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GENERATING OPERATORS AND NORMAL 

DERIVATIVES 

TOSHIYUKI KOBAYASHI AND MICHAEL PEVZNER 

1 INTRODUCTION 

In [5], we initiated a new line of investigation on branching problems 

by introducing the concept of generating operator, and found its closed 

formula for the family of Rankin-Cohen brackets ([4, 5]). 

As an application of generating operators, we proposed in [1] a trick of 

transferring discrete data into continuous data, and illustrated these 

ideas by an SL2 example, in particular, showing how the generating op-

era tor T of the Rankin-Cohen brackets { RR} £EN yields various families of 

non-local intertwining operators with continuous parameter in different geo-

metric settings from the setting where the original operators are defined. 

In this note, we explore these principles in a higher-dimensional setting 

focusing on a simpler case where symmetry breaking operators (SBOs for 

short) are given by normal derivatives ([3]). In this case, the generating 

operators reduce to the shift operator, see Example 2.1. This reduction 

makes the entire framework more comprehensive as all the technicalities 

boil down to elementary computations. More precisely, we shall consider 

the case (GLn+l, GLn) through the following process. 

Step 1. Description of SBOs given by normal derivatives; 

Step 2. Changing real forms; 

Step 3. Finding the generating operators; 

Step 4. Trick from discrete to continuous. 

In this way, we obtain singular non-local SBOs for branching problems of 

different real forms from the original setting where all SBOs are differential 

operators (localness theorem, [2]). While one could construct the singular 

non-local SBOs directly by using the general theory [6, 7], our approach 

2024年度RIMS共同研究（公開型）表現論と調和解析のひろがりExpansionin Repre— 

sentation Theory and Harmonic Analysis, 2024年6月11日（火）―6月14日（金）京都大学

数理解析研究所（世話人：田中雄一郎氏），講演録．



2
TOSHIYUKI KOBAYASHI AND MICHAEL PEVZNER 

shows that the concept of the generating operators bridges normal deriva-

tives and a simple form of non-local SBOs. 

In other words, the generating operators provide us a guiding principle 

to single out the case where the singularities of the distribution kernels of 

non-local symmetry breaking operators are normal crossing. 

2 REMINDERS 

2.1. Generating operators. Suppose that r(X) and r(Y) are the spaces 

of functions on X and Y, respectively. Given a family of linear operators 

Re: r(x)→I'(Y), we consider a formal power series 
00 

R£ £ 
(2.1) T三 T(｛凡｝；t):= Lー lE Hom(r(X), r(Y)) R C[[t]]. 

£! 
£=0 

When X = {poi叫，凡 isidentified with an element of r(Y), and such a 

formal power series is called a generating function, which has been par-

ticularly prominent in the classical study of orthogonal polynomials for 

r(Y) = C[y]. 

When X = Y, Hom(r(X), r(Y)) ~ End(r(X)) has a ring structure, and 

one may take Re to be the £-th power of a single operator R on X. In 

this case, the operator T in (2.1) may be written as etR if the summation 

converges. For a self-adjoint operator R with bounded eigenvalues from 

the above, the operator etR has been intensively studied as the semigroup 

generated by R for Re t > 0: examples include 

• the heat kernel for R =△， 

• the Hermite semigroup for R = ¼(•— |xl2) onび（町），

• the Laguerre semigroup for R = lxl( △ 4 1) on L嘔 n..l..dx)., I叫
In [5], we addressed a new line of investigation in a more general setting 

where X # {point} and X # Y. In this generality, we refer to Tin (2.1) as 
the generating operator for a family of operators Re: r(X)→I'(Y). 
Here is a simple example of the generating operator for X =町っ Y=
股n-1:

Example 2.1 (normal derivative). Let X =町＝ ｛（xo,..., Xn-1) = (xo, x)} 

and Y=町 -1= { x = (x1,..., Xn-1)}, the hyperplane xo = 0. We consider 

a countable family of differential operators 

Re: C刊X)→び(Y),
8 

F曰 Restxo=Oo(~)£ F. 
8x。
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The the Ta ~,for series expansion of F(xo, x1,..., Xn) along the normal direc-

tion xo shows that the generating operator T of {Rc}cEN is given as 

00 ザがF
(T F)(x1,..., Xn-1; t) ＝と—―

£! ox~ (0, XI,.・・, Xn-1) 
£=0 ° 
=F(t, X1,..., Xn-1). 

