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ABSTRACT

The unsteady open channel flows are considered as one of the most important
research topics in hydraulic engineering and river engineering fields. Although many
researchers have studied flood flows, dam-break flows, tsunamis, etc. from various points
of view over one century, there are still unresolved problems to make clear from theoretical
points of view. Thus, this study was conducted to obtain some insights advancing the

classical theory of unsteady open channel flows.

The shallow water equations are applied to explain the basic features of the
hydrograph propagation in sub-critical unsteady flows and to reproduce the unsteady flood
waves in super-critical flows. For simplicity, the shallow water equations with constant
friction coefficient are used as the governing equations. In order to clarify the basic features
of the propagation of the hydrographs in sub-critical flows, the approximate analytical

solutions are derived by applying the wave front expansion method in a moving coordinate

system (5,1). The analytical solutions with wide range of parameters (TO, Fry, X, hopeak)are

in good agreement with the numerical results by means of Method of Characteristics (MOC)
for linearized equations, pointing out the validity of the analytical solutions. The non-linear
analytical solutions with up to second order terms on time are also considered and compared

with the numerical results obtained using TVD-Lax-Wendroff scheme.

Then, the analytical solutions of linearized shallow water equations for super-critical
flows are derived by using the perturbation method and MOC. The analytical solutions of
flood waves for super-critical flows are calculated under the water depth and velocity
hydrographs given at the upstream end. The analytical solutions are verified through the
comparison with the numerical results. It is proved that two upstream boundary hydrographs
can be reproduced using one depth hydrograph through the theoretical considerations of the

analytical solutions, indicating the possibility of inversion analysis.



Finally, the approximated solution of the dam-break flow is derived considering the
bottom shear stresses. The approximate solution is compared to the numerical results,

indicating the necessity of the further improvement of theoretical analysis.
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CHAPTER 1

INTRODUCTION

Open channel flows with a water surface in natural rivers and man-made channels
are basically unsteady in time and non-uniform in space, producing the wide variety of flow
patterns. Since the unsteady open channel flows such as flood flows, dam break flows,
tsunamis, etc. are closely related to natural disasters, the flows are considered one of the
most important research topics in hydraulic engineering and river engineering fields and
have been well studied from the practical and theoretical points of view by a lot of

researchers over one century [1~5].

Speaking of the basic theory on unsteady open channel flows, the shallow water
equations, so called Saint-Venant equations, have been commonly applied to clarify the
basic features of flood flows, dam break flows, etc. Although it seems that all the basic
characteristics have been made clear theoretically on the basic flows, I found some
unresolved problems which are attributed to the non-linearity of the basic equations with the

inertia and bottom friction terms.

In this thesis, a few basic flows are re-examined from theoretical points of view. In
Chapter 2, the propagation of a hydrograph in sub-critical uniform flows is studied without
assuming that the non-dimensional parameter defined in 2.2 is small. Although the classical
flood wave theories such as Hayami’s diffusion theory were formulated under the
assumption that the inertia effect is small, the effect of the inertia term is considered in
Chapter 2. The analytical solutions of the linearized equations for hydrograph propagation
are derived applying the wave front expansion method and then verified through comparison

with numerical results.

In Chapter 3, the propagation of a hydrograph in super-critical uniform flows is
studied applying the method of characteristics to derive the analytical solutions of the

linearized equations. Based on the theoretical findings in this chapter, it is pointed out that
1



two boundary hydrographs of depth and velocity at the upstream end can be reproduced

using one depth hydrograph at one site in the downstream.

In Chapter 4, a new analytical solution for a dam break flow is derived without
assuming the balance between the bottom friction and pressure forces. The approximate
solutions are expressed as the depth and velocity distributions between the positive and
negative wave front positions in a moving coordinate system. Since the results are not in
good agreement with simulated results, the mathematical framework is represented to

improve the accuracy of the approximate solutions in the future.

Finally, Chapter 5 summarizes all the results and conclusions of this study suggesting

the necessity of further researches to improve the performance.
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CHAPTER 2

APPLICATION OF THE WAVE FRONT EXPANSION METHOD TO THE
HYDROGRAPH PROPAGATION IN SUBCRITICAL OPEN CHANNEL FLOWS

2.1. Objectives and Previous Research
2.1.1. Objectives

Since the prediction of flood waves in rivers and man-made channels is considered
as one of the most important research subjects in hydraulics and river engineering fields, a

lot of researches have been conducted in view of various points from several decades ago.

The shallow water equations have been commonly applied to clarify the basic
features of the propagation of hydrographs in the upstream and downstream directions

theoretically and to develop the computational method to predict the actual flood flows.

In chapter 2, the previous theoretical works on the hydrograph propagation (Hayami
(1951), Hayashi (1953), Lighthill and Whitham (1955), Inoue (1987)) are summarized
making clear the limitation and drawbacks. The previous flood wave theories have been
dealing with the waves with large wave length or large time period in base flows with low
Froude numbers, which are well characterized by the non -dimensional parameters such as

the spatial scale parameter o and the Froude number Fr .

In this case, it was shown that the theories based on the extended kinematic wave
model can be conveniently applied to such waves and the propagation of flood waves are
well reproduced by the previous theories. The non-linear Hayami's theory with the diffusion

term is considered as a representative theory among the previous theories.

However, it is clear that when the spatial scale parameter and the Froude number
become relatively large, the inertia terms of the equation of motion cannot be neglected and
the extended kinematic wave model loses the applicability. It seems that the progress to

3



extend the previous theories for unsteady flows with the wide range of non-dimensional

parameters has not been seen for several decades.

Thus, this research is conducted to intend to develop the fundamental theory on the

wave propagation applicable to the unsteady open channel flows with wide range of
parameters.

2.1.2. Summary of the Previous Theoretical Studies for Flood Waves

The previous theoretical studies on the hydrograph propagation in rivers or channels
are summarized in this section to make clear the objectives of this study. The shallow water
equations have been commonly applied to analyse the unsteady open channel flows denoted
as Eq. (2.1.1) and (2.1.2). Eq. (2.1.1) indicates the continuity equation and Eq. (2.1.2) the
momentum equation, respectively.

8_h+6_q=o (2.1.1)
ot oXx

oq ouq oh . .

E+§+gh&_gh(|o—|f) (2.1.2)

where, x = spatial coordinate,

t = time,

h = water depth,

g = flow rate per unit width,

u = depth averaged velocity (= q/h),

g = gravity acceleration,

io = bed gradient,

i,= energy gradient due to friction (i, =n’g’/h**; n = Manning's
roughness coefficient).

Let's consider the hydrograph propagation shown in Fig.2.1.1. Introducing the non-
dimensional variables lead the non-dimensional form of basic equations with two non-

dimensional parameters 4 and Fr,.



where, T, : the time scale of the depth hydrograph observed at the upstream end, L : the

spatial scale of waves, h,: the depth of base flow and u, : the velocity of base flow. L is

considered to be evaluated as L =u,T,.

i & X

Figure.2.1.1. Propagation of flood wave form

Non-dimensional form of Eq. (2.1.1) and (2.1.2) can be expressed as the following

equations;
%h'+?=o (2.1.3)
X
1 1 1 12 ] 1 1 12

JE2| 9, a8 _gtaht b ooht)  f, g (2.1.4)

“lat "h'ext h?ox' Fr?ox' h"03
inwhich,ﬂ:if,FrO: Y )

Li ghy

2.1.2.1. Wave Propagation near the Front

Based on the Method of Characteristics, it is known that the hydrograph near a wave
front propagates with the speed of the dynamic wave u, + «/ gh, .
5



Lighthill and Whitham (1955) proposed to derive the disturbances of depth and

velocity near a front using the series expansion with respect to 7 defined as the following

equation.

r=to— X (2.1.5)
Uy ++/gh,

The depth and velocity distributions are expressed as Eq. (2.1.6) and (2.1.7).

h=h,+7h (X)+7%, (X)+.... (2.1.6)

U=Uy+7U (X)+7°U, (X)+..... ;720 (2.1.7)

Substituting Eq. (2.1.6) and (2.1.7) into the basic equations, the relations for h,,h,,
u, and u, were derived. The depth distribution calculated using the wave front expansion is

shown as the broken line in Fig.2.1.2.

2.1.2.2. Hydrograph around the Peak and Its Propagation

Hayashi (1953) and Inoue (1987) considered to extend the kinematic wave model
introducing the non-dimensional parameter o = AFr,>. When o is very small, the terms on

the left side of Eq. (2.1.4) can be neglected. The model with Eq. (2.1.3) and Eq. (2.1.4)

without the inertia terms is referred to as Kinematic Wave Model.

Although the Kinematic Wave Model (KWM) can be considered as the simplest
model to predict the propagation of flood waves, there are a few fatal drawbacks such that
the peak value of a hydrograph does not attenuate in the downstream direction, the
discontinuity called the kinematic shock is inevitably generated, etc. In order to resolve these
problems, the first order KWM was improved including the effect of the inertia terms in Eq.
(2.1.4).

Inoue (1987) applied the perturbation method to Eq. (2.1.3) and (2.1.4). In this

method, h' and g' are denoted as the following equations.
h'=h'+oh,'+..... (2.1.8)

q'=0,+0o0,+..... (2.1.9)



Substituting these equations into Eq. (2.1.3) and (2.1.4) leads to 0" order and 1% order

equations of o as follows.

°:%+%:0
ot oX

O
-9 g (2.1.10)

oi:a—hz+%:0
ot oX

2
16 6%, ) 1 6| 100 »q (2.1.11)
h ot hoox (Fy h™jox 3h g

Eq. (2.1.10) indicates the KWM and Eq. (2.1.11) includes the effect of the inertia terms.

Inoue (1987) derived the analytical solutions of Eg. (2.1.10) and (2.1.11). Eq.
(2.1.10) was firstly solved under the following boundary condition at the upstream boundary
x=0.

h(0,t)=f(t)at x=0 (2.1.12)

The solution of Eq. (2.1.10) given in Eq. (2.1.13) was substituted into Eq. (2.1.11) and then

the second order solution was derived as Eq. (2.1.14).

