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Abstract

A costly finite element model discourages Bayesian inference of the underlying parameters from noise-
corrupted experimental datasets. This arises because the likelihood of such a model is often computation-
ally intractable, leading to the impossibility of performing a large number of costly simulations. This study
presents Bayesian optimization-assisted approximate Bayesian computation (BO-assisted ABC) and show-
cases its application to identifying the approximate posteriors of parameters for known statistical models
and of cyclic elastoplastic parameters for structural steels. ABC bypasses likelihood evaluations by gen-
erating prior samples that are assigned as samples constituting the posterior if discrepancies between the
experimental dataset and the corresponding simulated datasets do not exceed a small, positive threshold.
With a modest number of costly simulations, BO facilitates ABC by intelligently constructing a Gaussian
process model that approximates the discrepancy mean function. Identification results from illustrative ex-
amples show that the approximate posteriors by the proposed approach not only reproduce a given posterior
with acceptable accuracy but also capture the true nominal parameters of a statistical model. Moreover,
the approximate posteriors of material parameters can simulate the cyclic elastoplastic behavior of a steel
specimen under different loading conditions. The dependence of identification results on definitions of BO

acquisition function is also investigated.
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1. Introduction

We pursue an approach that facilitates Bayesian inference of parameters for costly finite element (FE)
models from noise-corrupted experimental datasets. In particular, we focus on solving the following inverse
problem: given noise-corrupted experimental datasets obtained from cyclic tests of a steel specimen, identify
the distributions of underlying material parameters for an FE model that simulates the elastoplastic behavior
of the specimen.

The literature categorizes methods for solving an inverse problem into deterministic and probabilistic
approaches [1]. The deterministic approach states the inverse problem as an optimization problem that
minimizes the discrepancy between simulated and experimental datasets, where the simulated dataset is
a function of the parameters. Solving this optimization problem produces a best-fit vector of parameters.
Although such a parameter vector is acceptable for a well-posed inverse problem, it is not very useful for
an ill-posed inverse problem because many choices of parameter vector can be consistent with the noise-
corrupted experimental dataset [2, 3]. In other words, the best-fit parameter vector is incapable of capturing
uncertainty in the experimental dataset caused by measurement noise, thereby lowering the reliability of
the calibrated FE model. Nevertheless, the deterministic approach is still a cornerstone of solving inverse
problems in the field of structural engineering because its mathematical foundation is easy to understand.

A main concern of the deterministic approach is to handle the ill-posedness of inverse problems using reg-
ularization techniques that bias the model for reducing the variance of identified parameters. The monograph
by Mueller and Siltanen [4] provides insights into common regularization techniques for linear and nonlinear
inverse problems. Benning and Burger [5] surveyed modern regularization techniques and their applications
to image reconstruction. Another concern of the deterministic approach is the difficulty in selecting a proper
algorithm for solving the optimization problem based on characteristics of the inverse problem, such as the
problem dimensionality or the computational cost of the associated simulation. Although gradient-based
algorithms [3, 6-9] are suitable for solving high-dimensional problems, population-based algorithms [10],
hybrid algorithms [7], or Bayesian optimization (BO) approaches [11-13] show their robustness in some
particular problems.

The probabilistic approach [14-16] overcomes the shortcoming of the deterministic approach by for-
mulating the inverse problem over the space of uncertain parameters. It encapsulates the observational
noise in random distributions of the identified parameters. The probabilistic approach is often performed
through Bayesian inference. This inference method updates a prior probability density function (PDF)
based on a likelihood function to provide a posterior PDF describing the distribution of parameters condi-

tioned on the experimental dataset. Here the prior represents our belief about the parameters before the



experimental dataset is observed, while the likelihood describes the chance of observing the experimental
dataset given the parameter values From the obtained posterior, we can generate the samples of parameters
using a posterior sampling technique, such as the Markov chain Monte-Carlo (MCMC) method [17], sequen-
tial Monte-Carlo simulation (MCS) sampler [18], ensemble MCMC algorithm [19], or transitional MCMC
method [20], and then compute the mean, variance, and maximum a posteriori (MAP) estimates of each
parameter for decision-making or for uncertainty quantification of the FE model. Note that the deterministic
approach is a special case of Bayesian inference that assigns a constant and the MAP estimate as the prior
and the best-fit parameter vector, respectively [12]. This gives a criterion to reasonably assess the quality
of posterior samples if the best-fit parameter vector is available.

Although considered as an ideal candidate to handle noise-corrupted experimental datasets, Bayesian
inference is difficult to implement on the basis of a costly FE model simulating the experimental dataset.
This arises from the following main computational issues. First, the likelihood associated with the costly
FE model is often not in an analytical form or is too expensive to evaluate. Second, it is impractical to
perform a large number (say, many thousands or millions [21]) of costly simulations for the posterior sampling
technique. In fact, parameter identification via Bayesian inference in the field of structural engineering still
limits itself to problems with uni-axial constitutive laws and static loading conditions [22]. This inference
method also seems unfamiliar to practicing structural engineers because it requires sophisticated probabilistic
computations [12]. Recently, open-source codes have been released to facilitate solutions to various one-
dimensional Bayesian inverse problems in computational mechanics [23].

To address the aforementioned computational issues, recent studies performed MCMC or MCS based
upon an approximate likelihood [24-26]. This approach requires sufficient accuracy of the approximate
likelihood for obtaining reliable posterior samples. However, a surrogate model, serving as the approximate
likelihood, constructed from either the best goodness-of-fit coefficient of a test dataset [24] or a one-shot
space-filling experimental design [25] may not be accurate enough to handle the trade-off between the number
of costly training samples and the reliability of MCMC samples. This is due to the fact that such a surrogate
model, which equally treats the parameter samples, does not incorporate the information from each sample
into improving the accuracy of approximate likelihood, while it is totally free to improve the reliability of
MCMC samples by ignoring the parameter region that is unlikely to be consistent with the experimental
dataset. The question is, therefore, how to distinguish the parameter regions from which the approximate
likelihood should be carefully constructed from the regions that should be ignored to reduce the number of
costly simulations.

In this work, we present a posterior approximation approach to Bayesian inference of parameters for



costly FE models and showcase its application to identifying the approximate posteriors of cyclic elastoplastic
material parameters for structural steels under observational noise. It complements our recent works [11, 12]
of single- and multi-objective BO for deterministic identification of cyclic elastoplastic parameters. The
abovementioned computational issues are addressed by combining the approximate Bayesian computation
(ABC) [21, 27-29] with BO [30-32], leading to the BO-assisted ABC approach. In fact, ABC has been
used in the field of model updating for estimating the parameters of structural dynamic models [33] and for
calibrating uncertainty models from the NASA-Langley Uncertainty Quantification Challenge [34]. However,
since these models are explicitly given as functions of the parameters, it is computationally inexpensive to
generate a large set of parameter vectors and the corresponding simulated data for implementation of ABC.
This large set in turn facilitates use of ABC as it can increase the number of parameter vectors to be accepted
as posterior samples. In contrast, the focus of this paper is to infer the distributions of parameters for costly
FE models that may have pronounced effect on the performance of ABC.

The present BO-assisted ABC approach is an extension of two recent works [35, 36] in the field of
statistical modeling to the identification of parameters for costly FE models. In particular, ABC handles
the computationally intractable likelihood using samples generated from the FE model. It draws parameter
samples from the prior, evaluates the associated datasets simulated using the FE model, and accepts the
samples to be included into the posterior if the discrepancies between the simulated and experimental
datasets do not exceed a small, positive threshold. BO further facilitates ABC by intelligently constructing
a Gaussian process (GP) model that approximates the discrepancy function. Guided by BO, the GP
model improves its accuracy in the region where the parameter vectors are likely to be consistent with the
experimental dataset or where the parameter vectors contribute to reducing the variance of ABC posterior
approximation, thereby requiring a modest number of costly simulations.

