (1*(f; — ie_6;)) = 0 and thus

e2€ = (€2 BL) x (i((ier )+0")) + (2 BL) x (i((icr,)40")) = (icr,p)s(i6").
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Let us write § :== e2¢ € C9® (S,) and consider the difference of chains & — (iz ,)«6. We claim
that there exists 6, € CR | (Sz) such that

852 = (Z'/,,g)*é — (7:57@)*5, €+é2 = 679_2 =0. (26)
We prove this claim. Since e, o ei =e4 0 ei and e_ o ei = e, oel, we have
(6218 = (i2,):8) = (e 0 €} )ulg] — (ie,)u[0] = 0 € HI(S,),
(e=)x[0 = (ie,p)+0] = (ex 0 €L)u[€] = (ier,p)4[0'] = 0 € HZEy(S)).

From Lemma there exists 0} € Cde_H(S ) such that 80, = § — (iz,)+0 and O(ey0}) =
d(e_0y) = 0. Since (evo)«|e4 5] and (evo).[e_0] are contained in HIE,  (N,) = {0}, Propo-
sition shows that there exist ¢p;,p_ € C Rd+2(Sé) such that g = (i,z)«(e4+0)) and
o = (ipz)«(e—05). Then, by using 81, in the proof of Lemma we define

02 = (ipe)sbh — OBy X ipy) — (B X ip) € O g1 (S2),

and this chain satisfies .
We take #2: R%2 — [0,1]: (r1,72) + k(r2) and

B = [R? idge, (ry, 71), (3, 72),#%] € CER({0}).
Finally, we define a chain
0= (ipe) ek — O(BL x °02) € O (S5).
This satisfies 95 = 0 and the required four equations. O

Lemma is applied to prove the next proposition.

Proposition 4.15. k(5 0 k@ 5y = k25 HZ(€",0") — HI"(e,0).

Proof. Let (£,0) be the pair of Lemma From Lemma and Lemma we can define

isomorphisms

gy = Uee)it o ek )e: HE(2,0) » HE(E9),
fedy— = Uz o (e ot HE9(6,8) 29,5,
f(257(§)7+ = (j&é);l o (€g7+)*1 Hfa(é, 5) H<a(€_ )

From the definitions of k:(ag), k(e-,,g,) and k(gg), it suffices to show that the following diagram
commutes:

HF(E,9)

HEo(e",8") e, 5) N HE%(e,0)
HZ(E,8) HZ(s, ).
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Note that all maps appearing in the diagram are isomorphisms. We need to prove the following
three equations:
- 1 — - 2
f(’sié),+ s+~ Jed+o (,6),+
~ 2 _ _ 1
Jeo=°Jess = few+oles o (27)
~ 1 — _ 1
fem—oTen s =fem—oFes

Let us prove the first equation. Returning to the definition of f(gg) 4 and f (1

£,0),+
fesqo Llc(léﬁ)’+ = (Jo2)s "o (es4)x 0 (Jze)i o (€d 4 )
= (js,s);l © (es,Jr O € +)*
= (ja,a)*_l © (eé,-i- O € +)*
= (js,é);l o (ez+)x 0 (j€,é)>k_1 o (6§,+)*

_ _ 2
=fen+°ofest

Here, the second and fourth equality follow from obvious equations
(Jze)s 0 (ez4)x = (€24 ) © (Jz2)ss (Jze)x © (€54 )x = (€24)x © (Jz2)s-
The third equality follows from

1 2
€e+ €y = €64+ 06 4,
which comes from the relation e o e}F =e4 o0 ei of 1| The second equation of 1) can be
proved similarly by applying
2 1
€6,— 0 €t = €64 06—,

which comes from the relation e_ o ei =e oel of . To prove the third equation of ,
there is one issue: We need to apply

(esm 0 €l ) = (e 0eb_)ut HEE,8) = HEE, (icn 2)u8"),

which does not follow from directly. To check this equation, we consider the following
diagram including HS(E, (i ¢)4(i0")):

N " (el )« _ -
HE(€,0) : HZ(E, (iz2)«0)
(€2 )«
(el ). HZ9(E, (o 2). (i8")) (62, )e
w\
_ (ee.—) m
HE(E, (e 6)«0") — HE(E, (ien 2)+0")
Then
€e,— © eé+ =€g+© e?,—? €e,— © eé,— =€ © eg,—

follow directly from the relations e_ o e}r =c,o0e? ande_oel =e_oe? of 1} If we rewrite
(ien 2)+6" by 67, the equation shows that

(e2.4)0 = (ec ot HEO(E,70%) — HEO(E, 7).
From the above diagram, we get (ez —)«o (el ). = (ez—)«o (el ).. This finishes the proof. O

&+
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Corollary 4.16. For (¢,9),(¢',d") € T, with €' < e, the isomorphism
kg HI(E, ") — HI(e,0)
does not depend on the choice of (£,6) € T, satisfying .

Proof. Let (£,0) and (g, g) be two arbitrary choices from T, satisfying . We apply Proposi-
tion to the case where (¢”,6") = (¢/,¢) and (Z,8') = (¢/,i¢'). By Lemma K(er ry 18
equal to the identity map on H:%(e’,d’), so we get an equation

k?(ag) o idH*<a(£/75/) - k(g7~).
O

From this result, we may rewrite k. 5 : H%(e',d") — HS%e,0) by ke s, (c,5)- The equa-
tions of Lemma [£.13] and Proposition can be rewritten as

Kes),(e.0) = 1dpgaie s,
ke 51, (e,6) © ke sy (er,6) = ke 51y (e,6)-

Now, 7, becomes a directed set by the relation (¢/,0") < (g,4) if and only if &/ < e. Then we
obtain an inverse system

({HS (e, 0) Y esyeTsr {R(er 07),20) Yer<e)

and its inverse limit
HE(Q,K) = lim HE(2,0)
e—0

is defined.

4.3.3 Spectral sequence

Lastly, we extend the above discussions to spectral sequences. For (g, ), (e/,0") € T, with &’ < e,
we take (£,0) € 7T, satisfying . Chain maps (jez)«, €z, €s,— and (jo )« induce a zig-zag of
morphisms of spectral sequences

€ pea Cat) pea U pea (28)

(£,9) (&,(ic,)+0) (£,9)

(je’,g)*

<a

<a
E (Eiur 2)=8")

(e",6")

All of them are isomorphism. Let ks s1) (. 5): Eéﬁlﬁ,) — Eé%) denote the composition of these

maps. (The independence on (g, d) can be proved as Corollary )

Proposition 4.17. There exists a spectral sequence E~¢ = ({(E<%); .}, {(d~%),,}) which
converges to H:*(Q, K) in the sense of [31, Bounded Convergence 5.2.5] such that

(28,%9)  if m>0,

dR
(E<a)1_m — Hq—m(d—l)
4o if m <0

Proof. On the first page, the middle two maps of have the form

—pE (e4)x = —pE (e—)« —pE
Hypp(a—1)(85,7,5%) == Hyppa1) (85,7, 50)) —= Hyppa-1) (32,7, 52,).

Since (e— )« = (1); ' = (e )«, this composition is equal to the identity map. Therefore, ks 5y (- 5

is equal to (jer )« : Hq+p(d,1)(2(i;p5 ,Egp) — Hqup(d,l)(E‘i;pa, E(lp) on the (p, q)-term (p < 0)
of the first page.
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By {k( 5),(c,0) }e'<e, we define (E<?)7 ng—m(Eiaé))Pq Moreover,

(A=) g (E=")pg = (E=")prgir
is defined to be the map induced by {(dé“d Jpa}(e,8)eT,- Then the (p, q)-term of the first page
is given by
(E<a) L g+p(d—1) (Eci;ps’ E(lp) = Hq—l—p(d—l)(z—pa EO )

e—0

for p < 0 and (E<®)} = 0 for p > 0. Since {k( ) (.5 }e'<e consists of isomorphisms, it is clear
that E<% is a spectral sequence which converges to H-%(Q, K). O
4.4 Definition of H*""8(Q, K)

In this section, we define I**: H=%(Q, K) — H:%(Q, K) for a,b € Ry \ L(K) with a < b to get
a direst system ({H:%(Q, K)}acr-o\£(K) {172} ,<p). After defining H;"'"8(Q, K) as its direct
limit, we will give a structure of a unital graded R-algebra.

4.4.1 The limit of a —

Let a,b be the above real numbers. For any (g,0) € 7, N Tp, we have considered in Section
a linear map

(I2%)s: HE(e,6) = H'(e,6),
which is induced by the inclusion maps I&?: Xatme — $Ptme for all m € Zsg.

Lemma 4.18. Suppose that (£,0) € ToN'Ty satisfies for (g,6),(g',8) € TaN'Ty with e’ < e.
Then, the following diagram commutes:

(1&").
_—

H%e,0) Hb (e, 6)
k<a’,6'>,<s,5)T T’f(s',s'),(s,a)
(1)

HEa(,8') — HEY(e, ).

Proof. I®" induces a linear map (I*),: HZ%(&,8) — HZ(¢,8). It suffices to show that
(l,b a/= ¢
(L2 ) Of(ad)+—f(58),+°u§ )« HI(E,0) — H<b(5 6),
_o(I%),: HE(5,0) - HE'(€',8').

Let us check the first equation. Since j. z o I¢" b — = I )b yatme _y yibtme

(12)s 0 fey = (UE0)e 0 (jeg)it 0 (eer)-

O Jeg:

The second equation can be proved by replacing € and “+” in the above computation by ¢’ and
“_77 . D

This lemma implies that, after taking the limits of (g,0) € T, N T with ¢ — 0, we get a

linear map
= lim(12%).: HE(Q, K) = HE(Q, K).

e—0
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Furthermore, for b > a and (¢, 0), (¢',0") € ToNTy with €’ < ¢, k(s 5 (c,5) induces an isomorphism
from H.“" (¢',4") to HI"Y (e, 5). Thus, we can also define

H(Q,K) = lim H (e, 0).

e—0

Note that a long exact sequence
s HE(QK) I HE(Q K) —— HI(Q K) —— HE (Q.K) . (29)

is induced by .
From the direct system ({HS(Q, K))}acro o\ (k) {1} ,<p), we finally define a graded R-
vector space
H'™88(Q, K) = lim HI(Q, K).

a—r o0
4.4.2 Product structure
Let us see that Hitring(Q, K) has a structure of a unital associative graded R-algebra. For any

a,a’ € RygU{oo}, m,m’ € Z>p and € € (0,e0/5], there is a map

T 22me x Stm'e oy @t mtmie . (s (Wi=tmt) > (Vs s Yms Voo - o> Vo)

m+m/

When m = 0 or m’ = 0, II is identified with the identity map. We define a linear map

C’;“(e)@C’;a()—)C;f‘;a():m@)yr—)x*y (30)

so that for z € CF dR m( (yatme 530 ) and y € Cgﬁ

=2y (S5 S0,

d—2)
2y = (~)™IL(x x y)

We note that the associative relation (zxy)*z = x*(yxz) holds. Suppose that a,d’,a+a" ¢ L(K).
For any (£,0) € 7o N To N Tarwr, the above map is compatible with the differential Ds. Indeed,

forz € CIR o (Sarme, 20) and y € CIR |, (30, 50,),
m+m’
(=1)™Ds(x % y) =0(Iu(z x y)) + D ()P L (I (2 x )
k=1

m
(01 X )+ (=PRI (£ 5(2) x )
k=1

/

+ (_1);)77)1(0!72)1—1#< CL‘ « 8y + Z p+q+1+ l+m)d1—[ (.T % fl,5(y))
=1
=(=1)™(Ds(x)) x y + (=1)"*"™z « (Ds(y))-

Here, so := (¢ — m/(d —2))(d + 1). This computation shows that
Ds(xxy) = (Ds(x)) xy + (=1)Pz * (Ds(y))
holds for z € Cy%(¢) and y € Cq<a/(5). Therefore, induces a linear map on homology

Hy%e,0) ® Hi" (¢,6) — H;f;“ (g,9)

for every (¢,0) € To N Tor N Tatar -
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Likewise, let us define z % y == (—1)™%IL, (z xy) € C’;ﬁ;a/(é) forx € C_'S_Rm(d_g)(Zijé, %)

and y € C_’;if”m,( d_Q)(EZ;,J“m,é, 221,). Then, ez ,es_ intertwine the x-operation and the *-
operation. This shows that the x-operation is compatible with {k(. 5 c s)}er<c. Therefore,

on the limit of € — 0, a linear map

H(Q,K) ® Hy" (Q, K) — HytH(Q, K)

is induced. The commutativity with {/ a7b}a§b naturally holds. As a result, we get an associative
product structure on H"'"8(Q, K). The element 1 € Hj""#(Q, K), which comes from 1 € R =
CR(2¢,%9) C C5%(e,6), is the unit of this graded algebra.

4.4.3 Explicit choice of (¢,0)

Lastly, let us introduce a condition on (g, ) € 7, so that § can be written explicitly. The concrete
computations in Section |5/ and |§| become easier by choosing (e,0) satisfying this condition.

Suppose that there exists a fixed trivialization R? x K — (T K )" of the normal bundle of K
which preserves orientations and fiber metrics. For every ¢ < €, let us write O, == {w € R? |
|w| < e/2}. Composing with the exponential map (3]), we obtain a diffeomorphism

h: O: x K — N_,

which preserves orientations. In this case, we say (¢,0) € T, is standard with respect to h, if
§ € CR (S.) has the form

0 = [Ne, e, ha(ve x 1)] (31)
satisfying:
e .: N — S.:v— (o}’)j:m is defined by

€ — 2t
€

2t
01:10,e/2] = N,: t>—>h< w,x), 05:10,e/2] = N,: tr—>h(€w,x>,

for v = h(w,x) € N..
o h.(v- x 1) € Q"=4(N.) for some v, € Q4(O,) with fOE ve = 1.

Ta satisfies (24) for (g,6),(¢,0') € Ta (¢/ < €) which are given as

Suppose that (&,0) € B
(£,6) is standard with respect to h, if € = ¢ and § € CIR (S.) has the form

above. Then, we say
S - (_1)n[R X NE? 72)5’,57 (idRzl X Ne s idRS_l ><N5)7 775’,5] (32)

0 ifr<-—

1
" the following hold:
1 ifr>1,

such that for some C*° function x: R — [0, 1] with x(r) = {

o Yo (r,v) = (r, (GJ(T’v))j:LQ) € R x S; is defined by

e — 2t

T,v T,v 2
05’ ). [0,e,/2] = N.: t»—>h< w,:z), Ué’ ). [0,e,/2] = N.: t»—>h(tw,x>

Er Ep

for r € R, v = h(w,z) € N; and &, := k(r)e + (1 — k(r))e’.

o (idg xh)*Nere =k X (Ve x 1) + (1 — k) X (Ver x 1) + (dr) x (8 x 1) for some 6 € QI1(O,)
satisfying df = v. — v.

In summary, in order to compute Hi"™™8(Q, K) when a trivialization h is given, we only need
to deal with (e,9) € 7, and (g,0) € T, which are standard with respect to h.
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4.5 Invariance

In this section, we prove the invariance of H. itring(Q, K) up to isomorphism by changing auxiliary
data. More precisely, we consider the dependence of the construction on the following data (See

Section :

1. a complete Riemannian metric g on Q.
2. a constant Cp > 1 which bounds the speed of all v € Q(Q).

3. a real number gy > 0 which is the diameter (in the direction of fibers) of a tubular
neighborhood N, of K.

4. a C* function p: [0, 3] — [0, 1] which is used to define con.

Notation. Let X be an arbitrary notation which we have defined in the former sections. As

a rule in this section, if its definition depends on some auxiliary data S, we rewrite X by Xg
when discussing the dependence on S.

Independence on p. We choose a C*° family i := (. )rcr such that each p, satisfy the
p—r ifr < -1,
1 if r > 1.