X 5
x,t)=f[t——1|; @ ==h?* 2.1.13
h(x.t) [ wj @=2h (21.13)
) .
h=h+oh,=f|l+c of f 32—5& in[1--2%
10(2fx-3ay ) | (Fr® 25 f 30 f
, o
_ iz_i& of"-3ff X (2.1.14)
Fr2 25 f )| 2fx—3a,f

. df
where, f = Gt

Substituting f =0 into Eq. (2.1.14), the peak value of depth h,(x) is given as Eq. (2.1.15).



27 f 1 4
h(x)=f|l-c2t Py —— 2 2.1.15
P( ) p[ 0-250 fp LFI,OZ fpi/3 9]] ( )

2.1.2.3. Hayami's Diffusion Theory

If Ais notsmall and Fr,(<1)is close to 1 in Eq. (2.1.4), the fourth term on the left

side cannot be neglected. Hayami (1951) proposed to include the fourth term in Eq. (2.1.4).
This model denoted as Eq. (2.1.16) using the dimensional form is called the non-linear

Hayami's diffusion model.

(2.1.16)

— ==, @
o ox 2[i _ahjax2 3
° X

oh oh 1 q o 5q
h

The depth distributions calculated using the wave front expansion Eqg. (2.1.6) and
(2.1.7), the extended KWM from Eq. (2.1.14) and the diffusion model from Eg. (2.1.16)
with 4 =0.23 and Fr, = 0.44 were shown by Hosoda (1992) in Fig. 2.1.2. The results from

the diffusion model seem to reproduce the basic features of the flood wave propagation well

qualitatively.
Upstream
10 ~ Hydrograph
( (x=0m)
h(m)
9t Perturbed Solutions (x = 5000 m)
8

O Hayami’s Solution

50 100 150 t(min) 200

Figure.2.1.2. Calculation results of flood waveform (Hosoda (1992)).
(i, =1/1000,n=0.03,4=0.23,Fr, =0.44)



2.1.2.4. Solution of the Linearized Dynamic Wave Equation for Large t

Assuming that the deviations of depth and velocity from the uniform flow depth and
velocity are small, the linearzed equation of the shallow water equations in dimensional form
is derived as Eq. (2.1.17).

o’n on o’n (677 5 877)
Lo, =—L- U, w22 a2y 2 =0 2.1.17
ot? 0 atox (gh° ) ot 3 °x ( )

Applying the Laplace transformation, Lighthill and Whitham (1955) derived an approximate

solution of Eq. (2.1.17) for large t under the following initial and boundary conditions.

Initial condition, t=0: =0, E:O'

Boundary condition, x=0: r = f(t).

The approximate solution for the maximum depth of n at x and its time of

occurrence are described as the following equations.

1
A jz T
- f(t 21.18
Tmax (27zt 3(1—( 4/9 Fr,’ ! (2.1.18)
4, =30 (2.1.19)
uO
X= uOtmax

2.2. Application of the Wave Front Expansion to the Propagation of Hydrographs
2.2.1. Mathematical Formulation

In this study, for simplicity the shallow water equations with constant friction
coefficient are used as the governing equations. In Chapter 2, the unsteady flows are

assumed to be in the subcritical flow condition.



Figure.2.2.1. Coordinate system

ot 0ox

2
@+%+QC0302 h_ :ghsinﬁ—cfu2 (222)
ot ox ox\ 2

where, cy= constant friction coefficient.

Introducing the non-dimensional variables with, the non-dimensional forms of Eq.
(2.2.1) and (2.2.2) can be rewritten as follow:

oh' oh'u'

o ohu g 2.2.3

ot' ox' ( )
1 1 |2

al+u‘a_u+iza_h'=cf(l_u_) (224)

ot' ox'  Fr,” ox' h'

where, x'=x/hy,u'=u/u,,t'=tu,/h,,h’=h/h, and gh,sin & =cu,’.

Hereafter, for simplicity, “ ' ” indicating non-dimensional variables is omitted.
Applying the wave front expansion, the propagation of a hydrograph shown in Fig.2.1.1 is
investigated theoretically. Since the wave front in Fig.2.1.1 propagates with the speed of

d%t =1+ %:ro . h and u seem to be approximated as Eq. (2.2.5) and (2.2.6).

h=1+h(&)r+h,(&)* +h (&) +h, (&) +h (&) +hs (&) 7° +..... (2.2.5)
U=1+U, (E)T+U, ()72 +Uy () +U, (&) 7 +Ug () 7° +Ug (&) 7° +..... (2.2.6)

10



Eqg. (2.2.3) and (2.2.4) can be transformed from (x,t) system into the moving

coordinate system (&,7) with the relation of &=x and r=t- )/[Frr lj. Using the
0
relation of 2:8(_':% 1)/8r+i andé=i the non-dimensional equations in
OX o+ oé ot or
(£,7) plane are given by
L _F16_h+@ +h _Fla_u+6_u =0 (2.2.7)
or or 0¢ or o0&
2
Ny gy L g )y (2.2.8)
or or o) Frf\ ‘or o h
where, Flzﬁ.
Fr, +1

2.2.2. Derivation of the Analytical Solution

In order to obtain the approximate solutions, the solutions are assumed to be defined

as the power series expansion. Substituting Eq. (2.2.5) and (2.2.6) into Eq. (2.2.7) and (2.2.8),
the resulting equations can be given by

h —Fh -Fu +r{2h —2Fh, +d2 Fhu, —2Fu, +d Fhlu}
{Bh3 3Fh, + ——2Fhu rg—Flhlu2

du,
—-3Ru, + —-2F,
S22, }
3 {4h4 —4Fh, +£ —-3Fhu, +u, 3—25 —2Fhu, +u, %— Fhu,
du
—4Fu, +d§ ~3Fhu, h1 ~2Fh,u 2+h thu}
dh

t*45h, —5Fh, +—+—4Fh,u, +U, %—3F1h3u2 +U, dh, _ 2Fh, u,
dg dg dg

dn, du du,
+u de —Fhu, -5Fu, +d§ 4Fhu, hldgg

—3Fh,u, +h, ‘;5 2F,hu, h3 —Fh, 1}

11



6h, —65h, + 95 _sE R +u, 9 —arhy, +u, 2 _3rn 0,
dg td¢g dg

+u3%—2F1h2u4+u4% Fhu, —6Fu +:|§ 5Fhu. hl—

—4Fhu, +h, 22 3Ehu, hsz—ligz—ZFlh4u2+h4(;—l;1—Flh5ul}:O (2.2.9)
F LFh . 1 dh Fh
u, — Fu, ——% 2u, +hu 2Fu+ u’— + 11
L — R Fr02 hl"'T{ o +hy - Fhu, - FI’OZ Froz de Fl’oz}

r2{3u3+2h1u2+h2u —3Fu +?j§ 2Fhu, h1 —Fh,u, 2F1u1u2+u1%

_Flhlulz —Ruu, —3%h3 + ! 5 %_Zil}_,_ hlz ﬂ__Flhl?Z
Fr, Fr,” d& Fr? Fr?dé  Fr,

r3{4u4+3hlu3+2h2u2+h3u —4Fu +Z§ -3Fhu, h1 —-2Fhu,

dul—Flhsu —~3Fuu, +U, ?ﬂé 2Fhluu2+hlu 5 - FEhu?®—2Fu,?

du F 1 d F 1
+u2d—§l—Flh1ulu2—Flulu3—4 Frlz h, + = d—r:;— ?12k11h3+ x hl—
0 0 0

= 1 ,dhy F
21 p?y — p -1 1
Fr?2 > Fr? 2d&  Fr? hth}

r“{Sus+4hlu4+3h2u3+2h3u2+h4u ~5Fu +(:i§ 4Fhu, hl—

-3Rhu, +h, —= du, —-2Fhyu, + d 1—Flh4u —-4Fuu, +u, —= au, —-3Fhu,u,
dé dé dé

+hu, au, -2Fhuu, +hu, — au, —Fhu?-3Fu,u, +u, au, —2Fhu,’
d¢f d§ d¢f

2
0

+hlu23—l:gl—Flhlu1u —2Fu,u; +Uu, 398 Fhuu, F1u1u4—5%h5

1 dh,
Fr? d& Fro2

clh2
Fr, el 2dé

1 .dy, . F
Why+ g2 =3 s hh +

12



F 1 ,dy F
-2 lh
Fr, h3+|:2 dé  Fr? }

. {GUS +5hug +4h,u, +3hu; + 2h,u, +hsu, —6FU, + ((j:ig —5Rhus +h ((jjig:

du, d d
-4Fhu, +h,— d§ —-3FRhu, d§ —2Fh,u, + —Fhu, —5Fu,u,

+U du, —-4Fhuyu, +hlu -3FRhuu, +hud —-2Fhu,u, +hud
dé f dg tdg

~-Fh,u’-4Fuu, +u, du, -3Fhu,u, +h1u —2Fhu,” +hu, —* duy
d§ § 2de

-Fhuu, —3Fu,’ +u, (215 2Fhu,u, +mu f —Fh,u,u, 2F1u2u4+u4%

1 dh5 5F, 1 4F1
2 de Frzhlhs Zhldg Fr.’ n-h,

—-Fhuu, -Fuu, — Fr 2h5

ot dhs 3ih32+ih3% LN SN L Fhlhs}

F 2 dé‘ FI’02 FI’02 Fr, 2 Fr, Froh d«f Fr,?
=c, (1)-c, (1)+r{cfhl—20ful}+72{cfh2 —c; (2u, +u12)}
*{c.hy—c, (2u, +2ulu2)}+r“{cfh4 —c; (2u, +2uu, +u§)}

+7°{cehy —C; (205 +2uu, +u,u, )|
The zeroth order terms in Eq. (2.2.9) and (2.2.10) are given by

2 (1-F)h-Fu, =0

F
Fr12 h+(1-F)u, =0
0

Eq. (2.2.11) and (2.2.12) indicate the relationship of the h and u,

hl = Froul

The first order terms of the Eq. (2.2.9) and (2.2.10) are written as

13

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)



dh, _ du,

71 2(1-F)h, —2Fu, + AT (2.2.14)
2R - 1 dh du
- h, +2(1-F)u, + Ty +(1-F)hy,
_puz BN
Fu -2 =c (h—2u,) (2.2.15)

