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On sufficient conditions for the lLeopoldt conjecture

W F ¥  (Hiroshi Yamasita)

Introductions.

lLet p be a prime number. l.et k& be an algebaic number
fields of finite degree over the rational number field Q.
Let S be a non-empty finite set of prime divisors of &, and
let . = w U _, where Up is the unit group of the

s pES
completion of k¥ at p. l.et £ be the global unit group of &

and {4 @ E — Ug be the canononical injection. We denote hy

F. the topological closure of i(F) in U Let 72 be the

set of all prime divisors of & dividing p. Let + be the

=

7-free rank of & and " be the Zp—free rank of Epe Then
it is equivatent to r = T that the Leopoldt conjecture holds

for (& , p ). Put 5p:5(‘;\/,p):r—7’p. Thenapzo

and it is the defect value for the Leopoldt conjecture. We

study the conditions for ép =0 in this paper. Now we ex-

plain notation which uses in this paper and state main results

of this paper. Let gp be a primitive p-th root of unity and

let ¥ = k(gp). We denote by § the set of all prime divi-
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sors of K which divide the prime divisors of & contained
in S. let. £ be the divisor class grdup of K and Dg be
its subgroup generated by all divisor classes containing the

prime divisors in 5. Put ¢, = ¢/D.-cP. Put G = Gal (K/k).

S
Let o : G — Z; bhe a homomorphism to the multiplicative
group of the ring of p-adic integers Zp defined by '§; = §g(t)

for any € G.  Put g = ( £, e()t ) / |Gl, which is an
idempotent element of group ring Zp[GJ associated with o.

Since CS is a Zp[@]—module, we set CS,m = em(Cs). For an

abelian group A, we denote by tp(A) the maximal p-group con-
tained in the maximal torsion subgroup of A. We prove in

Theorem 1 that 60 = () is equivalent to existence of a finite

set & of prime divisors of &k satisfying the following three

conditions. (1) § > P.  (2) &g , = {1}.  (3) p-rank(t (E))
I

= p—rank(tp(F)). Put ep = #ip p € S and gp € k_}. We

P
estimate Sp in Theorem 2 and see that 5p < p-rank(Cp,w) + ep
- p—rank(tp(E)) holds, We prove in Proposition 1 that the

condition (3) holds if €p
(2) also holds for P, the Leopoldet conjecture is true. This

= p—rank(tp(E)). If the condition

was known in Gras (2] , Gillard {1) and Sands [8]. Miki (6]
showed: that the following two conditions (4) and (5) are
equivalent. (4) the Galois group of the maximal p-ramified
p-abelian extension of &k 1is torsion free and the Leopoldt
conjecture holds for ( k&, » ).  (5) the condition (2) holds
for P and ep = p~rank(tp(£)) holds. We assume in Theorem 4
that % 1is totally imaginary if p = 2 and prove that the

Galois group over ¥ of the maximal p-extension of k which



is unramified outside S is a pro-p-free group if and only if

the condition (2) holds for S and e = p—rank(tp(f)).

1. the ncessary and sufficient conditiuon of

S ¢k : p»> =0,

I.et N be the set of the natural numbers. Let 4, 4 Dbe
elements of N. l.et A be an abelian group. Put AL =
i :
A/Ap for + € N. For i 2 #, we denote by @, ; a homomor-

i 7
phism from A, to A, defined by o, j(a~Ap ) = a-AF for a €

A. Then Ay s @ ) is a projective system of abelian

&y F
groups. We denote by A its projective limit, which is a

Zp—module. Put »(4) = di.mQ A 7 Op), where we denote by
D g e

Qp "the field of p-adic numbers. We observe that »r = »(F)

and " =,T(EP)' We abbreviate r(ES) to P

-

Theorem 1. S{( k : p ) =0 18 equivalent to existence
of the finite seft S of prime divisors of k satisfying the
following three conditions. (1) s o . (2) Cq 0 = {1}.
. s,

(3) p*rank(tp(ﬁs)) = p—rank(tp(ﬁ)).
To prove this theorem, we need some lemmas.