Thus, T is essentially the identity operator in this special case. 

In general, symmetry breaking operators are not given by normal deriva-

tives, and finding find a closed formula of the generating operator is even 

more involved in such cases. The one for the Rankin-Cohen brackets in the 

specific setting where (X, Y) = (C汽C)was obtained in [4, 5]. 

2.2. Trick from discrete to continuous. 

According to the recipe proposed in [1, Sect.3.3], we define a "meromor-

phic continuation" of a countable family of differential operators { Rd £EN 

through its generating operator T = f砂 bythe following scheme. 
£=0 

(2.1) m (2.2) 
{Rd£EN→ T--+ Tµ,d• 

To implement the procedure T ---t Tμ,8, we recall that the locally inte-

grab le functions Ix Iμ and Ix Iμ sgn x, initially defined for Reμ > -l on恥
extend to tempered distributions depending meromorphically onμ E C. The 

poles of this family are all simple, and are located at {-1, -3, -5,...,} and 

{-2, -4, -6 ,..., }, respectively. 

Building on the generating operator T: r(X)→r(Y)@C[[t]] of {Rd, we 
consider, for μ E (C and 8 E {O, 1} = Z/2Z, 

(2.2) (Tμ,of)(z)＝〈|t化(sgnt)°, T f (z, t)〉
00 _,_£ t 
7,(Rd)(z)〉．=〈|t化(sgnt)°,L 
't! 
£=0 

We may expect that Tμ,o constitutes a family of operators from r(X) to 

I'(Y) that depends meromorphically on μ if the formal power series (2.1) 

converges in an appropriate way. 

Furthermore, let Tμ,o be renormalization of Tμ,o given by the distribution 

kernels 
1 

r（デ）
I叫μ (8 = 0), 

lxlμ sgnx 

r(§ +1) 
(8 = 1) 
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which depend holomorphically on μ in the entire complex plane C. Finally, 

we note that there are non-zero constants Cm such that 

1 

r（勺り
lxlμ I =C2k8(2k), 

μ=-2k-1 

1 (2k+l) 
噂＋1)

|x|μ sgnX =C2k+18. 
μ=-2k-2 

2.3. Differential SBOs, localness theorem and extension theorem. 

For a pair of real reductive Lie groups GっG',continuous symmetry 
breaking operators between two principal series representations of G and G' 

are generically given by integral transforms and their meromorphic contin-

uations, see [6, 7] for example. 

However, in some geometric models, only differential symmetry breaking 

operators exist. This phenomenon, formalized as'localness theorem', per-

sists even for vector-bundle valued principal series representations, see [7]. 

For our purpose, we briefly recall from [2, Section 5] a prototype of this 

phenomenon in the holomorphic setting as below. 

Fact 2.2 (Localness Theorems [2, Thm. 5.3]). Suppose that GっG'isa 
pair of reductive Lie groups such that both of the associated Riemannian 

symmetric spaces Y = G'/ K'and X = G / K are Hermitian symmetric. 

Moreover, assume that the natural G'-equivariant embedding l: Y→Xis 
holomorphic, see [2, (2.1)] for precision. Consider a G-equivariant holo-

morphic vector bundle Vx over G / K associated to a K -module V, and a 

G'-equivariant one Wy associated to a K'-module W. Then, any continu-

ous G'-homomorphism from O(X, V) to O(Y, W) is given by a holomorphic 

differential operator with respect to l: Y'-----+ X, that is, 

Diff製(Vx,Wy) = Homa, (0 (X, Vx), O(Y, Wり）．

Let X = G/K'-----+Xie= Gic/Pic, Y = G'/K''-----+Ye= G~/P,_も be Borel 

embeddings. We write Vxc and Wyic for the Ge-and G~—equivariant holo-

morphic vector bundles over Xie and Yic, respectively. 