0
From the above Eq. (2.2.14) and (2.2.15), the equations relevant to h ,h, and u, can be

derived as follow:

(dh PR L, R(Fn-2)  _ 0 916
ac 2(Fry+1)° S (2.2.16)
h, — Fr,u, :%hlz - (Fro +1)jr i _2) cih (2.2.17)

Similarly, the second order, third order, fourth order and fifth order terms of the non-linear

equations in the moving coordinate system are given by

2 3(1-F,)h, —3Fu, +3—%+i—l§+u 32:1 + hl— 3Fhu, —3Fhu, =0 (2.2.18)
3F, 1 dny dy, 1 dhl )
- +3(1-F)u —24 2 M Ehu
—-3Fuu, +2(1-F)hu, +(1-F ) hy, —?hlh2 =C, (h2 —2u, -y, ) (2.2.19)

0

%1 4(1-F)h, —4Fu, +dh3+u ﬂ+u dh, , du, +hl%+h au,

de " tdg T Pde Tdg tdg tde
—4Fhu, —4Fhu, —4Fhu, =0 (2.2.20)

AR a1yt 12dh3 hodn b oh du odu | dy,
R d Frids Fridé dE dg  lde
+h2‘;”§ u ‘;—”§+mu —§+3(1 F)hu, +2(1- F ) hyu, + (1- F; ) hy,

- hlh3 - 1 h,? —3Fhuu, —-Fhu’ -2Fu,” —4Fuu,

0

=c, (h,—2u;—2uu,) (2.2.21)
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4 5(1-F,)h +(:£Z —5Fh,u, —5Fhu, —5Fh,u, —5Fhu, +u, dh3+u2%

+u3%—5F1u5 ; ‘3“5 ih fjf: ‘jj“g +h 3—“520 (2.2.22)

5(1— F,)u, + 4(1— F,)hu, +3(1— F,)h,u, + 2(1— F,)hu, + (1- F,)hu, + %

du, du du, du,
+h—+h,—2 +h,— -5Fuu, +u,— —4Fhuu, + hu, —2%
-3Fhuu, +hu %—Fh -5Ru,u, +u, au, —-2Fhu,’ +h1u —
1'27172 271 dé: 1 dé: 5
du, 5F : 1 dh, 5F2 hh, + 12 p, s dh, 5F Ly,
*dE Fr 2de dé  Fr?
1 dh 1 hl 2
+ = h, Y. Frz h ¢, (h,—2u, —2uu;—u,’) (2.2.23)
_ dhy dh,
P 6(1-F)h +— iz —-6Fhu, —6Fh,u, —6Fhu, —6Fhu, —6Fhu, +u, —=*

+u2%+u3d 2 ahy —-6Fu, + du hlﬁ
dé df dcf de e
du du, du,
h — + +h,—2%=0 2.2.24
e thas g (2224)

6(1-F,)u, +5(1- F )hug +4(1- F)hu, +3(1- F)hu, + 2(1- F)hyu,

du du du, du
+(1—Fl)h5ul+d;+hldé1 3+h3 2+h E 6FUU; +U —2

—-5Fhuu, +h1u é 4Fhuu3+huc(jjég 3Fhuu2+hud —Fh,u?

1

—6Fu,u, —5Fhu,u, +u, zf 2Fh,u’ +h1u2 e BN 3“5 —3Fu?

du du du 1 dhy 6F
U,—2+hu,—*+u,—=— SR -1
g TMge BT Fr 2t Frz2 dé  Fr? L

1 6F | 1, dh, 3F 1 1 olhl
hh h — 211
Zhldg Fr? ? 4+Fr02 2dé Fr? 2h3d§ Fr2 4d§
=c, (hs — 2u; — 2uu, —2u,u,) (2.2.25)

15



From the equations described above, the relationships for each order on water depth

and velocity (h,u,,h,,u,,h;,u,,h,,u,,h and ug) can be derived. These equations are expressed

below.

-——-—5 +2F, (1= F,)hy, + F, (1-F,)hy, +{ (-Fu-L zhl} i

dul 2 2 2 3F12
+{_hl - Flul}E-i'BFl u1u2 + Fl hlul + 2 h1h2 + Flcfh2
0
—2Fc,u, —Fe,u; =0 (2.2.26)
Fr -1 r—2
ih3—3U3=—( - )ﬂ+(2F +1)hu, +(F, +2)hu, _(Fn . )hlﬂ
Fr, Frp, d¢& Fr, d&

-3Fu,u, — Fhu? —%hlh2 —ch, +2c,u, +c,u’ (2.2.27)
0
dh, (Frp+2 du d
Ly o 20R) o (D) d (oo o
Fr,dé dé& Fr, dé  (Fry+1) d§ Fr0 2l de
du
+{-h, —Fhu, - Fluz}d—§1+3Fl(1— F)hu, + 2F, (1- F, ) h,u,

+F, (1-F)hu, + 4F uu, +3F huu, +2Fhu’ + F*hu,®

4F? 2F7
+—>hh,+—h,”+Fc.h, —2Fc,u, -2Fc,uu, =0 (2.2.28)
Fr, Fr,
Fr7 -1
ih4—4u4=—( 0 )%+(3F1+1)h3u1+(2ﬁ+2)h2u2+(Fl+3)hlu3

Fr, Fr,

_(Fn-1) dn, du, | 1 |dh du,
= hd§+uld§+ u2+Fr02h d§+{hlu +u}d§

4F,
_4F1u1u3 _3F1h1u1u2 - I:1hzu12 - 2F1u22 _F_I’é h1h3

|2:F§ h,? —c,h, +2c,u, +c uu, (2.2.29)

1 dh, du, 2(1-F) dh, (Frp+2) du; , C(-F)u,--Fn, dh,
CFr, dE dE Fr dé  (Fr,+1) dg 2 F2 de
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dg
du
+{~h,—F, (h,u, —hu, —ug)}d—éjJr4Fl (1-F,)hu, +3F, (1-F, )hy,

+{~h, - Fhy, - Fluz}?j—ué_f+{—(l— F,)u,— ut }dhl

+2F, (1-F, ) hyu, + F (1- R ) hu, +5Fuu, + 4Fhuu, + 3R h,uu,

F? 2R + 20 + 2 nn, + 2 4 Fe,h
+5 1u2u3+ 1h1u2+ 1h3ul +Fr2hl 4+Fr2 2h3+ le 4

0 0

—2Fc,u, -2Fc,uu,—Fc,u,’ =0 (2.2.30)

5 (F; 1) g,
= h —BUy =L %
Fr, Fr,

Fr, -1
+(F1+4)hlu4—( r02 )hl%+u du, | —u2+i2h2 dh,
Fr, d& d& Fr, d&

+(4F, +1)hu, +(3F, +2)hu, +(2F, +3)h,u,

+{hlu1+u2}?j—l;2+ —u3+%02h3}3}«H {h,u, +hu, +u }2”5

-5Fu,u, —4Fhuu, —3Fhuu, — Fhu’ —2FEhu’ —5Fu,u,
Sk SKH
= n- Fr?

_i%_%_wh@ﬁw)hdw+{_(1_F) th}d“s
Fr, dé d¢& Fr, d& (Fr0+1) dé F dé

—Lhh,—ch, +2c,u, +2c,uu, +c,u,’ (2.2.31)

H(1-F)h, —F (R, +hu, +u )}?jl; { (1-F)uy -2 hs}%

Fr02 dé

_(1-F)h.— du, ) dh,
+{~(1-F)h,—F, (h +hyu, + hu, +u, )} d§+{ (1-F)u, - Froz }dé
+{—(1—Fl)h4—F1(h4+h3u1+h2u2+hlu3+u4)}3—l;l+5Fl(l—Fl)h5ul

+4F (1— Fl)h4u2 +3F (1— Fl)h3u3 +2F (1— Fl)h2u4 +F (1— Fl)hlu5

+6F uu, +5F huu, +4Fhuu, +3F*huu, + F*h,u’® +5F*hu,u,

6F 6F 3F
+6F uu, +2F°hu? +3F%u, + Fr:2 hh, + Frsz h,h, + Fr: h?+Fc.h,

17



—2Fc,u, —2Fc,uu, —2Fc,u,u, =0 (2.2.32)

2.2.3. Derivation of the Solution of Linearized Equations

In order to derive the approximate solutions, only the linear terms in the above
equations are firstly considered. The linearized equation of Eq. (2.2.16) becomes

dh, 1
%—EFl(FrO—Z)cfhl:O (22:33)
Rearranging and integrating this equation, the first order linear approximate solution can be
calculated as Eq. (2.2.36).

j %hl =i %Fl(':ro —2)c,d¢ (2.2.34)
Inh, (£)—Inh, (0) = % F(Fr, —2)c,& = %Ylg (2.2.35)
in which, Y, = F, (Fr, —2)c, .

n(£) = (0)erp| 3% | 2236)
Substituting Eq. (2.2.36) into Eq. (2.2.13) gives the first order solution for velocity.

u (&) =Firohl(0)exp(%Y1§j (2.2.37)

The linear equations of Eq. (2.2.17) and (2.2.26) can also be written as follows;

(Fr, +1)(Fr,-2)

h, - Fru, = - y c,h, (2.2.38)
S U o foRc, (2.2.39)
Fr, d&  d¢&

Rearranging these two equations and substituting the solution of h, (5) given by Eq. (2.2.36),
the linear solution for h,and u, can be derived.

b= Lo (Fotd(Fr-2) (2.2.38)
Fr, 4Fr,

by 1 dh, (Fr—2)(Fn-1) dn
Fr, d&  Fr, d& 4Fr, "de

= Flcf hz

18



2Fg, [Fir p, + (Fro +L(FE, _Z)thlj (2.2.39)
0

4Fr,
dh, 1 1 1 "
4z ~2 (o =2)eih, == P (Fr, ~2) cihy - Py (Fr, - 2)cihy (22.397)
Integrating the equation above, the analytical solutions of second order can be derived as
follows:
h2(é:) Zsléexp( 15)"' Haos E‘Xp( 15) (2.2.40)
1
U (8) =5, {st 5exp[ ng+ Hao exp( fj}
0
b (P -2)(Fr+1)e (0 )exp( gj (22.41)
0

where, H, :—% Fr, (Fry —4)c,*h, (0) and H,, =h, (0).