The BO-assisted ABC algorithm extensively tests its performance against the benchmark analyses of
two datasets generated from a Gaussian model and a g-and-k distribution, followed by the identification
of approximate posteriors of material parameters that model the elastoplastic behavior of a steel specimen
subjected to cyclic loading conditions. The approximate posteriors obtained from different definitions of BO
acquisition function and different discrepancy threshold levels are also investigated.

The content of this paper is from Chapter 4 of the dissertation by the first author [37]. The remainder of
this paper progresses as follows. Section 2 formulates the inverse identification problem of interest. Section 3
describes the ABC methodology, followed by Section 4 detailing the BO-assisted ABC approach. Section 5
illustrates the application of the BO-assisted ABC approach to identifying the underlying parameters for two

benchmark data analyses and for a steel specimen subjected to cyclic loading. Finally, Section 6 concludes



this paper and provides possible research directions to extend the proposed approach to unresolved problems.
Appendices A and B briefly describe the nonlinear combined isotropic/kinematic hardening model and the
GP modeling, respectively.

In the following, we use [-]T and [-]~! to denote the transpose and the inverse of matrix [-], respectively.

All vectors are column vectors.

2. Identification problem

Consider an inverse problem to identify the vector of n,, parameters x € R"™® incorporated into an FE model
that simulates the cyclic elastoplastic behavior of a steel specimen. Let dy € R™ denote the vector of ng
response values measured from cyclic tests of the steel specimen, and d(x) € R™ denote the corresponding
vector simulated from the FE model that inputs x as material parameters. To solve the inverse problem,

dp and d(x) together formulate the discrepancy between them denoted as d(x), which reads
d(x) = [|d(x) = do|| + e, (1)

where || - || : R® — R{ denotes a distance measure (e.g., Euclidean or Mahalanobis distance), and e is
the discrepancy noise describing random corruptions of the experimental dataset dg and is assumed to
be a Gaussian with zero mean and a specified standard deviation. If uncertainty due to idealization and

discretization errors is not considered, the PDF of § for a given x is
m(0]x) = N (8ly(x), %), (2)

where “0|x” is read as “0 given (conditioned on) x”, A" denotes a Gaussian, y(x) = [|d(x) — do|| is the mean
function of 4, and 7 is the standard deviation in the space of 4.

The deterministic approach minimizes y(x) for finding a best-fit parameter vector. As previously men-
tioned, the best-fit parameter vector is not very useful in the presence of observational noise because many
parameter vectors within the noise, especially for an ill-posed inverse problem, may be capable of capturing
the experimental dataset [3]. In this circumstance, it is preferable to adopt the probabilistic approach for
solving the inverse problem, by which observational noise is transformed into uncertainty in the identified
parameters.

Through Bayesian inference, the probabilistic approach infers the distribution of x, given the experimen-
tal dataset, by two steps. The first step expresses our prior belief about x through the prior PDF 7(x).
The second step updates m(x) based on the likelihood function p(dg|x) of the FE model, resulting in a

posterior PDF 7(x|dp). In essence, if the likelihood function p(dg|x) is available in a closed form, 7(x|do)
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Figure 1: Schematic description of ABC (adapted from Beaumont [38]).

is straightforwardly computed from Bayes’ theorem as

_ m(x)p(do[x) _ m(x)p(dolx) o m(x X
mxldo) = TR T Tream(doh ax TPl ?

where the numerator describes the (unnormalized) joint PDF of x and dg, and the denominator 7(dg) (or

evidence) is a normalization constant to ensure that m(x|dp) is a PDF. As a result, 7(x|dp) is proportional
to 7(x)p(do|x).

Since it is difficult to compute m(dg) using the integral in Eq. (3), Bayesian inference often approximates
the posterior by generating a large number, say thousands or millions [21], of parameter samples using
a posterior sampling technique, thereby requiring a large number of p(dg|x) evaluations. In this study,
however, it is computationally intractable to simply implement such a posterior sampling technique because
the evaluation of likelihood function p(dg|x) via modeling the cyclic elastoplastic behavior of structural
steels demands a substantial computational cost. Consequently, it is impractical to use the posterior defined

in Eq. (3) directly as the target distribution of a posterior sampling technique.

3. Approximate Bayesian computation

ABC appears as one of the posterior approximation methods [21, 27-29, 38, 39]. It bypasses the evaluations
of likelihood p(dp|x) using samples of simulated datasets generated by the FE model. Figure 1 shows a
schematic description of ABC. It draws a parameter sample x from the prior 7(x) and evaluates d(x) using
the FE model, which is equivalent to drawing sample (x,d) from the joint PDF m(x,d). Then, it computes

y(x) = ||d(x) — do||, generates § from the distribution in Eq. (2), and accepts x as a sample constituting

6



the posterior PDF in Eq. (3) if § is not greater than a small threshold value £ > 0. Otherwise, reject x. In

fact, the mechanism of ABC is governed by the generation of (x,9) from the following joint PDF:
mePC(x, 8|do) oc m(x)m (3] x) K¢ (8), (4)

where K¢(9) is a kernel function that indicates whether a parameter sample from the prior is accepted as a
posterior sample or not. Most implementations of ABC algorithms use K¢(d) = I[¢ < £], where the binary
indicator function I[-] returns 1 if [-] is true and 0 otherwise. As a result, the ABC posterior is derived by

integrating the right-hand side of Eq. (4) with respect to d, as

W?Bc(x|d0) o W(x)/w(cs\x)Kg((;) dé. (5)

Here K¢(d) can be interpreted as a weight assigned to each parameter sample. A larger weight corre-
sponds to the parameter sample with smaller §, which is more obvious when a smooth kernel function (e.g.,
Epanechnikov or Gaussian) is used.

The nature of ABC implies that a high dimensional dataset dy and a small threshold value £ could
result in a small probability of accepting parameter samples as posterior samples at which the associated
vectors of simulated responses are close to dg [21]. This circumstance may require a large value of £ to
increase the acceptance probability. A relatively large &, ironically, leads to a poor approximation of the
posterior because the simulated response vectors corresponding to the accepted parameter samples are not
actually close to dg. To deal with this issue, let z(x) = n(d(x)) : R — R"™ be a mapping (or summary
statistics [21]) to reduce the dimension of d, where ny < nq. Here z(x) can be referred to as a feature
vector of the dataset d(x). For example, a vector z(x) including the mean and standard deviation values
can represent a huge number of samples generated from a Gaussian. By choosing an appropriate mapping

7(-), the ABC posterior in Eq. (5) can be approximated by [21]
e P (x|do) ~ (1 PC (x|20) o< m(x) /W(NX)K((A) da, (6)

where zg = 7(do), A ~ 7(Alx) = N (Alf(x),w?) is the discrepancy between z(x) and zp with f(x) =
||lz(x) — zo|| and the standard deviation w in the space of A, and K¢(A) =I[A < ¢] with a small threshold
value ¢ > 0.

By further generating T samples of A, namely {A',..., AT}, from the PDF 7(Alx) = N (A|f(x),w?),
the ABC posterior can be estimated by replacing the integral in Eq. (6) with the following Monte-Carlo

sum:
(%)
T

?BC (X|Zo

Y I[A < (] =r(x)P[AKx) < (], (7)

t=1



samples from GP posterior

95% confidence

training )
points ¢ interval

4. samples from GP prior 3 {
2

f ()
f(x)

Figure 2: Examples of functions sampled from (a) the GP prior and (b) the GP posterior constructed from six training points.

where P[-] denotes the probability of occurring [-], and P[A(x) < (] is similar to the approximate likelihood.
Applying the Markov’s inequality to P[A(x) < (] =1 —P[A(x) > (] gives [35]

w7 (x[z20) & T(P[AX) < (] = m(x) [1 B E[Ac(Xﬂ] : (®)

where “x” and E[-] denote “approximately proportional” and the mean of [-], respectively; and E[A(x)] =
F(x).