Fact 2.3 (Automatic Continuity theorem [2, Thm. 5.13]). In the setting 

of Fact 2.2 any differential symmetry breaking operator (or equivalently, 

any continuous G'-homomorphism) extends to a differential operator be-

tween holomorphic vector bundles over the compactifications Ye'-----+ Xie of 
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the Hermitian symmetric spaces Y'-----+ X, namely, the injection 

(2.3) Diff詞(Vxc,W叫→Diff炒(Vx,Wy) 
is bijective. 

2.4. Generalities: Normal derivatives as symmetry breaking op-

erators. 

In [3], we addressed a question of which pairs of Hermitian symmetric 

spaces (X, Y) = (G / K, G'/ K') do admit symmetry breaking operators that 

are given by normal derivatives. It turns out that such pairs are quite rare. 

We established a classification theorem in the case when ranklR G / G'= 1. 

Namely, there are six complex geometries arising from real symmetric pairs 

of split rank one, which we review here: 

(1) ]pi℃ →野CX野 c (4) Grp-i(CP+q)'-----+ Grp(CP+q) 
(2) LGr(C2n-2) x LGr(Cり'-----+LGr(C2n) (5) pnc'-----+ q2nc 

(3) Q℃ → Qn+1c (6) IGrn-1(C:2n-2)'-----+ IGrn(C:2n) 

TABLE 2.1. Equivariant embeddings of flag varieties 

Here Grp(Cりisthe Grassmanian of p-planes in C凡

QmC := {z E戸m+l(:: Z各＋・・ ・ + z!+l = 0} 

is the complex quadric, and 

IGrn(C2n) := {V C c2n : dim V = n, Qlv三 O}

is the Grassmanian of isotropic subspaces of C2n equipped with a non-

degenerate quadratic form Q, and 

LGrn(C2n) := {V C c2n : dim V = n, wlvxv三 O}

is the Grassmanian of Lagrangian subspaces of C2n equipped with a sym-

plectic form w. 

Among them only three do admit normal derivatives as symmetry break-

ing operators. 

Fact 2.4. (1) Any continuous G'-homomorphism from O(Xふ） toO(Y, W) 

is given by normal derivatives with respect to the equivariant embedding Y'-----+ 

X if the embedding Y'-----+ X is of type (4), (5) or (6) in Table 2.1. 
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(2) None of normal derivatives of positive order is a G'-homomorphism 

if the embedding Y'-----+ X is of type (1), (2) and (3) in Table 2.1. 

Recall that if E = E'① E" is a direct sum of complex vector spaces and 

VE := E x V and W矧：＝ E'xW is a direct product vector bundles over 

E and E', respectively, then O(E, VE) ~ O(E) R V, and O(E', WE,) ~ 

O(E') R W. 

Take coordinates y = (Y1,・・・,Yp) in E'and z = (z1,・・・,zn) in E". The 

subspace E'is given by the condition z = 0 in E = { (y, z) : y E E', z E E"}. 

A holomorphic differential operator f: O(E) R V→O(E') R W, f (y, z)→ 
訂）（y)is said to be a normal derivative with respect to the decomposition 

E=E' 〶 E" if it is of the form 

(2.4) (ff) (y) ＝ a苔•Ta(Y) (~|[;< 'z)Z=0), 

for some Ta E O(E') R Homc(V, W). 

We write NDiffh01(VE, Wいforthe space of (holomorphic) normal deriva-
tives. This notion depends on the direct sum decomposition E = E'① E" 

and we may apply it to the subsymmetric space G'/ K'in the Hermitian 

symmetric space G / K using the fact that we have the following direct sum 

decomposition of K'-modules: 

(2.5) n_ =n'―① n~. 

Since the trivialization of the vector bundle Ge Xpc V is Kic-equivariant, 

there is a natural isomorphism: 

Homx,(V, S(n~) R W)二 NDiff賃Pst(Vx,W砂

It was proven in [3, Theorem 5.3] that in the case when dim V = l and the 

spectral parameter of the homogeneous line bundle over X = G / K satisfies 

a certain positivity condition all continuous G'-homomorphisms 

O(X,.Cり一 O(Y,W), 

are given by normal derivatives with respect to the decomposition n_ = n'_ 〶

n'こforany irreducible K'-module W if and only if the symmetric pair (g, g') 
is isomorphic to one of (,su(p, q),,s(u(l) EB u(p-1, q))), (,so(2, 2n), u(l, n)) or 

(,so* (2n),,so (2) 〶 ,so*(2n -2)), see Fact 2.4 (2). 
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3 TEST CASE (G恥，Gk)=(GL(n + 1，艮），GL(n晨））

We apply our strategy of meromorphic continuation to the generating op-

erator and test it in the simplest setting for the pair (G L(n+ 1皇），GL(n，罠））．

3.1. Step 1: Description of symmetry breaking operators given 

by normal derivatives. 