Similarity, the linear equations of Eq. (2.2.27) to (2.2.32) can be expressed as

Fr2 -1
ih3_3u3:_( 0 )%_cfhﬁzquz (2.2.42)
Fr, Fr, d¢&
1 dh, du,

-—— 2 _"3 —-Fc.h,-2Fc.u 2.2.43
FI’O dg dé 1 fh3 1¥fY3 ( )
4 (Fri —1) dn,

—h,-4u,=———+—"2-¢ —2u 2.2.44

FI’O 4 4 FrOZ dg (h3 3) ( )

_ L h du o foRc, (2.2.45)
Fr, d¢ d&

5 (Fry 1) dh

—h -5u.=——“~—"%_¢.(h,—2u 2.2.46

Fr, ° ~° Fr2 dé (he—2u,) ( )
1 dh, dug

-~ 3 _"5 —_Fc.h +2Fc,u 2.2.47

FI‘O d§ d§ 1 th 1¥f¥5 ( )

Applying the same procedures, the higher order analytical solutions can be derived by using
Eq. (2.2.42) to Eq. (2.2.47). The solutions can be expressed as:

h, (f) = H3slcfexp(%Yl§j + Hsszgz exp(%chfj +Hyg exp(%chfj (2.2.48)
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1 1
where, Hg = e (Fr02 —1)C3,l -5 Fr,c,C,s,

o

1{ 1 (FI’02 —1)C3,2 _%Fl’ocfc&“} and Hy, =h, (O)’

* "2 6Fr,

SN

C,, =(1Y12 + Flcfvlj Hae + (Y, +2Fc, )Hy

O
-

2y = (va + Flchlj Hyg

(Fr,

-2
Cys= F—){stl + (1\(1 +2Fc, szG —E(FrO +1)c, (ivl +2Fc, jhl(o)} :
r, 2 2 2

(Fr, —2) 1
C3]4 :F—%{(EYl +2Fc, ] HZ&}'

Us (é) = UsslgeXp(%erj + U352§2 eXp(%Ylf) +U; (O) eXp(%Y1§j (2.2.49)

1 1 1
where, Ugg (&) =2 Ha + 25 (Fi" =1)YiHag + o= (F,~2)C Hag .
0 0 0

1
U382 (f):F_

35, !
Iy

1
6Fr02 (Froz _1)Y1h2 (O)+ 3Fr0 (FrO - 2)Cf h2 (O)
1
e (Fr? _1)H281__6Fr (Fr, —2)(Fr, +1)c,’h (0).

0 0

h,(£)= H451§eXp(%Y1§j +Hys, &’ eXp(%ng + H453§3 eXp(%Y1§j

+Hys exp(%Ylfj (2.2.50)

where, H, =_8%(Fr°2 —1)(34,1—% Fryc,C,,

fo

1 1 1
H452 = E{_8Fr0 (Fr02 —1)04’2 —g FI’OCfC4’5},
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O
N
N
I
N
=<
+
T
_ﬁO
=<
Nl
T
w
%
+
N
=<
+
N
1
g
SN—
T
Rz

B 1
3Fr,

(Fr, —2)(Fr, +1)c, > Hys, +(Fr;—_2)(%vl +2Fc, j H.,

o

1
3Fr,

(Fr,—2)(Fr, +1)c; (%Yl +2Fc, sze

+

aFr (Fr,—2)(Fr, +1)c,? (%Yl +2Fc, ]hl(O),

0

(Fr,—2) 1
Cs= B 2H;s + EYl +2FC; |Hayg
0

_%(Fr0 +1)c, (%Yl +2Fc; ) stl},

Fr, -2 1
C4’6 :(;—%){(EYl +2F1cf ] Hssz}.

Us (96) - U451§eXp(%Y1'§j + U4Sz 52 eXp[%Ylfj + U453 53 eXp[%Ylfj

+u4(0)exp[%Y1§j (2.2.51)
1 1 1
where, U“Sl(g):F_roH“Sl +Fr02(|:r°2 _1)(2H332 +§Y1H331j
L (Fr,—2)c,Hyg —L(Fr —2)(Fry+1)cH,g ,
4Fr0 1 3FI’0 0 0 frr2s
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1 1 1
Uss, (€)== Has, +52 5 (Fry? —1)Y,Hs, + e (P
0 0 0
1
48, (5) ﬁ 48,1

1

1

0,(0) = 2, (0)+ 25 (P —1)(H351 +%Ylh3(0)j

Fr,

1 2 )
2 (—F%Z(Fro ~1)H,q +

+

1
3Fr,

0

0

-2)c; Has,

(Fr, ~2)(Fr, +1)c, Hag +—=—(Fr, ~2)(Fr, +1)c, 0 (0) |

(&)= HSSléeXp(%Ylé:] + Hsszé:2 eXp(%Ylfj"' H553§3 eXp(%Ylfj

1 1
+H534§4 exp(EYlé:j'i' Hse eXp(EYlfj

where, H
0

1 1
- _10?(|:r02 -1)C, 10 1€ Cas:

1 1, 1
Hgs, = 5{_ oFr (Fr0 —1) Cs, 1 FrochS]G} ,

1 1 ) 1
Hes, = 5{_10% (Fro —1)(:5,3 1 Frocfcsj} ,

H5G = h5(0)1

1
(Fr?-1)C,, 1 FrochSVS},

C, =(%le + Flcfvlj Hue +(Yi+2Fc, JHys +2H,g,

Cs 2= 1Y12 + Flchl
' 4
1.,
Csa = _Yl + Flchl
' 4
1,
C5,4 = ZYl + FleYl

Hys, +(2Yl +4Fc, )H452 +6H,,.
Hys, +(3Y, +6FC, )H,s .

H453 '
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1

Cos =| S Va+2Fe Hae —(Yi+4Fc; Ju, (0)+H,g —2U,q
1

Cos = EY1+2Flcf Has, — (Y, +4FC, )U g +2H,5 —4U,q |
1

Cor =| 5 Y+ 2R, Hus, =(Yo+4Fc, JU,s, +3H,s —6U,q |

1
Cop = §Y1+2Flcf H453—(Yl+4|:1cf)u453,

u5(5):Usslfexp(%Yl§j+U532§2exp( l§j+USS§ exp( 5)
+Ugq & exp( Y§j+u (0 )exp( léj (2.2.53)

1 1 1 1
where, Ugg (&) =——Hss +5F7(Fr02 —1)(2H452 +E\(1H451)+€cf (His —2U,s ).
0 0

Uss, (£) :Firo Hys, +%(Fr02 —1)[3H4S3 +%Y1H452]+%cf (Has, —2u432),
Uss, (¢) =Fir0 Hys, +ﬁ(Fr02 —1)(%Y1H483j+%cf (Has, —2Us, )

()= 5 e
u5(o)=FirO ,(0)+ 1r02(F0 1)(H45 +1Yh(0)j

+%cf (h, (0)—2u,(0)).

Substituting Eq. (2.2.36), (2.2.40), (2.2.48), (2.2.50) and (2.2.52) into Eq. (2.2.7) gives:
h(f) =1'0+|:hl( )exp[ 15)}’ +{st SCeXp( 1§j +H,g EXp( 15)}

+ Hsslgexp(%Ylngr Hsszfzexr’( 1§j+ Has exp( lgﬂ

+_H451989Xp( 1§j+H4s§ eXp( 1%:)‘”"4595 EXp( 1‘5)
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+H4Gexp( éﬂ [Hsséexp[ 1§)+Hss§ exp[ éj

+H533§3exp(%Y1§j+H554(§4exp( 15)+H569Xp[ 15)} (2.2.54)

Similarly, Eq. (2.2.55) can be obtained by substituting Eq. (2.2.37), (2.2.41), (2.2.49),
(2.2.51) and (2.2.53) into Eq. (2.2.8).

u(g):l.o{Firohl( )exp( lgﬂ {Flro{stgexp( l<§j+HZGexp( 1§j}

+4ér0(Fr0—2)(Fro+1)cfhl( )exp( gﬂ

+_U35156Xp(%Y1§j+U352§2eXp[%Y1§)+U ( )eXp( 15)}

+_ 4s§eXp[ \15 +U439g eXp( Y§j+u4s§ eXp( 15)

+u,(0 )exp[ 15] T +[U551§exp(%Y1§)+U552(§2exp(%Y1(§}

Wy &8 exp[ Y& +U534§4€XP(%Y1§j+Us(O)GXD[%\G?HTS (2.2.55)

2.2.4. Comparison of Linear Solutions to Numerical Results by MOC

The analytical solutions derived in section 2.2.3 are needed to verify. Therefore,
numerical simulations are conducted to compare the calculated results to analytical solutions.
In order to get the numerical results of linearized equations, MOC can be applied (Chaudry
(2008)). Linearized equations of Eq. (2.2.3) and (2.2.4) are expressed as Eg. (2.2.57) and
(2.2.58) based on the concept of MOC. The characteristic lines for subcritical flows are
expressed in Fig. 2.2.2. The numerical values at the point R can be calculated from the

known values at points P and Q under the initial and boundary conditions.

h=1+6h |, u=1+4u (2.2.56)
D.Ssh D.su

c.! A= 4+ Fr =" =Fr.(6h-248u 2.2.57

f + Dt 0 Dt O( ) ( )
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Dsh _ Ddu
A I_Dt - Fr, [_)t =—Fr,(6h—-206u) (2.2.58)
]
(Sh+ Frdu), —(sh+ Frou), = [ Frc, (sh—25u)dt (2.2.59)
tp
]
(8h—Fr,éu), —(sh—Fréu), =—[ Frc, (sh—26u)dt (2.2.60)

<N S . >

0

Figure.2.2.2. Expression of characteristic lines for subcritical flow.

