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Range characterization of Radon transforms
and ultrahyperbolic type of differential operators

ToMmovukt KAKEHI
Institute of Mathematics, Tsukuba University Tsukuba City Ibaragi, 305, Japan

Introduction.

The characterization of the ranges of Radon transforms is one of the most
important subjects in integral geometry. In fact, for the Radon transforms on
Euclidean spaces, this subject has been studied from the several points of view
since John’s result [9], in which John showed that the range of the X-ray Radon
transform on the 3-dimensional Eunclidean space R? is characterized as a kernel of
some second order ultrahyperbolic differential operator.

On the other hand, the range-characterization of Radon transforms on compact
symmetric spaces was first treated by Grinberg [5], in which he characterized the
range of the Radon transform on a real or complex projective space by some invari-
ant system of second order differential operators, using a representation theoretical
method.

Our interest however lies in the explicit form of the range-characterizing oper-
ator, which Grinberg did not study in detail. We shall show in this paper that,
as in the Euclidean case, the range of the Radon transform on a projective space
can be also Tepresented 25 a kernel of a certain uitrahyperbolic type of invariant
differential operator on a corresponding Grassmann manifold.

To specify the meaning of the ulirehyperbolic type of differential operator and
to explain the outline of this paper, we begin with the Funk transform on the
standard 3-dimensional sphere S° with radius 1, which is a special case treated
in our previous paper, Kakehi and Tsukamoto [11]. Here the Funk transform on
S% is a Radon transform defined by averaging functions on S° over oriented great
circles. We denote the above Radon transform by R and the set of all the oriented
great circles by M. Then R can be written as follows.

(Rf)(7) = 2% Ji T fiyls))ds, for f € C®(5), and v € M,

where +(s} is the parametrization of by its arclength. We find easily that Ris a
mapping from C®(S3) to C®(M).

Since the dimension of M is 4 and is greater than the dimension of §%, we
cannot expect the Radon transform R to be surjective. Thus, we try to find a

good characterization of the range of £,



The special orthogonal group SO(4) acts on M transitively. We put G =
S0(4) and denote by K the isotropy subgroup of G at the great circle v =
{(coss,sin3,0,0);0 < 5 < 2r} € M. We find that £ = SO(2) x SO(2). Thus, we
can consider M as a symmetric space G/K with the standard G-invariant metric.
Moreover, we can identify the space C®{M) with a subspace of C*°(&) consisting
of the functions f which satisfy f(gk) = f{(g) forall g€ G and k € K.

We denote the Lie algebras of G and X by g and E, respectively, and take
{Xij}i=3,4;=12 as a basis of the orthogonal complement of & in g with respect to
the Killing form of g, where X;; is a 4 X 4 matrix whose (k,{) entry is given by
bik it — Sitbi.

An element X € gis considered to be a left invariant vector field acting on the
space C®(G) as follows.

(XDlo) = = f(gexptXhhms forf € C(G), and g € C.

Using the above notation, we define a second order differential operator P acting
on C%(G) by
P = X31 X4 — X3z X41.

It is easily checked that P is invariant under the adjoint representation of X, that
is, (P f)(gk) = (Pf)g) for f € C®(M)} and for g € G, k € K. Thus, P can be
regarded as an invariant differential operator acting on C*°(M).

After an easy computation, we have for f € C®(83),

(X1 X2 Rf) (1) = (X2 X1 Rf) ()
1 2r

=5/, c0s $5in 5 (Ve Vo, f}{cos g,sin 5,0, 0)ds,
v

where e; denotes the unit vector € R?* whose &-th component is given by &;; and
Ve, denotes the covariant derivative with respect to e;.

Thus, we have (PEf}{v) = 0.

In the same way, we have {PRf){(7) = 0 for any other great circle v € M.
Therefare, we obtain PRf = 0 for all f € C*°(8?), which means that the range of
R is included in the kernel of P

In fact, the range of R is identical with the kernel of P Therefore, in this case,
the range is characterized by the second order differential operator P

Moreover, the differential operator P is ultrahyperbolic and of the similar form
to John's ultrahyperbolic operator. Indeed, since we notice that [X3;, Xg] =
[Xaz, Xa1] = 0, we find that P can be rewritten as follows.

3‘2 32
dzndryy  Oryadza

)f(yexp( Y 24X e,=0.

i=34d ;=12

Pfig) = (

L]



The above representation of P means that P is ultrahyperbolic.

Taking this into account, we can say that the characterization by P corresponds
to John's characterization.

When we extend the above result to the case of the Funk transform on the
n-dimensional sphere S™ for n > 4, we need to represent the range-characterizing
operator as a vector-bundle valued second order differential operator or a single
fourth order differential operator. (See [11].)

In this paper, we deal with the Radon transforms on three kinds of projective
spaces, the n-dimensional real projective space P*R, the n-dimensional complex
projective space P*C, and the n-dimensional quaternionic projective space P*H.

For example, we define a projective l-plane Radon transform on P*R by aver-
aging functions on P?R over projective I-planes.

For other two kinds of projective spaces, a projective I-plane Radon transform
can be defined in the same way as above.

We find that the projective [-plane Radon transform is a mapping from the
space of smooth functions on each projective space to the space of smooth functions
on a corresponding Grassmann manifold. It is well-known that the projective
(n — 1)-plane Radon transform is an isomorphism. (See Helgason [7].) Moreover,
in the case 1 £{ < n —2, it is known that the projective I-plane Radoan transform
is injective. However, in this case, we can no longer expect its surjectivity by the
same reason as in the case of the Funk transform. Therefore, we arrive at the
problem of the range-characterization for the projective {-plane Radon transform.

Our main result is, roughly speaking, given by the following.

Theorem. Forl <[ <n—2 and for the projective I-pleane Radon transform
R on each n-dimensional projective space, there ezists an invariaal differential
operator P of ultrahyperbolic type on e corresponding Grassmann manifold such
that the range of R is identical with the kernel of P, that i5, Ker P = Im R.

Remark. As is well-known, there are five kinds of compact rank one sym-
metric spaces; §*, PR, P*C, P"H, and the Cayley projective plane P?Cay. It is
well-known that the Radon transform on Cayley projective plane, which is defined
by averaging functions on P2Cay over Cayley projective lines, maps isomorphi-
cally the smooth functions on P2Cay to the smooth functions on the manifold of
all the antipodal manifolds. Thus, we may not consider the range-characterization
of the Radon transform in this case. Furthermore, it is easily understood that the
consideration of the Radon transform on 8™ is equivalent to that on P"R. There-
fore, the above theorem and Helgason’s results give the answer to the problem
of range characterization for Radon transforms on compact rank one symmetric

spaces.

This paper is organized as {ollows.



In Chapter 1, we will prove the main theorem in the case of P*C. Furthermore,
we will represent the range characterizing operator as an ultrahyperbolic type of
differential operator.

In Chapter 2, we will deal with two kinds of Radon transforms. One is the
projective -plane Radon transform on PR and the other is a Radon transform on
8™ defined by averaging functions on 8™ over oriented totally geodesic i-dimensional
spheres. We will represent the range-characterizing operator in the similar form to
that in Chapter 1.

In Chapter 3, we will deal with the case of P*H. However, the author does not
represent the range-characterizing operator in the similar form to that in Chapter 1
or in Chapter 2. In this case, the range characterizing operator will be constructed
in a different way.

The author would like to thank Professor Chiaki Tsukamoto for suggesting this
problem and for many helpful discussions. The author is also grateful to Professor
Nobuhisa Iwasaki for his great encouragement.



Chapter 1.

Range characterization of Radon transforms
on complex projective spaces

We deal with the case of P*C in this chapter. The purpose of this chapter is
to characterize the ranges of Radon transforms on P*C by invariant differential
operators of ultrahyperbolic type.

§1. Range-characterizing operator,

Let M be the set of all ({ + 1)-dimensional complex vector subspaces of C**1,
that is, the set of projective I-planes in P*C. Then M is a compact symmetric
space SU(n+1)/S(U(I1 +1) x U(n —1)) of rank min{{+ 1,n — {}. We assume that
r:=rank M > 2, that is, 1 <{<n-2

We define a projective I-plane Radon transform R : C®(P*C) — C=(M) by

RHE) = Gorpigs foe M) €M, feC™(@C)

where dvg(r) denotes the measure on £ (C P"C) induced by the canonical measure
on P*C.

We proceed to write down a range-charactenzing operater.

For a Lie group G and its closed subgroup H, we denote by C°(G, H) the set
{f € C®(G); flgh) = flg) VYge& GandVh € H}, and we identify C*(G, H)
with C%(G/H). We define an action L, of G on C®(G) by (L,f)(z) = f(¢~"=)
for z € G, and f € C®(G). Similarly we define an action Ry of G on C%(G)
by (Ryf)(z) = flzg)- A differential operator D on G is called left-G-invariant if
LD =DLgforall g €G. Similarly, D is called right- H-invariant if .0 = DRy
for all h € H. We identify a right-H-invariant differential operator on G with a
differential operator on G/H.

Let G, K, and K* be the groups SU(n + 1), S(U(I + 1) x U(r — 1)), and
S(U(1) x U(n)), cespectively. Then we have M = G/K, P*C = G/K', and,
by the above identification, (G, K) = C®(M), C®(G, K') = C®(P"C). We
choose a Killing form metric on G, which induces metrics on &', K', M, and P?C.
Let g and t denote the Lie algebras of G and K, respectively.

a={XE€ Mt (C X+ X" =0,trX =0},



X 0
F= {( []1 Xg) e g X, EM{+](C}, X2 e M __,'(C)}

Let g = £t ® m be the Cartan decomposition, where m 15 all the matrices of the
form

0 o 0 — 42,1 —Zn41,]
7 0 .. Q =Z42041 - —Zn4ll41
Z430  -- 242,04 0 o
\zn+1,1 v Zpl 4 0 . 0 /

We define second order differential operators Lj;op (I+2 <1< ) <n+1,1 <
e < < {+1) and a fourth order differential operator P on G as follows.