Let (G, G') = (U(p, q), U(p -1, q)). We realize the Hermitian symmetric 

spaces G'/ K'and G / K as bounded complex symmetric domains: 

G'/ K'~{YE M(p -1, q; C) : Ip-1 -YY* ≫ O}, 

G/K ~{XE M(p,q;C): Ip―XX*≫ O}. 

Let P~ and Pc be maximal parabolic subgroups of G~ and Ge with Levi 

subgroups K~ and Kc, respectively. Then the embedding G'/ K''-----+ G / K 

is naturally realized via 

Gし／Pと（、 Gc/Pc

u u 
M(p-l,q;C) ~ M(p,q;C) 

u u 
G'I K'c...._________. GI K. 

3.2. Step 2: Changing real form. 

All symmetry breaking operators regarding the embedding G'/ K''-----+ 

G / K in the holomorphic setting are holomorphic differential operators by 

the localness theorem (Fact 2.2). Moreover, they extend to the whole com-

plex flag varieties regarding the embedding Ge/ Piと'-----+Ge/ Pc by the exten-
sion theorem (Fact 2.3). We restrict them to other real forms as follows. For 

(G, G') = (U(p, q), U(p -l, q)), we set (G艮，Gk):= (GL(p + q，艮），GL(p+

q-l良）） and~:= G戸 Pc,p~ := Gk n Pc, so that 

G/K c Ge/Pc っ G幻贔
open ・ real form 

Proposition 3.1. One has a natural morphism 

Diff叫O(G/Kふ），O(G'IK',,Cし））→ Diff叫Ind勾(C刈，Ind覧(Cv)).
We shall see in Section 3. 7 that this morphism is not necessarily surjective, 

see (3.8). 
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3.3. Deg enerate principal series representations 1r入6ofG民・

For入，vE (C and 8, E E {O, 1}'.:::'Z/2Z, we define characters of Pi股 andP~ 

by 

X入，6（： >) :＝ |detD|入sgn(detD)6 for (: 〗)EP股 CG股・

心(::） := | detd『sgn(detd)e for (： ：） E Pi e Gi, 
where CE M(q,p皇） andc E M (q, p -l遺）．

For g―1 ~ (~ ~) E G股＝ GL(p+q良）， onehas 

(~り）（I;：） 
= （I[(AX+B)（I:X+D)-1) （A-（AX+B:ex+D)―1cex0+D)， 
therefore the representation恥 of伍 inducedfrom a character x入,5of the 
parabolic subgroup RR is given as a multiplier representation in the open 

Bruhat cell 

(II入，,s(g)F)(X)= I det(CX+D)|―〉¥(sgn(det(CX+D)))6F((AX+B)(CX+D)―1). 

Our convention is to use an unnormalized induction without'p-shift'. 

It may be useful for later purpose to write a formula of the infinitesimal 

representation dII入6.For 1 < i < p and p + 1 < j < _ ＿p+q, 

q 0 p 

叫 (Eii-Ejj) =ー入IdーどXia-/1 ―tx切 0 
a=l 

ia ox.． 
b=l 切

(3.1) 

3.4. (p, q) = (n, 1) case. 

From now, we set (p, q) = (n, 1). Our notation is as follows: 

G股＝ GL(n+ 1皇） acting町＋1with standard basis ea, e1,..., en 

G伍＝ GL(n星） isthe stabilizer of ea・
Letμ E (C and 8 E Z/2Z. A C00-function f(x) defined on町＋1¥ {O} is 

of homogeneous degree of (μ, 8) if 

f(rx)＝仕f(x) for every r > 0, 

f(-x) =(-l)°f(x). 
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Let三芦（町＋1)denote the vector space of smooth homogeneous functions of 

degree (μ, 8). An analogous notation s;了（町＋1)will be used for generalized 
functions a la Gelfand so that三芦（町＋1)C弓，丁（町＋1).
We identify the real flag variety G幻凡 withthe real projective space 

伍／凡二『噂＝ ｛［XO:..・：叫｝， gJ=k日 [l(o,...,o, 1)J. 