Since WCABC(X|Z0) X m(x)P[A(x) < (], alarge error in estimation of P [A(x) < (] can lead to a substantial
error in the posterior estimate. The statistical modeling community reduces this error by adopting two main
approaches. The first approach explores an important region of the parameter space where the probability
of accepting a parameter sample x is high [35]. This is equivalent to maximizing the lower bound of
P[A(x) < (] or minimizing E[A(x)] = f(x) in Eq. (8). The second approach sequentially reduces the
variance of WCABC (x|zo) [36]. Each of these approaches can be further guided by solving an optimization

problem with a costly objective function and therefore can be performed by BO. We detail these approaches

in the next section.

4. Bayesian optimization-assisted approximate Bayesian computation

4.1. Gaussian process as surrogate for the discrepancy mean function

To develop the BO-assisted ABC approach, we first approximate the mean f(x) of the discrepancy A(x)
using a GP model. We build this GP model from a training dataset D = {x", f*})_,, where x" is a

parameter sample, f™ = ||z(x") — zgl|, and N is the number of initial training samples, which is problem-

dependent [11]. The sample x™ is randomly generated from the prior 7(x). It may also be better to generate
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x™ using a space-filling Latin-hypercube sampling method [40] that can provide a good training dataset with
a uniform spread of samples. The value f™ is calculated through d(x™), or equivalently z(x™), by performing
the costly FE analysis for the input vector x".

The GP model describes the relationship between f and x using a conditional Gaussian f (x). The
mathematical foundation of f(x) is detailed in Appendix B. Following Eq. (B.6), the GP prediction of f(x)

reads
F&) ~ N (flpe(x), 7 (x)) (9)

where p1¢(x) and 7¢(x) are the mean and standard deviation of f(x), respectively.

Figure 2 illustrates the underlying foundation of GP modeling as a Bayesian regression method for
prediction of a univariate function f(z). The GP prior defines a spectrum of functions and then converts
this spectrum into a conditional spectrum called the GP posterior when some data points are observed.
Figure 2(a) shows ten functions sampled from the GP prior. Figure 2(b) shows ten functions sampled from
the GP posterior constructed from six training points, the associated GP posterior mean function pg, and
the 95% confidence interval derived from the GP posterior mean and standard deviation in Eq. (9). The

GP posterior is utilized as the predictive model for f(x).

4.2. BO-assisted ABC

The costly simulation of cyclic elastoplastic behavior of structural steels motivates use of BO to intelligently
guide the improvement of ABC posterior approximation. BO is a sequential global optimization method
well suited for solving an optimization problem with an expensive-to-evaluate objective function [30-32].
Suppose that BO has completed the sth iteration at which a solution to the optimization problem has
been found among the samples of the training dataset. By maximizing an acquisition function formulated
from the current GP model for the objective function, BO strategically selects a new, good design vector
(i.e., parameter vector) for updating the current solution in the (s + 1)th iteration. Since the formulation
and maximization of the acquisition function do not require any costly simulation, the number of costly
simulations can be reduced considerably. In particular, BO determines the new parameter vector x**! by
solving

s+1

x°TH = argmax  a(x), (10)

XEX
where a(x) and X" are the acquisition function and the feasible space of parameters, respectively.
After x**! is determined, we evaluate the corresponding objective function by carrying out the FE
analysis for the input vector x*T1. Then, we add x*t! and the corresponding objective function to the

current training dataset for updating the solution as well as the current GP model.



The standard BO formulates a(x) based on the following two main criteria: (1) improving the current
best-found solution (i.e., exploitation) and (2) reducing the uncertainty in GP predictions (i.e., exploration).
The first criterion exploits the mean function of GP prediction, while the second criterion explores the GP
standard deviation. In addition to these criteria, this study formulates a(x) based on how the error in
approximation of the ABC posterior can be reduced.

The first approach to reducing the error in ABC posterior approximation refines f (x) in the parameter
region that minimizes the discrepancy mean function f(x) for an increase in the probability of accepting
parameter samples generated from the prior [35]. This approach is similar to the exploitation of BO when
the objective function is conditioned on the associated GP model. The acquisition functions for minimizing
f(x) using the standard BO have been well developed [30-32].

Let fmin denote the current best value of f associated with the best-found solution, and ®(-) and ¢(-)
denote the cumulative distribution function (CDF) and the PDF of the standard Gaussian, respectively.
The first acquisition function for minimizing f(x) is the probability of improvement (PI), which is [41]

P ) = P[50 < funl 0] = o (L2 2] (1)

Lis smaller (better)

By maximizing PI, we maximize the chance that the discrepancy mean function at x**
than the best value f,i, observed so far.
The second acquisition function for minimizing f(x) is the expected improvement (EI), which is [30]
» min — X min — X
(ED () = & [max (0 o — F0) F60)] = (i — p(0) & (222 B0 gy (i b))
(12)
New parameter vector x**! obtained by maximizing EI is to maximize the expected improvement over the
best-found solution fui,. Here EI perfectly balances exploitation (i.e., the first term) and exploration (i.e.,
the second term).
The third acquisition function for minimizing f(x) is the negative lower confidence bound (LCB), which

reads [42]

(LCB)  a(x) = — [us(x) = Bra(x)], (13)
where [ is a tuning parameter assigned by the user to control the trade-off between exploitation (i.e., term
—pe(x)) and exploration (i.e., term B7¢(x)). B = 2 is used in this study. By maximizing LCB, we find x*!
so that it improves the lower bound of f(x) derived from the current GP model as much as possible.

The second approach to reducing the error in ABC posterior approximation refines f (x) in the parameter

ABC

region to reduce the variance of m2°%(x|zo) estimate [36]. To formulate an acquisition function for this

approach, we evaluate the mean and variance of W?BC(X|ZO) stated in Eq. (7) when conditioned on the GP
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Figure 3: Schematic illustration of calculating the approximate posterior. (a) GP approximation for the discrepancy mean, and
(b) the mean posterior calculated from Eq. (14) and uncertainty in the posterior estimate (i.e., shaded area of 95% confidence

interval) incorporated in Eq. (15).

model f(x), such that

E [0 (xlao) ()] 25 7() (i‘f%) , (19

e s () (528 )
15
where V[.] denotes the variance of [] and T(-,-) is the Owen’s T-function, which reads ”
T (t1,t2) = % /OtQ e()ff(tl;tQ) dt. (16)

Note that Eq. (14) is derived from the assumption that m(A[x) = N (A|f(x),w?), while the derivation of
Eq. (15) can be found in the supplementary material of the work by Jarvenpaa et al. [36]. The Owen’s

T-function in Eq. (16) is numerically calculated [43].
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ABC(

To reduce the error in ; X|zo) estimate, we wish to generate new parameter samples in the region

that has a large value of V [WCABC(X|ZQ)] This is similar to the exploration of BO when the objective
function is conditioned on the associated GP model. As a result, we use the following acquisition function,

called VAR, to determine the new parameter vector x**! for the second approach:

2 ¢ — pe(x) pe(x) — ¢ ¢ — pe(x) w
VAR) a(x) = n2(x)|@ [ M) g XS ) o , .
(VAR) o) ”[ ( w2+n2<x>> ( w2+n2<x>> (Wwfz(x) ¢w2+273<x>>J)
17

Figure 3 schematically shows how to calculate the approximate posterior as well as how to improve the

approximate posterior using the aforementioned two refinement approaches. Since the discrepancy mean
function f(x) is represented by the GP model f (x) depicted in Fig. 3(a), the estimation of ABC posterior in
Fig. 3(b) has two sorts of information, namely the mean posterior (i.e., the red solid curve) and uncertainty
in the posterior estimate (i.e., the shaded area). By selecting the new parameter vector that minimizes f(x)
in the first approach, we are likely to increase the approximation accuracy in the parameter region that
corresponds to large posterior values. By sequentially selecting the new parameter vector that maximizes
VAR in the second approach, we incrementally reduce the shaded area in Fig. 3(b).