L.emma 1. Tp = re 1f P c S.



U — U be the canonical projection.

Proof. Let = p

Let S

are not contained in P. The kernel of =n is US" Let

resp. V, bhe any open subgroup of Up resp. Ugs. We have
E-Vi-Vy = ES'Vl'VB since V,-V, 1s an open subgroup of Ug-
Hence m(E)-Vq < H(ES)~V1.

T of n(F) 1is equal to that of n(ES). Since Eg is

in U

compact n(fF.) is also compact.  Thus we have E, = n(ES).

X mo_
Put v(p) = t,(kp) for p e s Put p= = max{ [v(p)| | p e

[ Then we have
R o
(gr 0 Eg) = (Eg)T /{EQ) ~  t,Ug N Eg).

'Hence we have an exact sequence

R 7T 1
| — t_(Ug 0 Eg) — Eg/EC —T— E /ED — 1,

n n
. . p _ p
where n, is a homomorphism defined by ytn(goES ) = n(g)-Ep

for & € .. We take the projective limit of this exact se-

quence. Then we see 7, = ro by the definition. Q. E. D.
A\ Dy oD
Put. Al2) = (F n (EQ)F)/EY.
lL.emma 2. Suppouse S o P, Then we have
; - p-rani o (2)
5, = P—rank(tp(fg)) p ranx(tp(g)) t p-rank (Ag2).

et X be a set of representatives of' all left
t

Proof.

coset in K

v

Therefore the topological closure

with respect to EY. Then X 1is a finite set.

117

be the subset of S consisting of all elements which

1
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Put F = U S'Eg. Then F is compact because it is a finite
g€X *

union of compact sets s~£€. Hence we have F = Eé’ because

Eg > F o FE. l.et £ : E/Fp — Fg/Eg be a homomorphism de-

fined by Ff(g-F) = S'Fg for g € X. Then F 1is surjective

and ker(f) = { g8-E° | g € Eg} = (F n Eg)/Ep. Therefore we

have F/(E n EP) =~ Eg/Eg. Since E/EP is an elementary
p-abelian group, we have F/EY ~ E/(E n EB) @ AS(2). Hence

E/EF =~ Fq/EgéB,@gn. Since r = p-rank (E/EP) - p—rank(tp(E))

- e Ly _
and Te =P rank(Ep/Ep) p rank(tp(ES)), We have
8, =7 - rg = p*rank(tp(ES)) - p—rank(tp(E)) + p-rank(Aéz)).
Q. E. D.

We define Uy (p) by

Uﬁ(p) = { o € %8 | There exists an ideal a of & such

that aof = (¢), and « € (k:)p for any p.},

where we denote by kp the completion of k& at p. We de-

note by S the set { B | B is a prime divisor of K which

divides a prime divisor of k contained in S.}. Let Ui(p)

X

be a set of elements of K= such that there exists an ideal U

of K satisfying 2% = (), and o € (K;)p for any P € S,

where we denote by Kﬂ3 the completion of K at B.

Lemma 3. US(p) = Ny, (WS(R)) - (K P/ (K9P,

where we denote by Nk/k the norm map from K to k.
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Proof. lLet o € Ui(p) and 2% be an ideal of K such that

aP = (o). We denote by 7 the semi-local product @ K;.

