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Abstract

For a smooth compact submanifold K of a Riemannian manifold Q, its unit conormal bundle
ΛK is a Legendrian submanifold of the unit cotangent bundle of Q with a canonical contact
structure. Using pseudo-holomorphic curve techniques, the Legendrian contact homology of ΛK
is defined when, for instance, Q = Rn. In this paper, aiming at giving another description of this
homology, we define a graded R-algebra for any pair (Q,K) with orientations from a perspective
of string topology and prove its invariance under smooth isotopies of K. The author conjectures
that it is isomorphic to the Legendrian contact homology of ΛK with coefficients in R in all
degrees. This is a reformulation of a homology group, called string homology, introduced by
Cieliebak, Ekholm, Latschev and Ng when the codimension of K is 2, though the coefficient is
reduced from original Z[π1(ΛK)] to R. We compute our invariant (i) in all degrees for specific
examples, and (ii) in the 0-th degree when the normal bundle of K is a trivial 2-plane bundle.
We also outline a strategy for the proof of the conjecture that our invariant is isomorphic to
the Legendrian contact homology of ΛK with coefficients in R in all degrees.
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1 Introduction

Convention. Throughout this paper, all manifolds are of class C∞ without boundary and
second countable, and all submanifolds are of class C∞ without boundary, unless otherwise
specified.

Backgrounds. Let Q be a manifold with a Riemannian metric, and K be a compact submani-
fold of Q. For any pair (Q,K), one can associate the unit cotangent bundle UT ∗Q of Q and the
unit conormal bundle ΛK of K. It is well-known that UT ∗Q has a canonical contact structure
and ΛK is a Legendrian submanifold of UT ∗Q.

As an isotopy invariant for Legendrian submanifolds, the Legendrian contact homology has
been studied for pairs (M,Λ) of a contact manifoldM and its compact Legendrain submanifold
Λ. It is the homology of a differential graded algebra generated by the set of Reeb chords
of Λ, and was introduced by Chekanov [6] and Eliashberg [17]. The differential is defined by
using pseudo-holomorphic curves in the symplectization of M . A rigorous definition was given
by Ekholm, Etnyre, and Sullivan in [11, 14] when there is a diffeomorphism from M to the
contactization of a Liouville manifold which preserves contact forms. As is mentioned in [14,
Section 5.1], this included the case of M = UT ∗Rn. (We remark that the definition of [14] is
given by pseudo-holomorphic curves in the Liouville manifold. These curves can be lifted to
pseudo-holomorphic curves in the symplectization of M . See [10].)

Suppose conceptually that we have an algebraic invariant in symplectic or contact topology
defined by using pseudo-holomorphic curves, and apply it to an object related to the cotangent
bundle T ∗Q. For instance, we consider the symplectic homology of T ∗Q or the wrapped Floer
homology of the conormal bundle LK of K in T ∗Q. In such case, it is known by the following
results that these invariants have another view from the topology of the loop or path space of
Q without using pseudo-holomorphic curves (Here we assume that Q is a closed spin manifold
and all homology groups have the coefficients in Z.):

• The symplectic homology SH∗(T
∗Q) of T ∗Q is isomorphic to the singular homology of

the free loop space of Q [2, 3, 30].

• The wrapped Floer homologyWF∗(LK , LK) of LK is isomorphic to the singular homology
of the space of paths in Q with end points in K [1].

These results lead us to an expectation that if the Legendrian contact homology of a pair
(UT ∗Q,ΛK) is defined, it has another description in terms of the topology of the path space of
Q. This expectation has already been confirmed in particular cases. When the codimension of
K is 2, Cieliebak, Ekholm, Latschev, and Ng defined in [9] a graded Z[π1(ΛK)]-algebra, called
string homology, which is inspired by string topology of the path space of Q. They showed
that when Q is R3 with the standard metric and K is a knot, the 0-th degree part of the
string homology is isomorphic to the 0-th degree part of the fully non-commutative Legendrian
contact homology of (UT ∗R3,ΛK) with coefficients in Z[π1(ΛK)]. However, such topological
descriptions have not yet been found in higher degrees or for K which is not a knot in R3

Main results. Let Q be an oriented manifold and K be its compact oriented submanifold of
codimension d ≥ 1. The main purpose of this paper is to define a graded R-algebraHstring

∗ (Q,K)
and observe its basic properties. This graded R-algebra can be regarded as a reformulation of
the string homology of [9], whose coefficient is reduced from Z[π1(ΛK)] to R. The feature of
our formulation is that Hstring

∗ (Q,K) is defined for K of an arbitrary codimension and in all
degrees, compared to the string homology defined for K of codimension 2 and generated by
singular chains of degree less than or equal to 2. The two main differences from the string
homology in its construction are the reduction of the coefficient and the substitution of singular
chains by de Rham chains explained below.
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The construction of Hstring
∗ (Q,K) can be summarized as follows: We first choose auxiliary

data including a complete Riemannian metric on Q. As a graded R-vector space, it is defined
to be

Hstring
∗ (Q,K) := lim−→

a→∞
lim←−

(ε,δ)∈Ta : ε→0

H<a
∗ (ε, δ), (1)

where H<a
∗ (ε, δ) for a ∈ R>0 \ L(K) and (ε, δ) ∈ Ta is the homology of a chain complex(

C<a∗ (ε) :=
∞⊕
m=0

CdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m), Dδ

)
. (2)

Let us give an explanation for each piece of the above definition:

1. CdR
∗ (X,A) is the R-vector space of de Rham chains defined for a pair of differentiable

spaces (X,A). Together with the boundary operator

∂ : CdR
∗ (X,A)→ CdR

∗−1(X,A),

(CdR
∗ (X,A), ∂) becomes a chain complex. de Rham chains can be used as substitutions of

singular chains over R. Their basic properties are summarized in Section 2. The advantage
is that the fiber product of de Rham chains can be defined in a natural way. The main
references are [23, 24].

2. For a ∈ R>0 and m ∈ Z≥1, Σ
a
m is a differentiable space of sequences (γ1, . . . , γm) of paths

γk : [0, Tk] → Q (k = 1, . . . ,m) with end points in K. It contains all (γk)k=1,...,m whose
total length is less than a. For the precise definition, see Section 3.2. Exceptionally, Σa0 is
the one point set for a > 0 and Σ0

0 is the empty set.

3. Dδ is defined by

Dδ(x) := ∂x+

m∑
k=1

(−1)p+kd+1fk,δ(x)

for x ∈ CdR
p−m(d−2)(Σ

a+mε
m ,Σ0

m). Here

fk,δ : C
dR
∗ (Σa+mεm ,Σ0

m)→ CdR
∗+1−d(Σ

a+(m+1)ε
m+1 ,Σ0

m+1) (k = 1, . . . ,m)

are linear maps which play the key role in our construction. The idea comes from an
operation of string topology explained by three steps:

(i) Fix a pair of short paths (σi : [0, εi] → Nε)i=1,2 in a tubular neighborhood Nε of K
such that σ1(ε1), σ2(0) ∈ K and σ1(0) = σ2(ε2).

(ii) For any sequence of m-paths (γk)k=1,...,m, we split the k-th path γk : [0, Tk] → Q at
a time, say τ , if the image γk(τ) coincides with σ1(0). We then concatenate γk|[0,τ ]
(resp. γk|[τ,Tk]) with σ1 (resp. σ2) to get a new sequence of (m+ 1)-paths

(γ1, . . . , γk−1, (γk|[0,τ ] · σ1), (σ2 · γk|[τ,Tk]), γk+1, . . . , γm).

(iii) We extend the procedures (i), (ii) for families (or de Rham chains) of paths param-
eterized over manifolds.

For the precise definition, we need to take fiber products of chains. See Section 3.4 and
3.5. fk,δ depends on a chain δ ∈ CdR

n−d(Sε), where Sε for ε > 0 is a differentiable space of
pairs of short paths in Nε introduced in Section 3.2. For a ∈ R>0 \ L(K), where L(K)
is a closed subset of Lebesgue measure 0, a set Ta consisting of pairs (ε, δ) is defined in
Definition 4.4. It is necessary to prove Dδ ◦Dδ = 0 for any (ε, δ) ∈ Ta in Proposition 4.1
to define the chain complex (2).
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4. The inverse limit in (1) is defined from an inverse system

({H<a
∗ (ε, δ)}(ε,δ)∈Ta , {k(ε′,δ′),(ε,δ)}ε′≤ε).

Its construction is given in Section 4.3. To define the linear map k(ε′,δ′),(ε,δ) : H
<a
∗ (ε′, δ′)→

H<a
∗ (ε, δ), we need to factor through another homology group constructed from “[−1, 1]-

modeled de Rham chains”. Furthermore, to check its well-definedness and a claim about
composition, we need one more homology group constructed from “[−1, 1]2-modeled de
Rham chains”. These variants of de Rham chains are introduced in Section 3.6.

5. The inverse limit is denoted by H<a
∗ (Q,K) := lim←−ε→0

H<a
∗ (ε, δ). The direct limit in (1) is

defined from ({H<a
∗ (Q,K)}a∈R>0\L(K), {Ia,b}a≤b), where Ia,b : H<a

∗ (Q,K) → H<b
∗ (Q,K)

is induced by the inclusion maps Σa+mεm → Σb+mεm for all m ∈ Z≥0. See Section 4.4.

6. A graded associative product structure on Hstring
∗ (Q,K) is induced by natural maps Σam×

Σa
′
m′ → Σa+a

′

m+m′ for all m,m′ ∈ Z≥0. The unit comes from 1 ∈ R = CdR
0 (Σa0,Σ

0
0) for a > 0.

See Subsection 4.4.2.

A fundamental property of Hstring
∗ (Q,K) is the invariance by C∞ isotopies of K.

Theorem 1.1. The isomorphism class of the unital graded R-algebra Hstring
∗ (Q,K) is indepen-

dent on auxiliary data and invariant by changing the orientation of K. Moreover, it is invariant
under C∞ isotopies of K. (See Proposition 4.20.)

We also give non-trivial computations when Q = R2d−1 for d ≥ 2. For two specific subman-
ifolds in R2d−1, both of which are diffeomorphic to Sd−1 ⊔ Sd−1, we prove that our invariant
is isomorphic to the homology of a finitely generated differential graded algebra. Using this
computation, we obtain the next result.

Theorem 1.2. For every d ≥ 2, there are two non-isotopic oriented submanifolds K,K ′ in
R2d−1 of codimension d such that ΛK is isotopic to ΛK′ in UT ∗R2d−1 as a C∞ submanifold
with a spin structure, while Hstring

∗ (R2d−1,K) ̸∼= Hstring
∗ (R2d−1,K ′). (See Corollary 5.10.)

The spin structure on ΛK for any submanifold K in a spin manifold Q is explained in
Proposition 5.11.

Another purpose of this paper is to observe the relation to Legendrian contact homology.
The following result is non-trivial from the construction of Hstring

∗ (Q,K).

Theorem 1.3. When the codimension of K is 2 and the normal bundle of K is trivial,
Hstring

0 (Q,K) is isomorphic to the cord algebra of (Q,K) over R. (See Corollary 6.11.)

If K is connected, the cord algebra over R we consider in this paper is a reduction of the cord
algebra over Z[H1(ΛK)] defined by Ng in [27]. Combining with the result by Ekholm, Etnyre,
Ng, and Sullivan in [15], the cord algebra for a knot K in R3 was proved to be isomorphic to
the 0-th degree part of the Legendrian contact homology of (UT ∗R3,ΛK). Later, another direct
proof was given in [9].

The author makes the following conjecture when Q = Rn. (The author expects that this
conjecture holds not only for Q = Rn but for more general Q.)

Conjecture 1.4. For any compact oriented submanifold K in Rn, Hstring
∗ (Rn,K) is isomorphic

to the Legendrian contact homology of (UT ∗Rn,ΛK) with coefficients in R. (See Conjecture 7.3.)

The Legendrian contact homology with coefficients in R is an isotopy invariant of Legendrian
submanifolds with a spin structure[13, 14]. If Conjecture 1.4 is true, then our invariant can
be applied to study the contact topology of UT ∗Rn. For instance, assuming this conjecture,
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Theorem 1.2 would imply that ΛK is not isotopic to ΛK′ as a Legendrian submanifold with a
spin structure.

The author is working toward the proof of Conjecture 1.4. The idea toward the proof is
explained in Section 7. The exposition is intuitive and not rigorous at many points, but the
author think that it convinces that the conjecture is reasonable. The outline is similar to [9].
To give the isomorphism of the conjecture, we observe moduli spaces of pseudo-holomorphic
curves with boundaries in LK and Rn. If n = 3 and K is a knot, these moduli spaces were
used in the proof of [9, Theorem 1.2]. The difference from [9] is that we will consider Kuranishi
structures on these moduli spaces in order to solve a problem about the transversality of the
fiber product of moduli spaces. In Section 7, we sketch how the moduli spaces with Kuranishi
structure are related to de Rham chains which are used to define Hstring

∗ (Rn,K). The reference
of this idea is [24].

Future applications.

Let us mention to two possible applications of Conjecture 1.4.

• Distinguishing unit conormal bundles modulo Legendrian isotopy: Let K0 and K1 be
compact submanifolds of Rn. If K0 and K1 are C∞ isotopic in Rn, it is obvious that
ΛK0 is Legendrian isotopic to ΛK1 in UT ∗Rn. It is natural to ask whether the converse
is true. There are several preceding researches on this subject. Shende [29] and Ekholm-
Ng-Shende [18] observed the case where n = 3 and K is a knot or a link in R3. [29] used
the derived category of sheaves with microsupport contained in LK ∪ R3 and [16] used
an enhanced version of the Legendrian contact homology of ΛK , in order to show the
following: For any knots K0 and K1 in R3, if ΛK0 is Legendrian isotopic to ΛK1 in U∗R3,
then K0 is isotopic to either K1 or the mirror of K1.

In higher dimensions, such a complete answer has not been discovered. Asplund [4]
observed higher dimensional cases by using wrapped Floer cohomology stopped by a unit
conormal bundle. From the example in [4] of submanifolds of Sn for n = 5 or n ≥ 7 and
a point x0 ∈ Sn, we obtain examples of pairs of codimension 2 spheres in Rn ∼= Sn \ {x0}
for n = 5 or n ≥ 7 whose unit conormal bundles are not Legendrian isotopic. If we find
a systematic way to compute Hstring

∗ (Rn,K) for every K under certain conditions, this
would give a partial answer to the question.

• Application to clean Lagrangian intersections: Consider T ∗R3 and identify the image
of the zero section with R3. In [28], the author considered clean intersections in T ∗R3

of R3 and an exact Lagrangian submanifold L along a knot K in R3. By using some
computations of the Legendrian contact homology of ΛK via the cord algebra of K, we
can obtain constraints on the knot types of K under a specific condition on L. The
computations of Hstring

∗ (Rn,K) will be used to extend this result to clean Lagrangian
intersections in T ∗Rn for n ≥ 3.

Organization of paper.

In Section 2, general notions of a differentiable space and its de Rham chain complex are
introduced. In Section 3.2, the differentiable spaces Σam and Sε are defined. Their de Rham
chain complexes are studied in Section 3.3. Through Section 3.4 and 3.5, the operator fk,δ is
defined. In Section 3.6, [−1, 1]-modeled and [−1, 1]2-modeled de Rham chains for path spaces are
introduced. In Section 4.1, we define the chain complexes (2) and give a couple of computations.
In Section 4.2, we consider their variants using those chains in Section 3.6. They are necessary to
define the map k(ε′,δ′),(ε,δ) in Section 4.3. The definition of Hstring

∗ (Q,K) is given in Section 4.4.
The independence on auxiliary data is checked in Section 4.5, from which the isotopy invariance
follows. In Section 5, we examine the algebraic structure of Hstring

∗ (R2d−1,K) when K is a
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higher-dimensional generalization of the Hopf link or the unlink in R3. In Section 6.1, refering
to [9], we define the cord algebra over R and its another description as the 0-th degree part of
the string homology. In Section 6.2, we construct a graded map from the string homology to
Hstring

∗ (Q,K). In Section 6.3, this map is proved to be an isomorphism on the 0-th degree part.
In Section 7.1, we review the definition of Legendrian contact homology. In Section 7.2, we
state Conjecture 1.4 and Section 7.3 is devoted to outline a strategy for proving the conjecture.

Acknowledgements. The author would like to express his deep gratitude to his supervisor
Kei Irie for spending hours of discussion and carefully reading the draft. He also would like to
thank the referee of this paper for carefully reading it and making valuable comments. This
work was supported by JST, the establishment of university fellowships towards the creation
of science technology innovation, Grant Number JPMJFS2123 and JSPS KAKENHI Grant
Number JP23KJ1238. Part of this work was supported by the WINGS-FMSP program at the
Graduate School of Mathematical Science, the University of Tokyo.

2 Differentiable space and de Rham chains

In this section, the notions of differentiable spaces and de Rham chains are introduced. We also
summarize results applied in the latter sections

Remark 2.1. The notion of differentiable space goes back to [7] by K.-T. Chen. The notion of
de Rham chains was proposed by Fukaya in [19], and later, Irie gave a definition in [23, 24]. We
mainly refer, especially about sign conventions, to [24]. As is mentioned in [23, Remark 4.1],
the definition of plots (elements of a differentiable structure) in this paper is different from that
of [7].

2.1 Notations and conventions

For m,N ∈ Z≥0, let Um,N be the set of oriented m-dimensional submanifolds of RN . We then
define U :=

⋃
m,N∈Z≥0

Um,N . Let us fix a few conventions about orientations. If we write Rn for
n ∈ Z≥1, this means the manifold Rn ∈ Un,n whose orientation is given so that dx1 ∧ · · · ∧ dxn
is a positive volume form when (x1, . . . , xn) is the standard coordinate of Rn. If we write {0},
this means {0} ∈ U0,0 with a positive sign assigned.

Let us think about the orientation of fiber products of oriented manifolds. For U, V,M ∈ U ,
suppose that there are two C∞ maps f : U → M , g : V → M . We also assume that g is a
submersion. (Hereafter, all submersions are of class C∞.) Then, the fiber product

U f×g V := {(u, v) ∈ U × V | f(u) = g(v)}

is a C∞ submanifold of U × V . In order to determine the orientation at (u, v) ∈ U f×g V , we
take a right inverse s : Tg(v)M → TvV of (dg)v (i.e. (dg)v ◦ s = idTg(v)M ). Then, there are two
isomorphisms

Tg(v)M ×Ker(dg)v → TvV : (z, y) 7→ s(z) + y,

TuU ×Ker(dg)v → T(u,v)(U f×g V ) : (x, y) 7→ (x, y + s ◦ (df)u(x)).

The orientations of Ker(dg)v and T(u,v)(U f×gV ) are determined so that the above isomorphisms
preserve orientations. Of course, when X and Y are oriented R-vector spaces, we assign the
product orientation on X × Y . In particular, when M = {0}, this gives the orientation of the
product manifold U × V .

For U ∈ U , Ωpc(U) is the vector space of compactly supported C∞ differential p-forms on U .
When p < 0 or p > dimU , we define Ωpc(U) := 0. For U,U ′ ∈ U and a submersion π : U ′ → U ,
we have an R-linear map

π! : Ω
p
c(U

′)→ Ωp−(dimU ′−dimU)
c (U),
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called the integration along fibers. When U ′ = Rd × Rk, U = Rk and π(t, x) = x for every
(t, x) ∈ U ′, this map is characterized by the following: For f ∈ Ω0

c(U
′), 1 ≤ i1 < · · · < ia ≤ d

and 1 ≤ j1 < · · · < jb ≤ k, if we take ω := f(dti1 ∧ · · · ∧ dtia ∧ dxj1 ∧ · · · ∧ dxjb), then for every
x ∈ U ,

(π!(ω))x =

{
0 if a < d,(∫

Rd f(·, x)dt1 ∧ · · · ∧ dtd
)
(dxi1 ∧ · · · ∧ dxia)x if a = d.

For an arbitrary submersion π : U ′ → U , π! is defined by taking local charts and a partition of
unity on U .

2.2 de Rham chain complex

2.2.1 Differentiable space

We give the definition of a differentiable space.

Definition 2.2. Let X be a set and PX be a set of pairs (U,φ) of U ∈ U and a map φ : U → X.
We say PX is a differentiable structure on X if it satisfies the following condition:

• For any (U,φ) ∈ PX , U ′ ∈ U and a submersion π : U ′ → U , the pair (U ′, φ ◦ π) is also an
element of PX .

We call such pair (X,PX) a differentiable space. An element of PX is called a plot of (X,PX).

Example 2.3. Let M be a manifold. There are two types of canonical differentiable structures
on M : {

PM := {(U,φ) | φ : U →M is a C∞ map},
P reg
M := {(U,φ) | φ : U →M is a submersion}.

Clearly, (M,PM ) and (M,P reg
M ) are differentiable spaces. The latter is denoted by M reg. We

consider the differentiable structure PM for any manifold M , unless we declare to use M reg.

Definition 2.4. Let (X,PX) and (Y, PY ) be differentiable spaces and Z be a subset of X.
Denote the projection map from X × Y to X (resp. Y ) by prX (resp. prY ) and the inclusion
map from Z to X by ιZ .

1. We define differentiable structures on X × Y and Z by

PX×Y := {(U,φ) | (U,prX ◦φ) ∈ PX and (U,prY ◦φ) ∈ PY },
PZ := {(U,φ) | (U, ιZ ◦ φ) ∈ PX}.

2. Let f : X → Y be a map. We say f is a smooth map if (U, f ◦φ) ∈ PY for any (U,φ) ∈ PX .

In the case of the above definition, we simply call (Z,PZ) a subspace of (X,PX). Note that
given a set W and two maps f : X → W and g : Y → W , the fiber product X f×g Y becomes
a differentiable space as a subspace of (X × Y, PX×Y ).

2.2.2 de Rham chains

Next, we introduce the notion of de Rham chain complex. Hereafter, if we say that X is a
differentiable space, this means that X is equipped with a differentiable structure denoted by
PX .

Let X be a differentiable space. We consider a graded R-vector space

A∗(X) :=
⊕

(U,φ)∈PX

ΩdimU−∗
c (U).
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For any (U,φ) ∈ PX and ω ∈ ΩdimU−∗
c (U), let (U,φ, ω) denote the element of A∗(X) such that

its component for (V, ψ) ∈ PX is

(U,φ, ω)(V,ψ) =

{
ω if (V, ψ) = (U,φ),

0 if (V, ψ) ̸= (U,φ).

We take a linear subspace Z∗(X) of A∗(X) generated by

{(U ′, φ ◦ π, ω)− (U,φ, π!ω) | (U,φ) ∈ PX and π : U ′ → U is a submersion}.

Then we define a quotient vector space

CdR
∗ (X) := A∗(X)/Z∗(X).

The equivalence class of (U,φ, ω) ∈ A∗(X) in CdR
∗ (X) is denoted by [U,φ, ω]. We also define

an R-linear map ∂ : CdR
∗ (X)→ CdR

∗−1(X) of degree (−1) by

∂[U,φ, ω] := (−1)|ω|+1[U,φ, dω].

This map is well-defined and ∂ ◦ ∂ = 0 holds. (CdR
∗ (X), ∂) is called the de Rham chain complex

of a differentiable space X, and an element of CdR
∗ (X) is called a de Rham chain of X. By

taking its homology, we obtain

HdR
∗ (X) := H∗(C

dR
∗ (X), ∂).

In addition, a functoriality holds. Namely, any smooth map f : X → Y induces a chain map

f∗ : C
dR
∗ (X)→ CdR

∗ (Y ) : [U,φ, ω] 7→ [U, f ◦ φ, ω].

Remark 2.5. The following are fundamental techniques to compute de Rham chains:

1. For [U,φ, ω] ∈ CdR
∗ (X), suppose that V ⊂ U is an open subset containing suppω. Then

[U,φ, ω] = [V, φ|V , ω|V ] ∈ CdR
∗ (X).

2. If (R× U,φ) ∈ PX satisfies φ(s, ·) =

{
φ0 if s ≤ 0,

φ1 if s ≥ 1,
for some (U,φ0), (U,φ1) ∈ PX , then

∂[R× U,φ, (−1)|ω|χ× ω] = [U,φ1, ω]− [U,φ0, ω] ∈ CdR
∗ (X)

for any closed form ω ∈ ΩdimU−∗
c (U) and χ : R → [0, 1] such that suppχ is compact and

χ(s) = 1 for every s ∈ [0, 1].

Example 2.6. LetM be an oriented manifold. The de Rham chain complex ofM reg is naturally
isomorphic to (ΩdimM−∗

c (M), d) through the map

CdR
p (M reg)→ ΩdimM−p

c (M) : [U,φ, ω] 7→ (−1)s(p)φ!ω.

Here s(p) := (p− dimM)(p− dimM − 1)/2. Hence HdR
∗ (M reg) is isomorphic to the compactly

supported de Rham cohomology HdimM−∗
c,dR (M).

Let us define the de Rham chain complex for a pair of differentiable spaces. A smooth map
f : X → R is said to be approximately smooth if there exists a decreasing sequence (fj)j∈Z≥1

of smooth maps from X to R such that limj→∞ fj(x) = f(x) for every x ∈ X. The following
lemma is proved in [23, Lemma 4.11].
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Lemma 2.7. For an approximately smooth function f : X → R, let Xa := f−1((−∞, a)) for
every a ∈ R∪{∞}. Then for a, b ∈ R∪{∞} with a ≤ b, the linear map i∗ : C

dR
∗ (Xa)→ CdR

∗ (Xb),
which is induced by the inclusion map i : Xa → Xb, is injective.

In the case of the above lemma, we define a quotient complex

CdR
∗ (Xb, Xa) := CdR

∗ (Xb)/i∗(C
dR
∗ (Xa)).

Its homology is denoted by HdR
∗ (Xb, Xa).

Next, we define a fiber product of de Rham chains.

Definition 2.8. Let (X,PX) and (Y, PY ) be differentiable spaces. Suppose that we have an
oriented manifold M of dimension n and two smooth maps

f : (X,PX)→ (M,PM ), g : (Y, PY )→ (M,P reg
M ) =M reg

Then, we define a linear map

CdR
p+n(X)⊗ CdR

q+n(Y )→ CdR
p+q+n(X f×g Y ) : x⊗ y → x f×g y

by

x f×g y := (−1)p|η|[W, (φ× ψ)|W , (ω × η)|W ]

for x = [U,φ, ω] ∈ CdR
p+n(X) and y = [V, ψ, η] ∈ CdR

q+n(Y ). Here, W := U f◦φ×g◦ψ V is a fiber
product over M .

It is straightforward to check the well-definedness of x f×g y. It can also be checked that

∂(x f×g y) = (∂x) f×g y + (−1)px f×g (∂y)

holds for any x ∈ CdR
p+n(X) and y ∈ CdR

q+n(Y ). When M = {0}, we simply write x f×g y by
x× y.

2.2.3 Collection of results about de Rham chain complex

In the rest of this section, let us summarize a couple of basic results about de Rham chain
complex. The first result can be compared with the computation for M reg in Example 2.6.
Hereafter, Hsing(·) denotes the singular homology with coefficients in R.

Proposition 2.9. For every oriented manifold M , there exists a canonical isomorphism

ΨM : Hsing
∗ (M)→ HdR

∗ (M)

such that for any C∞ map f : M → N between oriented manifolds, ΨN ◦ f∗ = f∗ ◦ΨM holds.

For the details of the construction of ΨM , see [23, Section 4.7]. It is the composition of a
natural isomorphism between Hsing

∗ (M) and Hsm
∗ (M) (the homology of smooth singular chains

inM) and a canonical map fromHsm
∗ (M) toHdR

∗ (M). For the proof that ΨM is an isomorphism,
see [23, Section 5]. This result can be extended to relative homology groups for (M,N), where
N is an open submanifold of M such that N = f−1((−∞, a)) for some approximately smooth
map f : M → R.

Next, let f, g : X → Y be smooth maps between differentiable spaces. We say f is homotopic
to g if there exists a smooth map H : R × X → Y such that H(t, x) = f(x) for t ≤ 0 and
H(t, x) = g(x) for t ≥ 1. Then we have the following result. For the proof, see [23, Proposition
4.7].

8



Proposition 2.10. For two smooth map f, g : X → Y , if f is homotopic to g, then there
exists a chain homotopy K : CdR

∗ (X)→ CdR
∗+1(Y ) such that ∂K +K∂ = f∗ − g∗. In particular,

f∗ = g∗ : H
dR
∗ (X)→ HdR

∗ (Y ) holds.

Remark 2.11. For three smooth maps f, g, h : X → Y such that f is homotopic to g and g is
homotopic to h, we can ask whether f is homotopic to h. In fact, if the differentiable structure
PY of Y satisfies the following condition, such transitivity holds (The proof is straightforward.):

• For any U ∈ U and (U1, φ1), (U2, φ2) ∈ PY such that (Ui)i=1,2 is an open cover of U and
φ1|U1∩U2

= φ2|U1∩U2
, we have (U,φ) ∈ PY for φ : U → Y which maps u ∈ Ui to φi(u)

(i = 1, 2).

All differentiable spaces appearing after Section 3 satisfy this condition. However, as mentioned
in [23, Remark 4.4], it seems difficult in general case to prove such transitivity.

The last one is a result about excisions.

Proposition 2.12. Let X be a differentiable space and Y = f−1((−∞, a)) ⊂ X for some
approximately smooth function f : X → R and a ∈ R. Suppose there is another approximately
smooth function g : X → R and b0 ∈ R such that g−1((b0,∞)) ⊂ Y . For every b > b0, let X

b :=
g−1((−∞, b)) and Y b := (g|Y )−1((−∞, b)). Then, the inclusion map of pairs i : (Xb, Y b) →
(X,Y ) induces an isomorphism i∗ : C

dR
∗ (Xb, Y b)→ CdR

∗ (X,Y ).

Proof. We first prove the assertion when g : X → R is a smooth map. For b > b0, choose δ > 0

and a smooth function κ : R→ [0, 1] such that 2δ < b−b0 and κ(b′) =

{
1 if b′ ≤ b0 + δ,

0 if b′ ≥ b− δ.
Then

we define a linear map

r : CdR
∗ (X)→ CdR

∗ (Xb) : [U,φ, ω] 7→ [U b, φ|Ub , (κ ◦ g ◦ φ) · ω|Ub ],

where U b := (g ◦ φ)−1((−∞, b)). This reduces to a map r̄ : CdR
∗ (X,Y ) → CdR

∗ (Xb, Y b). We
claim that r̄ is the inverse map of i∗. Indeed, for any x = [U,φ, ω] ∈ CdR

∗ (X), we have

x− i∗ ◦ r̄(x) =[U,φ, ω]− [U,φ, (κ ◦ g ◦ φ) · ω]
=[U0, φ|U0

, ((1− κ) ◦ g ◦ φ) · ω|U0
] ∈ CdR

∗ (Y ) for U0 := (g ◦ φ)−1((b0,∞)).

Similarly, we can show that x− r̄ ◦ i∗(x) ∈ CdR
∗ (Y b) for x ∈ CdR

∗ (Xb).
In a general case, there exists a decreasing sequence (gj)j≥1 of smooth maps gj : X → R

such that gj(x)→ g(x) (j →∞) for every x ∈ X. For b > b0, let X
b
j := g−1

j ((−∞, b)) and Y b
j :=

(gj |Y )
−1((−∞, b)). From [23, Corollary 4.12 (i)], lim−→j→∞CdR

∗ (Xb
j , Y

b
j )→ CdR

∗ (Xb, Y b), induced

by inclusion maps, is an isomorphism. We have shown that
(
i|(Xb

j ,Y
b
j )

)
∗
: CdR

∗ (Xb
j , Y

b
j ) →

CdR
∗ (X,Y ) is an isomorphism for every j ≥ 1, so i∗ is also an isomorphism .

3 Differentiable space of paths and an operation from string
topology

3.1 Preparation

Throughout this paper, Q is a manifold of dimension n and K is a compact submanifold of Q
of codimension d ≥ 1. In addition, both Q and K are required to have fixed orientations. The
construction of Hstring

∗ (Q,K) depends on the following auxiliary data:

1. a complete Riemannian metric g on Q. (We write g(v, w) = ⟨v, w⟩g and
√
g(v, v) = |v|g.)
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2. a constant C0 ≥ 1.

3. a positive real number ε0 for which the map

{(x, v) ∈ (TK)⊥ | |v|g < ε0} → Q : (x, v) 7→ expx(v) (3)

is an open embedding. Here, expx : TxQ→ Q is the exponential map with respect to g

4. a C∞ function µ : [0, 32 ] → [0, 1] such that µ(t) =

{
t near t = 0,

1 near t = 3
2 ,

and 0 ≤ µ′(t) ≤ 1 for

every t ∈ [0, 32 ].

The independence of Hstring
∗ (Q,K) on these data up to isomorphism is proved in Section 4.5.

Until then, these data are fixed, so ⟨v, w⟩g and |v|g are denoted by ⟨v, w⟩ and |v| respectively.
We define C(K) to be the set of geodesics γ : [0, T ]→ Q with unit speed such that γ(0), γ(T ) ∈

K and γ′(0) ∈ (Tγ(0)K)⊥, γ′(T ) ∈ (T(γ(T )K)⊥. Such geodesics are called binormal chords of K.
We also define for m ∈ Z≥1

Lm(K) := {
∑m

k=1lengthγm | γ1, . . . , γm ∈ C(K)} ,
L(K) :=

⋃∞
m=1Lm(K).

These are closed subsets of {a ∈ R | a ≥ 2ε0} since K is compact. Moreover, they are null sets
with respects to the Lebesgue measure. For the proof, see Lemma 3.10.

3.2 Differentiable space of paths

In this section, we introduce two differentiable spaces of paths, Σam and Sε. Let ΩK(Q) be the
set of C∞ paths γ : [0, T ] → Q with T > 0 such that γ(0), γ(T ) ∈ K and |γ′(t)| ≤ C0 for any
t ∈ [0, T ]. For any C∞ path γ : [0, T ]→ Q, its length is denoted by

lengthγ :=

∫ T

0
|γ′(t)|dt.

For a ∈ R≥0 ∪ {∞} and m ∈ Z≥1, we define Σam to be a subset of ΩK(Q)×m which consists
of (γk : [0, Tk]→ Q)k=1,...,m satisfying either of the following two conditions:

•
∑m

k=1 lengthγk < a.

• min1≤k≤m lengthγk < ε0.

The differentiable structure on Σam is defined by

PΣa
m
:= {(U,φ) | U ∈ U and φ : U → Σam is smooth}.

Here, we say φ is smooth in the following sense: If we write φ(u) = (γuk : [0, T
u
k ] → Q)k=1,...,m

for u ∈ U , then for each k ∈ {1, . . . ,m}, the function U → R>0 : u 7→ T uk is of class C∞ and

{(u, t) ∈ U × R | 0 ≤ t ≤ T uk } → Q : (u, t) 7→ γuk (t)

is a C∞ map. As an exception, let us define Σa0 :=

{
{∗} if a > 0,

∅ if a = 0,
together with the differen-

tiable structure PΣa
0
:= {(U,φ) | U ∈ U , φ : U → Σa0}.

We consider the de Rham chain complex (CdR
∗ (Σam), ∂) for a ∈ R≥0 and m ∈ Z≥0. Lemma

2.7 implies that we may think of CdR
∗ (Σam) as a linear subspace of CdR

∗ (Σbm) when a ≤ b, since{
Σbm → R : (γl)l=1,...,m 7→ lengthγk (k = 1, . . . ,m),

Rm → R : (ak)k=1,...,m 7→ min1≤k≤m ak,

are approximately smooth functions. Thus the quotient complex (CdR
∗ (Σbm,Σ

a
m), ∂) is defined.
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Remark 3.1. When a ≤ mε0, the condition that
∑m

k=1 lengthγk < a implies that one of
γk (k = 1, . . . ,m) has length less than ε0. Thus, Σam = Σ0

m if a ≤ mε0. When a = ∞,
Σ∞
m = ΩK(Q)×m, which will be used only in Section 6.

Next, we define another differentiable space of paths. For every ε ∈ (0, ε0], the open subset
in Q

Nε := {expx(v) | x ∈ K, v ∈ (TxK)⊥ and |v| < ε/2}

is a tubular neighborhood of K in Q. Then we define a set Sε which consists of pairs of C∞

paths (σi : [0, εi]→ Nε)i=1,2 satisfying:

• 0 < εi ≤ ε/2 for i = 1, 2.

• σ1(ε1), σ2(0) ∈ K and σ1(0) = σ2(ε2).

• |σ′i(t)| ≤ 1 for i = 1, 2 and any t ∈ [0, εi].

On this set, the evaluation map ev0 is defined by

ev0 : Sε → Nε : (σ1, σ2) 7→ σ1(0).

The differentiable structure on Sε is defined by

PSε
:= {(V, ψ) | V ∈ U , ψ is a smooth map such that ev0 ◦ψ : V → Nε is a submersion}

Here we say ψ is smooth in the following sense: If we write ψ(v) = (σvi : [0, ε
v
i ] → Nε)i=1,2 for

v ∈ V , then for i ∈ {1, 2}, the function V → R>0 : v 7→ εvi is of class C∞ and

{(v, t) ∈ V × R | 0 ≤ t ≤ εvi } → Nε : (v, t) 7→ σvi (t)

is a C∞ map. Note that ev0 is a smooth map from (Sε, PSε) to (Nε, P
reg
Nε

) = N reg
ε defined in

Example 2.3.

3.3 Homology groups

In this section, we examine the homology groups HdR
∗ (Σbm,Σ

a
m) and H

dR
∗ (Sε). The main results

are Proposition 3.7 and Proposition 3.9. At the end, several additional results are proved.

3.3.1 Finite dimensional approximation of Σam

Let us fix b0 ∈ R>0 and prepare several notations related to the Riemannian metric g. We note
that there is a compact subset of Q which contains the images of all paths γ ∈ ΩK(Q) with
lengthγ ≤ b0, since K is compact and g is complete. For any two points q, q′ ∈ Q, let d(q, q′)
be the distance between q and q′. Let us also fix εg > 0 such that if q and q′ in this compact
set satisfy d(q, q′) < εg, then there exists a unique geodesic path on [0, 1] of length d(q, q′) from
q to q′. We write this geodesic by qq′ : [0, 1]→ Q.