& 82
g — _ _ o G),
et 0) = (3o — o ) f4 50 Dz, €C(0)
P= Yo Liaplijes
L2<ici<nt]
1<agf<i+]

where L7, ., denotes the adjoint operator of Li; g and is given by
a° 52
32,';,32.;3 - 33.',"3321,,

Liiapflg) = ( ) flgexp Z)|z=0-

Lemma 1.1. P is a right-K -inveriant differential operator.

Proof. We define Ad-K-invariant polynomials F;(Z) (j = 1,2, .. Jonm
by
det(AT + Z) = AT 4+ B2+ B(Z)A 1+ -

Then we have

(1.1) FZ)y= 3. {%iaZjp— Z%ig%a)(Ziazig — 7ipZja)-
2€icjsn+l
1€a<fLis]
On the other hand, we have
Ry Pty = Y. RiLlipfi-10 Belijapfle—,
I+2<i<i<n+l
1€+l
where
a° & ) -1
1] -1 = - exp hZk =0
RkLl],aﬁRk f(g) (32ia32jﬁ aziﬁBZJ'a _f(_g p HZ 0
32 32

RELEj.nﬁRk‘lf(g) = ( ) fl:g exp kZ‘:_l]L'Z:D'

0%iadZg - 33533%0



for f € C*°{G)and k € K.

Thus, we have only to prove that P is invariant under the linear transform
Z — kZk™! = AdyZ, which follows easily from the fact that the polynomial
F3(Z) is Ad-K-invariant. |

It 15 obvious that P is left-G-invariant. Therefore, P 1s well-defined as an
invariant differential operator on M

The purpose of this chapter is to prove the following theorem.

Theorem 1.2. The range of the Radon transform R is characterized by the
nvarignt differential operator P, that is, Ker P = Im R.

Remark 1.3. The above differential operators L;;.g and Lf; 5 are of the
form similar to the ultrahyperbolic operatar P = X3, X42 — X32.X4; in the intro-
duction. In this sense, we can say that the range of the Radon transform on P*C
is also characterized by an ultrehyperbolic differential operator.

§2. Proof that ImR C KerP.

We first prove that Im R C Ker P By the identification C®(G, K) = C*(M)
and C%(G, K') = C=(P"C), we consider the Radon transform R as a map from
C=(G, K') to C®(G, K). Then R is given by

(21) (BA)(0) = Goiiigs frer F0RIE, [ € O™(G.K)

From this section, we use the representation of the form (2.1).

We define a bilinear form { , ) on C"*1 x C**! by {u,v) = E;":"ll u;u; for
u = (11,.. ., Unp1), ¥ = (¥1,...,Vay1), and a function &7, € C(G) by AT%(g) =
{a, ge; Y™ (b, gET)™, where a,b € C"t1, e = (1,0,...,0) € C**! and m is a
nonnegative integer. It is easily checked that A7, € C%(G, K'), that is, A7, €
C=(P™C}. Maoreover, the following lemma holds.

Lemma 2.1. Let V., denote the subspace of C°(P"C) generated by the set
{7y {a,b) = 0} Then Vi is the eigenspace of Apec, the Laplacian on P"C,
corresponding to the m-th eigenvalue and Viy is irreducible under the action of G.

For the proof, see (101, 8§14,
Proposition 2.2. Imf C Ker F

Proof. Since P and R are G-invariant operators and L,-1hZY = h;flaig.f,, we

have
P(R(AT g} = P(R{RZ, ges) XD,

where I denotes the {n + 1) X (n + 1) identity matrix.

=1



Since the direct sum @%_, B(V,,) is dense in Im R in C®-topology, we have
only to prove P(R(AT))(I) =0, or,

Lijap( BIAGH(T)
n 1 & P -
~ Vol(K) (az,-aazjﬂ B 321,133%) ﬂef{ haw{(exp Z)k}dk|z=9
=0.

Here we have

& &
Bz;aazjﬁ Bz,-ﬁazja

) ({a, (exp Z)ker)™ (b, Texp ZTRen) " }zeo

= m(m — 1){a, ke1)™ (5, ker)"

x {Bz,-a {a, Zkel)_azjﬂ{ﬂ; Zkey) — E(a, Zkel)ﬁ(a, Zkel)}

+ m{a, ke )™ (b, Teg) ™!

v 8% _ o? {l Zo o) (0 )
Oriadzjp  O2ipdzjq g (@ Zke1){b, kex

+ {a, Zkes) (b, ZFer) + -;-{a, key ) (b, Z2ke;)}
= m(m — 1)(aikaa2;ks1 — aikgia;kar)a, ker)™ 5, Fer)" = 0,

where & € K, and k;; denotes the (1, j) entry of k. (In the above computation, we
used the fact that the polynomial {b, Zke;} on m is a linear combination of Zpg 'S
and the fact that the polynomials {a, Z%ke1}, (a, Zke|)(b, Zke,), and {b, Z2ke,)
on m consist only of the terms of the form (constant)x zpqZprq.)

Therefore, the assertion is verified. B

$3. The inversion formuia.

We consiruct a continuous lirear map § : C®(M) — C*°(P"C) such that
SH = Id, where Id denotes the identity map.

Let = denote the set of {n — 1) dimensional complex projective subspaces of
P*C. Then we have = = SU(n +1)/S(U/(n) x U(1}), and we put X" = S(U(n} x
/(1)). We define a Radon transform F : C={P"C) — C**(Z] and its dual Radon
transform F : £%(Z) —» C=(P*C) by

1

FI9) = oz Jynego 0K VK FECTE, K,

. 1 Y o o
Fo) = Yo foe o POKIK $€ CTUGLHT).




We define a polynomial ®(t) of of degree n — 1 by

B(t) = c,.nff (H(.’l:ﬂf.)

i=1 ntl

n-1

where ¢n = (n+ )" [] {j(n - 7)}~"
7=l

‘Theorem 3.1. (Helgason [7], Ch. 1, Theorem 4.11.) We have the inversion
formula

d{Apnc)FF = Id.

Proposition 3.2. There ezists an inversion map S : C®(M) — C={P"C)
such that SR = Id.

Proof. We define a continuous linear map R : C®(M) — C(Z) by
3 — 1 Hy M
R19) = arem Lo RN f € C=(G. 6).

Then it is easily checked that RR = F Therefore, if we put
(3.1) S = c,®(Apng)FR,
we get SR = Id by Theorem 3.1.

§4. Representation of (G,K).

In this section, we describe the root, the weight, and the Weyl group of {G, K'}.
Let a C m be the set of all matrices of the form

[0 .. 0 %
o .. @ i,
H#) = H{t,....t=V=-1[ 4 o .. ol,
i'l‘
0 . 0

where we put r = rank M(= rank G/K’} in Section 1 and £ = (1),...,t,) € R"
Then a is a maximal abelian subalgebra of m. We identify a with R’ by the
mapping H(t) — .

Let { , )} denote an invariant inner product on g defined by

(X,Y)=-2(n+ 1)tr(XY) X,¥Y €y,



which is a minus signed Killing form on g.

For & € a, we set gy := { X € g [H,X] = =1I(e, H)X for all H € a}, and
« is called a root of {g, a} when g, # {0}. We put m, = dimcga, and call it the
multiplicity of .

{)
We put H; = H(0,...,1,...,0) (1 <+ < r). Then the roots of (g, a) and their
multiplicities are given by the following table.

@ Mo
2—(;;{,_—1)3:5 1 (1<i<r),
ﬁﬂi 2n+1-2r) (1<j<r),
:t4( +1}(H % Hy) 2 1<i<k<r)

We fix a lexicographical order < on a such that A1 > -- > H, > 0. Then
the positive roots are 2{“111}_‘{5, “\ﬂlﬂi_l‘Hj, (157 =r) m(H * H), (1€

7 < k £ r). The simple roots are mifﬁ'j — Hs), m{ﬁg &) ...,

H;lm(ﬂf-l - fH,), i'Gfl:l-_l}‘H"‘ We define the positive Weyl chamber AT by {t €
R50<t;<E(1<isr)u> >t}
We set
Qexp HENK) =] ] (e Mol _ V=l tymo),

@ ! positive root
We consider 2 as a density function on R", and we have

= a'wg,

where o = 27(2n=27+3)| [T sin 2t; sin¥ 7T+ ¢,
(4.1) e
w = 257(r=1) 1] (cos 2¢; — cos 2t;).
i<k
The Satake diagram of G/K is given by (4.2) or (4.3),

caseA n+1l>2r:
iy Ar Ar+j An—r J‘\n—r-l—l. An
Po ] [ [ a

— 0 —-— o —

(42 ’\ N - - /
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caseB n+1=2r:
!E!l Ar—] ,. Af-'-l An

.......

w e U

In the diagram (4.2} or (4.3), Ay, ..., A, denote the fundamental weights of g,
corresponding to the simple roots of g.

Since rank G/K = r, there are r fundamental weights M), .., M, of (G, K).
By the diagram (4.2) or (4.3), M, ..., M, are given by

Mi=A+An oo M= Ay F Apopga, My = Ar -+ Apergr,  (case A),
Mi=A+A,. . Mo_1=A_1+ Apcrpa, My =24A,, (case B)

Then we have
1
M, = <k<
L (n+1)ZH” (1<k<r).