P Blp
Since N, ,, (MP = N, ((«)) and N,, () € N,,, (JO) c (&HP
: DAY 8 K/k S \& Yr/k K/k\p p’
T, S . S K
we have NK/k(Hk(p)) c Uk(p). Since (Ui(p))[K'U c

NK/k(“i(p)) c Ui(p) and (p, (K:k]) = 1, we have Uf(p)-(K*)p

= W W) - (KVPL et 4o K/ GT)P — KX/ ()P be a
homomorphism defined by j{o- (k)% = a- (KYP for «a € K~

lLet % be the algebraic closure of &, and let u, be the

group of ‘all p-th roots of unity in K. Since we have the

4

isomorphisms #1(E/k,u) ~ K/ ()P and  #l(R/k,n) = K/ (K9P,
we see that the injection of the cohomology groups 7nj '
Hl(?/k,up) _— Hl(?/k,up) induces 4. Hence ker(j) =
Hl(ﬁ/k,up) by the exact sequence of tﬁe restriction and the
injection of the first cohomology groups. Since [(K:k) is
prime to p, we have ker{(j) = {1}. Thus Ui(p)/(kx)p is

isomorphic to U?(p)-(Kx)p/(Kx)p by 4. Therefore we have

V) KVE Wy WS )) - (KO P/ (K P

Q. E. D.

Put [ = K{(Jo | a € Ug(p)). Then L is the maximal ele-
mentary p-abelian extension of X such that any prime divisor
contained in $§ is completely decomﬁosed and Gal{(//X) 1is iso-
morphic to CS by class field theory. Thus we identify CS

with Gal{L/K).



. N g C(XND XD
lL.emma 4. Hnm(Cp m’”p) o NK/k(”K(p)) (KY5/(KT) Y,

9
where wa denote by M the group of all p—th roots of unity

eontnined in K.

Proof. Denote by o the left coset a'(KX)p for o €
e (). let z € Cg  Set <&, #>= /%l Then it de-
fines a non-degenerate pairing on {Ug(p)/(Kx)p) x CS. Let o
€ 4. Then < ofa) , o(z) > =< o , x >w(o)_ Hence we have

< o, Em(m) > = < NP(&) , x >, where we denote by No the

‘norm map of a G-module, and m = [(K:k). Let # = la € Ui(p)[
NG(“> e (K9P ). Then we see that #/(¥)P 1is the annihilator

of Cq e Therefore we have

S ; Xy E
Wiy g (2)) - (K P/ (K P,

e

Hom (CS,m’ up)

i

UE(F)./H~ (Kx)p ~ NG (UE(D)) . (KX) p/(f(,x)p-
Q. E. D

)

since Hom (¢
S, 0

Corollary. Ui(@)/(kx)p > Uo o

Proof of Theorem 1. By Corollary to Lemma 4, we see that

Ug(p) = (P is equivalent to Co o = {1}. Assume that S

satisfies the condition (1), (2} and (3) of Theorem 1. Since
U;(p) = (¥)P, we have AéZ) = {1} by the proof of Collorary
to lemma 7. Hence ép = p—rank(tp(fs)) - p-rank(tp(f)).

Therefore an = (0 by the condition (3). Conversely we assume
that Sr = 0. let S be a finite set. of prime divisors of &
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containing b. Since tp(ES) ) #p(F), we have p—rank(tp(ES))
- p*rank(tD(F)) = 0. Hence we have p—rank(tp(Eg))

p—rank(tn(ﬁ)) = (0 by Lemma 2. The condition (3) holds for any.

{

S containing P, We take a sufficiently large set S so that
Co o o= i1}, Then the condition (2) holds. Q. E. D.
2. Some sufficient conditions for the conditions of

Theorem 1,

Proposition 1. p—rank(tp(ﬁp)) = p~rank(tD(E)) if e, =

p—rank(tp(ﬁ)) or if gp ¢ kp for any p € P.

Proof. Since €, > p—rank(tp(EP)) > p—rank(tp(E)), we

have p—rank(fp(ﬁp)) = p—rank(tp(E)) if ep = p—rank(tp(E)).
We see that e, = p~rank(tD(E)) holds if gp € ¥k and [P} =1
or if §p 3 kp for any p € P.
Q. E. D
Pfoposifion 2. Suppose that £, ¢ kp for any p € P and
that the p—class field tower of K +ie Ffinite. Then the

leopoldt pconjecture holds for ((k , p ).

Proof. lLet K = XO = Kl ”g Ko oo = Kn = Kn+1 be the

e

p-class field tower of K. Then Kw/k is a Galois extension.

