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Classical Boussinesq Equation

~
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]3 XX /7Z gl z;:j%\ (Ryogo Hirota)

Abstract.

The classical Boussinesq equation

i
I

t (1 + u)v + vxx]x

<
1]
c
+
<

describing shallow water wave, is a pg = ¢ reduction of a first-modified

KP equation

2
(Dl

3
(D

+D2) T-T'' =0 ,

- - et =
3DlD MDS) T T 0 .

2

We find a coupled equation in the text book, (Whitham: Linear and Non-

linear Waves Eguation (13. 101) p.L465)
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1 2, _

My * (3 +onhi, - == B * 0(0B,87) = 0,
wt * uwwx * nx - —%— waxt * O(uB,Bg) = 0.

Let
w=u+ —%4 Buxx + O(uB,B2) .

Then
n, + [(1 +an)ul. + = Bu + 0(0B,8%) = 0
t X 3 XXX ? ?
w o+ [n+ 2]+ 0(a8,6%) = 0.

cf. S. Kawamoto: J. Phys. Soc. Jpn.53 (1984) 2922.

E.V. Krishnan: J. Phys. Soc. Jpn. 51 (1982) 2391.

Let u = wx . Then we have
+ + + -
Vi (1 +a)w WV aw W= W
300 2 1 2
+ — - — =
5 (wx) L 3 waxxx 0(aB,B7) ,

which is Kaup's higher order water wave equation.
cf. D.J. Kaup: Prog. Theor. Phys. 54 (1975) 396.
On the other hand, we have the Jaulent-Miodek eq.

u, = L v, - uv_ - —l—-u v
t L "3x X 2 x

-2
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3
Vi Yy 2 YWy

which is the integrabilinty conditions of the following spectral problem

9
sz

+ (- aw-uly=o0,

m|H

b= v -y L

M. Joulent and I. Miodek: Lett. Math. Phys. 1 (1976) 2L43.

The Joulent-Miodek equation is transformed into the classical Boussi-

nesq equation

=L+ ¢)v+v

_ 1 2
VT - (q) + 2 v )g ]

through the transformation
1 2
¢ =u+ S v =1,
1 1

T= -5 t ., £ = X .

Sato and Mori have studied a hierarchy of the classical Boussinesq

equations
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= +
Vi1 (VXX 2vw)x ’
Vi = (w+v ) ,

3 2 3 2 2

= — —_ +
Vi (wxx ¥ 3vvxx * > Vx * o v 3v W)x >
v = (v + 3vw + VB) D

t2 XX b'd

They called it Higher order Nonlinear Schrdinger equations.

M. Sato and Y. Mori: R/MS k’gkfroku 388 (1980) 183.
Ito has studied a symmetries and conservation laws of the classical
Boussinesq eq. and found a recursion operator for symmetries.

M. Ito: Physics Lett. 104 A (1984) 248.

The classical Boussinesq eq.

= + +
u, [{(1 + uwv VXX]X ,
_ 1 2
vt—(u+——~2v)x,

is transformed into the bilinear form

2
(DT - DX ) f'g =0 s

3 -
[DXDT - (1 + uO)DX - D ] fg=0,

where DT = Dt - voDX through the transformation
T
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v=v, ot 2¢X .

u=u, + 2pxx >

¢ = log(f/g) ,
" p = log(fg)

Hierarchies of K-P equation and first modified K-P equation are obtained
by Jimbo and Miwa !

K-P equation

First modified K-P equation

2
+ . r =
(Dl D2) T-T 0,
(D 3 _ 3D.D. - LD ) T-T' =0
1 172 3 ?
M. Jimbo and T. Miwa: "Solitons and Infinite Dimensional Lie

Algebras'", RIMS - 439, March (1983).

N-Soliton solution to the first modified K-P equation is well-known. We

~5-.
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write it for N = 2

n Ny ny+N,

1
T=1+ qle + qge + qlqzalge N
n n n,+n
1 2 1 2
™' =1 + ple + p2e + Plp2a12e s
- 3 3
where n, = (p, - a;)x; + (p; - q; )x, *+ (p;7 - q4 )x3 + )

) (p; - a,)(q; - a,)
"12 7 (o, - 0,)(q; - py)

where b, and a5 for i = 1, 2, are free parameters.