The results of the analytical solutions are compared to the numerical simulation
results for verification. The comparisons are carried out under the following conditions: the

Froude number, 0.2; friction coefficient, 0.0025; the upstream boundary condition; x=0:
h=1.0+at +a,t? in which, o, =h (0)and «, =h,(0), and the initial condition; t=0:
h=h,=1.0.u=u,=10. h=1.0 and u=1.0 are given as the downstream boundary

conditions.

Fig.2.2.3 represents the water depth hydrographs from analytical solutions and
numerical simulation with the method of characteristics for linearized equations (hereafter
LinearMOC). The upstream boundary condition was given as a quadratic function of
hydrograph with T, =360. From the figure, it can be seen that the results from analytical

solutions with at least h, ~ h, and numerical results are in good agreement, indicating the

validity of the theoretical analysis.
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numerical results. The results up to third order term to fifth order term are shown in
Fig.2.2.3B, C and D. It can be pointed out that they are completely in agreement. It can be
said that the analytical solutions with up to the 3rd order term can be used to consider the

propagation of flood waves along the channel.

in Fig.2.2.4. For these hydrographs, the initial conditions: h(x,0)=1.0 andu(x,0)=1.0

and at the upstream boundary h, =1.0 , h

7¢; = 0.0025,Fry = 0.2,T, = 360,x = 300 A
h0~h2

q LinearMOC
0 200 400 600 t 800

7 ¢ =0.0025,Fr,=0.2,T, = 360,x = 300 C

hO~h4
i = = = = LinearMOC
0 200 400 600 t 800

1.08

1.06

1.04

1.02

11

1.08

1.06

1.04

1.02

_¢;=0.0025,Fr,=0.2,T, = 360,x = 300 B
] ,/ \\
/\ ho~h3
i ,' \\ - - - - LinearMOC
/ \
/ \
- / \
I/ \
] \
4 [ \
I \
/ \
L T = 1
0 200 400 600 t 800
7¢; = 0.0025,Fr,=0.2,T, = 360,x = 300 D
] h0~h5
------- LinearMOC
0 200 400 600 t 800

Figure.2.2.3. Comparison of the analytical solutions to numerical results.

In Fig.2.2.3A, the analytical solutions with h, ~ h, are slightly different from the

The water depth hydrographs along the channel at different locations are also shown

1.6 1 ¢, =0.0025,Fr, = 0.2, T, = 360, A
h x = 300
14 | ho~h2
ho~h3
.......... ho~h4
— - —h0~h5
12 1 - - - - LinearMOC
1 T o I_ — T
0 200 400 600 T 800

h

peak

15
14
1.3
1.2
11

1

Ci =

=1.5184 and T, =360 are used.

0.0025, Fr, = 0.2, T, = 360,
N
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0 200 400 600 t800

Figure.2.2.4. Propagation of hydrographs along the channel.
In order to verify the analytical solutions with the wide range of parameters, the
Froude number, the peak value and time scale of the upstream depth hydrograph, etc are

tested. The hydrograph propagations with T, =360 and Fr, =0.5,0.7 are shown in Fig.

2.2.5.
A 1.5 1 ¢,= 0.0025, Fr, = 0.5, T, = 360 A
14 1 hO~h3 at x = 300
h0~h3 at x = 900
1.3 4 h0~h3 at x = 1500
- — —= = LinearMOC(x=300)
1.2 A - = = = LinearMOC(x=900)
- = = = linearMOC(x=1500)
1.1
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Figure.2.2.5. Hydrograph propagations for T, = 360 with Fr, =0.5and 0.7.

The analytical solutions summing up to 3™ order terms for large values of the Froude
number shown slight differences with the numerical results at the locations far from the
upstream end. The results summing up to the 4™ order term are also shown in Fig. 2.2.6. In
this figure, it can be clearly seen that both the analytical and numerical results are in good

agreement.
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Figure.2.2.6. Propagation of flood waves with higher order terms.

The water depth hydrographs for T, =100 and T, =720 are shown in Fig. 2.2.7 and
Fig. 2.2.8. From Fig.2.2.7, it can be pointed out that the analytical solutions for different
Froude numbers are in good agreement with the numerical results. The analytical results for
T, =720 shown some differences from the numerical results as shown in Fig. 2.2.8. From

these figures, it is pointed out that the analytical results for the hydrographs with larger time

period differ slightly from the numerical results.
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Figure. 2.2.7. Hydrograph propagations for T, =100.
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Figure.2.2.8. Hydrographs along the channel for different Fry.
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2.2.5. Non-linear Analysis

Firstly, the non-linear solutions with 1%t and 2" order terms are derived. In order to
derive the non-linear solutions, Eq. (2.2.16) is rearranged and transformed into the following

equations.

dh, Y,

dé 2 2h1

1/2
inwhich, & = %f,

o__ 3R
2 2(Fry+1)

dh _
i =, —Ph? (2.2.61)

PZ
Y, /2

The first order non-linear solution can be calculated by integrating Eq. (2.2.61).

& dhl _51
Jamny 1%

h,(0)exp(&,)
1-Ph (0)(1-exp(&))

The equations for u, and the first order derivative of U, can be obtained by rearranging and

where, P, =—

h(&)= (2.2.62)

transforming Eq. (2.2.17).

" :ihz—lhl2+(Fr°+l)(Fr°_

2)
c 2.2.63
Fr, 4 4 ofh ( )

c, L (2.2.64)

%_i%_lh%+(Fro+l)(Fro—2) dh,
dé  Frydé 2 'dé 4 fde

Substituting Eq. (2.2.63), Eq. (2.2.64) and Eq. (2.2.13) into Eq. (2.2.26) and rearranging, Eq.
(2.2.26) lead to the following equation.

E:EthrZ(Fr )2 hh, — (Fr +1)(Fry +2)c, Y
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3Fr2 —5Fr +4
+( r,’ —5Fr, + )Ylhf ~3(Fr +7)2Fl he (2.2.65)
16Fr, (Fr, +1) 8(Fr, +1)

For simplicity, Eq. (2.2.65) is transformed into Eq. (2.2.66) and Eq. (2.2.67).

% =R(0,1)h, +R(L1)hh, + R(1,0)h +R(2,0)h? +R(3,0)h’ (2.2.66)

Y, 9Fr,

. . 1
hich, R(0,1)=-%, R(1,1) = , R(L,0)=——(Fr, +1)(Fr, +2)c,Y,,
in which, R(0,1) 5 (11) 2(Fr 41 (1,0) 16( r,+1)(Fr,+2)c,Y,

3Fr.? —5Fr, + 4
R(2,0)=( ¢ o™ )Yl, R(3 ):—3(':r°—+7)'2:1 3,
16Fr, (Fr, +1) 8(Fr, +1)

3—2‘; =h, +R(L1) hh, +R(L0) h+R(2,0) h? +R(3,0) h? (2.2.67)
where, R(l,l)':%/’;), R(10) =%/’20), R(2,0)'=%/’20), R(3,0)'=%/’20)-

In order to derive the second order non-linear solution, the first and second terms on
the right side of Eq. (2.2.67) are firstly considered as described in Eq. (2.2.68).

A

dh,
h

2

= (1+ R(LL) thgl (2.2.68)

where, ﬁz = tentative solution.

Substituting the solution of hl(cfl) given by Eq. (2.2.62) into Eq. (2.2.68) and integrating it,

the second order non-linear solution is calculated as Eq. (2.2.70).

ST

W, 3, ppyy (00(E)
; ![1 R(11) 1Pshl(0)(1exp(§l))}d§l (2.2.69)

O ey

(2.2.70)

in which, c=1-Ph,(0), d =Ph,(0), e=R(11) h(0), f =1, Z, =exp(&).

By considering all terms in Eq. (2.2.67), the second order non-linear solution becomes
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h,(&)=C,(&)h, (Hdz) Z, (2.2.71)

c+d

h,(0)

0)
h (0)

where, C,(&)=R(10

2= 2 2
c? InZ, +2cdz, +dZ -2 d—d—
2 2

!

()()

Then, the water depth hydrographs for the downstream region can be calculated by using
Eq. (2.2.72).

id((cmlzl)2 —(c+d)2)+ R(3,0) %%(zf -1)

=h(&)r+h ()7’ (2.2.72)

Since it is difficult to derive the non-linear solutions with higher order terms, the

numerical method is applied to the higher order terms.

In order to verify the analytical solutions given by Eq. (2.2.72), the numerical
calculation is also conducted using Eq. (2.2.61) and Eqg. (2.2.67) by means of the finite
difference method. Theses equations are expressed as Eq. (2.2.73) and Eq. (2.2.74).

hlk+1 _ h1

R L
ht = ag (R () 2273)
h2k+1 _ h k

Az 2_—h, +R(L1) hh, + R(1,0) h +R(2,0) h?+R(3,0) h?

hzk+1 = hzk + Agl(hzk + R(l,l), hlkhzk + R(l’o), hlk + R(Z’O)’ (hlk )2

+R(3,0)'(h/ )3) (2.2.74)

In numerical solutions, the third order term is included in consideration. For the third order

term, rearranging Eq. (2.2.27) gives

1 h +M%+<Fr‘) )hl% ( 2Fr0+1) hlh2+(FrO_2)C h

BTRCT SRy de | BRp tde Fn(Frel) i s,
1 Fr, +1)(Fr,—2
=P+ 2) (P -1 P 2oy - IR Do g
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u, =U(1,0,0)h, +U (2,0,0)h?+U(3,0,0)h’ +U (0,1,0)h, +U (1,1,0) hh,

+U (0,0,1)h, (2.2.76)

1 Fr, —2)(Fr, +1
in which, U (1,0,0) = T R(l,O)—( h 6|):(r r°+)cf2,
0

—
T
T °™
|
N—

Fr2 -1 _ ~
0(200)-F5 Y p0)_ (Fu+ (FL-Y(F,-2)
3FK; 12Fr,

(Fr,-2)
R(0,1
3Fr,’ (0.1)
1)
( 1 (Fr,-2)
= R(3,0
U (3’0’0) FrOZ ( )+ 4Fr0 3FI’02 2
2
-1 _
U(0,1,0)=( . )R(O 1)+(F;|):r 2)e,
0 0
u(110)=(Fr°2_l)R(11)+M
a 3Fr? " FR(Fr, +1)
U(0,0,l)z%.
0