Since KW/X is a p-extnsion and K/% 1is a cyclic extension
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whose extension degree is prime to p, there exists <t € Gal (K/k)
whose order is just (K:k). Let M be the fixed field of =
in K . Since [Kn:M] = [K:k] and K> M(gp), we have
[Xn:M(gp)] | (K:k]. On the other hand, since M(gp) o K, we

have [Kn:M(gp)J | [Kn:K]. Since [(K:k] is prime to [Kn:K],
we have [Kn:M(gp)] = 1. Hence Kn = M(;p). Let PM be the
set of all prime divisors of ¥ dividing p. Then we see that
the condition (2) of Theorem 1 holds for (¥ , Py ). Let B €
Py and M$ be the completion of ¥ at‘ B. Let p be a
prime divisor of k divided by B. Since §p ¢ kp and

Mﬁ/kp is a p-extension, we have §p ¢ M%. By Proposition 1,
we have that the condition (3) holds for (¥ , 2 ). There-
fore the Leopoldt conjecture holds for #. Hence it also

holds for k. Q. E. D.
Propositin 3. Lat kO be an algebraic number field such

that [k : Q) 4is finite. Suppose that ky is a cyclic
extension of k of degree p. Let SO be the finite set of

prime divisors of ko such that the condition (2) of Theorem 1
holds for ( kg » Sp ). Let S be the set of all prime
divisors of k which divide prime divisors contained in So-
Put XO = ko(gp). Let R be the set of primes diviscrs p of
ko satisfying the following two conditions. (1) p is
contained in SO or an extension of p to K iz ramified at
K/KO. (2) p is completely decomposed at 'KO.

Then the condition (2) of Theorem 1 fFor ( kg + Sp )  implies
that Ffor (k , S ) if R = ¢.
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Put Xy = sm(X) for a Zp[G]—modn]e X. To prove this

proposition, we need the following two lemmas.

l.emma 5. Let O N M P 0 be an exact seqg-
nenne of Zp[G]fmoduLes. Then we have ﬁhe'exact sequence

0 Na) Ma) Pm > 0.

Proof. We regard AN as a submodule of M. We have
an exact sequence 0 — N N M > M > Pm 0. Let ¥
be an element of M such that sw(y) € N. Then am(y) =
am-em(y) € N, since -g -g = €. Hence N n MQ c Nm. Since
NacNnM , we have N = N n M . Q. E. D.

(G [6:] @ : :
l.et [ be the class field of K whose Galois group over KX

is isomorphic to

< by class field theory. We denote by L
the maximal abelian extension of k& contained in L. Let JK
be the idéle groﬁp of K = k(gp) and U be its unit group.

Put W, = Uy, W Kx, where we denote by $§ the set of all
K KSBe.'S’ B :

prime divisors of K dividing prime divisors contained in SO.

~ SR D, X -
Then we have Co = oJp/V, (JK) K™, Put KO ko(gp).
Lemma 6. Let o be a generator of GaL(K/KO). Then we
have '

& ™ (7"1 ~ . X ™ L . X
G/ (Cg) = NK,/KO(JK) KO/NK/KO(WK (7)) Kg
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Proof. We identify Gal(L/K) +to C.. Let # be the

s
fixed field of ¢Z 1 in L. Gal(#/Ky) is an abelian group
since K/KO is a cyclic extension. Hence L 5 . Put #
= Gal (1./L%). Then H > (Cs)o_l because o acts trivially
on Gal(L*/K). Hence &% c . Thus we have LF = ¥ and