Let Z(G, I() be the weight lattice, that is, Z(G, K) = {H:}Tj{m}h + -+
peHe ) g1, - ..o pir € Z }. The highest weight of a spherical representation of (G, K)
is of the form miMy + 4+ m, M., where m), ..., m, are non-negative integers.
Let V(my,..., m,) denote the eigenspace of the Laplacian Ay on G/K that is an
irreducible representation space with the highest weight mi M) + - + m, M,.

The Weyl group W(@G, K) of (G, K) is the set of all maps 5 : @ — a such that

s:{t],....t)— (Elt,(”, ceaErlg(y)y, =%l o€ Gr.

§5. Radial part of P.

We calculate the radial part of the invariant differential operator F The result
in this section is used to calculate the eigenvalues of P in the next section.

To each invariant differential operator D on G/ K, there corresponds a unique
differential operator on Weyl chambers which is invariant under the action of the
Weyl group W(G, K). This operator is called a radial part of D, and we denote it
by rad(D).

The following lemma is well-known. (See [12], Theorem 10.4.)

Lermnma 5.1. The radial part of the Laplacian Apy on M is given by

1 L& 8§

11



We define a differential operator ; on R by
d
== Z (_2' + ';,—g)

The next lemma is easily checked.

Lemma 5.2.

—4(n+ 1) rad(Ay) = Q1 ~ i*ij[.f +n+2-2r).
=1

We consider the following conditions (A4), {B), (C), and (D) on a differential
operator ¢ on R” that is regular in all Weyl chambers.

a8 &

(4) @= -ﬁz‘?{k L. — + lower order terms.

(B) Q is formally self-a,d]omt with respect to the density 0idt.

{C) @ is W(G, K)-invariant.

(D) [Q.rad{Apy)] = Qrad(Ap) — rad(Ap)Q = 0.

Then the differential operator rad(P) satisfies the above four conditions (4),
(B), (©), and (D). Indeed, the principal symbol of P is given by & F2(Z), which
was defined in (1.1). (Notice that 3f£; ! 3:,3 \"'2_1 Bi‘,' for #i; = zi; + v —1yij.}
Therefore, its restriction to a ]—lﬁFg(H(t)} is —5 Lick t?t%, and the condition {A)
holds. The conditior (B) follows from the self-adjointness of P Since P is an
invariant differential operator, the conditions (C} and (D) are easily verified.

We define a differential operator Qs by

Oy = 1 (5‘2 +gii3)(i+m*i)ow
B - AR5 A TR R

Lemma 5.3. The differential operator (}a satisfies the conditions (A), (B},
(C), ond (D).

Proof. The condition (A) is obvious. The condition () follows from Lemma
5.2. The conditions (B) and (C) are easily checked using the formula (4.3}.

Lemma 5.4. If ¢ differential operator Q satisfies the conditions (A), (B),
(C), and (D), then @ can be wrilten in the form

Q@ = Q2 +eyrad(Hyy) + €2,

for suitable constants c1, 2.



Proof. Because of the conditions (A) and {8}, @ — @1 15 a second order
differential operator and satisfies the conditions {B), {C), and (D). Therefore, the
proof is reduced to the following lemma.

Lemma 5.5. If ¢ second order differential operator

Q= iﬂ 32+Z 3 +E a
f T f“atar.

i<k J

satisfies the conditions (B), (C), and (DY), then @ can be written in the form
@ = crad(Ay),

where ¢ 15 a suitable constant.

Proof. By the condition (D), the third order terms of (@, rad{A )] vanish.
Thus, we have the following equations.

(5.1] Aj,gJ =0, (l€i<r)
(5.2)  Aky, + Bjke, =0, Ajn + By, =0, (i <k}
(5.3} B,‘J'Jk + B_fl‘.!; -+ Bik.i;' =0, (1€i<j<ksr).

By the equations (5.1), (5.2}, and (5.3), we obtain

(5.4) Ajiatatr, =0, (7 # F);
(55) Bjk,'t,tj = Dk duly = 0'.-
(56) Bjk,hh!. = D, (1 # j:, k}.

By the condition () and the equations (5.1-6}, the coefficients A; and Bj; are
polynomials of the form

(5.7) A; =8 E t% + 62,
k#£j
(5.8) By = =24t;tg,

where & and 45 are some constants.
Using the condition (B), we have

1 1
(5.9) C; = =(A; 0, + Z(B £ + == > {Be; MV,
b 0 F ) -)n horyt -)n byt 2

If 6 = 0, then the coefficient Bj; = 0, and the coefficient C, = 421, /O by
(5.9). Therefore, we obtain ) = —4(n + 1)82 rad(Aay), and the lemma holds.

13



Now, we suppose that §; # 0. Furthermore, we may suppose that §; = 1 and
42 = 0. By the condition {I}), the first order terms of [Q,rad(A )] vanish, Thus,
we have

(5.10) Qa_,- = —4(n+ l}rad(&M)CJ [1 <7< 1"),

where we put a; = {0y /0.
We extend the both sides of (5.10) to C as meromorphic functions of £, =
#1114 =1y

By the formula (4.1), we have

costy ” —2sin 2t
sin iy j=a 08 281 — cos 21;

cos 21

@ =2 +2(n—-r+1)=

sin 2f1

As v} — +oo, we have a1y, and ay 4,1, ~— 0 (rapidly decreasing), and a3 = O(1).
The same fact holds for a; {j = 2, .., r). Thus, Qa; — 0 {rapidly decreasing),
which means rad(A s )Cy1 — 0 (rapidly decreasing) by (5.10). On the other hand,
when v tends to +oo0, we have

a8
—4(n + 1)rad{Ay)C z ( 5.2 + 8= ETS W Bija; + Buje,) + O(1)
J k--?

= —I Z akz + G(1).
k=2

(In the above computation, we used (5.7), (5.8} and the fact that 4; = O(1) and
the derivatives of a; — 0 as »1 — o0.) Therefore, we have rad{Ay)C1 — oo, for
suitable 3, .., {;, and g;. It is a contradiction. J

Lemmas 5.1, 5.2, and 5.3 imply the following proposition.

Proposition 5.5. The differential operator rad(FP) cen be expressed in the
form

rad{P) = Qo + a1Q1 + ¢,

for seme constants c1, ea.

§6. Proof of Theorem 1.2.

We calculate the eigenvalue of P on V(m,,...,m,) to prove Theorem 1.2.
Let a(my,.. ,m,) be the eigenvalue of P on V(my,...,m;) and ¢y, m,) the
zonal spherica.l function which belongs te V(ml, mr). Wedenote by uep, )

11



Lemma 6.1. ([12], Theorem 8.1.) The function Ui, ...m.) has a Fourier
series ezpansion on AT of the form

u(ml.-u.mr)(tl) R f,-}

= > mexpV-1(AtuH + +t.H),
A M+t M,
AEZ{G K) finite sum

where Nm, My +-tm, M. > O,
Let f) and f; be Fourier series on A* of the form

h= ¥ GexpV-l(AhHi+  +tH),

AEM AEZ(GLR)

fis Y DexpV-l\tHi+ -+ 6.H,).

ALA,AEZ(G.K)

We denote fi ~ fo when Ay = Ay and {3, = EA-;(?E 0}. Obviously the relation ~
is an equivalence relation.

Lemma 6.2. We have the following relations.

(6.1) oy, ~ 2V =1{n + 2 - 2r)o,
(6.2) wy, ~ 2V =1(r — jw,
g f
(6.3) a—qﬂ(ml....,m,) ~ 2V =l(my+mp o+ ™ Uy, m )

Proof. The relations (6.1) and (6.2) are easily checked. The relation {6.3)
follows from Lemma 6.1. §

Lemma 6.3.

a{my,. .,m;)
=S (G+r-lh4+n42—r—h+r~E)h+n+2-7—k)
(6.4) i<k

—de y {Li+r =i +n+2-r—j)+e,

=1
where £, and ¢y are constanis in Proposilion 5.5, and [; = mj+mjip1+---+m,.

Proof. Since él::rm, ..... mip ) € V(ml o M),

(6.5) P'?S{m.,,,_,m,.] = a{my, .. :mr)d"[ru.,....mr}'



We restrict the both sides of (6.5) to A, and then we have

rad[P)u(mhm'mr} = a(mi,... s Yy i

By Proposition 5.4, we get

p L0\ ( & oy
o ¥ (3:, aazr) (at, YT )(w(’"l- me))

J<k
cr¢ a
+ C]'a w z at (w{ml e |mr:|:|
}'"1
+ ozd w(mn...,mr)

= a(ml, I imf}agw(mh....mr}'
Using Lemma 6.2, we have

_Zl{(fj+r-»j}(zj+n+2-r_j)
1<

X (i +r— ) +n+2—r - B)o’wim, m))

T
(6.6) —da Y (=)l +n+2=r = oW, m)
i=l
+ Cﬁ"'g““{mum.mr]
~ a(mi,.. ,m.,.}arzwu[m'___,m,).

Comparing the feading coefficients of the both sides of (6.6), we get (6.4). §
Lemma 6.4. R:V, — V(m,0,...,0) is an isomorphism.