For (£,6) € Ty, let us define f, 5, CdR(ypatmsy CEI}(EZ;(THE) by replacing cony, in the
definition of ®j of by cong,y, - We also replace fi5 in the definition of Ds by fesp to

define a linear map

same condition as y, and p, = { Then, a map cony, . is defined for each r € R.

Dg’ﬂ: Cr(8) — O (8).
This satisfies D5 ; 0 D5 ; = 0, so we get a chain complex (C5%(&), D5 ;). Let HS%(e, 0, ji) denote
its homology group.
We rewrite e 1, e.—: Cr%(e) — C5%e) by e p+, €, respectively. They induce

(651ﬁ1+)*: Effa(g,& ﬂ) — Hfa(€7 6+5)#17
(ee’ﬁa—)* : H*<a(€7 6_7 ﬂ) — H*<a(€7 6—5)/‘71 °
We can prove as Lemma that they are isomorphisms. When (£, §) € ’7_'[a7b) satisfies , we
define an isomorphism k5 ;v H(e', '), — H(e,6), by
kesp = ((jeg): ! o (ezr)s) 0 ((Jor2)i o (ez—)e) "

It is proved as Proposition that the two triangles in the following diagram commute:

<a keism  rca
H* (67 5)N71 H* (67 5)#1
ko~
(£,0,)
k(sh&’ms,a)T T’%hs'),(s,é)

k 38!
HEHE Oy = HE 8
Therefore, {k(. 75} (e 6)eT, induces an isomorphism on the limits of ¢ — 0
kit HE(Q Ky = HE(Q, K )y

It is easy to see as Lemma that {kf}aer.o\c(x) commute with {I%%} ,<p, sO We get an

isomorphism from H:"™8(Q, K) 4y to HEM8(Q, K) - It is also possible to prove as Corollary
that this isomorphism does not depend on the choice of j.

Independence on &g. For &f, < €y, we consider the inclusion maps Jet o Efnfgs — Xgtme

for all m € Z>o. They induce a chain map (jo; o)« from (C5%(e)e, Ds) to (C5%(e)ey, Ds) for
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every a € Ryo \ L(K) and (¢,0) € T (C Ta,)- This preserves filtrations {F57 . }pez and

{‘7:;;5’ }pez, so it induces an morphism of the spectral sequences. On the (—m, g)-term (m > 0)
WHE(

of the first page, it is equal to the map

(j56750)*: de{m(dfl)(zzl‘*:;gajzo )_> H (- 1)<2a+m€ EO )

q m,epg ? m,eQ

which is an isomorphism by Lemma Therefore, by Lemma 066,&0)*3 HZo(e, 5)66 —
H:%(e,0)., is also an isomorphism.

We can prove its commutativity with {k(sl’g/%(&(g)}elgs as Lemma m so we get an isomor-
phism on the limit of € — 0

PHENQ Ky — HIY(Q, K)e.

EO go”

It holds naturally that {3?6 go}aeR>o\ £(k) commutes with {1 @b} <p. Therefore, on the limit of

a — 00, we get an isomorphism from H"™8(Q, K )ey, to HEM8(Q, K., .

Independence on Cy. For C{j > Cj > 1, we consider the inclusion maps ijCé: Xco

an’c(,) for all m € Z>q. Parallel to the proof of the independence on ¢y, we apply Lemma
to show that an isomorphism

3((13’0,06: Hfa(QvK)C'o - Hfa(QaK)C()

is induced. It hold naturally that {G%O,C{)}‘ZGR>O\E( k) commutes with { 1%} <p. Therefore, on
the limit of @ — oo, we get an isomorphism from H"™8(Q, K)¢, to H™™8(Q, K)cy.

Independence on g. First, let us introduce an graded algebra H:™"8(Q, K )g which is

isomorphic to H{™™8(Q, K )(9,Co.c0)> but whose definition does not depend on gy and Cy. For
every a € Ry \ L(K)g, we define the limit of g — 0 and Cy — oo

Hfa(QaK)g = hgl I&H Hfa(Q’K)(g,Coﬁo)

Co—o00 e0—0

by {\,‘/

o oteh<eo and {3, 06}00§06 defined above. Then, {I%*},<; induces a family of maps

{I2%: A79Q, K)g — HEQ, K) g azs,

and we can take the limit of @ — oo to define H{"™$(Q, K), = lim f]<‘1(Q K),.

Suppose that g and ¢’ are complete Riemannian metrics on Q. For a > 0, there exists a
compact subset Z, which contains the images of all v € Ug,>1 QK (Q)(g,0,) With lengthyy < a
and the images of all v € g, 51 2k (Q)(4,cp) With lengthy,y < a. For any a € Ry \ (L(K)y U
L(K)y ), there exists a constant ¢, > 1 such that |- [, < ca\ lg and |- [y < cq] - |y On Z,. We
may additionally assume that ac, ¢ L(K )y, U L(K)y.

Let a € Ryg \ (L£(K)g U L(K)y). For any Cyp > 1 and g9 > 0, we have the inclusion map

: . \a acq
)(Co,e0) Z:m,(g,Co,so) - Em,(g’,Coca,E()ca)'

In addition, let S¢  be a subspace of S; ; which consists of (0;);=1,2 satisfying |(03)'(t)]g < et
for ¢ = 1,2. If ¢ is sufficiently small, we have the inclusion map

ie: Sgg — Sgcmg/.
These maps induces a linear map on the homology groups

((Co.e0))x: HEUE,0)(g,00,e0) = H (€Cas (ie)40) (g7 ,Cocarcoca)
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for (g,0) € Ta (9.C.20) Such that § € CI8 (82,). Its commutativity with {k(s 5 (c5) }er<e can be
proved as Lemma Let us write the induced map on the limits of € — 0 by

(00750) H< (Q K) (9,Co,€0) — H<aca(Q K) (9',Coca,coca)*

Moreover, it holds naturally that the maps of {3‘(10 60)}00217500 commute with the maps of
J4 r oo and {J% - }o <o, 0 we get a map on the limit of eg — 0 and Cy — oo
€4,€01 €0 =€0 Co,C4 I Co<Cy

3= lim lim 3 o) HEQ K)g = HE(Q, K)y

Co—o0e9—0

Lastly, {3a}aeR>o\(L(K)guL(K)g,) is compatible with {I’g’b}agb, so it induces a map on the limit
of a — _ .
3: H:trmg(Q,K)g SN H:trmg(Q,K)g/

If we exchange g and ¢', we can also define (J')%: ﬁf“(Q,K)gx — ﬁf“C“(Q,K)g for a €
Rso \ (L(K)g U L(K), ). For b= ac,, we have

~ ~ 4 ~ ~ fa,b
(J/)b O‘ja — Ig,bcb’ ‘jb o (J/>a — I;l/ b

Therefore, lg ( "% is the inverse map of J. This proves the independence on g.

We finish the proof of the independence on auxiliary data.

Finally, let us prove the invariance by changing the orientation of K. Suppose that K =

Uaea Ky for connected components {Ky}aca. Then, No = UycaNeq and S = UaecaSea,

where N., is a tubular neighborhood of K, and S, , consists of pairs of paths in N.,. In
addition, for every ai,...,a9, € A, let X2 M@tz be the subspace of X% consisting of
(: [0,Tk]) = Q)k=1,..., o such that v,(0) € Ko, , and (1)) € Ka,, for Kk =1,...,m. Then
Cng(S ) =@aca C 4(Sea) and Civ(zg,) = @al, SQ2m €A CdR(Ea (o Qm))

For any subset B C A, let Kp be an oriented submanifold obtamed from K by reversing
the orientations of {K4}aep. For every 6 =3 464 € Cgf_{d(Sg) (0o is a chain in S; o), let us
write g = ZaeA\B da = Y nep %a- By using a notation

s(at,...,aom) =#{ke{l,...,m} | ag; € B},

we define a linear map F2: C=%e) — C=%(e) so that F2(z) = (—1)%@--02m)y for every
T € Csf{m(d*Q)(Z?ﬂ,(alw-,amn)’ Zgn,(al,-..,o&m)) (m > 1), and F(x) =z for z CSR(ZS’ 28) For
every (g,0) € T, (¢,0p) satisfies the conditions of Definition 4.4| for (Q, Kp), and F? is a chain
map from (C5%(e), Ds) to (C=%(€), Dsy, ). Moreover, F2 is compatible with the x-operation. By
taking the limit of ¢ — 0 and a — oo, we obtain an isomorphism of graded R-algebras

Fi HY8(Q, K) — HE'™(Q, Kp).

Remark 4.19. Similarly, one can prove the invariance of H string (Q, K) by changing the orien-
tation of Q).

Proposition 4.20. H:"8(Q, K) is invariant by a C*™ isotopy of K.

Proof. For two oriented compact submanifold Ky, K1 of (), suppose that there exists a C'°
family of embedding maps {f;: Ko — Q}¢cpo,1) such that fy is the inclusion map of Ko and
f1(Ko) = K;. Then, this isotopy can be extended to an ambient isotopy {Ft}te[o,l} such that
Fy = idg and Fy(Kp) = K;. Since F} is an isometry form (Q, (F1)*g) to (Q,g), it naturally
induces an isomorphism

HI"8(Q, Ko) (1) — HI™B(Q, K1)y

The assertion follows from the independence on the Riemannian metric on Q. O
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5 Examples

In this section we determine the algebraic structure of Himng(Q, K) for two examples when
Q = R%-1 (d > 2). These examples are higher dimensional generalizations of the Hopf link
and the unlink in R3.

The manifold Q = R??~! has the standard orientation. Let us use the coordinate (20,21, 22) €
R x R x R¥1 = R2¥~1 The unit sphere S~! € R? is oriented as the boundary of the unit
ball. We consider three ways of embedding of unit sphere S4~1 ¢ R? into R24~1:

S c R =R x R — R21: (20, 21) = (20,21, 0),

Sl e R =R x R = R¥7L: (21, 29) = (0,21 + 1, 20),

Sl c R =R x R — R¥ 1, : (20, 21) — (20, 21, 25),
for a fixed vector z3 € R\ {0}. Their images are written by Ko, K1, K3 in order. These
submanifolds are oriented so that the diffeomorphisms S?~! — K; from the above maps change
the sign of orientation by (—1)4~1.

As a notation, given a set S and a map § — Z: s — |s|, let A.(S) denote the unital
non-commutative graded R-algebra freely generated by S such that s € A, (S) for every s € S.

5.1 Computation of HS"s(R?-1 K, U K)
Let us define AMP = 4, (CUDUE) by the following three sets:
C:= {C?j}i;ﬁj U {czlz}l U {Czl,jv Ezl,j}i#j U {Cg,j}z}jv
D= {d;; }; U{d} ;}ij,
&= {ei,z'}z’ U {ei,j}i,ja
where 7 and j run over {0,1}. The degree of each element is given by
|Cl_]’_d 2 |C 2]|_|C%,j‘:2d_3fori7éja
\c ;| =2d—3, ]c | =3d —4,

jd!y| = 2d — 3, |d2,] = 3d — 4,
\e | =2d—4, |e | =3d—5.

zz| - ‘C

We define a graded derivation 9: AEOpf — Ai{fﬁ’f so that

800’- =0, 80-1' = (901 L= 36}’]- =0, 80?’]- =0,

1,J
1 2 _
Odm e”, ad e”,
1 _
de;; =0, 361-’ =0

and they are extended by the Leibniz rule. We also define anther graded derivation F': Allepf _y
.Aprf so that

chj:Fcl.:Fal.ZOfori7éj,

1 a1 do d_1 0 0
Fego=(=1)%p o+ (=1)%, e 09 FCl 1= (1% 11 + 501,

2 2 d 2 d-1 0 1 0
Feyo=—ep0— (00,101,0 +(=1) Co 1€1 o) FC1 1 ==t — ((=1)%; g1 + €100.1);
ch,l = —6(2),1; FC%,O = —6%,07

Fdj; =0, Fd;; =0,
Fe,ii = 0, Fe%j = O,
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and they are extended by the Leibniz rule. It is easy to see that 009 =0, 00 F + Fod =0
and F o F' = 0 hold. Therefore, we obtain a differential graded R-algebra (AEOpf, 0+ F). Note
that the differential graded R-algebra (AS°P! 9) is obtained from (A.(C),0) by stabilizations
(See [18), Definition 3.9]). Thus,

(A:(€), 0) > (AP, 0) <" (A.(C).0), (33)

where 7 is the inclusion map and 7 is the projection map, are quasi-isomorphisms. For the
proof, see [I8, Corollary 3.11].
The goal of this section is to prove the next theorem.

Theorem 5.1. There exists an isomorphism of graded R-algebras
H, (AHPf 9 ) o~ gsting(R2-1) K0 U K).

To compute FString (Q, Ko U K4), we fix auxiliary data so that g is the standard Rimmanian
metric on R?~1. The constant Cp is required to be Cy > 3. The other data, g and u, are not
specified. The proof is divided into three steps.

Step 1. We first observe de Rham chains in CI8(22 39, We define a map

¢: (Ko U K1) = Qo ook, (R
so that each (p,p’) € (KoU K1)? is mapped to a path of a segment
op,p): [0,1] = R* Lot s 1 —t)p+tp.
We fix two points pg := (0,1,0) € Ky and p; :== (0,0,0) € K;. Then, we define de Rham chains

205 = {0 0)} eliipy - 1 € C5H(EL E9) (i # ),

oty = [{pi} % Ki, ¢l iy, - 1] € CF% (29, 39),

wiy = Ui} X Ky @l -1 € CEE(31,59) (6 # j), (34)
zy = K< {pi}s ey - 1] € CIE (B4, 59) (6 # j),

275 = K X Kj, @, 1] € Copa(4, 59).

Here, a > 3 and ¢, j runs over {0,1}. Obviously, they are cycle chains for 9. We write the set
of these chains by

X = {x?,j}i;éj U {lez}l U {wil,y i’z‘l,j}i#j U {xzzj}lﬂ
If we define a function [: X — R+ by

[(x?,j) = [(1'11]) = [(97711]) =1 for i # j,
[(%1,1’) = [(1‘?,1‘) =2,
[(w?]) = 3 for i # j,
then, each z € X satisfies z € C’SR(E;@HS, ¥?) for any € > 0.
For every a € Ry and m € Zx>1, let us consider a manifold

m
. 0 1 0 1 2 0 1 . 0 _ 1
By (- ) © (KoUK | 1k —all <aor iy b — il <o}
This is homotopy equivalent to X¢ by two smooth maps
Tt 5% = Bov (v [0, T) = R¥* )2y = (71(0), 71(T1), - -+, ¥ (0), Y (Ton)),
im: By = S0 (@)t @ @) = (20000 @) k=1,

for which 7, 04, = idgs holds and iy, o 7, is homotopic to idsa (c.f. Lemma .
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Notation. In this section, if N is a submanifold of a manifold M, then the inclusion map
N — M is denoted by tn.

Lemma 5.2. Let M be an oriented manifold and N be its open submanifold. Suppose that there
exists an approxvimately smooth function f: M — R such that N = [ ((~00,0)). In addition,
we assume that H{"®(M, N) has a finite dimension. Then there exists an isomorphism between
H{"8(M,N) and H®(M, N) such that for every closed oriented k-dimensional submanifold K
of M, the fundamental class [K] € H,"®(M, N) corresponds to (—1)*®)[K, i, 1] € HI®(M, N),
where s(k) = (k — dim M)(k —dim M — 1)/2.

Proof. We consider the correspondence through the following isomorphisms:
H™8(M, N) = HiggM'™ (M, N) 2 H{¥ (M™%, N™) — H{¥(M, N).