Ga](i*/K) o Cq/(Cq)O_l. On the other hand, we have

*® , Y - X L Py L X .
Gal (1.7 /K) =~ NK/KO(JK) KO/NK/KO(WK (JK)) RO by translation

theorem of class field theory, because  Gal (L/K) =

<S4
JK/WK'(JK) <K Q. E. D.
Proof of Proposition 3. We denote hy p resp. B a prime
divisor of KO resp. K. We denote by KO p resp. KSB the
completion of Kﬂ resp. K at p resp. 3. Let Up resp. U$
be its unit group. l.et po be a prime divisor of ko. We
define V and W by
Po Po
x X .
v = m K W = 7 K if ps € S
b 0!
Po pipoo 4 Po ?;BIPOSB 0 -
1% = w u_ , W = m U if pn € S,

For each p, we choose a prime divisor B of K dividing »p
and denote by ZP the decomposition group of $ in Ga](K/KO).
If B 1is ramified at K/KO, then Zp is also the inertia

group of B. Hence we have by class field theory



(2.1) VvV, /N, (W ) = T Z
Po- K7Kg " Po plrg "
for any prime divisor P of kO' We consider the ZPEG]—
module structure of this group. We see Z_ =~ {1} if p is

p
decomposed at K/KO or if Po is not contained in 80 and

is not ramified at K/KO. Now we consider the group of (2.1)
for Pa whose extension B to K 1is not decomposed if Po €
SO or which is ramified at K/k if Po ¢ SO. Let p be a

fixed prime divisor of Xn dividing Po- We denote by Gp

0
be the decomposition group of p in Gal(KO/kO). Let G =
ujil o, Gy be the decomposition of G to left cosets. We

; 3 0
assume 04 € G . Let = be a generator of 7 _. Then <.
po 1 P i
= dj-t1~o;1 is a generator of Z o We use the additive
3 ; 9
notation for Zp in the followings. Then
n Zp ~ (nl-tl, Mot Tos Tt nt‘tt)l n, € /v
pl po
for & = 1,+-+,%t}.
et o mn 7 — (Z/p2){G/G.) be a Z_[G)-isomorphism
[ p p 1%
P PO
defined by @((n1~t1,~--,nt'tﬁ)) = 2 iil ne9 Gy Then we

have

22 (F Ty = (/00 (0/60)

This module is {0} if Gp # {1}, and is isomorphic to Z/pZ

if Gp ~ {1}, By (2.1) and (2.2), we have (VPO/NK/XO(WPO))Q

~ {1} if and only if Po is not completely decomposed at
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Ko/ko. Hence we have (VPO/NK/KO(pr))m 2,{1} for any Po
because & = ¢. Put VK = T Vp and wK = T wp , Where
0 Pg 'O ’ P 0
Pg runs through the set of all prime divisors of ko. » Then
we have
0 4]
We define ZD[G]—modules N, M, P, Z, Y by
_ . Py, X CTRyYy kX
N =V NK/K (JK) KO /NK/K (wK (JK)) KO’
0 0 0
- (P oy X < (JPYyY . X
M = Vf(' (JK ) KO /NK/K <WK (JK)) KO,
0 0 0
P =v, - (2 YkX v, N (%) kX,
XO KO 0 KO K/K0 K 0O
— X . D X
Y= kg Ve Ko Nesko M i) Ko
_ . Iy X
Then we have exact sequences of Zp[G]~modu1es
(2.4 1 N M p > 1,
(2.5) 1 — M — Z — Z/M — 1,
x
(2-6} 1 Y A > JKO/N!(,/KO(JK).KO —_— 1.

Since N 1is a homomorphic image of VK/KO/NK/KO(JK)'KS as

Zp[GJ~modu1e, we see Nm ~ {1} by Lemma 5 and (2.3). Let £

JKO/NK/KO(JK)'KS-__# P be a Zp[G]—homomorphism defined by

. KXY = 4P, . AT o _
Fla NK/KO(JK) XO) = a VKO NK/KO(JK) KO. Then f 1is a sur
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jection. Since JKO/NK/KO(JK)-KO is a trivial G-module, we

have (JKO/NK/KO(JK)'KS)m ~ {1}. Hence image(f)m =P, = {1}

by lemma 5. Then we have M, = {1} by Lemma 5 and (2.4).
Hence we have Zm ~ (Z/M)m by Lemma 5 and (2.5). Since it is

equivalent to (JKO/VKO~(J§O)~KS)w ~ {1} that the conondition

(2) of Theorem 1 holds for ( k, . Sy ), we have (Z/#) =~ {1}
by the assumption of Proposition. Hence we see Z, = {1}.
Therefofe Ym ~ {1} by (2.6). Since Y = CS/(CG)G—1 by