For every a ∈ [0, b0) and m ∈ Z≥1, let Σ̄am be the subspace of Σam which consists of
(γk)k=1,...,m satisfying

∑m
k=1 lengthγk < b0. From Proposition 2.12 about excision, the inclusion

map ι : Σ̄bm → Σbm induces an isomorphism

ι∗ : H
dR
∗ (Σ̄bm, Σ̄

a
m)→ HdR

∗ (Σbm,Σ
a
m) (4)

for a, b ∈ [0, b0) with a ≤ b. This means that we cut out a subset

{(γk)k=1,...,m | min
1≤k≤m

lengthγk < ε0 and
m∑
k=1

lengthγk ≥ b0}
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to compute the homology group.

First, we approximate Σ̄am for a ∈ [0, b0) by finite dimensional manifolds. For every ν ∈ Z≥1,
let us define

Σ̄am(ν) := {(γk : [0, Tk]→ Q)k=1,...,m ∈ Σ̄am | max
1≤k≤m

Tk < C−1
0 εgν} (5)

so that
⋃∞
ν=1 Σ̄

a
m(ν) = Σ̄am. Let us also define Bm(ν) to be the submanifold of (Q×(ν+1))×m

which consists of (qlk)
l=0,...,ν
k=1,...,m satisfying:

• q0k, q
ν
k ∈ K for every k = 1, . . . ,m.

•
∑m

k=1

∑ν−1
l=0 d(q

l
k, q

l+1
k ) < b0.

• d(qlk, q
l+1
k ) < εg for every k = 1, . . . ,m and l = 0, . . . , ν − 1.

We then define Ba
m(ν) for a < b0 to be an open submanifold of Bm(ν) which consists of

(qlk)
l=0,...,ν
k=1,...,m satisfying either of the following two conditions:

•
∑m

k=1

∑ν−1
l=0 d(q

l
k, q

l+1
k ) < a.

• min1≤k≤m

(∑ν−1
l=0 d(q

l
k, q

l+1
k )

)
< ε0.

The differentiable structures on this manifold is PBa
m(ν) defined in Example 2.3. For every ν ∈

Z≥1, there are two maps: ιΣ,ν : Σ̄
a
m(ν)→ Σ̄am(2ν) is just the inclusion map, and ιB,ν : B

a
m(ν)→

Ba
m(2ν) is an embedding of a manifold which maps (qlk)

l=0,...,ν
k=1,...,m ∈ Ba

m(ν) to (q̄l
′
k )
l′=0,...,2ν
k=1,...,m ∈

Ba
m(2ν), where

q̄l
′
k =

{
qlk if l′ is even and l′ = 2l,

qlkq
l+1
k (12) if l′ is odd and l′ = 2l + 1.

In addition, we define two maps

fν : Σ̄
a
m(ν)→ Ba

m(ν), gν : B
a
m(ν)→ Σ̄am(2ν),

as follows: fν maps (γk : [0, Tk] → Q)k=1,...,m ∈ Σ̄am(ν) to
(
γk
(
l
νTk

))l=0,...,ν

k=1,...,m
∈ Ba

m(ν). Note
that for l = 0, . . . , ν − 1 and k = 1, . . . ,m,

d
(
γk
(
l
νTk

)
, γk

(
l+1
ν Tk

))
≤ length γk|[ l

ν
Tk,

l+1
ν
Tk]
≤ Tk

ν · supt∈[0,Tk] |γ
′(t)| < εg.

On the other hand, gν maps (qlk)
l=0,...,ν
k=1,...,m ∈ B

a
m(ν) to

(γk : [0,
3
2C

−1
0 εgν]→ Q)k=1,...,m ∈ Σ̄am(2ν),

where, for l = 0, . . . , ν − 1,

γk(t) := qlkq
l+1
k ◦ χ

(
C0
εg
· t− 3

2 l
)

if 3
2C

−1
0 εgl ≤ t ≤ 3

2C
−1
0 εg(l + 1).

Here χ : [0, 32 ] → [0, 1] is a C∞ function such that χ(t) =


0 near t = 0,
1
2 near t = 3

4 ,

1 near t = 3
2 ,

and 0 ≤ χ′(t) ≤ 1

for any t ∈ [0, 32 ]. Note that |(γk)
′(t)| ≤ d(qlk, q

l+1
k ) ·supt∈[0,3/2] |χ′(t)| · C0

εg
≤ C0. The next lemma

shows that Ba
m(ν) approximates Σ̄am(ν) as ν →∞. We refer to [23, Lemma 6.3].
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Lemma 3.2. The following diagram commutes up to homotopy:

Σ̄am(ν)
ιΣ,ν //

fν
��

Σ̄am(2ν)

f2ν
��

Ba
m(ν)

ιB,ν //

gν
99

Ba
m(2ν)

Proof. The lower right triangle commutes in the strict sense. For the upper left triangle, we
need to show that ιΣ,ν is homotopic to gν ◦ fν .

We abbreviate C−1
0 · εg by c0. For (γk : [0, Tk] → Q)k=1...,m ∈ Σ̄am(ν), let us define a path

γsk : [0, c0ν]→ Q for k = 1, . . . ,m and s ∈ [0, 1] by

γsk(t) :=

{
γk(

l
νTk)γk(

l+s
ν Tk)(t− c0l) if c0l ≤ t ≤ c0(l + s),

γk(
Tk
c0ν

(t− c0l) + l
νTk) if c0(l + s) ≤ t ≤ c0(l + 1),

(l = 0, . . . , l − 1).

Then, γ0k is equal to γk(
Tk
c0ν
·) and γ1k is a broken geodesic connecting (γk(

l
νTk))

l=0,...,ν . We

modify γsk to a C∞ path. For instance, we take a C∞ function χ̃ : [0, 1] × [0, 32c0ν] → [0, c0ν]

satisfying 0 ≤ ∂
∂t χ̃(s, t) ≤ 1 and

χ̃(s, t) =

{
c0l on a neighborhood of {t = 3

2c0l},
2
3(t−

1
4c0) on a neighborhood of {t = s+ 3

2c0l +
1
4c0)}.

Then, we define γ̃sk := γsk ◦ χ̃(s, ·) : [0,
3
2c0ν] → Q. If we take a C∞ function κ : R → [0, 1] such

that κ(t) =

{
0 if t ≤ 0,

1 if t ≥ 1,
then we get a smooth map

H : R× Σ̄am(ν)→ Σ̄am(2ν) : (s, (γk)k=1,...,m) 7→ (γ̃
κ(s)
k )k=1,...,m.

This gives a homotopy from H(0, ·) to H(1, ·). Moreover, ιΣ,ν is homotopic to H(0, ·) since the
paths of ιΣ,ν((γk)k=1,...,m) and the paths of H(0, (γk)k=1,...,m) differ only by parameterizations,
so the homotopy can be constructed by interpolating these parameterizations. For the same
reason, gν ◦ fν is homotopic to H(1, ·). Therefore, ιΣ,ν is homotopic to gν ◦ fν .

From Lemma 3.2, it follows that for any a, b ∈ R≥0 with a ≤ b < b0,

lim−→
j→∞

(f2j )∗ : H
dR
∗ (Σ̄bm, Σ̄

a
m) = lim−→

j→∞
HdR

∗ (Σ̄bm(2
j), Σ̄am(2

j))→ lim−→
j→∞

HdR
∗ (Bb

m(2
j), Ba

m(2
j))

is an isomorphism. Combining with (4), we get an isomorphism

( lim−→
j→∞

(f2j )∗) ◦ (ι∗)−1 : HdR
∗ (Σbm,Σ

a
m)→ lim−→

ν→∞
HdR

∗ (Bb
m(ν), B

a
m(ν)). (6)

Furthermore, from Proposition 2.9, Hsing
∗ (Bb

m(ν), B
a
m(ν))

∼= HdR
∗ (Bb

m(ν), B
a
m(ν)).

3.3.2 Computation of homology by Morse theory

Next, we examine the homology group Hsing
∗ (Bb

m(ν), B
a
m(ν)) in terms of Morse theory. Fix

m ∈ Z≥1 and ν ∈ Z≥1. For k ∈ {1, . . . ,m} and l ∈ {0, . . . , ν − 1}, we set

hlk : Bm(ν)→ R : (qlk)
l=0,...,ν
k=1,...,m 7→ d(qlk, q

l+1
k )2.

For every r > 0, let us introduce the following:

13



• a C∞ function σr : R≥0 → R>0 : z 7→
√
z + r.

• a C∞ function

Lr : Bm(ν)→ R : q 7→
m∑
k=1

ν−1∑
l=0

σr ◦ hlk(q).

• compact subsets of Bm(ν)

Zr := {q ∈ L−1
r ([0, b0]) | σr ◦ hlk(q) ≤ εg for every k = 1, . . . ,m and l = 0, . . . , ν − 1},

Z0
r := {q ∈ Zr | min

1≤k≤m

ν−1∑
l=1

σr ◦ hlk(q) ≤ ε0}.

The role of {σr}r>0 is to approximate
√
z by C∞ functions. We define for every a ∈ [0, b0) and

r > 0

Zar := (Lr|Zr
)−1([0, a)) ∪ Z0

r .

Then, Zar ⊂ Zar′ holds if 0 < r′ < r. Furthermore,
⋃
r>0 Z

a
r = Ba

m(ν) holds. Therefore, we have
an isomorphism induced by the inclusion maps

lim−→
r→0

Hsing
∗ (Zbr , Z

a
r )→ Hsing

∗ (Bb
m(ν), B

a
m(ν))

for a, b ∈ R≥0 with a ≤ b < b0. In order to apply Morse theory to Lr, we need to determine
its critical points. The next lemma is fundamental. We omit the proof, but a similar result is
proved, for instance in [25], when there is no boundary condition.

Lemma 3.3. For k0 ∈ {1, . . . ,m} and l0 ∈ {0, . . . , ν − 1}, let X l0
k0

be the gradient vector

field of hl0k0. We define πl0 to be the orthogonal projection form TQ|K to TK if l0 = 0 or ν,

and otherwise πl0 := idTQ. Then, each component of X l0
k0

= (vlk)
l=0,...,ν
k=1,...,m is determined by the

following: If (k, l) ̸= (k0, l0), (k0, l0 + 1), then vlk = 0. Otherwise,

vl0k0 = πl0
(
− d

dt

∣∣∣∣
t=0

ql0k0q
l0+1
k0

)
, vl0+1

k0
= πl0+1

(
d

dt

∣∣∣∣
t=1

ql0k0q
l0+1
k0

)
.

Proposition 3.4. Suppose that a ∈ [0, b0) \ Lm(K) and r > 0 is sufficiently small. Then q ∈
Zr \Z0

r is a critical point of Lr with its value in [0, a] if and only if there exist γ1, . . . , γm ∈ C(K)
such that (γk)k=1,...,m ∈ Σ̄am(ν) and q = fν((γk)k=1,...,m).

Proof. From Lemma 3.3, q = (qlk)
l=0,...,ν
k=1,...,m ∈ Bm(ν) is a critical point of Lr if and only if the

following conditions hold for every k ∈ {1, . . . ,m}:

(σr)
′(h0k(q)) ·

d

dt

∣∣∣∣
t=0

q0kq
1
k ∈ (Tq0k

K)⊥ and (σr)
′(hν−1

k (q)) · d
dt

∣∣∣∣
t=1

qν−1
k qνk ∈ (TqνkK)⊥,

(σr)
′(hl−1

k (q)) · d
dt

∣∣∣∣
t=1

ql−1
k qlk = (σr)

′(hlk(q)) ·
d

dt

∣∣∣∣
t=0

qlkq
l+1
k for every l ∈ {1, . . . , ν − 1}.

(7)

Comparing the norms of both sides in the second line of (7), we have for l ∈ {1, . . . , ν − 1}

(σr)
′(hl−1

k (q)) ·
√
hl−1
k (q) = (σr)

′(hlk(q)) ·
√
hlk(q).

Since (σr)
′(z)
√
z is a strictly increasing function of z, this equation means that d(ql−1

k , qlk) =

d(qlk, q
l+1
k ) for l ∈ {1, . . . , ν − 1}. Since (σr)

′ > 0, the conditions of (7) are equivalent to the

14



following:

d

dt

∣∣∣∣
t=0

q0kq
1
k ∈ (Tq0k

K)⊥ and
d

dt

∣∣∣∣
t=1

qν−1
k qνk ∈ (TqνkK)⊥,

d

dt

∣∣∣∣
t=1

ql−1
k qlk =

d

dt

∣∣∣∣
t=0

qlkq
l+1
k for every l ∈ {1, . . . , ν − 1}.

(8)

For every q ∈ Bm(ν), let us define Tk,q :=
∑ν−1

l=0 d(q
l
k, q

l+1
k ) and a path γk,q : [0, Tk,q] → Q

determined by

γk,q(Tk,qt) := qlkq
l+1
k (νt− l) if

l

ν
≤ t ≤ l + 1

ν
for l ∈ {0, . . . , ν − 1}.

Note that if (γk,q)k=1,...,m ∈ Σ̄am(ν), then q = fν((γk,q)k=1,...,m) holds. We take r > 0 so small
that Tk,q > 0 holds for every k = 1, . . . ,m and q ∈ Zr \Z0

r . Then, for q ∈ Zr \Z0
r , the condition

(8) is equivalent to that γk,q is a binormal chord of K in Q, that is, γk,q ∈ C(K). In addition,

limr→0 Lr(q) =
∑m

k=1 lengthγk,q

for every q ∈ Zr uniformly. Recall that Lm(K) is a closed subset of R>0. Assuming that
a /∈ Lm(K) and r > 0 is sufficiently small, it follows that a critical point q ∈ Zr \ Z0

r of Lr
satisfies Lr(q) ≤ a if and only if the binormal chords (γk,q)k=1,...,m satisfy

∑m
k=1 lengthγk,q < a.

This proves the proposition.

Let Yr be the gradient vector field of Lr. To prove the next lemma, which is rather technical,
let us prepare a few computations. X l

k,r := ((σr)
′ ◦hlk) ·X l

k is the gradient vector field of σr ◦hlk.
For every k ∈ {1, . . . ,m}, l ∈ {1, . . . , ν − 2} and q ∈ Bm(ν), we have

⟨Yr, X l
k⟩(q) =

〈
(σr)

′(hl−1
k (q)) · d

dt

∣∣∣∣
t=1

ql−1
k qlk,−

d

dt

∣∣∣∣
t=0

qlkq
l+1
k

〉
+ (σr)

′(hlk(q)) ·
∣∣∣∣ ddt
∣∣∣∣
t=0

qlkq
l+1
k

∣∣∣∣2 + (σr)
′(hlk(q)) ·

∣∣∣∣ ddt
∣∣∣∣
t=1

qlkq
l+1
k

∣∣∣∣2
+

〈
−(σr)′(hl+1

k (q)) · d
dt

∣∣∣∣
t=0

ql+1
k ql+2

k ,
d

dt

∣∣∣∣
t=1

qlkq
l+1
k

〉
.

We abbreviate the increasing function (σr)
′√z by τr. Then, by Cauchy-Schwarz inequality,

⟨Yr, X l
k,r⟩(q) ≥− τr(hl−1

k (q)) · τr(hlk(q)) + 2(τr(h
l
k(q)))

2 − τr(hl+1
k (q)) · τr(hlk(q))

=(2τr(h
l
k(q))− τr(hl−1

k (q))− τr(hl+1
k (q))) · τr(hlk(q)).

Since σr and τr are increasing functions, we have for k0 ∈ {1, . . . ,m} and l0 ∈ {1, . . . , ν − 2},

σr ◦ hl0k0(q) = max
k,l

σr ◦ hlk(q)⇒ ⟨−Yr, X
l0
k0,r
⟩(q) ≤ 0. (9)

The same result holds when l0 = 0 or ν − 1. We also note that for every k0 ∈ {1, . . . ,m},

⟨−Yr,
∑ν−1

l=1 X
l
k0,r
⟩(q) ≤ 0. (10)

Lemma 3.5. The trajectory of any point in Zr (resp. Z0
r ) along −Yr never goes outside Zr

(resp. Z0
r ) at positive time.

Proof. Suppose that Γ: [0, T ] → Bm(ν) is a trajectory along −Yr. Let us consider two contin-
uous functions f, g : [0, T ]→ R defined by

f(t) := max
k,l

σr ◦ hlk(Γ(t)), g(t) := min
k

ν−1∑
l=1

σr ◦ hlk(Γ(t)).
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To prove this lemma, it suffices to show that they are decreasing functions. Indeed, there exists
a discrete subset A ⊂ [0, T ] such that f and g are differentiable at every t ∈ [0, T ] \A. (9) and
(10) imply that f ′(t) ≤ 0 and g′(t) ≤ 0 for every t ∈ [0, T ] \ A. Hence, f and g are decreasing
on [0, T ].

We apply a general result from Morse theory.

Lemma 3.6. Let B be a manifold and L : B → R be a C∞ function. For a, b ∈ R with a ≤ b and
two compact subsets Z,Z0 ⊂ B, suppose that there is no critical point of L in (L|Z)−1([a, b])\Z0

and that the trajectory of any point in Z (resp. Z0) along the negative gradient vector field of L
never goes outside Z (resp. Z0) at positive times. Let us define Za

′
:= (L|Z)−1((−∞, a′)) ∪Z0

for a′ ∈ {a, b}. Then Hsing
∗ (Zb, Za) = 0 holds.

Proof. The conditions on a, b, Z and Z0 show that Zb can be deformed into Za along the negative
gradient flow of L. Therefore, we get a map from (Zb, Za) to (Za, Za) which gives the inverse
map of the inclusion map up to homotopy.

Combining the above results, we prove the first main proposition in this section.

Proposition 3.7. If Lm(K) ∩ [a, b] = ∅, then HdR
∗ (Σbm,Σ

a
m) = 0.

Proof. Form Proposition 3.4 and Lemma 3.5, we can apply Lemma 3.6 to show that if Lm(K)∩
[a, b] = ∅ and r > 0 is sufficiently small, then Hsing

∗ (Zbr , Z
a
r ) = 0 holds, and thus

Hsing
∗ (Bb

m(ν), B
a
m(ν))

∼= lim−→
r→0

Hsing
∗ (Zbr , Z

a
r ) = 0.

From (6), it follows that HdR
∗ (Σbm,Σ

a
m)
∼= lim−→j→∞Hsing

∗ (Bb
m(2

j), Ba
m(2

j)) = 0.

3.3.3 HdR
∗ (Sε) and the evaluation map

Next, we examine HdR
∗ (Sε) for ε ∈ (0, ε0]. Choose a Riemannian metric g′ on Nε0 for which

K is a totally geodesic submanifold of Nε0 . Then, we can take a constant C1 ≥ 1 such that
for any q, q′ ∈ Nε0/C1

with d(q, q′) < ε0/C1, there exists a unique shortest geodesic in Nε0 with

respect to g′ from q to q′. Let us write this geodesic by q̃q′ : [0, 1] → Nε0 . In this subsection,
exp denotes the exponential map with respect to g.

There is a smooth map between differentiable spaces sε : N
reg
ε → Sε which maps expx v ∈ Nε

(x ∈ K, v ∈ (TxK)⊥ with |v| < ε/2) to

sε(expx v) := (σvi : [0, ε/2]→ Nε)i=1,2,

where σv1(t) = expx(
ε−2t
ε v) and σv2(t) = expx(

2t
ε v) for t ∈ [0, ε/2]. This satisfies ev0 ◦sε = idNε .

For ε, ε̄ ∈ (0, ε0] with ε ≤ ε̄, let iε,ε̄ : Sε → Sε̄ denote the inclusion map.

Lemma 3.8. There exists a constant C ≥ C1 such that for any ε ∈ (0, ε0/C], the inclusion
map iε,Cε : Sε → SCε is homotopic to iε,Cε ◦ sε ◦ ev0.

Proof. We define a C∞ map

G : {(q, q′) ∈ Nε0/C1
×Nε0/C1

| d(q, q′) < ε0/C1} × [0, 1]→ Nε0 : ((q, q
′), s) 7→ q̃q′(s).

Then there is a constant C ≥ C1 so that

|d (G(·, s))(q,q′) (v, v
′)|g ≤

C

2
· (|v|g + |v′|g)
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for every s ∈ [0, 1] and (v, v′) ∈ TqNε0/C ×Tq′Nε0/C with d(q, q′) < ε0/C1. For any ε ∈ (0, ε0/C]

and (σi : [0, εi] → Nε)i=1,2 ∈ Sε, we set ε̄ := Cε and define (σ
(s)
i : [0, εsi ] → Nε̄)i=1,2 ∈ Sε̄ for

s ∈ R as follows: Take x ∈ K and v ∈ TxK such that σ1(0) = expx v and |v| < ε/2. Then we
define

εsi :=


(1− κ(s))εi + κ(s)ε̄ if s ≤ 1

3 ,

ε̄ if 1
3 ≤ s ≤

2
3 ,

(1− κ(s− 2
3))ε̄+ κ(s− 2

3)ε if s ≤ 1
3 ,

σ
(s)
i (t) :=


σi(εit/ε

s
i ) if s ≤ 1

3 ,

G(σi(εit/ε̄), σ
v
i (t/C), κ(s− 1

3)) if 1
3 ≤ s ≤

2
3 ,

σvi (εt/ε
s
i ) if 2

3 ≤ s.

Here, κ : R→ [0, 1] is a C∞ function such that κ(s) =

{
0 if s ≤ 0,

1 if s ≥ 1
3 .

Note that when 1
3 ≤ s ≤

2
3 ,

|(σ(s)i )′(t)|g ≤
C

2
·
(
εi
ε̄
sup |σ′i|g +

1

C
sup |(σvi )′|g

)
≤ C

2
·
(
εi
ε̄
+

1

C

)
≤ 1.

Now the homotopy from iε,ε̄ to iε,ε̄ ◦ sε ◦ ev0 is given by the map

R× Sε → Sε̄ : (s, (σi)i=1,2)→ (σ
(s)
i : [0, εsi ]→ Nε̄)i=1,2.

Proposition 3.9. Let C be the constant of Lemma 3.8. For any ε ∈ (0, ε0/C] and x ∈ HdR
∗ (Sε),

(ev0)∗(x) = 0 ∈ HdR
∗ (Nε)⇒ (iε,Cε)∗(x) = 0 ∈ HdR

∗ (SCε).

Proof. By Lemma 3.8, (iε,Cε)∗(x) = (iε,Cε ◦sε)∗((ev0)∗(x)) = 0 if (ev0)∗(x) = 0 ∈ HdR
∗ (Nε).

3.3.4 Additional results

Using the computations obtained in the former subsections, we prove several additional results.
b0 is a fixed real number as before. We also fix a ∈ [0, b0) which may belong to L(K).

Lemma 3.10. There exists a manifold Z and a C∞ function f : Z → R such that L1(K)∩ [0, a)
is contained in the set of critical values of f .

Proof. We use the notations in the proof of Proposition 3.4 for m = 1. For every critical
point q ∈ Zr \ Z0

r of Lr, lengthγ1,q = fr(Lr(q)) ∈ (0, fr(b0)), where fr is determined by
fr(νσr(l)) = ν

√
l for every l ∈ R>0. We choose r > 0 so that a < fr(b0). Then, from the

correspondence between binormal chords and critical points of Lr, Lm(K) ∩ [0, a) is contained
in the critical value of f := fr ◦ Lr on Z := Zr \ Z0

r .

This proves that L(K) =
⋃∞
m=1 Lm(K) is a null set. Indeed, for any m ∈ Z, Lm(K) ∩ [0, a)

is contained in the set of critical values of the C∞ function Z×m → R : (x1, . . . , xm) 7→ f(x1) +
· · ·+ f(xm). By Sard’s theorem, it is a null set in R. Since b0 was chosen arbitrarily, it follows
that Lm(K) is a null set.

Next, recall that the definition of Σam depends on auxiliary data C0 and ε0.

Lemma 3.11. HdR
∗ (Σam) does not depend on the choice of C0 and ε0. More precisely, the

following hold:
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• If we write Σam by Σam,C0
to clarify the dependence on C0, the inclusion map Σam,C0

→
Σam,C′

0
for C0 ≤ C ′

0 induces an isomorphism on homology.

• If we write Σam by Σam,ε0 to clarify the dependence on ε0, the inclusion map Σam,ε′0
→ Σam,ε0

for ε′0 < ε0 induces an isomorphism on homology.

Proof. We define a smooth map Σam,C′
0
→ Σam,C0

which maps (γk : [0, Tk]→ Q)k=1,...,m to(
[0, C ′

0Tk/C0]→ Q : t 7→ γk(C0t/C
′
0)
)
k=1,...,m

.

This gives the inverse map of the inclusion map up to homotopy. This proves the assertion for
C0.

To prove the assertion for ε0, let us write Zar by Zar,ε0 . Then, there is no critical point of∑ν−1
l=0 σr ◦hlk in Zar,ε0 \Z

a
r,ε′0

for every k ∈ {1, . . . ,m}. By deforming along the negative gradient

vector field −
∑ν−1

l=0 X
l
k,r inductively on k = 1, 2, . . . ,m, we can see that Zar,ε′0

is a deformation

retract of Zar,ε0 . This implies that Hsing
∗ (Zar,ε0 , Z

a
r,ε′0

) = 0 and thus HdR
∗ (Σam,ε0 ,Σ

a
m,ε′0

) = 0.

For the sake of discussions in Section 6, let us fix a topology on the set Σam for a ∈ R≥0∪{∞}
as follows: ΩK(Q) becomes a topological space so that the injection

ΩK(Q)→ C∞([0, 1], Q)× R>0 : (γ : [0, T ]→ Q) 7→ (γ(T−1·), T )

is a homeomorphism onto its image when C∞([0, 1], Q) is equipped with C∞-topology. We give
Σam the restricted topology from ΩK(Q)×m. Then, we can consider singular homology groups,
such as Hsing

∗ (Σbm,Σ
a
m) for a ≤ b.

Suppose that a, b ∈ R≥0 and a ≤ b < b0. By excision theorem, ι∗ : H
sing
∗ (Σ̄bm, Σ̄

a
m) →

Hsing
∗ (Σbm,Σ

a
m) is an isomorphism. All maps in Lemma 3.2 are continuous and the diagram

commutes up to continuous homotopy. Therefore, we have an isomorphism

( lim−→
j→∞

(f2j )∗) ◦ (ι∗)−1 : Hsing
∗ (Σbm,Σ

a
m)→ lim−→

j→∞
Hsing

∗ (Bb
m(2

j), Ba
m(2

j)). (11)

3.4 Splitting and concatenating paths

For ε ∈ (0, ε0/(5C0)], we define an open subset of R2

Aε := {(T, τ) | T > 4ε and 2ε < τ < T − 2ε}.

This becomes a differentiable space as a subspace of (R2)reg. For a ∈ R≥0, m ∈ Z≥1 and
k ∈ {1, . . . ,m}, define smooth maps

tlk : Σ
a
m → R : (γl : [0, Tl]→ Q)l=1,...,m 7→ Tk,

prT : Aε → Rreg : (T, τ) 7→ T.

(tl stands for the time length.) These maps define a fiber product Σam tlk×prT Aε over R, and
the k-th evaluation map evk is defined on it by

evk : Σ
a
m tlk×prT Aε → Q : ((γl)l=1,...,m, (T, τ)) 7→ γk(τ).

From evk and ev0 : Sε → Qreg, we obtain a fiber product over Q. We define a map on this fiber
product

conk :
(
Σam tlk×prT Aε

)
evk×ev0 Sε → Σa+εm+1,
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Figure. 1: The process to define γ̃1k and γ̃2k .

which maps ((γl)l=1,...,m, (T, τ), (σi : [0, εi]→ Nε)i=1,2) to (γ1, . . . , γk−1, γ̃k
1, γ̃k

2, γk+1, . . . , γm),
where γ̃k

i (i = 1, 2) are the following paths:

γ̃k
1 : [0, τ + 2ε1]→ Q : t 7→


γk(t) if 0 ≤ t ≤ τ − ε1,
γk(τ − ε1 + ε1µ(

t−τ+ε1
ε1

)) if τ − ε1 ≤ t ≤ τ + ε1
2 ,

σ1(ε1 − ε1µ( τ+2ε1−t
ε1

)) if τ + ε1
2 ≤ t ≤ τ + 2ε1,

γ̃k
2 : [0, T − τ + 2ε2]→ Q : t 7→


σ2(ε2µ(

t
ε2
)) if 0 ≤ t ≤ 3

2ε2,

γk(τ + ε2 − ε2µ(3ε2−tε2
)) if 3

2ε2 ≤ t ≤ 3ε2,

γk(t+ τ − 2ε2) if 3ε2 ≤ t ≤ T − τ + 2ε2.

(12)

Here, µ : [0, 32 ]→ [0, 1] is one of fixed data we have chosen in Subection 3.1.
This definition can be explained as follows (See Figure 1.): We split the k-th path γk : [0, T ]→

Q at τ ∈ (2ε, T − 2ε) where γk(τ) = σ1(0)(= σ2(ε2)) ∈ Nε, and then concatenate γk|[0,τ ] (resp.
γk|[τ,T ]) with σ1 (resp. σ2). The reparameterizations via µ is necessary in order to modify them
to C∞ paths. Note that

lengthγ̃1k + lengthγ̃2k = lengthγk + lengthσ1 + lengthσ2 < lengthγk + ε.

The following lemma shows the cases where an element in the fiber product is mapped by
conk into Σ0

m+1.

Lemma 3.12. For ((γl)l=1,...,m, (T, τ), (σi)i=1,2) ∈
(
Σam tlk×prT Aε

)
evk×ev0 Sε, we have

conk((γl)l=1,...,m, (T, τ), (σi)i=1,2) ∈ Σ0
m+1,

if either of the following three condition holds:

(i) (γl)l=1,...,m ∈ Σ0
m.

(ii) τ < 4ε0/(5C0) or T − 4ε0/(5C0) < τ .

(iii) γk satisfies for every τ ′ ∈ (γk)
−1(Nε) that either γk|[0,τ ′] or γk|[τ ′,T ] has length less than

4ε0/5.

Proof. As in the definition of conk, let us write

conk((γl)l=1,...,m, (T, τ), (σi)i=1,2) = (γ1, . . . , γ̃k
1, γ̃k

2, . . . , γm).

Under the condition (i), lengthγl < ε0 for some l ∈ {1, . . . ,m}. If l ̸= k, the assertion is trivial.
If l = k, either γk|[0,τ ] or γk|[τ,T ] has length less than ε0/2, and thus either γ̃k

1 or γ̃k
2 has length

less than
ε0/2 + max{lengthσi | i = 1, 2},

which is smaller than ε0. Under the condition (ii), if τ < 4ε0/(5C0) (resp. T − 4ε0/(5C0) < τ)
holds, then length γk|[0,τ ] < 4ε0/5 (resp. length γk|[τ,T ] < 4ε0/5). Therefore, either γ̃k

1 or γ̃k
2

has length smaller than ε0. Under the condition (iii), we can also show that either γ̃k
1 or γ̃k

2

has length smaller than ε0.
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3.5 Operation on de Rham chains

For ε ∈ (0, ε0/(5C0)], let us choose a C∞ cutoff function ρε : Aε → [0, 1] such that

ρε(T, τ) =

{
0 if t ≤ 10

3 ε or T − 10
3 ε ≤ τ,

1 if 11
3 ε ≤ τ ≤ T −

11
3 ε.

In particular, ρε(T, τ) = 0 if T ≤ 5ε. We also choose a C∞ function χν : Aε → [0, 1] for every

ν ∈ Z≥1 such that χν(T, τ) =

{
1 if T ≤ ν,
0 if T ≥ ν + 1.

The support of χνρε is compact, so we obtain

a de Rham chain

αε,ν := [Aε, idAε , χνρε] ∈ CdR
2 (Aε).

In addition, we define Σam(ν) :=
⋂m
k=1(tlk)

−1([0, ν)), which is a subspace of Σam.

For m ∈ Z≥1, k ∈ {1, . . . ,m} and ξ ∈ CdR
q (Sε), we define a linear map

fk,ξ : C
dR
∗ (Σam)→ CdR

∗+1+q−n(Σ
a+ε
m+1)

so that for every ν ∈ Z≥1 and x ∈ CdR
∗ (Σam(ν)) ⊂ CdR

∗ (Σam),

fk,ξ(x) = (conk)∗
(
(x tlk×prT αε,ν) evk×ev0 ξ

)
.

This map is well-defined since x tlk×prT (αε,ν − αε,ν′) = 0 when x ∈ CdR
∗ (Σam(ν)) and ν

′ ≥ ν.
Returning to Definition 2.8, we can describe the de Rham chain fk,ξ(x) explicitly. For

x = [U,φ, ω] ∈ CdR
p (Σam), we write φ(u) = (γul : [0, T

u
l ] → Q)l=1,...m for u ∈ U . If we take

ν > supu∈suppω T
u
k , then x ∈ CdR

p (Σam(ν)). First, we have x tlk×prT αε,ν = [Ũk, φ̃k, ω̃k], where

Ũk := {(u, τ) ∈ U × R | 2ε < τ < T uk − 2ε},

φ̃k : Ũk → Σam tlk×prT Aε : (u, τ) 7→ (φ(u), (T uk , τ)),

ω̃k ∈ Ω∗
c(Ũ) : (ω̃k)(u,τ) := ρε(T

u
k , τ) · χν(T uk , τ) · ωu = ρε(T

u
k , τ) · ωu.

Here, Ũk is oriented as an open submanifold of U×R. The last equality holds since χν(T
u
k , τ) = 1

for u ∈ suppω. This shows the independence of fk,ξ(x) on the choice of χν . For ξ = [V, ψ, η] ∈
CdR
q (Sε), we write ψ(v) = (σvi )i=1,2 for v ∈ V . Then we have fk,ξ(x) = (−1)r[Wk,Φk, ζk], where

Wk := {(u, τ, v) ∈ U × R× V | 2ε < τ < T uk − 2ε, γuk (τ) = σv1(0)},
Φk : Wk → Σa+εm+1 : (u, τ, v) 7→ conk(φ(u), (T

u
k , τ), ψ(v)),

ζk ∈ Ω∗
c(Wk) : (ζk)(u,τ,v) := ρε(T

u
k , τ) · (ωu × ηv),

r := (p+ 1− n)|η|.

(13)

Here Wk is oriented as a fiber product over Q of Ũk → Q : (u, τ) 7→ γuk (τ) and ev0 ◦ψ : V → Q.

Lemma 3.13. For x ∈ CdR
p (Σam) and ξ ∈ CdR

q (Sε),

∂ ◦ fk,ξ(x)− fk,ξ ◦ ∂(x)− (−1)p+1−nfk,∂ξ(x) ∈ CdR
p+q−n(Σ

0
m).

Proof. Using the notation of (13) for x = [U,φ, ω] ∈ CdR
p (Σam) and ξ = [V, ψ, η] ∈ CdR

q (Sε), we
have

∂ ◦ fk,ξ(x)− fk,ξ ◦ ∂(x)− (−1)p+1−nfk,∂ξ(x) = (−1)p−1(conk)∗((x tlk×prT (∂αε,ν)) evk×ev0 ξ)

= (−1)(p−n)|η|+1[Wk,Φk, θk],
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Figure. 2: The case where (γl)l=1,...,m intersects both (σi)i=1,2 and (σ′i)i=1,2.

where θk ∈ Ω∗
c(Wk) is defined by (θk)(u,τ,v) =

∂ρε
∂τ (T

u
k , τ) · (ωu × dτ × ηv). From the condition

on ρε, the support of θ lies in an open subset

W̄k := {(u, τ, v) ∈Wk | τ < 4ε or T uk − 4ε < τ}.

Since (φ(u), (T uk , τ), ψ(v)) ∈
(
Σam tlk×prT Aε

)
evk×ev0Sε for (u, τ, v) ∈ W̄k satisfies the condition

(ii) of Lemma 3.12, it follows that Φk(W̄k) ⊂ Σ0
m. Therefore,

[Wk,Φk, θ] = [W̄k, Φk|W̄k
, θ|W̄k

] ∈ CdR
p+q−n(Σ

0
m).

This proves the lemma.

The next lemma is crucial to define chain complexes in Section 4.1. Before stating it, let us
give an observation. Suppose that we have

(γl)l=1,...,m ∈ Σam,

(σi : [0, εi]→ Nε)i=1,2, (σ
′
i : [0, ε

′
i]→ Nε)i=1,2 ∈ Sε,

k, k′ ∈ {1, . . . ,m} with k ≤ k′,

and there exist two points τ ∈ (2ε, Tk − 2ε) and τ ′ ∈ (2ε, Tk′ − 2ε) such that

γk(τ) = σ1(0), γk′(τ
′) = σ′1(0).

When k = k′, we additionally assume that τ + 2ε < τ ′. (Figure 2 describes the situation we
consider.) Then, we can split γk at t = τ and γk′ at t = τ ′, and concatenate them with (σi)i=1,2

and (σ′i)i=1,2 respectively. Depending on which point we use first, there are two elements

Φ := conk((γl)l=1,...,m, (Tk, τ), (σi)i=1,2) ∈ Σa+εm+1,

Φ′ := conk′((γl)l=1,...,m, (Tk′ , τ
′), (σ′i)i=1,2) ∈ Σa+εm+1.

In either case, there remains another point which we have not yet used. When k < k′, we can
split the (k′ +1)-th path of Φ at t = τ ′ and the k-th path of Φ′ at t = τ , and concatenate them
with (σ′i)i=1,2 and (σi)i=1,2 respectively. When k = k′, we can split the (k + 1)-th path of Φ
at t = τ ′ − τ + 2ε2 and the k-th path of Φ′ at t = τ , and concatenate them with (σ′i)i=1,2 and
(σi)i=1,2 respectively. After these two steps, we get the following equations:{

conk′+1(Φ, (Tk′ , τ
′), (σ′i)i=1,2) = conk(Φ

′, (Tk, τ), (σi)i=1,2) if k < k′,

conk+1(Φ, (T̃
2
k , τ

′ − τ + 2ε2), (σ
′
i)i=1,2) = conk(Φ

′, (T̃ 1
k , τ), (σi)i=1,2) if k = k′.

(14)

Here, T̃ 2
k := Tk − τ + 2ε2 and T̃ 1

k := τ ′ + 2ε′1. This observation leads us to the following lemma
about de Rham chains.
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Lemma 3.14. For x ∈ CdR
p (Σam), ξ ∈ CdR

q (Sε) and k, k
′ ∈ {1, . . . ,m} with k ≤ k′, the following

hold: {
fk′+1,ξ ◦ fk,ξ(x) + (−1)q−nfk,ξ ◦ fk′,ξ(x) = 0 if k < k′,

fk′+1,ξ ◦ fk,ξ(x) + (−1)q−nfk,ξ ◦ fk′,ξ(x) ∈ CdR
p+2+2q−2n(Σ

0
m+2) if k = k′.