To this end, Algorithm 1 summarizes the identification procedure utilizing the BO-assisted ABC ap-
proach. In step 1, spax and Ny are the pre-specified limit of the number of BO iterations and the number of
approximate posterior samples to be generated, respectively. Specifying w is optional because a reasonable
value of w can be determined as a hyperparameter in each BO iteration by maximizing the approximate
likelihood of 7(A|x) derived from the GP model f(x); see Appendix B. The BO nested in the algorithm
(steps 11-22) terminates if either the number of its iterations reaches syax or x5t is identical to any member
of D, i.e., the condition in step 14 is not satisfied. Step 13 requires an optimization algorithm for solving
problem (10). For this task, any conventional optimization algorithm can be used because the analytical
forms of different definitions of a(x) are given in Egs. (11), (12), (13), and (17).

After the refinement process, the GP from step 12 and the prior 7(x) are incorporated into Eq. (14) and
then assigned to step 23 as input to an adaptive MCMC for generating a total of Ny parameter samples, which
are the representatives of posterior samples. Details of the adaptive MCMC can be found in Refs. [44, 45].
The MATLAB toolbox for the adaptive MCMC is available at https://github.com/mjlaine/mcmcstat.
git (accessed on May 24, 2023). Note that the initial parameter vector for starting the MCMC in step 23
takes the value of new parameter vector obtained from the very last BO iteration of step 13.

It is also desirable to compare the quality of ABC samples from different posterior sampling techniques

such as the adaptive MCMC [44], sequential MCS [18], ensemble MCMC [19], and transitional MCMC [20]
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Algorithm 1 BO-assisted ABC
1: Specify do, 7(+), 7(*), {, Smax; IV, Ns, w (optional);

2: zo < 1(do);

3: D« (;

4: Generate N samples of parameter vector x" ~ 7(x);
5. forn=1:N do

6: Evaluate d(x™) using the FE model; > Costly step
) p(d();

s fr e laxn) — ol

9: D+ Du{x", f"};

10: end for

11: for s =0 : Spax dO

12: Construct f(x) in Eq. (9) from D;

13: Find x**! by solving problem (10);

14: if x**1 ¢ D then

15: Evaluate d(x**1) using the FE model; > Costly step
6 () e,

P e et —

18: D« DU {x*Tt fsti}

19: else

20: exit for

21: end if

22: end for

23: Generate N, parameter samples from Eq. (14) using the adaptive MCMC [44, 45];

24: return N samples of parameters from the approximate posterior.

after the refinement process is done. Such a comparison, however, belongs to another research topic that is
beyond the scope of this study. Readers may consult with Sisson and Fan [46] for a survey of various sam-
pling techniques for ABC. A useful review of advanced MCS methods for solving Bayesian model updating

problems of engineering applications can be found in Ref. [47].
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Table 1: Parameters for genetic algorithm.

Parameter Value

Population size 4000

Maximum number of generations 50

Crossover fraction 65%
Elite transfer 2
Fitness function tolerance 106

5. Illustrative examples

In this section, we extensively test the performance of Algorithm 1 against the benchmark analyses of
two datasets generated from a bivariate Gaussian model [36] (Section 5.1) and from a so-called g-and-k
distribution [48] (Section 5.2). We then perform the algorithm to identify the approximate posteriors of
material parameters modeling the cyclic elastoplastic behavior of a steel specimen tested under different
static cyclic loading conditions (Section 5.3).

We use a genetic algorithm to maximize the acquisition function in step 13 of Algorithm 1. Parameters
for the genetic algorithm are listed in Table 1. Parameters for Algorithm 1 solving each identification

example are provided thereof.

5.1. Ezample 1: Analysis of Gaussian model data

We find the approximate posterior of parameter vector x = [z1,22]T € X = [0,8]? when the experimental
dataset dg = Z?Zl d;/5 is observed, where d; (i = 1,...,5) is distributed according to p(d|x) = N (d|x, X)
and the covariance matrix X is known. If the prior m(x) = N (x|a,B) is truncated to X for given a
and B, the true posterior can be derived as 7(x|dg) = N (x[a*, B*), where a* = B* (B~ 'a+ 5%~ 1d,)
and B* = (B_l + 52*1)71 (see Ref. [36]). The true posterior is the baseline to assess the accuracy of
approximate posteriors obtained from Algorithm 1.

To generate the experimental dataset dy and specify the prior m(x), we set x = [2,2]T, ¥1; = ¥g3 = 1,
Y12 = X1 = 0.5, a = [5,5]T, and B = I with the identity mapping I. The feature vector and the

discrepancy are defined by z(x) = d(x) (i.e., n(-) is an identity mapping) and a Mahalanobis distance

f(x) = /(2(x) —20)T B! (z(x) — 20), respectively. The parameters for Algorithm 1 include the discrep-
ancy threshold ¢ € {1,0.25}, the standard deviation of discrepancy noise w = 0.5, the number of initial
samples N = 10, the number of BO iterations smayx = 100, and the number of MCMC samples N, = 5 x 10%.
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Figure 4: Example 1: Comparison of distance criterion values for different acquisition functions and two levels of discrepancy

threshold. (a) ¢ =1; (b) ¢ = 0.25.
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Figure 5: Example 1: Comparison of approximate posteriors for different acquisition functions and two levels of discrepancy

threshold. (a) PIL; (b) EI; (c¢) LCB; (d) VAR, (e) LCB-VAR.

In addition to utilizing only one of four acquisition functions (i.e., PI, EI, LCB, and VAR) stated in
Section 4.2 for each identification attempt, we employ another strategy, namely LCB-VAR that switches the

acquisition function from LCB to VAR during the identification process. Accordingly, LCB and VAR guide
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BO to determine new parameter vectors for the first half and the second half of sy, iterations, respectively.

To further assess the accuracy of approximate posterior, we define the following distance criterion:

n

d=7  |m¢P(xilz0) — m(xi|zo)| (18)
i=1
where x; are coordinate vectors of the grid points of grid [0,0.1,...,8]? and n, = 812 is the number of grid

points. The estimation of W?BC(XAZO) from the ABC posterior samples requires a kernel density estimator.

For comparison purpose, we also compute d for the approximate posteriors found from carrying out
the adaptive MCMC using a set of approximate likelihood functions defined as the GP models constructed
from 11 different datasets corresponding to N € {10,20,...,110} samples generated by Latin-hypercube
sampling [40]. This is called the approximate-likelihood approach hereafter. The approximate-likelihood
approach is similar to the one-shot space-filling method by Fernandez-Zelaia et al. [25]. As a result, the
number of training samples for N € {10, 20, ...,110} of the approximate-likelihood approach is the same as
that for smax € {0,10,...,100} of the BO-assisted ABC, respectively.

Figure 4 shows the histories of the distance criterion d for different acquisition functions and two levels
of discrepancy threshold ¢ = 1 and 0.25. The history of d from the approximate-likelihood approach is
also plotted (i.e., dashed lines). There are some sudden jumps of d because the initial MCMC samples
in step 23 of Algorithm 1 assigned as the new parameter vectors found by BO for different s values are
generally different, showing that the improvement of approximate posterior depends on the initial sample
of MCMC. In overall, however, the refinement of GP model for the discrepancy mean function considerably
improves the accuracy of ABC posterior approximations for both threshold levels. The approximate ABC
posterior is better under the smaller discrepancy threshold as the final values of d associated with ( = 0.25
in Fig. 4(b) are much smaller than those associated with ¢ = 1 in Fig. 4(a). For ¢ = 0.25, similar accuracy
levels of the approximate posteriors are obtained from LCB and VAR. Switching the acquisition function
from LCB to VAR during the identification attempt can slightly improve the approximate posterior when
using a small discrepancy threshold; see Fig. 4(b). In addition, the speed of posterior improvement by the
approximate-likelihood approach is much slower than that by the BO-assisted ABC approach, even though
these approaches use the same number of training samples.