{1}. Since Ga](K/kO) is an

R

Lemma 6, we have (CC;/CZ-_I)m

abelian group, we have o-t = t-o for any <t € G. Hence o €,
_ ) . o-1 _ o-1 :
= g,'0. Thus (CS )co = (CS,w) . Therefore we have
o-1 _ o-1y _ o-1
Cs,m/(CS’w) ~ {1} because (CS/CS )m x CS,m/(CS,w) .
This implies CS,m ~ {1}. Q. E. D.
3. Some theorems concerned with 60( k : p .
We define groups VS’ WS and Aél) by
Ve = {ueuslupegs},
WS={uei.Jslup=1},
(1) _ o I
Ag = Fn (US)/F, n (FS).
. (1) |
vLemma 8. 1l — WS/WS n tp(ES) —_ VS/WS — Ag — 1.
Proof. et u € Vg. Then there exists & € Eg such that
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ut = 8. Since E°(Fg) = ES’ we have g € £ and 51 € ES

such that & = e-ﬁ? . Then we see g € E n (Ug). Let 7

Ve — Aél) be a homomorphsm defined by 7{(u) = g€-{(FE n (Eg)).
Then ker(f) = Vo'Ec. Let & € En (UE).  Then there exists
u € o such that uP = g. We have F£f(u) = g-(E n (ED)).

Hence f 1is surjective. Since WS'ES/ES ~ WS/WS n tp(ES),

we have an exact sequence

1 — WS/WS N tp(‘ES) —-———-> VS/ES — AS’ — 0.

let T be a finite set’of prime divisors of k. We perm-
it in the case 7 = ¢, Let A be the maximal subgroup of the
ideal class group of &k whose exponent is divided by p. We
define UZ(p) for T = ¢ by Uﬁ(p) = { x € k | There exists an
ideal a of k such that of = (a).}. We‘define a subgroup

A;O) of A by

A;O) = { c € A | ¢ contains an ideal a of k such that

aP = (¢) for some o € UZ(p).}.

Lemma 9. UL (p)/(E n (W () ()P A}O).

Proof. lLet o € U;(p), Then there exists an ideal a of
k such that af = (o). LLet ¢ be the divisor class contain-

ing a. This divisor class is contained in Aéo? We define

0n

a homomorphism £ : Ui(p) —_— Aéo) by Fflo) = c. Then £ i
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AéO). Since ker(f) =
{ o € Ug(p) | There exists 8 € k¥ such that (x) = (8°).},
(- (7)P) nUL(p) = (E n Ul (p))- (K9P,

Therefore we see image (Ff) = Ug(p)/(ﬁ n U{(p))-(kx)p.
Q. E. D.

surjective by the definition of

we have Lker(f) =

ie a non—empty finite set of prime

Corollary. Suppose S

divisorse of k. Then we have

uS )/ (k9P = a0 @ alD) @ a2,

Proof. Since E n Ug(p) = EnNn Ug, we have a chain of
abelian groups Ui(p)/(kx)p > (En Uf(p))-(kx)p/(kx)p o)

The sequence of the quotient groups of

(E n ED) - (17) / (k™) P.
A(O) Aélz Aézz Since the expo-

this chain is isomorphic to S
nent of Uf(p)/(kx)p divides p, it is isomorphic to
(0) (1) (2) -
Ag @AS @AS .
: Q. E.

We see that ec is

'
p € S and gp € kp}.

Put  e. = { p |
equal to p—rank(wq).