Proof. By Proposition 3.2, R is G-equivariant and one to one. Thus, we have
only to prove that the highest weight of Vi is equal to that of V(m,0,...,0). The
Satake diagram of P?C is given by

O — @ — s+ s crrarans —— 0,

(6.7)

Comparing (6.7) with the diagram {4.2) or (4.3), we find that V},; corresponds
to mM;. On the other hand, the highest weight of V(m,0, ..,0) is mM; by
definition. This completes our proof. i
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Now, we can calculate the eigenvalue of F by combining the above lemmas.
Theorem 8.5. The cigenvalue a(my,.. ,m,) of P on V{my, ..,m,) is
given by
a(my,...,mg)
=3 Ll(li+n+2 -2}l +n+2 - 2k)
(6.8) i<k
T
+ 20 =D+ 1= +n+2 - 2)),
y=2
where ; =m; +mjp1+ +m,
Proof. By Proposition 2.2 and Lemma 6.4, we have ¢(m,0,...,0) = 0 for
any non-negative integer m. Then by Lemma 6.3, we have

(m+f-—1)(m+n+1—r)zr:(r—k](n-j—?—r—fc)
=3

+ 3 (r=in+2—r—7)r—Kn+2-r—k)
2L j<k<r

r
— 41 (m? + nm) — 4¢ Yr—jn+2—-r-J)+ea

=1
= (.
Therefore, we get
(6.9) =l§r- Bn+2—r— k),
k=3
=y {r—j)n+2—r—§){r—k)n+2-r—k
i<k
r—1
(6.10) HE =Pt 2-r-5)
=1

Substituting (6.9) and (6.10) to (6.4), we obtain the formula {6.8). N
The following corollary is now obviocus.
Corollary 6.6. V(mi,...,m,) is contained in Ker P, if and only if mz =
sv=m, =0,
Proof of Theorem 1.2. Let V:=@2_,V{m,0,.. ,0)and V = DX o Vi
(direct sums). Then we have R: ¥V = V and $:V — V Here S is the inversion
map defined in (3.1). Moreover, we have SR = Id on V and RS = Id on V by

Proposition 3.2 and Lemma 6.4. . . .

By Corollary 5.6, V is dense in Ker P in C%-topology. Since the inversion
map S : G®(M) — C®(P"C) is continuous, we have 25 = Id on Ker P This
completes the proof. |
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Remark 6.7 If ¢ € Ker P, the inverse image of ¢ is given by S¢, that is,
R(S¢) = o.

Remark 8.8. The invariant differential operator P, which we constructed in
Section 1, is of least degree in all the invariant differential operators on M that
characterize the range of R. It follows from the fact that the principal symbol
TIEFQ(Z) of P is of least degree in all the Ad-K-invariant polynomials on m except
for the principal symbol of the Laplacian.

18



Chapter 2.

Range characterization of Radon transforms
on 8" and P"R

In this chapter, we mainly deal with the Radon transform on the n-dimensional
sphere 8" We first prove the range theorem for the Radon transform on S*, from
which the range theorem for the Radon transform on P*R follows immediately.

§1. Range-characterizing operator.

We denote by Gr({, n;R) the compact oriented real Grassmann manifold of all
the oriented I-dimensional totally geodesic spheres in S™

In this chapter, we examine mainly the range of the Radon transform R = f;
on the n-dimensional sphere 8" for 1 £ 1 £ n — 2, which we define by averaging a
function f on S™ over an oriented I-dimensional totally geodesic sphere £, that is,
we define R as follows.

RFE) = Gaar; f.o, e,

where du¢(z) is the canonical measure on { C 8™ This Radon fransform R maps
smooth functions on 8™ to smooth functions on _C;';(!, n; R), that is, R : C™°(S™) —
C®(Gr(l,n; R)). .

For simplicity, we put M = Gr({,n;R) in this chapter. We find that M is a
compact symmetric space of rank min{/+1,n—1}. In this chapter, we assume that
r:=rank M > 2, that is, 1 €] < n — 2 as in Chapter 1.

Let G, K, K’ be the Lie groups SO(n + 1), SO{{ + 1) x §O(n — ), S0(n},
respectively in this chapter. Then we can consider M = G/K, 5" = G/K' in the
usual manner. Thus, we can identify C®(G, K) with C®{M) and C=(G, ') with
C°(SR), respectively. We define metrics on M, 8", G, K, and K’ by the metrics
induced from the Killing form metric on G, respectively. Let g and ¥ denote the
Lie algebras of G and K, respectively.

p={X € My (B X + X = 0,}.

F= {(‘);1 }? ) € g X1 € Mi(R), X2 € ""‘rn—"(R)}
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Let g = tPm be the Cartan decomposition, where m is the set of all the matrices
of the form

0 - 0 —Z1421 .- —Tat1d
X = 0 - 0 =44l oc T4l
Tig21 - Tig2tel 0 . 0
In41,1 - Tagli+l 0 0 /

We define differential operators Lyj g ([+2 <i<j<n+l,1 €a < F < [+1)
on & by

& &
L," = —_ _ o0 .
jiof (35;‘&33}-3 3Eiﬁa$ja) Fgexp X)lx=0, f€C7(C)
Using this, we define a differential operator P on G by
Laq,12 itn=31=1,
P= Vipagicientr{Lijap)’ otherwise.
1Sa<hgi+l

Then P is right-K-invariant. Thus, P is well-defined as a differential operator on
M. Its proof is the same as Lemma 1.1 in {10], and is reduced to the fact that the
polynomial F(X) on mis Ad-K-invariant. Here

L3842 — 32741 if n=31=1,
—_ 3 -
F(X) Ej.'.ggl'(jﬁn_'_l(zfazjﬁ - ﬂ:iﬁxja]' otherwise,
1<a<f<i+l

We identify the principal symbol of P with F(X).
By definition, P is left-G-invariant. Therefore, P is well-defined as an invariant
differential operator on M. The main theorem of this chapter is the following.

Theorem 1.1. The range of R is identical with the kernel of P, that is,

Ker P = ImA.

Since we gave the proof for the case { = 1 in [11], we consider the other cases
in this chapter.
§2. Proof that ImR C KerP

We first prove that Im 2 C Ker P It is proved in the same way as the complex
case {see [10)). By the identification C®°(G, K} = C=(A) and CF(G, K'Y =



C™(S"), we consider R as a map from C®(G, K) to C*(G,K"). Then R can be
rewritten as

1
Vol(K) Jeex

(2.1) (Rf)g) = flgk)dk, fe C®(G, K.
From this section, we use the representation of the form (2.1).

We define a bilinear form { , ) on C*#! % C"*! by (u,v) = T3 uju, foru =
(ur,.. ,unt1),¥ = (¥1,..., 9541}, and a smooth function AT € C®{G) by A™(g) =
{a,ge1}", where ¢ € C**), &) = (1,0, ..,0) and m is a non-negative integer. It
is easily checked that AT' € C*(G, K”), that is, AT € C*({5™). Moreover, the
following lemma holds.

Lemma 2.1. Let Vi, denote the subspace of C°(S™} generated by the set
{R™; (a,a) = 0}. Then Vi, is the eigenspace of Agn, the Laplacian of 8", corre-
sponding to the m-th eigenvalue and Vi, is irreducible under the action of (.

For the proof, see [L2l.

We notice that we always consider the Laplacian on a compact manifold as a
non-negative operator.

We will use the following proposition to calculate the eigenvalue of P in Sec-
tion 6.

Proposition 2.2. Im R C Ker P

Proof. By Lemma 2.1 and by the same argument as in that of Proposition
2.2 in [10], we have only to prove that

Liap(RCET I
1 52 5
= - A™((exp X ) k)dk|x<
VOI(K) (331'03553'_6 33,‘53:‘:5&) -/;EK “((exp Jk}dk|x=0

=0,

where I denotes an identity matrix.
The above result follows from the equation

i &
a.rt'aazjﬁ B 3.1‘;"333}&

) (o exp 3ke1) e
= m(m - I)(aikalajkﬁl - ﬂt‘kﬁ]ﬂjkul){ﬂ‘., kel)m—‘g = ':}:
where k € K and k;; denotes the (i,7) entry of £ 11

§3. The inversion formula.

We construct a continuous linear map 5 : C*¥{M) — C™(S") such that 5t =
Id on C%,,(8"), using the Helgason's inversion formula. Here /d denotes the



identity map and C70,,(S") denotes the space of alt even functions in C™(S").
(The Radon transform R maps odd functions on §® to 0.)

In this section, we denote by M| the oriented real Grassmann manifold
SO(n+1)/S0(I+1)x SO(n—1}, by K; the closed subgroup SO({+1) x SO(n—1)
of G, and by R the Radon transform R : C%(8") — C®(M)), respectively. We
define a dual Radon transform R : C®°(M)) - C%(5%) by

(Bif)9) =

1 1=
Vol(K)) Jrek, flgk)dk, fe CP(G, K)).

If & is even, we define a polynomial $¢(¢) of degree -.’_f- by

"I’k(t)_cnkH( (k_‘)}+1)(ﬂ_k+93+2)),

n

k.

x

where cnp = (2n)3 H (k=2 +1)(n—k+27 +2)}1

Then the Helgason’s inversion formula for the Radon transform on S™ is given by
the following

Theorem 3.1. (Helgason (7], Ch. 1, Theorem 4.5.) If 1 is even, we have the
inversion formula for R

I og RRi=1d on CZ,(8™),

Proposition 3.2. There erisis an inversion map § = & : C%(AM;) —
O (8"} such that Si Ry = Id on CF.,(S")

Proof. Iflis even, then Proposition 3.2 follows immediately from Theorem
3.1, and we may therefore prove this proposition in case ! is odd. We define
Rl : C®(M;) - C®(M1)) by

1

{ — Yy S oo
(RLiN0) = Ty e, TR £ € C(GKD)

Then it is easily checked that RE_HR; = Ry, Since lis odd, I+ 1 is even and
there exists Si4; such that Sy Ry = Id on C55.x(8"). Therefore, if we put
Sy = .S}HRLH, we get S)R; = Id on C35,,,(5"). &

§4. Representation of (G,K).