Figure 5 compares the approximate and true posteriors for different combinations of five acquisition
function definitions and two discrepancy threshold levels. It is confirmed that the obtained approximate
posteriors can reproduce the true posterior with acceptable accuracy. For the small discrepancy threshold
level, the approximate posteriors brought by LCB, VAR, and LCB-VAR are more accurate than those by
PI and EI, which is also indicated in Fig. 4(b).

Figure 5 also describes how new parameter samples are added during the refinement process for each
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Figure 6: Example 1: Approximation errors versus numbers of MCMC samples for different acquisition functions and ¢ = 0.25.

acquisition function definition and a specific discrepancy threshold level. Accordingly, EI and LCB tend to
draw new samples both in the likelihood area where the discrepancy is small, and on the boundary where the
uncertainty in GP predictions is large due to the lack of training samples. VAR draws new samples in the
prior area only since it incorporates the prior information as stated in Eq. (17). An interesting observation
is that the new samples associated with two levels of ¢ are identical when using PI, EI, and LCB, but are
different when using VAR. This is because PI, EI, and LCB are independent of (, while VAR is dependent
on (. Thus, it is convenient to investigate how different levels of discrepancy threshold affect the quality of
approximate posterior when using PI, EI, or LCB as different levels of discrepancy threshold share the same
refinement process. This also facilitates the selection of a proper discrepancy threshold (.

Figure 6 shows the effect of the number of MCMC samples on the quality of approximate posteriors
for another initial training dataset and ¢ = 0.25. An increase in the number of MCMC samples when it is
still small can improve the accuracy of approximate posteriors as the number of accepted samples in this
situation is not enough to capture the true posterior accurately. However, the approximation quality almost
remains unchanged when the number of MCMC samples reaches a large value, which is likely to depend on

the type of acquisition function.

5.2. Example 2: Analysis of g-and-k data

This example performs Algorithm 1 to capture the true parameters for a univariate g-and-k distribution
that is a unimodal PDF describing data with large amounts of skewness and kurtosis, which are controlled

by parameters g and k, respectively. Although the g-and-k distribution has no closed form, it can be defined
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Figure 7: Example 2: Approximate posteriors of each parameter for different acquisition functions and three levels of discrepancy
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discrepancy threshold. (a) ¢ = 0.5; (b) ¢ = 0.1; (c) ¢ = 0.05.
through the following quantile function (i.e., inverse CDF) [48]:

QueM@)lx) = a1+ o7 o8I (1.4 020)* M) (19)
where \(¢) = ®!(q) is the gth quantile of the standard Gaussian; x = [a,b,g,k|T is the vector of four
parameters characterizing the distribution location, scale, skewness, and kurtosis, respectively; and c is
fixed at 0.8. Our goal is to use Algorithm 1 for identifying the parameter vector x = [a, b, g, k]T that best
fits the g-and-k distribution to an observed dataset dj.

A synthetic dataset dg of 10* independent samples is generated from Eq. (19) with x = [3,1,2,0.5]T. More
specifically, 10* independent samples of A(g) are drawn from the standard Gaussian, and each sample is then
substituted into Eq. (19) with x = [3,1,2,0.5]T to compute each element of dy. By employing Algorithm 1,
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Table 2: Example 2: Comparison of MAP estimates of each parameter for different acquisition functions with ¢ = 0.5 and 0.05.

¢  Parameter  PI EI LCB VAR LCB-VAR true

a 2939 2.981 2967 2.963 2972  3.00
b 0.956 1.004 0.969 0.952  0.959  1.00
0 g 2.893 2.806 2759 2.873  2.838  2.00
k 0.415 0.340 0.366 0.436 0474  0.50
a 2962 2.985 2958 2.973 2974  3.00
b 0.951 0.990 0.987 1.002  0.986  1.00
009 g 2.743 2.852 2735 2.863 2710  2.00
k 0.361 0409 0479 0451  0.458  0.50

Table 3: Example 2: Comparison of standard deviation values of each parameter for different acquisition functions with { = 0.5

and 0.05.

¢ Parameter PI EI LCB VAR LCB-VAR

a 0.297 0.284 0.284 0.270 0.273
b 0.236 0.226 0.222 0.206 0.205
0 g 0.838 0.790 0.816 1.188 1.098
0.237 0.238 0.234 0.223 0.229
a 0.203 0.191 0.190 0.192 0.181
b 0.165 0.154 0.144 0.152 0.137
0.05

0.524 0.480 0.514 0.469 0.460
0.188 0.195 0.186 0.186 0.178

we wish to find the approximate posterior of x so that the associated MAP estimate is close to the true param-
eter vector x = [3,1,2,0.5]T. For this purpose, let 7(x) = 7(a)7(b)7(g)7(k) = U(0,5)U(0,2)U(0,5)U(0,1),

where U(-) denotes the uniform PDF over the interval (-), and z(x) = [21, 22, 23, 24]T with
z1 =l 2o =1l3 —l1; 23 = (I3 + l1 — 2l2)/22; 24 = (07 — 05 + 03 — 01)/ 22. (20)

Here [; and o; are the ith quartile and the jth octile of the elements of d(x) € R104, respectively. The feature
vector z(x), following Ref. [48], is called robust summary statistics with z1, 22, 23, and z4 representing the
median, interquartile range, skewness, and kurtosis of d(x), respectively. Since the generation of d(x) from

Eq. (19) is similar to that of dg, each sample of x drawn from 7(x) yields a unique vector z(x) when a
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random seed is used throughout the identification process.

The discrepancy mean function is defined by the Euclidean norm f(x) = ||z(x) — zg||. The parameters
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Figure 9: Example 2: Additional samples for different acquisition functions with ¢ = 0.05. (a) PI; (b) EI; (c) LCB; (d) VAR;

for Algorithm 1 include ¢ € {0.5,0.1,0.05}, N = 100 samples, syax = 100 iterations, and Ny = 105 samples.
Since this example focuses on capturing the best-fit parameter vector, w is automatically optimized in each

BO iteration by maximizing the approximate likelihood of 7(A|x) given the GP model f (x).



Figure 7 shows the approximate posteriors of each parameter for different acquisition function definitions
and three levels of discrepancy threshold. The MAP estimates of each parameter by Algorithm 1 can be
found in the neighborhood of the true parameter value. The PDF values at the MAP estimates of all
parameters associated with ¢ = 0.5 are much smaller than those associated with ( = 0.1 and 0.05 as there
is a large number of accepted samples found from the prior when using the larger ¢, which in turn flattens
the approximate posteriors.

Figure 8 compares the approximate posteriors of each parameter obtained from different acquisition
functions for a specific discrepancy threshold level. For parameters a and b, there is no major difference
between the approximate posteriors obtained from different acquisition functions at the same discrepancy
threshold level. However, the approximate posteriors of parameters g and k are strongly affected by the
acquisition function used for the refinement process.

Tables 2 and 3 respectively compare the MAP estimates and standard deviation values associated with
the approximate posteriors of each parameter obtained from different acquisition functions and two levels of
discrepancy threshold ¢ = 0.5 and 0.05. As our expectation, the MAP estimates of each parameter are close
to the true parameter. The smaller discrepancy threshold value, i.e., ( = 0.05, can provide more accurate
MAP estimates as well as smaller standard deviation values of the approximate posteriors than the larger
one, i.e., ¢ = 0.5. Among the five acquisition function definitions, LCB-VAR with ¢ = 0.05 offers the most
accurate posterior approximation.

The ability of MAP estimates to capture the true parameters for the g-and-£ distribution is due to the
special characteristic of additional samples found by BO. As depicted in Fig. 9, the additional samples found
from maximizing all the acquisition functions tend to concentrate in the neighborhood of the true parameter

vector, where samples drawn from the prior have a high chance to be accepted as posterior samples.