The first isomorphism is defined by the Poincaré duality. The second isomorphism was given
in Example The last isomorphism is induced by idys: M™8 — M [23, Proposition 5.2].
Let us identify the tubular neighborhood Nk of K with the normal bundle of K. Then,
(K] € H;™(M,N) corresponds to [n] € Hgg}l{M_k(M, N), where n € QImM=k(7Nr) has its
support in Ng and represents the Thom class of the normal bundle. Recalling Example we
can see that this cohomology class corresponds to (—1)*®)[M,idys,n] = (=1)*®) [N, idn,,n €
H,fR(Mreg, N'e&). Let mn, : Nxg — K be the bundle projection. Then, as a de Rham chain in
CIR(M, N), [Nk, tny, 7] is homologous to [Ny, Lk o Ty, 7] since iy, : Nx — M is homotopic
to tg omn, : Nk — K C M. Now the assertion follows since

[NKaLK OT['NK,T}] = [K’ LK?(WNK)W] = [Kv LK)l] € HI?R(MvN)'
]

Let us see that a basis of H, SR(Z‘%, ¥0 ) is given by X and the x-operation. First, suppose that
m =1and a > 3. Then Bf = K x K. Through the isomorphism H¥(B¢, BY) = H"¢(B§, BY)
of Lemma {(m)«[z] | = € X'} corresponds to the set of singular homology classes

(@i, i) iy U {lpi} < Kil ke U {{pi} x KJYiz UK X s}z UG ¥ Kl g,

which is a basis of HS"8(K x K, BY). Therefore, {[z] | 2 € X} is a basis of HIR(2%, %9) for
a > 3.

For a € (0, 3], we consider the deformation along the negative gradient vector field of a C*°
function E; ;: (K;UK;)? = R: (p,p') — [p—p/|*. If i = j, then max E; j = 4, min E; ; = 0, and
the subset {(p,p') € K; x K; | |p— p'| < a} for a < 2 has E;}}(0) = {(p,p)) € K; x K; | p=p'}
(the diagonal) as a deformation retract. If i # j, then max Ei:j =9, min F; ; = 1, and the subset
{(p.0') € Ki x K; | [p—p/| < a} for a < 3 has E(0) = (K x {p;}) U ({pi} x K;) (a bouquet)
as a deformation retract. From these observations, we can see that {[z] | z € X, I(z) < a} isa
basis of HIR (%4, %9). In general, for any m € Z>1 and a € R,

{[rix-*op] |z, ..;om € X, Wz1)+ -+ zm) < a} (35)

is a basis of HI®(322 0.

We fix a trivialization h: O, x (Ko U K1) — Ng, so that h(w,pg) = po + (0,w) and
h(w,p1) = p1 + (—w,0) for every w € O, C R%. (The orientations of Ko, K7 are chosen so that
this map preserves orientations.)

Suppose that a € R5o\ L(KoUK7) (= Rsp\Z>1). In the following series of three lemmata,
we will observe the chains f; 5(z) for each x € X. Hereafter, we assume that (¢,d) € 7, is
standard with respect to h (See Subsection .
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Figure. 3: The red path is ¢(p, p’(w p)). The gray region is the tubular neighborhood N, of
KoUK;.

Lemma 5.3. Fori # j, we have equations

fl,&(x?’j) =0, fl,é(xz{j) = f1’5(j}7j) =0.

Proof. For (p,p’) € K; x K; (i # j) such that either p = p; or p’ = pj, ¢(p,p’) satisfies the
condition (iii) of Lemma for m = k = 1. The equations follow from Lemma O

Lemma 5.4. For i € {0,1}, there exist y;; € C{R(n2H22 ' 529) and yii € CIR(R2T2 %9) such
that

ay&,o = fl,é(l’(l),o) - 338,1 *x?,o,
ay1,1 = fl,é(xil) - (—1)%(1),0 LENE (36)
g0 = frs(ago) — (Toq *al o+ (—1)%(1),1 *T7 ),
33/%1 = f1,6(1‘i1) - ((—1)%‘%,0 *338,1 + 95%,0 * 20 1),
and
(fro+ (D Las)ul) =0, (s + (-1 fas)?) = 0. (37

Proof. We only show the existence of 98,0 and y&o. Replacing (Ko, po) by (K1,p1), yil and y},l
are constructed in a parallel way, except the difference of signs.
Since (g,d) is standard, ¢ has the form (31]). Using the notations of (13), we can write

fr5(x8) = W1, ®1, (1], where

Wi ={((p,p), 7,v) € (Ko x Kog) xRx N, |26 <7<1—2¢, (1—7)p+7p =0},

(I)l: Wl — 23—1—26: ((pvp,)a T, U) — conl(cp(p,p/), (17 7-)5 ¢s(“))a

(1€ QLWL : (C)((pp)yrw) = Pe(1,7) - (ha(vz X 1)),
N, is the disjoint union of h(O: x Ky) and h(O. x Kj). Corresponding to this division, we
define W} := {((p,p'), 7,v) € Wi | v € h(O: x K;)} for i = 0, 1. If ((p,p'), 7,v) € Wy, T satisfies
the condition (ii) of Lemma , so [W(,®1,(]=0¢€ 0351(234'25, ¥9). For ((p,p),7,v) € WY,
pe(1,7) = 1 holds. Moreover, there is an diffeomorphism

I: OE X KO — Wll (va) = ((pvp/(wyp))a |p - h(’UJ,pl)’, h(wapl))-

Here p’(w » € Ko \ {p} is determined by h(w,p1) € Im(go(p,p’(w p))), as described in Figure
The diffeomorphism I preserves orientations and I*(; = v, x 1 holds.
Likewise, we consider an explicit description of f1 s (x(l)vo). Then, we have
f1,5(l‘(2),0) = [OE X Ko, ®101,v: X 1] € Cccll—Rl(E§+2€v Zg),
F15(x50) = [0 x {po}, @10 Loy gy - v= % 1] € CFH(EFT, 53).

)
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Let us define ®;: R x (O, x Ky) — E%”g as follows: Choose a C*° function x: R — [0, 1] such

0 ifs<i, -
that k(s) = {1 1fz ; i For s > 5, we define ®y(s, (w,p)) = ®1 o I(k(s) - w,p). Then the

first path (resp. the second path) of 51(%, (w,p)) is equal to ¢(p, p1) (resp. ¢(p1, —p)) up to an
reparameterization, so we define ®(s, (w,p)) for s < % by interpolating the parameterizations
so that ®(s, (w,p)) = (¢(p,p1), ¢(p1, —p)) for s < 0. Now we define

:’7(%,0 = (_1)d[R X (OE X KO)v §>17X X (1/6 X 1)] € Cc(liR(EngZE)E(Q))a
Uoo = ()R x (O x {po}), ® ,X X (ve x 1)] € CIR (234, 59),

1
Rx (O x{po})
where x: R — [0,1] is a C* function with a compact support such that x =1 on [0, 1].
From the constructions of @870 and g(l)’o, we can compute their boundary chains as follows:
Let us introduce two maps ¢g: Ko — Ko X Ko: p — (p, —p) and 79 Ko x Ky — 22+2€ (p,p) —
(¢(p,p1),(p1,p')). Then, we have

Moo = f1,6<33g,0) (12)*[ x Ko, @0 0 pry,, Vel
= f16(28,0) — (12)+[00(K0), Lo (K0): 1],

agcl),o = fl,é(%’(l),o) (12)*[0 x {po}, o o Pripy}s Ve X 1]
= frs(@g,0) — (12)+[{£0(P0) }+ {0 (mo)} -

Here we used the condition that fOs v. = 1. Moreover, we can check from the definition that

@, (s, (w,p)) satisfies the condition (iii) of Lemma for m = 2 and k = 1,2. Therefore,
Jrs(W50) = 0 and fi,5(75,0) = 0 hold for k = 1,2.
As homology classes in H; (K x Ky),

[po(Ko)] = [Ko x {po}] + (—1)"[{po} x Ko] € H™$ (Ko x Ko),
{20 po)}] = [{(po, po)}] € Hy" (Ko x Ko).

Therefore, by Lemma there exist ZS,O € CI}(Ky x K) and Zé,o € C{R(Ky x Kp) such that

0280 = [0(K0); ty(aco) 1] = (10 % {po}, ticy oy 1+ (—1) o} % Ko, tipayxacs11) -
9250 = {Lo(P0)} tp0(po)ts 11 = [{(P0: 20) }s 4 (po 00} 1-
It is clear from the definition of each x € X that
(i2)[Ko % {Po} tiox{po} 1] = Zb1 * 209, (i2)[{D0} X Ko, tipeyxico, 1] = b1 * 2 g,
(i2)«[{(pospo)}, Y{(po,po)}> 1] = x8,1 *x?,o-

Therefore, yo 0= yO 0o+ (i2)+ ZO 0 € C’dR(E2+2E »9) and yo 0= yO 0o+ (i2)+ ZO 0 € CdR(E2+25 9)
satisfy the first and the second equations of . Moreover, any paths in the image of 7y satisfies
the condition (iii) of Lemma [3.12] for m = 2 and k = 1,2. Therefore, fi 5((i2). z30) = 0 and

fk,(;((zg) z070) = 0 hold for k = 1, 2, and thus y070 and y070 satisfy (3 . O

Lemma 5.5. There exist yal,yio € O§R (23122 229) such that

89(2),1 = f1,6($3,1)7 ayio = f1,5(l“io), (38)

and
(fro+ (1) f25)(W51) =0, (fre+ (=) f25) (17 0) = 0. (39)
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Figure. 4: The red path is ¢(p,p’) when p is close to pp or p’ is close to p1. The gray region is
the tubular neighborhood N, of Ky U K

Proof. We only show the existence of yg’l. Exchanging Ky and Kj, y%’o is constructed in a
parallel way.
Since (g,0) is standard, § has the form . Using the notations of , we can write

fr5(25,) = [W1, ®1, (1], where

le{((p p),7,v) € (Ko x K1) x Rx N, [2e <7<1-2¢,(1—7)p+7p =0},

W1 — 23”5 ((p.p), 7,0) = coni(@(p,p'), (1,7),ve(v)),

Cl € Q ( ) (Cl) ((p,p"),7,v) 95(177') : (h*(y€ X 1))71
If p € K is sufficiently close to pg, then ¢(p,p’) satisfy the condition (iii) of Lemma for
any p’ € K. Symmetrically, if p’ € K is sufficiently close to pi, then ¢(p,p’) satisfy the same

condition for any p € K. See Figure [l Therefore, For any bump function b: Ky x K1 — R
whose support is localized near (Ko x {p1}) U ({po} x K1), [W1, ®1,¢1] = 0 holds for

Ci € Qg(WI): (Cj/L)((p,p’),T,v) - b(p,p/) : ps(laT) ’ (h*(l/s X 1))1)-

We remark that [y, ®1,(}] is an explicit description of f1,5([Ko X K1, ¢l xxc, » 0l)-
Now we choose b so that it is constant to 1 on a neighborhood of (Ko x {p1}) U ({po} x K1).
Then, the above computation shows that

fro(at1) = fre([Ko X K1, @l -1 — b)) + frs([Ko X K1, @l s, - b))
= fra([Kg x K7, <P’K6xK1 1= b‘K()xK;]):
where K (i = 0,1) is the complement of a small closed ball containing p;. Since K| x K7 is
contractible, there exists a map R: R x K x Kj — K{ x K] such that R(s,") = idgxx; for

s > 1 and R(s,-) is constant to some point in K, x K] for s < 0. Using the function x in the
proof of Lemma let us define a chain

d
g1 = [Rx (Ko x K1), 00 Ryx x (1 - Ol s xxcr)] € Cs4e1 (2577, 59).
This chain satisfies
85(2),1 = [K(,) X Ki: 90|K6><Ki ) 1- b’K(’)xK{] + [R X (K(,) X K{)?SO © RvX X db’K(’)XK{)]'

Note that [Kjx K{,poR(0,-),1— b‘KéxK{] = 0 since po R(0,-) is constant. The second chain of
the RHS is mapped by fj 5 to 0 since the support of db is localized near (Ko x {p1})U({po} x K1).
Now we define Z/(2)71 = f175(§:’(2)71) S 051531(23*26, ¥9). Then, the first equation of 1) holds

since Ayg | = f1,5(075 1) = f1.s(x5 ). The first equation follows from (f15 + (—1)%fas) o
f1.5 = 0 (See the proof of Proposition . O
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Step 2. We define a function [: CUD U E — Ry by
[(C?,j) = [(czl,j) = [(Ezl,j) =1 for i # j, [(Czlz) =2,

2 ifi=j
[(c2 d2 = 1[(e2) = ’
() = UdZ;) = Uely) {3 il

For every a € R-o\L(KgUK1), let A= be an R-subspace of Alfopf spanned by words of elements
in CUDUE such that the sum of the values of [ is less than a. Then, (0 + F)(As%) C AS?, so
we get a subcomplex (AF% 0 + F).

We continue to use (£,0) € 7, which is standard with respect to h. The second step is
to construct a chain map from (A% 9+ F) to (Cg%(e), Ds), and prove that it is a quasi-
isomorphism

Let y - and y - be the chains of Lemma and |5.5] which depends on (e,d). We define a
linear map <I>(<“ .A<“ — C5%e) so that

O () = ay, O (cl)) = ayy, O5%(E,) =i, fori# j,

i) = ol 2y (ely) = i, (40)
O (dia) = viar O (di) = vl

O (i) = yis Ol (€7)) = Oy,

and extend them naturally by the product map on .AEOpf and the x-operation.
Proposition 5.6. <I>( 5) is a chain map from (A$* 0+ F) to (Cs(e), Ds).

Proof. This follows immediately from the series of three lemmata in Step 1. For each & €

CUDUE, Dso <I>(E %5(E) =@+ F)o q)é%)(g) is proved by:

° Lemmalff—cw, i C ” (i # j)-
the equations (36) if & = C”, @21

the equations if £ = C%,j (i # 7)-

the equations (37)) if £ = d”, iio 7:}1,76127,
the equations (39)) if £ = d2], i (i # 7).

Therefore, we have a linear map on the homology groups

(DY)t Ho(AS®, 0+ F) — HE(e,6).

Proposition 5.7. (§>( 5))* is an isomorphism.

Proof. We introduce a function m: CUDUE — Z> so that m(C) = {1} and m(D) = m(E) = {2}.
For every m € Zxq, let A5?(m) be an R-subspace of A5 generated by words of elements of
C UD U E such that the sum of the values of m is equal to m. (When m = 0, A5%(0) =
R -1.) Then, the chain complex (A$?, 0+ F') is filtered by subcomplexes {G;},cz defined by
Gy = Dp>_pAs?(m). Let us consider the spectral sequence determined by this filtration.
The (—m, q)-term (m > 0) of its first page is given by

Hypm (A" (m),0) 2 Hym(AZ%(m, C),0) = AZY, (m, C).
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Here, As%(m,C) = As%(m) N A«(C) and the first isomorphism is induced by restricting the
quasi-isomorphisms . <I>(<€a5) preserves the filtrations {G5}pez and {F=) }pez. The induced
map on the (—m)-th column (m > 0) of the first page has the form

*—m

(Q)é%))*; -A*<—am(m7c) - HdR (dfl)(zgj_ma: Zg@)

This map is an isomorphism since the basis {c1-- ¢y | c1,...,¢m €C, (c1) + -+ + l(em) < a}
of AS? (m,C) is mapped to the basis . In the (—m)-th column for m < 0, (<I>(<€a5))* is a
map between the zero vector space. The proposition now follows from Lemma O

Step 3. The last step is to show that the family of maps
{(<I>(<€a5))* |a € Rso\ L(K), (g,0) € T, is standard with respect to h}
induces an isomorphism on the limit of ¢ — 0 and a — co.

Lemma 5.8. For (¢,0),(¢',0") € T, (€' < e) which are standard with respect to h,

F(er60),(e,6) © (B 5w = (BT5) )

Proof. We have defined <I>(<£‘f6) by the chains {yzll, yf j} which depends on (g, ). As a notation, let
{(wl), (v} ;)'} be the corresponding chains constructed from (¢', "), by which (I)(?'I, 5r) is defined.