We have for 5 o P,

Theorem 2.
5p = eg t p-rank(CS’m).— p—rank(tp(ﬁ)) - p~rank(VS/ES)
- p—rank(AéO)).
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Proof. ‘By l.emma 2. we have

(3.1 8, = p'faﬂk(ﬁp(ES)) - p—rank(tp(E)) + p-rank(AéZ)),

By lLemma &, we have

(3.2) p-rank(t_(E)) = e - p-rank (Wo/Eo) + p-rank (a$1))

since p—rank(tp(ES)) = p—rank(wp N tp(ES)).
We substitute p—rank(tp(Es)) in (3.1) by the right hand side
of (3.2). Then

(3.3) &_ = ec - p—rank(VS/ES) + p~rank(tp(E)) +

(p—rank(Aél)) + p—rank(Aé2)))_

By Corollary to l.emma 9 and Corollary to Lemma 4,

(3.4) p—rank(Aél)) + p—rank(AéZ)) = p-rank (C y - p~rank(AéO))

S,o

We substitute (p-rank(a{1)) + p-rank(a{?))) in (3.3) by the
right hand side of (3.4). Then

6p = eg - p—rank(VS/ES) - p—rank(tp(E)) + p—rank(cs,m)
- p—rank(AéO)).
Q. E. D.
Corollary. We have 6p < p—rank(cg’m) + eg - p—rank(tp(ﬁ))

for P c S.

lL.et kS be the maximal p-extension of & unramified out-

side S. Put G = qa](kq/k) and Gz = GQ/EGS,GQJ, where



131

g Put CS =

Hom(af’;,Q/Z). Let f, be an endomorphism of @/Z defined by

fD(m) = p-x for « € Q/F. We have an exact sequence

[Gq,Gq] is the comutator subgroup of &

7
0 —s 7/07 — Q/7 —2— /7 0.

Then we have the following cohomology long exact sequence

(1)
f
it 0/7) —25 wl6.,0/7) — H2 (G . 2/p7) —

- (2)

f
where we denote by féli and fézi the induced homomorphism
of the cohomology groups by fp. Since GS acts trivially on

Q/7, we have Hl(GS,Q/Z) ~ éS‘ Then coker(féli) = éS/p'éS
and ker(fézi) = { o € H2(GS,Q/Z) | pc =01}, Put HZ(GS,Q/Z)p

= ker(fézi) and Gg’p = { x € Gz | % =1 }. Then G;’p is
* o _ N *
equal to { z € Gg | 2% =1 }. Put éS,p = Hom(GS‘p,Q/Z).

Then coker(f£1i) o és/p~ﬁg is equal to @S o Hence we have

3

a short exact sequence

(3.5) 0 — bg , — W2(Gg,2/00) — H2(Gg,Q/2) ) — O .

Put gs = p~rank(H1(GS,Z/pZ)), rs = p—rank(Hz(GS,Q/Z)) and

s _ i
T = p rank(tp(bs)).

Theorem 3. Suppose that k is totally imaginary if p = 2.
Suppose P c S. Let T be the number of the complexr places
of k. Then we have
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(1) P‘Ta’nk (HZ(GS, 7/97)) = gv - (7"2 + 1) = & + t L)

2 -
(2) p-rank (H (GS’Q/Z)p) = 8 .

Proof. lLet Sl be the union of S and the set of all
infinite prime divisors of k. We see kg = kq in case of

* “1
- p = 2 because &k is totally imaginary. If there exists an

intermidiate field &’ of k. /k of finite degree over &k
-1
such that the infinite prime divisors are ramified, then we

see [¥':Kk] 0 mod 2, where we denote by %' the Galois

closure of k. Since k' < ko , such &k’ dose not exist

1

in case of p = 2. Thus kg = kS . Therefore we have, by
: 1

Corollary 1 to the main theorem of Neumann (7],
2,;30 (-1) *p-rank (#* (Gg.2/P2)) = -~ -

Hence p—rank(Hz(Gg,Z/pZ)) = p—rank(Hl(GS,Z/pZ)) - (r2 + 1).
Since the ZD—free rank of Gz equals s + 1 + 50 by the

theory of Zp-extensions, we see

-
p-rank (Ge/ (G F) = (ry + 1+ 8,) + ¢,

Since gS = p—rank(Hl(GS,Z/pZ)) = p—rank(Gz/(Gz)p), we have

p-rank (#2 (G, 7/07)) = @° - (ry + 1) =5, + 5.