5.3. Ezample 3: A steel specimen

Algorithm 1 is performed to find the approximate posteriors of cyclic elastoplastic parameters for a steel
specimen shown in Fig. 10. The specimen was tested under two different static cyclic loading histories SS1
and SS2 [49]. The experimental results consist of two datasets of axial true stress o and axial true strain e
associated with the loading histories. These experimental results were used in our previous works [11, 12, 50]
to solve different deterministic inverse problems with single and multiple objective functions. The reader
may refer to Yamada and Jiao [49] for the detail of experimental program as well as the calculation of ¢
and € from the axial force and the corresponding axial deformation of the specimen measured at each time
instant of interest.

The material behavior of the specimen is simulated using the nonlinear combined isotropic/kinematic
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Figure 10: Example 3: Steel specimen and two loading histories for cyclic tests [11, 49].

hardening model, which is detailed in Appendix A and implemented by Abaqus 2020 [51]. Such a hardening
model, when using only one back-stress component, is characterized by seven parameters, namely Poisson’s
ratio v, Young’s modulus E, initial yield stress oy o, two nonlinear kinematic parameters C; and 7, and
two isotropic hardening parameters (), and b. In this study, however, Poisson’s ratio and Young’s modulus
are kept constant as v = 0.3 and F = 205.94 GPa [11], respectively. Thus, the approximate posteriors of
five material parameters are identified for the specimen, i.e., x = [0y.0, C1, 71, Qoo, b]T
Since the specimen was axially loaded during the cyclic tests, we model it using one element of type
C3D8R of Abaqus 2020 [51]. For every time instant of interest, the FE program directly extracts the
numerical (simulated) values of o and ¢ in the direction of loading at the integration point of the element.
Let of,(x) denote the simulated value of o extracted from Abaqus at the tth time step of the ith
cyclic loading history with N; discrete steps, and 077, denote the corresponding measured value. Thus, the
experimental dataset dg for the ith cyclic loading history is a vector containing N; measured values of o.
If we further define the feature vector z(x) = d(x) (i.e., n(-) is an identity mapping), the discrepancy mean

associated with the ith cyclic loading history for the identification problem of material parameters for the

specimen can read the following root-mean-square deviation [11, 50]:

1

Jix) = | 37 20 (05,0 = o1)". (21)

=1
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Figure 11: Example 3: Approximate posteriors of each parameter obtained from five acquisition functions, four levels of

discrepancy threshold, and dataset SS1. Reference values are from the deterministic approach [11].

Using the interval for each parameter provided in Ref. [11], we define the prior of independent material pa-
rameters as 7(x) = 7w(ay,0)7(C1)7(71)7(Qoo)m(b), where 7(ay,0) = U(250,260) MPa, 7(C1) = U (2000, 8000)
MPa, 7(y1) = U(10,100), 7(Qs) = U(10,100) MPa, and w(b) = U(5,25). For identification, we set the

parameters for Algorithm 1 as ¢ € {20,10,5,2} MPa, w = 3 MPa, N = 100 samples, sy.x = 100 iterations,

and N, = 10° samples. Thus, each identification attempt requires 200 simulations in total.

Although we assign the same w value for all cyclic tests during the identification process, it is also possible

to estimate w for each test by performing the following four steps. First, observational noise involved in

each stress measurement can be calibrated by acquiring data without use of the steel specimen. Second,

the calibrated noise is assigned to each measured stress value (i.e., each element of dy), leading to the

generation of a large number of dg samples, say 10%. Third, a small number (e.g., 3) of parameter vectors x

is randomly generated and w associated with each parameter vector is evaluated from d(x) and the samples

of dg generated in the second step. Finally, w for Algorithm 1 is defined as the average of the w values

24



0.5 0.5

— Pl ——VAR w v o [MPa] — Pl ——VAR v o [MPa]
——E ——ILCBVAR | © ¥ —E ——LCBVAR | & 23;\ o
o
——LCB eeeeee Reference 0 ——LCB reeeee Reference 0
250 255 260 250 255 260
-3 -3
5 10 0.1 : 5 <10 0.1
C; [MPa i C; [MPa
Al | 0.05 Y1 : 1 [ L’A 0.05 Y1 f
0 0 0 0
6000 7000 8000 10 30 50 70 90 6000 7000 8000 10 30 50 70 90
0.1 : 1 0.1 : 1
i » [MPa
0,05 @ [MPal 5 0.5 b 005 = MPal 0.5 b
0 0 0 0
10 30 50 70 90 5 10 15 10 30 50 70 90 5 10 15
(a) =20 MPa (b) ¢=10MPa
0.5 0-5
——Pl ——VAR : —— Pl —VAR oy,0 [MPa]
— —El ——LCB-VAR 'EL 9y, [MPa] — —E ——LCB-VAR a
———LCB e Reference 0 ——LCB e Reference o
0
250 255 260 103 250 255 260
s %10 o1 5 0.1 .
. C, [MPa] Y1
Cy [MPaJ 0.05 Y1 : 0.05
0 0 0 0 :
6000 7000 8000 10 30 50 70 90 6000 7000 8000 10 30 50 70 90
0.1 1
0.1 1 [MPa] i b
- [MPa Qe
0.05 %l ]jq 0.5 && b 0.05 3 0.5
0 0 0 0
10 30 50 70 90 5 10 15 10 30 50 70 90 5 10 15
(c) ¢=5MPa (d) £=2MPa

Figure 12: Example 3: Approximate posteriors of each parameter obtained from five acquisition functions, four levels of

discrepancy threshold, and dataset SS2. Reference values are from the deterministic approach [11].

obtained from the third step. The reader may consult with Do and Ohsaki [11] for the detail of how to
estimate w given noise involved in each stress measurement.

Algorithm 1 inputs the experimental dataset from SS1 or SS2 for finding the approximate posterior of
each parameter. Then, the MAP estimate associated with the resulting approximate posterior is compared
with the corresponding optimal deterministic value (i.e., reference value) provided in Ref. [11].
Approzimate posteriors and MAP estimates
Figures 11 and 12 show the approximate posteriors of each parameter obtained from the datasets SS1
and SS2, respectively, with four discrepancy threshold levels and five acquisition function definitions. The
approximate posteriors of each parameter brought by PI, EI, LCB, and LCB-VAR are similar for each
discrepancy threshold level. The difference between the posterior by VAR and those by other acquisition
functions is larger when the discrepancy threshold level becomes smaller.

Tables 4 and 5 respectively show the MAP estimates and standard deviation values of each parameter
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and experimental dataset with ¢ = 20 and 2 MPa.

Table 4: Example 3: Comparison of MAP estimates of each parameter for different combinations of the acquisition function

Dataset Parameter PI El LCB VAR  LCB-VAR Ref. [1]]

oyo [MPa]  251.24  251.21  250.65  251.45 251.19 250.00

Cy [MPa] 8000.00 7804.99 8000.00 7848.57 7790.70 8000.00

SS1 (¢ =20 MPa) 65.50 65.22 64.64 66.51 65.50 69.19
Qo [MPa) 38.64 38.41 39.64 37.66 38.68 42.11

oyo [MPa]  250.71  250.64  250.56  250.49 250.28 250.00

Cy [MPa]  7967.22 7880.43 8000.00 8000.00  7915.22 8000.00

SS1 (¢ =2MPa) 68.03 67.42 68.19 69.61 67.25 69.19
Qs [MPa] 4027 3955 4115 37.53 39.91 42.11
b 5.25 5.20 5.22 5.00 5.28 5.00

oyo [MPa]  251.81 251.10 250.75 251.30 251.25 250.01

Cy [MPa]  7714.71 7807.73 8000.00 7671.86  7741.45 7999.77

SS2 (¢ =20 MPa) 64.83 64.79 65.50 64.11 65.60 70.31
Qo [MPa] 66.58 64.81 65.92 65.73 64.68 70.28
b 5.70 5.77 5.65 5.57 5.56 5.01