Then the regular representation of G股 on3玄，0is identified with the prin-

cipal series representation II.x,o on C00 (G幻P股，£叫
We take a covering of町＋1¥ {O} by¼:= {(xo,...,xn): Xi-/= O} for 

0:::; i:::; n. Then¼/罠x~ 町， and the inclusive map ¼'---+町＼｛O} induces 

coordinates Li :町→野罠． ForFE己玄，0（町＋1),we set Ji:＝りF,that is, 

(3.2) fi(xo,..., Xi,..., xn) := F(xo,..., Xi-1, 1, xゎ．．．，％）．

Then {Jk} k}o::;k:s;n satisfies 

(3.3) fi(xo,..., Xi,..., Xn) = Ix —入 6jl-"(sgnxj)0 Jj( 1(zo,..., Zj,..., Zn) 

on瓜町）nlj国） ＝（Vt nい）／町 C 野罠， whereZk =已（k-/= i, j) and 
1 Zi = ~. Then we have a one-to-one correspondence 
巧

F B {Jo,..., fn} subject to the relation (3.3). 

For instance, 

f n(xo,..., Xn) = lxo□(sgn xo)8 fo(z1,..., Zn), 
where Zk＝且（1：：：：： Kさn-l) and Zn＝土・

ForF E己玄，8（町＋i)~ coo(G幻凡ふ，8),fn =心Fgives the'N-picture' 

of the principal series representation of G股 definedon the open Bruhat cell 

Vn摩x~ 町 (and similarly for G伍）：

rr入，6
G屈へ C00(G幻八ふ，c5)'-:coo(町），

し；

G伍宍C00(Gk/Piん，ら）'-----+coo(罠n-1).

Here we used the letters II入，c5for the G股 and匹，sfor the G足—actions, re-

spectively. 

In the coordinates伍：町～ ％／罠X'-----+]pi噂 weset 

(3.4) 
8 

Re:= Restxo=O o(~ f-£ 
釦。

The normal derivatives Re are restrictions of the holomorphic differential 

SBOs defined on holomorphic line bundles over pnc ~Ge/Pie, and give rise 

to symmetry breaking operators in the real setting as well: 
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Proposition 3.2 (normal derivatives). If v —入＝£ and 8 -c:三£ mod 2, 

then四，'° o Re= Re。II as G' 入，6 股―homomorphisms.

A b 
Proof Lei g―l= （)EG伍＝ GL(n皇） whe,eA E GL(n -l晨），

C d 

b, tc E股n-1,d E股． Thenfor f =心Fwhere FE  3玄，6（町），

(Re o II叫 g)f)(x)

= Restxo=O o(~ ll(c, x) + d|―入(sgn((c,x) + d)）勺（
x。 Ax+b

） 
如 (c,X) + d'(c, X) + d 

6 =l(c, x) + d|―入(sgn(c,x) + d)° Restxo=O o（一a ¥£ ) f( x。 Ax+b） 
如 (c,X) + d'(c, X) + d 

=l(c, x) + d| ―入—e(sgn(c,x) + d)°-£ 

＝（四，c(s)o Rd)(x). 

町 Ax+b 
枷~¥~, (0 。(c,x) + d ） 

3.5. Step 3: Generating function of SBOs {RR}. 

口

Since all Re are given by normal derivatives in our setting, the generating 

operator T of {RdtEN is easy to find, as shown in Example 2.1. Explicitly, 

it is essentially the identity map, that is, 

00.,_£ 

＝こ
t 

(T J) (x2,..., Xn; t) =)  : 71 (Rd) (x2,..., Xn) = f (t, x2,..., Xn) 
£! 