Proof. We use the notations of (13) for x = [U,φ, ω] and ξ = [V, ψ, η]. For short, let us
abbreviate for (T, τ, T ′, τ ′) ∈ Aε ×Aε

ρ(T, τ, T ′, τ) := ρε(T, τ) · ρε(T ′, τ ′).

Case 1. We consider the case k < k′. We have fk′+1,ξ ◦ fk,ξ(x) = (−1)s[Wk,k′ ,Φk,k′ , ζk,k′ ] for

Wk,k′ := {(u, τ, v, τ ′, v′) | (u, τ, v) ∈Wk, 2ε < τ ′ < T uk′ − 2ε, γuk′(τ
′) = σv

′
1 (0)},

Φk,k′ : Wk,k′ → Σa+2ε
m+2 : (u, τ, v, τ

′, v′) 7→ conk′+1(Φk(u, τ, v), (T
u
k′ , τ

′), ψ(v′)),

ζk,k′ ∈ Ω∗
c(Wk,k′) : (ζk,k′)(u,τ,v,τ ′,v′) := ρ(T uk , τ, T

u
k′ , τ

′) · (ωu × ηv × ηv′),
s := (q + 1− n)|η|,

by substituting k and [U,φ, ω] in (13) with k′ and [Wk,Φk, (−1)rζk]. Similarly, fk ◦ fk′(x) =
(−1)s[W ′

k,k′ ,Φ
′
k,k′ , ζ

′
k,k′ ] for

W ′
k,k′ := {(u, τ ′, v′, τ, v) | (u, τ ′, v′) ∈Wk′ , 2ε < τ < T uk − 2ε, γuk (τ) = σv1(0)},

Φ′
k,k′ : W

′
k,k′ → Σa+2ε

m+2 : (u, τ
′, v′, τ, v) 7→ conk(Φk′(u, τ

′, v′), (T uk , τ), ψ(v)),

ζ ′k,k′ ∈ Ω∗
c(W

′
k,k′) : (ζ

′
k,k′)(u,τ ′,v′τ,v) = ρ(T uk′ , τ

′, T uk , τ) · (ωu × ηv′ × ηv).

We define a diffeomorphism

h : Wk,k′ →W ′
k,k′ : (u, τ, v, τ

′, v′) 7→ (u, τ ′, v′, τ, v),

which changes the sign of orientation by (−1)(1+dimV−n)2 . From (14), it follows that Φ′
k,k′ ◦h =

Φk,k′ . Moreover, h∗(ζk,k′) = (−1)|η|2ζ ′k,k′ holds. Combining these computations,

fk′+1,ξ ◦ fk,ξ(x) = (−1)s+(1+dimV−n+|η|)[W ′
k,k′ ,Φ

′
k,k′ , ζ

′
k,k′ ] = (−1)q−n+1fk,ξ ◦ fk′,ξ(x).

Case 2. We consider the case k = k′. We have fk+1 ◦ fk(x) = (−1)s[Wk,k,Φk,k, ζk,k] for

Wk,k := {(u, τ, v, τ ′, v′) | (u, τ, v) ∈Wk, 2ε < τ ′ < T̃ 2
k (u, τ, v)− 2ε, γuk (τ

′ + τ − 2εv2) = σv
′

2 (0)},

Φk,k : Wk,k → Σa+2ε
m+2 : (u, τ, v, τ

′, v′) 7→ conk+1(Φk(u, τ, v), (T̃
2
k (u, τ, v), τ

′), ψ(v′)),

ζk,k ∈ Ω∗
c(Wk,k) : (ζk,k)(u,τ,v,τ ′,v′) = ρ(T uk , τ, T̃

2
k (u, τ, v), τ

′) · (ωu × ηv × ηv′),

where T̃ 2
k (u, τ, v) := T uk − τ + 2εv2. Similarly, fk,ξ ◦ fk,ξ(x) = (−1)s[W ′

k,k,Φ
′
k,k, ζ

′
k,k] for

W ′
k,k := {(u, τ ′, v′, τ, v) | (u, τ ′, v′) ∈Wk, 2ε < τ < T̃ 1

k (τ
′, v′)− 2ε, γuk (τ) = σv1(0)},

Φ′
k,k : W

′
k,k → Σa+2ε

m+2 : (u, τ
′, v′, τ, v) 7→ conk(Φk(u, τ

′, v′), (T̃ 1
k (τ

′, v′), τ), ψ(v)),

ζ ′k,k ∈ Ω∗
c(Wk,k) : (ζ

′
k,k)(u,τ ′,v′,τ,v) = ρ(T uk , τ

′, T̃ 1
k (τ

′, v′), τ) · (ωu × ηv′ × ηv),

where T̃ 1
k (τ

′, v′) := τ ′+2εv
′

1 . Since ρ(Tk, τ, T̃
2
k (u, τ, v), τ

′) = 0 for τ ′ ≤ 10
3 ε, we have fk+1◦fk(x) =

(−1)s[W̄k,k,Φk,k, ζk,k] for W̄k,k :=Wk,k ∩ {τ ′ > 3ε}.
This time, we define a map

h : W̄k,k →W ′
k,k : (u, τ, v, τ

′, v′) 7→ (u, τ ′ + τ − 2εv2, v
′, τ, v),
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which is an open embedding and changes the sign of orientation by (−1)(1+dimV−n)2 . From
(14), it follows that Φ′

k,k ◦ h = Φk,k. Indeed, if we set τ ′∗ := τ ′ + τ − 2εv2, then

Φ′
k,k ◦ h(u, τ, v, τ ′, v′) = conk(Φk(u, τ

′
∗, v

′), (T̃ 1
k (τ

′
∗, v

′), τ), ψ(v))

= conk+1(Φk(u, τ, v), (T̃
1
k (u, τ, v), τ

′
∗ − τ + 2εv2), ψ(v

′))

= Φk,k(u, τ, v, τ
′, v′)

for every (u, τ, v, τ ′, v′) ∈ W̄k,k. Therefore, we have

(−1)q−n+1fk+1,ξ ◦ fk,ξ(x)− fk,ξ ◦ fk,ξ(x) = (−1)s[W ′
k,k,Φ

′
k,k, (−1)|η|

2
h∗(ζk,k)− ζ ′k,k].

For (u, τ ′, v′, τ, v) ∈W ′
k,k,

(−1)|η|2(h∗(ζk,k))(u,τ ′,v′,τ,v) − (ζ ′k,k)(u,τ ′,v′,τ,v)

=
(
ρ(T uk , τ, T̃

2
k (u, τ, v), τ

′ − τ + 2εv2)− ρ(T uk , τ ′, T̃ 1
k (τ

′, v′), τ)
)
· (ωu × ηv′ × ηv).

We can check that if 11
3 ε ≤ τ

′ ≤ T uk −
11
3 ε and

11
3 ε ≤ τ ≤ T̃

1
k (τ

′, v′)− 11
3 ε, then

11
3 ε ≤ τ

′−τ+2εv2 ≤
T̃ 2
k (u, τ, v)−

11
3 ε and 11

3 ≤ τ ≤ T
u
k −

11
3 ε hold, and thus

ρ(T uk , τ, T̃
2
k (u, τ, v), τ

′ − τ + 2εv2) = 1 = ρ(T uk , τ
′, T̃ 1

k (τ
′, v′), τ).

Therefore, supp((−1)|η|2h∗(ζk,k)− ζ ′k,k) lies in W 1
k,k ∪W 2

k,k, where

W 1
k,k := {(u, τ ′, v′, τ, v) ∈W ′

k,k | τ ′ < 4ε or T uk − 4ε < τ ′},

W 2
k,k := {(u, τ ′, v′, τ, v) ∈W ′

k,k | τ < 4ε or T̃ 1
k (τ

′, v′)− 4ε < τ}.

From Lemma 3.12, we have Φk(u, τ
′, v′) = conk(φ(u), (T

u
k , τ

′), ψ(v′)) ∈ Σ0
m+1 for all (u, τ

′, v′, τ, v) ∈
W 1
k,k. Then, Lemma 3.12 is applied again to show that

Φ′
k,k(u, τ

′, v′, τ, v) = conk(Φk(u, τ
′, v′), (T̃ 1

k (τ
′, v′), τ), ψ(v))

is an element of Σ0
m+2 for every (u, τ ′, v′, τ, v) ∈ W 1

k,k ∪W 2
k,k. Indeed, we can apply the case

(i) of Lemma 3.12 for (u, τ ′, v′, τ, v) ∈ W 1
k,k, and the case (ii) for (u, τ ′, v′, τ, v) ∈ W 2

k,k. As a
consequence,

(−1)q−n+1fk+1,ξ ◦ fk,ξ(x)− fk,ξ ◦ fk,ξ(x)

=

[
W 1
k,k ∪W 2

k,k, Φ
′
k,k

∣∣
W 1

k,k∪W
2
k,k

,
(
(−1)|η|2h∗(ζk,k)− ζ ′k,k

)∣∣∣
W 1

k,k∪W
2
k,k

]
∈ CdR

p+2+2q−2n(Σ
0
m+2).

In the definition of fk,ξ for ξ ∈ CdR
q (Sε), there is an ambiguity about the choice of ρε : Aε →

[0, 1]. Suppose that we choose another ρ′ε, and define α′
ε,ν f

′
k,ξ in the same way as αε,ν and

fk,ξ. Take an arbitrary chain x ∈ CdR
p (Σam). Since supp(ρ′ε − ρε) lies in {(T, τ) ∈ Aε | τ <

4ε or T − 4ε < τ}, x tlk×prT (αε,ν − α′
ε,ν) is a chain in the subspace

{((γk)k=1,...,m, (T, τ)) ∈ Σam tlk×prT Aε | τ < 4ε or T − 4ε < τ}.

From Lemma 3.12, we have

fk,ξ(x)− f ′k,ξ(x) = (conk)∗((x tlk×prT (αε,ν − α′
ε,ν)) evk×ev0 ξ) ∈ CdR

p+1+q−n(Σ
0
m+1).
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Therefore, for a ∈ R≥0, the induced map on the quotient spaces, which is denoted by the same
symbol,

fk,ξ : C
dR
∗ (Σam,Σ

0
m)→ CdR

∗+1+q−n(Σ
a+ε
m+1,Σ

0
m+1)

is independent on the choice of ρε. For this map, the equation

∂ ◦ fk,ξ − fk,ξ ◦ ∂ = (−1)p+1−nfk,∂ξ : C
dR
p (Σam,Σ

0
m)→ CdR

p+1+q−n(Σ
a+ε
m+1,Σ

0
m+1) (15)

follows from Lemma 3.13, and the equation for k′ ≥ k

fk′+1,ξ ◦ fk,ξ + (−1)q−nfk,ξ ◦ fk′,ξ = 0: CdR
p (Σam,Σ

0
m)→ CdR

p+2+2q−2n(Σ
a+2ε
m+2 ,Σ

0
m+2) (16)

follows from Lemma 3.14. If ∂ξ = 0, (15) implies that fk,ξ is a chain map shifting the degree
by (1 + q − n).

3.6 [−1, 1] and [−1, 1]2-modeled de Rham chains

In this section, we introduce two types of variants of de Rham chains. In this paper, they are
necessary for only four kinds of differentiable spaces: Σam, Σ

a
m × Σa

′
m′ , Sε and (M,PM ) for a

manifold M . Throughout this section, X represents these differentiable spaces.

3.6.1 [−1, 1]-modeled de Rham chains

We introduce chains in R×X. We define P̄X as the set of tuples (U,φ, (τ+, τ−)) such that:

• (U,φ) ∈ PRreg×X . If X = Sε, we additionally require that (idR× ev0) ◦ φ : U → R×Q is
a submersion. Let us write φ = (φR, φX) : U → R ×X and UI := φ−1

R (I) for any subset
I ⊂ R.

• τ+ : UR≥1
→ R≥1 × U{1} and τ− : UR≤−1

→ R≤−1 × U{−1} are diffeomorphisms such that

φ ◦ τ−1
+ = iR≥1

× φX |U{1}
, φ ◦ τ−1

− = iR≤−1
× φX |U{−1}

.

Here, iR≥1
(resp. iR≤−1

) is the inclusion map from R≥1 (resp. R≤−1) to R.

Remark 3.15. When X = Sε, the condition that (U,φ) ∈ PRreg×Sε implies only that the
composition of (idR× ev0)◦φ : U → R×Q with prR (resp. prQ) is a submersion to R (resp. Q).
The condition that (idR× ev0) ◦ φ itself is a submersion is necessary to define a fiber product
of [−1, 1]-modeled de Rham chains in the later subsection.

For (U,φ, (τ+, τ−)) ∈ P̄X , we define a linear subspace Ωpc(U,φ, (τ+, τ−)) of Ωp(U) which
consists of p-forms ω on U such that suppω ∩ U[−1,1] is compact, (τ−1

+ )∗ω = 1 × ω|U{1}
and

(τ−1
− )∗ω = 1× ω|U{−1}

. We consider a graded R-vector space

Ā∗(X) :=
⊕

(U,φ,(τ+,τ−))∈P̄X

ΩdimU−1−∗
c (U,φ, (τ+, τ−)).

For U = (U,φ, (τ+, τ−)) ∈ P̄X and ω ∈ Ωpc(U,φ, (τ+, τ−)), let (U,φ, (τ+, τ−), ω) denote the
element of Ā∗(X) such that its component for V ∈ P̄X is

(U,φ, (τ+, τ−), ω)V =

{
ω if V = U,

0 if V ̸= U.

We take a linear subspace Z̄∗(X) of Ā∗(X) generated by vectors

(V, φ ◦ π, (σ+, σ−), ω)− (U,φ, (τ+, τ−), π!ω)
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for any submersion π : V → U such that

(idR≥1
× π|V{1}) ◦ σ+ = τ+ ◦ π, (idR≤−1

× π|V{−1}
) ◦ σ− = τ− ◦ π.

We define a quotient vector space

C̄dR
∗ (X) := Ā∗(X)/Z̄∗(X),

whose elements we call [−1 , 1 ]-modeled de Rham chains. [U,φ, (τ+, τ−), ω] denotes the equiv-
alence class of (U,φ, (τ+, τ−), ω). We define a degree (−1) linear map ∂ : C̄dR

∗ (X) → C̄dR
∗−1(X)

by
∂[U,φ, (τ+, τ−), ω] := (−1)|ω|+1[U,φ, (τ+, τ−), dω].

Obviously ∂ ◦∂ = 0 holds and we obtain a chain complex (C̄dR
∗ (X), ∂). Its homology is denoted

by H̄dR
∗ (X).

Naturally, there are three chain maps:

ī : CdR
∗ (X)→ C̄dR

∗ (X) : [V, ψ, ω] 7→ (−1)dimV [R× V, idR×ψ, (idR≥1×V , idR≤−1×V ), 1× ω] (17)

and

e+ : C̄dR
∗ (X)→ CdR

∗ (X) : [U,φ, (τ+, τ−), ω] 7→ (−1)dimU−1[U{1}, φX |U{1}
, ω|U{1}

],

e− : C̄dR
∗ (X)→ CdR

∗ (X) : [U,φ, (τ+, τ−), ω] 7→ (−1)dimU−1[U{−1}, φX |U{−1}
, ω|U{−1}

].
(18)

Here, U{1} and U{−1} are oriented so that τ+ and τ− preserve orientations. Clearly, e+ ◦ ī =
e− ◦ ī = idCdR

∗ (X). For ī ◦ e+ and ī ◦ e−, the next result holds.

Lemma 3.16. ī ◦ e+ and ī ◦ e− are chain homotopic to the identity map idC̄dR
∗ (X) .

Proof. This assertion is essentially proved in [24, Lemma 4.8]. We should notice that the result
in the reference is proved for a specific differentiable space Lk+1(a) (a differentiable space of
marked Moore loops in a manifold). However, even for a differentiable space X considered in
this section, we can extend the definition of a chain

K([U,φ, (τ+, τ−), ω]) := (−1)|ω|+1[R× U, φ̄, (τ̄+, τ̄−), ω̄] ∈ C̄dR
∗+1(X)

for any [U,φ, (τ+, τ−), ω] ∈ C̄dR
∗ (X), which appears in the proof of [24, Lemma 4.8]. Then

K : C̄dR
∗ (X) → C̄dR

∗+1(X) gives a chain homotopy from idC̄dR
∗ (X) to ī ◦ e+. The proof for ī ◦ e−

is completely parallel.

3.6.2 [−1, 1]2-modeled de Rham chains

Let us define a smooth map

ι : (R2)reg ×X → (R2)reg ×X : ((r1, r2), x) 7→ ((r2, r1), x).

We often use the coordinate (r1, r2) of R2 to denote its subsets, for instance R≥1×R = {r1 ≥ 1}.
We introduce chains in R2 ×X. We define P̂X as the set of tuples (U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−))

such that:

• (U,φ) ∈ P(R2)reg×X . If X = Sε, we additionally require that (idR2 × ev0) ◦φ : U → R2×Q
is a submersion. Let us write φ = ((φ1

R, φ
2
R), φX) : U → R2 × X and UD := {u ∈ U |

(φ1
R(u), φ

2
R(u)) ∈ D} for any subset D ⊂ R2.

• τ j+, τ
j
− (j = 1, 2) are diffeomorphisms such that

φ ◦ (τ1+)−1 = iR≥1
× (φ2

R × φX)
∣∣
U{r1=1}

, φ ◦ (τ1−)−1 = iR≤−1
× (φ2

R × φX)
∣∣
U{r1=−1}

,

ι ◦ φ ◦ (τ2+)−1 = iR≥1
× (φ1

R × φX)
∣∣
U{r2=1}

, ι ◦ φ ◦ (τ2−)−1 = iR≤−1
× (φ1

R × φX)
∣∣
U{r2=−1}

.
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For (U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−)) ∈ P̂X , we define a linear subspace Ωpc(U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−)) of

Ωp(U) which consists of p-forms ω on U such that suppω ∩ U[−1,1]×[−1,1] is compact and

((τ j+)
−1)∗ω = 1× ω|U{rj=1}

, ((τ j−)
−1)∗ω = 1× ω|U{rj=−1}

(j = 1, 2).

We consider the graded R-vector space

Â∗(X) :=
⊕

(U,φ,(τ1+,τ
1
−),(τ2+,τ

2
−))∈P̂X

ΩdimU−2−∗
c (U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−)).

For U = (U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−)) ∈ P̂X and ω ∈ Ωpc(U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−)), let

(U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω)

denote the element of Â∗(X) such that its component for V ∈ P̂X is

(U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω)V =

{
ω if V = U,

0 if V ̸= U.

We take a linear subspace Ẑ∗(X) of Â∗(X) generated by vectors

(V, φ ◦ π, (σ1+, σ1−), (σ2+, σ2−), ω)− (U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), π!ω)

for any submersion π : V → U such that for j = 1, 2

(idR≥1
× π|V{rj=1}

) ◦ σj+ = τ j+ ◦ π, (idR≤−1
× π|V{rj=−1}

) ◦ σj− = τ j− ◦ π.

Now we define a quotient vector space

ĈdR
∗ (X) := Â∗(X)/Ẑ∗(X),

whose elements we call [−1 , 1 ]2 - modeled de Rham chains. [U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω] de-

notes the equivalence class of (U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω). We define a degree (−1) linear map

∂ : ĈdR
∗ (X)→ ĈdR

∗−1(X) by

∂[U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω] := (−1)|ω|+1[U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−), dω].

Obviously ∂ ◦∂ = 0 holds and we obtain a chain complex (ĈdR
∗ (X), ∂). Its homology is denoted

by ĤdR
∗ (X).

Naturally, there are six chain maps

î1, î2 : C̄dR
∗ (X)→ ĈdR

∗ (X),

e1+, e
2
+, e

1
−, e

2
− : ĈdR

∗ (X)→ C̄dR
∗ (X),

(19)

define as follows: î1 and î2 map x = [V, ψ, (τ+, τ−), ω] ∈ C̄dR
∗ (X) to

î1x := (−1)dimV−1[R× V, idR×ψ, (idR≥1×V , idR≤−1×V ), (τ̂+, τ̂−), 1× ω],
î2x := (−1)dimV [R× V, ι ◦ (idR×ψ), (τ̂+, τ̂−), (idR≥1×V , idR≤−1×V ), 1× ω],

where τ̂+ : R×VR≥1
→ R≥1×(R×V{1}) and τ̂− : R×VR≤−1

→ R≤−1×(R×V{−1}) are determined
by

τ̂+(r
′, τ−1

+ (r, u+)) = (r, (r′, u+)) for r
′ ∈ R and (r, u+) ∈ R≥1 × V{1},

τ̂−(r
′, τ−1

− (r, u−)) = (r, (r′, u−)) for r
′ ∈ R and (r, u−) ∈ R≤−1 × V{−1}.
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In addition, ej+ and ej− (j = 1, 2) map y = [U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω] ∈ ĈdR

∗ (X) to

e1+y := (−1)dimU [U{1}×R, (φ
2
R, φX)

∣∣
U{1}×R

, (τ2+
∣∣
U{1}×R≥1

, τ2−
∣∣
U{1}×R≤−1

), ω|U{1}×R
],

e2+y := (−1)dimU−1[UR×{1}, (φ
1
R, φX)

∣∣
UR×{1}

, (τ1+
∣∣
UR≥1×{1}

, τ1−
∣∣
UR≤−1×{1}

), ω|UR×{1}
],

e1−y := (−1)dimU [U{−1}×R, (φ
2
R, φX)

∣∣
U{−1}×R

, (τ2+
∣∣
U{−1}×R≥1

, τ2−
∣∣
U{−1}×R≤−1

), ω|U{−1}×R
],

e2−y := (−1)dimU−1[UR×{−1}, (φ
1
R, φX)

∣∣
UR×{−1}

, (τ1+
∣∣
UR≥1×{−1}

, τ1−
∣∣
UR≤−1×{−1}

), ω|UR×{−1}
].

Here, the orientations of UD for D = {rj = 1}, {rj = −1} (j = 1, 2) are determined so that τ j+
and τ j− preserve orientations. The signs are chosen so that

e+ ◦ e1+ = e+ ◦ e2+, e− ◦ e1+ = e+ ◦ e2−, e+ ◦ e1− = e− ◦ e2+, e− ◦ e1− = e− ◦ e2−. (20)

hold. Clearly, ej+ ◦ îj = ej− ◦ îj = idC̄dR
∗ (X) for j = 1, 2. For îj ◦ ej+ and îj ◦ ej− (j = 1, 2), the

next result holds

Lemma 3.17. îj ◦ ej+ and îj ◦ ej− (j = 1, 2) are chain homotopic to idĈdR
∗ (X) .

Proof. We omit the detailed proof as Lemma 3.16. For any x = [U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω] ∈

ĈdR
∗ (X), let us define diffeomorphisms for j = 1, 2

τ̃ j+ : R× U{rj≥1} → R≥1 × (R× U{rj=1}), τ̃
j
− : R× U{rj≤−1} → R≤−1 × (R× U{rj=−1}),

so that (τ̃ j+)
−1(rj , (r, u)) = (r, (τ j+)

−1(rj , u)) and (τ̃ j−)
−1(rj , (r, u)) = (r, (τ j−)

−1(rj , u)). Refer-

ring to the proof of [24, Lemma 4.8], we can find φ̄j , τ̄ j±, ω̄
j (j = 1, 2) to define

K1(x) := (−1)|ω|+1[R× U, φ̄1, (τ̄1+, τ̄
1
−), (τ̃

2
+, τ̃

2
−), ω̄

1],

K2(x) := (−1)|ω|+1[R× U, φ̄2, (τ̃1+, τ̃
1
−), (τ̄

2
+, τ̄

2
−), ω̄

2],

so that Kj : ĈdR
∗ (X)→ ĈdR

∗+1(X) is a chain homotopy from idĈdR
∗ (X) to î

j ◦ ej+ for j = 1, 2. The

proof for îj ◦ ej− is completely parallel.

3.6.3 Collection of analogies with ordinary de Rham chains

As above, X and Y are chosen from one of the following differentiable space: Σam, Σ
a
m × Σa

′
m′ ,

Sε and (M,PM ) for a manifold M . Let f : X → Y be a smooth map. If Y = Sε, we require
that X = Sε′ and ev0 ◦f = ev0. Then, f induces chain maps

f∗ : C̄
dR
∗ (X)→ C̄dR

∗ (Y ) : [U,φ, (τ+, τ−), ω] 7→ [U, f ◦ φ, (τ+, τ−), ω],
f∗ : Ĉ

dR
∗ (X)→ ĈdR

∗ (Y ) : [U,φ, (τ1+, τ
1
−), (τ

2
+, τ

2
−), ω] 7→ [U, f ◦ φ, (τ1+, τ1−), (τ2+, τ2−), ω].

If X = Σam and Y = Σbm for a ≤ b and f is the inclusion map, then we claim that the above
maps are injective. This can be proved as Lemma 2.7, so we omit the proof. As a consequence,
we can define C̄dR

∗ (Σbm,Σ
a
m) and Ĉ

dR
∗ (Σbm,Σ

a
m) as quotient complexes.

Next, let (X,Y ) = (Σam,Σ
a′
m′) or ({0}, Sε). We identify {0} × Sε with Sε. Then, a

cross product x × y ∈ C̄dR
p+q(X × Y ) is defined for x = [U,φ, (τ+, τ−), ω] ∈ C̄dR

p (X) and

y = [V, ψ, (σ+, σ−), η] ∈ C̄dR
q (Y ) by

x× y := (−1)p|η|[W, φ̃, (τ̃+, τ̃−), ω × η].
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Here, W := U φR×ψR V is a fiber product over R and φ̃, τ̃+, τ̃− are determined by

φ̃ : W → R× (X × Y ) : (u, v) 7→ (φR(u), φX(u), ψY (v)),

τ̃+(u, v) = (r, (u+, v+)) for (u, v) = ((τ+)
−1(r, u+), (σ+)

−1(r, v+)) ∈WR≥1
,

τ̃−(u, v) = (r, (u−, v−)) for (u, v) = ((τ−)
−1(r, u−), (σ−)

−1(r, v−)) ∈WR≤−1
.

Similarly, a cross product x×y ∈ ĈdR
p+q(X×Y ) is defined for x = [U,φ, (τ1+, τ

1
−), (τ

2
+, τ

2
−), ω] ∈

ĈdR
p (X) and y = [V, ψ, (σ1+, σ

1
−), (σ

2
+, σ

2
−), η] ∈ ĈdR

q (Y ) by

x× y := (−1)p|η|[W, φ̃, (τ̃1+, τ̃1−), (τ̃2+, τ̃2−), ω × η].

Here,W := U (φ1
R,φ

2
R)
×(ψ1

R,ψ
2
R)
V is a fiber product over R2 and φ̃, τ̃ j+, τ̃

j
− (j = 1, 2) are determined

by

φ̃ : W → R× (X × Y ) : (u, v) 7→ (φR(u), φX(u), ψY (v)),

τ̃ j+(u, v) = (r, (u+, v+)) for (u, v) = ((τ j+)
−1(r, u+), (σ

j
+)

−1(r, v+)) ∈W{rj=1},

τ̃ j−(u, v) = (r, (u−, v−)) for (u, v) = ((τ j−)
−1(r, u−), (σ

j
−)

−1(r, v−)) ∈W{rj=−1}.

The next result is analogous to Proposition 3.7 and Proposition 3.9. It follows immediately
from the fact that (e+)∗ : H̄

dR
∗ (X)→ HdR

∗ (X) is an isomorphism (see Lemma 3.16.).

Proposition 3.18. Let a, b ∈ R>0 with a ≤ b and ε ∈ (0, ε0/C] for the constant C of Lemma
3.8. Then, the following hold:

• If Lm(K) ∩ [a, b] = ∅, then H̄dR
∗ (Σbm,Σ

a
m) = 0.

• For any x ∈ H̄dR
∗ (Sε),

(ev0)∗ ◦ (e+)∗(x) = 0 ∈ HdR
∗ (Nε)⇒ (iε,Cε)∗(x) = 0 ∈ H̄dR

∗ (SCε)

3.6.4 Operations on [−1, 1] and [−1, 1]2-modeled de Rham chains

In the rest of this section, let us define linear maps corresponding to fk,ξ. We rather refer to
the explicit description (13) of fk,ξ(x) than its original definition using fiber products of chains.
Let ε ∈ (0, ε0/(5C0)] and ρε : Aε → [0, 1] be the C∞ function we have chosen in Section 3.5

For k = 1, . . . ,m and ξ̄ ∈ C̄dR
q (Sε), we define a linear map

f̄k,ξ̄ : C̄
dR
∗ (Σam)→ C̄dR

∗+1+q−n(Σ
a+ε
m+1)

as follows: Let

x = [U,φ, (τ+, τ−), ω] ∈ C̄dR
p (Σam), ξ̄ = [V, ψ, (σ+, σ−), η] ∈ C̄dR

q (Sε),

and denote

φ(u) = (φR(u), φΣ(u)) = (φR(u), (γ
u
l : [0, T

u
l ]→ Q)l=1,...,m) ∈ R× Σam,

ψ(v) = (ψR(v), ψS(v)) = (ψR(v), (σ
v
i )i=1,2) ∈ R× Sε,

for every u ∈ U and v ∈ V . Then we define f̄k,ξ̄(x) := (−1)s[Wk,Φk, (τ̃+, τ̃−), ζk], where

Wk := {(u, τ, v) ∈ U × R× V | 2ε < τ < T uk − 2ε, (φR(u), γ
u
k (τ)) = (ψR(u), σ

v
1(0))},

Φk : Wk → R× Σa+εm+1 : (u, τ, v) 7→ (φR(u), conk(φΣ(u), (T
u
k , τ), ψS(v))),

ζk ∈ Ω∗
c(Wk) : (ζk)(u,τ,v) := ρε(T

u
k , τ) · (ωu × ηv),

s := (p+ 1− n)|η|+ n+ 1,

(21)

28



and

τ̃+(u, τ, v) := (r, (u+, τ, v+)) ∈ R× (Wk){r=1}

for (u, τ, v) = (τ−1
+ (r, u+), τ, σ

−1
+ (r, v+)) ∈ (Wk){r≥1}, and

τ̃−(u, τ, v) := (r, (u−, τ, v−)) ∈ R× (Wk){r=−1}

for (u, τ, v) = (τ−1
− (r, u−), τ, σ

−1
− (r, v−)) ∈ (Wk){r≤−1}. Here, Wk is oriented as a fiber product

over R×Q of the map

{(u, τ) ∈ U × R | 2ε < τ < T uk − 2ε} → R×Q : (u, τ)→ (φR(u), γ
u
k (τ))

and the submersion (idR× ev0) ◦ψ : V → R×Q. It can be checked that ī and e+, e− intertwine
this operator and fk,ξ for ξ ∈ CdR

q (Sε). Namely,

ī ◦ fk,ξ = fk,̄iξ ◦ ī, e+ ◦ f̄k,ξ̄ = fk,e+ξ̄ ◦ e+, e− ◦ f̄k,ξ̄ = fk,e−ξ̄ ◦ e−.

Similar results as fk,ξ are the following: f̄k,ξ̄ induces a linear map

f̄k,ξ̄ : C̄
dR
∗ (Σam,Σ

0
m)→ C̄dR

∗+1+q−n(Σ
a+ε
m+1,Σ

0
m+1),

which is independent on the choice of ρε. The next equations are variants of (15) and (16), and
they follow from similar computations as Lemma 3.13 and Lemma 3.14, so we omit the proof.

Proposition 3.19. For k′ ≥ k, the following equations hold:

∂ ◦ f̄k,ξ̄ − f̄k,ξ̄ ◦ ∂ = (−1)p+1−nf̄k,∂ξ̄ : C̄
dR
p (Σam,Σ

0
m)→ C̄dR

p+1+q−n(Σ
a+ε
m+1,Σ

0
m+1),

f̄k′+1,ξ̄ ◦ f̄k,ξ̄ + (−1)q−nf̄k,ξ̄ ◦ f̄k′,ξ̄ = 0: C̄dR
p (Σam,Σ

0
m)→ C̄dR

p+2+2q−2n(Σ
a+2ε
m+2 ,Σ

0
m+2).

Next, for k = 1, . . . ,m and ξ̂ ∈ ĈdR
q (Sε), we define a linear map

f̂k,ξ̂ : C̄
dR
∗ (Σam)→ C̄dR

∗+1+q−n(Σ
a+ε
m+1)

as follows: Let

x = [U,φ, (τ1+, τ
1
−), (τ

2
+.τ

2
−), ω] ∈ ĈdR

p (Σam),

ξ̂ = [V, ψ, (σ1+, σ
1
−), (σ

2
+, σ

2
−), η] ∈ ĈdR

q (Sε),

and denote

φ(u) = (φR2(u), φΣ(u)) = ((φ1
R(u), φ

2
R(u)), (γ

u
l : [0, T

u
l ]→ Q)l=1,...,m) ∈ R2 × Σam,

ψ(v) = (ψR2(v), ψS(v)) = ((ψ1
R(v), ψ

2
R(v)), (σ

v
i )i=1,2) ∈ R2 × Sε,

for every u ∈ U and v ∈ V . Then we define f̂k,ξ̂(x) := (−1)s[Wk,Φk, (τ̃
1
+, τ̃

1
−), (τ̃

2
+, τ̃

2
−), ζk], where

Wk := {(u, τ, v) ∈ U × R× V | 2ε < τ < T uk − 2ε, (φR2(u), γuk (τ)) = (ψR2(u), σv1(0))},
Φk : Wk → R2 × Σa+εm+1 : (u, τ, v) 7→ (φR2(u), conk(φΣ(u), (T

u
k , τ), ψS(v))),

ζk ∈ Ω∗
c(Wk) : (ζk)(u,τ,v) := ρε(T

u
k , τ) · (ωu × ηv),

s := (p+ 1− n)|η|,

and for j = 1, 2,

τ̃ j+(u, τ, v) := (rj , (u
j
+, τ, v

j
+)) ∈ R≥1 × (Wk){rj=1}
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for (u, τ, v) = ((τ j+)
−1(rj , u

j
+), τ, (σ

j)−1
+ (rj , v

j
+)) ∈ (Wk){rj≥1} and

τ̃ j−(u, τ, v) := (rj , (u
j
−, τ, v

j
−)) ∈ R≤−1 × (Wk){rj=−1}

for (u, τ, v) = ((τ j−)
−1(rj , u

j
−), τ, (σ

j)−1
− (rj , v

j
−)) ∈ (Wk){rj≤−1}. Here, Wk is oriented as a fiber

product over R2 ×Q of the map

{(u, τ) ∈ U × R | 2ε < τ < T uk − 2ε} → R2 ×Q : (u, τ)→ (φR2(u), γuk (τ))

and the submersion (idR2 × ev0)◦ψ : V → R2×Q. It can be checked that îj and ej+, e
j
− (j = 1, 2)

intertwine f̂k,ξ̂ and f̄k,ξ̄ for ξ̄ ∈ C̄
dR
q (Sε).

Similar results as fk,ξ are the following: f̂k,ξ̂ induces a linear map

f̂k,ξ̂ : Ĉ
dR
∗ (Σam,Σ

0
m)→ ĈdR

∗+1+q−n(Σ
a+ε
m+1,Σ

0
m+1),

which is independent on ρε. The next equations are variants of (15) and (16), and they follow
from similar computations as Lemma 3.13 and Lemma 3.14, so we omit the proof.

Proposition 3.20. For k′ ≥ k, the following equations hold:

∂ ◦ f̂k,ξ̂ − f̂k,ξ̂ ◦ ∂ = (−1)p+1−nf̂k,∂ξ̂ : Ĉ
dR
p (Σam,Σ

0
m)→ ĈdR

p+1+q−n(Σ
a+ε
m+1,Σ

0
m+1),

f̂k′+1,ξ̂ ◦ f̂k,ξ̂ + (−1)q−nf̂k,ξ̂ ◦ f̂k′,ξ̂ = 0: ĈdR
p (Σam,Σ

0
m)→ ĈdR

p+2+2q−2n(Σ
a+2ε
m+2 ,Σ

0
m+2).

4 Construction of Hstring
∗ (Q,K)

4.1 Definition of chain complex

For a ∈ R>0 and ε ∈ (0, ε0/(5C0)], we define a graded R-vector space

C<a∗ (ε) :=
∞⊕
m=0

CdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m).

If m ≥ 2a
ε0
, then a + mε ≤ m(12ε0 + ε) ≤ mε0. In such case, Σa+mεm = Σ0

m by Remark 3.1.

Therefore, the components for m ∈ Z≥0 vanishes if m ≥ 2a
ε0
.

For each m ∈ Z≥0, we think of CdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m) as a linear subspace of C<a∗ (ε) in a

natural way. For δ ∈ CdR
n−d(Sε), we define a degree (−1) linear map

Dδ : C
<a
∗ (ε)→ C<a∗−1(ε)

so that for x ∈ CdR
p−m(d−2)(Σ

a+mε
m ,Σ0

m),

Dδ(x) = ∂x+
m∑
k=1

(−1)p+1+kdfk,δ(x) ∈ C<ap−1(ε).

When m = 0, the RHS is just equal to ∂x.

Proposition 4.1. If δ ∈ CdR
n−d(Sε) satisfies ∂δ = 0, then Dδ ◦Dδ = 0 holds.

Proof. Take an arbitrary x ∈ CdR
p−m(d−2)(Σ

a+mε
m ,Σ0

m). Since ∂ ◦ ∂ = 0,

Dδ ◦Dδ(x) =

m∑
k=1

(
(−1)p+1+kd∂ ◦ fk,δ(x) + (−1)p+kdfk,δ ◦ ∂(x)

)
+

m+1∑
k′=1

m∑
k=1

(−1)(k+k′)d−1fk′,δ ◦ fk,δ(x).
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Applying (15) for q = n−d and ξ = δ for which ∂δ = 0 holds, we can see that the first summand
is equal to 0. For the second summand, we apply (16) for q = n− d and ξ = δ. Then

m+1∑
k′=1

m∑
k=1

(−1)(k+k′)d−1fk′,δ ◦ fk,δ(x)

=
∑

1≤k≤k′≤m

(
(−1)(k+k′+1)d−1fk′+1,δ ◦ fk,δ(x) + (−1)(k+k′)d−1fk,δ ◦ fk′,δ(x)

)
=0.

This shows that Dδ ◦Dδ(x) = 0.

In summary, for a ∈ R>0, ε ∈ (0, ε0/(5C0)] and δ ∈ CdR
n−d(Sε) with ∂δ = 0, a chain complex

(C<a∗ (ε), Dδ) is defined. Let H
<a
∗ (ε,δ) denote its homology.