oyo [MPa]  251.12  251.23  250.67  250.05 251.33 250.01

Cy [MPa]  7868.71 7881.34 7906.98 7948.73  7847.83 7999.77

SS2 ((=2MPa) 68.08 67.68 67.36 68.80 67.94 70.31
Qo [MPa] 67.15 66.73 67.92 72.52 68.46 70.28
b 5.30 5.31 5.29 5.18 5.35 5.01

for different combinations of the acquisition function and experimental dataset with ( = 20 and 2 MPa. The
reference value in the last column of Table 4 obtained from the deterministic approach [11] is the baseline to
assess the accuracy of the corresponding MAP estimate. This assessment is reasonable because the use of
uniform prior for each parameter leads to the fact that the MAP estimate can be found in the neighborhood
of the maximum likelihood estimation, which is the solution by the deterministic approach [11]. Results in
Table 4 show that the MAP estimates of all parameters from different acquisition function definitions are
close to the reference values in both cases of ¢ = 20 and 2 MPa. Results in Table 5 confirm that the standard
deviation of each parameter is small when a small discrepancy threshold is used together with PI or EI,

which indicates an increase in the reliability of posterior approximation. This, however, is only apparent to
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Table 5: Example 3: Comparison of the standard deviation values of each parameter for different combinations of the acquisition

function and experimental dataset with ¢ = 20 and 2 MPa.

Dataset Parameter PI EI LCB VAR  LCB-VAR
oyo [MPa]  2.62 2.72 3.10 2.69 2.75
Cy [MPa]  539.87 539.50 558.73  534.93 990.65
SS1 (¢ =20 MPa) 7.73 8.31 7.93 7.84 10.67
Qo [MPa]  3.67 3.94 3.85 3.61 3.56
oyo [MPa]  1.88 2.22 3.92 2.30 1.98
Cy [MPa]  341.99 464.31 322.63 957.01 542.55
SS1 (¢ =2MPa) 4.50 4.95 8.65 9.62 5.27
Qo [MPa]  5.17 5.91 12.60 9.96 5.99
b 1.37 1.06 5.16 2.04 8.84
oy.0 [MPa] 2.84 2.96 3.21 2.88 2.86

Cy [MPa]  692.79 601.52 593.90 1254.92 600.37

SS2 (¢ =20 MPa) 753 711 677 10.20 6.94
Qo [MPa] 912 887  9.18  11.16 9.01
b 324 379 396  3.76 3.49
oy0 [MPa] 260 268 306 047 2.94

Cy [MPa] 504.51 543.85 31544  525.99 713.21

SS2 ((=2MPa) 5.10 5.56 3.97 5.44 6.07
Qo [MPa] 6.38 7.00 6.02 6.02 8.55
b 1.12 1.33 1.32 0.75 1.15

some parameters when using LCB, VAR, or LCB-VAR.

Effect of discrepancy threshold

Figures 13 and 14 compare the approximate posteriors of each parameter obtained from datasets SS1 and
SS2, respectively, with use of PI, LCB-VAR, and four levels of discrepancy threshold. We see that a large
value of the discrepancy threshold flattens the approximate posterior of each parameter. An increasing order
of PDF values at the MAP estimate of each parameter from both PI and LCB-VAR corresponds to ¢ = 20,
10, 5, and 2 MPa. The difference between the approximate posteriors of each parameter by ( = 5 and 2 MPa
is not pronounced, indicating that the approximate posterior could cease to improve when the discrepancy

threshold reaches a small-enough value, which is also observed in Figs. 7(a), (b), and (c).
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Figure 13: Example 3: Comparison of approximate posteriors of each parameter from four levels of discrepancy threshold and

dataset SS1. (a) result from PI; (b) result from LCB-VAR. Reference values are from the deterministic approach [11].

Effect of initial training dataset

Since the GP model for the discrepancy mean is constructed from the training dataset D, it is desirable

to investigate how use of different initial training datasets affects the resulting approximate posteriors. For

this purpose, we use Latin-hypercube sampling [40] to randomly generate three different initial training

datasets, namely Datasetl, Dataset2, and Dataset3. Each dataset consists of 100 different sets of the
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Figure 14: Example 3: Comparison of approximate posteriors of each parameter from four levels of discrepancy threshold and

dataset SS2. (a) result from PI; (b) result from LCB-VAR. Reference values are from the deterministic approach [11].

parameter vectors x and the corresponding values of f computed from the numerical and measured values
of o as stated in Eq. (21). We then perform Algorithm 1 starting from each of these datasets.

Figures 15 and 16 compare the approximate posteriors of each parameter associated with PI, LCB-VAR,
and three initial training datasets when ABC uses the experimental results from SS1 and SS2, respectively.

For this identification problem, there is no major difference in the approximate posteriors obtained from the
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Figure 15: Example 3: Comparison of approximate posteriors of each parameter from dataset SS1, { = 2 MPa, and three ABC
attempts with different initial training datasets. (a) result from PI; (b) result from LCB-VAR. Reference values are from the

deterministic approach [11].

three initial training datasets when using PI; see Figs. 15(a) and 16(a). However, different initial training

datasets can lead to different approximate posteriors when using LCB-VAR; see Figs. 15(b) and 16(b).
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Figure 16: Example 3: Comparison of approximate posteriors of each parameter from dataset SS2, ( = 2 MPa, and three ABC
attempts with different initial training datasets. (a) result from PI; (b) result from LCB-VAR. Reference values are from the

deterministic approach [11].

Posterior update
Since the experimental datasets SS1 and SS2 are obtained from different loading histories, we wish to update
the approximate posterior of each parameter in an online fashion when each dataset is sequentially observed.

For this purpose, we carry out two updating schemes using PI and ¢ = 2 MPa, namely SS1-SS2 and SS2-
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Figure 17: Example 3: Approximate posteriors obtained from two updating schemes with PI and ¢ = 2 MPa. (a) SS1-SS2

scheme; (b) SS2-SS1 scheme. Reference values are from the deterministic approach [11].

SS1, and the evolution of approximate posteriors during each scheme is shown in Fig. 17. In fact, the

SS1-SS2 scheme uses the approximate posterior obtained from SS1 as prior to infer the posterior when the

dataset of SS2 is observed. A similar interpretation can be made for the SS2-SS1 scheme. In most cases of

Fig. 17, adding more experimental datasets can reduce the variance of each parameter estimated from the
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Figure 18: Example 3: Comparison of test data and model predictions for cyclic tests of the specimen with the posteriors

obtained from PI. (a) parameters from dataset SS1; (b) parameters from dataset SS2.

corresponding posterior samples. An interesting observation is that the approximate posteriors of ., which
depends on the dataset used for deterministic identification [11], obtained from the two updating schemes
are capable of representing the trade-off between the reference values found from individual experimental
datasets.

Prediction

To illustrate one of their applications to predicting the cyclic elastoplastic behavior of the steel specimen, the
approximate posteriors obtained from PI with ( = 2 MPa for SS1 and SS2 are used to reproduce the o — ¢
curves of SS1 and SS2. We consider three sets of parameters found from the posterior of each parameter,
namely the MAP set as listed in Table 4, and the upper and lower sets of the 95% confidence interval of
each parameter, which is estimated from samples generated from the corresponding approximate posterior.
Accordingly, the prediction of o shown in Fig. 18 for the 0 — e curves of SS1 and SS2 at a specific time
instant includes MAP, lower- and upper-bound values. We see that the MAP, lower- and upper-bound

curves, especially in Fig. 18(b), are capable of capturing the measured curve from each loading condition.
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6. Conclusions and opportunities for future research

We have presented the BO-assisted ABC approach and its application to identifying approximate posteriors
of the parameters for known statistical models as well as the cyclic elastoplastic parameters for structural
steels from noise-corrupted experimental datasets. The approach shows its potential for the structural
engineering community as it can facilitate Bayesian inference of parameters characterizing a costly FE
model to which the associated likelihood is often analytically or computationally intractable. At the heart
of the approach, ABC addresses the computationally intractable likelihood, while BO embedded in ABC
handles the costly simulation for intelligently reducing uncertainty in the approximation of ABC posterior.