In this section, we deseribe the root, the weight, and the Weyl group of the
symmetric pair (G, K}

by
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Let a C m be the set of all matrices of the form

/0 Q0 -5
0 .. @ —t,
141 0 0 .. 0
H(t)y= H(t),.. )= . . ..
t, 0 0 1]
L 0 0 .. 0/
where ¢t = (#1,...,¢;) € R” Then ais a maximal abelian subalgebra of m. We

identify a with R™ by the mapping H(t) — ¢.
Let { , ) denote an invariant inner product on g defined by

(X,Y)=—{n-1)1{XY) X Yeu

which is a2 minus-signed Killing form on g.
For a € a, let

g = {X € g% [H,X] =V -lla, )X forall H € g}

An element & € g is called a root of (g, a) if go # {0}. We put my = dimcgs and
call it the multiplicity of a.

(3
We put H; = H(0,. ., 1,.. ,0) (1 £1<r)and we fix a lexicographical order
< on a such that #;, > -- H, > 0. Then the positive root a of (g,a) and its
multiplicity m, are given by the following table.

o M
1
_— (H: <j < k< 1
E(n—l}(HJin) (1<j<k=<r)
i
—H: (1<9< +1 - 2r.
oy (1Sisn) §
The simple roots ¢ (1 < 7 £ r) are given by the following table.
1 )
(n+1>2r): ﬂf=m(ﬂi—ﬂj+1) (1<j<r-1)
1
ar = 2(n ~ I}Hr'
1 )
(n+1=2r): a,'=2(n_1}(ﬂj—ﬁ'j+l) (1<jsr=2),
1
= — H
-1 2(n - l}(hIr L+ )
1
= ¥— _Hr .
ar 2(n — l}(H ] )



Let M; (1 €7 <r) be the fundamental weights of G/ R corresponding to the
simple roots a;, (1 < ;7 < r). Then M, (1 £ j < r) are given by the following
table.

1 b
(n+1>2r +1): MJ:_-IZH,, (l<j<r-1),
[

1 r
M= —m— Hy.
2(n—1];§1
J
[n+1=2r or 2r+1): .Mj:-—-l—-—EZHg.
n—lk=1

Ifn+1 > 2r, the Weyl group W(G, K) of (G, K) isthesetof allmapss:a—a
such that

(4.1) s:(fy, .. tp) (5115(1), ‘. .,E,-t,{f}} g;==x1, o€ 61:.

Andif n+1 = 2r, W(G, K) is the set of all maps s in (4.1) such that e,-e2- -, = 1.

Let Z(G, K) be the weight lattice generated by ?(RITIJHJ' (1 € j < r). Thehigh-
est weight of a spherical reprsentation of (G, K) is of the form mi My +- -+ m M,
where my, ..., m, are non-negative integers. We denote by V(my,...,m.) the
eigenspace of Laplacian Ay on M = G/K which is an irreducible representation
space with the highest weight m M| + -+ m, M.

In the same manner, we can define a fundamental weight M)' of (SO(n +
1), 50(r)), (that is, this is the case { = 0,) and we have

l

f.—-—._..
My = 2(n—1)H1

Then mM,' is the highest weight of the m-th eigenspace Vi, of the Laplacian Ag-,
which we defined in Section 2. It is easily checked that 2M) corresponds to M
by an adjoint action. Therefore, we get the following Lemma by Proposition 3.2.

Lernma 4.1. The Radon transform R isomorphically maps the subspace Vam
of C®(8™) te the subspace V(m,0,...,0) of C®{M).

§5. Radial part of P.

We will calculate the eigenvalue of P on V(my, ..,m.) to prove Theorem L.1.
There are two ways to calculate it. One is a representation theoretical approach,
and the other is the method of radial part. We use the latter.

We define a density function € on a by

0ty =| I1 2sin(e, H{1))™].

a:pasitive root



Then f2(#) is given by
(5.1) Nt) = g rlow],
where

Cny = 2*r{2n+1—31’]$

.
o= [] sin™H-2ry,
i1

W= H (cos2t; — cos2ty).
1&j<kgr

(5.2)

We choose a connected component A+ of Weyl chambers suchthat e > 0, w >0
on At For example, we choose

AV = {(t1,..,.tr) ERT0<Hh < - <ty < g-} (rn+1>2r),

At ={{t1,... ) ER0< Lt <, 1<j<kgr} (n+1=2r).

To each invariant differential operator D on G/ K, there corresponds a unique
differential operator on A* which is invariant under the action of the Weyl group

W(G, K). This operator is called a radial part of D, and we denote it by rad( D).
The following lemma 15 well-known.

Lemma 5.1.

1 /8 N, 0
rad(Ay) = — J'=Zl (W + ﬁa—t:}) ;

where (U, means a differentiation of O by i;.
For the proof, see [12], Ch. 10, Cor. 1,

We calculate the radial part of P, for { > 2,
The differential operator rad( P} which is defined in Weyl chambers satisfies the
following conditions.

A)  rad(P) = Ticicker &;Létkg + lower order terms.
J

(

(B) rad{P) is formally self-adjoint with respect to the density §ldi.
(C) rad(P) is W(G, K )-invariant.

(D) [rad(FP),rad{Apy)] = 0.

By the conditions {A) and (5), we get

Qi 3’
Q 3tjjatk

the third order terms of rad(£) =}
i#Ek



Thus, we can put

ad(P)= Y 2 iy 2 &
Y 2
53 @ 7ot t 20 wen
# LD

A a
+Z o “+ZBJ*a¢Jar + 8 Cigge

where the cc.m.fﬁcients Aj, Bjx, and C; are €% functions on Weyl chambers.
By condition (D), the third order terms of [rad{P),rad(Ay}] =0, and we
get the equations

ad 1
{5-4) at AJ' = 5 Z((aa)tata + aﬂ'[aa)fq)s
5 7 e#f
(5-5) 31,1283k = 3(aj) — 2ajar} = —aj(aj)e — 2(4;)u,
d
(5-6) Ek{QB‘”‘ —3(aj)e — 20501} = —ag(ag)s, — 2(Ax),,
where we put ¢; = {}y /0.
We take
sin 24
5.7 Aj=—{n+41-2 t; -
(5.7) j=—nt r}tg‘ico 7 cos 2ty — cos 2,
2% ( cos 2, sin2t,,
oty V6082t —cos2t;  (cos 2ty — cos 2t5)?
+ E sin’2t,,
iy €08 2ty — cos2i;
- 1
8in~ 2ty
-2 i
o%? { + (cos 2ty — cos2t;){cos2tg — cos Qtj)} !
o f#)
3
(5.8} Bjk = —a@j4, T @ 0.

2

After a tedius but straight forward computation, we find that the functions (5.7)
and (5.8) satisfy the equations {5.4), (5.5), and {5.6}.
We get by the condition {B},

1
(39)  Cj= 54, + Z{fﬂjmmiﬁjkms Eﬂum
;<L J#

We define an operator @) by the right hand side of the equation (5.3}, where
the coefficients 4;, B, and C, are given by the functions (5.7), (5.8), and (5.9},



respectively. A differential operator @7 := rad(P)—Q, is a second order differential
operator and satisfies the conditions (B}, {C), and (D). We will prove that the
vperator (Jy can be written as ¢ rad(A ) for a suitable constant c.

We define a subgroup Wy of W{G,K) by the set of all maps s in (4.1) such
that &)y e2-vve, = 1. I n+1 > 2r, W, is strictly contained in W{(G, K), and if
n + 1 = 2r, Wy is identical with W{G, K.

Lemma 5.2, We assume that (n,r) # (3,2). If a second order differential
operator Q) satisfies the conditions (B) and (D), and if Q is Wy-invariant, then
Q = ¢ rad(Ap) for some constant c.

Proof. We put

2 8 g
=3+ 1 r-yer-ais
% 7019t Z 3,

@=L A

By the condition (D), the third order terms of [, rad(A p)] vanish, which means

;)

(5.10) Ajy, =0, (1<) <)
(5.11)  Apy, +Bjes =0, Aje+Bjry, =0, {J < k)
(5.12) Biju, + -Bji.-,f.. + B{k'g =0, (l<i<j<kLr).

By the equations (5.10) ~ (5.12) and the assumptions that ¢} is Wy-invariant and
that (n,r) # (3,2), the coeflicients A; and Bj) are polynomials of the form

(5.13) Aj =83 i +6,
k#j
(5.14) Bjp = —28,1;1,,

where §; and & are some constants.
Using the condition {B), we have

1 1
(5.15) Ci = =(A;My, + (Bixe, + o 2 (B,
QN 20 J% ! n =

If 5, = 0, then the coefficient Bj; = 0, and the coefficient C; = 620, /0 by
(5.15). Therefore, we obtain @ = —(n — 1)82 rad{Ays), and the lemma holds.

Now, we suppose that § £ 0 In particular, we may suppose that 4, = 1 and
82 = 0. By the condition {D), the first order terms of [@,1ad(A 1)) vanish. Then

we have
(5.16) Qa1 = —(n — 1}rad(Apr)Ch)s

where a; = §, /L.

| )
-1



We extend the both sides of (5.16) to C as meromorphic functions of #; =
B+ v =1,

By the formula (5.1), we have

cosiy r —2sin 21y
sin )

(5.17) sy ={n+1-2r)

;=2 €08 2t —cos 2t

Let 11 — +oo, then a3 — 0, )¢, — 0 {rapidly decreasing), and a; = O(1).
The same fact holds for a; (j = 2, .., r}. Thus, Qa1 — 0 (rapidly decreasing).
Therefore, we get rad{A4r)C; — 0 {rapidly decreasing) by (5.16). However, when
11 tends to +co, we have

1 &, 82 )
—(n = Drad{Ay)C1 = = E _
(n )ra( M] 1 2:‘;,&:2[—53“ +akatk)

=—t1 Y &’ +0(L).

k=2

(Bija; + Bija,) + O(1)

(In the above computation, we have used (5.13), (5.14} and the fact that a; = O(1)
and the derivatives of @; — 0 as »; — co.) Therefore, we have rad(4x)C1 — o,
for suitable ¢, ..., ¢,, and u7. It 1s a contradiction. B

Remark 5.3. When n = 3 and r = 2, a differential operator

8 0N, 8 fu @

(318 V= mnon T Wy

satisfies the conditions (B), {C), and (D). It is obvious that ¢} is linearly indepen-
dent of rad(&as). Therefore, it is easily checked that this operator @ is the radial
part of P = L3 12.