The chain complex (C<a∗ (ε), Dδ) is filtered by subcomplexes {F<aε,p }p∈Z defined by

F<aε,p :=

∞⊕
m≥−p

CdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m). (22)

Let E<a(ε,δ)
:= ({(E<a(ε,δ))

r
p,q}, {(d<a(ε,δ))

r
p,q}) be the spectral sequence determined by {F<aε,p }p∈Z. Note

that F<aε,p = 0 for p ≤ −2a
ε0

and F<aε,p = F<aε,0 for p ≥ 0, and thus this spectral sequence converges
to H<a

∗ (ε, δ) in the sense of [31, Bounded Convergence 5.2.5]. The first page is given by

(E<a(ε,δ))
1
−m,q =

{
HdR

(q−m)−m(d−2)(Σ
a+mε
m ,Σ0

m) = HdR
q−m(d−1)(Σ

a+mε
m ,Σ0

m) if m ≥ 0,

0 if m < 0.

Let us state an abstract lemma about morphisms in the category of spectral sequences. This
result, which is a refinement of [31, Comparison Theorem 5.2.12], will be repeatedly used in the
rest of this paper.

Lemma 4.2. Let E = ({Erp,q}, {drp,q}) and E′ = ({E′r
p,q}, {d′rp,q}) be bounded spectral sequences

which converge to H∗ and H ′
∗ respectively in the sense of [31, Bounded Convergence 5.2.5]. Let

f = {f rp,q} be a morphism from E to E′ which is compatible with {hn : Hn → H ′
n}n∈Z. Then,

the following assertion hold:

• Suppose that for some r0 ≥ 1 and n0 ∈ Z, f r0p,q is an isomorphism if p + q < n0, and a
surjection if p+q = n0. Then, hn is an isomorphism if n < n0 and a surjection if n = n0.
In particular, if f r0p,q is an isomorphism for every p, q ∈ Z for some r0 ≥ 1, then hn is an
isomorphism for every n ∈ Z.

Proof. Suppose that {f rp,q} satisfy the condition of the assertion for r0 ≥ 1 and n0 ∈ Z. Note
that for any r ≥ 1 and p, q ∈ Z,

f r+1
p,q : Er+1

p,q
∼= Ker drp,q/ Im drp+r,q−r+1 → E′r+1

p,q
∼= Ker d′rp,q/ Im d′rp+r,q−r+1

is induced by {f rp,q}p,q. Therefore, by inductive arguments about {f rp,q} on r = r0, r0+1, . . . , we
can prove that f∞p,q : E

∞
p,q → E′∞

p,q is an isomorphism if p+ q < n0, and a surjection if p+ q = n0.
We omit the concluding argument about hn, since it is parallel to [31, Comparison Theorem
5.2.12].

For ε, ε̄ ∈ (0, ε0/(5C0)] with ε ≤ ε̄, let jε,ε̄ : Σ
a+mε
m → Σa+mε̄m (m ∈ Z≥0) be the inclusion

maps. These maps induce a linear map

(jε,ε̄)∗ : C
<a
∗ (ε)→ C<a∗ (ε̄).

Moreover, for any δ ∈ CdR
n−d(Sε) with ∂δ = 0, (jε,ε̄)∗ is a chain map form (C<a∗ (ε), Dδ) to

(C<a∗ (ε̄), D(iε,ε̄)∗δ) and preserves the filtrations {F<aε,p }p∈Z and {F<aε̄,p }p∈Z.
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Lemma 4.3. Suppose that a ∈ R>0 \ L(K). Then the induced map on homology

(jε,ε̄)∗ : H
<a
∗ (ε, δ)→ H<a

∗ (ε̄, (iε,ε̄)∗δ)

is an isomorphism if ε̄ satisfies [a, a+ 2a
ε0
ε̄] ∩ L(K) = ∅.

Proof. If m ≥ 2a
ε0
, Σa+mε̄m = Σa+mεm = Σ0

m. If 0 ≤ m ≤ 2a
ε0
, [a +mε, a +mε̄] ∩ L(K) = ∅ from

the condition on ε̄. Thus, Proposition 3.7 is applied to show that HdR
∗ (Σa+mε̄m ,Σa+mεm ) = 0 for

all m ∈ Z≥0. Therefore, the induced map on the (−m, q)-term (m ≥ 0) of the first page

(jε,ε̄)∗ : (E
<a
(ε,δ))

1
−m,q = HdR

q−m(d−1)(Σ
a+mε
m ,Σ0

m)→ (E<a(ε̄,(iε,ε̄)∗δ)
)1−m,q = HdR

q−m(d−1)(Σ
a+mε̄
m ,Σ0

m)

is an isomorphism. Now the assertion follows from Lemma 4.2.

As we have seen in Example 2.6, HdR
∗ (N reg

ε ) ∼= Hd
c (Nε;R). Therefore we can determine

a unique homology class Thε ∈ HdR
n−d(N

reg
ε ) which corresponds to the Thom class of (TK)⊥

through the diffeomorphism {(x, v) ∈ (TK)⊥ | v < ε} → Nε : (x, v) 7→ expx v.
The above lemma leads us to define a set of data (ε, δ) as follows.

Definition 4.4. Let C ≥ 1 be the constant of Lemma 3.8. We define Ta for every a ∈ R≥0\L(K)
to be the set of pairs (ε, δ) of ε ∈ (0, ε0/(5C

4)] and δ ∈ CdR
n−d(Sε) such that:

1. [a, a+ 2a
ε0
ε̂] ∩ L(K) = ∅ for ε̂ := C3ε.

2. ∂δ = 0 and (ev0)∗[δ] = Thε ∈ HdR
n−d(N

reg
ε ).

Let a, b ∈ R>0 with a < b. For ε ∈ (0, ε0/(5C0)] and δ ∈ CdR
n−d(Sε) with ∂δ = 0, there exists a

chain map (Ia,bε )∗ from (C<a∗ (ε), Dδ) to (C<b∗ (ε), Dδ) induced by inclusion maps Ia,bε : Σa+mεm →
Σb+mεm for all m ∈ Z≥0. We define a quotient complex

(C
[a,b)
∗ (ε) := C<b∗ (ε)/C<a∗ (ε), Dδ).

Let H
[a,b)
∗ (ε, δ) denote its homology. Obviously, there exists a long exact sequence

· · · // H<a
∗ (ε, δ)

(Ia,bε )∗// H<b
∗ (ε, δ) // H

[a,b)
∗ (ε, δ) // H<a

∗−1(ε, δ)
(Ia,bε )∗// · · · . (23)

The next result is computations from the spectral sequence.

Proposition 4.5. For a, b ∈ R \ L(K) with a < b and (ε, δ) ∈ Ta ∩ Tb, the following hold:

• If [a, b] ∩ L(K) = ∅, then H
[a,b)
∗ (ε, δ) = 0.

• If there exist c ∈ L(K) and m0 ∈ Z≥1 such that [a, b]∩Lm(K) =

{
{c} if m = m0,

∅ else,
then

H
[a,b)
∗ (ε, δ) ∼= HdR

∗−m0(d−2)(Σ
b
m0
,Σam0

).

Proof. Let E
[a,b)
(ε,δ) be the spectral sequence determined by a filtration {F<bε,m/F<aε,m}m∈Z. We apply

Proposition 3.7 to the first page. For the first case, (E
[a,b)
(ε,δ))

1
p,q = 0 for every p, q ∈ Z, so the

assertion is trivial. For the second case, (E
[a,b)
(ε,δ))

1
p,q = 0 for every p ̸= −m0, so all differentials

are the zero map. Therefore, H
[a,b)
q (ε, δ) ∼= (E

[a,b)
(ε,δ))

1
−m0,q+m0

and the assertion follows from

(E
[a,b)
(ε,δ))

1
−m0,q+m0

= HdR
q−m0(d−2)(Σ

b+m0ε
m0

,Σa+m0ε
m0

) ∼= HdR
q−m0(d−2)(Σ

b
m0
,Σam0

).

Here, the last isomorphism comes from Proposition 3.7.
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4.2 Variants from [−1, 1] and [−1, 1]2-modeled de Rham chains

In Section 3.6, we introduced [−1, 1]-modeled and [−1, 1]2-modeled de Rham chains. In this
section, we define chain complexes as Section 4.1 by using these types of chains. Their con-
structions and some of computations are parallel to the previous section, so we often omit
proofs.

First, we deal with [−1, 1]-modeled chains. For a ∈ R>0 and ε ∈ (0, ε0/(5C0)], we consider
a graded R-vector space

C̄<a∗ (ε) :=
∞⊕
m=0

C̄dR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m).

For δ̄ ∈ C̄dR
n−d(Sε), we define a degree (−1) map D̄δ̄ : C̄

<a
∗ (ε)→ C̄<a∗−1(ε) by

D̄δ̄(x) := ∂x+
m∑
k=1

(−1)p+1+kdf̄k,δ̄(x)

for x ∈ C̄dR
p−m(d−2)(Σ

a+mε
m ,Σ0

m).

Proposition 4.6. If δ̄ ∈ C̄dR
n−d(Sε) satisfies ∂δ̄ = 0, then D̄δ̄ ◦ D̄δ̄ = 0 holds.

This is analogous to Proposition 4.1 and can be deduced from the two equations of Propo-
sition 3.19. From this proposition, for δ̄ ∈ C̄dR

n−d(Sε) with ∂δ = 0, we obtain a chain complex
(C̄<a∗ (ε), D̄δ̄). Let H̄

<a
∗ (ε, δ̄) denote its homology.

Let us consider a relation to the chain complex defined in Section 4.1. The linear maps (18)
for X = Σa+mεm

e+, e− : C̄dR
∗ (Σa+mεm )→ CdR

∗ (Σa+mεm ) (m ∈ Z≥0)

naturally induce linear maps

eε,+, eε,− : C̄<a∗ (ε)→ C<a∗ (ε),

and these are chain maps from (C̄<a∗ (ε), D̄δ̄) to (C<a∗ (ε), De+δ̄
) and (C<a∗ (ε), De−δ̄) respectively.

We define a filtration {F̄<aε,p }p∈Z by

F̄<aε,p :=
⊕
m≥−p

C̄dR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m).

Let Ē<a
(ε,δ̄)

be the spectral sequence determined by this filtration.

Lemma 4.7. eε,+ and eε,− are quasi-isomorphisms.

Proof. We prove this assertion for only eε,+. The proof for eε,− is parallel. Since eε,+ preserves
filtrations {F̄<aε,p }p∈Z and {F<aε,p }p∈Z, this induces a map on the first page (eε,+)∗ : (Ē

<a
(ε,δ̄)

)1p,q →
(E<a

(ε,e+δ̄)
)1p,q. For p = −m ≤ 0, this coincides with

(e+)∗ : H̄
dR
q−m(d−1)(Σ

a+mε
m ,Σ0

m)→ HdR
q−m(d−1)(Σ

a+mε
m ,Σ0

m).

From Lemma 3.16, this map is an isomorphism. Now the assertion follows form Lemma 4.2.

For ε̄, ε̂ ∈ (0, ε0/(5C0)] with ε̄ ≤ ε̂, the linear map (jε̄,ε̂)∗ : C̄
<a
∗ (ε̄) → C̄<a∗ (ε̂), induced by

the inclusion maps jε̄,ε̂ : Σ
a+mε̄
m → Σa+mε̂m for all m ∈ Z≥0, is a chain map from (C̄<a∗ (ε̄), D̄δ̄) to

(C̄<a∗ (ε̂), D̄(iε̄,ε̂)∗δ̄
).
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Lemma 4.8. Suppose that a ∈ R>0 \ L(K). Then the induced map on homology

(jε̄,ε̂)∗ : H̄
<a
∗ (ε̄, δ̄)→ H̄<a

∗ (ε̂, (iε̄,ε̂)∗δ̄)

is an isomorphism if ε̂ satisfies [a, a+ 2a
ε0
ε̂] ∩ L(K) = ∅.

Proof. The proof is parallel to that of Lemma 4.3. The chain map (jε̄,ε̂)∗ preserves the filtrations
{F̄<aε̄,p }p∈Z and {F̄<aε̂,p }p∈Z. This induces an isomorphism on the first page since for every m ∈
Z≥0,

H̄∗(Σ
a+mε̂
m ,Σa+mε̄m ) = 0

holds by Proposition 3.18. Now the assertion follows from Lemma 4.2.

The above lemma leads us to the following definition.

Definition 4.9. Let C ≥ 1 be the constant of Lemma 3.8. We define T̄a for a ∈ R>0 \ L(K) to
be the set of pairs (ε̄, δ̄) of ε̄ ∈ (0, ε0/(5C

3)] and δ̄ ∈ C̄dR
n−d(Sε̄) such that:

1. [a, a+ 2a
ε0
ε̂] ∩ L(K) = ∅ for ε̂ := C2ε̄.

2. ∂δ̄ = 0 and (ev0)∗[e+δ̄] = Thε̄ ∈ HdR
n−d(N

reg
ε̄ ).

Next, we deal with [−1, 1]2-modeled chains. For a ∈ R>0 and ε ∈ (0, ε0/(5C0)], we consider
a graded R-vector space

Ĉ<a∗ (ε) :=

∞⊕
m=0

ĈdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m).

For δ̂ ∈ ĈdR
n−d(Sε), we define a degree (−1) map D̂δ̂ : Ĉ

<a
∗ (ε)→ Ĉ<a∗−1(ε) by

D̂δ̂(x) := ∂x+

m∑
k=1

(−1)p+1+kdf̂k,δ̂(x)

for x ∈ ĈdR
p−m(d−2)(Σ

a+mε
m ,Σ0

m).

Proposition 4.10. If δ̂ ∈ ĈdR
n−d(Sε) satisfies ∂δ̂ = 0, then D̂δ̂ ◦ D̂δ̂ = 0 holds.

This is analogous to Proposition 4.1 and can be deduced from the two equations of Propo-
sition 3.20. From this proposition, for δ̂ ∈ ĈdR

n−d(Sε) with ∂δ̂ = 0, we obtain a chain complex

(Ĉ<a∗ (ε), D̂δ̂). Let Ĥ
<a
∗ (ε, δ̂) denote its homology.

Let us consider a relation to the chain complex defined by [−1, 1]-modeled de Rham chains.
For j = 1, 2, the linear maps of (19) for X = Σa+mεm

ej+, e
j
− : ĈdR

∗ (Σa+mεm )→ C̄dR
∗ (Σa+mεm ) (m ∈ Z≥0)

naturally induce linear maps

ejε,+, e
j
ε,− : Ĉ<a∗ (ε)→ C̄<a∗ (ε),

and these are chain maps from (Ĉ<a∗ (ε), D̂δ̂) to (C̄<a∗ (ε), D̄
ej+δ̂

) and (C̄<a∗ (ε), D̄
ej−δ̂

) respectively.

Lemma 4.11. ejε,+ and ejε,− (j = 1, 2) are quasi-isomorphisms.

Proof. The proof is parallel to that of Lemma 4.7. This time, we use the spectral sequence
determined by a filtration {F̂aε,p}p∈Z, which is defined by

F̂aε,p :=
⊕
m≥−p

ĈdR
∗−m(d−2)(Σ

a+mε
m ,Σ0

m).

ejε,+, e
j
ε,− (j = 1, 2) preserve filtrations {F̂aε,p}p∈Z and {F̄aε,p}p∈Z. By Lemma 3.17, they induce

an isomorphism on the first page. Now the assertion follows form Lemma 4.2.
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4.3 The limit of ε→ 0

In this section, we define a transition map

k(ε′,δ′),(ε,δ) : H
<a
∗ (ε′, δ′)→ H<a

∗ (ε, δ)

for every a ∈ R>0 \ L(K) and (ε, δ), (ε′, δ′) ∈ Ta with ε′ ≤ ε, by using (ε̄, δ̄) ∈ T̄a satisfying

ε ≤ ε̄, e+δ̄ = (iε,ε̄)∗δ, e−δ̄ = (iε′,ε̄)∗δ
′. (24)

In fact, k(ε′,δ′),(ε,δ) is an isomorphism. We also prove that ({H<a
∗ (ε, δ)}(ε,δ)∈Ta , {k(ε′,δ′),(ε,δ)}ε′≤ε)

forms an inverse system.

4.3.1 Construction of transition maps

Let us first prove the existence of the above (ε̄, δ̄).

Lemma 4.12. For (ε, δ), (ε′, δ) ∈ Ta with ε′ ≤ ε, there exists (ε̄, δ̄) ∈ T̄a satisfying (24).

Proof. Let us take ε̄ := Cε for the constant C in Lemma 3.8, and rewrite δ+ := (iε,ε̄)∗δ and
δ− := (iε′,ε̄)∗δ

′ for short. Since

(ev0)∗[δ − (iε′,ε)∗δ
′] = Thε − (iε′,ε)∗Thε′ = 0 ∈ HdR

n−d(Nε),

Proposition 3.9 shows that there exists θ ∈ CdR
n−d+1(Sε̄) such that

∂θ = (iε,ε̄)∗(δ − (iε′,ε)∗δ
′) = δ+ − δ−.

Let κ : R→ [0, 1] be a C∞ function such that κ(r) =

{
1 if 1 ≤ r,
0 if r ≤ −1.

We take chains β+, β− ∈

C̄dR
0 ({0}) defined by {

β+ := [R, idR, (idR≥1
, idR≤−1

), κ],

β− := [R, idR, (idR≥1
, idR≤−1

), 1− κ].

Now we define δ̄ by

δ̄ := β+ × (̄iδ+) + β− × (̄iδ−) + (∂β+)× (̄iθ) ∈ C̄dR
n−d(Sε̄).

This satisfies the condition (24). Moreover, ∂δ̄ = 0 and (ev0)∗[e+δ̄] = (ev0)∗[δ+] = Thε̄ hold.
Now, it is clear that (ε̄, δ̄) = (Cε, δ̄) satisfies the two conditions to be an element of T̄a.

From Lemma 4.3 and Lemma 4.7, we can define isomorphisms

f(ε̄,δ̄),+ := (jε,ε̄)
−1
∗ ◦ (eε̄,+)∗ : H̄<a

∗ (ε̄, δ̄)→ H<a
∗ (ε, δ),

f(ε̄,δ̄),− := (jε′,ε̄)
−1
∗ ◦ (eε̄,−)∗ : H̄<a

∗ (ε̄, δ̄)→ H<a
∗ (ε′, δ′),

so that the following diagrams commute:

H̄<a
∗ (ε̄, δ̄)

(eε̄,+)∗
��

f(ε̄,δ̄),+ // H<a
∗ (ε, δ)

(jε,ε̄)∗
��

H̄<a
∗ (ε̄, δ̄)

(eε̄,−)∗
��

f(ε̄,δ̄),− // H<a
∗ (ε′, δ′)

(jε′,ε̄)∗
��

H<a
∗ (ε̄, e+δ̄) H<a

∗ (ε̄, (iε,ε̄)∗δ), H<a
∗ (ε̄, e−δ̄) H<a

∗ (ε̄, (iε′,ε̄)∗δ
′).

We define an isomorphism

k(ε̄,δ̄) := f(ε̄,δ̄),+ ◦ (f(ε̄,δ̄),−)−1 : H<a
∗ (ε′, δ′)→ H<a

∗ (ε, δ).

Later, we will prove the independence on (ε̄, δ̄) (Corollary 4.16), and this is the transition map
k(ε′,δ),(ε,δ) we need.
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Lemma 4.13. When (ε′, δ′) = (ε, δ) ∈ Ta, we may take (ε, īδ) ∈ T̄a as an element satisfying
(24). In this case, we have

k(ε,̄iδ) = idH<a
∗ (ε,δ)

Proof. To prove this assertion, let us introduce a chain map īε from (C<a∗ (ε), Dδ) to (C̄
<a
∗ (ε), D̄īδ)

induced by ī : CdR
∗−m(d−2)(Σ

a+mε
m )→ C̄dR

∗−m(d−2)(Σ
a+mε
m ) (see (17)) for all m ∈ Z≥0. This satisfies

eε,+ ◦ īε = idC<a
∗ (ε) = eε,− ◦ īε, and thus

(eε,+)∗ = (̄iε)
−1
∗ = (eε,−)∗ : H̄

<a
∗ (ε, īδ)→ H<a

∗ (ε, δ). (25)

Therefore, k(ε,̄iδ) = (eε,+)∗ ◦ (eε,−)−1
∗ = idH<a

∗ (ε,δ).

4.3.2 Compositions

Next, we think about compositions of maps of {k(ε̄,δ̄)}(ε̄,δ̄)∈T̄a . For (ε, δ), (ε′, δ′), (ε′′, δ′′) ∈ Ta
with ε′′ ≤ ε′ ≤ ε, suppose that we have chosen (ε̄, δ̄), (ε̄′, δ̄′), (ε̃, δ̃) ∈ T̄a satisfying:

e+δ̄ = (iε,ε̄)∗δ, e−δ̄ = (iε′,ε̄)∗δ
′,

e+δ̄
′ = (iε′,ε̄′)∗δ

′, e−δ̄
′ = (iε′′,ε̄′)∗δ

′′,

e+δ̃ = (iε,ε̃)∗δ, e−δ̃ = (iε′′,ε̃)∗δ
′′.

In this case, let us first prove the following lemma.

Lemma 4.14. There exists ε̂ ∈ (0, ε0/(5C0)] and δ̂ ∈ ĈdR
n−d(Sε̂) such that ∂δ̂ = 0 and

e1+δ̂ = (iε̃,ε̂)∗δ̃, e
1
−δ̂ = (iε̄′,ε̂)∗δ̄

′, e2+δ̂ = (iε̄,ε̂)∗δ̄, e
2
−δ̂ = (iε′′,ε̂)∗(̄iδ

′′).

Proof. Let us take ρ := C ·max{ε̄, ε̄′, ε̃}, ε̂ := Cρ and rewrite δ̄+ := (iε̃,ρ)∗δ̃ and δ̄− := (iε̄′,ρ)∗δ̄
′

for short. Since

(ev0)∗ ◦ (e+)∗[(iε̃,C−1ρ)∗δ̃ − (iε̄′,C−1ρ)∗δ̄
′] =(iε̃,C−1ρ)∗(Thε̃)− (iε̄′,C−1ρ)∗(Thε̄′)

=0 ∈ HdR
∗ (NC−1ρ),

Proposition 3.18 shows that there exists θ̄1 ∈ C̄dR
n−d+1(Sρ) such that ∂θ̄1 = δ̄+ − δ̄−. We define

κ̂1 : R × R → [0, 1] : (r1, r2) 7→ κ(r1), where κ is the function appeared in the proof of Lemma
4.12. Then, we take chains β̂+, β̂− ∈ ĈdR

0 ({0}) define by{
β̂1+ := [R2, idR2 , (τ1+, τ

1
−), (τ

2
+, τ

2
−), κ̂],

β̂1− := [R2, idR2 , (τ1+, τ
1
−), (τ

2
+, τ

2
−), 1− κ̂],

where τ j+ = id{rj≥1} and τ j− = id{rj≤−1} for j = 1, 2. We define

ξ := β̂1+ × (̂i1δ̄+) + β̂1− × (̂i1δ̄−) + (∂β̂1+)× (̂i1(θ̄1 − īe−θ̄1)) ∈ ĈdR
n−d(Sρ).

This chain satisfies ∂ξ = 0 (note that and e−(∂θ̄1) = e−δ̄+ − e−δ̄− = 0). Moreover,

e1+ξ = (iε̃,ρ)∗δ̃, e
1
−ξ = (iε̄′,ρ)∗δ̄

′, e2−ξ = (iε′′,ρ)∗(̄iδ
′′)

hold. The former two equations are easy to check. The third equation can be checked as follows:
Since e2− ◦ î1 = ī ◦ e− holds, we have e2−(̂i

1(θ̄1 − īe−θ̄1)) = 0 and thus

e2−ξ = (e2−β̂
1
+)× (̄i((iε′′,ρ)∗δ

′′)) + (e2−β̂
1
−)× (̄i((iε′′,ρ)∗δ

′′)) = (iε′′,ρ)∗(̄iδ
′′).
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Let us write δ := e2+ξ ∈ C̄dR
n−d(Sρ) and consider the difference of chains δ−(iε̄,ρ)∗δ̄. We claim

that there exists θ̄2 ∈ C̄dR
n−d+1(Sε̂) such that

∂θ̄2 = (iρ,ε̂)∗δ − (iε̄,ε̂)∗δ̄, e+θ̄2 = e−θ̄2 = 0. (26)

We prove this claim. Since e+ ◦ e2+ = e+ ◦ e1+ and e− ◦ e2+ = e+ ◦ e1−, we have

(e+)∗[δ − (iε̄,ρ)∗δ̄] = (e+ ◦ e1+)∗[ξ]− (iε,ρ)∗[δ] = 0 ∈ HdR
n−d(Sρ),

(e−)∗[δ − (iε̄,ρ)∗δ̄] = (e+ ◦ e1−)∗[ξ]− (iε′,ρ)∗[δ
′] = 0 ∈ HdR

n−d(Sρ).

From Lemma 3.16, there exists θ̄′2 ∈ C̄dR
n−d+1(Sρ) such that ∂θ̄′2 = δ − (iε̄,ρ)∗δ̄ and ∂(e+θ̄

′
2) =

∂(e−θ̄
′
2) = 0. Since (ev0)∗[e+θ̄

′
2] and (ev0)∗[e−θ̄

′
2] are contained in HdR

n−d+1(Nρ) = {0}, Propo-
sition 3.18 shows that there exist φ+, φ− ∈ CdR

n−d+2(Sε̂) such that ∂φ+ = (iρ,ε̂)∗(e+θ̄
′
2) and

∂φ− = (iρ,ε̂)∗(e−θ̄
′
2). Then, by using β+, β− in the proof of Lemma 4.12, we define

θ̄2 := (iρ,ε̂)∗θ̄
′
2 − ∂(β+ × īφ+)− ∂(β− × īφ−) ∈ C̄dR

n−d+1(Sε̂),

and this chain satisfies (26).
We take κ̂2 : R2 → [0, 1] : (r1, r2) 7→ κ(r2) and

β̂2+ := [R2, idR2 , (τ1+, τ
1
−), (τ

2
+, τ

2
−), κ̂

2] ∈ ĈdR
0 ({0}).

Finally, we define a chain

δ̂ := (iρ,ε̂)∗ξ − ∂(β̂2+ × î2θ̄2) ∈ ĈdR
n−d(Sε̂).

This satisfies ∂δ̂ = 0 and the required four equations.

Lemma 4.14 is applied to prove the next proposition.

Proposition 4.15. k(ε̄,δ̄) ◦ k(ε̄′,δ̄′) = k
(ε̃,δ̃)

: H<a
∗ (ε′′, δ′′)→ H<a

∗ (ε, δ).

Proof. Let (ε̂, δ̂) be the pair of Lemma 4.14. From Lemma 4.8 and Lemma 4.11, we can define
isomorphisms

f1
(ε̂,δ̂),+

:= (jε̄,ε̂)
−1
∗ ◦ (e1ε̂,+)∗ : Ĥ<a

∗ (ε̂, δ̂)→ H̄<a
∗ (ε̃, δ̃),

f1
(ε̂,δ̂),− := (jε̄′,ε̂)

−1
∗ ◦ (e1ε̂,−)∗ : Ĥ<a

∗ (ε̂, δ̂)→ H̄<a
∗ (ε̄′, δ̄′),

f2
(ε̂,δ̂),+

:= (jε̄,ε̂)
−1
∗ ◦ (e2ε̂,+)∗ : Ĥ<a

∗ (ε̂, δ̂)→ H̄<a
∗ (ε̄, δ̄).

From the definitions of k(ε̄,δ̄), k(ε̄′,δ̄′) and k(ε̃,δ̃), it suffices to show that the following diagram
commutes:

H̄<a
∗ (ε̃, δ̃)

f
(ε̃,δ̃),−

ww

f
(ε̃,δ̃),+

&&

Ĥ<a
∗ (ε̂, δ̂)

f1
(ε̂,δ̂),+

OO

f1
(ε̂,δ̂),−

��

f2
(ε̂,δ̂),+

��

H<a
∗ (ε′′, δ′′) H<a

∗ (ε′, δ′) H<a
∗ (ε, δ)

H̄<a
∗ (ε̄′, δ̄′)

f(ε̄′,δ̄′),−

gg

f(ε̄′,δ̄′),+

77

H̄<a
∗ (ε̄, δ̄).

f(ε̄,δ̄),−

gg

f(ε̄,δ̄),+

88
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Note that all maps appearing in the diagram are isomorphisms. We need to prove the following
three equations: 

f
(ε̃,δ̃),+

◦ f1
(ε̂,δ̂),+

= f(ε̄,δ̄),+ ◦ f2(ε̂,δ̂),+,

f(ε̄,δ̄),− ◦ f2(ε̂,δ̂),+ = f(ε̄′,δ̄′),+ ◦ f1(ε̂,δ̂),−,

f
(ε̃,δ̃),− ◦ f

1
(ε̂,δ̂),+

= f(ε̄′,δ̄′),− ◦ f1(ε̂,δ̂),−.
(27)

Let us prove the first equation. Returning to the definition of f
(ε̃,δ̃),+

and f1
(ε̂,δ̂),+

,

f
(ε̃,δ̃),+

◦ f1
(ε̂,δ̂),+

= (jε,ε̃)
−1
∗ ◦ (eε̃,+)∗ ◦ (jε̃,ε̂)−1

∗ ◦ (e1ε̂,+)∗

= (jε,ε̂)
−1
∗ ◦ (eε̂,+ ◦ e1ε̂,+)∗

= (jε,ε̂)
−1
∗ ◦ (eε̂,+ ◦ e2ε̂,+)∗

= (jε,ε̄)
−1
∗ ◦ (eε̄,+)∗ ◦ (jε̄,ε̂)−1

∗ ◦ (e2ε̂,+)∗
= f(ε̄,δ̄),+ ◦ f2(ε̂,δ̂),+.

Here, the second and fourth equality follow from obvious equations

(jε̃,ε̂)∗ ◦ (eε̃,+)∗ = (eε̂,+)∗ ◦ (jε̃,ε̂)∗, (jε̄,ε̂)∗ ◦ (eε̄,+)∗ = (eε̂,+)∗ ◦ (jε̄,ε̂)∗.

The third equality follows from

eε̂,+ ◦ e1ε̂,+ = eε̂,+ ◦ e2ε̂,+,

which comes from the relation e+ ◦ e1+ = e+ ◦ e2+ of (20). The second equation of (27) can be
proved similarly by applying

eε̂,− ◦ e2ε̂,+ = eε̂,+ ◦ e1ε̂,−,

which comes from the relation e− ◦ e2+ = e+ ◦ e1− of (20). To prove the third equation of (27),
there is one issue: We need to apply

(eε̂,− ◦ e1ε̂,+)∗ = (eε̂,− ◦ e1ε̂,−)∗ : Ĥ<a
∗ (ε̂, δ̂)→ H<a

∗ (ε̂, (iε′′,ε̂)∗δ
′′),

which does not follow from (20) directly. To check this equation, we consider the following
diagram including H̄<a

∗ (ε̂, (iε′′,ε̂)∗(̄iδ
′′)):

Ĥ<a
∗ (ε̂, δ̂)

(e1ε̂,+)∗
//

(e1ε̂,−)∗

��

(e2ε̂,−)∗

))

H̄<a
∗ (ε̂, (iε̃,ε̂)∗δ̃)

(eε̂,−)∗

��

H̄<a
∗ (ε̂, (iε′′,ε̂)∗(̄iδ

′′))

(eε̂,−)∗ ))

(eε̂,+)∗

))

H̄<a
∗ (ε̂, (iε̄′,ε̂)∗δ̄

′)
(eε̂,−)∗ // H<a

∗ (ε̂, (iε′′,ε̂)∗δ
′′).

Then
eε̂,− ◦ e1ε̂,+ = eε̂,+ ◦ e2ε̂,−, eε̂,− ◦ e1ε̂,− = eε̂,− ◦ e2ε̂,−

follow directly from the relations e− ◦ e1+ = e+ ◦ e2− and e− ◦ e1− = e− ◦ e2− of (20). If we rewrite
(iε′′,ε̂)∗δ

′′ by δ#, the equation (25) shows that

(eε̂,+)∗ = (eε̂,−)∗ : H̄
<a
∗ (ε̂, īδ#)→ H<a

∗ (ε̂, δ#).

From the above diagram, we get (eε̂,−)∗ ◦ (e1ε̂,+)∗ = (eε̂,−)∗ ◦ (e1ε̂,−)∗. This finishes the proof.
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Corollary 4.16. For (ε, δ), (ε′, δ′) ∈ Ta with ε′ ≤ ε, the isomorphism

k(ε̄,δ̄) : H
<a
∗ (ε′, δ′)→ H<a

∗ (ε, δ)

does not depend on the choice of (ε̄, δ̄) ∈ T̄a satisfying (24).

Proof. Let (ε̄, δ̄) and (ε̃, δ̃) be two arbitrary choices from T̄a satisfying (24). We apply Proposi-
tion 4.15 to the case where (ε′′, δ′′) = (ε′, δ′) and (ε̄′, δ̄′) = (ε′, īδ′). By Lemma 4.13, k(ε′ ,̄iδ′) is
equal to the identity map on H<a

∗ (ε′, δ′), so we get an equation

k(ε̄,δ̄) ◦ idH<a
∗ (ε′,δ′) = k

(ε̃,δ̃)
.

From this result, we may rewrite k(ε̄,δ̄) : H
<a
∗ (ε′, δ′) → H<a

∗ (ε, δ) by k(ε′,δ′),(ε,δ). The equa-
tions of Lemma 4.13 and Proposition 4.15 can be rewritten as{

k(ε,δ),(ε,δ) = idH<a
∗ (ε,δ),

k(ε′,δ′),(ε,δ) ◦ k(ε′′,δ′′),(ε′,δ′) = k(ε′′,δ′′),(ε,δ).

Now, Ta becomes a directed set by the relation (ε′, δ′) ≤ (ε, δ) if and only if ε′ ≤ ε. Then we
obtain an inverse system (

{H<a
∗ (ε, δ)}(ε,δ)∈Ta , {k(ε′,δ′),(ε,δ)}ε′≤ε

)
and its inverse limit

H<a
∗ (Q,K) := lim←−

ε→0

H<a
∗ (ε, δ)

is defined.

4.3.3 Spectral sequence

Lastly, we extend the above discussions to spectral sequences. For (ε, δ), (ε′, δ′) ∈ Ta with ε′ ≤ ε,
we take (ε̄, δ̄) ∈ T̄a satisfying (24). Chain maps (jε,ε̄)∗, eε̄+ , eε̄,− and (jε′,ε̄)∗ induce a zig-zag of
morphisms of spectral sequences

E<a(ε′,δ′)

(jε′,ε̄)∗// E<a(ε̄,(iε′,ε̄)∗δ
′) Ē<a

(ε̄,δ̄)

(eε̄− )∗
oo (eε̄,+)∗// E<a(ε̄,(iε,ε̄)∗δ)

E<a(ε,δ).
(jε,ε̄)∗oo (28)

All of them are isomorphism. Let k(ε′,δ′),(ε,δ) : E
<a
(ε′,δ′) → E<a(ε,δ) denote the composition of these

maps. (The independence on (ε, δ) can be proved as Corollary 4.16.)

Proposition 4.17. There exists a spectral sequence E<a = ({(E<a)rp,q}, {(d<a)rp,q}) which
converges to H<a

∗ (Q,K) in the sense of [31, Bounded Convergence 5.2.5] such that

(E<a)1−m,q =

{
HdR
q−m(d−1)(Σ

a
m,Σ

0
m) if m ≥ 0,

0 if m < 0

Proof. On the first page, the middle two maps of (28) have the form

Hq+p(d−1)(Σ
a−pε̄
−p ,Σ0

−p) H̄q+p(d−1)(Σ
a−pε̄
−p ,Σ0

−p)
(e+)∗oo (e−)∗ // Hq+p(d−1)(Σ

a−pε̄
−p ,Σ0

−p).

Since (e−)∗ = (̄i)−1
∗ = (e+)∗, this composition is equal to the identity map. Therefore, k(ε′,δ′),(ε,δ)

is equal to (jε′,ε)∗ : Hq+p(d−1)(Σ
a−pε′
−p ,Σ0

−p)→ Hq+p(d−1)(Σ
a−pε
−p ,Σ0

−p) on the (p, q)-term (p ≤ 0)
of the first page.
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By {k(ε′,δ′),(ε,δ)}ε′≤ε, we define (E<a)rp,q := lim←−ε→0
(E<a(ε,δ))

r
p,q. Moreover,

(d<a)rp,q : (E
<a)rp,q → (E<a)rp−r,q+r−1

is defined to be the map induced by {(d<a(ε,δ))
r
p,q}(ε,δ)∈Ta . Then the (p, q)-term of the first page

is given by
(E<a)1p,q = lim←−

ε→0

Hq+p(d−1)(Σ
a−pε
−p ,Σ0

−p) = Hq+p(d−1)(Σ
a
−p,Σ

0
−p),

for p ≤ 0 and (E<a)1p.q = 0 for p > 0. Since {k(ε′,δ′),(ε,δ)}ε′≤ε consists of isomorphisms, it is clear
that E<a is a spectral sequence which converges to H<a

∗ (Q,K).

4.4 Definition of Hstring
∗ (Q,K)

In this section, we define Ia,b : H<a
∗ (Q,K)→ H<b

∗ (Q,K) for a, b ∈ R>0 \L(K) with a ≤ b to get
a direst system ({H<a

∗ (Q,K)}a∈R>0\L(K), {Ia,b}a≤b). After defining Hstring
∗ (Q,K) as its direct

limit, we will give a structure of a unital graded R-algebra.

4.4.1 The limit of a→∞

Let a, b be the above real numbers. For any (ε, δ) ∈ Ta ∩ Tb, we have considered in Section 4.1
a linear map

(Ia,bε )∗ : H
<a
∗ (ε, δ)→ H<b

∗ (ε, δ),

which is induced by the inclusion maps Ia,bε : Σa+mεm → Σb+mεm for all m ∈ Z≥0.

Lemma 4.18. Suppose that (ε̄, δ̄) ∈ T̄a ∩ T̄b satisfies (24) for (ε, δ), (ε′, δ) ∈ Ta ∩Tb with ε′ ≤ ε.
Then, the following diagram commutes:

H<a
∗ (ε, δ)

(Ia,bε )∗ // H<b
∗ (ε, δ)

H<a
∗ (ε′, δ′)

k(ε′,δ′),(ε,δ)

OO

(Ia,b
ε′ )∗
// H<b

∗ (ε′, δ′).

k(ε′,δ′),(ε,δ)

OO

Proof. Ia,bε̄ induces a linear map (Ia,bε̄ )∗ : H̄
<a
∗ (ε̄, δ̄)→ H̄<b

∗ (ε̄, δ̄). It suffices to show that

(Ia,bε )∗ ◦ f(ε̄,δ̄),+ = f(ε̄,δ̄),+ ◦ (I
a,b
ε̄ )∗ : H̄

<a
∗ (ε̄, δ̄)→ H<b

∗ (ε, δ),

(Ia,bε′ )∗ ◦ f(ε̄,δ̄),− = f(ε̄,δ̄),− ◦ (I
a,b
ε̄ )∗ : H̄

<a
∗ (ε̄, δ̄)→ H<b

∗ (ε′, δ′).