Hence we have p—rank(ﬁZ(Gg,Q/ZL ) = 5 by (3.5), because
p-rank (i, ) = p—rank(Gz ) = p—rank(tp(Gz)).

2y D s D
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Q. E. D
Corollary. Suppose k 4is totally imaginary <Ff p = 2.
Supponse P c . S. Then Gg 18 a pro—p—free group 1f and onty
if 50 = 0 and o = 0.

Proof. By Satz 4.12 of Koch (5], we have that GS is the
pro-p-free group if and only if HZ(Gq,Z/pZ) = {0}. By (1) of

Theorem 3, we have that HZ(GQ,Z/pZ) = {0} 1is equivalent to
ERRC ‘
ap = £ = Q. Q. E. D.
l.emma 10. Suppose P c S. Lét s he the number of
complexr places of k. Then we have
S _ — e ; -
g~ = eg o) rank(tp(E)) +p rank(CS,m) + T + 1.

Proof. et J be the idéle group of %k, and. U be its
unit group. Put ©(s) = w Up, which is contained in .
PES
By 83 in Miki (6], we have an exact sequence

(3.6) 1 — U (0)/(K)P — vl (0)/ (K*)VP — v/u(s) -UP

X

— J/US) TPk — g P — 1.

X

Since Gz/(ﬁz)p o J/U(S)-Jp~k by class field theory, we have

p-rank (J/U-J k™) = gg - We computé QS by (3.6). We have

Uﬁ(p)/&"(kx)p L.V AéO} by Lemma 9. Let hp be the p-rank of

the p-Sylow subgroup of thé ideal class group of k. Then hp
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= p-rank (J/U-JP-k*) by the definition of hp.v Since hp
is also equal to p—rank(AéO)), we have p—rank(J/U'Jp-kx)

p—rank(A;O)). Hence
(3.7)  p-rank (J/U-J7-k™) - p-rank (U (p) / (K)P) =
p-rank (J/U-JP-kX) - (p-rank (U (p) /E- (K7)P) +
p-rank (E- (k™) P/ (&™) P) )
= p-rank (E- (k)P/ (k*)P) = - p-rank (E/EP).

We have p-rank (U/U(S)-UP) = ec t (k:Q) because U/U(S)-UP
is isomorphic to US/U§ . Therfore by (3.6), (3.7) and corol-

lary to l.emma 4, we have

g° p-rank(uﬁ(p)/(kx)p) + (eg + -(k:@) - p-rank (E/EP)

il

p—rank(cs’m) t e t T +1 - p—rank(tp(f)).

<3

Q. E. D.

Theorem 4. Put rs = p—rank(Hz(Gq, 2/02). Suppose that
k is totalty imginary if p = 2. Suppose that P c S. Then
rS = Q if and only if p—rank(cs’m) = Q0 and eg =
p—rank(tp(ﬁ)).

Proof. By (1) of Theorem 3 and Lemma 10, we have rs =0
holds if and only if eg - p—rank(tp(E)) + p—rank(cs w) = Q.
Since eq - p—rank(tD(E)) > (0, we have S = 0 if and only if
eg -~ p—rank(tp(E)) = 0 and p—rank(cs,w) = 0. Q. E. D.



Hence the condition (3) of Theorem 1 holds if

Remark.

p—rank(tp(E)).

(1)

i
(93]
ja—

(4]

(5]

(6]

™
~J
Ay

(8]

(9l

R.

We see
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ec = p—rank(tp(ES)) > p—rank(tp(E)).

€s
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