By the above argument, we get the following proposition.

Proposition 5.4. The differential operator rad(P) can be writien in the form
rad{P) = Q1 + ¢(n — 1) rad{Ap),
for some consiani c.

§6. Proof of Theorem L1.1.

We calculate the eigenvalue of P on V(m,...,m,} to prove Theorem 1.1.
Let a{m,,.. ,m,) be the eigenvalue of P on V(m,..., my) atd d(m, ..m,) the
zonal spherical function which belongs to V(my, ,m.). Wedenoteby u(m,,  m.)

the restriction of d(m,,... m,) to the Weyl chamber At Since the procedure is almost
the same as that in [10], we omit the proofs of the following lemmas.



Lemma 6.1, {[12], Theorem 8.1.) The function Y(m,,..me} 105 @ Fourier
series expansion on AT of the form

u(ml.,,.,m.](tli “eay tr)

(6.1) = z mexpy—1{A {1+ --+t-Hy),

Adm M+ 4me M.
AeZ{C K) finite sum

where Nm, My+-tm M, > 0.

Let f; and fo be Fourier series of the form

fr= > CGrexpV —1(A\ 0, H1 +-- +4.H;)
ASMAEZ(GK)
fr = 2 Svexp V—1(\ 1 Hy + -+ +4:.H;)

AA2,AEZ(G,K)

We denote f; ~ f» when Ay = As(> D) and (4, = Ca, (3 9).

Lemma 6.2.

(6.2) Qy, ~ V-1(n+1-2))2,

(6.3) A; Q% ~ —(n = j)(j - 1N,

(6.4) By ~ —(n+1-2/)n+1-2E)0%,

(6.5) Cift? ~ v 1(n = )i = 1)(n + 1 - 2)0,

where the functions Ay, By, and Cy are given by (5.5), (5.6), and (5.7), respec-
tively.

Theorem 6.3. Unless n = 3 and r = 2, the eigenvalue a{mi,...,m,) of P
on V(my,. .,m;) iz given by the formulae

a(my,...,m)= 3. Lh{+n+1-27){k+n+1—2k)
1€i<ksr

36 =D -+ 1 ~2),

=2
where {; is given as follows.

(n+1>2r+1): L=2mj+ - +m_1)+my
(n+1=2r,0r 2r+1): §=2m;+-- +m;).



Proof. By definition, we have

ra,d(P]u(ml ‘mp) = ﬂ(ml, e |mf)u{m1....,mr)'

By Propesition 5.3, Lemma 6.1 and Lemma 6.2, it follows that

~ { E Gl +r+1-25) (0 +n+1—2k)
1<k

+ 2 G =D =D+ + 1= 200,y

1=2

(6.6)

:
+e 3 Ll +n4+ 1= 2))0%m, . m).
i=1

Thus, we have

a(mi,....my)= 3. Lh{4+n+1—-2))(l+n+1-2k)

1< <k<r
(6.7) + 206 ==l +n+1-2))
j=1
r
+ey Ll +n+1-25).
j=1

Here, by Proposition 2.1 and Lemma 4.1, we have a(2m,0,...,0) = 0. Therefore,
we get ¢ = 0, which completes the proof. i

Remark 8.4. TFor the case [ = 1, the eigenvalue of P can be also computed
by using the method of radial part.

The following corollary is easily verified.

Corollary 6.5. V(my,...,m,) is contgined in Ker P if and only if my =
=m, = D

Proof of Theorem 1.1. Qur proof of Theorem 1.1 is almost the same as

that of Theorem 1.2 in [10].

Let V = @F%_,V(m,0,...,0) and V.= B _oVam. Then we have A : V=V
and §:V — V Moreover, we have SR = Id on ¥ and RS = Id on V by
Proposition 3.2 and Lemma 4.1.

By Corollary 6.5, V' is dense in Ker P in C®-topology. Since 5 : O] —

€20, .(8"} is continuous, we have RS = [d on Ker P This proves Theorem 1.1. I

30



Remark 6.6. The differential operator P is of the least degree in all the
invariant differential operators on Gr(i,n; R) that characterize the range of R. It
follows from the fact that the principal symbol F(X) of P, which we defined in
Section 1, is of the least degree in all the Ad- K-invariant polynomials on m except
for the principal symbol of the Laplacian.

§7. Radon transforms on P°R.

The set of all projective I-dimensional plane in P*R is the real Grassmann
manifold Gr(l,n; R), which is a compact symmetric space O(n + 1)/O(I + 1) x
O(n —1) of rank min{l!+1,n —I}. We define 2 Radon transform R ; C®(P"R} —
C®(Gr{l,n;R)) as follows.

R = GBI foe, T80 (2),

TER

where dv,(2) is the canonical measure on p{C P™"R.).
Since we can identify CZ,,(5%) with C*°(P*R}, we have

Rf(+n) = Rf(—n) = Rf(n) for f € C*(P"R) and 5 € Gr(i,n; R),

where +7 and —n denote orientations of 7.

We defined the invariant differential operator P on a;(f,n; R) in Section 2, but
we can easily check that P is also well-defined as an invariant differential operator
on Gr(l,n; R). Therefore, we obtain the following theorem from Theorem 1.1.

Theorem 7.1. The range of the Radon transform R on PR is identical with
Ker P

Remark 7.2. For technical reasons, we first gave the prodf of the range the-
orem in the case of 8® In fact, the compact oriented real Grassmann manifold
-G_'r(f, n; R) is a simply connected symmetric space of {ype BD I and its irreducible
representations are well-known.
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Chapter 3.

Range characterization of Radon transforms
on quaternionic projective spaces

§0. On the main theorem.

In this chapter, we consider the range characterization of the Radon transforms
on the quaternionic projective spaces.

We denote by Gr(l,n; H) the set of all projective I-planes in P*"H, which is
a quaternionic Grassmann manifold and is a compact symmetric space of rank
min{/ -+ 1,n — {}. For simplicity, we sometimes denote Gr({,n; H) by M, and as
in Chapter 1 or in Chapter 2, we put r = rank M =min{! + 1,n = {}.

We define a Radon transform R : C®(P*H) — C®(M) by

RFE) = Gopry oo fEMvela), £€ M, [ € C¥(PH),

where dvg(z) denotes the measure on { (C P"H) induced by the canonical measure
on P*H.
In this case, the same result as in Chapter 1 or in Chapter 2 holds. Our answer

is the following.

Theorem. Under the assumption 1 <1 < n — 2, there 45 a fourth order in-
variant differential operator P on a quaternionic Grassmann manifold Gr({,n; H)
such that the range Im R of the projective I-plane Radon transform R = Ry on
P*H is identical with the kernel of P, that is, In R = Ker P

The basic tools are the same as those in Chapter 1 or in Chapter 2. We
use the inversion formula and the method of radial part, and we prove the above
theorem in the same way as in Chapter 1 or in Chapter 2. As we mentioned before,
we can not represent the range-characterizing operator P in a similar form as in
Chapter 1 or in Chapter 2, because of the non-commutativity of the quaternion
field H. However, we find that the radial part of the range-characterizing operator
is of the similar form as in Chapter 1 or in Chapter 2 and is an ultrahyperbolic
type differential operator on Weyl chambers. Therefore, in this sense, we can also
say that the ranges of R can be characterized by ultrahyperbolic type differential

operators, _
The notation in this chapter is the same as in Chapter 1 or in Chapter 2.



§1. Representation of Gr{l, n; H).

We denote by Gr(i,n; H) the quaternionic Grassmann manifold of all the
projective (-planes of the quaternionic projective space P*H. Then P"H and
Gr(l,n; H) are compact symmetric spaces Sp(n 4 1)/Sp(1) x $p(n) of rank 1 and
5p(n+1)/Sp(l +1) x Sp{n — {) of rank min{! +1,n — I}, respectively. Here Sp(m)
denotes a compact Lie group defined by

Sp(m) = {g € U(2m);'g9Jmg = Jm},

D _Im
Im O
ding of Sp(!+ 1) x Sp(n — I} into Sp(r + 1) is given by the mapping

where J, = and Ir; denotes the m x m ideniity matrix. The imbed-

A1 0 B 0

A1 B Ay Bs - D Ay 0 H.
Ci D1/ \Cs Dy ¢ 0 Dy 0 |”
0 C: 0 D2

where A;, By, C), and Dq are ({ + 1} x (I 4 1) matrices, and A;, B, Cp, and I
are {n — {) x (n — {) matrices.

For simplicity, we put G = Sp(n + 1) and K; = Sp(I + 1) x Sp{n — 1) in this
chapter.