Let us check the first equation. Since jε,ε̄ ◦ Ia,bε = Ia,bε̄ ◦ jε,ε̄ : Σa+mεm → Σb+mε̄m ,

(Ia,bε )∗ ◦ f(ε̄,δ̄),+ = (Ia,bε )∗ ◦ (jε,ε̄)−1
∗ ◦ (eε̄,+)∗

= (jε,ε̄)
−1
∗ ◦ (I

a,b
ε̄ )∗ ◦ (eε̄,+)∗

= (jε,ε̄)
−1
∗ ◦ (eε̄,+)∗ ◦ (I

a,b
ε̄ )∗

= f(ε̄,δ̄),+ ◦ (I
a,b
ε̄ )∗.

The second equation can be proved by replacing ε and “+” in the above computation by ε′ and
“−”.

This lemma implies that, after taking the limits of (ε, δ) ∈ Ta ∩ Tb with ε → 0, we get a
linear map

Ia,b := lim←−
ε→0

(Ia,bε )∗ : H
<a
∗ (Q,K)→ H<b

∗ (Q,K).

40



Furthermore, for b ≥ a and (ε, δ), (ε′, δ′) ∈ Ta∩Tb with ε′ ≤ ε, k(ε′,δ′),(ε,δ) induces an isomorphism

from H
[a,b)
∗ (ε′, δ′) to H

[a,b)
∗ (ε, δ). Thus, we can also define

H
[a,b)
∗ (Q,K) := lim←−

ε→0

H
[a,b)
∗ (ε, δ).

Note that a long exact sequence

· · · // H<a
∗ (Q,K)

Ia,b // H<b
∗ (Q,K) // H

[a,b)
∗ (Q,K) // H<a

∗−1(Q,K)
Ia,b // · · · (29)

is induced by (23).
From the direct system ({H<a

∗ (Q,K))}a∈R>0\L(K), {Ia,b}a≤b), we finally define a graded R-
vector space

Hstring
∗ (Q,K) := lim−→

a→∞
H<a

∗ (Q,K).

4.4.2 Product structure

Let us see that Hstring
∗ (Q,K) has a structure of a unital associative graded R-algebra. For any

a, a′ ∈ R>0 ∪ {∞}, m,m′ ∈ Z≥0 and ε ∈ (0, ε0/5], there is a map

Π: Σa+mεm × Σa
′+m′ε
m′ → Σ

(a+a′)+(m+m′)ε
m+m′ : ((γk)k=1,...,m, (γ

′
l)l=1,...,m′) 7→ (γ1, . . . , γm, γ

′
1, . . . , γ

′
m′).

When m = 0 or m′ = 0, Π is identified with the identity map. We define a linear map

C<ap (ε)⊗ C<a′q (ε)→ C<a+a
′

p+q (ε) : x⊗ y 7→ x ⋆ y (30)

so that for x ∈ CdR
p−m(d−2)(Σ

a+mε
m ,Σ0

m) and y ∈ CdR
q−m′(d−2)(Σ

a′+m′ε
m′ ,Σ0

m′),

x ⋆ y = (−1)mqdΠ∗(x× y)

We note that the associative relation (x⋆y)⋆z = x⋆(y⋆z) holds. Suppose that a, a′, a+a′ /∈ L(K).
For any (ε, δ) ∈ Ta ∩ Ta′ ∩ Ta+a′ , the above map is compatible with the differential Dδ. Indeed,
for x ∈ CdR

p−m(d−2)(Σ
a+mε
m ,Σ0

m) and y ∈ CdR
q−m′(d−2)(Σ

a′+m′ε
m′ ,Σ0

m′),

(−1)mqdDδ(x ⋆ y) =∂(Π∗(x× y)) +
m+m′∑
k=1

(−1)p+q+1+kdfk,δ(Π∗(x× y))

=Π∗(∂x× y) +
m∑
k=1

(−1)p+q+1+kd+s0Π∗(fk,δ(x)× y)

+ (−1)p−m(d−2)Π∗(x× ∂y) +
m′∑
l=1

(−1)p+q+1+(l+m)dΠ∗(x× fl,δ(y))

=(−1)mqd(Dδ(x)) ⋆ y + (−1)p+mqdx ⋆ (Dδ(y)).

Here, s0 := (q −m′(d− 2))(d+ 1). This computation shows that

Dδ(x ⋆ y) = (Dδ(x)) ⋆ y + (−1)px ⋆ (Dδ(y))

holds for x ∈ C<ap (ε) and y ∈ C<a′q (ε). Therefore, (30) induces a linear map on homology

H<a
p (ε, δ)⊗H<a′

q (ε, δ)→ H<a+a′
p+q (ε, δ)

for every (ε, δ) ∈ Ta ∩ Ta′ ∩ Ta+a′ .
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Likewise, let us define x ⋆̄ y := (−1)mqdΠ∗(x×y) ∈ C̄<a+a
′

p+q (ε̄) for x ∈ C̄dR
p−m(d−2)(Σ

a+mε̄
m ,Σ0

m)

and y ∈ C̄dR
q−m′(d−2)(Σ

a′+m′ε̄
m′ ,Σ0

m′). Then, eε̄,+, eε̄,− intertwine the ⋆-operation and the ⋆̄-

operation. This shows that the ⋆-operation is compatible with {k(ε′,δ′),(ε,δ)}ε′≤ε. Therefore,
on the limit of ε→ 0, a linear map

H<a
p (Q,K)⊗H<a′

q (Q,K)→ H<a+a′
p+q (Q,K)

is induced. The commutativity with {Ia,b}a≤b naturally holds. As a result, we get an associative

product structure on Hstring
∗ (Q,K). The element 1 ∈ Hstring

0 (Q,K), which comes from 1 ∈ R =
CdR
0 (Σa0,Σ

0
0) ⊂ C<a0 (ε, δ), is the unit of this graded algebra.

4.4.3 Explicit choice of (ε, δ)

Lastly, let us introduce a condition on (ε, δ) ∈ Ta so that δ can be written explicitly. The concrete
computations in Section 5 and 6 become easier by choosing (ε, δ) satisfying this condition.

Suppose that there exists a fixed trivialization Rd×K → (TK)⊥ of the normal bundle of K
which preserves orientations and fiber metrics. For every ε ≤ ε0, let us write Oε := {w ∈ Rd |
|w| < ε/2}. Composing with the exponential map (3), we obtain a diffeomorphism

h : Oε ×K → Nε,

which preserves orientations. In this case, we say (ε, δ) ∈ Ta is standard with respect to h, if
δ ∈ CdR

n−d(Sε) has the form

δ = [Nε, ψε, h∗(νε × 1)] (31)

satisfying:

• ψε : Nε → Sε : v → (σvj )j=1,2 is defined by

σv1 : [0, ε/2]→ Nε : t 7→ h

(
ε− 2t

ε
w, x

)
, σv2 : [0, ε/2]→ Nε : t 7→ h

(
2t

ε
w, x

)
,

for v = h(w, x) ∈ Nε.

• h∗(νε × 1) ∈ Ωn−dc (Nε) for some νε ∈ Ωdc(Oε) with
∫
Oε
νε = 1.

Suppose that (ε̄, δ̄) ∈ T̄a satisfies (24) for (ε, δ), (ε′, δ′) ∈ Ta (ε′ ≤ ε) which are given as
above. Then, we say (ε̄, δ̄) is standard with respect to h, if ε̄ = ε and δ̄ ∈ C̄dR

n−d(Sε) has the form

δ̄ = (−1)n[R×Nε, ψ̄ε′,ε, (idR≥1×Nε , idR≤−1×Nε), η̄ε′,ε] (32)

such that for some C∞ function κ : R→ [0, 1] with κ(r) =

{
0 if r ≤ −1,
1 if r ≥ 1,

the following hold:

• ψ̄ε′,ε(r, v) = (r, (σ
(r,v)
j )j=1,2) ∈ R× Sε is defined by

σ
(r,v)
1 : [0, εr/2]→ Nε : t 7→ h

(
εr − 2t

εr
w, x

)
, σ

(r,v)
2 : [0, εr/2]→ Nε : t 7→ h

(
2t

εr
w, x

)
for r ∈ R, v = h(w, x) ∈ Nε and εr := κ(r)ε+ (1− κ(r))ε′.

• (idR×h)∗η̄ε′,ε = κ× (νε × 1) + (1− κ)× (νε′ × 1) + (dκ)× (θ × 1) for some θ ∈ Ωd−1
c (Oε)

satisfying dθ = νε − νε′ .

In summary, in order to compute Hstring
∗ (Q,K) when a trivialization h is given, we only need

to deal with (ε, δ) ∈ Ta and (ε, δ̄) ∈ T̄a which are standard with respect to h.
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4.5 Invariance

In this section, we prove the invariance ofHstring
∗ (Q,K) up to isomorphism by changing auxiliary

data. More precisely, we consider the dependence of the construction on the following data (See
Section 3.1):

1. a complete Riemannian metric g on Q.

2. a constant C0 ≥ 1 which bounds the speed of all γ ∈ ΩK(Q).

3. a real number ε0 > 0 which is the diameter (in the direction of fibers) of a tubular
neighborhood Nε0 of K.

4. a C∞ function µ : [0, 32 ]→ [0, 1] which is used to define conk.

Notation. Let X be an arbitrary notation which we have defined in the former sections. As
a rule in this section, if its definition depends on some auxiliary data S, we rewrite X by XS

when discussing the dependence on S.

Independence on µ. We choose a C∞ family µ̄ := (µr)r∈R such that each µr satisfy the

same condition as µ, and µr =

{
µ−1 if r ≤ −1,
µ1 if r ≥ 1.

Then, a map conk,µr is defined for each r ∈ R.

For (ε̄, δ̄) ∈ Ta, let us define f̄k,δ̄,µ̄ : C̄
dR
∗ (Σa+mε̄m ) → C̄dR

∗ (Σ
a+(m+1)ε̄
m+1 ) by replacing conk in the

definition of Φk of (21) by conk,µr(u) . We also replace f̄k,δ̄ in the definition of D̄δ̄ by f̄k,δ̄,µ̄ to
define a linear map

D̄δ̄,µ̄ : C̄
<a
∗ (ε̄)→ C̄<a∗−1(ε̄).

This satisfies D̄δ̄,µ̄ ◦ D̄δ̄,µ̄ = 0, so we get a chain complex (C̄<a∗ (ε̄), D̄δ̄,µ̄). Let H̄
<a
∗ (ε, δ̄, µ̄) denote

its homology group.
We rewrite eε,+, eε,− : C̄<a∗ (ε)→ C<a∗ (ε) by eε,µ̄,+, eε,µ̄,− respectively. They induce

(eε,µ̄,+)∗ : H̄
<a
∗ (ε, δ̄, µ̄)→ H<a

∗ (ε, e+δ)µ1 ,

(eε,µ̄,−)∗ : H̄
<a
∗ (ε, δ̄, µ̄)→ H<a

∗ (ε, e−δ)µ−1 .

We can prove as Lemma 4.7 that they are isomorphisms. When (ε̄, δ̄) ∈ T̄[a,b) satisfies (24), we
define an isomorphism k(ε̄,δ̄,µ̄) : H

<a
∗ (ε′, δ′)µ−1 → H<a

∗ (ε, δ)µ1 by

k(ε̄,δ̄,µ̄) := ((jε,ε̄)
−1
∗ ◦ (eε̄,µ̄,+)∗) ◦ ((jε′,ε̄)−1

∗ ◦ (eε̄,µ̄,−)∗)−1.

It is proved as Proposition 4.15 that the two triangles in the following diagram commute:

H<a
∗ (ε, δ)µ−1

k(ε,̄iδ,µ̄) // H<a
∗ (ε, δ)µ1

H<a
∗ (ε′, δ′)µ−1

k(ε′ ,̄iδ′,µ̄) //

k(ε′,δ′),(ε,δ)

OO
k(ε̄,δ̄,µ̄)

55

H<a
∗ (ε′, δ′)µ1 .

k(ε′,δ′),(ε,δ)

OO

Therefore, {k(ε,̄iδ,µ̄)}(ε,δ)∈Ta induces an isomorphism on the limits of ε→ 0

kaµ̄ : H
<a
∗ (Q,K)µ−1 → H<a

∗ (Q,K)µ1 .

It is easy to see as Lemma 4.18 that {kaµ̄}a∈R>0\L(K) commute with {Ia,b}a≤b, so we get an

isomorphism from Hstring
∗ (Q,K)µ−1 to Hstring

∗ (Q,K)µ1 . It is also possible to prove as Corollary
4.16 that this isomorphism does not depend on the choice of µ̄.

Independence on ε0. For ε
′
0 ≤ ε0, we consider the inclusion maps jε′0,ε0 : Σ

a+mε
m,ε′0

→ Σa+mεm,ε0

for all m ∈ Z≥0. They induce a chain map (jε′0,ε0)∗ from (C<a∗ (ε)ε′0 , Dδ) to (C<a∗ (ε)ε0 , Dδ) for
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every a ∈ R>0 \ L(K) and (ε, δ) ∈ Ta,ε′0(⊂ Ta,ε0). This preserves filtrations {F<aε,p,ε0}p∈Z and

{F<a
ε,p,ε′0
}p∈Z, so it induces an morphism of the spectral sequences. On the (−m, q)-term (m ≥ 0)

of the first page, it is equal to the map

(jε′0,ε0)∗ : H
dR
q−m(d−1)(Σ

a+mε
m,ε′0

,Σ0
m,ε′0

)→ HdR
q−m(d−1)(Σ

a+mε
m,ε0 ,Σ

0
m,ε0),

which is an isomorphism by Lemma 3.11. Therefore, by Lemma 4.2, (jε′0,ε0)∗ : H
<a
∗ (ε, δ)ε′0 →

H<a
∗ (ε, δ)ε0 is also an isomorphism.
We can prove its commutativity with {k(ε′,δ′),(ε,δ)}ε′≤ε as Lemma 4.18, so we get an isomor-

phism on the limit of ε→ 0

Jaε′0,ε0
: H<a

∗ (Q,K)ε′0 → H<a
∗ (Q,K)ε0 .

It holds naturally that {Jaε′0,ε0}a∈R>0\L(K) commutes with {Ia,b}a≤b. Therefore, on the limit of

a→∞, we get an isomorphism from Hstring
∗ (Q,K)ε′0 to Hstring

∗ (Q,K)ε0 .
Independence on C0. For C

′
0 ≥ C0 ≥ 1, we consider the inclusion maps jC0,C′

0
: Σam,C0

→
Σam,C′

0
for all m ∈ Z≥0. Parallel to the proof of the independence on ε0, we apply Lemma 3.11

to show that an isomorphism

JaC0,C′
0
: H<a

∗ (Q,K)C0 → H<a
∗ (Q,K)C′

0

is induced. It hold naturally that {JaC0,C′
0
}a∈R>0\L(K) commutes with {Ia,b}a≤b. Therefore, on

the limit of a→∞, we get an isomorphism from Hstring
∗ (Q,K)C0 to Hstring

∗ (Q,K)C′
0
.

Independence on g. First, let us introduce an graded algebra H́string
∗ (Q,K)g which is

isomorphic to Hstring
∗ (Q,K)(g,C0,ε0), but whose definition does not depend on ε0 and C0. For

every a ∈ R>0 \ L(K)g, we define the limit of ε0 → 0 and C0 →∞

H́<a
∗ (Q,K)g := lim−→

C0→∞
lim←−
ε0→0

H<a
∗ (Q,K)(g,C0,ε0)

by {Jaε′0,ε0}ε′0≤ε0 and {JaC0,C′
0
}C0≤C′

0
defined above. Then, {Ia,b}a≤b induces a family of maps

{Ía,bg : H́<a
∗ (Q,K)g → H́<b

∗ (Q,K)g}a≤b,

and we can take the limit of a→∞ to define H́string
∗ (Q,K)g := lim−→a→∞ H́<a

∗ (Q,K)g.
Suppose that g and g′ are complete Riemannian metrics on Q. For a > 0, there exists a

compact subset Za which contains the images of all γ ∈
⋃
C0≥1ΩK(Q)(g,C0) with lengthgγ < a

and the images of all γ ∈
⋃
C0≥1ΩK(Q)(g′,C0) with lengthg′γ < a. For any a ∈ R>0 \ (L(K)g ∪

L(K)g′), there exists a constant ca ≥ 1 such that | · |g′ ≤ ca| · |g and | · |g ≤ ca| · |g′ on Za. We
may additionally assume that aca /∈ L(K)g ∪ L(K)g′ .

Let a ∈ R>0 \ (L(K)g ∪ L(K)g′). For any C0 ≥ 1 and ε0 > 0, we have the inclusion map

j(C0,ε0) : Σ
a
m,(g,C0,ε0)

→ Σacam,(g′,C0ca,ε0ca)
.

In addition, let Saε,g be a subspace of Sε,g which consists of (σi)i=1,2 satisfying |(σi)′(t)|g ≤ c−1
a

for i = 1, 2. If ε is sufficiently small, we have the inclusion map

iε : S
a
ε,g → Sεca,g′ .

These maps induces a linear map on the homology groups

(j(C0,ε0))∗ : H
<a
∗ (ε, δ)(g,C0,ε0) → H<aca

∗ (εca, (iε)∗δ)(g′,C0ca,ε0ca)
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for (ε, δ) ∈ Ta,(g,C0,ε0) such that δ ∈ CdR
n−d(S

a
ε,g). Its commutativity with {k(ε′,δ′),(ε,δ)}ε′≤ε can be

proved as Lemma 4.18. Let us write the induced map on the limits of ε→ 0 by

Ja(C0,ε0)
: H<a

∗ (Q,K)(g,C0,ε0) → H<aca
∗ (Q,K)(g′,C0ca,ε0ca).

Moreover, it holds naturally that the maps of {Ja(C,ε0)}C0≥1,ε0>0 commute with the maps of

{Jaε′0,ε0}ε′0≤ε0 and {JaC0,C′
0
}C0≤C′

0
, so we get a map on the limit of ε0 → 0 and C0 →∞

Ja := lim−→
C0→∞

lim←−
ε0→0

Ja(C0,ε0)
: H́<a

∗ (Q,K)g → H́<caa
∗ (Q,K)g′ .

Lastly, {Ja}a∈R>0\(L(K)g∪L(K)g′ )
is compatible with {Ía,bg }a≤b, so it induces a map on the limit

of a→∞
J : H́string

∗ (Q,K)g → H́string
∗ (Q,K)g′ .

If we exchange g and g′, we can also define (J′)a : H́<a
∗ (Q,K)g′ → H́<aca

∗ (Q,K)g for a ∈
R>0 \ (L(K)g ∪ L(K)g′). For b := aca, we have

(J′)b ◦ Ja = Ía,bcbg , Jb ◦ (J′)a = Ía,bcbg′ .

Therefore, lim−→a→∞(J′)a is the inverse map of J. This proves the independence on g.
We finish the proof of the independence on auxiliary data.
Finally, let us prove the invariance by changing the orientation of K. Suppose that K =

⊔α∈AKα for connected components {Kα}α∈A. Then, Nε = ⊔α∈ANε,α and Sε = ⊔α∈ASε,α,
where Nε,α is a tubular neighborhood of Kα and Sε,α consists of pairs of paths in Nε,α. In
addition, for every α1, . . . , α2m ∈ A, let Σam,(α1,...,α2m) be the subspace of Σam consisting of

(γk : [0, Tk] → Q)k=1,...,m such that γk(0) ∈ Kα2k−1
and γk(Tk) ∈ Kα2k

for k = 1, . . . ,m. Then
CdR
n−d(Sε) =

⊕
α∈AC

dR
n−d(Sε,α) and C

dR
∗ (Σam) =

⊕
α1,...,α2m∈AC

dR
∗ (Σam,(α1,...,α2m)).

For any subset B ⊂ A, let KB be an oriented submanifold obtained from K by reversing
the orientations of {Kα}α∈B. For every δ =

∑
α∈A δα ∈ CdR

n−d(Sε) (δα is a chain in Sε,α), let us
write δB :=

∑
α∈A\B δα −

∑
α∈B δα. By using a notation

s(α1, . . . , α2m) := #{k ∈ {1, . . . ,m} | α2k ∈ B},

we define a linear map F aε : C
<a
∗ (ε) → C<a∗ (ε) so that F aε (x) = (−1)s(α1,...,α2m)x for every

x ∈ CdR
∗−m(d−2)(Σ

a
m,(α1,...,α2m),Σ

0
m,(α1,...,α2m)) (m ≥ 1), and F aε (x) = x for x ∈ CdR

∗ (Σa0,Σ
0
0). For

every (ε, δ) ∈ Ta, (ε, δB) satisfies the conditions of Definition 4.4 for (Q,KB), and F
a
ε is a chain

map from (C<a∗ (ε), Dδ) to (C<a∗ (ε), DδB ). Moreover, F aε is compatible with the ⋆-operation. By
taking the limit of ε→ 0 and a→∞, we obtain an isomorphism of graded R-algebras

F : Hstring
∗ (Q,K)→ Hstring

∗ (Q,KB).

Remark 4.19. Similarly, one can prove the invariance of Hstring
∗ (Q,K) by changing the orien-

tation of Q.

Proposition 4.20. Hstring
∗ (Q,K) is invariant by a C∞ isotopy of K.

Proof. For two oriented compact submanifold K0,K1 of Q, suppose that there exists a C∞

family of embedding maps {ft : K0 → Q}t∈[0,1] such that f0 is the inclusion map of K0 and
f1(K0) = K1. Then, this isotopy can be extended to an ambient isotopy {Ft}t∈[0,1] such that
F0 = idQ and F1(K0) = K1. Since F1 is an isometry form (Q, (F1)

∗g) to (Q, g), it naturally
induces an isomorphism

Hstring
∗ (Q,K0)(F1)∗g → Hstring

∗ (Q,K1)g.

The assertion follows from the independence on the Riemannian metric on Q.
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5 Examples

In this section we determine the algebraic structure of Hstring
∗ (Q,K) for two examples when

Q = R2d−1 (d ≥ 2). These examples are higher dimensional generalizations of the Hopf link
and the unlink in R3.

The manifoldQ = R2d−1 has the standard orientation. Let us use the coordinate (z0, z1, z2) ∈
Rd−1 × R× Rd−1 = R2d−1. The unit sphere Sd−1 ⊂ Rd is oriented as the boundary of the unit
ball. We consider three ways of embedding of unit sphere Sd−1 ⊂ Rd into R2d−1:

Sd−1 ⊂ Rd = Rd−1 × R→ R2d−1 : (z0, z1) 7→ (z0, z1, 0),

Sd−1 ⊂ Rd = R× Rd−1 → R2d−1 : (z1, z2) 7→ (0, z1 + 1, z2),

Sd−1 ⊂ Rd = Rd−1 × R→ R2d−1 : (z0, z1) 7→ (z0, z1, z
∗
2),

for a fixed vector z∗2 ∈ Rd−1 \ {0}. Their images are written by K0,K1,K2 in order. These
submanifolds are oriented so that the diffeomorphisms Sd−1 → Ki from the above maps change
the sign of orientation by (−1)d−1.

As a notation, given a set S and a map S → Z : s 7→ |s|, let A∗(S) denote the unital
non-commutative graded R-algebra freely generated by S such that s ∈ A|s|(S) for every s ∈ S.

5.1 Computation of Hstring
∗ (R2d−1, K0 ∪K1)

Let us define AHopf
∗ := A∗(C ∪ D ∪ E) by the following three sets:

C := {c0i,j}i ̸=j ∪ {c1i,i}i ∪ {c1i,j , c̄1i,j}i ̸=j ∪ {c2i,j}i,j ,
D := {d1i,i}i ∪ {d2i,j}i,j ,
E := {e1i,i}i ∪ {e2i,j}i,j ,

where i and j run over {0, 1}. The degree of each element is given by

|c0i,j | = d− 2, |c1i,i| = |c1i,j | = |c̄1i,j | = 2d− 3 for i ̸= j,

|c1i,i| = 2d− 3, |c2i,j | = 3d− 4,

|d1i,i| = 2d− 3, |d2i,j | = 3d− 4,

|e1i,i| = 2d− 4, |e2i,j | = 3d− 5.

We define a graded derivation ∂ : AHopf
∗ → AHopf

∗−1 so that

∂c0i,j = 0, ∂c1i,i = ∂c1i,j = ∂c̄1i,j = 0, ∂c2i,j = 0,

∂d1i,i = e1i,i, ∂d
2
i,j = e2i,j ,

∂e1i,i = 0, ∂e2i,j = 0,

and they are extended by the Leibniz rule. We also define anther graded derivation F : AHopf
∗ →

AHopf
∗−1 so that

Fc0i,j = Fc1i,j = F c̄1i,j = 0 for i ̸= j,

Fc10,0 = (−1)de10,0 + (−1)dc00,1c01,0, F c11,1 = (−1)de11,1 + c01,0c
0
0,1,

F c20,0 = −e20,0 − (c̄10,1c
0
1,0 + (−1)dc10,1c01,0), F c21,1 = −e21,1 − ((−1)dc̄11,0c00,1 + c11,0c

0
0,1),

F c20,1 = −e20,1, F c21,0 = −e21,0,
Fd1i,i = 0, Fd2i,j = 0,

F e1i,i = 0, F e2i,j = 0,
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and they are extended by the Leibniz rule. It is easy to see that ∂ ◦ ∂ = 0, ∂ ◦ F + F ◦ ∂ = 0
and F ◦ F = 0 hold. Therefore, we obtain a differential graded R-algebra (AHopf

∗ , ∂ + F ). Note

that the differential graded R-algebra (AHopf
∗ , ∂) is obtained from (A∗(C), 0) by stabilizations

(See [18, Definition 3.9]). Thus,

(A∗(C), 0) i // (AHopf
∗ , ∂) (A∗(C), 0),τoo (33)

where i is the inclusion map and τ is the projection map, are quasi-isomorphisms. For the
proof, see [18, Corollary 3.11].

The goal of this section is to prove the next theorem.

Theorem 5.1. There exists an isomorphism of graded R-algebras

H∗(AHopf
∗ , ∂ + F ) ∼= Hstring

∗ (R2d−1,K0 ∪K1).

To compute Hstring
∗ (Q,K0 ∪K1), we fix auxiliary data so that g is the standard Rimmanian

metric on R2d−1. The constant C0 is required to be C0 > 3. The other data, ε0 and µ, are not
specified. The proof is divided into three steps.

Step 1. We first observe de Rham chains in CdR
∗ (Σam,Σ

0
m). We define a map

φ : (K0 ∪K1)
2 → ΩK0∪K1(R2d−1)

so that each (p, p′) ∈ (K0 ∪K1)
2 is mapped to a path of a segment

φ(p, p′) : [0, 1]→ R2d−1 : t 7→ (1− t)p+ tp′.

We fix two points p0 := (0, 1, 0) ∈ K0 and p1 := (0, 0, 0) ∈ K1. Then, we define de Rham chains

x0i,j := [{(pi, pj)}, φ|{(pi,pj)} , 1] ∈ C
dR
0 (Σa1,Σ

0
1) (i ̸= j),

x1i,i := [{pi} ×Ki, φ|{pi}×Ki
, 1] ∈ CdR

d−1(Σ
a
1,Σ

0
1),

x1i,j := [{pi} ×Kj , φ|{pi}×Kj
, 1] ∈ CdR

d−1(Σ
a
1,Σ

0
1) (i ̸= j),

x̄1i,j := [Ki × {pj}, φ|Ki×{pj} , 1] ∈ C
dR
d−1(Σ

a
1,Σ

0
1) (i ̸= j),

x2i,j := [Ki ×Kj , φ|Ki×Kj
, 1] ∈ CdR

2d−2(Σ
a
1,Σ

0
1).

(34)

Here, a > 3 and i, j runs over {0, 1}. Obviously, they are cycle chains for ∂. We write the set
of these chains by

X := {x0i,j}i ̸=j ∪ {x1i,i}i ∪ {x1i,j , x̄1i,j}i ̸=j ∪ {x2i,j}i,j .
If we define a function l : X → R>0 by

l(x0i,j) = l(x1i,j) = l(x̄1i,j) = 1 for i ̸= j,

l(x1i,i) = l(x2i,i) = 2,

l(x2i,j) = 3 for i ̸= j,

then, each x ∈ X satisfies x ∈ CdR
∗ (Σ

l(x)+ε
1 ,Σ0

1) for any ε > 0.
For every a ∈ R>0 and m ∈ Z≥1, let us consider a manifold

Ba
m := {(q01, q11, . . . , q0m, q1m) ∈ (K0 ∪K1)

2m |
m∑
k=1

|q0k − q1k| < a or min
1≤k≤m

|q0k − q1k| < ε0}.

This is homotopy equivalent to Σam by two smooth maps

πm : Σam → Ba
m : (γk : [0, Tk]→ R2d−1)k=1,...,m → (γ1(0), γ1(T1), . . . , γm(0), γm(Tm)),

im : Ba
m → Σam : (q01, q

1
1, . . . , q

0
m, q

1
m) 7→ (φ(q0k, q

1
k))k=1,...,m,

for which πm ◦ im = idBa
m

holds and im ◦ πm is homotopic to idΣa
m

(c.f. Lemma 3.2).
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Notation. In this section, if N is a submanifold of a manifold M , then the inclusion map
N →M is denoted by ιN .

Lemma 5.2. Let M be an oriented manifold and N be its open submanifold. Suppose that there
exists an approximately smooth function f : M → R such that N = f−1((−∞, 0)). In addition,
we assume that Hsing

∗ (M,N) has a finite dimension. Then there exists an isomorphism between
Hsing

∗ (M,N) and HdR
∗ (M,N) such that for every closed oriented k-dimensional submanifold K

of M , the fundamental class [K] ∈ Hsing
k (M,N) corresponds to (−1)s(k)[K, ιK , 1] ∈ HdR

k (M,N),
where s(k) := (k − dimM)(k − dimM − 1)/2.

Proof. We consider the correspondence through the following isomorphisms:

Hsing
∗ (M,N) ∼= HdimM−∗

c,dR (M,N) ∼= HdR
∗ (M reg, N reg)→ HdR

∗ (M,N).

The first isomorphism is defined by the Poincaré duality. The second isomorphism was given
in Example 2.6. The last isomorphism is induced by idM : M reg → M [23, Proposition 5.2].
Let us identify the tubular neighborhood NK of K with the normal bundle of K. Then,
[K] ∈ Hsing

k (M,N) corresponds to [η] ∈ HdimM−k
c,dR (M,N), where η ∈ ΩdimM−k

c (M) has its
support in NK and represents the Thom class of the normal bundle. Recalling Example 2.6, we
can see that this cohomology class corresponds to (−1)s(k)[M, idM , η] = (−1)s(k)[NK , idNK

, η] ∈
HdR
k (M reg, N reg). Let πNK

: NK → K be the bundle projection. Then, as a de Rham chain in
CdR
k (M,N), [NK , ιNK

, η] is homologous to [NK , ιK ◦ πNK
, η] since ιNK

: NK →M is homotopic
to ιK ◦ πNK

: NK → K ⊂M . Now the assertion follows since

[NK , ιK ◦ πNK
, η] = [K, ιK , (πNK

)!η] = [K, ιK , 1] ∈ HdR
k (M,N).

Let us see that a basis ofHdR
∗ (Σam,Σ

0
m) is given by X and the ⋆-operation. First, suppose that

m = 1 and a > 3. Then Ba
1 = K×K. Through the isomorphism HdR

∗ (Ba
1 , B

0
1)
∼= Hsing

∗ (Ba
1 , B

0
1)

of Lemma 5.2, {(π1)∗[x] | x ∈ X} corresponds to the set of singular homology classes

{[{(pi, pj)}]}i ̸=j ∪ {[{pi} ×Ki]}i ∪ {[{pi} ×Kj ]}i ̸=j ∪ {[Ki × {pj}]}i ̸=j ∪ {[Ki ×Kj ]}i,j ,

which is a basis of Hsing
∗ (K × K,B0

1). Therefore, {[x] | x ∈ X} is a basis of HdR
∗ (Σa1,Σ

0
1) for

a > 3.

For a ∈ (0, 3], we consider the deformation along the negative gradient vector field of a C∞

function Ei,j : (Ki∪Kj)
2 → R : (p, p′)→ |p−p′|2. If i = j, then maxEi,j = 4, minEi,j = 0, and

the subset {(p, p′) ∈ Ki ×Ki | |p− p′| < a} for a ≤ 2 has E−1
i,i (0) = {(p, p′) ∈ Ki ×Ki | p = p′}

(the diagonal) as a deformation retract. If i ̸= j, then maxEi,j = 9, minEi,j = 1, and the subset
{(p, p′) ∈ Ki ×Kj | |p− p′| < a} for a ≤ 3 has E−1

i,j (0) = (Ki × {pj}) ∪ ({pi} ×Kj) (a bouquet)
as a deformation retract. From these observations, we can see that {[x] | x ∈ X , l(x) < a} is a
basis of HdR

∗ (Σa1,Σ
0
1). In general, for any m ∈ Z≥1 and a ∈ R>0,

{[x1 ⋆ · · · ⋆ xm] | x1, . . . , xm ∈ X , l(x1) + · · ·+ l(xm) < a} (35)

is a basis of HdR
∗ (Σam,Σ

0
m).

We fix a trivialization h : Oε0 × (K0 ∪ K1) → Nε0 so that h(w, p0) = p0 + (0, w) and
h(w, p1) = p1+(−w, 0) for every w ∈ Oε0 ⊂ Rd. (The orientations of K0,K1 are chosen so that
this map preserves orientations.)

Suppose that a ∈ R>0 \L(K0∪K1) (= R>0 \Z≥1). In the following series of three lemmata,
we will observe the chains f1,δ(x) for each x ∈ X . Hereafter, we assume that (ε, δ) ∈ Ta is
standard with respect to h (See Subsection 4.4.3).
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z0

z1

z2
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h(w, p1)

p′(w,p)K0

K1

Figure. 3: The red path is φ(p, p′(w,p)). The gray region is the tubular neighborhood Nε of
K0 ∪K1.

Lemma 5.3. For i ̸= j, we have equations

f1,δ(x
0
i,j) = 0, f1,δ(x

1
i,j) = f1,δ(x̄

1
i,j) = 0.

Proof. For (p, p′) ∈ Ki × Kj (i ̸= j) such that either p = pi or p
′ = pj , φ(p, p

′) satisfies the
condition (iii) of Lemma 3.12 for m = k = 1. The equations follow from Lemma 3.12.

Lemma 5.4. For i ∈ {0, 1}, there exist y1i,i ∈ CdR
1 (Σ2+2ε

2 ,Σ0
2) and y2i,i ∈ CdR

d (Σ2+2ε
2 ,Σ0

2) such
that

∂y10,0 = f1,δ(x
1
0,0)− x00,1 ⋆ x01,0,

∂y11,1 = f1,δ(x
1
1,1)− (−1)dx01,0 ⋆ x00,1,

∂y20,0 = f1,δ(x
2
0,0)− (x̄10,1 ⋆ x

0
1,0 + (−1)dx10,1 ⋆ x01,0),

∂y21,1 = f1,δ(x
2
1,1)− ((−1)dx̄11,0 ⋆ x00,1 + x11,0 ⋆ x

0
0,1),

(36)

and

(f1,δ + (−1)df2,δ)(y1i,i) = 0, (f1,δ + (−1)df2,δ)(y2i,i) = 0. (37)

Proof. We only show the existence of y20,0 and y10,0. Replacing (K0, p0) by (K1, p1), y
2
1,1 and y11,1

are constructed in a parallel way, except the difference of signs.
Since (ε, δ) is standard, δ has the form (31). Using the notations of (13), we can write

f1,δ(x
2
0,0) = [W1,Φ1, ζ1], where

W1 = {((p, p′), τ, v) ∈ (K0 ×K0)× R×Nε | 2ε < τ < 1− 2ε, (1− τ)p+ τp′ = v},
Φ1 : W1 → Σ2+2ε

2 : ((p, p′), τ, v) 7→ con1(φ(p, p
′), (1, τ), ψε(v)),

ζ1 ∈ Ωdc(W1) : (ζ1)((p,p′),τ,v) = ρε(1, τ) · (h∗(νε × 1))v.

Nε is the disjoint union of h(Oε × K0) and h(Oε × K1). Corresponding to this division, we
define W ′

i := {((p, p′), τ, v) ∈W1 | v ∈ h(Oε ×Ki)} for i = 0, 1. If ((p, p′), τ, v) ∈W ′
0, τ satisfies

the condition (ii) of Lemma 3.12, so [W ′
0,Φ1, ζ1] = 0 ∈ CdR

d−1(Σ
2+2ε
2 ,Σ0

2). For ((p, p
′), τ, v) ∈W ′

1,
ρε(1, τ) = 1 holds. Moreover, there is an diffeomorphism

I : Oε ×K0 →W ′
1 : (w, p) 7→ ((p, p′(w,p)), |p− h(w, p1)|, h(w, p1)).

Here p′(w,p) ∈ K0 \ {p} is determined by h(w, p1) ∈ Im(φ(p, p′(w,p))), as described in Figure 3.
The diffeomorphism I preserves orientations and I∗ζ1 = νε × 1 holds.