R=O 

for fn三 f(x1,x2,...,xn)E C00(G股IP股，£入，6)defined on伍（股門 cPn股．

3.6. Step 4: From discrete to continuous. 

The operator Tμ,o constructed in (2.2) by the general idea [1] "from dis-

crete to continuous" is a non-local operator as follows: 

(3.(5;μ,kF)（m,．.．，xn-1, %） ＝ Jにo化(sgnxo)氏F(xo,x1,..., Xn-1, Xn)dx。
R 

in the homogeneous coordinates, for F E己＿入，6(町）． Clearly,Tμ,,,,F is ho-

mogeneous of degree(—入＋µ+ 1, 8 + ""), whenever the integral makes sense. 

This yields a non-local symmetry breaking operator, which depends mero-
~—_ ~ 

or a normalization that depends morphically on μ E (C. We write Tμ,,,, £ 

holomorphically on μ E (C. Then we have the following. 
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Proposition 3.3. If入＝μ+ v + l and <5三 c:+ K mod 2, then 

~ ← → ~ ~ --

四，eo Tぃ＝ Tμ,K,o II入，ふ

as G伍—homomorphisms.

Proof. It suffices to verify the statement for genericμ. In the N-picture for 

fn =心Fon叫町） CIP'噂 onehas: 

(3.6) (T;□fn)(x1,..., Xn-1) = k lxo化(sgnxoぴ (xo,x1,..., Xn-1)dxo. 
股

Let g―1= (A b) E Gi = GL(n，罠） whc,cA E GL(n-1，尺）， b,1c E股n-19
C d 

dE艮． Then,(Tμ,氏 oII叫 g)fn)(x)amounts to 

x。 Ax+bJ |Xo化(sgnxo)門(c,x) + d|―入(sgn((c,x) + d)）加()dx。
股 (c,X) + d'(c, X) + d 

= k l(c, x) + diµ—入＋1(sgn((c,x) + d)）凡十{,It化(sgnt),-,,fn(t, Ax+b )dt 
股 (c,x) + d 

＝匹，s(g)(Tμ,,-,,}り）（x).

3.7. From continuous to discrete. 

口

This section explains a transfer from the family of differential SBOs { Re} to 

another family of differential SBOs { Le} via the meromorphic family Tμぷ

in (3.6). According to the transition 

{Rd""'"'{Tμ,氏}""'"'{Le},

the supports of the distribution kernels of these operators vary geometrically 

as 

Xb ""7 X1 ux。uxb""7X。
with the notation of the diagram in Section 4 below. 

Since F E C00(G幻凡ふ，6～BClO入，6（町＋1)is of homogeneous degree 
(—入， 8), the formula (3.5) of Tμ,,,,F(x1, ・ ・ ・ Xn) amounts to : 

lxnlμ+l(sgnxn)代J|t|入-μ-2(sgnt)―6十氏F(xn,tx1,..., iXn-1, txn)dt 
(3. 7) ~ 1x.11•+l (sgn Xnr-:7. 1w-1 (sgn tr F(xn, tx1,..., tXn-1, txn)dt. 

股
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The integral kernel IW-1(sgn t)6 in the right-hand side has simple poles at 

V = -£ (£ E N) if f;三£ mod 2, and its residue is given as a non-zero scalar 

multiple of沢）（t),and therefore, (Tμ，,..,F)(x1, ・ ・ ・, Xn) is proportional to 

lxnlμ+l(sgnx 
£! 

n)代こ―xfl..・X知 肥 F
a! n 0xa 

(xn, 0,..., 0) 

lal=t 

＝区
£!砂F
-X↑ • • ・心 (1,0,...,0),
a! 8匹

lal=C 

where a= (0:1,..., an) E即． Herethe last eq叫 ityfollows from that {)l"IF 釦 a
is of homogeneous degree(—入—£,8 + £) and that, according to Proposition 

3.3,入＝ μ+v+l=μ―£+1, 8三 K+e三 K,+ £. 
Define for F(xo, ・ ・ ・, Xn) E C00（町＋1)

こ
£! ・ _a1 _an 肥 F(3.8) (L江）（xi,-・・, Xn) :=) : -=-:,xf1 ・ ・ ・ x~n~(l, 0,..., 0). 
a! n 0xa 

la1=£ 

Thus, we have obtained yet another family of differential SB Os { Le} induced 

byf入＋£-l,£mod2for£ EN: 

Le: C00(G幻凡，£入，i5)→ C00(Gk/Piい，L-£,£mod2)