Rearranging and substituting into Eq. (2.2.28), the differential equation of the third order

term can be obtained as follows;

%:_%{H (1L0,0)h, + H(2,0,0)h? + H(3,0,0)h* + H (4,0,0)h

+H (5,0,0)h° + H(0,1,0)h, + H(0,2,0)h,” + H(11,0)hh,

+H(2,1,0)h’h, + H(31,0)h’h, + H(L,2,0)hh,* + H(0,0,1)h,

+H (lO,l)hha} (2.2.77)

where, H (1,0,0) = < (|:2roF-r:1) c, + R(O,l)>U (1,0,0)+R(1,0)U (0,1,0),

—SFr, 2Fr,
H(2,0,0 _<(Fr0+1)2 +P2>U (1,0,0)+<(Fr0+1)cf +2R(O,1)>U (2,0,0)

33



+R(2,o)u(0,1,0)+R(1,0)<U(1,1,0)Jr (Fr,+4) >

Fr,(Fr, +1)
+(Fr°_2)(Fr°+4)ch(o,1)+(Fr0_2)cf2,
4Fr, 2Fr,
—SFr, 2Fr,
H(3,0,0)= 0~ +2P, )U(2,0,0)+(—2~c, +3R(0,1) )U(3,0,0
(00)- {7250 m u(200)+ [ 2 <m0 (a00)
(Fr,+4) 1
R(3,0)U(0,1,0)+R(2,0)(U(L10 — R(0,1
“R(3010(020)+R(20)u 10+ 105 L (0
+(Fr°_2)(Fr°+4)cfP2— 1 Cf_?,(Fro—z)Cf
4Fr, 2Fr, (Fry +1) 4(Fry+1)
(Fr0—2)2 2
— 3 Cf,

H (4,0,0)= <(F_r5iri)2 +3p2>u (3.0,0)+ R(3,0)<U (LLO)+ F(rOF(rIOZ:; 1)1)>

1, (Fr-2) c, + 3 ¢
2 f 2 Yf
2F, AP 1) a(r 1)

" (5'0’0):_8(Fr1+1)2 ’
H(0,1,0) = <(F2r::ffl)cf " R(O,1)>U (0,1,0).
H(O'Z'O):_(|:r4+1)2 ’

H(11,0)= <(Fr5ir;)2 + R(1,1)>U (01,0)+ <(F2r1:21) c, + 2R(0,1)>U (11,0)

G N (o P S
Fry(Fr, +1) 2(Fr, +1) Fr,(Fr, +1)

H(2,1,0)= <% +R(11)+ P2>U (1,1,0)
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7 (Fh-2) ., (Fr+5)

(Fr,+4)

2(Fr,+1)  (Fr,+1) " Fr(Fr,+1) ’

1
H(3’1’0):(Fr +1)°
0
2
H(1,2,0)=—(Fr 7
0
2Fr Fr,
H(0,0,1)= 0 Uu(0,0,1)- 0 ,
(0.0.) (Fr0+1)cf (0.0) (Fr0+1)cf
—5Fr, 7
H(10,1)= ° _U(0,0,1)- .
(10.) (Fr, +1)° (0.0.) (Fr, +1)°
For simplicity,
dh, 2 Fr

Fry(Fry +1

—>x—2{H(10,0)h +H(2,0,0)h* +H(3,0,0)h’+H (4,0,0)h*

dg Y, 2

+H (5,0,0)h° + H(0,1,0)h, + H(0,2,0)h,” + H(11,0)hh,

+H(2,1,0)h’h, + H(3,1,0)h’h, + H(1,2,0)hh,* + H(0,0,1)h,

+H(1,0,2)hh,}

)R(l,l),

(2.2.78)

Using the finite difference method, the third order non-linear solution is calculated.

2 Fr,

b+t = b —A§1—x7{H (L0,0)h* + H(2,0,0)(h*) +H(3,0,0)(h*) +

Yl

H(4,0,0)(h*)" +H (5,0,0)(h*) +H (0.L0)h* + H (0,2,0)(h*)

+H(LLO)h N + H(2,40)(h*) h +H (31,0)(h*) h* + H(L.2,0)h (n*)

+H(0,0)hf + H (LO)h*h,}

(2.2.79)

From the equations described above, the water depth hydrographs can be calculated as

follows;

h — hlk+lz_ + h2k+12_2 + h3k+lT3

(2.2.80)

The nonlinear solutions from Eq. (2.2.72) and the solutions obtained using numerical

calculations by means of finite difference method from Eq. (2.2.80) are shown in Fig. 2.2.9.
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These water depth hydrographs for T, =100 and T, =360 are

hydrographs from linear analytical solutions. The non-linear

also compared with the

analytical solutions are

different from linear analytical solutions and it pointed out that the differences are caused

by the nonlinear effect. From Fig. 2.2.9, it can be seen that the

calculations show oscillation between the left side and right si

solutions with numerical

de of the linear solutions

according to the power terms added. It is expected that considering the higher order terms

on 7 may result in the convergent solutions.

A

1.10 - ¢; = 0.0025, Fry = 0.2, Ty = 100, hgpeq = 1.0875
h —— h0~h2 numerical
1.08 1 —— h0~h3 numerical
------- non-linear
1.06 -
—— h0~h2
1.04 - ==~ ho-h3
—--—h0~h4
1024 , N\ \ N === hO~h5
1-00 T T 1
10 60 110 160 t 210
L10 - ¢ = 0.0025, Fry = 0.2, Ty = 360, hypeq = 1.0875 B
h ——— h0~h2 numerical
1.08 - hO~h3 numerical
------- non-linear
1.06 1 ho~h2
Loa ] ----ho~h3
— .- —nh0~h4
124 /N e ho~h5
1.00 T T T T T 1
0 100 200 300 400 500 t 600
Figure. 2.2.9. Non-linear analytical solutions at x= 100.

2.3. Numerical Simulation of Shallow Water Equations

2.3.1. Calculation of Non-linear Numerical Solution

In order to calculate Eq. (2.2.3) and (2.2.4), directly considering its non-linearity,

one of the higher order numerical scheme (second order), the Lax-Wendroff scheme

satisfying the TVD condition (TVD-Lax-Wendroff scheme) is applied for simulation. The
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shallow water equations are transformed into the equations which are satisfied along the

characteristic line.

o) e B

0 0

These equations are solved for every h"™ and u"" by using the upstream boundary
conditions h" and u," and the initial conditions at t =0 (h*,u,') where i =1~i,., indicate

the number of grids along the spatial axis and n=1~n_ ., along the time axis.

end !

N /

>
0 1 i-1 i i+l M1 M
Figure.2.3.1. TVD-Lax-Wendroff Scheme
[TVD-LW Scheme]
n Fr, At ’
h"t = {\/ﬁ, - TOA_(FIUXDl_ FluxD2 — FluxU1+ FluxU 2)} (2.3.2)
X
(ur)
u™ =u’ —%%(F|UXD1+ FluxD2 — FluxUl— FluxU 2) + At x ¢, 1—# (2.3.3)
X .

o on {0 )
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— S U —u
I ) -

CELMIT L Abs| us Y| 1 s ( AL[ 4 2
2 Fry ) AX Fry )

(2.3.49)

(2.3.4b)

(2.3.4¢)



)

+FLIMIT x%x Abs[u —ﬁ] 1- Abs ﬁ(u - ZJH]

Fro ) AX Fr,

oo (o) 2 ()

><<(ui" _u‘n‘l)_%(ﬁ SN )> (2.3.4d)

in which, FLIMIT = flux limiter. MINMOD function is used as a limiter function.

Fig. 2.3.2 shows the comparison of the analytical solutions methods to numerical

results with ¢, =0.0025, T, =360 at some locations along the channel. Some differences

between the linear solutions and non-linear solutions are detected. Although the analytical
solutions and numerical results are in good agreement, the nonlinear results from TVD-LW
method are slightly different from analytical solutions and linearMOC results. It is pointed

out that these differences are attributed to the effect of nonlinearity.
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0 200 400 600 800 1000 1200 t 1400

39



1.6 1
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h 15 4 h0~h3 at x = 204
hO~h3 at x = 510
14 A hO~h3 at x = 1020
- - = = LinearMOC(x=204)
1.3 A - = = - LinearMOC(x=510)
- = = = LinearMOC(x=1020)
12 - = = =TVD_LW(204)
- = =TVD_LW(510)
11 - - = =TVD_LW(1020)
l -‘.\:_l--sl-_-l---l---l-- 1
0 800 1000 1200 1400 1600 1800 t 2000

Figure.2.3.2. Comparison of results from different analysis.

Fig.2.3.3. represents the comparison of hydrographs with T, = 720 and different
Froude numbers at different sections of the channel. The analytical solutions with large T,

are not compatible with the results from linearMOC and nonlinear TVD-LW for

downstream region far from upstream boundary.
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Figure.2.3.3. Comparison of results from different analysis for T, =720.
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2.4. Summary

The propagation of a hydrograph in sub-critical flows was studied by using shallow

water equations without neglecting the inertia terms and the friction term. For simplicity,

the linear terms were considered at first and the results were compared with the numerical

results from linearMOC method. The linear solutions with up to the fifth order terms of the

series expansion series were compatible with the numerical results. It can be pointed out that

the solutions can reproduce the basic features of the hydrograph propagation. The new

findings are summarized as follows:

1.

The analytical solutions of linearized equations can reproduce the hydrograph
propagation with small amplitude and time period.

The solutions can also be applied for the hydrographs with different Froude numbers
in sub-critical flows.

The power series expansion with at least up to third order terms should be considered

to realize the reasonable accuracy.
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CHAPTER 3

REPRODUCTION OF FLASH FLOOD USING A DEPTH
HYDROGRAPH AT ONE SITE BASED ON THE LINEARIZED
SHALLOW WATER EQUATIONS

3.1. Objectives

In the classical theory on unsteady open channel flows based on the Method of
Characteristics (hereafter MOC), it is well known that one depth-hydrograph or discharge
hydrograph at the upstream boundary and another one hydrograph at the downstream
boundary of a river section are needed to simulate flood flows in the subcritical flow
condition. On the contrary, Hosoda et al. (2011) pointed out that it is possible to reproduce
flood flows in the subcritical flow condition between the upstream and downstream
boundaries of a river course using only one depth hydrograph observed at the middle site of

a river course.