Likewise, we consider an explicit description of f1,δ(x
1
0,0). Then, we have

f1,δ(x
2
0,0) = [Oε ×K0,Φ1 ◦ I, νε × 1] ∈ CdR

d−1(Σ
2+2ε
2 ,Σ0

2),

f1,δ(x
1
0,0) = [Oε × {p0}, Φ1 ◦ I|Oε×{p0} , νε × 1] ∈ CdR

0 (Σ2+2ε
2 ,Σ0

2).
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Let us define Φ̃1 : R× (Oε ×K0)→ Σ2+2ε
2 as follows: Choose a C∞ function κ : R→ [0, 1] such

that κ(s) =

{
0 if s ≤ 1

2 ,

1 if s ≥ 1.
For s ≥ 1

2 , we define Φ̃1(s, (w, p)) := Φ1 ◦ I(κ(s) · w, p). Then the

first path (resp. the second path) of Φ̃1(
1
2 , (w, p)) is equal to φ(p, p1) (resp. φ(p1,−p)) up to an

reparameterization, so we define Φ̃(s, (w, p)) for s ≤ 1
2 by interpolating the parameterizations

so that Φ̃(s, (w, p)) = (φ(p, p1), φ(p1,−p)) for s ≤ 0. Now we define

ỹ20,0 := (−1)d[R× (Oε ×K0), Φ̃1, χ× (νε × 1)] ∈ CdR
d (Σ2+2ε

2 ,Σ0
2),

ỹ20,0 := (−1)d[R× (Oε × {p0}), Φ̃1

∣∣∣
R×(Oε×{p0})

, χ× (νε × 1)] ∈ CdR
1 (Σ2+2ε

2 ,Σ0
2),

where χ : R→ [0, 1] is a C∞ function with a compact support such that χ ≡ 1 on [0, 1].
From the constructions of ỹ20,0 and ỹ10,0, we can compute their boundary chains as follows:

Let us introduce two maps φ0 : K0 → K0×K0 : p 7→ (p,−p) and ĩ2 : K0×K0 → Σ2+2ε
2 : (p, p′) 7→

(φ(p, p1), φ(p1, p
′)). Then, we have

∂ỹ20,0 = f1,δ(x
2
0,0)− (̃i2)∗[Oε ×K0, φ0 ◦ prK0

, νε]

= f1,δ(x
2
0,0)− (̃i2)∗[φ0(K0), ιφ0(K0), 1],

∂ỹ10,0 = f1,δ(x
1
0,0)− (̃i2)∗[Oε × {p0}, φ0 ◦ pr{p0}, νε × 1]

= f1,δ(x
1
0,0)− (̃i2)∗[{φ0(p0)}, ι{φ0(p0)}, 1].

Here we used the condition that
∫
Oε
νε = 1. Moreover, we can check from the definition that

Φ̃1(s, (w, p)) satisfies the condition (iii) of Lemma 3.12 for m = 2 and k = 1, 2. Therefore,
fk,δ(ỹ

2
0,0) = 0 and fk,δ(ỹ

1
0,0) = 0 hold for k = 1, 2.

As homology classes in Hsing
∗ (K0 ×K0),

[φ0(K0)] = [K0 × {p0}] + (−1)d[{p0} ×K0] ∈ Hsing
d−1(K0 ×K0),

[{φ0(p0)}] = [{(p0, p0)}] ∈ Hsing
0 (K0 ×K0).

Therefore, by Lemma 5.2, there exist z20,0 ∈ CdR
d (K0 ×K0) and z

1
0,0 ∈ CdR

1 (K0 ×K0) such that

∂z20,0 = [φ0(K0), ιφ0(K0), 1]−
(
[K0 × {p0}, ιK0×{p0}, 1] + (−1)d[{p0} ×K0, ι{p0}×K0

, 1]
)
,

∂z10,0 = [{φ0(p0)}, ι{φ0(p0)}, 1]− [{(p0, p0)}, ι{(p0,p0)}, 1].

It is clear from the definition of each x ∈ X that

(̃i2)∗[K0 × {p0}, ιK0×{p0}, 1] = x̄10,1 ⋆ x
0
1,0, (̃i2)∗[{p0} ×K0, ι{p0}×K0

, 1] = x10,1 ⋆ x
0
1,0,

(̃i2)∗[{(p0, p0)}, ι{(p0,p0)}, 1] = x00,1 ⋆ x
0
1,0.

Therefore, y20,0 := ỹ20,0 + (̃i2)∗z
2
0,0 ∈ CdR

d (Σ2+2ε
2 ,Σ0

2) and y
1
0,0 := ỹ10,0 + (̃i2)∗z

1
0,0 ∈ CdR

0 (Σ2+2ε
2 ,Σ0

2)

satisfy the first and the second equations of (36). Moreover, any paths in the image of ĩ2 satisfies
the condition (iii) of Lemma 3.12 for m = 2 and k = 1, 2. Therefore, fk,δ((̃i2)∗z

2
0,0) = 0 and

fk,δ((̃i2)∗z
1
0,0) = 0 hold for k = 1, 2, and thus y20,0 and y10,0 satisfy (37).

Lemma 5.5. There exist y20,1, y
2
1,0 ∈ CdR

2d−1(Σ
3+2ε
2 ,Σ0

2) such that

∂y20,1 = f1,δ(x
2
0,1), ∂y

2
1,0 = f1,δ(x

2
1,0), (38)

and

(f1,δ + (−1)df2,δ)(y20,1) = 0, (f1,δ + (−1)df2,δ)(y21,0) = 0. (39)
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Figure. 4: The red path is φ(p, p′) when p is close to p0 or p′ is close to p1. The gray region is
the tubular neighborhood Nε of K0 ∪K1

Proof. We only show the existence of y20,1. Exchanging K0 and K1, y
2
1,0 is constructed in a

parallel way.
Since (ε, δ) is standard, δ has the form (31). Using the notations of (13), we can write

f1,δ(x
2
0,1) = [W1,Φ1, ζ1], where

W1 = {((p, p′), τ, v) ∈ (K0 ×K1)× R×Nε | 2ε < τ < 1− 2ε, (1− τ)p+ τp′ = v},
Φ1 : W1 → Σ3+2ε

2 : ((p, p′), τ, v) 7→ con1(φ(p, p
′), (1, τ), ψε(v)),

ζ1 ∈ Ωdc(W1) : (ζ1)((p,p′),τ,v) = ρε(1, τ) · (h∗(νε × 1))v.

If p ∈ K0 is sufficiently close to p0, then φ(p, p
′) satisfy the condition (iii) of Lemma 3.12 for

any p′ ∈ K1. Symmetrically, if p′ ∈ K1 is sufficiently close to p1, then φ(p, p
′) satisfy the same

condition for any p ∈ K0. See Figure 4. Therefore, For any bump function b : K0 × K1 → R
whose support is localized near (K0 × {p1}) ∪ ({p0} ×K1), [W1,Φ1, ζ

′
1] = 0 holds for

ζ ′1 ∈ Ωdc(W1) : (ζ
′
1)((p,p′),τ,v) = b(p, p′) · ρε(1, τ) · (h∗(νε × 1))v.

We remark that [W1,Φ1, ζ
′
1] is an explicit description (13) of f1,δ([K0 ×K1, φ|K0×K1

, b]).
Now we choose b so that it is constant to 1 on a neighborhood of (K0×{p1})∪ ({p0}×K1).

Then, the above computation shows that

f1,δ(x
2
0,1) = f1,δ([K0 ×K1, φ|K0×K1

, 1− b]) + f1,δ([K0 ×K1, φ|K0×K1
, b])

= f1,δ([K
′
0 ×K ′

1, φ|K′
0×K′

1
, 1− b|K′

0×K′
1
]),

where K ′
i (i = 0, 1) is the complement of a small closed ball containing pi. Since K ′

0 × K ′
1 is

contractible, there exists a map R : R ×K ′
0 ×K ′

1 → K ′
0 ×K ′

1 such that R(s, ·) = idK′
0×K′

1
for

s ≥ 1 and R(s, ·) is constant to some point in K ′
0 ×K ′

1 for s ≤ 0. Using the function χ in the
proof of Lemma 5.4, let us define a chain

x̃20,1 := [R× (K ′
0 ×K ′

1), φ ◦R,χ× (1− b|K′
0×K′

1
)] ∈ CdR

2d−1(Σ
3+2ε
2 ,Σ0

2).

This chain satisfies

∂x̃20,1 = [K ′
0 ×K ′

1, φ|K′
0×K′

1
, 1− b|K′

0×K′
1
] + [R× (K ′

0 ×K ′
1), φ ◦R,χ× db|K′

0×K′
1
)].

Note that [K ′
0×K ′

1, φ◦R(0, ·), 1− b|K′
0×K′

1
] = 0 since φ◦R(0, ·) is constant. The second chain of

the RHS is mapped by f1,δ to 0 since the support of db is localized near (K0×{p1})∪({p0}×K1).
Now we define y20,1 := f1,δ(x̃

2
0,1) ∈ CdR

2d−1(Σ
3+2ε
2 ,Σ0

2). Then, the first equation of (38) holds

since ∂y20,1 = f1,δ(∂x̃
2
0,1) = f1,δ(x

2
0,1). The first equation (39) follows from (f1,δ + (−1)df2,δ) ◦

f1,δ = 0 (See the proof of Proposition 4.1).
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Step 2. We define a function l : C ∪ D ∪ E → R>0 by

l(c0i,j) = l(c1i,j) = l(c̄1i,j) = 1 for i ̸= j, l(c1i,i) = 2,

l(c2i,j) = l(d2i,j) = l(e2i,j) =

{
2 if i = j,

3 if i ̸= j.

For every a ∈ R>0\L(K0∪K1), let A<a∗ be an R-subspace of AHopf
∗ spanned by words of elements

in C ∪D ∪ E such that the sum of the values of l is less than a. Then, (∂ + F )(A<a∗ ) ⊂ A<a∗ , so
we get a subcomplex (A<a∗ , ∂ + F ).

We continue to use (ε, δ) ∈ Ta which is standard with respect to h. The second step is
to construct a chain map from (A<a∗ , ∂ + F ) to (C<a∗ (ε), Dδ), and prove that it is a quasi-
isomorphism.

Let y1i,i and y
2
i,j be the chains of Lemma 5.4 and 5.5, which depends on (ε, δ). We define a

linear map Φ<a(ε,δ) : A
<a
∗ → C<a∗ (ε) so that

Φ<a(ε,δ)(c
0
i,j) := x0i,j , Φ

<a
(ε,δ)(c

1
i,j) := x0i,j , Φ

<a
(ε,δ)(c̄

1
i,j) := x̄1i,j for i ̸= j,

Φ<a(ε,δ)(c
1
i,i) := x1i,i, Φ<a(ε,δ)(c

2
i,j) := x2i,j ,

Φ<a(ε,δ)(d
1
i,i) := y1i,i, Φ

<a
(ε,δ)(d

2
i,j) := y2i,j ,

Φ<a(ε,δ)(e
1
i,i) := ∂y1i,i, Φ

<a
(ε,δ)(e

2
i,j) := ∂y1i,j ,

(40)

and extend them naturally by the product map on AHopf
∗ and the ⋆-operation.

Proposition 5.6. Φ<a(ε,δ) is a chain map from (A<a∗ , ∂ + F ) to (C<a∗ (ε), Dδ).

Proof. This follows immediately from the series of three lemmata in Step 1. For each ξ ∈
C ∪ D ∪ E , Dδ ◦ Φ<a(ε,δ)(ξ) = (∂ + F ) ◦ Φ<a(ε,δ)(ξ) is proved by:

• Lemma 5.3 if ξ = c0i,j , c
1
i,j , c̄

1
i,j (i ̸= j).

• the equations (36) if ξ = c1i,i, c
2
i,i.

• the equations (38) if ξ = c2i,j (i ̸= j).

• the equations (37) if ξ = d1i,i, d
2
i,i, e

1
i,i, e

2
i,i.

• the equations (39) if ξ = d2i,j , e
2
i,j (i ̸= j).

Therefore, we have a linear map on the homology groups

(Φ<a(ε,δ))∗ : H∗(A<a∗ , ∂ + F )→ H<a
∗ (ε, δ).

Proposition 5.7. (Φ<a(ε,δ))∗ is an isomorphism.

Proof. We introduce a function m : C∪D∪E → Z≥1 so that m(C) = {1} and m(D) = m(E) = {2}.
For every m ∈ Z≥0, let A<a∗ (m) be an R-subspace of A<a∗ generated by words of elements of
C ∪ D ∪ E such that the sum of the values of m is equal to m. (When m = 0, A<a∗ (0) :=
R · 1.) Then, the chain complex (A<a∗ , ∂ + F ) is filtered by subcomplexes {G<ap }p∈Z defined by
G<ap :=

⊕
m≥−pA<a∗ (m). Let us consider the spectral sequence determined by this filtration.

The (−m, q)-term (m ≥ 0) of its first page is given by

Hq−m(A<a∗ (m), ∂) ∼= Hq−m(A<a∗ (m, C), 0) = A<aq−m(m, C).
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Here, A<a∗ (m, C) := A<a∗ (m) ∩ A∗(C) and the first isomorphism is induced by restricting the
quasi-isomorphisms (33). Φ<a(ε,δ) preserves the filtrations {G<ap }p∈Z and {F<aε,p }p∈Z. The induced

map on the (−m)-th column (m ≥ 0) of the first page has the form

(Φ<a(ε,δ))∗ : A
<a
∗−m(m, C)→ HdR

∗−m(d−1)(Σ
a+mε
m ,Σ0

m).

This map is an isomorphism since the basis {c1 · · · cm | c1, . . . , cm ∈ C, l(c1) + · · ·+ l(cm) < a}
of A<a∗−m(m, C) is mapped to the basis (35). In the (−m)-th column for m < 0, (Φ<a(ε,δ))∗ is a
map between the zero vector space. The proposition now follows from Lemma 4.2.

Step 3. The last step is to show that the family of maps

{(Φ<a(ε,δ))∗ | a ∈ R>0 \ L(K), (ε, δ) ∈ Ta is standard with respect to h}

induces an isomorphism on the limit of ε→ 0 and a→∞.

Lemma 5.8. For (ε, δ), (ε′, δ′) ∈ Ta (ε′ ≤ ε) which are standard with respect to h,

k(ε′,δ′),(ε,δ) ◦ (Φ<a(ε′,δ′))∗ = (Φ<a(ε,δ))∗.

Proof. We have defined Φ<a(ε,δ) by the chains {y1i,i, y2i,j} which depends on (ε, δ). As a notation, let

{(y1i,i)′, (y2i,j)′} be the corresponding chains constructed from (ε′, δ′), by which Φ<a(ε′,δ′) is defined.

We take (ε̄, δ̄) ∈ T̄a satisfying (24) for (ε, δ), (ε′, δ′). We may assume that it is standard with
respect to h, and thus ε̄ = ε. As in Lemma 5.3, f̄1,δ̄ (̄i(x)) = 0 holds for x = x0i,j , x

1
i,j , x̄

1
i,j (i ̸= j),

where ī is the map (17). We claim that there exist [−1, 1]-modeled chains y1i,i ∈ C̄dR
1 (Σ2+2ε

2 ,Σ0
2),

y2i,i ∈ C̄dR
d (Σ2+2ε

2 ,Σ0
2) and y

2
i,j ∈ C̄dR

d (Σ3+2ε
2 ,Σ0

2) (i ̸= j) which satisfy the following equations:

• the variants of the equations (36), (37), (38) and (39) obtained by replacing {y1i,i, y2i,j , fk,δ, ⋆}
by {y1i,i, y2i,j , f̄k,δ̄, ⋆̄}, and x ∈ X by ī(x).

• e+y1i,i = y1i,i, e+y
2
i,j = y2i,j , e−y

1
i,i = (jε′,ε)∗(y

1
i,i)

′, and e−y2i,j = (jε′,ε)∗(y
2
i,j)

′.

This claim is proved by rewriting the proof of Lemma 5.4 and 5.5 for [−1, 1]-modeled chains.
We omit the proof.

We define a linear map Φ̄<aε : A<a∗ → C̄<a∗ (ε) as in (40) by replacing x ∈ X by ī(x) and

{y1i,i, y2i,j} by {y1i,i, y2i,j}, and extend naturally by the product on AHopf
∗ and the ⋆̄-operation.

The former equations about y1i,i, y
2
i,j ensure that Φ̄<aε is a chain map from (A<a∗ , ∂ + F ) to

(C̄<a∗ (ε), D̄δ̄), as in Proposition 5.6. The latter equations about y1i,i, y
2
i,j ensure the commuta-

tivity of the following diagram:

H<a
∗ (ε, δ)

H∗(A<a∗ , ∂ + F )
(Φ̄a

ε )∗ //

(Φa
(ε,δ)

)∗ //

(Φa
(ε′,δ′))∗

//

H̄<a
∗ (ε, δ̄)

f(ε,δ̄),+
66

f(ε,δ̄),−

((
H<a

∗ (ε′, δ′).

k(ε′,δ′),(ε,δ)

OO

This proves the lemma.

Therefore, the family of maps {(Φ<a(ε,δ))∗ | (ε, δ) ∈ Ta is standard with respect to h} induces
an isomorphism on the limit of ε→ 0

Φ<a∗ : H∗(A<a∗ , ∂ + F )→ H<a
∗ (R2d−1,K0 ∪K1)
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for every a ∈ R>0 \ L(K0 ∪K1). Moreover, {Φ<a∗ }a∈R>0\L(K0∪K1) is naturally compatible with

{Ia,b}a≤b and the family of linear maps

{H∗(A<a∗ , ∂ + F )→ H∗(A<b∗ , ∂ + F )}a≤b

which is induced by the inclusion map A<a∗ → A<b∗ . Therefore, on the limit of a → ∞, we
obtain an isomorphism

H∗(AHopf
∗ , ∂ + F ) = lim−→

a→∞
H∗(A<a∗ , ∂ + F )→ Hstring

∗ (R2d−1,K0 ∪K1).

This finishes the proof of Theorem 5.1.

5.2 Computation of Hstring
∗ (R2d−1, K0 ∪K2)

We define Aunlink
∗ := A∗(C′) by the set

C′ := {c0i,j}i ̸=j ∪ {c1i,i}i ∪ {c1i,j , c̄1i,j}i ̸=j ∪ {c2i,j}i,j ,

where i and j run over {0, 2}. The degree of each element is given by

|c0i,j | = d− 2, |c1i,j | = |c1i,j | = |c̄1i,j | = 2d− 3 for i ̸= j,

|c1i,i| = 2d− 3, |c2i,j | = 3d− 4.

(Obviously, there exists an isomorphism A∗(C) ∼= Aunlink
∗ as graded R-algebras.) We define a

graded derivation ∂ := 0: Aunlink
∗ → Aunlink

∗−1 . For a differential graded algebra (Aunlink
∗ , ∂), we

have the following result.

Theorem 5.9. There exists an isomorphism of graded R-algebras

H∗(Aunlink
∗ , ∂) ∼= Hstring

∗ (R2d−1,K0 ∪K2).

To compute Hstring
∗ (R2d−1,K0∪K2), we fix auxiliary data so that g is the standard Rieman-

nian metric on R2d−1. The constant C0 is required to be C0 >
√
|z∗2 |2 + 4. The other data, ε0

and µ, are not specified. The strategy of the proof is the same as Theorem 5.1, but it is much
more simple. We only see the outline of each step.

Step 1. We may assume that |z∗2 | > 2. Let us fix points p0 := (0, 1, 0) ∈ K0 and p2 :=
(0, 1, z∗2) ∈ K2, and define submanifolds of (K0 ∪K2)

2

K0,2 := {(p, p′) ∈ K0 ×K2 | p′ = p+ (0, 0, z∗2)},
K2,0 := {(p, p′) ∈ K2 ×K0 | p′ = p− (0, 0, z∗2)}.

Let φ : (K0 ∪K2)
2 → ΩK0∪K2(R2d−1) be the map defined as in Section 5.1 by replacing K1 by

K2. Then, we define the set of chains

X ′ := {x0i,j}i ̸=j ∪ {x1i,i}i ∪ {x1i,j , x̄1i,j}i ̸=j ∪ {x2i,j}i,j ,

where i and j run over {0, 2}, as follows:

x0i,j := [{(pi, pj)}, φ|{(pi,pj)} , 1] ∈ C
dR
0 (Σa1,Σ

0
1) (i ̸= j),

x1i,i := [{pi} ×Ki, φ|{pi}×Ki
, 1] ∈ CdR

d−1(Σ
a
1,Σ

0
1),

x1i,j := [Ki,j , φ|Ki,j
, 1] ∈ CdR

d−1(Σ
a
1,Σ

0
1) (i ̸= j),

x̄1i,j := [Ki × {pj}, φ|Ki×{pj} , 1] ∈ C
dR
d−1(Σ

a
1,Σ

0
1) (i ̸= j),

x2i,j := [Ki ×Kj , φ|Ki×Kj
, 1] ∈ CdR

2d−2(Σ
a
1,Σ

0
1).
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Here, a >
√
|z∗2 |2 + 4. If we define l : X ′ → R>0 by

l(x0i,j) = l(x1i,j) = |z∗2 | and l(x̄1i,j) = l(x2i,j) =
√
|z∗2 |2 + 4 for i ̸= j,

l(x1i,i) = l(x2i,i) = 2,

then, each x ∈ X ′ satisfies x ∈ CdR
∗ (Σ

l(x)+ε
1 ,Σ0

1) for any ε > 0. Furthermore, a basis of
HdR

∗ (Σam,Σ
0
m) for a ∈ R>0 and m ∈ Z≥1 is given by the set homology classes

{[x1 ⋆ · · · ⋆ xm] | x1, . . . , xm ∈ X ′, l(x1) + · · ·+ l(xm) < a}.

The reason of simplicity in this case is the following: For any x ∈ X ′ and (ε, δ) which is standard
with respect to h, if ε > 0 is sufficiently small, then the equation

f1,δ(x) = 0 ∈ CdR
∗ (Σ

l(x)+2ε
2 ,Σ0

2)

holds since the path φ(p, p′) satisfies the condition (iii) of Lemma 3.12 for any (p, p′) ∈ (K0∪K2)
2

(c.f. Lemma 5.3).
Step 2. There exists a bijection C′ → X ′ which maps cki,j to x

k
i,j and x̄

1
i,j to c̄

1
i,j for k ∈ {0, 1, 2}

and i, j ∈ {0, 2}. Composing l : X ′ → R>0 with this bijection, a function l : C′ → R>0 is defined.

Similar to AHopf
∗ , Aunlink

∗ is filtered by subcomplexes (A<a∗ , ∂) for all a ∈ R>0\L(K0∪K2) which
is defined by using l : C′ → R>0.

Now Φ<aε : A<a∗ → C<a∗ (ε) is defined so that c ∈ C′ is mapped to x ∈ X ′ which corresponds
to c via the above bijection, and extend it naturally via the product map on Aunlink

∗ and the
⋆-operation. It is clear in this case that Φ<aε is a chain map from (A<a∗ , ∂ = 0) to (C<a∗ (ε), Dδ).
The fact that this map is a quasi-isomorphism is proved by a similar argument as Proposition
5.7 about spectral sequences.

Step 3. We check that the family of maps (Φ<aε )∗ induces an isomorphism on the limit of
ε→ 0 and a→∞. This finishes the proof of Theorem 5.9.

5.3 A corollary and its potential application

The next result is a corollary from the above computations

Corollary 5.10. As graded R-algebras,

Hstring
∗ (R2d−1,K0 ∪K1) ≇ Hstring

∗ (R2d−1,K0 ∪K2).

Proof. From Theorem 5.1 and 5.9, it suffices to show that H∗(AHopf
∗ , ∂+F ) is not isomorphic to

Aunlink
∗ as a graded R-algebra. Let us rewrite (c00,1, c01,0, e10,0, e11,1) by (a0, a1, b0, b1) and (c00,2, c

0
2,0)

by (a′0, a
′
1). In addition, we define C0 := b0 + a0a1 and C1 := b1 + (−1)da1a0.

If d = 2, H0(AHopf
∗ , ∂ + F ) is the (a priori) non-commutative R-algebra generated by

{a0, a1, b0, b1} modulo the ideal generated by {b0, b1, C0, C1}. This is isomorphic to the com-
mutative algebra R[a0, a1]/(a0a1). On the other hand, Aunlink

0 is the non-commutative algebra

freely generated by {a′0, a′1}. Therefore, H0(AHopf
∗ , ∂ + F ) ≇ Aunlink

0 as R-algebras.
If d ≥ 3, the lower degree parts are isomorphic as vector spaces. Indeed, for p ≤ 2d− 5,

Hp(AHopf
∗ , ∂ + F ) ∼= Aunlink

p
∼=


R if p = 0,

Ra0 ⊕ Ra1 if p = d− 2,

0 else .

However, H2d−4(AHopf
∗ , ∂ + F ) is the R-vector space spanned by {aiaj | i, j ∈ {0, 1}} ∪ {b0, b1}

modulo the subspace generated by {b0, b1, C0, C1}, so its dimension is equal to 2. On the other
hand, Aunlink

2d−4 is the R-vector space spanned by {a′ia′j | i, j ∈ {0, 1}}, so its dimension is equal

to 4. Therefore, H2d−4(AHopf
∗ , ∂ + F ) ≇ Aunlink

2d−4 as R-vector spaces.
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Let us see a potential application of this result. First we determine spin structures on unit
conormal bundles

Proposition 5.11. Let Q be an n-dimensional Riemannian manifold with a fixed spin structure.
Then, for every submanifold K in Q, we can assign a spin structure on its unit conormal bundle
ΛK so that if K is isotopic to K ′ as a submanifold in Q, then ΛK is isotopic to ΛK′ as a
Legendrian subamanifold with a spin structure.

Proof. Let us identify T ∗Q with TQ via Riemannian metric. We also identify Q with the zero-
section of TQ. Let LK be the conormal bundle of K. Note that the tangent space of TQ at
(q, 0) ∈ Q is equal to TqQ ⊕ TqQ, where the first component is the tangent space of the base
space Q, and the second component is the tangent space of the fiber TqQ. For every q ∈ K,
T(q,0)(LK) = TqK ⊕ (TqK)⊥. Thus the vector bundle T (LK)|K has a spin structure induced
by TQ|K . Since K is a deformation retract of LK , this spin structure is extended to T (LK).
By using a diffeomorphism R>0 × ΛK → LK \ K : (r, (q, p)) 7→ (q, r · p), we can determine a
spin structure on T (ΛK) so that the spin structure on R⊕ TΛK , induced by the inclusion map
Spin(2n − 1) → Spin(2n), is equal to the spin structure on T (LK)|ΛK

∼= R ⊕ TΛK . This spin
structure on ΛK for every submanifold K clearly satisfies the condition of this proposition.

Let us consider the unit conormal bundles of K0 ∪K1 and K0 ∪K2.

Proposition 5.12. As a (2d−2)-dimensional submanifold of UT ∗R2d−1 with the spin structure
determined by Proposition 5.11, ΛK0∪K1 is isotopic to ΛK0∪K2.

Proof. For s ∈ [0, 1], we define Ks
1 := {q + (0, 2s, 0) ∈ R2d−1 | q ∈ K1}. We also choose a C∞

function [0, 1]→ [0, π] : s 7→ θs so that θ0 = θ1 = 0 and θ1/2 = π/2, and define Rs ∈ SO(2d− 1)
for s ∈ [0, 1] by Rs(v0, v1, v2) := ((cos θs)v0 − (sin θs)v2, v1, (sin θs)v0 + (cos θs)v2) for every
(v0, v1, v2) ∈ Rd−1 × R × Rd−1. We then define an isotopy (Λs)s∈[0,1] from ΛK0

1
= ΛK1 to ΛK1

1

by

Λs := {(q, p) ∈ UT ∗R2d−1 | q ∈ Ks, p ◦Rs|TqK1
s
= 0}.

Λs intersects ΛK0 if and only if s = 1/2, and Λ1/2 ∩ ΛK0 = ΛK0 ∩ UT ∗
p0R

2d−1, where p0 =

(0, 1, 0) ∈ R2d−1. We can slightly perturb (Λs)s∈[0,1] around s = 1/2 to an isotopy (Λ′
s)s∈[0,1]

so that Λ′
s does not intersect ΛK0 for every s ∈ [0, 1]. This isotopy is homotopic to an isotopy

(ΛKs
1
)s∈[0,1], which preserves the spin structure of Proposition 5.11. In addition, K0 ∪ K1

1 is

isotopic to K0∪K2 in R2d−1. Therefore, as a C∞ submanifold with a spin structure, ΛK0 ∪ΛK1

is isotopic to ΛK0 ∪ ΛK2 .

If Conjecture 1.4, which will be discussed in Section 7 in more detail, is ture, then Corollary
5.10 can be applied to show that the unit conormal bundle ΛK0∪K1 is not isotopic to ΛK0∪K2 as
a Legendrian submanifold with a spin structure in UT ∗R2d−1, though they are isotopic as C∞

submanifolds with spin structures by the above proposition.

6 Cord algebra and Hstring
0 (Q,K)

Throughout this section, we consider the case where the codimension of K is 2 (i.e. d = 2) and
the normal bundle (TK)⊥ is trivial. The purpose is to show that Hstring

0 (Q,K) is isomorphic
to an isotopy invariant of K, called cord algebra.

6.1 Cord algebra and string homology

In this section, we refer to [9, 27] and give a definition of cord algebra and string homology.
Note that, in this paper, their coefficients are reduced from original Z[π1(∂Nε0)] to R.
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We fix a frame of (TK)⊥ to give an isomorphism R2 ×K ∼= (TK)⊥ of vector bundles over
K which preserves their fiber metrics and orientations. Combining with the map (3), we obtain
a diffeomorphism

h : Oε0 ×K → Nε0 ,

which preserves orientations. Here, Oε = {w ∈ R2 | |w| < ε/2} for every ε ≤ ε0 as defined in
Subsection 4.4.3.

First, we define an R-algebra Cord(Q,K;R). Its relation to the cord algebra defined in
[9, 27] is discussed later in Remark 6.2. Let us prepare several notations. We fix w0 ∈ Oε0 \ {0}
and define a submanifold disjoint from K

K ′ := {h(w0, x) | x ∈ K} ⊂ Nε0 .

For every x ∈ K, we define cx : [0, 1] → Q \K to be the constant path at h(w0, x) ∈ K ′. We
also define mx : [0, 1]→ Q \K to be a loop in a punctured disk h((Oε0 \ {0})× {x}) ⊂ Nε0 \K
based at h(w0, x) ∈ K ′, whose winding number around h(0, x) is equal to 1. In addition, let
π1(Q \K,K ′) be the set of homotopy classes of continuous paths γ : [0, 1] → Q \K such that
γ({0, 1}) ⊂ K ′.

Definition 6.1. Let A be the unital non-commutative R-algebra freely generated by the set
π1(Q \K,K ′). We define the two-sided ideal I generated by the following elements:{

[cx],

[γ1 · γ2]− [γ1 ·mx · γ2]− [γ1][γ2],

for all x ∈ K and γj : [0, 1]→ Q\K (j = 1, 2) such that γj({0, 1}) ⊂ K ′ and γ1(1) = h(w0, x) =
γ2(0). Then, we define an R-algebra Cord(Q,K;R) := A/I, and call it the cord algebra of
(Q,K).

Remark 6.2. When K is 1-dimensional and connected (i.e. K is an oriented knot in a 3-
manifold Q), we fix a base point ∗ ∈ K ′. A cord is a path γ : [0, 1]→ Q such that γ([0, 1])∩K =
∅ and γ(0), γ(1) ∈ K ′ \ {∗}. The notion of cord algebra (or cord ring) of knots was defined in,
for instance, [9, 26, 27]. The most refined one is [9, Definition 2.6], which is defined as a non-
commutative algebra over Z generated by the set of homotopy classes of cords and {λ±, µ±},
modulo the relations about {λ±, µ±} and the “skein relations”. If we substitute both λ and µ by
1 ∈ Z and tensor this Z-algebra with R, we obtain an R-algebra isomorphic to Cord(Q,K;R).
(The isomorphism is induced by a natural map from the set of homotopy classes of cords to
π1(Q \K,K ′).)

We should also note that in [27, Definition 2.1], the cord algebra over Z[H1(∂Nε0)] was
defined when K is a connected codimension 2 submanifold of an arbitrary manifold and its
normal bundle is oriented. In our setting, we have an isomorphism (h−1)∗ : H1(∂Nε0)→ H1(S

1×
K) ∼= H1(S

1)⊕H1(K). There exists a ring homomorphism φ : Z[H1(∂Nε0)]→ R determined by
φ(h∗([S

1])) = −1 and φ(h∗(c)) = 1 for every c ∈ H1(K). If the base change of the cord algebra
of [27, Definition 2.1] is done by φ, we obtain an R-algebra isomorphic to Cord(Q,K;R).

Next, we refer to [9, Section 2.1] and define the string homology which is simplified for
our purpose. For m ∈ Z≥1, a ∈ R≥0 ∪ {∞} and p = 0, 1, we define an R-subspace C⋔

p (m, a) ⊂
Csing
p (Σam) consisting of generic singular p-chains satisfying jet transversality conditions. (Recall

that we have fixed a topology of Σam in Subsection 3.3.4)
In the case of p = 0, C⋔

0 (m, a) is generated by (γk : [0, Tk]→ Q)k=1,...,m ∈ Σam satisfying the
following conditions:

(0a) (γk)
′(0), (γk)

′(Tk) /∈ TK for every k ∈ {1, . . . ,m}.

(0b) γk(t) /∈ K for every k ∈ {1, . . . ,m} and t ̸= 0, Tk.
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In the case of p = 1, C⋔
1 (m, a) is generated by 1-parameter families of paths

[0, 1]→ Σam : u 7→ (γuk : [0, T
u
k ]→ Q)k=1,...,m

such that [0, 1]→ R>0 : u 7→ T uk is a C∞ function and

Γk : {(u, t) | 0 ≤ u ≤ 1, 0 ≤ t ≤ T uk } → Q

is a C∞ map for every k ∈ {1, . . . ,m}, and satisfies the following conditions:

(1a) (γ0k)k=1,...,m and (γ1k)k=1,...,m satisfy (0a), (0b).

(1b) (γuk )
′(0), (γuk )

′(T uk ) /∈ TK for every u ∈ [0, 1] and Γint
k := Γk|{(u,t)|t̸=0,Tu

k } is transverse to

K for every k ∈ {1, . . . ,m}.

(1c) If (u∗, t∗), (u
′
∗, t

′
∗) ∈

∐m
k=1(Γ

int
k )−1(K) are distinct points, then u∗ ̸= u′∗ holds.

Note that the condition (1b) implies that (Γint
k )−1(K) is a finite set. In addition, we define

C⋔
p (0, a) := Csing

p (Σa0) for a ∈ R≥0 ∪ {∞} and p = 0, 1.

By (1a), the boundary operator of singular chain complex ∂sing : Csing
1 (Σam)→ Csing

0 (Σam) is
restricted to the map

∂sing : C⋔
1 (m, a)→ C⋔

0 (m, a) : (γ
u
k )
u∈[0,1]
k=1,...,m 7→ (γ1k)k=1,...,m − (γ0k)k=1,...,m.

We also define a linear map f⋔k : C
⋔
1 (m, a) → C⋔

0 (m + 1, a) for m ∈ Z≥1 so that for x =

(γuk : [0, T
u
k ]→ Q)

u∈[0,1]
k=1,...,m ∈ C

⋔
1 (m, a),

f⋔k (x) :=
∑

(u∗,t∗)∈(Γint
k )−1(K)

sign(u∗, t∗) · (γu∗1 . . . , γu∗k−1, γ̂
u∗
k

1
, γ̂u∗k

2
, γu∗k+1, . . . , γ

u∗
m ).

Here

γ̂u∗k
1
:= γu∗k

∣∣
[0,t∗]

: [0, t∗]→ Q, γ̂u∗k
2
:= γu∗k

∣∣
[t∗,T

u∗
k ]

(· − t∗) : [0, T u∗k − t∗]→ Q,

and sign(u∗, t∗) ∈ {±1} is the orientation sign of an open embedding into Oε0 ⊂ R2

Γfiber
k := prR2 ◦h−1 ◦ Γk

defined on a small neighborhood of (u∗, t∗) ∈ (Γint
k )−1(K) ⊂ (0, 1) × R>0. For convenience,

let us define for p /∈ {0, 1}, C⋔
p (m, a) := 0, ∂sing := 0: C⋔

p (m, a) → C⋔
p−1(m, a) and f⋔k :=

0: C⋔
p (m, a)→ C⋔

p−1(m+ 1, a).

For a ∈ R>0 ∪ {∞} and m ∈ Z≥0, we define a quotient vector space

C⋔,<a
∗ (m) := C⋔

∗ (m, a)/C
⋔
∗ (m, 0).

Then ∂sing and f⋔k induce linear maps

∂sing : C⋔,<a
∗ (m)→ C⋔,<a

∗−1 (m), f⋔k : C
⋔,<a
∗ (m)→ C⋔,<a

∗−1 (m+ 1).

Now we define a graded R-vector space

C⋔,<a
∗ :=

∞⊕
m=0

C⋔,<a
∗ (m).
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Figure. 5: The picture of γ̂ defined for (γ)k=1 ∈ Σ∞
1 .

For each m ∈ Z≥0, C
⋔,<a
∗ (m) is considered to be its linear subspace in a natural way. Then, we

define a degree (−1) map D⋔ : C⋔,<a
∗ → C⋔,<a

∗−1 by

D⋔(x) := ∂singx+

m∑
k=1

f⋔k (x). (41)

for x ∈ C⋔,<a
∗ (m). For x ∈ C⋔,<a

∗ (0), the RHS is just equal to ∂singx. Then we obtain a chain

complex (C⋔,<a
∗ , D⋔). Let H⋔,<a

∗ denote its homology group. In addition, for a, b ∈ R≥0 ∪ {∞}
with a ≤ b, we define a linear map Ja,b : H⋔,<a

∗ → H⋔,<b
∗ induced by the inclusion maps

C⋔
∗ (m, a)→ C⋔

∗ (m, b) for all m ∈ Z≥0.

In this section, we call H⋔,<∞
∗ the string homology of (Q,K). Note that the direct limit

lim−→a→∞H⋔,<a
∗ defined by {Ja,b}a≤b is isomorphic to H⋔,<∞

0 . Furthermore, H⋔,<∞
0 has a associa-

tive product structure induced by Π: Σ∞
m ×Σ∞

m′ → Σ∞
m+m′ . Thus H

⋔,<∞
0 is a unital associative

R-algebra, whose unit comes from ∗ ∈ C⋔,<∞
0 (0).

The next proposition is essentially proved in [9, Proposition 2.9].

Proposition 6.3. As an R-algebra, Cord(Q,K;R) is isomorphic to H⋔,<∞
0 .

Proof. For every homotopy class z ∈ π1(Q \K,K ′), we choose a C∞ path γ which represents
z. We then define a path γ̄ as follows: For x0, x1 ∈ K such that γ(i) = h(w0, xi) for i ∈ {0, 1},

γ̄ : [0, 3]→ Q : t 7→


h(t · w0, x0) if 0 ≤ t ≤ 1,

γ(t− 1) if 1 ≤ t ≤ 2,

h((3− t) · w0, x1) if 2 ≤ t ≤ 3.

We modify γ̄ to γ̃ by a reparameterization so that (γ̃)k=1 ∈ Σ∞
1 and satisfies (0a) and (0b).