Now we impose the following conditions on P, and 9

p.q9. = ¢ for all 1 ,

which we call "pq = ¢ reduction" of first modified K-P equation. Then,
we find that the following equation holds
(D3+3cD -D)) 1" =0 .
1 1 3
Substituting the above relation into the first modified K-P equation,

we have

2

(Dl + D2) T.-T' =0 ,

(D,% + DD + heD ) ToT' = 0
1 172 1 ’

6
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which becomes the bilinear form ef the classical Boussinesq equation by

the following identification

Hence, two-soliton solution to the classical Boussinesq equation is
readily constructed by the two-soliton solution of the first modified
K-P equation.

All we do is to calculate the factor a.,. which describes a phase shift

12

of a soliton after colliding another soliton, using the condition p.q. = c,
i*i

) (p; - py)(ay - )
"12 7 (p, - a,)(q, - p,)

2
c(pl - p2)

- 2
(p,p, c)

and the dispersion relation which relate the imaginary fre%uency

to the imaginary wave number Pi = pi - qi :

(o, = a,)%Up, - a,)7 + kp,a,]

‘P.Q[Pz’f“ hel .

i 71

We rewrite "pg = ¢ reduction" of the modified K-P equation

2
(iD, + D7) g =0,
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. 2
(iD D, + DX3 - hog DX)g-f =0,
where we put
2
X =x , X, = -it , c= =Py > T=g, ' = ¢

We also rewrite the two-soliton solution

Ny Ny Ny*N5
g =1+ (ql/pl)e + (qg/pg)e + (qlqg/plpe)alge ,

n.+
f=1+e + e + a_,.e 12 N

We note that f and gcounstitute two-dark solitons of the nonlinear

Schrodinger equation
w, +y_ -2y =0
t XX
.2
¥ = pyexp(-2i0, ) (g/f)

In fact, the bilinear equation for real f

(i, + ng)g-f =0,

. 3 2 -
(lDth + Dx - hpo DX)g.f =0

8-
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is transformed into

2

. + P
(1Dt DX Jgef =0,
2 2.2
- = *
DX ff 290 f cog g
where ¢ is determined by the boundary condition on f and g at [xl = o,

0
Now we consider the case Py = 0 or "pgq = 0 reduction" of the modified

c¢/p; » B, = c/a,

K-P equation. We have for ql

n n (c - p,a)® 4
_ c 1 2 c 172 12
f=1+—7—e¢e + q2e + q2 e R
Py Py c(p, - )2
17 %
2
B n c N o (e=-pa,)” nym,
g—l+ple +—q-—'e +~q 26 5
2 2 c(pl-qg)
where
c 2 c2
nl“(pl——-};)——)x—l(p:L -3t +n
1 P
1
2
— c ., C 2 0
N, (q_2 qg)x—l( 5L )t N, ,
: 4
which becomes, in the limit ¢ = O,
n p q23 n,+n
ST . L
(pl-qg)
n b 3q n, M
g=l+P1el+ 122 el 2
(pl—qg)
where
_ .2 0
T]l—PlX-lplt+ﬂl ?
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— . 2 0
My = mapx gy b ey

*
Let q_2=—pl* , n20=nlo + im . Then
n, ¥ P.p_*3 n, . ¥
f =1+ *el.,._.__.];__l—_mell = £¥ ,
Py 5 > 8
(p; +p%)

Accordingly f and g are solutions to the bilinear equation

. 2
(1Dt + Dx Jg:f =0,

(iDXDt + DX3) gt =0,

but they cannot be a solution to the nonlinear Schrddinger equation
wo+y -2yl =0
t XX

any more because f is no longer real.

Polynomial solutions to

(ip, + D 2
X

* =
A )E* £ = 0

. 3
DD +0D f* £ =0

(4 Xt X ) £

have been found (A. Nakamura and R. Hirota, submitted to J. phys. Soc.

Jpn. (1984) ). They are

=

!
]
+
N
e
c.,.

-
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6

£f.o= (x - 36x2t2) + i(6xl‘t + 72t3) .

2
Rational solutions to the nonlinear Schrodinger equation

w,+v_ -2y =0

are constrcted using fn and f; as follows.

® *
v = Dan . fn+l

= - — = ]
fn n+1¥ fn fn+l

We have found the following reductions.

Reductions of K-P equation

p -q =clp-q) , ... Kdv equation
3 3 _ . .

p- -q =c¢clp -q) , ... Boussinesq equation
L I .

p -gqg =0 . ... Coupled KdV equation

Reductions of mokified K-P equation

p -q =clp -a) , ... modified KdV equation

3 3 _ . o . .
p° - g =clp -a) , ... modified Boussinesq equation
pe@=c . ... Classical Boussinesq equation
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