In order to prove the possibility of this inversion analysis, Hosoda et al. (2011)
considered a simple unsteady open channel flow in subcritical flow condition shown in
Fig.3.1.1 and Fig.3.1.2. Then they derived the appropriate solutions of the depth hydrograph
with the non-linear effect of the shallow water equations under the boundary conditions
shown in Fig.3.1.1 and Fig.3.1.2. It was theoretically shown that the two boundary
hydrographs can be reproduced using the appropriate solutions at the middle site of a flow

domain.

Introducing the small parameter & =h/L, the depth h and the velocity u were

represented as the following Eq. (3.1.1) and (3.1.2).

(3.1.1)
U=el, +&U, +..... (3.1.2)
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Under the boundary hydrographs given as Eq. (3.1.3) and (3.1.4), substituting Eq. (3.1.1)
and (3.1.2) into the shallow flow equations and applying MOC lead to the solutions of h and
uat x=L/2:

|k

Figure. 3.1.1. Still water

h1A X hlB
Figure.3.1.2. Networks of characteristic lines.
h,=oty, ¢« :constant (3.1.3)
hg =ats, - constant (3.1.4)

The value of h. and the first order derivative of h with respect to time at C can be
denoted as Eq. (3.1.5) and Eq. (3.1.6). It can be pointed out that the coefficients of «,, and

a,, can be independently determined by using these values of h. and %h using Eq.(3.1.5)

C

and Eq. (3.1.6).

t,
h|c =y +&(oy, +oyy )ty +&° {4 0Oy + 4h0\/—(0‘1u +ay,” } (3.1.5)
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oh
ot

t 3 L
= 8(a1u + ald)+82 {ialuald +Zm(0{m2 +a1d2)} (316)
C

t, J} oy,
c

tAj =0 (3.1.7)

4
[ e P S PTIRT | [
ot | ot

4h,\[gh,

,12Lh, (ho_hc oh

Jon U0

Eqg. (3.1.5) and (3.1.6) also show that «,, and «,, cannot be calculated uniquely without

considering the non-linear terms because of Eq. (3.1.8).

0
he = (o, + gty % =0, T Qyy (3.1.8)

C

These considerations indicate that the upstream and downstream boundary
hydrographs can be reproduced if the water depth and the time derivative of depth at one
site between the boundaries are known. It can be pointed out that it is possible to determine
the unsteady flows during floods in the entire river course by using one depth hydrograph at
one site between the upstream and downstream boundaries.

Since the bottom shear stress and bottom slope terms were neglected in the analysis
mentioned above, it cannot be concluded yet whether the linearized shallow water equations
with these two terms are applicable to the inversion analysis of flood flows in a river section
with one hydrograph. In chapter 3, considering supercritical unsteady flows, the
reproduction of the depth and velocity hydrographs at the upstream boundary is tested using
the linearized shallow water equations using only one depth hydrograph observed in the
downstream.

The non-dimensionalized shallow water equations are firstly transformed into the
linearized equations considering the derivations of depth and velocity from the uniform flow.
The analytical solutions of the linearized equations are derived based on MOC and are
verified through the comparison to the results of the numerical simulations. It is finally
pointed out through the theoretical considerations of the analytical solutions obtained in
chapter 3 that the depth and velocity hydrographs at the upstream boundary for subcritical
flows can be reproduced in principle using one depth hydrograph at one site in the

downstream region.
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3.2. Theoretical Background
3.2.1. Basic Equations

In order to resolve various problems related to unsteady open channel flows in rivers
and man-made channels, the shallow water equations, so called the Saint-Venant equations,
have been utilized in the hydraulic engineering field from old times. The one-dimensional
shallow water equations consist of the depth averaged continuity and momentum equations
with depth and velocity as unknown variables. Referring to the schematic illustration shown
in Fig.3.2.1, the basic equations are denoted as Eq. (3.2.1) and Eq. (3.2.2).

[Continuity Equation]

ch ohu
— 4+ —

—=0 3.2.1
ot oXx ( )

[Momentum Equation]

2
8—q+8u—q+gcoseg h = ghsing—c, u? (3.2.2)
ot ox ox\ 2

where, x = the spatial coordinate,
t = the time,
h = the water depth,
u = the depth averaged velocity,
g = the gravity acceleration,

6 = the bed slope

¢, = the friction coefficient.

In this study, c, is assumed to be constant.
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Figure.3.2.1. Description of symbols and coordinate system.

Using Eq. (3.2.1), Eg. (3.2.2) can be converted into the differential form as Eq.
(3.2.3).

2
a—u+ua—u+g@cos¢9=gsin(9—cfu— (3.2.3)
ot OX OX h

3.2.2. Formulation based on MOC

Calculating the characteristic lines of Eq. (3.2.1) and Eq. (3.2.3), according to the
definition of a characteristic line, it can be shown that the basic equations are classified as
Hyperbolic Type. Using a matrix form, Eq. (3.2.1) and Eq. (3.2.2) can be expressed as Eq.
(3.2.4).

N, aY_p (3.2.4)
o ax

where, U, A and B are defined as follows:
0

h u h
U= , A= y B= . u2 .
u gcosé u gsme—ch

Introducing the coordinate transformation from (x,t) system to (&#) system, Eq.
(3.2.4) is reduced to Eqg. (3.2.5).

(I%+A%j@+(la—n+Aa—nj%:B (3.2.5)
ot ox ) 0& ot ox ) on
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Discontinuity of oU/oy
can propagate
along # = constant line.

5 (&= constant)

/

¢ (n = constant)

w

Figure.3.2.2. lllustration of the definition of a characteristic line.

Suppose that U is given along & axis where 7 is constant. Referring to Fig.3.2.2, a

characteristic line is defined as a line where the derivative g—u cannot be determined
n

uniquely. This definition indicates that the first derivative of U with respect to 7, Z—U can
n

be discontinuous along a characteristic line although the values of U are continuous. This

definition is mathematically denoted as follows:

det(A-i— I Mj =0

on/ox
: on/ot . : e .
Since _8—/ax is the gradient of a tangential line to a # = constant line, the
n

characteristic lines % are given by Eq. (3.2.6) as the two eigen values of A.

+

Lz% =u=+./ghcosd (3.2.6)

+

The eigen vectors u, for % are also given as Eq. (3.2.7a) and Eqg. (3.2.7b)

+

h
u, = (1, /gcoseJ (3.2.7a)
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,u_z[l,— h J (3.2.7b)
gcosé

Multiplying the eigen vectors by Eq. (3.2.4) on the left side, the relations which are
satisfied along the characteristic lines can be derived as Eq. (3.2.8) and Eq. (3.2.9).

U . U
1 E B 3.2.8
ﬂ‘(@t -axj = (3.2.8)

oh oh h ou ou
5+(ui,/ghcos¢9)&i (E+(uiwlghc039)&)

gcoséd

h u’
=+ gcose[gsme_cf F] (3.2.9)

These formulations indicate the computational method how to set the boundary

conditions at the upstream and downstream ends.

For subcritical flows, the characteristic lines which reach the upstream boundary
give one relation with hydraulic variables in the downstream and the characteristics which
reach the downstream boundary provide the information of the upstream region. Thus, one
boundary condition as water depth hydrograph or velocity hydrograph at the upstream
boundary and another boundary condition at the downstream boundary are required to
calculate the hydraulic variables between two boundaries. For supercritical flows, all
positive and negative characteristics are emerged from the upstream region giving the
information for the entire regions. Therefore, both two boundary conditions at the upstream

end are required to produce the hydrographs for the whole region.

3.3. Derivation of Appropriate Solutions for Flash Floods
3.3.1. Theoretical Formulation

In this study, one dimensional shallow water equations for unsteady flow are used as
the governing equations. It consists of continuity and momentum equations and in the
momentum equation, the friction coefficient is considered as constant. These equations are
already given in Eqg. (3.2.1) and Eqg. (3.2.3).
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The equations in the non-dimensional form are represented introducing non-
dimensional variables. By using the following relationships, the governing equations in Eq.
(3.2.1) and Eqg. (3.2.3) can be transformed into Eq. (3.3.2) and Eq. (3.3.3).
X'=Xx/hy,u'=u/u,,t'=tu,/hy,h'=h/h,
gh,sin@=c,u,’ (3.3.1)
where, h, is the uniform flow depth and u, is the uniform flow velocity of the base flow in

super-critical state.
[Non-dimensionalized equations]

oh” oh'u’
+
o' ox

=0 (3.3.2)

ou ,ou 1 oh u'2
U = (-
ot X' Fr,” ox h

) (3.3.3)

where, Fr, is the Froude number in which. Fr, =u, / /g cos&h,

Hereafter, “'” which indicates non-dimensional variables is omitted.

Based on the perturbation method, h and u can be described as the following with

the perturbation parameter e.

h=h, +éh +&°h, +..... (3.3.4)

U=Uy +e&l, +&°U, +..... (3.3.5)

where, ¢ = h,/Land L = length scale of the study reach.

By substituting the above two equations into the non-dimensional shallow water
equations Eq. (3.3.4) and (3.3.5), the equations of the first order on ¢ are obtained as follows:

oo O au ohy

: =0 (3.3.6a)
ot OX  OX

ou, ou, 1 oh
e s B —L=—c,(-h +2u 3.3.6b
8’[ 5 Fr02 ax f ( 1 l) ( )

Since the super-critical condition is considered, the water depth hydrograph and

velocity hydrograph at the upstream boundary are given as power series on time. Introducing
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¢, as asmall parameter, unknown variables h, and u, are approximated as Eqg. (3.3.7) and

Eq. (3.3.8).
hy =hyg+Cchy +¢"hy, + (3.3.7)
Uy =Upg +C Uy +C; Upy +-+- (3.3.8)

Eqg. (3.3.9) to Eq. (3.3.11) can be obtained by substituting h, and u, equations in Eq.