Then a homomorphism of unital R-algebras

F : A → H⋔,<∞
0

is defined so that z = [γ] is mapped to [(γ̃)k=1]. From the definition of D⋔, it can be checked
that F is a well-defined surjection and maps the ideal I into 0. Therefore, we obtain a surjective
homomorphism of unital R-algebras F̄ : A/I → H⋔,<∞

0 .
We prove that F̄ is injective by describing its inverse map. For (γ : [0, T ] → Q)k=1 ∈ Σ∞

1

satisfying (0a) and (0b), let us define

γ̌ : [0, 1]→ Q : t 7→


h((1− 3t) · w0, γ(0)) if 0 ≤ t ≤ 1

3 ,

γ(3Tt− T ) if 1
3 ≤ t ≤

2
3 ,

h((3t− 2) · w0, γ(T )) if 2
3 ≤ t ≤ 1.
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Figure. 6: The LHS describes the 1-chain (γu)
u∈[0,1]
k=1 such that sign(u∗, t∗) = +1 at (u∗, t∗) ∈

(Γint
1 )−1(K). From the RHS, we can see that [γ̂0] = [γ̂1 · γ̂2] and [γ̂1] = [γ̂1 ·mx · γ̂2] as elements

of π1(Q \K,K ′).

As described in Figure 5, we change γ̌ into γ̂ by small perturbations inside Nε0 around t ∈ {13 ,
2
3}

so that γ̂ does not intersect K. We then obtain a homotopy class [γ̂] ∈ π1(Q \ K,K ′). Note
that for any γ̂j (j = 1, 2) from two choices of perturbations, there exist l0, l1 ∈ {0,+1,−1} such
that

[γ̂2] = [(mγ(0))
l0 · γ̂1 · (mγ(T ))

l1 ] ∈ π1(Q \K,K ′).

Here, (mx)
1 := mx, (mx)

0 := cx, and (mx)
−1 denotes the inverse path of mx. (As a natural

extension, (mx)
l for l ∈ Z is defined.) Thus, [γ̂1] = [γ̂2] holds as an element of A/I. If γ ∈ Σ0

1

(i.e. lengthγ < ε0), [γ̂] = [(mx)
l] ∈ π1(Q \ K,K ′) for some x ∈ K and l ∈ Z. In such case,

[γ̂] = 0 holds as an element of A/I. Therefore, we have a well-defined linear map

G : C⋔,<∞
0 → A/I :

{
C⋔,<∞(m) ∋ (γk)k=1,...,m 7→ [γ̂1] · · · [γ̂m] (m ≥ 1),

C⋔,<∞(0) ∋ 1 7→ the unit.

From the transversality condition (1b) together with (1c), it follows that ImD⋔ is mapped

into 0. Indeed, in a simple case, for (γu)
u∈[0,1]
k=1 ∈ C⋔

1 (1,∞) such that (Γint
1 )−1(K) = {(u∗, t∗)},

we can see that

G(D⋔(x)) =

{
[γ̂1 ·mx · γ̂2]− [γ̂1 · γ̂2] + sign(u∗, t∗)[γ̂1][γ̂2] if sign(u∗, t∗) = +1,

[γ̂1 · γ̂2]− [γ̂1 ·mx · γ̂2] + sign(u∗, t∗)[γ̂1][γ̂2] if sign(u∗, t∗) = −1,

for x := γu∗(t∗), γ1 := γu∗ |[0,t∗] and γ2 := γu∗ |[t∗,Tu∗ ] (· − t∗). Figure 6 describes the case where

sign(u∗, t∗) = +1. Thus G(D⋔((γu)
u∈[0,1]
k=1 )) = 0 ∈ A/I. The condition (1c) implies that the

general case can be reduced to this simple case. Therefore, we obtain a well-defined linear map
Ḡ : H⋔,<∞

0 → A/I. Finally, for any [γ] ∈ π1(Q\K,K ′) such that γ(i) = h(w0, xi) for i ∈ {0, 1},
there exist l0, l1 ∈ {0,+1,−1} such that

Ḡ ◦ F̄ ([γ]) = [(mx0)
l0 · γ · (mx1)

l1 ],

which is equal to [γ] in A/I. This implies that F̄ is injective.

6.2 Connecting string homology and Hstring
∗ (Q,K)

The purpose of this section is to construct a linear map form H⋔,<a
∗ to H<a

∗ (Q,K) for all a ∈
R>0 \L(K). On the limit of a→∞, an R-algebra homomrphism from H⋔,<∞

∗ to Hstring
∗ (Q,K)

is defined. Before constructing this map, we will prepare two things.
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6.2.1 Preliminaries

First, we define a map Ψ which associates de Rham chains with singular chains. Let κ, χ : R→
[0, 1] be C∞ functions such that:

• κ(u) = 0 if u ≤ 0 and κ(u) = 1 if u ≥ 1. In addition, κ′(u) > 0 if 0 < u < 1.

• χ : R→ [0, 1] has a compact support and χ(s) = 1 for every s ∈ [0, 1].

For p ∈ Z, a linear map
Ψ: C⋔

p (m, a)→ CdR
p (Σam)

is defined by 
Ψ((γk)k=1,...,m) := [{0}, c0, 1] if p = 0,

Ψ((γuk )
u∈[0,1]
k=1,...,m) := [R, c1, χ] if p = 1,

Ψ = 0 else,

where c0 is the constant map to (γk)k=1,...,m and c1 : R→ Σam : u 7→ (γ
κ(u)
k )k=1,...,m. These maps

commute with boundary operators, namely,

∂ ◦Ψ = Ψ ◦ ∂sing : C⋔
p (m, a)→ CdR

p−1(Σ
a
m).

Next, we define a filtration {C⋔
p (m, a, ε)}ε>0 of C⋔

p (m, a). In the cases of p = 0, C⋔
0 (m, a, ε)

is an R-subspace generated by (γk : [0, Tk] → Q)k=1,...,m ∈ Σam satisfying (0a), (0b) and the
following condition:

(0c) There exists τ0 ∈ (0, ε0/(5C0)] such that γk([τ0, Tk−τ0])∩Nε = ∅ for every k ∈ {1, . . . ,m}.

In the case of p = 1, C⋔
1 (m, a, ε) is an R-subspace generated by (γuk : [0, T

u
k ] → Q)

u∈[0,1]
k=1,...,m

satisfying (1a), (1b), (1c) and the following conditions:

(1d) (γ0k)k=1,...,m and (γ1k)k=1,...,m satisfy (0c).

(1e) There exist τ0 ∈ (0, ε0/(5C0)] and an open neighborhood U(u∗,t∗) for each (u∗, t∗) ∈
(Γint
k )−1(K) (k = 1, . . . ,m) such that

(u∗, t∗) ∈ U(u∗,t∗) ⊂ {(u, t) | 0 < u < 1, τ0 < t < T uk − τ0},

and the following hold:

(1e-1) U(u∗,t∗) ⊂ {(u, t) | |t− t∗| < τ0}.
(1e-2) For any two distinct points (u∗, t∗), (u

′
∗, t

′
∗) ∈

∐m
k=1(Γ

int
k )−1(K), the projections of

U(u∗,t∗), U(u′∗,t
′
∗)
⊂ [0, 1]× R>0 to [0, 1]

pr[0,1](U(u∗,t∗)), pr[0,1](U(u′∗,t
′
∗)
) ⊂ [0, 1]

are disjoint.

(1e-3) For every k ∈ {1, . . . ,m},(
Γk|{(u,t)|τ0≤t≤Tu

k −τ0}

)−1
(Nε) =

⋃
(u∗,t∗)∈(Γint

k )−1(K)

U(u∗,t∗).

Moreover, for each (u∗, t∗) ∈ (Γint
k )−1(K),

Γfiber
k : U(u∗,t∗) → Oε

is a diffeomorphism. Here, recall that Γfiber
k = prR2 ◦h−1 ◦ Γk.
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In addition, we define C⋔
p (m, a, ε) := C⋔

p (m, a) if p /∈ {0, 1} or m = 0.
Roughly speaking, (0c) means that γk(t) is far from K by a distance at least ε/2, except

when t is close to {0, Tk}. (1e) means that γuk (t) is far from K by a distance at least ε/2, except
when t is close to {0, T uk } or when (u, t) is close to some point in (Γint

k )−1(K). Note that when
0 < ε′ ≤ ε, C⋔

∗ (m, a, ε) ⊂ C⋔
∗ (m, a, ε

′) holds, and⋃
ε>0

C⋔
∗ (m, a, ε) = C⋔

∗ (m, a). (42)

Moreover, ∂sing and f⋔k (k = 1, . . . ,m) are restricted to linear maps

∂sing : C⋔
∗ (m, a, ε)→ C⋔

∗−1(m, a, ε), f
⋔
k : C

⋔
∗ (m, a, ε)→ C⋔

∗−1(m+ 1, a, ε).

For every ε > 0, we define C⋔,<a
∗ (m, ε) := C⋔

∗ (m, a, ε)/C
⋔
∗ (m, 0, ε) and

C⋔,<a
∗ (ε) :=

∞⊕
m=0

C⋔,<a
∗ (m, ε).

A linear map D⋔
ε : C

⋔,<a
∗ (ε) → C⋔,<a

∗−1 (ε) is defined by the same form as (41). Then we obtain

a chain complex (C⋔,<a
∗ (ε), D⋔

ε ). Let H⋔,<a
∗ (ε) denote its homology. When 0 < ε′ ≤ ε, the

inclusion maps C⋔
∗ (m, a, ε)→ C⋔

∗ (m, a, ε
′) for all m ∈ Z≥0 induce a linear map

lε,ε′ : H
⋔,<a
∗ (ε)→ H⋔,<a

∗ (ε′),

and we have a direct system ({H⋔,<a
∗ (ε)}ε>0, {lε,ε′}ε≥ε′). From the relation (42), we have

lim−→
ε→0

H⋔,<a
∗ (ε) = H⋔,<a

∗ .

6.2.2 Construction of chain map

With the above preparations, we consider the maps

C⋔
p (m, a, ε)→ CdR

p (Σa+mεm ) : x 7→ Ψ(x) (m ∈ Z≥0)

for ε ∈ (0, ε0/(5C0)]. They induce a linear map from C⋔,<a
∗ (ε) to C<a∗ (ε), but this is not a chain

map. In order to fill in the gap, we need to prove the following lemma for a ∈ R>0 \ L(K).

Lemma 6.4. Suppose that (ε, δ) ∈ Ta is standard with respect to h. Then, for m ∈ Z≥1 and
k ∈ {1, . . . ,m}, there exists a linear map

ok,(ε,δ) : C
⋔
1 (m, a, ε)→ CdR

1 (Σ
a+(m+1)ε
m+1 )

such that the following hold for any x ∈ C⋔
1 (m, a, ε):

(i) ∂(ok,(ε,δ)(x))− (fk,δ ◦Ψ(x)−Ψ ◦ f⋔k (x)) ∈ CdR
0 (Σ0

m+1).

(ii) fl,δ(ok,(ε,δ)(x)) ∈ CdR
0 (Σ0

m+2) for every l ∈ {1, . . . ,m+ 1}.

Proof. It suffices to define ok,(ε,δ)(x) for x = (γul )
u∈[0,1]
l=1,...,m satisfying (1a),. . . ,(1e). The proof is

divided into three steps: We define de Rham chains in the first two steps. In the last step,
ok,(ε,δ)(x) is defined as the sum of these chains and we check the conditions (i) and (ii).

Step 1. From the definitions of Ψ and f⋔k ,

fk,δ ◦Ψ(x)−Ψ ◦ f⋔k (x)

=fk,δ(Ψ(x))−
∑

(u∗,t∗)∈(Γint
k )−1(K)

sign(u∗, t∗) · [{0}, c0(u∗, t∗), 1],
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where c0(u∗, t∗) is the constant map to (γu∗1 , . . . , γ̂u∗k
1
, γ̂u∗k

2
, . . . , γu∗m ). Since (ε, δ) is standard, it

has the form (31). Using the notations of (13), we can explicitly write fk,δ(Ψ(x)) = [Wk,Φk, ζk],
where

Wk = {(u, τ, v) ∈ R× R×Nε | 2ε < τ < T
µ(u)
k − 2ε, γ

µ(u)
k (τ) = σv1(0)},

Φk : Wk → Σ
a+(m+1)ε
m+1 : (u, τ, v) 7→ conk((γ

µ(u)
l )l=1,...,m, (T

µ(u)
k , τ), ψε(v)),

ζk ∈ Ω2
c(Wk) : (ζk)(u,τ,v) = ρε(T

µ(u)
k , τ) · χ(u) · (h∗(νε × 1))v.

Recall the condition (1e-3) and note that σv1(0) = v. We define W̄k :=Wk∩{τ0 < τ < T
µ(u)
k −τ0}.

Then
W̄k →

⋃
(u∗,t∗)∈(Γint

k )−1(K)

U(u∗,t∗) : (u, τ, v) 7→ (µ(u), τ)

is an orientation preserving diffeomorphism. Moreover, ρε(T
µ(u)
k , τ) · χ(u) = 1 for (u, τ, v) ∈

W̄k. On the other hand, it follows from (1e-1) and Lemma 3.12 that Φk(u, τ, v) ∈ Σ0
m+1 for

(u, τ, v) ∈Wk \ W̄k. Therefore, we have

fk,δ(Ψ(x))−
∑

(u∗,t∗)∈(Γint
k )−1(K)

[U(u∗,t∗),Φ
′
(u∗,t∗)

, ζ ′(u∗,t∗)]

=fk,δ(Ψ(x))− [W̄k, Φk|W̄k
, ζk|W̄k

] ∈ CdR
0 (Σ0

m+1),

where

Φ′
(u∗,t∗)

: U(u∗,t∗) → Σ
a+(m+1)ε
m+1 : (u, τ) 7→ conk((γ

u
l )l=1,...,m, (T

u
k , τ), ψε(γ

u
k (τ))),

ζ ′(u∗,t∗) = (Γint
k

∣∣
U(u∗,t∗)

)∗(h∗(νε × 1)) ∈ Ω2
c(U(u∗,t∗)).

As a result, fk,δ ◦Ψ(x)−Ψ ◦ f⋔k (x) is equal to the chain∑
(u∗,t∗)∈(Γint

k )−1(K)

(
[U(u∗,t∗),Φ

′
(u∗,t∗)

, ζ ′(u∗,t∗)]− sign(u∗, t∗) · [{0}, c0(u∗, t∗), 1]
)

(43)

modulo CdR
0 (Σ0

m+1).
For each (u∗, t∗) ∈ (Γint

k )−1(K), consider a diffeomorphism

Γfiber
k = prR2 ◦h−1 ◦ Γint

k

∣∣
U(u∗,t∗)

: U(u∗,t∗) → Oε

and a scalar multiplication ms : Oε → Oε : w 7→ κ(s) · w for s ∈ R. We define a deformation
retraction to {(u∗, t∗)}

R× U(u∗,t∗) → U(u∗,t∗) : (s, (u, τ)) 7→ (us, τs) := (Γfiber
k )−1 ◦ms ◦ (Γfiber

k )(u, τ).

Now we define a map

Φ̃′
(u∗,t∗)

: R× U(u∗,t∗) → Σ
a+(m+1)ε
m+1 : (s, (u, τ)) 7→ Φ′

(u∗,t∗)
(us, τs)

and a de Rham chain

o1k :=
∑

(u∗,t∗)∈(Γint
k )−1(K)

[R× U(u∗,t∗), Φ̃
′
(u∗,t∗)

, χ× ζ ′(u∗,t∗)] ∈ C
dR
1 (Σ

a+(m+1)ε
m+1 ).

If s ≥ 1, Φ̃′
(u∗,t∗)

(s, (u, τ)) = Φ′
(u∗,t∗)

(u, τ). If s ≤ 0, Φ̃′
(u∗,t∗)

(s, (u, τ)) is constant to

(γu∗1 , . . . , γ̃u∗k
1
, γ̃u∗k

2
, . . . , γu∗m ) =: c′0(u∗, t∗),
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which is defined by (12) for γk = γu∗k , (Tk, τ) = (T u∗k , t∗) and σi : [0, ε/2] → {γu∗k (t∗)} ⊂ Q.
Therefore, the boundary chain ∂o1k is equal to

∑
(u∗,t∗)∈(Γint

k )−1(K)

(
[U(u∗,t∗),Φ

′
(u∗,t∗)

, ζ ′(u∗,t∗)]−

[
{0}, c′0(u∗, t∗),

∫
U(u∗,t∗)

(Γk)
∗(h∗(νε × 1))

])
.

Since
∫
Oε
νε = 1, we can compute that∫

U(u∗,t∗)

(Γk)
∗(h∗(νε × 1)) =

∫
U(u∗,t∗)

(h−1 ◦ Γk)∗(νε × 1)

=

∫
U(u∗,t∗)

(Γfiber
k )∗νε

= sign(u∗, t∗) ∈ {±1}.

Thus, we have

∂(o1k) =
∑

(u∗,t∗)∈(Γint
k )−1(K)

(
[U(u∗,t∗),Φ

′
(u∗,t∗)

, ζ ′(u∗,t∗)]− sign(u∗, t∗) · [{0}, c′0(u∗, t∗), 1]
)
. (44)

Step 2. For each (u∗, t∗) ∈ (Γint
k )−1(K), c′0(u∗, t∗) coincides with c0(u∗, t∗) up to reparame-

terizations of the k-th and (k + 1)-th paths. We define by interpolating parameterizations

c1(u∗, t∗) : [0, 1]→ Σ
a+(m+1)ε
m+1 : s 7→ (γu∗1 , . . . , γu∗k−1, γ̂

u∗
k

1
◦ µ1s, γ̂u∗k

2
◦ µ2s, γu∗k+1, . . . , γ

u∗
m ),

so that c1(u∗, t∗)(0) = c0(u∗, t∗) and c1(u∗, t∗)(1) = c′0(u∗, t∗). Then, we obtain a chain

o2(u∗,t∗) := [R, c1(u∗, t∗) ◦ κ, χ] ∈ CdR
1 (Σ

a+(m+1)ε
m+1 ),

which satisfies ∂(o2(u∗,t∗)) = [{0}, c′0(u∗, t∗), 1]− [{0}, c0(u∗, t∗), 1].
Step 3. We define a chain

ok,(ε,δ)(x) := o1k +
∑

(u∗,t∗)∈(Γint
k )−1(K))

sign(u∗, t∗) · o2(u∗,t∗).

From (44), ∂(ok,(ε,δ)(x)) is equal to the chain of (43). Therefore, ok,δ(x) satisfies the condition
(i). The condition (ii) can be checked as follows: From the conditions (1e-2) and (1e-4), those
paths in Φ′

(u∗,t∗)
(s, (u, τ)) and c1(u∗, t∗)(s) satisfy the condition (iii) of Lemma 3.12. Therefore,

fl,δ(o
1
k) and fl,δ(o

2
(u∗,t∗)

) belongs to CdR
0 (Σ0

m+2) for l = 1, . . . ,m+1. This finishes the proof.

For (ε, δ) ∈ Ta which is standard, we define a linear map Φ<a(ε,δ) : C
⋔,<a
∗ (ε)→ C<a∗ (ε) so that

for x ∈ C⋔
p (m, a, ε), the equivalence class [x] ∈ C⋔,<a

p (m, ε) is mapped to

Φ<a(ε,δ)([x]) =


[Ψ(x)] if p = 0,

[Ψ(x)]−
∑m

k=1[ok,(ε,δ)(x)] if p = 1,

0 else.

The two properties of ok,(ε,δ) shows that Φ
<a
(ε,δ) is a chain map from (C⋔,<a

∗ (ε), D⋔
ε ) to (C

<a
∗ (ε), Dδ).

Therefore, we obtain a linear map on homology

(Φ<a(ε,δ))∗ : H
⋔,<a
∗ (ε)→ H<a

∗ (ε, δ).
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6.2.3 Commutativity with transition maps

We need to check the relation of Φ<a(ε,δ) with {k(ε′,δ),(ε,δ)}ε′≤ε and {lε,ε′}ε≥ε′ .

Proposition 6.5. For (ε, δ), (ε′, δ) ∈ Ta (ε′ ≤ ε) which are standard with respect to h, the
following diagram commutes:

H⋔,<a
∗ (ε)

(Φ<a
(ε,δ)

)∗
//

lε,ε′
��

H<a
∗ (ε, δ)

H⋔,<a
∗ (ε′)

(Φ<a
(ε′,δ′))∗ // H<a

∗ (ε′, δ).

k(ε′,δ′),(ε,δ)

OO

To prove this proposition, we return to the definition k(ε′,δ′),(ε,δ) = k(ε̄,δ̄) by (ε̄, δ̄) ∈ T̄a
satisfying (24) for (ε, δ), (ε′, δ′). We require that (ε̄, δ̄) is standard with respect to h, and thus
ε̄ = ε.

We set Ψ̄ := ī ◦ Ψ: C⋔
∗ (m, a) → C̄dR

∗ (Σam) for all m ∈ Z≥0. Again, the induced map from

C⋔,<a
∗ (ε) to C̄<a∗ (ε) is not a chain map. To fill in the gap, we need the following lemma.

Lemma 6.6. For m ∈ Z≥1 and k ∈ {1, . . . ,m}, suppose that we have taken maps ok,(ε,δ), ok,(ε′,δ′)
of Lemma 6.4 for (ε, δ), (ε′, δ′). Then, there exists a linear map

ōk,(ε,δ̄) : C
⋔
1 (m, a, ε)→ C̄dR

1 (Σ
a+(m+1)ε
m+1 )

such that the following hold for any x ∈ C⋔
1 (m, a, ε):

• ∂(ōk,(ε,δ̄))− (f̄k,δ̄ ◦ Ψ̄(x)− Ψ̄ ◦ f⋔k (x)) ∈ C̄dR
0 (Σ0

m+1).

• f̄l,δ̄(ōk,(ε,δ̄)(x)) ∈ C̄dR
0 (Σ0

m+2) for every l ∈ {1, . . . ,m+ 1}.

• e+(ōk,(ε,δ̄)(x)) = ok,(ε,δ)(x) and e−(ōk,(ε,δ̄)(x)) = (jε′,ε)∗(ok,(ε′,δ′)(x)).

Proof. We omit the detailed proof. Note that δ̄ has the form (32). For any x = (γk)k=1,...,m, we
can compute explicitly that the chain f̄k,δ̄ ◦ Ψ̄(x)− Ψ̄ ◦ f⋔k (x) is equal to the sum of chains for

all (u∗, t∗) ∈ (Γint
k )−1(K)

[R× U(u∗,t∗), Φ̄
′
(u∗,t∗)

, (idR≥1
×U(u∗,t∗), idR≤−1

×U(u∗,t∗)), ζ̄
′
(u∗,t∗)

]

− sign(u∗, t∗) · [R, c0(u∗, t∗), (idR≥1
, idR≤−1

), 1]

modulo C̄dR
0 (Σ0

m+1). Here Φ̄′
(u∗,t∗)

: R× U(u∗,t∗) → R× Σ
a+(m+1)ε
m+1 is determined by

Φ̄′
(u∗,t∗)

(r, (u, τ)) := (r, conk((γ
u
l )l=1,...,m, (T

u
k , τ), ψ̄ε′,ε(r, γ

u
k (τ))))

and (ζ̄ ′(u∗,t∗)) := (idR× Γint
k

∣∣
U(u∗,t∗)

)∗(1 × η̄ε′,ε) ∈ Ω2(R × U(u∗,t∗)). The [−1, 1]-modeled chain

ōk,(ε,δ̄) is defined in a similar way as ok,(ε,δ) in Lemma 6.4, and we can check that this chain
satisfies the required three conditions.

Proof of Proposition 6.5. We define a linear map Φ̄<a
(ε,δ̄)

: C⋔,<a
∗ (ε) → C̄<a∗ (ε) so that for x ∈

C⋔,<a
p (m, a, ε),

Φ̄<a
(ε,δ̄)

([x]) =


[Ψ̄(x)] if p = 0,

[Ψ̄(x)]−
∑m

k=1[ōk,(ε,δ̄)(x)] if p = 1,

0 else.
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The first two properties of ōk,(ε,δ̄) shows that this is a chain map from (C⋔,<a
∗ (ε), D⋔

ε ) to

(C̄<a∗ (ε), D̄δ̄). Therefore, we get a linear map on homology

(Φ̄<a
(ε,δ̄)

)∗ : H
⋔,<a
∗ (ε)→ H̄<a

∗ (ε, δ̄).

The third property of ōk,(ε,δ̄) implies that the following diagram commutes:

H⋔,<a
∗ (ε)

(Φ<a
(ε,δ)

)∗
//

lε,ε′

��

(Φ̄<a
(ε,δ̄)

)∗ ((

H<a
∗ (ε, δ)

(jε,ε)∗=id // H<a
∗ (ε, δ)

H̄<a
∗ (ε, δ̄)

(eε,+)∗

55

(eε,−)∗

))
H⋔,<a

∗ (ε′)
(Φ<a

(ε′,δ′))∗ // H<a
∗ (ε′, δ′)

(jε′,ε)∗ // H<a
∗ (ε, (iε′,ε)∗δ

′).

The proposition is now proved since k(ε,δ̄) = ((jε,ε)
−1
∗ ◦ (eε,+)∗) ◦ ((jε′,ε)−1

∗ ◦ (eε−)∗)−1.

Let a ∈ R>0 \ L(K). Proposition 6.5 shows that the family of maps {(Φ<a(ε,δ))∗ | (ε, δ) ∈
Ta is standard with respect to h} induces a linear map on the limits of ε→ 0

Φ<a : H⋔,<a
∗ = lim−→

ε→0

H⋔,<a
∗ (ε)→ H<a

∗ (Q,K) = lim←−
ε→0

H<a
∗ (ε, δ).

Naturally, those maps of {Φ<a}a∈R>0\L(K) commutes with {Ia,b : H<a
∗ (Q,K)→ H<b

∗ (Q,K)}a≤b
and {Ja,b : H⋔,<a

∗ → H⋔,<b
∗ }a≤b. Therefore, on the limit of a→∞, we have a linear map

Φ: H⋔,∞
∗ → Hstring

∗ (Q,K).

Moreover, it is straightforward to check that Φ is a homomorphism of unital R-algebras.

6.3 Proof of isomorphism

In this section, we prove that for every a ∈ R>0\L(K), Φ<a is an isomorphism in the 0-th degree.
As a consequence, it is shown that the cord algebra of (Q,K) is isomorphic to Hstring

0 (Q,K).

For each m ∈ Z≥0, let ∂
sing
m : C⋔,<a

1 (m)→ C⋔,<a
0 (m) denote the singular boundary operator.

We also write

Ψ0,m : Coker ∂singm → HdR
0 (Σam,Σ

0
m) : [x] 7→ [Ψ(x)],

Ψ1,m : Ker ∂singm → HdR
1 (Σam,Σ

0
m) : x 7→ [Ψ(x)].

(45)

Lemma 6.7. Ψ0,m is an isomorphism and Ψ1,m is a surjection.

Proof. Naturally, there are two maps

Coker ∂singm → Hsing
0 (Σam,Σ

0
m),

Ker ∂singm → Hsing
1 (Σam,Σ

0
m).

induced by the inclusion maps C⋔
p (m, a) → Csing

p (Σam) for p = 0, 1. The subset of Σam (resp.
C0([0, 1],Σam)) consisting of elements satisfying the conditions (0a), (0b) (resp. (1a), (1b), (1c))
is open dense. This fact implies that the first map is an isomorphism and the second map is a
surjection. Then, we consider the following diagram for p = 0, 1:

Kp,m
Ψp,m //

��

HdR
p (Σam,Σ

0
m)

(6) // lim−→j→∞HdR
p (Ba

m(2
j), B0

m(2
j))

Hsing
p (Σam,Σ

0
m)

(11) // lim−→j→∞Hsing
p (Ba

m(2
j), B0

m(2
j))

OO
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Here, K0,m := Coker ∂singm and K1,m := Ker ∂singm . The left vertical map is defined as above.
The right vertical map is an isomorphism from Proposition 2.9. The horizontal maps are the
isomorphisms of (6) and (11). The commutativity follows from the definition of the right vertical
map. See [23, Section 4.7]. Now the assertion of the lemma follows from the diagram.

For the chain complexes (C⋔,<a
∗ , D⋔) and (C⋔,<a

∗ (ε), D⋔
ε ), we define their filtrations {H<ap }p∈Z

and {H<aε,p}p∈Z by

H<ap :=
⊕
m≥−p

C⋔,<a
∗ (m), H<aε,p :=

⊕
m≥−p

C⋔,<a
∗ (m, ε).

Let E⋔,<a and E⋔,<a
ε be the spectral sequences determined by {H<ap }p∈Z and {H<aε,p}p∈Z respec-

tively. Their (−m, q)-terms of the first pages are given by

(E⋔,<a)1−m,q =


Coker ∂singm if q −m = 0 and m ≥ 0,

Ker ∂singm if q −m = 1 and m ≥ 0,

0 else,

(E⋔,<a
ε )1−m,q =


Coker ∂singε,m if q −m = 0 and m ≥ 0,

Ker ∂singε,m if q −m = 1 and m ≥ 0,

0 else.

Here ∂singε,m : C⋔,<a
1 (m, ε)→ C⋔,<a

0 (m, ε) also denotes the singular boundary operator. If 0 < ε′ ≤
ε, there exists a morphism lε,ε′ : E

⋔,<a
ε → E⋔,<a

ε′ induced by the inclusion maps C⋔
∗ (m, a, ε) →

C⋔
∗ (m, a, ε

′) for all m ∈ Z≥0. Naturally, lim−→ε→0
E⋔,<a
ε

∼= E⋔,<a holds.

For (ε, δ) ∈ Ta which is standard with respect to h, the chain map Φ<a(ε,δ) preserves the

filtrations {H<aε,p}p∈Z and {F<aε,p }p∈Z, so it induces a morphism of spectral sequences

(Φ<a(ε,δ))∗ : E
⋔,<a
ε → E<a(ε,δ).

Note that on the (−m, q)-term (m ≥ 0) of first pages, this can be written as follows:

(Φ<a(ε,δ))∗ : Coker ∂singε,m → HdR
0 (Σa+mεm ,Σ0

m) : [x]→ [Ψ(x)] if q = m,

(Φ<a(ε,δ))∗ : Ker ∂singε,m → HdR
1 (Σa+mεm ,Σ0

m) : x→ [Ψ(x)] if q = m+ 1.
(46)

Recall that we have defined k(ε′,δ′),(ε,δ) : E
<a
(ε′,δ′) → E<a(ε,δ) by the composition of the maps of

(28). The next result is a variant of Proposition 6.5 for spectral sequences.

Proposition 6.8. The following diagram commutes:

E⋔,<a
ε

(Φ<a
(ε,δ)

)∗
//

lε,ε′

��

E<a(ε,δ)

E⋔,<a
ε′

(Φ<a
(ε′,δ′))∗ // E<a(ε′,δ′).

k(ε′,δ′),(ε,δ)

OO

This can be proved as Proposition 6.5 by taking (Φ̄<a
(ε,δ̄)

)∗ : E
⋔,<a
ε → Ē<a

(ε,δ̄)
into consideration.

We omit the proof.

We use the spectral sequence E<a of Proposition 4.17. The above proposition and (46)
implies the existence of the following morphism of spectral sequences.
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Proposition 6.9. There exists a morphism of spectral sequences Φ<a : E⋔,<a → E<a such that
on the (−m, q)-term (m ≥ 0) of the first page,

Φ<a = Ψ0,m : (E⋔,<a)1−m,q = Coker ∂singm → (E<a)1−m,q = HdR
0 (Σam,Σ

0
m) if q = m,

Φ<a = Ψ1,m : (E⋔,<a)1−m,q = Ker ∂singm → (E<a)1−m,q = HdR
1 (Σam,Σ

0
m) if q = m+ 1.

This property of Φ<a : E⋔,<a → E<a implies a result on the compatible map Φ<a : H⋔,<a
p →

H<a
p (Q,K).

Proposition 6.10. Φ<a : H⋔,<a
p → H<a

p (Q,K) is an isomorphism if p = 0 and a surjection if
p = 1.

Proof. By Lemma 6.7 and Proposition 6.9, Φ<a : (E⋔,<a)1p,q → (E<a)1p,q is an isomorphism if

p + q ≤ 0 and a surjection if p + q = 1. Since E⋔,<a converges to H⋔,<a
∗ and E<a con-

verges to H<a
∗ (Q,K), we can apply Lemma 4.2 to prove the above assertion for Φ<a : H⋔,<a

∗ →
H<a

∗ (Q,K).

On their limits of a→∞, {Φ<a}a∈R>0\L(K) induces an isomorphism

Φ: H⋔,<∞
0 → Hstring

0 (Q,K).

Combining with Proposition 6.3, we finally obtain the following result.

Theorem 6.11. As a unital R-algebra, Cord(Q,K;R) is isomorphic to Hstring
0 (Q,K).

7 Connection to Legendrian contact homology

In this section, we discuss intuitively how to construct an isomorphism from the Legendrian
contact homology of the unit conormal bundle of K to Hstring

∗ (Q,K) when Q = Rn.

7.1 Legendrian contact homology

We begin with basic definitions. Let M be a (2n− 1)-dimensional manifold and α ∈ Ω1(M) be
a contact form on M , that is, αx ∧ (dα)n−1

x ̸= 0 for every x ∈M . Then, ξ := Kerα is a contact
distribution ofM . The Reeb vector field Rα is a vector field onM characterized by αx(Rα) = 1
and (dα)x(Rα, ·) = 0 for every x ∈M .

An (n− 1)-dimensional submanifold Λ of M is called a Legendrian submanifold of (M,α) if
α|Λ = 0 ∈ Ω1(Λ). We define the set of Reeb chords of Λ by

R(Λ) := {c : [0, T ]→M | T > 0, dc
dt = Rα ◦ c, and c(0), c(T ) ∈ Λ}.

We sketch the definition of the Legendrian contact homology a compact Legendrian subman-
ifold Λ of (M,α) under several conditions on them. To define it, we shall use pseudo-holomorphic
curves in the symplectization (R×M,d(erα)) of (M,α). (Here, r is the coordinate of R.)

Remark 7.1. As far as the author knows, definitions of Legendrian contact homology can
be found in literatures only for some restricted cases. One of such cases consists of contact
manifolds of the form (R× P, dz − θ) for a Liouville manifold (P, θ) (Here, z is the coordinate
of R). In this case, a definition of Legendrian contact homology was given in [11, 14] by using
pseudo-holomorphic curves in P . The correspondence between pseudo-holomorphic curves in P
and those in R× (R× P ) was given in [10].

Referring to [14, Section 2.2], we impose the following condition on (M,Λ):
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• There exist a (2n− 2)-dimensional Liouville manifold (P, θ) which is the completion of a
compact Liouville domain and a diffeomorphism φ : M → R×P such that φ∗(dz−θ) = α.
In this case, φ∗(Rα) = ∂z. We also assume that c1(TP ) = 0 and H1(P ;Z) is free.

• Λ is a compact spin manifold. Let prP : R × P → P be the projection. As a generic
condition on Λ, we require that (prP )|Λ : Λ→ P is an immersion and the self-intersection
of prP (Λ) consists only of transversal double points. In addition, the Maslov class of
prP (Λ) as an immersed Lagrangian submanifold is 0.

We fix a spin structure on Λ. Let us prepare several notations as follows:

• We define τs : R×M → R×M : (r, x) 7→ (r + s, x) for every s ∈ R.

• Let D := {z ∈ C | |z| ≤ 1} and denote the complex structure by j ∈ End(TD). We orient
∂D clockwise, then the set ∂D\{1} is ordered along this orientation. For any finite subset
p of ∂D \ {1}, if we write p = {p1, . . . , pm}, this means that p1 < p2 < · · · < pm in this
order.

• For any subset p = {p1, . . . , pm} in ∂D \ {1} (possibly p is the empty set), we define a
punctured disk Dp := D \ {1, p1, . . . , pm}. Around 1 ∈ D and pk ∈ D (k = 1, . . . ,m), we
choose biholomorphic maps{

ψ0 : [0,∞)× [0, 1]→ D \ {1},
ψk : (−∞, 0]× [0, 1]→ D \ {pk} (k = 1, . . . ,m),

such that

{
ψ0([0,∞)× {0, 1}) ⊂ ∂D \ {1},
ψk((−∞, 0]× {0, 1}) ⊂ ∂D \ {pk},

and

{
lims→∞ ψ0(s, t) = 1,

lims→−∞ ψk(s, t) = pk,
uniformly

on t ∈ [0, 1].

• For every Reeb chord (c : [0, T ]→ Q) ∈ R(Λ), we write T by Tc.

With these preparations, let us summarize how to define the Legendrian contact homology
of (M,Λ).

1. Choose an almost complex structure J on R×M such that:

(a) d(erα)(·, J ·) is a Riemannian metric on R×M .

(b) J(ξ) = ξ for the contact distribution ξ and J(∂r) = Rα.

(c) (τs)
∗J = J for every s ∈ R.

2. Fix c, c1, . . . , cm ∈ R(Λ). We consider the moduli space of pairs (u,p) of p = {p1, . . . , pm} ∈
D \ {1}, and a C∞ map

u : Dp → R×M

satisfying the following conditions:

• du+ J ◦ du ◦ j = 0. Namely, u is a pseudo-holomorphic curve with respect to J .

• u(∂Dp) ⊂ R× Λ.

• There exists s0, s1, . . . , sm ∈ R such that for every k = 1, . . . ,m{
τ−s ◦ u ◦ ψ0(s, ·)→ (s0, c(Tc·)) if s→∞,
τ−s ◦ u ◦ ψk(s, ·)→ (sk, c(Tck ·)) if s→ −∞,

in C∞ topology on [0, 1].
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c

cm c2 c1

R× Λ

Figure. 7: A pseudo-holomorphic curve in R×M with boundaries in R× Λ.

Figure 7 describes such pseudo-holomorphic curves. Let

MJ(c; c1, . . . , cm)

denotes this moduli space of pseudo-holomorphic curves. (Precisely, it is the orbit space
by the action of Aut(D, 1), which is the group of automorphisms of D fixing 1 ∈ D.) Since
J is invariant by the translations τs for all s ∈ R, this moduli space has a natural R-action
defined by u · s := τs ◦ u. By [10, Theorem 2.1] together with [14, Lemma 4.5], we can
choose J to be regular so thatMJ(c; c1, . . . , cm)/R has a structure of a finite dimensional
manifold.