We take (£,0) € T, satisfying (24) for (¢,6), (¢/,8"). We may assume that it is standard with
respect to h, and thus € = . Asin Lemma flj(g(x)) = 0 holds for z = x?,ﬁ xl{j, ai"llj (i #7),
where 7 is the map . We claim that there exist [—1, 1]-modeled chains ﬁ € OfR(x2t2e 59),

a € CIR(x372¢ %9) and E € CIR(x312¢ 319) (i # j) which satisfy the following equations:

e the variants of the equations , , and obtained by replacing {yzl 0> yZ o frs,%}
by {yil,i’yzﬁfk,g’;}’ and z € X by i(x).

o eyl =Y eyl = Vip eyl = (o)« (yi,), and e_y? s = (o o)« (y7 ;)

This claim is proved by rewriting the proof of Lemma and for [—1,1]-modeled chains.
We omit the proof.

We define a linear map ®=%: AS® — CF5%e) as in by replacing € X by i(x) and
{yl-17i,yz-27j} by {yili,y?j}, and extend naturally by the product on APt and the *-operation.
The former equations about ﬁ,g ensure that ®=¢ is a chain map from (AF% 0 + F) to

(C£e(e), Dy), as in Proposition The latter equations about E,E ensure the commuta-
tivity of the following diagram:

(2.6 HZ(e,0)

L)«

H,(As* 0+ F) Hf“(&, 5) k(er 51),(c,8)
fe,8),—
(Q?E/’él))*
Hz (e, d).
This proves the lemma. ]

Therefore, the family of maps {((I)é“(;))* | (,0) € T, is standard with respect to h} induces
an isomorphism on the limit of ¢ — 0

O Hy(AS®, 04 F) — HEY(R?* L Ky U K))
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for every a € R>o \ L(Ko U K1). Moreover, {®5} cr. o\ £(kouk,) is naturally compatible with
{I%*} <, and the family of linear maps

{H (AT 0+ F) — Ho(AS, 0+ F)}acs

which is induced by the inclusion map AS® — ASP. Therefore, on the limit of a — oo, we
obtain an isomorphism

HL(ARP 0 4 F) = ligg H.(AS%, 0+ F) » H""S (@ Ky UK)).

a—00

This finishes the proof of Theorem [5.1]

5.2 Computation of HS""(R¥-1 KjuU K,)

We define ANk .= A, (C’) by the set
C'= {C?,j}i;éj U {Czl,i}i U {Czl,ja 5%,;‘}#3‘ U {C?,j}i7j7
where i and j run over {0,2}. The degree of each element is given by
)1 = d— 2, Jel = lel, = 2L, = 24— 8 for i £
lciil =2d =3, |¢i;] = 3d — 4.
(Obviously, there exists an isomorphism A, (C) = AMink a5 graded R-algebras.) We define a

graded derivation 0 = 0: AWlink — gunlink - For a differential graded algebra (AUMnK 9)) we
have the following result.

Theorem 5.9. There exists an isomorphism of graded R-algebras
H*(Ainhnk, 8) ~ Hitring(RQd—l’ KO U KQ)

To compute H. string (RM*l, KyUK>), we fix auxiliary data so that g is the standard Rieman-
nian metric on R24~1. The constant Cj is required to be Cp > +/ |z5]2 + 4. The other data, g
and u, are not specified. The strategy of the proof is the same as Theorem but it is much
more simple. We only see the outline of each step.

Step 1. We may assume that |z5] > 2. Let us fix points py := (0,1,0) € Ky and py =
(0,1, 23) € K2, and define submanifolds of (Ko U K2)?

KO,2 = {(pvp/) € KO X K2 ‘ p/ = p+ (070a Z;)}7
Koo ={(p,p)) € Ka x Ko | p' =p—(0,0,23)}.
Let o: (Ko U K2)? = Qx,uk,(R??71) be the map defined as in Section by replacing K7 by
K5. Then, we define the set of chains
X' = iy U it U {d o iy U {ad b

where i and j run over {0,2}, as follows:

205 =[P} Fliepyy - 1 € COMEE DY) (6 # ),
z; = {pi} x Ki, Plipyxr, 1 € CIR (24, %),

2l = [Kijs g, 1] € CEY (31 3Y) (0 # ),

Ty = K x {pi} Pliwpyy - 1) € CI(B1,59) (6 #J),
w}y = [Ki < K, Pliixr, 1] € C5at o (24, 59).
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Here, a > \/|z5|? + 4. If we define [: X’ — R+ by

[(%lg) = |23 and [(@1]) = [(xfj) =/|z3|> +4 for i # j,

[(951,1') = [(35121) =2,

7

—
—~
8
S o
S,
~
I

then, each x € X’ satisfies x € CER(ZII(QCHE,Z?) for any ¢ > 0. Furthermore, a basis of
HIR (22 320 for a € Rug and m € Z>1 is given by the set homology classes

{l[wr* - xxp] |21,y € X, Wz1) + - + W) < al.

The reason of simplicity in this case is the following: For any x € X’ and (e, §) which is standard
with respect to h, if € > 0 is sufficiently small, then the equation

frs(z) =0 € CIR(ET2 59y

holds since the path ¢(p, p) satisfies the condition (iii) of Lemma for any (p, p’) € (KoUK>)?
(c.f. Lemma[5.3).

Step 2. There exists a bijection C’ — X’ which maps cﬁj to :L‘f’] and 37311] to 51-1’]- for k € {0,1,2}
and 4, j € {0,2}. Composing [: X’ — R~ with this bijection, a function [: ' — R is defined.
Similar to AYPF gunlink ig filtered by subcomplexes (A9, 9) for all a € Rsq\ £(KoUK>) which
is defined by using [: C" — R+.

Now ®5%: As® — C£%e) is defined so that ¢ € C' is mapped to 2 € X’ which corresponds
to ¢ via the above bijection, and extend it naturally via the product map on A™I"K and the
*-operation. It is clear in this case that @5 is a chain map from (A5%, 9 = 0) to (C5%(e), Ds).
The fact that this map is a quasi-isomorphism is proved by a similar argument as Proposition
about spectral sequences.

Step 3. We check that the family of maps (%), induces an isomorphism on the limit of
€ — 0 and a — oo. This finishes the proof of Theorem

5.3 A corollary and its potential application
The next result is a corollary from the above computations
Corollary 5.10. As graded R-algebras,
[string(R24-1 o Jp) ¢ HSURE(R2L K U K).

Proof. From Theorem [5.1) and it suffices to show that H. *(A*HOPf, 0+ F) is not isomorphic to
Aunlink g a graded R-algebra. Let us rewrite (¢ 1, ¢} g, eg¢,€1.1) by (a0, a1, bo, b1) and (¢ 5, ¢ )
by (ag,a}). In addition, we define Cy == by + apa; and C; := by + (—1) % ag.

If d = 2, HO(A}k{Opf,a + F) is the (a priori) non-commutative R-algebra generated by
{ag,a1,bp,b1} modulo the ideal generated by {bg,b;,Co,C1}. This is isomorphic to the com-
mutative algebra Rlao, a1]/(apa1). On the other hand, AS™PK is the non-commutative algebra
freely generated by {ag,a}. Therefore, Ho(ANP 94 F) Aunlink a5 R-algebras.

If d > 3, the lower degree parts are isomorphic as vector spaces. Indeed, for p < 2d — 5,

R if p=0,
Hy(AMPF 9+ F) 2 AR =~ S Rag G Ray if p=d — 2,
0 else .

owever, Hog 4(As ™ ,0 4+ 1s the R-vector space spanned by {a;a; | ¢,7 € 10, U 1bo, 01
H H Hopf 9 + F) is the R d b ili,5€{0,1 bo, b

modulo the subspace generated by {bg, b1, Cy, C1}, so its dimension is equal to 2. On the other
hand, Aé‘gl_iﬁk is the R-vector space spanned by {a;a; | i, € {0,1}}, so its dimension is equal
to 4. Therefore, Hgd_4(¢4§°pf, 0+ F) 2 A‘Zlglﬂk as R-vector spaces. d

95



Let us see a potential application of this result. First we determine spin structures on unit
conormal bundles

Proposition 5.11. Let Q be an n-dimensional Riemannian manifold with o fized spin structure.
Then, for every submanifold K in QQ, we can assign a spin structure on its unit conormal bundle
Ak so that if K is isotopic to K' as a submanifold in @, then Ai is isotopic to Agr as a
Legendrian subamanifold with a spin structure.

Proof. Let us identify T*Q with T'() via Riemannian metric. We also identify @) with the zero-
section of T'Q). Let Lg be the conormal bundle of K. Note that the tangent space of T'Q) at
(g,0) € Q is equal to T,Q & T,Q, where the first component is the tangent space of the base
space (), and the second component is the tangent space of the fiber 7,Q). For every q € K,
T(g0)(Lx) = T;K & (T,K)*. Thus the vector bundle T(Lg)| has a spin structure induced
by TQ|,. Since K is a deformation retract of L, this spin structure is extended to T'(Lk).
By using a diffeomorphism Rsg x Ax — Lx \ K: (r,(¢q,p)) — (q,7 - p), we can determine a
spin structure on T'(Af) so that the spin structure on R @ T'Ag, induced by the inclusion map
Spin(2n — 1) — Spin(2n), is equal to the spin structure on T'(Lg)|,, = R ® T'Ag. This spin
structure on Ag for every submanifold K clearly satisfies the condition of this proposition. [

Let us consider the unit conormal bundles of Ky U K7 and Kg U K.

Proposition 5.12. As a (2d—2)-dimensional submanifold of UT*R24~1 with the spin structure
determined by Proposition AUk, is isotopic to Ak, UK, -

Proof. For s € [0,1], we define K = {q+ (0,25,0) € R?*~1 | g € K;}. We also choose a C™
function [0, 1] — [0, 7]: s = 05 so that 0y = 61 = 0 and 0,5 = 7/2, and define Rs € SO(2d — 1)
for s € [0,1] by Rs(vo,v1,v2) = ((cosbs)vg — (sinbs)ve, vy, (sinbs)vg + (cosbs)ve) for every
(vo,v1,v2) € R¥™1 x R x R, We then define an isotopy (As)sefo,1) from Ago = Ak, to Ay
by

As = {(¢q,p) € UT*R*1 | g € K, po Rsly, 1 =0}

A intersects A, if and only if s = 1/2, and Ay, N Ak, = Ak, N UT;ORZd’l, where py =
(0,1,0) € R24=1. We can slightly perturb (As)sejo) around s = 1/2 to an isotopy (A%)scpo,1]
so that Al does not intersect Ag, for every s € [0,1]. This isotopy is homotopic to an isotopy
(Ak;)sejo], which preserves the spin structure of Proposition . In addition, Ko U K7 is
isotopic to Ko U K> in R%¢~1. Therefore, as a C* submanifold with a spin structure, A Ko UAK,
is isotopic to Ax, U Ak,. O]

If Conjecture [I.4] which will be discussed in Section [7]in more detail, is ture, then Corollary
can be applied to show that the unit conormal bundle Ag, Uk, is not isotopic to Ax,uk, as
a Legendrian submanifold with a spin structure in UT*R?¢~1, though they are isotopic as C™
submanifolds with spin structures by the above proposition.

6 Cord algebra and H}"™¢(Q, K)

Throughout this section, we consider the case where the codimension of K is 2 (i.e. d = 2) and
the normal bundle (T'K)* is trivial. The purpose is to show that Hgmng (Q, K) is isomorphic
to an isotopy invariant of K, called cord algebra.
6.1 Cord algebra and string homology
In this section, we refer to [9, 27] and give a definition of cord algebra and string homology.

Note that, in this paper, their coefficients are reduced from original Z[m (0N, )] to R.

o6



We fix a frame of (TK)" to give an isomorphism R? x K = (TK)* of vector bundles over
K which preserves their fiber metrics and orientations. Combining with the map , we obtain

a diffeomorphism
h: O x K = N,

which preserves orientations. Here, O, = {w € R? | |w| < £/2} for every ¢ < g¢ as defined in
Subsection 4.3

First, we define an R-algebra Cord(Q, K;R). Its relation to the cord algebra defined in
[9, 27] is discussed later in Remark Let us prepare several notations. We fix wg € O, \ {0}
and define a submanifold disjoint from K

K" = {h(wo,x) | € K} C Ng.

For every x € K, we define ¢,: [0,1] = @ \ K to be the constant path at h(wg,z) € K'. We
also define my: [0,1] — @ \ K to be a loop in a punctured disk h((Og, \ {0}) x {z}) C N, \ K
based at h(wp,z) € K', whose winding number around h(0,z) is equal to 1. In addition, let
m1(Q \ K, K') be the set of homotopy classes of continuous paths 7v: [0,1] — @ \ K such that

v({0,1}) Cc K.

Definition 6.1. Let A be the unital non-commutative R-algebra freely generated by the set
m(Q \ K, K'). We define the two-sided ideal Z generated by the following elements:

[Cch
{[71 vo] = [y - ma - v2] = [nl[hal,

for all z € K and 7;: [0,1] - Q\ K (j = 1,2) such that v;({0,1}) C K’ and v1(1) = h(wo, z) =
~v2(0). Then, we define an R-algebra Cord(Q, K;R) := A/Z, and call it the cord algebra of
(Q, K).

Remark 6.2. When K is 1-dimensional and connected (i.e. K is an oriented knot in a 3-
manifold @), we fix a base point * € K'. A cord is a path v: [0,1] — @ such that v([0,1])NK =
@ and v(0),v(1) € K"\ {x}. The notion of cord algebra (or cord ring) of knots was defined in,
for instance, [9, 26], 27]. The most refined one is [9, Definition 2.6, which is defined as a non-
commutative algebra over Z generated by the set of homotopy classes of cords and {\*, u*},
modulo the relations about {\*, u} and the “skein relations”. If we substitute both A and p by
1 € Z and tensor this Z-algebra with R, we obtain an R-algebra isomorphic to Cord(Q, K;R).
(The isomorphism is induced by a natural map from the set of homotopy classes of cords to
m(@Q\ K, K').)

We should also note that in [27, Definition 2.1], the cord algebra over Z[H;(ONg,)] was
defined when K is a connected codimension 2 submanifold of an arbitrary manifold and its
normal bundle is oriented. In our setting, we have an isomorphism (h=1),: Hy(ON;,) — H1(S'x
K) = Hi(SY)® Hy(K). There exists a ring homomorphism ¢: Z[H;(0N,)] — R determined by
o(h«([SY])) = —1 and p(hs(c)) = 1 for every c € H;(K). If the base change of the cord algebra
of [27), Definition 2.1] is done by ¢, we obtain an R-algebra isomorphic to Cord(Q, K;R).

Next, we refer to [9, Section 2.1] and define the string homology which is simplified for
our purpose. For m € Z>1, a € R>g U {oc0} and p = 0,1, we define an R-subspace C;‘(m, a) C
C’Sing(Efn) consisting of generic singular p-chains satisfying jet transversality conditions. (Recall
that we have fixed a topology of ¥¢ in Subsection

In the case of p = 0, CJ'\(m, a) is generated by (yx: [0,Tk] = Q)k=1, .m € X2, satisfying the
following conditions:

(0a) (v)'(0), (v&) (Tx) ¢ TK for every k € {1,...,m}.
(Ob) ~k(t) ¢ K for every k € {1,...,m} and t # 0, T}.
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In the case of p = 1, C{'(m, a) is generated by 1-parameter families of paths
0,1] = S5 s (3 [0,T¢] = Qs

such that [0,1] — Ryg: u — T} is a C*° function and
Te: {(u,t) |0<u<1, 0<t<T{} = Q

is a C*° map for every k € {1,...,m}, and satisfies the following conditions:

(la) (’y,g);§:17,__77,1 and (vé)k:17.,,7m satisfy (0a), (Ob).