↓ ： ↓ 2 
芝入，6（町＋1） ………..........'>-芍mod2（町）

IJ) IJ) 

F(xo,..., Xn) ~ ~lnl=£ 息x『i... x~噂翌(1,0,..., 0) 

The image of Lg is a finite-dimensional subrepresentation Polg, which 

consists of homogeneous polynomials of degree£ in x1,..., Xn-

When £ = 0, the subrepresentation Polg is the trivial one-dimensional 

representation. Using the same trick as in [6, Thm. 14.9] we obtain the 

following corollary: 

Corollary 3.4. For any 入€ C and 6 € Z/2Z, 

Homall!.(II入，o,C00(G股/G伍））＃ 0.

Remark 3.5. It is notable that the family {Rd£EN arises from the holomor-

phic embedding of the Hermitian symmetric spaces G'/ K''----+ G / K, while 

{Ld£EN does not because the operator Restzn=O does not produce functions 

on 

G'I K'= { z E ]pi℃ :zo = o, lz1已＋・・ ・ + lzn-112 < lz記｝．
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4 APPENDIX: ORBIT PICTURE P~ ¥ G幻凡

In [7, Chap. 3], we proposed a general scheme for classifying all symmetry 

breaking operators. This scheme is based on the Hasse diagram of the double 

coset space P~ ¥ G戦／瓜 withclosed orbits producing differential SB Os ([2]). 

From this perspective, we examine the results discussed in the previous 

sections. 

We recall our convention that Gk/ P~ is identified with the hypersurface 

xo = 0 in G股／八~]ID噂＝ ｛［xo : ・ ・ ・ : Xn]}. We define the following subsets 

of G幻RRby 

ふ：＝｛［XO:・・・:X』:x。#0,(xi,..., Xn-1) =/ (0,..., O)}, 

Xn-1 :={[xo: ・・・ ：叫 ：xo = 0, (x1,..., Xn-1) # (0,..., O)}, 

X1 :={[xo: ・ ・ ・ : Xn] : x。#0,(xi,..., Xn-1) = (0,..., 0), Xn =/ O}, 
X。:＝｛［xo:...：叫： xo=/ O,x1 = ・ ・ ・ = Xn = O}, 

Xb :={[xo: ・・・ ：叫 ：Xo =... = Xn-1 = 0, Xn # O}. 

Then, dim Xj = j, dim Xb = 0 and P~ acts transitively on each of these sets. 
Thus one has an orbit decomposition of the action of P~ on GIR／厖

『噂＝ XnII Xn-1 II X1 II X。IIXb.

The closure relations among these orbits are represented by the following 

Hasse diagram: 

ー

I
O
 
x
 

ふ
＼

＼

 

X

n

X

i

x

o

 

The two singletons X。andXb are the fixed points by P~, however, they 

have significant differences, that is, X。isa fixed point of the whole group G匂
while the G缶orbitthrough Xb is the (n -1)-dimensional variety pn-l罠~

Xn-1 U Xb. 
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The general isomorphism [6, Prop. 3.2] describing all symmetry breaking 

operators amounts to 

(4.1) Home~ (II叫G~直v,E) C:::C ('D'(G幻凡，£→＋2p,6)RCv,e)pi, 

where 2p = (-1,..., -1; n). 
The procedure in Section 3.6 inflates the support of the distribution kernel 

of the SBOs appearing in the right-hand side of (4.1) from the singleton Xb 

to the closure克＝ X1UX。UXbc:::c虹 ofthe one-dimensional orbit X1. The 
procedure developed in Section 3. 7 goes into the usual direction of taking 

the residues of a meromorphic family of distributions, and consequently, it 

shrinks the support from瓦～『遺 tothe singleton X。•

In the coordinates, the set Xb is at the origin in the open Bruhat cell 

V以応～記 CJP'噂， anddifferential operators {RdREN are supported on 

the singleton Xb via the isomorphism (4.1). 

On the other hand, the closed orbit X。€ lP'噂 sitsoutside the open dense 

subset伍： Vn／恥X C:::C賊n←ャ戸股 (Bruhatcell), but corresponds to the origin 

in the coordinates lo:％摩XC:::C町→lP'噂， whichwe used in Section 3.7. 

A detailed proof will appear elsewhere. 
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