3. For every c ∈ R(Λ), we can assign an integer |c| as in [10, Section 4.1] such that the
dimension ofMJ(c, c1, . . . , cm)/R is equal to

|c| −
m∑
k=1

|ck| − 1

when (c1, . . . , cm) ̸= (c). As a manifold, an orientation of MJ(c; c1, . . . , cm)/R is deter-
mined, depending on the spin structure of Λ [14, Section 4.4]. (Precisely,MJ(c; c1, . . . , cm)/R
is oriented so that the diffeomorphism of [10, Theorem 2.1] preserves orientations.) When
|c| =

∑m
k=1 |ck|+1, this is a compact oriented 0-dimensional manifold. It is a consequence

of the Gromov compactness. See [12, Section 9] when P = Cn and [5, Section 11.3].

Let A∗(Λ) be the unital graded non-commutative R-algebra freely generated by R(Λ) such
that c ∈ A|c|(Λ) for every c ∈ R(Λ). We define a derivation ∂J : A∗(Λ)→ A∗−1(Λ) by

∂J(c) :=
∑

|c1|+···+|cm|=|c|−1

(−1)n(|c|+1)#sign(MJ(c; c1, . . . , cm)/R)c1 · · · cm.

for every c ∈ R(Λ), and extend it by the Leibniz rule. Here, #sign is the number of the point
counted with the signs induced by the orientation.

From [14, Theorem 1.1], (A∗(Λ), ∂J) is a differential graded algebra over R, namely, ∂J ◦∂J =
0 holds. Moreover, its stable tame isomorphism class is independent on the choice of J and
invariant under Legendrian isotopies of Λ preserving the spin structure. (The dependence on
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the spin structure is discussed in [13, Theorem 4.31].) In particular, the isomorphism class of
the homology of (A∗(Λ), ∂J) as a unital graded R-algebras is well-defined. This homology is
called the Legendrian contact homology of (M,Λ), which we denote by

LCH∗(M,Λ) := Ker ∂J/ Im ∂J .

7.2 Conjecture

Let Q be a manifold and K be its submanifold. Let λ be a canonical Liouville form on T ∗Q
such that (T ∗Q,λ) is a Liouville manifold. The conormal bundle of K defined by

LK := {(q, p) ∈ T ∗Q | q ∈ K, p|TqK = 0}

is an exact Lagrangian submanifold of T ∗Q. Moreover, when Q is equipped with a Riemannian
metric g, its unit cotangent bundle UT ∗Q has a canonical contact form α := λ|UT ∗Q. Then,
the unit conormal bundle of K defined by

ΛK := LK ∩ UT ∗Q

is a Legendrian submanifold of (UT ∗Q,α). The next theorem is a well-known fact about the
Reeb vector field Rα. Let UTQ be the unit tangent bundle of Q.

Theorem 7.2. ([22, Theorem 1.5.2]) Via the identification

Ψg : UTQ→ UT ∗Q : v 7→ g(v, ·),

the flow of the Reeb vector field on UT ∗Q coincides with the geodesic flow on UTQ.

From the above fact, if we set πQ : UT ∗Q → Q to be the bundle projection, we obtain a
bijection

R(ΛK)→ C(K) : c 7→ πQ ◦ c.

Here, C(K) is the set defined in Section 3.1. It consists of geodesics in Q of unit speed with end
points in K and perpendicular to K at the end points.

Suppose that Rn is equipped with the standard Riemannian metric and K is a compact
oriented submanifold of Rn with codimK = d. As we have seen in Proposition 5.11, ΛK has a
spin structure induced by the standard spin structure on Rn. We remark that φ∗(dz − λ) = α
is satisfied by the diffeomorphism

φ : UT ∗Rn → T ∗Sn−1 × R : (q, p) 7→ ((p, q − ⟨q, p⟩ · p), ⟨q, p⟩),

and thus the Legendrian contact homology LCH(UT ∗Rn,ΛK) is defined as in Section 7.1.

Now our conjecture is stated as follows.

Conjecture 7.3. For any compact oriented submanifold K of Rn, there exists an isomorphism
of unital graded R-algebras

LCH∗(UT
∗Rn,ΛK) ∼= Hstring

∗ (Rn,K).

Remark 7.4. The above construction of LCH∗(M,Λ) will work in more general situations, such
as where M has no contractible periodic Reeb orbit. The author expects that the conjecture
can be extended, for instance, to the case where Q is spin and has a non-positive sectional
curvature, imposing certain convexity conditions when it is non-compact.
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7.3 Idea toward the proof of Conjecture 7.3

The rest of this section is devoted to sketching the idea toward proving the conjecture. The
outline is similar to [9, Section 6, 7].

Caution 1. In the outline of the proof explained below, we does not concern with signs. In fact,
from the current research for proving the conjecture, it seems better to define the Legendrian
contact homology using the sign conventions different from [13] so that it is compatible with
the signs which we fixed to define Hstring

∗ (Q,K).

Caution 2. At several points, we omit the issues about parametrizations of paths. In Remark
7.6, we will see what is the problem and also a possible solution is mentioned.

Let us prepare several notions. We require K ⊂ Rn to satisfy the following conditions which
can be achieved by an arbitrarily small C∞ perturbation of K:

(i) All binormal chords are non-degenerate. In the present case, this is equivalent to that for
every (γ : [0, T ]→ Rn) ∈ C(K), (γ(0), γ(T )) ∈ K ×K is a non-degenerate critical point of
the function

K ×K → R : (q, q′) 7→ |q − q′|2.

(ii) For every m,m′ ∈ Z≥1 with m ̸= m′, Lm(K) ∩ Lm′(K) = ∅ holds.

The second condition can be achieved if the set {length(γ) ∈ R | γ ∈ C(K)} is linearly indepen-
dent over Q. Under these conditions, it follows from [2, Corollary 4.2] that Λ = ΛK satisfies
the conditions in Section 7.1 which we imposed to define LCH∗(M,Λ).

For every c ∈ R(ΛK), Tc =
∫
c∗(α) ∈ R>0 is called the action of c. This satisfies Tc =

length(πRn ◦ c).

Definition 7.5. For any a ∈ R>0, let (A<a∗ , ∂J) be the subcomplex of (A∗(ΛK), ∂J) spanned as
an R-vector space by words of Reeb chords whose sum of actions are less than a. Let LCH<a∗
denote its homology. For a, b ∈ R>0 with a ≤ b, the quotient complex (A[a,b)

∗ := A<b∗ /A<a∗ , ∂J)

is defined. Let LCH
[a,b)
∗ denote its homology.

In Subsection 7.3.1, 7.3.2 and 7.3.3, we will state Claim 1, 2 and 3 respectively. In Subsection
7.3.4, admitting these three claims, we give a proof of Conjecture 7.3.

7.3.1 Construction of de Rham chain via Kuranishi structure

Claim 1. Fix an arbitrary a ∈ R>0 \ L(K). If ε > 0 is sufficiently small, there exists δ ∈
CdR
n−d(Sε) and a linear map

Φ<aε : A<a∗ → C<a∗ (ε)

such that (ε, δ) ∈ Ta and Dδ ◦ Φ<aε = Φ<aε ◦ ∂J holds.

Recall that in order to define (C<a∗ (ε), Dδ) and Ta, we need to choose auxiliary data (see
Section 3.1). We let g to be the standard metric on Rn and do not specify C0, ε0 and µ.

To prove this claim, we focus on pseudo-holomorphic curves in T ∗Rn with switching La-
grangian boundary conditions explained below. We often identify the image of 0-section of
T ∗Rn with Rn, and the symplectization R× UT ∗Rn with T ∗Rn \ Rn via

R× UT ∗Rn → T ∗Rn \ Rn : (r, (q, p)) 7→ (q, erp).

Let us choose an almost complex structure J ′ on T ∗Rn satisfying all but the fourth conditions
of [9, Definition 8.1]. (The fourth condition, which we have removed, is about the integrability
of J ′ around K.) In particular, dλ(·, J ·) is a Riemannian metric and J ′ coincides with J on

72



c

LK

RnRnRn

Figure. 8: A pseudo-holomorphic curve in T ∗Rn with red boundaries in Rn and black boundaries
in LK . The switching points of the boundary conditions are mapped to K = Rn ∩ LK .

{(q, p) ∈ T ∗Rn | |p| ≥ 1}. Explicitly, we can take it as follows: We choose a C∞ function

ρ : [0,∞) → (0,∞) such that ρ(a) =

{
1 if a ≤ 1

2 ,

a if a ≥ 1.
Fix R > 0 to be |q| < R for every q ∈ K.

By using the coordinate (q1, . . . , qn, p1, . . . , pn) of T
∗Rn, we define an almost complex structure

Jρ to be

(Jρ)(q,p)(∂qi) = −ρ(|p|)∂pi , (Jρ)(q,p)(∂pi) = ρ(|p|)−1∂qi

for every (q, p) ∈ T ∗Rn. An almost complex structure J ′ satisfying the required conditions can
be obtained by deforming Jρ|ξ on {(q, p) ∈ T ∗Rn | |q| < R, |p| > 1

2}, which is identified with
an open subset of R× UT ∗Rn.

As a notation, for p = {p1, . . . , pm} ⊂ ∂D \ {1} with m ̸= 1 and k ∈ {1, . . . ,m}, let ∂kDp

denote the connected component of ∂Dp whose closure in ∂D has {pk−1, pk} as the boundary.
(Here we set p0 = pm+1 = 1.)

For any c ∈ R(ΛK) and m ∈ Z≥0, we consider the moduli space of pairs (u,p) of p =
{p1, . . . , p2m} ∈ ∂D \ {1} and a C∞ map

u : Dp → T ∗Rn

such that:

• du+ J ′ ◦ du ◦ j = 0.

• For k ∈ {1, . . . , 2m+ 1},

{
u(∂kDp) ⊂ Rn if k is even,

u(∂kDp) ⊂ LK if k is odd.

• If s > 0 is sufficiently large, u ◦ ψ0(s, t) ∈ T ∗Rn \ Rn ∼= R× UT ∗Rn. There exists s′0 ∈ R
and xk ∈ K = Rn ∩ LK for k = 1, . . . , 2m such that{

τ−s ◦ u ◦ ψ0(s, ·)→ (s′0, c(Tc·)) if s→∞,
u ◦ ψk(s, ·)→ xk if s→ −∞,

in C∞ topology on [0, 1].
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Figure 8 describes such pseudo-holomorphic curves. Let M(c,m) denote this moduli space of
pseudo-holomorphic curves.

In addition, we define N to be the moduli space of pseudo-holomorphic curves with respect
to J ′

v : D \ p′ → T ∗Rn (p′ = {p′1, p′2} ∈ ∂D \ {1})

with one marked point at 1 ∈ ∂D such that:

• For any z ∈ ∂D \ p′,

{
v(z) ∈ Rn if z lies in the same component as 1,

v(z) ∈ LK else.

• For k ∈ {1, 2}, lims→−∞ v ◦ ψk(s, ·) = xk in C∞ topology on [0, 1] for some point xk ∈
K = Rn ∩ LK .

Notation. Hereafter, we omit writing the set of boundary puncture p or p′ from any element
inMJ(c; c1, . . . , cm),M(c,m) and N .

We remark that every v ∈ N is a constant map, since the Liouville form λ on T ∗Rn vanishes
when it is pulled back on the two Lagrangian submanifolds Rn and LK . In fact,

ev0 : N → K : v 7→ v(1)

is a diffeomorphism. However, non-constant maps appear after a perturbation explained later.
For any u ∈M(c,m) and k ∈ {1, . . . ,m}, u|∂2kDp

can be extended smoothly on the closure of

∂2kDp. If we parameterize the domain by an interval [0, T uk ] so that pk−1 (resp. pk) corresponds
to 0 (resp. T uk ), we get a sequence of m-paths

(γuk : [0, T
u
k ]→ Rn)k=1,...,m

with end points in K. (In Figure 8, they are the restrictions on the red boundary components.)

Remark 7.6. The moduli space M(c,m) is defined by taking the quotient by the action of
Aut(D, 1). Therefore, correctly speaking, u is a representative of an Aut(D, 1) orbit and thus the
path γuk is well-defined only up to reparameterization. One might consider the parametrization
by the arc length, but it does not work well with the later discussion. One way to solve this
problem would be to consider pseudo-holomorphic curves with an arbitrary number of boundary
marked points. This solution can be found in [24]. If we adopt this solution, we will need to
change Hstring

∗ (Rn,K) to the one consisting of de Rham chains of paths with an arbitrary
number of interior marked points and also need to show that it is isomorphic to Hstring

∗ (Rn,K)
defined in this article.

Let us admit the following assertions without proofs:

(A) For a generic J ′,M(c,m) has a structure of an oriented manifold of dimension

|c| −m(d− 2).

(B) For every u ∈M(c,m),
m∑
k=1

lengthγuk ≤ Tc.

The equality holds if and only if m = 1 and u is the trivial half strip over πRn ◦ c
characterized by (du)z ⊂ Span(∂r, Rα) for every z ∈ Dp \ ∂2Dp via the identification
T ∗Rn \ Rn ∼= R× UT ∗Rn.

(C) There exists a compactificationM(c,m) ofM(c,m) whose boundary consists of pseudo-
holomorphic buildings and pseudo-holomorphic curves with nodes. For the detailed ex-
planation, see [8, Section 4].
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It is important to note that if u ∈M(c, 1) is the half strip over πRn ◦ c, then γu1 = πRn ◦ c.

Remark 7.7. (Comparision with [9]) The results corresponding to the above assertions can be
found in [9]. About the assertion (A), we can refer to [9, Lemma 9.5] for the transversality, [9,
Section 9.5] for orientations, and [8, Theorem A.1] for the computation of the dimension. The
assertion (B) is proved in [9, Proposition 8.9]. For the assertion (C), we should note that in
order to deal withM(c,m) as a manifold with corners, [9] introduced the notion of a winding
number, which is assigned to each switching point. This number is determined by the order of
degeneracy. On the other hand, we will introduce later Kuranishi structures in order to deal
with the compactified moduli space.

For every m ∈ Z≥1 and c ∈ R(ΛK) with Tc < a, we consider a map

M(c,m)→ Σam : u 7→ (γu1 , . . . , γ
u
m),

and extend this map continuously on the compactificationM(c,m) to get a map

φc,m :M(c,m)→ Σam.

When m = 0, φc,0 :M(c, 0)→ Σa0 = {∗} is a constant map. Likewise, let us define

N → Sε0 : v 7→ (σv1 , σ
v
2),

where σvi for i = 1, 2 is a path obtained by extending v|∂2i−1Dp′ to the closure of ∂2i−1Dp′ .

First, we intuitively regard φc,m as a chain in Σam and observe its boundary chains. We do
not need to deal with all boundary chains in the present argument for the following reasons:

• From the definition of de Rham chains, all degenerate chains are equal to 0. Here, we say
a chain is degenerate if it has the form [U × V, φ ◦ prV , ω × η] for some chain [V, φ, η] and
ω ∈ Ωpc(U) with dimU − p > 0.

• Any chain in Σ0
m is equal to 0 as an element of CdR

∗ (Σam,Σ
0
m). Recall that Σ

0
m consists of

sequences of m-paths one of whose length is smaller than ε0.

If we ignore chains which are degenerate or in Σ0
m, the remaining chains of φc,m|∂M(c,m) consist

of the following two types:

1. We have a chain defined on a pseudo-holomorphic building described in Figure 9

(MJ(c; c1, . . . , cl)/R)×
l∏

α=1

M(cα,mα)→ Σam

([w], (uα)α=1,...,l) 7→ (γu11 , . . . , γu1m1
, . . . , γul1 , . . . , γ

ul
ml
)

(47)

for c1, . . . , cl ∈ R(ΛK) andm1, . . . ,ml ∈ Z≥0 with
∑l

α=1mα = m. If
∑l

α=1 |cα| > |c|−1 or
(|cα|,mα) ∈ Z≥1×{0} for some α ∈ {1, . . . , l}, then eitherMJ(a; c1, . . . , cl) orM(cα,mα)
has positive dimension, so we think of (47) as a degenerate chain. Therefore, we only need
to consider the case where

∑l
α=1 |cα| = |c|−1 and |cα| = 0 whenever mα = 0. If we extend

Π, which was used to define the ⋆-operation, to a map Π:
∏l
α=1Σ

aα
mα
→ Σα1+...αl

m1+···+ml
, (47)

can be rewritten as a map

(([w], (uα)α=1,...,l)) 7→ Π(φc1,m1(u1), . . . , φcl,ml
(ul)).
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c

c1cl

Figure. 9: A pseudo-holomorphic building
consisting of pseudo-holomorphic curves in
R× UT ∗Rn and T ∗Rn.

c

u|∂2kDp

u|∂2Dp
u|∂2(m−1)Dp v(1)

Figure. 10: A pseudo-holomorphic curve
with a node on ∂2kDp.

2. For k = {1, . . . ,m−1}, letMk(c,m−1) be the space of pairs (u, q) of (u : Dp → T ∗Rn) ∈
M(c,m− 1) and a marked point q ∈ ∂2kDp. We define an evaluation map

evk :Mk(c,m− 1)→ Rn : (u, q) 7→ u(q).

Then we have a chain defined on the fiber product of evk and ev0 : N → Rn : v 7→ v(1)
described in Figure 10

Mk(c,m− 1) evk×ev0 N → Σam

((u, q), v) 7→ (γu1 , . . . , (γ
u
k |[0,q] · σ

v
1), (σ

v
2 · γuk |[q,Tu

k ]), . . . , γ
u
m−1).

(48)

Here, we think of q as a point in (0, T uk )
∼= ∂2kDp. If we ignore the difference of parame-

terizations near end points, (48) can be rewritten as a map

((u, q), v) 7→ conk((γ
u
k )k=1,...,m−1, (T

u
k , q), (σ

v
i )i=1,2).

More precisely, we need to extend these maps (47) and (48) to the compactification of the
domains. The other chains consisting of φc,m|∂M(c,m) are contained in Σ0

m. For examples, see
Figure 11.

Remark 7.8. The following assertion, which holds when K is a knot, was crucial in [9] to
define a chain map similar to Φ<aε :

(D) We can choose J ′ such thatM(c,m) = ∅ for every c ∈ R(ΛK) if m ∈ Z≥0 is sufficiently
large.

In the present discussion, we do not need to rely on such a result since φc,m vanishes as a chain
in a pair of space (Σam,Σ

0
m) when m is sufficiently large. Indeed, if m ≥ 2a

ε0
, then Σam = Σ0

m

holds. The reason of this simplification is that the paths in LK obtained by restricting on the
black boundary in Figure 8 are not necessary to define Φ<aε . This is not the case in [9], where
the Legendrian contact homology with the coefficients in “chains in the based loop space of
ΛK” are considered.
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c c

v

v′

v|∂2Dp′

v′|∂3Dp′′

Figure. 11: These holomorphic curves with boundary nodes appear in the boundary ofM(c, 3).
Here, v : Dp′ → T ∗Rn and v′ : Dp′′ → T ∗Rn are pseudo-holomorphic disks, which must be
constant by the boundary conditions. Therefore, v|∂2Dp′ and v′|∂3Dp′′ are constant paths in Rn.
In particular, their length is less than ε0.

There is a problem about the transversality in order to define the fiber product in the second
type of the boundary chains. To deal with this problem, we introduce a Kuranishi structure of
N . For simplicity, we assume that there exists a global Kuranishi chart K = (V,E, s, ψ) and a
map f : V → Sε0 which consist of the following data:

• an oriented manifold V .

• a finite rank oriented R-vector bundle E over V such that dimV − rkE = dimN = n−d.

• a C∞ section s : V → E.

• a homeomorphism ψ : s−1(0)→ N .

• (V, f) is a plot of Sε0 such that f ◦ ψ−1(v) = (σv1 , σ
v
2) for every v ∈ N . In particular,

ev0 ◦f : V → Nε0 is a submersion.

They are constructed from the Cauchy-Riemann operator ∂̄J ′ defined as a section of a Banach
bundle such that (∂̄J ′)−1(0) = N . For details, we refer to [21, Chapter 3]. In the present case,
∂̄J ′ is transverse to the zero section, so we may assume that s is transverse to the zero section and
ψ is a diffeomorphism. By gluing arguments, for any compact subset ofMk(c,m−1) evk×ev0N
we can construct a collection of Kuranishi charts [20, Definition 3.1] onM(c,m) whose union
covers this compact subset. Let us admit that, inductively on Tc and m, a Kuranishi structure
ofM(c,m) is constructed, and there exists a strongly smooth map φ̃c,m (in a sense similar to
[24, Definition 7.1.1]) on this Kuranishi space, whose underlying map is φc,m. In terms of this
Kuranishi structure, we take a good coordinate system [20, Definition 3.15].

We also need to take a CF-perturbation (Sr)r>0 of K. For simplicity, we first assume that
E is trivial. Identifying E with Rq×V and s with a function s : V → Rq, we can take explicitly
Sr which consists of the following data:

• an open neighborhood W of 0 in Rq.

• a C∞ section sr : W × V → pr∗V E
∼= Rq × (W × V ) defined by

sr(w, v) := (s(v)− rw, (w, v))

for every (w, v) ∈W × V .
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• η ∈ Ωqc(W ) such that
∫
W η = 1.

They satisfies the conditions of [20, Definition 7.4]. (Here we do not need to concern with
the action of a finite group.) Indeed, sr is transverse to the zero section and the sequence
(sr)r>0 converges to s ◦ prV on W × V as r → 0 in compact C1-topology. Moreover, since
prV |s−1

r (0) : s
−1
r (0) = {(w, v) | s(v) = rw} → V is an open embedding,

ev0 ◦f ◦ prV |s−1
r (0) : s

−1
r (0)→ Nε0

is a submersion.
[24, Section 8] gave a construction of de Rham chain from a Kuranishi structure, a strongly

smooth map and a CF-perturbation. (More precisely, those input data are required to be
admissible in the sense of [20, Section 25].) We apply this to the present case. For the Kuranishi
structure K, the map f : V → Sε0 and the CF-perturbation (Sr)r>0, we choose a sufficiently
small r > 0 which depends on ε ∈ (0, ε0] to define a de Rham chain

δ := [s−1
r (0), f ◦ prV |s−1

r (0) , (pr
∗
W η)|s−1

r (0)] ∈ C
dR
n−d(Sε).

If E is not trivial, we need to take an open cover of trivializations. The de Rham chain is
defined by using a partition of unity subordinated to this cover.

Let us admit that it is possible to define a de Rham chain

Φ<aε,m(c) ∈ CdR
|c|−(m−2)d(Σ

a+mε
m )

constructed from the Kuranishi structure on M(c,m), φ̃c,m and a CF-perturbation obtained
by extending (Sr)r>0 to M(c,m) equipped with the good coordinate system. When m = 0,
Φ<aε,0(c) ∈ CdR

|c| (Σ
a
0) is defined as{

#signM(c, 0) ∈ R = CdR
0 (Σa0) if |c| = 0,

0 else.

Let us observe the properties of these de Rham chains. Since the inverse map of prV |s−1
r (0)

is given by prV (s
−1
r (0)) → s−1

r (0) : v 7→ (1rs(v), v), we have δ = [V, f, (1rs)
∗η]. Hence (ev0)∗δ ∈

CdR
n−d(N

reg
ε ) ∼= Ωdc(Nε) is equal to

(ev0 ◦f)!((1rs)
∗η) ∈ Ωdc(Nε).

Note that if r > 0 is sufficiently small, then (1rs)
∗η ∈ Ωqc(V ) has a support in a tubular

neighborhood of s−1(0) and represents the Thom class of the normal bundle of s−1(0). We have
the following diagram and the correspondence of (co)homology classes:

Hq
c,dR(V )

(ev0 ◦f)! //

∼=
��

Hd
c,dR(Nε)

∼=
��

[(1rs)
∗η]

_

��

[ηTK⊥ ]
_

��
Hsing
n−d(V )

(ev0 ◦f)∗ // Hsing
n−d(Nε) [s−1(0)] � // (ev0 ◦f)∗[s−1(0)] = [K]

Here the vertical isomorphisms come from the Poincaré duality and ηTK⊥ ∈ Ωdc(Nε) repre-
sents the Thom class of TK⊥. Since Thε ∈ HdR

n−d(N
reg
ε ) ∼= Hd

c,dR(Nε) is the homology class

corresponding to [ηTK⊥ ] ∈ Hd
c.dR(Nε), it follows that

(ev0)∗[δ] = Thε ∈ HdR
n−d(N

reg
ε ).

This shows that if ε > 0 is sufficiently small, then (ε, δ) is an element of Ta.
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In addition, the intuitive observation about the boundary chains of φc,m implies that the
following equation should hold in CdR

|c|−(m−2)d−1(Σ
a+mε
m ,Σ0

m):

∂Φ<aε,m(c) =
∑

|c1|+···+|cl|=|c|−1

± < ∂Jc, c1 . . . cl >

( ∑
m1+···+ml=m

±Φ<a1ε,m1
(c1) ⋆ · · · ⋆ Φ<alε,ml

(cl)

)

±
m−1∑
k=1

fk,δ(Φ
<a
ε,m−1(c)),

(49)

where a1, . . . , al ∈ R>0 satisfy aα > Tcα for every α ∈ {1, . . . , l} and a1 + · · · + al = a. Here,
< ∂Jc, c1 . . . cl >= #signMJ(c; c1, . . . , cl) and each “±” means that the sign is uncertain in the
present discussion. On the RHS, the first summand corresponds to the chains of (47) and the
second summand corresponds to the chains of (48).

Now we define a linear map Φ<aε : A<a∗ → C<a∗ (ε) so that for every c ∈ R(ΛK),

Φ<aε (c) := (Φ<aε,m(c))m∈Z≥0
∈ C<a∗ (ε),

and it is extend naturally via the product on A∗(ΛK) and the ⋆-operation. The unit 1 ∈ A<a∗
of A∗(ΛK) is mapped to 1 ∈ R = CdR

0 (Σa0,Σ
0
0) ⊂ C<a0 (ε). The equation (49) means that Φ<aε

is a chain map from (A<a∗ , ∂J) to (C<a∗ (ε), Dδ), if the signs are determined as we expect. We
finish the discussion about Claim 1.

If Claim 1 is proved, we obtain a linear map on homology

(Φ<aε )∗ : LCH
<a
∗ → H<a

∗ (ε, δ).

If b ∈ R>0 \ L(K) satisfy b > a, Φ<bε induces a chain map from (A[a,b)
∗ , ∂ΛK

) to (C
[a,b)
∗ (ε), Dδ).

Let us denot it by Φ
[a,b)
ε . Then we obtain a linear map

(Φ[a,b)
ε )∗ : LCH

[a,b)
∗ → H

[a,b)
∗ (ε, δ).

7.3.2 Compatibility with the transition map

Claim 2. If (ε′, δ′), (ε, δ) ∈ Ta are the chains defined in Claim 1 for ε and ε′ with 0 < ε′ ≤ ε,
then

k(ε′,δ′),(ε,δ) ◦ (Φ<aε′ )∗ = (Φ<aε )∗ : LCH
<a
∗ → H<a

∗ (ε, δ).

To prove this claim, we need to determine δ̄ ∈ C̄dR
n−d(Sε) such that e+δ̄ = δ and e−δ̄ =

(iε′,ε)∗δ
′. This [−1, 1]-modeled chain can be constructed by interpolating Sr and Sr′ which

are used to define δ and δ′ respectively. The point will be to construct a chain map Φ̄<aε from
(A<a∗ , ∂J) to (C̄<a∗ (ε), D̄δ̄) by a similar process as Claim 1 such that the following diagram
commutes:

H<a
∗ (ε, δ)

LCH<a∗
(Φ̄<a

ε )∗ //

(Φ<a
ε )∗ //

(Φ<a
ε′ )∗

//

H̄<a
∗ (ε, δ̄)

f(ε,δ̄),+
66

f(ε,δ̄),−

((
H<a

∗ (ε′, δ′).

k(ε′,δ′),(ε,δ)

OO

We finish the discussion about Claim 2.
If Claim 2 is proved, we obtain a linear map on the limit of ε→ 0

Φ<a∗ := lim←−
ε→0

(Φ<aε )∗ : LCH
<a
∗ → H<a

∗ (Rn,K) = lim←−
ε→0

H<a
∗ (ε, δ).
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Similarly, Φ
[a,b)
∗ : LCH

[a,b)
∗ → H

[a,b)
∗ (Rn,K) is defined.

From the construction of the chain maps in Claim 1, the maps of {Φ<a∗ }a∈R>0\L(K) are

naturally compatible with Ia,b : H<a
∗ (Rn,K)→ H<b

∗ (Rn,K) and the linear map ia,b∗ : LCH<a∗ →
LCH<b∗ induced by the inclusion maps ia,b : A<a∗ → A<b∗ for all a ≤ b. Then, on the limit of
a→∞, we get a graded R-linear map

Φ∗ : LCH∗(UT
∗Rn,ΛK)→ Hstring

∗ (Rn,K).

Moreover, it would be straightforward to check that it is a homomorphism of graded R-algebras.

7.3.3 Discussion using the length filtrations

Claim 3. For every a0 ∈ R>0, there exist a, b ∈ R>0 \ L(K) such that a < a0 < b and

Φ
[a,b)
∗ : LCH

[a,b)
∗ → H

[a,b)
∗ (Rn,K) is an isomorphism.

If a0 /∈ L(K), we take a, b ∈ R>0 so that [a, b] ∩ L(K) = ∅. Then LCH
[a,b)
∗ = 0 and

H
[a,b)
∗ (Rn,K) = 0 from Proposition 4.5, so the assertion is trivial. In the case where a0 ∈ L(K),

from the assumption on K that Lm(K) \ Lm′(K) = ∅ if m ̸= m′, we can uniquely determine
l ∈ Z≥1 such that a0 ∈ Ll(K). We take a, b ∈ R>0 \ L(K) so that [a, b] ∩ L(K) = {a0}.

By Proposition 4.5, H
[a,b)
∗ (ε, δ) ∼= HdR

∗−l(d−2)(Σ
b
l ,Σ

a
l ) for any (ε, δ) ∈ Ta ∩ Tb. On the other

hand, ∂J : A[a,b)
∗ → A[a,b)

∗−1 is the zero-map, so LCH
[a,b)
∗ = A[a,b)

∗ and it is the vector space whose
basis is the set of words

{c1 · · · cl | Tc1 + · · ·+ Tcl = a0}.

The linear map (Φ<aε )∗ is described as

A[a,b)
∗ → HdR

∗−l(d−2)(Σ
b
l ,Σ

a
l ) : c1 · · · cl 7→

[
Φ<a1ε (c1) ⋆ · · · ⋆ Φ<alε (cl)

]
,

where ak > Tck for k = 1, . . . , l and a1 + · · ·+ al = b.
Let us introduce a C∞ manifold

Ba′
l := {(q01, q11, . . . , ql0, ql1) ∈ K2l |

l∑
k=1

|q1k − q0k| < a or min
1≤k≤l

|q1k − q0k| < ε0}.

for every a′ ∈ R>0. Then, we have an isomorphism e∗ : H
dR
∗ (Σbl ,Σ

a
l ) → HdR

∗ (Bb
l , B

a
l ) induced

by
e : Σbl → Bb

l : (γk : [0, Tk]→ Rn)k=1,...,l 7→ (γ1(0), γ1(T1), . . . , γl(0), γl(Tl)).

In addition, by Proposition 2.9, there exists a canonical isomorphism

Ψ: Hsing
∗ (Bb

l , B
a
l )→ HdR

∗ (Bb
l , B

a
l ).

Let us denote c := (πRn ◦ c(0), πRn ◦ c(Tc)) ∈ K ×K for every c ∈ R(ΛK).
We consider the C∞ function

E : Bb
l → R : (q01, q

1
1, . . . , q

0
l , q

1
l ) 7→

l∑
k=1

|q0k − q1k|2.

The set of its critical points in Bb
l \Ba

l agrees with

{(c1, . . . , cl) | c1, . . . , cl ∈ R(ΛK), Tc1 + · · ·+ Tcl = a0}.

and every critical point is non-degenerate. Let Du(c1, . . . , cl) be the embedded closed disk in
Bb
l which is contained in the unstable submanifold of (c1, . . . , cl) with respect to the negative
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gradient flow of E and whose boundary is contained in Ba
l . Then, a basis of Hsing

∗ (Bb
l , B

a
l ) is

given by the set of homology classes

{[Du(c1, . . . , cl)] | c1, . . . , cl ∈ R(ΛK), Tc1 + · · ·+ Tcl = a0}.

It follows that

{e−1
∗ ◦Ψ([Du(c1, . . . , cl)]) | c1, . . . , cl ∈ R(ΛK), Tc1 + · · ·+ Tcl = a0}

is a basis of HdR
∗−l(d−2)(Σ

b
l ,Σ

a
l ).

Therefore, Claim 3 is reduced to the following assertion: For every c1, . . . , cl ∈ R(ΛK) with
Tc1 + · · ·+ Tcl = a0,

e∗ ◦ (Φ<aε )∗(c1 · · · cl) = ±Ψ([D(c1, . . . , cl)]) (50)

holds in HdR
∗−l(d−2)(B

b
l , B

a
l ) if ε > 0 is sufficiently small.

For now, we explain intuitively why this equation should hold. Let us return to the intuitive
observation about φc,m in Subsection 7.3.1 and think of φc,m as a chain in Σam. Then, the
homology class in the left-hand side of (50) is represented by the sum of chains

e ◦Π ◦ (φc1,m1 × · · · × φcl,ml
) :M(c1,m1)× · · · ×M(cl,ml)→ Bb

l (51)

for allm1, . . . ,ml ∈ Z≥0 withm1+· · ·+ml = l. For any c′1, . . . , c
′
l ∈ R(ΛK) with Tc′1+· · ·+Tc′l =

a0, let W
s(c′1, . . . , c

′
l) be the stable manifold of the critical point (c′1, . . . , c

′
l) ∈ Bb

l \ Ba
l with

respect to the negative gradient flow of E. By Morse theory in terms of E, (50) is reduced to
the following two assertions:

1. If cα ̸= c′α or mα ≥ 2 for some α ∈ {1, . . . , l}, then (51) does not intersect W s(c′1, . . . , c
′
l).

2. If cα = c′α and mα = 1 for every α ∈ {1, . . . , l}, then (51) intersects W s(c1, . . . , cl)
transversely at one point.

To check them, we use the assertion (B) in Subsection 7.3.1 about the length estimate and
the fact that the function

LB : Bb
l → R : (q01, q

1
1, . . . , q

0
l , q

1
l ) 7→

l∑
k=1

|q0k − q1k|

is decreasing along the negative gradient flow of E. The assertion (B) implies that the composite
map

LB ◦ (51) :M(c1,m1)× · · · ×M(cl,ml)→ R

is bounded from above by Tc1 + · · ·+Tcl = a0. Moreover, its maximum is equal to a0 if and only
if m1 = · · · = ml = 1, in which case LB ◦ (51)(u1, . . . , ul) = a0 if and only if uα is the trivial
half strip over πRn ◦ cα. On the other hand, The minimum of LB on W s(c′1, . . . , c

′
l) is equal to

Tc′1+· · ·+Tc′l = a0 and (c′1, . . . , c
′
l) ∈W s(c′1, . . . , c

′
l) is the unique point which take the minimum.

Therefore, (51) intersects W s(c′1, . . . , c
′
l) only if m1 = · · · = ml. Since the sequence of trivial

half strips (u1, . . . , ul) is mapped by (51) to (c1, . . . , cl) ∈ Bb
l , (51) intersects W s(c′1, . . . , c

′
l) if

and only if cα = c′α and mα = 1 for every α ∈ {1, . . . , l}, and moreover the intersection consists
only of c1, . . . , cl. It remains to check the transversality, but here we omit the discussion. (A
similar argument can be found in [4, Proposition 2].) We finish the discussion about Claim 3.
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7.3.4 Conclusion assuming three claims

Assuming the above three claims, we shall prove Conjecture 7.3. We want to show that
Φ<a∗ : LCH<a∗ → H<a

∗ (Rn,K) is an isomorphism for every a ∈ R>0 \ L(K). From Claim 3, we
can choose a sequence (rl)l=0,...,k in R>0 \ L(K) such that ε0 = r0 < r1 < · · · < rk−1 < rk = a

and Φ
[rl−1,rl)
∗ : LCH

[rl−1,rl)
∗ → H

[rl−1,rl)
∗ (Rn,K) is an isomorphism for every l = 1, . . . , k. Since

[0, ε0] ∩ L(K) = ϕ, it is obvious that Φ<r0∗ : LCH<r0∗ = R · 1→ H<r0(Rn,K) = R is an isomor-
phism. We have the following commutative diagram whose horizontal sequences are exact:

LCH
[rl−1,rl)
∗+1

//

Φ
[rl−1,rl)
∗��

LCH
<rl−1
∗ //

Φ
<rl−1
∗
��

LCH<rl∗ //

Φ
<rl
∗
��

LCH
[rl−1,rl]
∗ //

Φ
[rl−1,rl)
∗
��

LCH
<rl−1

∗−1

Φ
<rl−1
∗
��

H
[rl−1,rl)
∗+1

// H
<rl−1
∗ // H<rl

∗ // H
[rl−1,rl)
∗ // H

<rl−1

∗−1 .

Here, we omit writing (Rn,K) in the lower sequence. Inductively on l = 1, . . . , k, we can show
that the middle vertical map is an isomorphism. Therefore, Φ<a∗ = Φ<rk is an isomorphism. In
the limit of a→∞, it follows that Φ∗ : LCH∗(UT

∗Rn,ΛK)→ Hstring
∗ (Rn,K) is an isomorphism.

In summary, the conjecture can be proved by assuming the three claims.
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Birkhäuser, Basel, 1995.

83



[31] C. A. Weibel. An introduction to homological algebra, volume 38 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1994.

84


	Introduction
	Differentiable space and de Rham chains
	Notations and conventions
	de Rham chain complex

	Differentiable space of paths and an operation from string topology
	Preparation
	Differentiable space of paths
	Homology groups
	Splitting and concatenating paths
	Operation on de Rham chains
	[-1,1] and [-1,1]2-modeled de Rham chains

	Construction of Hstring*(Q,K)
	Definition of chain complex
	Variants from [-1,1] and [-1,1]2-modeled de Rham chains
	The limit of 0
	Definition of Hstring*(Q,K)
	Invariance

	Examples
	Computation of Hstring*(R2d-1,K0K1)
	Computation of Hstring*(R2d-1,K0K2)
	A corollary and its potential application

	Cord algebra and Hstring0(Q,K)
	Cord algebra and string homology
	Connecting string homology and Hstring*(Q,K)
	Proof of isomorphism

	Connection to Legendrian contact homology
	Legendrian contact homology
	Conjecture
	Idea toward the proof of Conjecture 7.3

	References