(1b) (v)'(0), (v)(T}*) ¢ TK for every u € [0,1] and I'i"® := Fk|{(u,t)|t7é0,Tg} is transverse to
K for every k € {1,...,m}.

(1) If (us,ts), (ul,t)) € [T, (M) ~1(K) are distinct points, then u, # ), holds.

Note that the condition (1b) implies that (I'™)~1(K) is a finite set. In addition, we define
C(0,a) = C;"8(52) for a € Ryo U {oo} and p =0, 1. | .

By (1a), the boundary operator of singular chain complex §*&: C7"¢(X% ) — C5"8(24,) is
restricted to the map

i 0
o8 O (m,a) — Cf(ma): ()= (Wetem — (D=t

We also define a linear map fJ': C{'(m,a) — C{§(m + 1,a) for m € Zs1 so that for z =
Ok 0.7 = QS € P (m.a),

1l — : U U s /QEI /U\*Q U Ux
fk (JJ) — Z Slgn(u*at*)'(’h e Ve Ve Vi 77k+1a"'a7m )
(e £2)E(T) 1 (K)

Here
—1

—2
N = W o O8] = Qo =y

*7Tlg*} ( - t*): [OaT]g* - t*] — Qv

and sign(us,t,) € {41} is the orientation sign of an open embedding into O, C R?

szer ‘= PIp2 ohto Iy

defined on a small neighborhood of (uy,t.) € (I'i")~1(K) C (0,1) x Rso. For convenience,
let us define for p ¢ {0,1}, C’I‘P(m, a) = 0, "¢ = 0: Cm(m,a) — C’m ((m,a) and fj =
0: Cg(m, a) — Cg]_l(m +1,a).

For a € Ryg U {00} and m € Z>q, we define a quotient vector space

CI<%(m) = CP(m, a) /C](m, 0).
Then 05"¢ and f,? induce linear maps
O =0 (m) = O (m), 1 CP=(m) — O (m + 1).

Now we define a graded R-vector space

ch<a .= @ C™<(m).

m=0
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Figure. 5: The picture of 7 defined for (y)r=1 € X5°.

For each m € Z>, Cf <a (m) is considered to be its linear subspace in a natural way. Then, we
define a degree (—1) map DM C’iﬂ’@ — Cffla by

D"(z) = "8z + > fi(x). (41)
k=1

for x € C’f’@(m). For z € C’f’@(O), the RHS is just equal to 0*"8z. Then we obtain a chain
complex (Cﬁ:ﬂ’<a, D™). Let HI<% denote its homology group. In addition, for a,b € R>o U {0}

with @ < b, we define a linear map J*°: H;ﬂ <t kah < induced by the inclusion maps
CM(m,a) — CN(m,b) for all m € Zsg.
In this section, we call HI <% the string homology of (@, K). Note that the direct limit

lim H"<* defined by {J%*}4<p is isomorphic to H(r)h’<oo. Furthermore, H(r)h’@o has a associa-
tive product structure induced by II: X570 x 37, — ¥ . Thus Hgﬂ "~ is a unital associative
R-algebra, whose unit comes from * & ng "<(0).

The next proposition is essentially proved in [9, Proposition 2.9].
Proposition 6.3. As an R-algebra, Cord(Q, K;R) is isomorphic to HQ’<m.

Proof. For every homotopy class z € m1(Q \ K, K'), we choose a C*° path v which represents
z. We then define a path 7 as follows: For zg,z; € K such that (i) = h(wo, z;) for ¢ € {0, 1},

h(t - wo, o) ifo<t<1,
7:00,3] = Q:t— ¢y(t—1) if1 <t<2,
h((3—1) - wp,z1) if2<t<3.

We modify 4 to ¥ by a reparameterization so that (7)x=1 € X7° and satisfies (0a) and (Ob).
Then a homomorphism of unital R-algebras

F: A— H)»=>®

is defined so that z = [] is mapped to [(7)g—1]. From the definition of D, it can be checked
that F' is a well-defined surjection and maps the ideal Z into 0. Therefore, we obtain a surjective
homomorphism of unital R-algebras F: A/T — H(T 700,

We prove that F' is injective by describing its inverse map. For (y: [0,T] — Q)p=1 € X$°
satisfying (0a) and (Ob), let us define

h((1—=3t) - w,~(0)) if0<t<y,
¥:[0,1] = Q: t— ¢ y(3Tt—1T) ifl<t<2
h((3t = 2) - wo,y(T)) if§<t<1
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Figure. 6: The LHS describes the 1-chain (’y“)Zi[lO’l] such that sign(us,ts) = +1 at (us, ti) €

(T')~1(K). From the RHS, we can see that [jya] = [91 - 72| and [’/ﬁ] = [Y1 - my - 72| as elements
of m(Q\ K, K').

As described in Figure we change ¥ into 74 by small perturbations inside N, around ¢t € {%, %

so that 5 does not intersect K. We then obtain a homotopy class [7] € m(Q \ K, K’). Note
that for any 47 (j = 1,2) from two choices of perturbations, there exist lo, 1 € {0,+1,—1} such
that

[72] = [(my0)® - 7" - (mar)"'] € m(Q\ K, K).

Here, (mz)! = my, (m2)? = ¢z, and (m;)~! denotes the inverse path of m,. (As a natural
extension, (m,)! for | € Z is defined.) Thus, ['] = [7?] holds as an element of A/Z. If v € X{
(i.e. lengthy < e9), [f] = [(m2)!] € m(Q \ K, K') for some 2 € K and [ € Z. In such case,
[7] = 0 holds as an element of A/Z. Therefore, we have a well-defined linear map

CM<®(m) 3 (Ve)k=t,m > 1]+ ] (m > 1),

G: O <> 5 A/T:
0 / {C’m’@o(O) 51 + the unit.

From the transversality condition (1b) together with (1c), it follows that Im D™ is mapped
into 0. Indeed, in a simple case, for (fy“)};i[{)’” € C(1,00) such that (')~ (K) = {(us, 1)},

we can see that

(D)) = {[7:1 g ] = 91+ ] + sign(ua, L)[AIB] I sign(u, ) = +1,

1 - 32] = [ - ma - A2 + sign(us, ) [N][32] - if sign(us, ) = —1,

for = 7" (ts), 1 = v |jg 4, and 72 = 7"
sign(uy, tx) = +1. Thus G(Dm((fy“)gi[f’”)) = 0 € A/Z. The condition (1c) implies that the
general case can be reduced to this simple case. Therefore, we obtain a well-defined linear map
G: H§’<m — A/Z. Finally, for any [y] € m(Q\ K, K’) such that v(i) = h(wo, z;) for i € {0,1},
there exist lg,l; € {0,+1, —1} such that

it 7us] (- — tx). Figure |§| describes the case where

G o F([1]) = [(mao)" -y - (may)1],
which is equal to [y] in A/Z. This implies that F is injective. O

6.2 Connecting string homology and H*""¢(Q, K)

The purpose of this section is to construct a linear map form HI< to H:(Q,K) for all a €
R-o\ £(K). On the limit of a — oo, an R-algebra homomrphism from H."<* to HS""8(Q, K)
is defined. Before constructing this map, we will prepare two things.
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6.2.1 Preliminaries

First, we define a map ¥ which associates de Rham chains with singular chains. Let k,x: R —
[0,1] be C*° functions such that:

e xk(u)=0if u <0 and k(u) =1 if u > 1. In addition, &'(u) > 0if 0 < u < 1.
e x: R —[0,1] has a compact support and x(s) =1 for every s € [0, 1].

For p € Z, a linear map
U: Cl(m,a) » CIR (%)

is defined by
\I]((Vk)kzl,...,m) = [{0}7 Co, 1] 1fp = 07
(PPt ) =R x]  ifp=1,

-----

U = else,

where cg is the constant map to (Vx)g=1,..m and c1: R — 3¢ : u — ('yz(u))k:17.,,,m. These maps
commute with boundary operators, namely,

m

9o W =Wodm: CM(m,a) » CI%y(X2).

Next, we define a filtration {Cg(m, a,€)}eso of C’;”(m7 a). In the cases of p = 0, CJ'(m, a, )
is an R-subspace generated by (v4: [0,Tk] = Q)k=1,..m € X¢, satisfying (0a), (0b) and the
following condition:

(Oc) There exists 19 € (0,e0/(5Cp)] such that v, (70, Tx—70])NN: = @ for every k € {1,...,m}.

In the case of p 1, CM(m,a,¢) is an R-subspace generated by (e [0,T¢] — Q)Zi[ﬁ’}lm
satisfying (1a), (1b), (1c) and the following conditions:

(1d) (V)k=1,....m and (v} )k=1,...m satisfy (Oc).

le) There exist 79 € (0,e0/(5Cp)] and an open neighborhood U, ;. for each (us,t.) €
(ws )
(Fikm)_l(K) (k=1,...,m) such that

(tis ts) € Upu, 1) C{(w,t) |0 <u <1, 79 <t <Tf — 710},
and the following hold:

(le-1) Ugu.t.) € {(u,t) [ |t =t <70}
(le-2) For any two distinct points (us,t), (u},t,) € [[ie, (T"*)~1(K), the projections of
Ut ity Ut 1y € [0,1] x R to [0, 1]

Pr10,1) (Utus i)y Prioa) (U i) € [0, 1]

are disjoint.
(le-3) For every k € {1,...,m},

—1
(Fk|{<u,t>|mﬁs7*g—m}) (Ne) = U Ulun .-
(e )€ (T 1 ()

Moreover, for each (uy,t,) € (I'i")~1(K),
nger: U(u*,t*) — OE

is a diffeomorphism. Here, recall that szer = prgz oh "t o T
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In addition, we define C’I“,h(m7 a,e) = C’;”(m7 a) if p ¢ {0,1} or m = 0.

Roughly speaking, (Oc) means that ~(t) is far from K by a distance at least /2, except
when t is close to {0,7}}. (le) means that v} (¢) is far from K by a distance at least £/2, except
when t is close to {0,7%} or when (u,t) is close to some point in (I'")~!(K). Note that when
0<¢e <e CN(m,a,e) C CN(m,a,e') holds, and

U Cf(m,a,e) = Cf(m, a). (42)
e>0
Moreover, 95"¢ and f,@“ (k=1,...,m) are restricted to linear maps

ome. CN(m,a,e) = CT(m,a,e), fi': CT(m,a,e) = CT (m+1,a,¢).
For every ¢ > 0, we define C"<%(m, e) := CM(m, a,e)/CM(m,0,e) and

[e.o]

CI <) = @ C=(m,e).

m=0

A linear map D ch <) — C’;ﬂfl“(e) is defined by the same form as . Then we obtain

a chain complex (CT"<%(¢), D). Let HI"<%(¢) denote its homology. When 0 < & < ¢, the
inclusion maps C7(m, a,e) — CM(m,a,¢’) for all m € Z>( induce a linear map

leor: HM0(e) — HM <o),
and we have a direct system ({HT’<G(6)}5>0, {lc¢'}e>e). From the relation , we have
limg H<4(e) = HI"<e,
e—0

6.2.2 Construction of chain map
With the above preparations, we consider the maps
Cg(m,a,e) — CgR(Efnera): xz— Y(z) (m € Z>o)
for e € (0,£09/(5Cp)]. They induce a linear map from Cf’q(s) to C'=(e), but this is not a chain
map. In order to fill in the gap, we need to prove the following lemma for a € R~ \ £(K).

Lemma 6.4. Suppose that (¢,9) € T, is standard with respect to h. Then, for m € Z>1 and
ke {l1,...,m}, there exists a linear map

Ok, (&,0) * Crlh(ma a, 6) - C?R(Zzz—:-(;n—i_l)s)

such that the following hold for any x € C(m,a,¢e):
(i) 3ok (c.5) (%)) = (fus 0 U(w) = Wo fi(x)) € CFH(E, 1)

(i) f1.5(0k 0 (x)) € CER(0, 1 5) for every l € {1,...,m+1}.
Proof. 1t suffices to define oy, (. 5)(7) for z = (’yf);fl[oum satisfying (1a),...,(le). The proof is
divided into three steps: We define de Rham chains in the first two steps. In the last step,
O, (e,5) () is defined as the sum of these chains and we check the conditions (i) and (ii).

Step 1. From the definitions of ¥ and f,?,

frsoW(x) —Wo fi(x)
:fk,(g(\lf(l‘)) - Z Sign(u*at*) ’ [{0})CU(U*)t*)> 1]7

(ue st ) €T ~H(K)
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—1 —2
where co(ux, ) is the constant map to (v, ..., 7" ;" ,..., 7). Since (g, ) is standard, it
has the form (31). Using the notations of (L3)), we can explicitly write fi s(¥(x)) = [Wi, P, G,
where
Wi = {(u,7,0) ERXRx N, | 26 < 7 < T —2¢, W7 ) = 0%(0)},
i Wi = S5 (7, 0) = conn (0 Yimt s (T2 ), e (0),
Ce € Q2Wi) + (G)uray = (T 7) - x(w) - (v x 1))

Recall the condition (1e-3) and note that o¥(0) = v. We define W}, :== WyN{r < 7 < T,ff(u)—rg}.
Then

Wk - U U(u*,t*): (U,T,’U) = (,u(u),T)
(st ) €(TI) ~1(K)

is an orientation preserving diffeomorphism. Moreover, pE(T“ (u) 7) - x(u) =1 for (u,7,v) €
Wj. On the other hand, it follows from (le-1) and Lemma that Py (u,7,v) € X9, ., for
(u, T,v) € Wi \ Wi. Therefore, we have

fk,(s(\I/(m)) - Z [U(U*,t*)7 (I)/(u*,t*)’ Céu*,t*)]
(st ) €(TIN) ~1(K)
=fr6(¥(x)) — W, @il > Gl ] € CoH(E011),
where

fonty? Uty = Sef00%: (0, 7) o cong (4)i=,ms (T 7), 0 (31(7)),

CEu*,t*) = ( }cnt‘Um* t*))*(h*(% x1)) € Qg(U(U*vt*))'
As aresult, fi 50 ¥(z) — Vo f'(z) is equal to the chain
S (Wit @iy ) = siEn(ua, £) - [0} 0w, £),1])  (43)

() €T 71 (K)

modulo C’dR(EgnH)
For each (us,ty) € (T"")~!(K), consider a diffeomorphism

fib -1 int .
L =prgaoh™ o T, - Uty = Oe

and a scalar multiplication mg: O — Og: w — k(s) - w for s € R. We define a deformation
retraction to {(u,t.)}

R x U(u*7t*) — U(u*,t*): (s, (u, 7)) — (us,7s) == (F%ber)_l 0 myg o (szer)(u, T).
Now we define a map
= a+(m+1
B0yt R X Ut ) = S %0 (s, (7)) o @,y (s, 73)

and a de Rham chain

a+(m+1
ohi= D RX U By X X ] € R,
(uwsta ) ETP) ~H(K)
If s > 1, 5’(u 1 (8, (U, 7)) = <I>'(u* poy(u, 7). If s <0, CT)’(U* 1y (8, (4, 7)) is constant to
—1 —2

u U

(71*5"'7’713 a’Y;:* 7---)’7m)::cg)(u*at*)a
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which is defined by for v = v, (Th,7) = (T3",te) and 0y: [0,6/2] — {7, (t:)} C Q.
Therefore, the boundary chain 80/,1c is equal to

Z <[U(u*,t*)7(I),(u*,t*)vquht*)] - [{O}’Ci)(u*,t*%/[] (L) (hae (e x 1))]) .