The main conclusions are summarized as follows:

e Results from the illustrative examples show that the BO-assisted ABC approach successfully offers
approximate posteriors that can not only reproduce a given posterior with acceptable accuracy but
also capture the true nominal parameters of a known statistical model. They also confirm the pre-
diction ability of approximate posteriors of material parameters in modeling the cyclic elastoplastic
behavior of a steel specimen tested under different static cyclic loading conditions. These results are
brought by the performance of BO in refinement of the GP model approximating the discrepancy
mean function in important regions of parameter space that contribute to the improvement of ABC

posterior approximation.

e The ABC posterior can be more accurate for a smaller discrepancy threshold because a small discrep-
ancy threshold, with a sufficiently large number of MCMC samples, can lead to the acceptance of good
samples from the prior as samples constituting the approximate posterior. However, the approximate
posterior may cease to improve when the discrepancy threshold is reduced and reaches a small-enough

value.

e The accuracy of approximate posteriors is affected by the acquisition function used in each BO-
assisted ABC attempt. However, it is not clear to indicate which acquisition function provides the best
approximate posterior from the presented identification results. Switching the acquisition function from
LCB to VAR during an identification attempt may improve the accuracy of approximate posteriors

when a proper value of discrepancy threshold is used.

e The new samples associated with different levels of discrepancy threshold are identical when BO is
guided by PI, EI, or LCB from the same initial training dataset. Hence, refinement schemes are the
same for different levels of discrepancy threshold when PI, EI, or LCB is the acquisition function of

interest. This facilitates both the investigation of how different levels of discrepancy threshold affect
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the accuracy of the approximate posteriors and the selection of a proper discrepancy threshold.

Since this study is still in the first stage of developing a robust posterior approximation method to
facilitate Bayesian inference of costly FE models, its scope is outside the realm of some important aspects

that require further research.

e It is desirable to develop a scalable method for BO over high-dimensional parameter spaces because

BO often limits itself to problems with less than 20 parameters [32].

e Since the quality of approximate posterior samples depends on the robustness of posterior sampling
techniques used after the refinement process, it is needed to investigate the performance of different
sampling methods such as the adaptive MCMC [44], sequential MCS [18], ensemble MCMC [19], and
transitional MCMC [20].

e It is important to characterize robust priors to ensure the consistency of approximate posteriors. For
this, hierarchical priors may be a viable choice. Robust Bayesian analysis [52] over a set of different

priors can also be adopted to handle the sensitivity of posterior to the prior selection.

e Post-processing of parameters characterizing the approximate posterior may be needed to further
consider the discrepancy between simulated and measured summary statistics. This process adjusts
the obtained approximate posteriors based on a regression model, such as a local linear or nonlinear

model [28].

e Modeling errors can be incorporated by defining the standard deviation 7 in Eq. (1) as a function
of material parameters x, observational noise, and other parameters representing uncertainty due to
idealization and discretization.

e The problem of selecting an appropriate constitutive law may be an opportunity for future research
because the ABC approach has been widely used for selecting the best model among a finite number

of candidate models [27], while many cyclic elastoplastic constitutive laws are available.
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Appendix A: Nonlinear combined isotropic/kinematic hardening model

Let o, o, and oy denote the stress tensor at a point of the steel specimen, the back-stress tensor, and the

yield stress, respectively. Assume that our focus is on a small deformation problem without large rigid body
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rotations. The relationship between strain and stress states of structural steel is described by its current

status that is either elastic or plastic, and can be detected using the following von Mises yield criterion:

3 1/2 _
F=\£<s:s>/ — oy =0, (A1)

where & = dev[o] — dev[a] is the shifted-stress tensor, dev[-] denotes the deviatoric part of [-], and the
symbol “:” is the contraction of two second-order tensors.

We commonly use nonlinear isotropic and kinematic hardening models to describe the strain hardening
process of structural steels subjected to cyclic loading. The isotropic hardening model only increases the
size of the yield surface F' = 0 during the evolution of plastic deformation. As a result, o does not appear
in Eq. (A.1), leading the yield surface to be an isotropic function of the stress that cannot capture the
Bauschinger effect [53]. As structural steels exhibit a saturation point of the stress at large deformation,
the isotropic hardening model can describe the increment of the yield surface size using the following Voce
hardening law [54]:

oy = 0y,0 + Qo1 — exp(—begq)], (A.2)

where oy o denotes the initial yield stress, Qo is the difference of the stress saturation and oy, b is the
isotropic saturation rate, and €, is the current equivalent plastic strain determined based on its previous
state and the rate €f,.

The kinematic hardening model does not change the size and shape of the yield surface. Instead, it
updates the center of the yield surface using a rigid translation in the evolution direction of plastic strain.

This enables the kinematic hardening model to capture the Bauschinger effect. The back-stress tensor a

can be further decomposed into ny back-stress components for a better approximation as [55]
i
a = Z ay, (A.3)
k=1
where the rate of o can be described by a the following nonlinear kinematic hardening rule [56]:
. 2 . . o
Q. = gC’keeqn — Vh€oq Ok (A.4)

where n = £/[|£|| denotes the unit normal vector of the yield surface; and Cj and 7y are the translation and
relaxation rates of oy, respectively.

The nonlinear combined isotropic/kinematic hardening model was developed using both Egs. (A.2) and
(A4). Let x = [21,...,2,,]T € R" denote the vector of n, material parameters for this combined hardening
model. Thus, x = [E, v, Qoo, b, 0y 0, C1,71]T if we use one back-stress component in Eq. (A.3), where E and

v are Young’s modulus and Poisson’s ratio of the material, respectively.
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Appendix B: Gaussian process modeling

Consider the training dataset D = {X, f} = {x", f*}_,, where x™ are the vectors of parameters and f™ are
the corresponding values of the function to be estimated. Based on D, we wish to establish the mapping from
x to the function value A, i.e., A = f(x) 4wy, where f(x) is a Gaussian conditioned on D and wy ~ N(0,w?).
GP modeling assumes that any finite subset of an infinite set of f values has a joint Gaussian distribution
[57]. Thus, for the set {x!,...,x"}, the corresponding values {f,..., fN} are distributed according to
ft m(x?!) E(xt,x) - k(x',xN)
~N : ; : - : ; (B.1)
mw m(x™) E(xN,x!) - k(xN,xN)
where m(x) = E[f(x)] and k(x,x’) are the mean and covariance kernel functions, respectively. k(x,x’) is
defined for any pair of the parameter vectors x and x’ to measure the similarity between f = f (x) and
f = f(x'), such that

k(x,x) = E[(f(x) - m(x)) (F(x) — m(x'))]. (B.2)

In this study, we use the squared exponential kernel as

) = e~ E XV E0), o3

where [ denotes the characteristic length-scale parameter that is determined by using the maximum likelihood
estimation of D [57]. Note that an optimal value of w can be found in the same way if the distribution of
{A',... AN} is derived from Eq. (B.1) and A = f(x) + N(0,w?).

After [ is determined, we use the information in Eq. (B.1) for predicting the function value f* at a new

parameter vector x*, i.e., f*|f = f(x*) As the GP nature, the joint PDF of f* and f is also a Gaussian as

oy m(x*)7 k(x*,x*)  K(x*,X) ’ (B.4)

where m(X) = [m(x1),...,m(xn)]T, and

E(xN,xt) o E(xN,xN)
The conditional Gaussian variable f*|f = f(x*) can be derived from Eq. (B.4) using the standard

conditioning rule [57], such that

FrIE= FO) ~ N (Fle (), 78 (x7)) (B.6)
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where

pes (x7) = m(x") + K(x*, X)K(X, X) ™" (f - m(X)),

TR (x*) = k(x*, x*) — K(x*, X)K(X, X) 'K(x*, X)T.
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