Let g and & be the Lie algebras of & and K, respectively. Then we have

g“{( Z Zg)+Zl,chomlex(n+1]x[n-{-l]mat.rix }

—Zy Z J'  Zjskew hermitian, Z; symmetric
X1 n X: 0 X1, Y1 (14 1) x ({4 1) matrix
- 0 Y1 0 Vi € a X2, Y2 (m—1) x (n — {) matrix
=yl-X 0o X o & X% skew hermitian
0 =% 0 ¥ XY, symmetric

Let g = & @ my be the Cartan decomposition, where m; is the set of all the
matrices of the form

0 -Z* 0 W
A 0 W 0
(1.1) X=1 9 _w+ o —tz|

-W ¢ Z 0

where Z and W are arbitrary complex ({+ 1) x (n —{} matrices. We define a matrix
H{) = H(t;,. .t;) € my by taking W =0 and 2 = V=L E + 4 E)
in (1.1). Here t = (1,...,¢/) € R", and Ej; denotes the (n —{) x ({ + 1} matrix
whose {z,{) entry is 1 and whose other entries are 0.

33



Let a be the set of all the matrices H(t), and then a is a maximal abelian
subalgebra of m;. We identify this subspace a of m; with R" by the mapping
H(t) — t,

Let { , ) denote an invariant inner product on g defined by

(4,B)=—2(n+2)tr(AB) A,Begy,

which is a minus signed Killing form on g.

We choose a Killing form metric on G, which induces metrics on K;, P*H (=
GfKo) Gr(i,n; B), (= G/K)}), respectively.

For e € a, let gy 1= { X € g%;[H, X] = vV=1(a, H)X for all H € a}, then &
1s called a root of (g, a), when g, # {0}. We put my, = dimgg,, and call it the
muttiplicity of a.

(i}
Weput H; = H(0,...,1,...,0} (1 £¢ < r). Then the roots of (g, a) and their
multiplicities are given by the following table.

o M

1t i 3 (1<i<n,

+gramry dn+1-2r) (1<i<r),
+ gy (8 £ Ha) 4 (1<j<k<r)

We fix a lexicographical order < on « such that H; > .- > H. > 0.
The simple roots a; {1 £ 7 < r) are given by the following table.

(41520 aj=8{—nf1-§-j(ﬂj-ﬂj+1) 1<j<r—1),
@r = S(nl-l-Z)HP

{(n+1=72r): ﬂj}ﬁ(ffj—ﬂml (1<jsr—1)
ar:m}{r'

Let M; (1 <7 < r) be the fundamental weights of G/K; corresponding to
the simple roots @; {1 < j € 7). Then M; (1 £ j < r) are given by the following
table.

1 J .
2p) ; ——  SYH, (1<7<7),
(n+1>2r): M; 4(7”“2);;:1 y 1£7&7)
L ZJ H
—_ . - = -
(TI+}.—...T}A !"VJ.(J 4(n+2)k=l i
I. r
f. = 5" H
My dnr2) 2
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The Weyl group W(G, K}) of (G, K}) is the set of all maps s: a — a such that
53 {f‘].? - 1"‘r] = (Elta(l:h - »Ertd(r]): & = +l, 0 € G,

where G, denotes the symmetric group of degree r

Let Z(G, K1) be the weight lattice, that is, Z(G, K1) = { gt + +
pedr)ip1,. 4y € TF. A highest weight of a spherical representation of (G, K}
is of the form miM; + + m.M,;, where m;, , M, are non-negative in-
tegers. Let V(my,. ,m,) denote the eigenspace of the Laplacian Agyi, on
G/ Ki{= Gr(l,n;H}) that is an irreducible representation space with the high-
est weight mjM; + ...+ m, M,. In particular, we denote by V(m) = V,,, the m-th
eigenspace of Ag g, = ApsqH.

§2. Invariant differential operators on Gr(l, n; H).

In this section, we describe the invariant differential operators on the symmaetric
space Gr(l,n; H).

Let F; (1 € j € 2r) be Ad-K-invariant polynomials on my defined by
det(A] + X) = A1) L B (XA 4 B(XOAED 4 g By (XA

We define invariant differential operators P; (1 < j £ 2r) of order 27 on G/ K as
fallows.

P;if(g9) = F;(8X) f{gexp X)[x=0 for f € C%(G, K)).
Here X (€ my) is the matrix of the form,

0 =z 0 ‘W

N 4 0 w0

A= 0 W 0 =tzZ|°
-W o A

where we denote the (7,7) entries of the (I+1) x (n —!) matrix Z, W, Z, and W by
Zij, Wi, %ij, and @j;, respectively, and @X denotes the matrix valued differential

g o @

ich i i L oy e, and g for . . ,
operator which is obtained by replacing z;;, wij, Zj, : oz, By B

and _i, respectively, in X.
By
The matrix &X is represented formally as

o —azr o o'W
ez o aw e
o=l o _aw o -8z

- 0 oz 0
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Remark 2.1. The following facts (1) is well-known and the facts (2) and (3)
are easily checked.

(1) Py, ..., Pa, are commutative with each other.

(2) The operator P; is formally self-adjoint with respect to the L? inner product
o1 GfK;

(3) The algebra £(G/K)) is generated by P, ., P, where £(G/K;) denotes
the algebra of all the invariant differential operators on G/ K.

In this chapter, two operators P, and P play an important role, that is, the
range-characterizing operator will be constructed by using P; and 5.

§3. The inversion formula.

We construct a continuous linear map § : C®(Gr{l,n; H)) — C®(P*H) such
that SR = Id, where Id denotes the identity map.

We define another type of Radon transform F; which is a mapping from
C=(Gr(l,n; H)) to C®(Gr{n—1,n;H)), that is, Fy : C®°(G/K;) — CR{G{Ka_1)
as follows.

(FD6) = G for SRR [ €CN(G, )

"~ Vol(Kp 1)
In particular, we denote 75 = F Geometrically, Gr(r — 1,n; H) (= G/K,_1)
means the manifold of all the antipodal manifolds in P*H and 7 : C*{P"*H) —
C*®(Gr(n — 1,n; H)) means the Radon transform defined by integrating functions
on P™H over antipodal manifolds and taking mean values.

Similarly, we define a dual Radon transform F : C®(G/Kn_1) — C®(G/Ky)
= C®(P*H) of F by

(FN) = v fgk)dk,  f € C(G, Kao).

(Kn-1} JkeKnm

Then the following theorem holds.
Theorem 3.1. (Helgason [7], Ch. 1, Theorem 4.11.) We have the inversion

formula,

$(App)FF = Id.
Here ®(t) is ¢ polynomial of i of degree 2(n — 1) defined by
2(n-1) 9 V(4
(t L@+ 1))

@(i) =Cn j];l;l 4(1’2 +2)

2(n—1)

where ¢ = 4(n + 27V T {2 -5+ 11}
=1

36



We prove the following proposition, using the above Helgason's inversion for-
mula.

Proposition 3.2. For the Radon iransform R = R, there exists an inversion
map S = 5p: C®(Gr(l,n; H) — C°(P*H) such that ${f; = Id.

Proof. We can easily check that F;R; = F Therefore, if we put
(3.1) St = ®(Apng)F F,
we get Sif; = Id by Theorem 3.1. §

Corollary 3.3. The Radon transform R = R; isemorphically maps the sub-
space Vin of C°(P*H) to the subspace V(m,0,...,0) of C=(Gr{l,n;H).

Proof. Since the proof is almost the same as that of Lemma 6.4 in Chapter 1
or that of Lemma 4.1 in Chapter 2, we give only the sketch of the proof. The
Radon transform A is G-equivariant and, by Proposition 3.2, R 1s injective. On
the other hand, it is easily checked that the highest weight of V,, corresponds to
that of V(m,0,....,0). Therefore, the assertion is verified.

§4. Radial part of invariant differential operators on G/K|.
We define a density function £l on a by

(t) = | H 2sin{a, H(1))™|

a:pasitive root
Then we have

Q= aguwt,
,
where o = 27(2n-2r43)] I] sin® 2¢; sinf(r=r 1) ¢,
j=1
w = 28701 J] (cos 2t; — cos 2tg).
j<k
We define a Weyl chamber A by the set {t € R”; Q{t) # 0}. .

To each invariant differential operator D on G/K, there corresponds a unique
differential operator on Weyl chambers which is invariant under the action of the
Weyl group W(G, I). This operator is called a radial part of I, and we denote it
by rad(D). o

The radial part of the Laplacian Agyg, on G/Kj is given by

Lemma 4.1,

r

L o 00
rad(doix) = gy L\ R 5

j=

where Qy denotes the differentiation of Q byt,.



For the proof, see [12|, Theorem 10.4.
We define an invariant differential operator L, on M = G/K by

1 1
(4.1) Le= ;Pz — gf’l2 + chy,

where ¢ is a real constant.
We denote the principal symbol of L. by F Then F is given by

£= 116( F__F‘)

123(2F2 Y

From now, we calculate the radial part of the invariant differential operator L.
We consider the following conditions (A), (B), (C), and (D) on a differential
operator @ on R' that is regula.r in all Weyl chambers.

(A) @= E:_,<;_. & a&2+lower order terms.

(B) @is forma]ly self-adjoint with respect to the density Qdt.
(C) @ is W(G, K)-invariant.
(D) [Q,rad{Ay)] = Qrad{A ) — rad{Ay)Q = 0.

Lemma 4.2. 16rad{L.) satisfies the above four conditions (A}, (B), (C), and
(D).

Proof. By the definition of F; (1 < j < 2r),

det(AM + H(1)} =
AZ[n+l) + Fl(H(t))).gn + FQ[H(f}]AQ{n_l) + -+ FQT[H{f)]Ag{n—H_gr)

Thus, we have

Fi(HQR))

I‘
Z
J=
T
SRIRE AR
i=1 j<k

Therefore, the restriction of F to ais given by

16F(H (1) = }IF?(H(:}) - %1‘-“1(1‘1’[&))2

= E tjzikg

p<k
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Since the principal symbol of rad(P) is given by F{H{t)), the above equation
proves that the condition {4) holds for @ = 16 rad(L,).