(st ) (TP ~1(K) (s t)

Since fOs v. = 1, we can compute that

J

O e x ) = [ (7 oD x )

(us,tx) Ulus tx)
_ / (I\Zber)*y6
Ulus tx)
= sign(u«, t«) € {£1}.
Thus, we have
d(ot) = 3 ([U(u*,t*), Bl oys Gl o) — sign(ue, ) - [{0}, (s, 1), 1]) . (44)

(un st ) €T ~H(K)

Step 2. For each (ux,t.) € (D) 7Y(K), c)(ux,ts) coincides with co(us, ) up to reparame-
terizations of the k-th and (k + 1)-th paths. We define by interpolating parameterizations

1 2

+ +1 * * /\* /\* * *
cl(u*,t*):[O,l]%Zgl_éT )E:SH(V%,...,’yzil,’y;: oui,fyg oug,'yg+1,...,’y:fl),

so that ¢1(us, t4)(0) = co(uw, ts) and ¢ (ug, t)(1) = ¢{(us, ts). Then, we obtain a chain

sy = [Roca(ts, 1) 0 5, x] € CFR(zEEPHD9),

(w5t x

which satisfies 8(0@*7”)) = [{0}, ch(us, ts), 1] — [{O}, co(ux, t4), 1].
Step 3. We define a chain

O (e,5) () = o) + Z sign(us, ty) - o%u*,t*).
(s ) €T 1K)

From (44)), 0(oy (c,5)()) is equal to the chain of . Therefore, oy, 5(x) satisfies the condition
(i). The condition (ii) can be checked as follows: From the conditions (le-2) and (le-4), those
paths in @zu*’t*)(s, (u, 7)) and c; (ux, ty)(s) satisfy the condition (iii) of Lemma Therefore,

fi.5(o}) and flﬁ(o%u*,t*)) belongs to C{R (XY, _,) for I =1,...,m+1. This finishes the proof. [

For (e,9) € T, which is standard, we define a linear map @é‘%): C;ﬂ’@(s) — C5%(e) so that

for € C’Id](m, a,e), the equivalence class [z] € C’g’@(m, g) is mapped to

[V ()] if p=0,
% ([2]) = { [¥(2)] = Xililon o) ()] ifp=1,
0 else.

The two properties of o, (. 5y shows that q)<“f is a chain map from (C’f’<a(s), DM to (C£(¢), Ds).

(e,0
Therefore, we obtain a linear map on homology

(%)) HI<O(e) = HE(e,0).
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6.2.3 Commutativity with transition maps

We need to check the relation of <I>(<€‘715) with {k(cr 5) (c,6) er<e and {lcer feser.

Proposition 6.5. For (£,0),(¢/,0) € T, (€' < €) which are standard with respect to h, the
following diagram commutes:

(D5 %))
HI<(e) —227 HEa(e, 5)

ls,s’i T’C(E',am(s,é)
<a
(q)(s/,&’) *

)
HIM =) 20 ga(e ) §).

To prove this proposition, we return to the definition ks 5 5y = k=5 by (&, 5) € T,
satisfying (24)) for (g,9), (¢/,0"). We require that (£,0) is standard with respect to h, and thus
E=c¢e.

We set U =70 WU: CM(m,a) — CIR(X) for all m € Zsq. Again, the induced map from
cf "<%(g) to C<%(¢) is not a chain map. To fill in the gap, we need the following lemma.

Lemma 6.6. Form € Z>1 and k € {1,...,m}, suppose that we have taken maps oy, (. s), Ok, (' 5)
of Lemma for (g,9),(¢',8"). Then, there exists a linear map

616,(5,5) : CT(ma a, 5) - C_’in(EiLtr(InJrl)E)

such that the following hold for any x € CT(m, a,e):
o (04 (5) — (frg o Ul(x) — Vo f(x)) € CFH(ED,11)-
° fl,S(ak,(e,S)(x)) € C’gR(EgH_Q) for everyl € {1,...,m+1}.
o €1 (0 (- (7)) = 0k, (c.6)(®) and e— (0 (o 5)(2)) = (Jer )+ (Ok, (o5 (2))-

Proof. We omit the detailed proof. Note that d has the form . For any « = (Vk)k=1,....m, We
can compute explicitly that the chain fy 50 W(z) — Wo f,;h (x) is equal to the sum of chains for
all (s, ) € (T894 (K)

[]R X U(u*,t*)7 é/(u)‘(’t*)a (idR21 XU(U*,t*)7 idR§,1 XU(U*,t*))v EEU*,t*)]
— sign(u, t) - [R, co(us, ts), (idr,,, idr__, ), 1]

modulo CR(%Y,,). Here &), , : R x Uy, 1) — R x S 7"V is determined by

(i)/(u*,t*)(r7 (u’ T)) = (Tv Conk((’)/lu)ZZL...,ma (Tlgv 7_)7 "Ee’,s(ra ’Y;é(’r))))

and (((,,, ;) = (idr x T}| U(u*,t*))*(l X fjere) € D(R X Uy, 1,))- The [—1,1]-modeled chain

O (c,5) 18 defined in a similar way as oy, (. 5) in Lemma and we can check that this chain
satisfies the required three conditions. O

Proof of Proposition[6.5. We define a linear map &% : CM<e) = C<e(e) so that for z €

(e,6)
C’;ﬁ’@(m, a,e),

) [0 ()] if p=0,
% ([2]) = ¢ [¥(2)] = X3 [0, e 5 (@) ifp=1,
0 else.
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The first two properties of o (. 5y shows that this is a chain map from (CT’@(E),D?) to
(C£%(e), Ds). Therefore, we get a linear map on homology

(8% )t HIS0(e) = HEO(=,5).

The third property of O (c,5) implies that the following diagram commutes:

(@2 R )« e,e)x=id
Hm <a( Pea) ) e f<age, ) (Je,e) _ Ve fg<age, 6)
%\ %"
Lot H<a (e, 5
&
(q> el s’ ) ('5’ E)*
Hih’<a(€ ) i> H*<a(5/7 5/) J—> H*<“(E, (ia’,a)*5,)'
The proposition is now proved since k¢ 5 = ((je,e)i " © (€e4)x) 0 ((Jere)i ' © (ee_)) ™ -

Let a € Rso \ L(K). Proposition shows that the family of maps {(<I>(<€a§))* | (¢,0) €

7, is standard with respect to h} induces a linear map on the limits of ¢ — 0

O<: HIM<® = lim HI"%(e) = H(Q, K) = lim H%(e, ).

e—0 e—0
Naturally, those maps of {®<*},cr_ o\ (k) commutes with {19°: HEY(Q,K) — H(Q, K)Ya<h
and {J%: Hf’@ — H:”Kb}agb. Therefore, on the limit of a — oo, we have a linear map
O: HPM — H"8(Q, K).

Moreover, it is straightforward to check that ® is a homomorphism of unital R-algebras.

6.3 Proof of isomorphism

In this section, we prove that for every a € Rso\£L(K), @< is an isomorphism in the 0-th degree.
As a consequence, it is shown that the cord algebra of (Q, K) is isomorphic to Hgmng(Q, K).

For cach m € Zsg, let 93" : C"<%(m) — C1"<*(m) denote the singular boundary operator.
We also write

Wom: Coker e — HIR(x2 »0Y: [2] — [¥(z)], (45)
Uy e Kerdfivs 5 giR(xpa 520y 2 [W(2)].
Lemma 6.7. Y, is an isomorphism and V1, is a surjection.
Proof. Naturally, there are two maps

Coker 5ine — H3"&(x2a 30,

Ker 9ine — g3m8(na 30,

induced by the inclusion maps C’;”(m,a) — C3M8(xe ) for p = 0,1. The subset of $% (resp.
C9(]0,1], %)) consisting of elements satisfying the conditions (0a), (0b) (resp. (1a), (1b), (1c))

is open dense. This fact implies that the first map is an isomorphism and the second map is a
surjection. Then, we consider the following diagram for p = 0, 1:

Upom @ . . .
Kp,m - HSR(E%aE'?n) thlj%oo HSR(B%(QJ)’B%(QJ))
Hy"8(52,,59,) = lig | H;" (B, (20), By, (2))
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Here, Ko, = Coker e and K, m = Ker O3 The left vertical map is defined as above.
The right vertical map is an isomorphism from Proposition [2.9] The horizontal maps are the
isomorphisms of (@ and (|11] . The commutativity follows from the definition of the right vertical
map. See [23 Section 4.7]. Now the assertion of the lemma follows from the diagram. O

For the chain complexes (Cf"<%, D™ and (CT"<(¢), D), we define their filtrations {Hy " pez
and {HZ) }pez by

H;a — @ Cm <a H<a — @ Ofkh’<a(m,€).

m>—p m>—p

Let E™<¢ and ET"® be the spectral sequences determined by {H}pez and {HZ, }pez respec-
tively. Their (—m, ¢)-terms of the first pages are given by

Coker O3 if g —m =0 and m > 0,
(B™=)L,, maq = Ker 3¢ if g—m=1and m >0,
0 else,

Coker 9208 if g —m =0 and m > 0,
(El<nyL = { Kerdne if g—m=1and m >0,

—m,q

0 else.

Here ﬁsmg Cm <(m,e) — Cg’m(m, ¢) also denotes the singular boundary operator. If 0 < &’ <
€, there exists a morphism [, ./: Em’<a Em’<a induced by the inclusion maps Cf(m, a,e) —
CM(m,a,e') for all m € Zsq. Naturally, li lim ED < o phi<a h0]ds.

For (e,0) € 7, which is standard with respect to h, the chain map <I>( s) breserves the

filtrations {H=5}pez and {F5; }pez, so it induces a morphism of spectral sequences
m,
(@) B = B,
Note that on the (—m, g)-term (m > 0) of first pages, this can be written as follows:
(@7%))«: Coker 358 — HY®(50rme, 530 ) [a] — [W(2)] if ¢ =m
’ 7 46
(@é%))*: Ker 02578 — HR(zarme 530y ¢ — [U(x)] if g =m + 1. (46)
Recall that we have defined k(. g (o5 Eé? 6i—> Eé%) by the composition of the maps of

. The next result is a variant of Proposition |6.5( for spectral sequences.

Proposition 6.8. The following diagram commutes:

Mh,<a (‘I)(i%))* <a
E: _— E(6 5)
ls,s/l ker s0),(c.6)

(@55 )«

m7<a (7,87 <a

E, > E(e’ )

This can be proved as Proposition by taking (<I>(<“5)) ED<e E(<‘%) into consideration.
We omit the proof.
We use the spectral sequence E<% of Proposition The above proposition and

implies the existence of the following morphism of spectral sequences.
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Proposition 6.9. There exists a morphism of spectral sequences ®<%: E™<¢ — E<% such that
on the (—m, q)-term (m > 0) of the first page,

O = W (BM)L,, o = Coker " — (E<)L,, , = H{™ (S5, %0) if g=m,
Ot =Wy, (BN =Kerdine —» (<)L, = H®(xe,50) ifg=m+1.

This property of ®<¢: E™<e¢ _ F<a jmplies a result on the compatible map ®<¢: H;ﬂ’m —
Hy(Q, K).

Proposition 6.10. ®<¢: H;r,h’<a — Hy%(Q, K) is an isomorphism if p = 0 and a surjection if
p=1.

Proof. By Lemma and Proposition R (Em’<a);7q — (E<“)11)7q is an isomorphism if
p+ g < 0 and a surjection if p + ¢ = 1. Since Eh<a converges to Hf’@ and E<% con-

verges to H:%(Q, K), we can apply Lemma to prove the above assertion for ®<¢: H:”’<a —

H:(Q, K). o
On their limits of a — 00, {®<%} 4k \£(K) induces an isomorphism
®: H]™™ - HY™8(Q, K).

Combining with Proposition [6.3], we finally obtain the following result.

Theorem 6.11. As a unital R-algebra, Cord(Q, K;R) is isomorphic to Hgtring(Q, K).

7 Connection to Legendrian contact homology

In this section, we discuss intuitively how to construct an isomorphism from the Legendrian
contact homology of the unit conormal bundle of K to Himng(Q, K) when @ = R"™.

7.1 Legendrian contact homology

We begin with basic definitions. Let M be a (2n — 1)-dimensional manifold and o € Q*(M) be
a contact form on M, that is, a; A (da)?~! # 0 for every & € M. Then, £ := Ker « is a contact
distribution of M. The Reeb vector field R, is a vector field on M characterized by a,(R,) = 1
and (da),(Rq,-) = 0 for every x € M.

An (n — 1)-dimensional submanifold A of M is called a Legendrian submanifold of (M, «) if
aly =0 € QY(A). We define the set of Reeb chords of A by

R(A) ={c: [0,T] = M |T >0, % = R, 0¢, and ¢(0),¢(T) € A}.

We sketch the definition of the Legendrian contact homology a compact Legendrian subman-
ifold A of (M, o) under several conditions on them. To define it, we shall use pseudo-holomorphic
curves in the symplectization (R x M, d(e"«)) of (M, «). (Here, r is the coordinate of R.)

Remark 7.1. As far as the author knows, definitions of Legendrian contact homology can
be found in literatures only for some restricted cases. One of such cases consists of contact
manifolds of the form (R x P,dz — 0) for a Liouville manifold (P, ) (Here, z is the coordinate
of R). In this case, a definition of Legendrian contact homology was given in [I1] [I4] by using
pseudo-holomorphic curves in P. The correspondence between pseudo-holomorphic curves in P
and those in R x (R x P) was given in [10].

Referring to [14], Section 2.2], we impose the following condition on (M, A):
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e There exist a (2n — 2)-dimensional Liouville manifold (P, #) which is the completion of a
compact Liouville domain and a diffeomorphism ¢: M — R x P such that ¢*(dz—6) = a.
In this case, ¢«(Rqo) = 0. We also assume that ¢;(TP) = 0 and H(P;Z) is free.

e A is a compact spin manifold. Let prp: R x P — P be the projection. As a generic
condition on A, we require that (prp)|, : A — P is an immersion and the self-intersection
of prp(A) consists only of transversal double points. In addition, the Maslov class of
prp(A) as an immersed Lagrangian submanifold is 0.

We fix a spin structure on A. Let us prepare several notations as follows:
e We define 75: Rx M — R x M: (r,xz) — (r + s,z) for every s € R.

e Let D:={z € C||z| <1} and denote the complex structure by j € End(7'D). We orient
0D clockwise, then the set 0D\ {1} is ordered along this orientation. For any finite subset
p of 9D \ {1}, if we write p = {p1,...,pm}, this means that p; < ps < -+ < py, in this
order.

e For any subset p = {p1,...,pm} in 0D \ {1} (possibly p is the empty set), we define a
punctured disk Dp = D\ {1,p1,...,pm}. Around 1 € D and p, € D (k=1,...,m), we
choose biholomorphic maps

{wo :0,00) x [0,1] — D\ {1},
Y (—00,0] X [0,1] = D\ {px} (k=1,...,m),

uniformly

such that {¢0([0, 00) % {0’ 1}> c oD \ {1}7 and {hms—>oo ¢0(37t) =1,

@ZJ;C((—OO,O} X {03 1}) C oD \ {pk}a lim, ¢k(5at) = Pk,
ont € [0,1].

e For every Reeb chord (¢: [0,7] — Q) € R(A), we write T by T..

With these preparations, let us summarize how to define the Legendrian contact homology
of (M, A).

1. Choose an almost complex structure J on R x M such that:

(a) d(e"a)(+,J-) is a Riemannian metric on R x M.
(b) J(&) = & for the contact distribution £ and J(9,) = R,.
(¢) (15)*J = J for every s € R.

2. Fixe,c1,...,0m € R(A). We consider the moduli space of pairs (u, p) of p = {p1,...,pm} €
D\ {1}, and a C* map
w: Dp — R x M

satisfying the following conditions:

e du+ Joduoj=0. Namely, u is a pseudo-holomorphic curve with respect to J.
e u(0Dp) C R xA.

e There exists sg, s1, ..., Sn € R such that for every k=1,...,m

T_souo (s, ) = (so,c(Te))  if s = oo,
T_souo (s, ) = (sg,c(Ie,-)) if s = —o0,

in C* topology on [0, 1].
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Figure. 7: A pseudo-holomorphic curve in R x M with boundaries in R x A.

Figure [7] describes such pseudo-holomorphic curves. Let
M(cier, ..o em)

denotes this moduli space of pseudo-holomorphic curves. (Precisely, it is the orbit space
by the action of Aut(D, 1), which is the group of automorphisms of D fixing 1 € D.) Since
J is invariant by the translations 7, for all s € R, this moduli space has a natural R-action
defined by w - s :== 75 ou. By [10, Theorem 2.1] together with [14], Lemma 4.5, we can
choose J to be regular so that M j(c;c1,...,¢p)/R has a structure of a finite dimensional
manifold.

3. For every ¢ € R(A), we can assign an integer |c| as in [I0, Section 4.1] such that the

dimension of M (c,c1,...,cn)/R is equal to
m
el =Y lexl 1
k=1
when (c1,...,¢n) # (¢). As a manifold, an orientation of Mj(c;cq,...,cn)/R is deter-

mined, depending on the spin structure of A [14], Section 4.4]. (Precisely, M j(c;c1,. .., em)/R
is oriented so that the diffeomorphism of [10, Theorem 2.1] preserves orientations.) When
le| = >"pt |ex| +1, this is a compact oriented 0-dimensional manifold. It is a consequence
of the Gromov compactness. See [12, Section 9] when P = C" and [5, Section 11.3].

Let A4(A) be the unital graded non-commutative R-algebra freely generated by R(A) such
that ¢ € Aj¢/(A) for every ¢ € R(A). We define a derivation d;: A«(A) — A.—1(A) by

0y(c) = Z (—1)n(|cl+1)#sign(MJ(C§ 1y sem)/R)er - com.

ex -+ lem|=lel-1

for every ¢ € R(A), and extend it by the Leibniz rule. Here, #ggn is the number of the point
counted with the signs induced by the orientation.

From [14, Theorem 1.1], (A.(A), ) is a differential graded algebra over R, namely, 07007 =
0 holds. Moreover, its stable tame isomorphism class is independent on the choice of J and
invariant under Legendrian isotopies of A preserving the spin structure. (The dependence on
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the spin structure is discussed in [13, Theorem 4.31].) In particular, the isomorphism class of
the homology of (A«(A),dy) as a unital graded R-algebras is well-defined. This homology is
called the Legendrian contact homology of (M, A), which we denote by

LCH,(M,A) =Kerd;/Ima,.

7.2 Conjecture
Let @Q be a manifold and K be its submanifold. Let A be a canonical Liouville form on T*Q

such that (7*@Q, ) is a Liouville manifold. The conormal bundle of K defined by

Lx ={(¢g;p) €T"Q | q € K, P|TqK =0}

is an exact Lagrangian submanifold of T*@Q). Moreover, when @ is equipped with a Riemannian
metric g, its unit cotangent bundle UT*@ has a canonical contact form a = )| UT* Q- Then,
the unit conormal bundle of K defined by

Ag =L NUT*Q

is a Legendrian submanifold of (UT*@Q, ). The next theorem is a well-known fact about the
Reeb vector field R,. Let UTQ be the unit tangent bundle of Q.

Theorem 7.2. ([22, Theorem 1.5.2]) Via the identification
UV, : UTQ = UT*Q: v g(v,-),
the flow of the Reeb vector field on UT*Q coincides with the geodesic flow on UTQ.

From the above fact, if we set mg: UT*Q — Q to be the bundle projection, we obtain a
bijection
R(Ag) = C(K): c—mgoec.

Here, C(K) is the set defined in Section It consists of geodesics in () of unit speed with end
points in K and perpendicular to K at the end points.

Suppose that R™ is equipped with the standard Riemannian metric and K is a compact
oriented submanifold of R" with codim K = d. As we have seen in Proposition Ak has a
spin structure induced by the standard spin structure on R"™. We remark that ¢*(dz — \) = «
is satisfied by the diffeomorphism

@: UT*R" — T*S™ ' x R: (q,p) = ((p,q — (¢ p) - ), (@ P));

and thus the Legendrian contact homology LCH(UT*R", A ) is defined as in Section
Now our conjecture is stated as follows.

Conjecture 7.3. For any compact oriented submanifold K of R™, there exists an isomorphism
of unital graded R-algebras

LCH.(UT*R", Ax) = H""&(R", K).

Remark 7.4. The above construction of LCH, (M, A) will work in more general situations, such
as where M has no contractible periodic Reeb orbit. The author expects that the conjecture
can be extended, for instance, to the case where @ is spin and has a non-positive sectional
curvature, imposing certain convexity conditions when it is non-compact.
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7.3 Idea toward the proof of Conjecture

The rest of this section is devoted to sketching the idea toward proving the conjecture. The
outline is similar to [9, Section 6, 7.

Caution 1. In the outline of the proof explained below, we does not concern with signs. In fact,
from the current research for proving the conjecture, it seems better to define the Legendrian
contact homology using the sign conventions different from [I3] so that it is compatible with
the signs which we fixed to define H;""#(Q, K).

Caution 2. At several points, we omit the issues about parametrizations of paths. In Remark
we will see what is the problem and also a possible solution is mentioned.

Let us prepare several notions. We require K C R" to satisfy the following conditions which
can be achieved by an arbitrarily small C*° perturbation of K:

(i) All binormal chords are non-degenerate. In the present case, this is equivalent to that for
every (v: [0,7] = R") € C(K), (7(0),v(T)) € K x K is a non-degenerate critical point of
the function

KxK—=R:(¢,¢)~ |l¢g—d)°

(i) For every m,m’ € Z>1 with m # m/, L,,(K) N L,y (K) = & holds.

The second condition can be achieved if the set {length(y) € R | v € C(K)} is linearly indepen-
dent over Q. Under these conditions, it follows from [2, Corollary 4.2] that A = Ax satisfies
the conditions in Section |7.1] which we imposed to define LCH, (M, A).

For every ¢ € R(Ak), T. = [ ¢*(a) € Ryq is called the action of c. This satisfies T, =
length(mrn o ¢).

Definition 7.5. For any a € R-, let (As% 0) be the subcomplex of (A.(Ak),ds) spanned as
an R-vector space by words of Reeb chords whose sum of actions are less than a. Let LCHS®

denote its homology. For a,b € R+ with a < b, the quotient complex (ALa’b) = AL/ AZ, 0y)
is defined. Let LCHgﬂa’b) denote its homology.

In Subsection [7.3.1], [7.3.2] and [7.3.3] we will state Claim 1], 2] and [3|respectively. In Subsection
[7.34] admitting these three claims, we give a proof of Conjecture [7.3]

7.3.1 Construction of de Rham chain via Kuranishi structure

Claim 1. Fiz an arbitrary a € Rso \ L(K). If € > 0 is sufficiently small, there exists 0 €
CIR (S.) and a linear map
$a: ASO o5 CF0(e)
such that (g,0) € T and Dso =% = 5% 0y holds.
Recall that in order to define (C%(e), Ds) and T, we need to choose auxiliary data (see
Section . We let g to be the standard metric on R” and do not specify Cp, 9 and pu.
To prove this claim, we focus on pseudo-holomorphic curves in T*R"™ with switching La-

grangian boundary conditions explained below. We often identify the image of 0-section of
T*R™ with R", and the symplectization R x UT*R"™ with T*R" \ R" via

R x UT*R"™ — T*R" \ R": (r,(¢,p)) — (g, €"p).

Let us choose an almost complex structure J’ on T*R" satisfying all but the fourth conditions
of [9, Definition 8.1]. (The fourth condition, which we have removed, is about the integrability
of J" around K.) In particular, d\(,J-) is a Riemannian metric and J’ coincides with J on
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Figure. 8: A pseudo-holomorphic curve in T*R"™ with red boundaries in R™ and black boundaries
in Lg. The switching points of the boundary conditions are mapped to K = R" N L.

{(q,p) € T*R™ | |p| > 1}. Explicitly, we can take it as follows: We choose a C*° function

1 ifa<i3, .

p: [0,00) = (0,00) such that p(a) = o1 Fix R > 0 to be |¢| < R for every ¢ € K.
a ifa>1.

By using the coordinate (q1, ..., qn,p1,--.,pn) of T*R™, we define an almost complex structure

J, to be
(To)a.0) (Oai) = —p(IP1)Dp;s (Tp) (4.0) (Fpi) = p(|p]) "0y

for every (q,p) € T*R™. An almost complex structure J' satisfying the required conditions can
be obtained by deforming J,|; on {(¢,p) € T*R" | |¢| < R, |p| > 3}, which is identified with
an open subset of R x UT*R".

As a notation, for p = {p1,...,pm} COD\ {1} with m # 1 and k € {1,...,m}, let 0y Dp
denote the connected component of 0Dy whose closure in 0D has {pr_1,pr} as the boundary.
(Here we set pg = pm+y1 = 1.)

For any ¢ € R(Ag) and m € Z>q, we consider the moduli space of pairs (u,p) of p =
{p1,....p2m} € 9D\ {1} and a C*° map

u: Dp — T*R"
such that:
e du+J oduoj=0.

w(OxDp) C R™  if k is even,

e For ke {1,...,2m+ 1},
{ }{u(ﬁkDp)CLK if k is odd.

e If s > 0 is sufficiently large, u o ¢y(s,t) € T*R™ \ R" =2 R x UT*R". There exists s;, € R
and zp, € K =R"N Lk for k =1,...,2m such that

T_souoty(s, ) = (sp,c(Te)) if s — oo,
wo Pr(s, ) = xg if s — —o0,

in C* topology on [0, 1].
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Figure |8 describes such pseudo-holomorphic curves. Let M(c, m) denote this moduli space of
pseudo-holomorphic curves.
In addition, we define A/ to be the moduli space of pseudo-holomorphic curves with respect
to J’
v: D\ p' = T*R" (p' ={p}|,ph} € 0D\ {1})

with one marked point at 1 € 8D such that:

v(z) € R™ if 2 lies in the same component as 1,

e For any 2 € 9D \ p/,
Y \P {v(z) € Lk else.

e For k € {1,2}, lim,s,_~ov 0 ¢(s,:) = x in C™ topology on [0,1] for some point xj €
K =R"NLg.

Notation. Hereafter, we omit writing the set of boundary puncture p or p’ from any element
in Mj(c;ery. .. em), M(c,m) and N.

We remark that every v € N is a constant map, since the Liouville form X on T*R" vanishes
when it is pulled back on the two Lagrangian submanifolds R™ and Lg. In fact,

evo: N = K:v— (1)

is a diffeomorphism. However, non-constant maps appear after a perturbation explained later.

For any u € M(c,m)and k € {1,...,m}, uly, p canbe extended smoothly on the closure of
0o Dp. If we parameterize the domain by an interval [0, 7] so that py_1 (resp. py) corresponds
to 0 (resp. T}), we get a sequence of m-paths

(V= [0, T3] = R™)r=1,..om
with end points in K. (In Figure(8] they are the restrictions on the red boundary components.)

Remark 7.6. The moduli space M(c,m) is defined by taking the quotient by the action of
Aut(D, 1). Therefore, correctly speaking, u is a representative of an Aut(D, 1) orbit and thus the
path ;! is well-defined only up to reparameterization. One might consider the parametrization
by the arc length, but it does not work well with the later discussion. One way to solve this
problem would be to consider pseudo-holomorphic curves with an arbitrary number of boundary
marked points. This solution can be found in [24]. If we adopt this solution, we will need to
change H:trmg(R",K ) to the one conmsisting of de Rham chains of paths with an arbitrary
number of interior marked points and also need to show that it is isomorphic to Himng(]R", K)

defined in this article.
Let us admit the following assertions without proofs:
(A) For a generic J', M(c, m) has a structure of an oriented manifold of dimension

le| — m(d — 2).

(B) For every u € M(c,m),

m

Zlength’y}j <T..

k=1
The equality holds if and only if m = 1 and w is the trivial half strip over mwgn o ¢
characterized by (du). C Span(0d,, R,) for every z € Dy \ 02Dp via the identification
T*R™\ R" 2 R x UT*R".

(C) There exists a compactification M(c, m) of M(c, m) whose boundary consists of pseudo-
holomorphic buildings and pseudo-holomorphic curves with nodes. For the detailed ex-
planation, see [8, Section 4].
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It is important to note that if u € M(c, 1) is the half strip over mgn o ¢, then ~§* = 7gn o c.

Remark 7.7. (Comparision with [9]) The results corresponding to the above assertions can be
found in [9]. About the assertion (A), we can refer to [9, Lemma 9.5] for the transversality, [9,
Section 9.5] for orientations, and [8, Theorem A.1] for the computation of the dimension. The
assertion (B) is proved in [9, Proposition 8.9]. For the assertion (C), we should note that in
order to deal with M(c,m) as a manifold with corners, [9] introduced the notion of a winding
number, which is assigned to each switching point. This number is determined by the order of
degeneracy. On the other hand, we will introduce later Kuranishi structures in order to deal
with the compactified moduli space.

For every m € Z>; and ¢ € R(Ak) with T, < a, we consider a map
M(e,m) = 0 cu—= (77, 7)),
and extend this map continuously on the compactification M(c,m) to get a map
Yem: M(c,m) — X%
When m =0, ¢.0: M(c,0) — £¢ = {x} is a constant map. Likewise, let us define
N = Sep: v (07, 09),

where o} for i = 1,2 is a path obtained by extending v| Bsi 1Dy to the closure of 0o;_1 Dy .

First, we intuitively regard ¢, as a chain in X% and observe its boundary chains. We do
not need to deal with all boundary chains in the present argument for the following reasons:

e From the definition of de Rham chains, all degenerate chains are equal to 0. Here, we say
a chain is degenerate if it has the form [U x V, ¢ o pry,,w X n] for some chain [V, ¢, 7] and
w e QE(U) with dimU —p > 0.

e Any chain in X9 is equal to 0 as an element of CI8(X2 /%0 ). Recall that X9 consists of
sequences of m-paths one of whose length is smaller than gg.

If we ignore chains which are degenerate or in X0 , the remaining chains of De.m OM(c;m) consist
of the following two types:

1. We have a chain defined on a pseudo-holomorphic building described in Figure [J]

!
(My(c;ery...,0)/R) X H M(eo,me) — X8

a=1

(W], (ua)a=1,..0) = (A5 Yy Moo V)

(47)

forecy,...,q € R(Ak) and my,...,m; € Z>o with fo:l Ma = M. Ilea:1 |ca| > |c|—1o0r
(leal,ma) € Z>1 x {0} for some a € {1,...,1}, then either M ;(a;ci,...,c) or M(cq, mq)
has positive dimension, so we think of as a degenerate chain. Therefore, we only need
to consider the case where Zla:1 |ca| = || —1 and |cq| = 0 whenever m, = 0. If we extend
I1, which was used to define the x-operation, to a map II: Hla:1 e — E?nllfr'jjﬂml,
can be rewritten as a map

(([w], (ua)a=1,..1)) = T@ermy (1), - -5 ey my (ur)-
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Figure. 9: A pseudo-holomorphic building Figure. 10: A pseudo-holomorphic curve
consisting of pseudo-holomorphic curves in  with a node on 01, Dp,.
R x UT*R™ and T*R".

2. For k={1,...,m—1}, let My(c,m—1) be the space of pairs (u, q) of (u: Dp — T*R") €
M(c,m — 1) and a marked point g € 0o Dp. We define an evaluation map

evi: Mg(e,m —1) = R"™: (u,q) — u(q).