The condition (B) follows from the fact (1) in Remark 1.1.

The conditions (C) and (D) are well-known facts. For detail, see [10]. g

We calculate the explicit form of the differential operator Q.

By the conditions (4) and (B), we get

3
the third order terms of rad(P) = % %ﬁ
Thus, we can put
Q, &
) Q= Eaﬂatz'l'zﬂatz&tk
4.4
a2 @
+ Z A — + e T 2 G
P 2 * B0t E 791’

where the coefficients Aj, Bj;, and C; are O functions on Weyl chambers,
By condition (D), the third order terms of [rad(P),rad{A )] =0, and we get
the equations

0

{4.3} 3fJA = —E?((ﬂa 1ata T ‘Ia{aa)l,)
(4.4) 313{23:,;. e — 2ajak} = —ajla} — 2(Aj),
(4.5) ﬁE{ZBjk — 3(a;)1, — 2ajax} = —ap(ar)y, — 2(Ax),,

where we put a; = £, /9.
Then one of the solutions of the equations (4.3-3) is given by

o= freotide o (), va() )

a#j Ja Wi a
alf Wia wig
oA
1
(4.7) Bjk = E{SQ Qf-,-f-g - QQ;JQ“},

where x(¢;) = oy, /e = Bcot 2t; +4(n + 1 — 2r}cot; and wjz = cos2t; — cos 2ty
For the above solution A4;, BJ-,E, we have by the condition (B)

1
[48) CJ' - ﬁ(AJQ)!J Z{(leﬂ)fk + [len)f, § ﬂ! lickic+
L 2
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We define an operator @y by the right hand side of the equation (4.2}, where
the coefficients A;, B}, and C; are given by the functions (4.6), (4.7), and (4.8),
respectively. Then a differential operator @ := rad{P) — @, is a second order
differential operator and satisfies the conditions (B), (C), and (D).

Here we have the following lemma.

Lemma 4.3. If a second order differential operator Q satisfies the condition
(B), (C), and (D), then @ can be written as c rad(Agyx,) for a suitable constant
<.

Since the above lernma can be proved by the same argument as in Lemma 5.4
of Chapter 1 or in Lemma 5.2 of Chapter 2, we omit the proof.

By Lemma 4.3, the fourth order differential operator ¢ which satisfies the above
four conditions (A}, (B), (C), and (D) can be written as Q) + crad(Agg,) for
some constant ¢. Therefore, by Lemma 4.2, we have the following proposition.

Proposition 4.4. There 1is a constant ¢ such that 16rad(L;) = Q1

§5. Proof of the main theorem.

In this section, we prove the main theorem that we mentioned in the introduc-
tion of this chapter and we will show that the range of the Radon transform & is
charcterized by the differential operator I, for some constans ¢.

We denote by a{m;,...,m,) the eigenvalue of L; on V(my, ,m;), where we
choose a constant c such that L, satisfies Proposition 4.4, that is, 16 rad{L,) = @;.
Let ¢(m,,..m,) be the zonal spherical function which belongs to V{mi,...,m,).
We denote by u(m,,..m,) the restriction of ¢(m,, m,) to the Weyl chamber A*

Lemma 5.1, ([12], Theorem 8.1.} The funciion u(p,
series expansion on At of the form

m,) has @ Fourier

u(m1 ..... mr](tlj ey tr)

= E mexp V=LAt Hy + - - 4+ L Hy ),
I\Sml.!'lrf|+---+m‘-M.-
A€ Z({G, K] finite sum

where Nm, My+-t+m, M, > 0.

Let f1 and f» be Fourier series on .A™* of the form
= > Oeexp V=1(A 4 8 + - + 440,
A<h) AEZ(GLKT)

fa= T GexpV-lUMGH - HUH )

ALA2AEZ(GLR)



We denote f; ~ fa when A; = Az and (4, = (y,{# 0). Obviously, the relation ~
1s an equivalence relation.

Lemma 5.2. We have the following relations.

gy, ~ 2y =1{n +2 - 2r}o,
wy, ~ 2y —1(r — jlw,

o /
gt:,.u(mlu--wmr) ~2 _lI.?u[ml mf:h

.....

(5.1)
Oy, ~V=1(2r+5 - 470,
A% ~ -8(2n 4+ 3 — 45)(5 — 1),
Bjpf® ~ —(2n +5 — 45)(2n + 5 — 4k)Q°,

Ci% ~ =V =1(2n + 3 — 47)(j — 1)(2n + 5 — 45)0°,

where the functions A;, By, and C; ave given by (4.5), (4.6), and (4.7}, respec-
tively, and I; is given as follows.

(m+1>2r): L=my+ - +m

5.2
(5-2) (n+l=2r): L=mj+ - +me) +2m,.

Theorem 5.3. The eigenvalue a(my, ..., m;) of Lc on V(my,...,m:) is given
by the formula

a{my,..., My} = Z fjfk(f_,'+2n+5——4j](f;- +2n 4+ 5 — 4&)
1<jcksr

r
+25 (- 12 +3—45)5(4 + 2n + 5 - 44),
=2

where I; is given by {5.2).

Proof. By definition, we have
(53;] 16LG¢'[m1,...,1nr) = lﬁﬂ(mlm v 1m1‘)¢(m1 ..... me )
We restrict both sides of (5.3) to the Weyl chamber AT, and then we have

rad{ Lc]”(m. ..... me) = -:1(7?11, B nlr)u{m.,...,mr}‘
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On the other hand, by Proposition 4.5 and Lemma 3.2, we have

161'13 Tﬂd(LCJU[ml,....m,}
= nglu(ml yeessTig )

at o, &
J- 3 Lx
m ™, P A Toa
;% f_at'?.-'“( eeeyiie) ; 0 3fj23fku(m] ..... i)
5 &
+ 033 Ay 3V B
E J u(mlr_"_m,}+n J_%;:Bjkatjatku(m],...,mr}
d
3
+n lec}at U{ml _____ r'
~{ 3 18Lh{(li+2n+5 -4} +2n+ 5 — 4k)
l1<jcksr

+ 2320 — 1)(2n 4+ 3 = 2)4{l + 20 + 5 — 453} Bugm, o my

j=t
Thus, we have

a(my,...,my)= 3 Li{li+2n+5 -4z +2n+5 - 4k)
1<j<ksr

+ 506 -2+ 3 = 2045 + 2n + 5 — 45)

j=2

The following corcllary is obvious.
Corollary 5.4. V(m,,. ,m;) is contained in Ker P if and only if mq =
- =m, =0,
By the same calculas as in the proof of Theorem 5.3, we get the following
proposition.

Proposition 5.5. The eigenvalue T{mi, ..,m;) of the Laplacian Dgpg, on
V(m;, .,m;) is given by

—2(n+2)-§13j“j+2n+5—4j)

(3.11) r(my,.. .m) =

We prove the main theorem of this chapter by showing the following theorem.

Theorem 5.6, There ezists a constan! ¢ such thet the range Im R of the
Radon transform £ is identical with the kernel of the invarian! differential operator
Lo on Gr(i,n;H) defined by (4.1), that is, Ker L, = Im R,



Proof. Let V := @%_,V(m,0,...,0) and V := @Z_q Vi (direct sum).
Then we have R: V — V and $: V — ¥ Here, § is the inversion map defined
in (3.1). Moreover, we have SR = Id on V and RS = Id on V by Proposition 3.2
and Corollary 3.3. On the other hand, by Collorary 5.4, V is dense in Ker P in
C-.topology.

Since the inversion map S : C®(M) — C®(P"H) is continuous, we have
AR5 = I'd on Ker P This completes the proof. g

Remark 5.7. We do not obtain the explicit form of the range characterizing
operator in the same manner as in Chapter 1 or in Chapter 2. Moreover, we do not
give the constant ¢ of L. in Theorem 5.6 explicitly. Indeed, it is too cumbersome
and seems meaningless for the author to compute the above constant c.

43



10.

11
12

REFERENCES

- P Punk, Uber cine geametrische Anwendung der Abelschen initegraigleiching, Math. Ann.
77 (1916), 125-135.

- L M, Gelfand, 5. G. Gindikin, and M. I. Graev, Infegral geomeiry in offine and projective
space, J. Soviet Math. 18 (1982), 39-167.

. I. M. Gelfand, M. . Graev, and R. Rosu, The probrem of inlegral geometry and intertwinig
operelor for a pair of real Grassmann manifolds, J. Operator Theory 12 {1984), 135-383.

. F. Gonzalez, f'avariant differential operator and the range of the radon D-plene transform,
Math. Ann. 287 (1990), 627-835.

. E. L. Grinberg, On images of Radon transforms, Duke Math. J. 52 {(1985), 935-972.

.V Guillemin, and 5. Sternberg, Some problems in inlegral geomeiry and some related prob-
fems in micro-local analysis, Amer. J. Math. 101 (1979), 915-955.

. 5. Helgason, “Groups and Geometric Analysis,” Academic Press, New Yorlk, 1984,

. §. Helgason, “Differetial Geometry, Lie Groups, and Symanetric Spaces,” Academic Press,
New York, 1978.

. F. John, The ultrahyperbolic differentiel equation with four independent variables, Duke.

Math. J. 4 (1038), 300-222.

T. Kakehi, Range characterizafion of Radon lransforms en compler projective speces. {ta

appear}

. T. Kakehi, and C. Tsukamoto, Cheracterization of images of Redon trensforms. (to appear)

. M. Takeuchi, “Gendai No kyukansu,* (in Japanese), Iwanami shoten, Tokyo, 1674.

44



	R324_0
	R324a