Then we have a chain defined on the fiber product of evy and evg: N — R"™: v — v(1)
described in Figure

Mi(e,m — 1) ey, Xevy N — X

u u v v u u 48
((uaq)av)H(717"'7(’7k|[0,q}'0-1)7(0-2'f}/k’[q,le])vw.vf}/mfl)‘ ( )

Here, we think of ¢ as a point in (0,7}') = 0a,Dp. If we ignore the difference of parame-
terizations near end points, can be rewritten as a map

((u, q),v) = cong (W )k=1,...m—1, (T}, @), (97 )i=1,2)-

More precisely, we need to extend these maps and to the compactification of the
domains. The other chains consisting of . | OM(c,m) A€ contained in X0 . For examples, see

Figure

Remark 7.8. The following assertion, which holds when K is a knot, was crucial in [9] to
define a chain map similar to ®=%:

(D) We can choose J’ such that M(c,m) = & for every ¢ € R(Ag) if m € Z> is sufficiently
large.

In the present discussion, we do not need to rely on such a result since ¢, ,,, vanishes as a chain
in a pair of space (X%,%%) when m is sufficiently large. Indeed, if m > 3—(‘)’, then ¥4, = X9
holds. The reason of this simplification is that the paths in Ly obtained by restricting on the
black boundary in Figure |8 are not necessary to define ®=%. This is not the case in [9], where
the Legendrian contact homology with the coefficients in “chains in the based loop space of
Ag” are considered.
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VoD,

Figure. 11: These holomorphic curves with boundary nodes appear in the boundary of M(c, 3).

Here, v: Dy — T*R™ and v': Dpr — T*R™ are pseudo-holomorphic disks, which must be

constant by the boundary conditions. Therefore, v|,,, , and v'[,, , , are constant paths in R™.
P P

In particular, their length is less than gg.

There is a problem about the transversality in order to define the fiber product in the second
type of the boundary chains. To deal with this problem, we introduce a Kuranishi structure of
N. For simplicity, we assume that there exists a global Kuranishi chart K = (V| E, s,1) and a
map f: V — S, which consist of the following data:

e an oriented manifold V.

a finite rank oriented R-vector bundle E over V such that dimV —rk £ = dim N = n —d.

a C* section s: V — FE.

e a homeomorphism v: s~1(0) — N.

V, f) is a plot of S., such that f o4y 1(v) = (¢¥,0%) for every v € N. In particular,
0 1>%2
evpof: V — N, is a submersion.

They are constructed from the Cauchy-Riemann operator 0 defined as a section of a Banach
bundle such that (9;/)~'(0) = N. For details, we refer to [21, Chapter 3]. In the present case,
0 is transverse to the zero section, so we may assume that s is transverse to the zero section and
1 is a diffeomorphism. By gluing arguments, for any compact subset of My (¢, m—1) ey, Xevy N
we can construct a collection of Kuranishi charts [20, Definition 3.1] on M(c, m) whose union
covers this compact subset. Let us admit that, inductively on 7, and m, a Kuranishi structure
of M(c,m) is constructed, and there exists a strongly smooth map @, (in a sense similar to
[24] Definition 7.1.1]) on this Kuranishi space, whose underlying map is ¢¢r,. In terms of this
Kuranishi structure, we take a good coordinate system [20, Definition 3.15].

We also need to take a CF-perturbation (&"),~¢ of . For simplicity, we first assume that
FE is trivial. Identifying E¥ with R? x V' and s with a function s: V' — R? we can take explicitly
G" which consists of the following data:

e an open neighborhood W of 0 in RY.
e a U™ section s,: W x V = prj, E = R? x (W x V) defined by
sp(w,v) = (s(v) — rw, (w,v))

for every (w,v) € W x V.
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o 1€ QUW) such that [, n=1.

They satisfies the conditions of [20, Definition 7.4]. (Here we do not need to concern with
the action of a finite group.) Indeed, s, is transverse to the zero section and the sequence
(57)r>0 converges to s opry, on W x V as r — 0 in compact C'-topology. Moreover, since

pl"vfs;l(o) 0 5.1(0) = {(w,v) | s(v) = rw} — V is an open embedding,

evoof o pryl;1.) 5,1(0) = N,

is a submersion.

[24, Section 8| gave a construction of de Rham chain from a Kuranishi structure, a strongly
smooth map and a CF-perturbation. (More precisely, those input data are required to be
admissible in the sense of |20}, Section 25].) We apply this to the present case. For the Kuranishi
structure K, the map f: V — S, and the CF-perturbation (&"),~0, we choose a sufficiently
small 7 > 0 which depends on € € (0, 9] to define a de Rham chain

5= [5,(0), f 0 pryl, 10y (Priv 1)l 10)) € O (55).

If E is not trivial, we need to take an open cover of trivializations. The de Rham chain is
defined by using a partition of unity subordinated to this cover.
Let us admit that it is possible to define a de Rham chain

05 (0) € ClIY (mnya(Zi ™)

constructed from the Kuranishi structure on M(c,m), $cm and a CF-perturbation obtained
by extending (&"),~0 to M(c,m) equipped with the good coordinate system. When m = 0,
D56(c) € CIF(§) is defined as

lel

#aignM(c,0) € R = CfR(2§)  if [¢] =0,
0 else.

Let us observe the properties of these de Rham chains. Since the inverse map of pry| s1(0)
is given by pry (s;1(0)) = s,1(0): v — (Ls(v),v), we have § = [V, f, (2s)*n]. Hence (evy).d €
CIR (NZ®) =2 QZ(N.,) is equal to

(evoof)i((75)n) € QL(Ne).

Note that if » > 0 is sufficiently small, then (%s)*n € Q4V) has a support in a tubular
neighborhood of s71(0) and represents the Thom class of the normal bundle of s71(0). We have
the following diagram and the correspondence of (co)homology classes:

HY o (V) 200 pd o (V) [(Ls)*7] [anL]
e (y) 02D gy [571(0)] —— (evo of)u[s~1(0)] = [K]

Here the vertical isomorphisms come from the Poincaré duality and ny. € Q4(N.) repre-
sents the Thom class of TK*. Since Th. € Hgﬁd( 28) Hng(NE) is the homology class

corresponding to [npg 1] € HS 4 (N:), it follows that
(evo)«[6] = Th. € HIR, (NT°®).

This shows that if € > 0 is sufficiently small, then (g,4) is an element of 7,.
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In addition, the intuitive observation about the boundary chains of ¢.,, implies that the

following equation should hold in CQ ;| (25", 57,):

AP (c) = > + < dyeer...q > < > i@;%l(cl)*--.*i);%l(cl))

le1]|+-+er|=|e]—1 mi+--+mp=m

m—1
=3 fes(@58 (),
k=1

(49)
where ay,...,a; € Ry satisfy a, > T, for every a € {1,...,1} and ay + --- + a; = a. Here,
< dje,cr ... >= FsgmMy(c;cr, ..., ) and each “+” means that the sign is uncertain in the

present discussion. On the RHS, the first summand corresponds to the chains of and the
second summand corresponds to the chains of .
Now we define a linear map ®=%: As® — C5%e) so that for every ¢ € R(Ak),

02(c) = (25 ())mezs, € C5%(e),

and it is extend naturally via the product on A,(Ag) and the x-operation. The unit 1 € A5
of A.(Af) is mapped to 1 € R = CIR(2¢,9) € C5%(e). The equation means that ®=¢
is a chain map from (A$% 9y) to (C%e), Ds), if the signs are determined as we expect. We
finish the discussion about Claim [1}

If Claim [I] is proved, we obtain a linear map on homology

(®59),: LCHS® — HZ(e, ).

If b € Rug \ L(K) satisfy b > a, = induces a chain map from (ALa’b),(“)AK) to (Cia’b) (), Ds).

Let us denot it by <I>L“"’). Then we obtain a linear map

(@), . LcH™Y — 7Y (e, ).

7.3.2 Compatibility with the transition map

Claim 2. If (¢/,4'), (e,0) € T, are the chains defined in Claim[1] for ¢ and €’ with 0 < ¢’ < ¢,
then
ke 51),(e.6) © (25%)s = (B)s: LCHZ® — HZ(e,0).

To prove this claim, we need to determine § € C*;jfjd(se) such that e;d = ¢ and e_§ =
(ier 2)«0". This [~1,1]-modeled chain can be constructed by interpolating &" and &" which
are used to define § and &' respectively. The point will be to construct a chain map ®=¢ from
(A, 0) to (CS%(e), Ds) by a similar process as Claim [1] such that the following diagram

commutes:
(@59). HE(e,0)
W

((i)<a)* _ _
LCHS* ——— Hg%(e,0) keer 57, (e,8)

(®5%)«
HZ (8.

We finish the discussion about Claim 2
If Claim |2| is proved, we obtain a linear map on the limit of € — 0

®F* = 1im (P5°),: LCHT® — HS*(R™, K) = lim HZ“(e, ).
e—0 e—0
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Similarly, % : LCH"Y — H*(R", K) is defined.

From the construction of the chain maps in Claim [l the maps of {@f“}aeR>0\L( K) are
naturally compatible with 7%?: H=%(R" K) — HP(R", K) and the linear map i@’ LCHS® —
LCHZ? induced by the inclusion maps i%?: AS® — AS? for all @ < b. Then, on the limit of
a — o0, we get a graded R-linear map

®,: LCH.(UT*R", Ax) — HS"8(R", K).

Moreover, it would be straightforward to check that it is a homomorphism of graded R-algebras.

7.3.3 Discussion using the length filtrations

Claim 3. For every ay € Rsg, there exist a,b € Ry \ L(K) such that a < ag < b and
<I>£<a’b): LCHLa’b) — Hia’b) (R™, K) is an isomorphism.

If ag ¢ L(K), we take a,b € Roq so that [a,b] N £(K) = @. Then LCH"Y = 0 and
et (R™, K) = 0 from Proposition so the assertion is trivial. In the case where ag € L(K),
from the assumption on K that L,,(K) \ L, (K) = @ if m # m/, we can uniquely determine
| € Z>1 such that ag € L£;(K). We take a,b € Ry \ L(K) so that [a,b] N L(K) = {ao}.

By Proposition Y (e,0) = Hfi(dﬂ)(Z?, ¥f) for any (e,6) € T, N Tp. On the other
hand, 9;: .ALa’b) — A:_’bl) is the zero-map, so LCHLa’b) = ALa’b) and it is the vector space whose
basis is the set of words

{1 |Te, +--+ T, = ao}.

The linear map (P5?), is described as
Al HY oy (B0, 50 erevar s [R5 (1) %+ % B (cr)]
where ap, > T¢, for k=1,...,land a; +---+a; = 0.

Let us introduce a C°° manifold

l

B ={(d).dl, -, a0, q1) € K | ; gk — ail < aor min g; —qil <o}

for every a’ € R~g. Then, we have an isomorphism e, : HSR(Z?, ) — HER(BZI’, Bj') induced
by
e: X} = BPt (2 [0, ) = R™)pe,0 = (71(0),71(T1), - - -, 0(0), m(Th)).-

In addition, by Proposition [2.9] there exists a canonical isomorphism
W HI#(BY, BY) — H™ (B, BY).

Let us denote ¢ := (mgn 0 ¢(0), mgn 0 ¢(T})) € K x K for every ¢ € R(Ak).
We consider the C°° function

l

E: B - R: (q?,q%,...,qlo,qll)HZ]qg—q,i 2,
k=1

The set of its critical points in Blb \ B agrees with
{,....a) ey, € R(AK), Tey + -+ T, = ag}-

and every critical point is non-degenerate. Let D%(cq,...,¢;) be the embedded closed disk in
Blb which is contained in the unstable submanifold of (¢7,...,¢) with respect to the negative
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gradient flow of E and whose boundary is contained in Bf. Then, a basis of HZ"8(B}, BY) is
given by the set of homology classes

{{D"(c1,...,a)l | c1,...,a € R(Ak), Te, +---+ T, = ao}-
It follows that
{e*_1 o¥([D“(c1,...,a)]) | e1y...,a € R(AK), Te, +---+ T, = ao}

is a basis of Hfg(d_z)(Z?, 7).
Therefore, Claim 3| is reduced to the following assertion: For every cy,...,¢; € R(Ax) with
T61 +"'+Tcl = ao,

€x 0 (D5)u(er ) = £U([D(er,. .., @) (50)

holds in Hfgl(d—z) (Blb, B}') if € > 0 is sufficiently small.

For now, we explain intuitively why this equation should hold. Let us return to the intuitive
observation about ¢.,, in Subsection and think of ¢.,, as a chain in X¢ . Then, the
homology class in the left-hand side of (50)) is represented by the sum of chains

€0 TL0 (ey s X - X Peram): Mler,ma) x - x Mg, my) = BY (51)

for all my,...,my € Zxo with mi+---+my = 1. Forany ¢}, ..., ¢ € R(Ak) with Ty +-- +Ty =
ag, let W3(c},...,c]) be the stable manifold of the critical point (c},...,c)) € B} \ Bf with
respect to the negative gradient flow of E. By Morse theory in terms of F, is reduced to
the following two assertions:

1. If ¢y # ¢, or mg > 2 for some « € {1,...,1}, then does not intersect W*(c}, ..., ).

2. If ¢, = ¢, and m, = 1 for every a € {1,...,l}, then intersects W*(cy,..., )

o
transversely at one point.

To check them, we use the assertion (B) in Subsection about the length estimate and
the fact that the function

l

Lp: B) 5 R: (¢, qf,. . qa)) = Y lap — gil
k=1

is decreasing along the negative gradient flow of E. The assertion (B) implies that the composite
map

LBo:ﬂ(cl,ml) X e XM(C[,TH;) —R

is bounded from above by T, +---+T,, = ap. Moreover, its maximum is equal to ag if and only

if m; =--- =my; =1, in which case Lp o (51))(u1,...,u;) = ap if and only if u, is the trivial
half strip over mgn © ¢4. On the other hand, The minimum of Lg on W*(d},...,¢)) is equal to
Ty, +--+T; = ap and (chs-..,q) € W3(d), ..., ) is the unique point which take the minimum.
Therefore, (51) intersects W#(¢c},...,¢]) only if m; = --- = m;. Since the sequence of trivial
half strips (u1,...,u;) is mapped by to (c1,...,q) € BY, intersects W*(cy,...,¢q) if
and only if ¢, = ¢, and m, = 1 for every « € {1,...,1}, and moreover the intersection consists
only of ¢1,...,¢. It remains to check the transversality, but here we omit the discussion. (A

similar argument can be found in [4, Proposition 2].) We finish the discussion about Claim
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7.3.4 Conclusion assuming three claims

Assuming the above three claims, we shall prove Conjecture We want to show that
¢ LCHS® — HS%R"™, K) is an isomorphism for every a € R~ \ £(K). From Claim 3| we
can choose a sequence (77);=o,.. x in Ry \ L(K) such that eg =79 <7 < --- <11 <1 =a
and @-1") . Loplt-rm) Hirl_l’rl)(R”, K) is an isomorphism for every [ = 1,...,k. Since
[0,e0] N L(K) = ¢, it is obvious that &5 : LCHS™ =R -1 — H<"(R", K) = R is an isomor-
phism. We have the following commutative diagram whose horizontal sequences are exact:

LCH[TZ—LTZ) . LCH*<TL—1 . LCH*<T‘1 - LCHLTI—MTZ] - LCHfjll—l

*+1
J/(I)erhn) l(bfrll iq)f” l(byll”"l) l(p*<n1
-1 <r_ —1 <r;_
B e g g g,
Here, we omit writing (R™, K') in the lower sequence. Inductively on I =1,...,k, we can show

that the middle vertical map is an isomorphism. Therefore, ®5* = ®<"* is an isomorphism. In
the limit of @ — oo, it follows that ®,: LCH,(UT*R", Ax) — H"™#(R"™, K) is an isomorphism.
In summary, the conjecture can be proved by assuming the three claims.
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