(3.3.6a) and Eq. (3.3.6b) and setting the relations with the same power for c, to be zero.

c 0. ath + aulO + ath

: ~0 3.3.9a
"at ox ox ( )

ou,, N ou, N 1 oh,

=0 3.3.9b

ot ox  Fr,> ox ( :

¢t ohy, + Uy, n ohy, ~0 (3.3.109)
ot OX OX

aUll + 8u11 + 1 8h11 _ hlo _ 2U10 (3.3.10b)

ot ox  Fry ox

sz:ahlz O, ohy, g (3.3.11a)
ot OX OX

(’)ulz + 8u12 + 1 8h12 _ hll _ 2U11 (3311b)

ot ox  Fr, ox
3.3.2. Derivation of Analytical Solution
At the upstream boundary, h,, and u,, are given as the boundary hydrographs as Eq.

(3.3.12) and (3.3.13). The quadratic equations are assumed as the boundary hydrographs.

h,,,u,,,h,and u,, are set to be zero.

h, = ot +at’ (3.3.12)

u, = Bt + Bt (3.3.13)
These hydrographs with parabolic shape are shown in Fig.3.3.1. In the calculation

process, the time period of the water depth hydrograph are considered as the same (T, =T)

as one of velocity hydrograph.
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Iy Ahp i)y Aup

Figure.3.3.1. Upstream boundary hydrographs

The peak values Ah, and Au, are shown in Fig.3.3.1. T, and Tu, are the times at

which the peak values occur. By using MOC, Eqg. (3.3.9) to Eqg. (3.3.11) can be transformed

into the following equations.

c,® A, DE)TO 1 Fr, DE;N -0 (3.3.14a)
A DDTO —Fr, DD“th -0 (3.3.14b)
et A DE)TM + Fr, DE;“ — Fr, (h,, — 2u,,) (3.3.15a)
A -DTT“ —Fr, DD‘:“ — _Fr, (h, — 2u,,) (3.3.15b)
c,2 A DE)TZ T Fr, DE)“tlz — Fr, (hy, — 2U,,) (3.3.16a)
A DD':“ Cpr, DY n o ouy) (3.3.16h)

For higher order analysis, the same procedure can be applied as the mentioned above.

The derivation D, /Dtalong the characteristic lines can be defined as following;

Dt ot | Fr, )ox

Eq. (3.3.14) to Eq. (3.3.16) are applied to derive the solutions for the region between the
characteristic lines emerged from O and t = Te.
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th

Figure.3.3.2. lllustration of characteristics lines and regions

3.3.3. Derivation of Solutions for Triangle Region (AOGE).

Based on MOC, the derivative D, /Dt is 1+1/Fr, throughout the characteristic lines
and the values of h,, + Fryu,, are constant along the characteristic lines. The approximate

solutions for the triangle region can be obtained using the following procedures.

The values of h,,u,,,, hos and u,, atthe upstream boundary are given as follow:

hoa = ity + sty (3.3.18a)
Up = Bita+ Pots” (3.3.18h)
hos = o4ty + ats? (3.3.19)
Us = Bits + Boty” (3.3.19h)

The solutions for h,, and u,, at N along the characteristic lines can be obtained by using

MOC.

Non + FloUioy =Moa + FloUiga (3.3.20a)
hon — FloUyoy =M — Flolios (3.3.20b)
hoy = %{hmA+th +F Uy, Uy )} (33.21a)
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1

Uy = ﬁ {hloA _thB +Fry (uloA + Uy, )}
0

hyon = % {tA (o, +Fr,3) +tA2 (az +Fr5, )+tB (, —Fr,j) +th (a2 —-Fnf; )}

1
Upy = ﬁ{tA (o + Fr, B) + tAZ (az +Fr 5, ) —ty (- FrB) _tBZ (0{2 -Fr5 )}

0

(3.3.21b)

(3.3.22a)

(3.3.22b)

For h,,and u,,, h,, and u,, values are substituted into the integrated equations and

the calculation procedures along the lone between A and N are in Eq. (3.3.23)~(3.3.25). The

values of h;, and u,, are set to be zero at the upstream boundary.

N D N
[, Db+ Fryug)dt=hy, o+ Fru, —hy - Fru, = Fr [, (hgy —2u,,, )t

heodt=["{ t, e, +FLA) + 2 2 (e, + FrA) 1ty S (o, - FLA)
J‘A 10N’ _-[tA{ Azal By A &, P B * o,

1
+tg° E(oc2 —Fr,z,) Jdt,,

J.AuloN‘ _J.tA{ Aﬁ(al"' 0ﬂ1)+AH(az+ Bo)— B’H(O‘l_ - B)

0 0

1
~t,° o (o, — Fr,f3,) Jdt,,

1
h, + Fru,,, = Fr, {(AAO —2AB, |t —t,)+(AA —2ABl)E(tN2 —tAz)

1
- (an, - 208,) 56 10|
in WhiCh’ AAO ztA(|1+ + X1|17)+'[i(|2+ + X12|27) ’ AA1 = _2X2|1+ _4X1X2tA|2—'

1 1
AA, =4X,%1, , AB, :tAF—(I1+ Xl ) +t3 ——(1,, = Xq1,.),
Iy Fr,

1 1 1
AB; =2X, — - +4X Xty —1,_, —AX2Z .
1 25t 1 2AFro 2-1AB, 44X 1,

o rh =
1 1 1 1
I E5(0‘1 +FRB), 1 EE(O’l -Fr B, EE(“z +FrB,), 1, EE(O‘Z Fr.3,)
1+(]/FI’0) ]/FI’
X, = X, = 0t =Xt 2X b = Xt +2X ..
1 1—(]/FI‘0) 2 1_(]/Fro) B 1A 2N B 3*B 4*N

53

(3.3.23)

(3.3.24a)

(3.3.24b)
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Similarly, the calculation procedures from B to N along the negative characteristic line are
shown as follow:

ND N
[, D = Frou )t =y, = Frouy, —hyy, + Frouy, = —Fr, [, (hg—2u,)dt (3.3.26)
N N 1 1 1
J.B thN"dt = J.ta { ts. E(al +Fr0ﬁ1) +t§' 5(0‘2 + Froﬁz)"'ts E(al - Froﬁl)
)1
+i, E(az —Fr,3,) Jdt,. (3.3.27a)

N ty 1 , 1 1
IB Uy -dt = J.ta { ts. E(al +FrB) +15. E(az +FrB,) -t E(al -FrA)

—t,° %(a2 —Fr,3,) ldt,. (3.3.27b)
1
h11N - FroullN = _Fro {(Aco _ZADO )(tN _tB)+(ACl _2AD1)§ (tN2 _th)
1035 3
+(AC, —2AD2)§(tN ~t, )} (3.3.28)

where, AC, =tg (I + X3l )+t (1, +X31,,) , AC =2X 1y, +4X X tgl,,

2 1 1
AC2=4X4|2+’ ADO:tBFirO(_Il_+X3Il+)+tél:7ro(_|2_+X§I2+)1
1 1 , 1
AD, =2X, — |,  +4X Xt —1I,, AD, =4X; —1
1 4 FI’O 1+ 37M4'B FI’O 2+ 2 4 Fro 2+
X El_(]/l:ro) X = ]/Fro
UL+ (YFR) 1+ (YFr)

Thus, the calculation for h;, and u,, at the intersection of two characteristic lines N are

given as Eq. (3.3.29a) and (3.3.29Db).
My =; FrOH(AAO —2AB, )t —t,)+(AA —2ABl);(t§, —t2)+ (AA, —2ABZ);(t§ —tf\)}
—{(Ac:0 —2AD, Xty —tB)+%(Acl —2AD, t,? —ts%)
+L(ac, 200, _t;)H (3:3.292)

Uppy =%|:{(AAO _ZABO)(tN _tA)+(AA1 _ZABl)%(tﬁl _txzx)+ (AAz _ZABz)%(tij _ti)}
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+{(Ac0 —2AD, \t,, —t, )+%(Ac1 —2AD, )ty % ~t7)

+:1)’(AC2 —2AD, t,° —t;)H (3.3.29D)
t, and t, are replaced by t, and x, with the relationship of

XN XN - - -
ty =t, +—N =, +—N___ resulting in the equations of and u
NTAT LR W) B 1-(/Fr) g q i gl

2 3 2 3
1(X 1(x 1(x X 2
- :Fr{—z(F’:] J1+2[F’z] J2+2[F’IJ XZFE'“‘_LFTJ X2F3I2_[X1—3X2]

2 2
+tN{1X—NJ1 —[X—NJ 3, —)I(:—N x2F3|1+()::—Nj X,F,1, (3X, —2x2)}

Fl 1 1

1x X
+t§{§?j32 Jr?“l‘szslzf(—zx1 +2X2)H

2 3 2 3
X X X X
| LX) ke 2k S ) ey o 2] xR [ X+ 2 X,
2\ F, 2\ F, 2\ F, F, 3

2 2
+tN{1XNK1 —(XNJ K, +’|(:—Nx4|:4|1+ —(’I(:Nj X, F,1,, (3X, +2x4)}

2 F2 FZ 2 2
21X kAN xR, (2K, +2X,) (3.3.30)
2 F, F,

2 3 2 3
1 (X X X X 4
Uppy, :F_%[(FTJ JS—[F’:J J4+[FN1J X2F5I1+(F’:J Xst|z(—2X1+§xzj

2 2

X X

+tN{__N 3{%] J4—XF—N2x2F5|1_+(XF—Nj x2F5|2_(6x1—4x2)}
1 1 1

+tf,{—)l(:—NJ4 +4’|(:—Nx2|:5|27(— x1+x2)H

1 1

2 3 2 3
PR koA K 2] xR, | X4F6I2+(2X3+4X4j
Fr, || F, F, F, F, 3

2 2
+tN{—X—NK3 +2(X—NJ K, —2)::—N X, F.l. +(X—NJ X,F,l,.(6X, +4x4)}

F2 FZ 2 2
+tN2{—)|(:—”K4—4);—“X4F6|2+(2X3+2X4)H (3.3.31)
2 2

55



1 1 -
where, F,=1+—, F,=1-— ,F, = 02 p P2 1 o, 1
Fr, Fr, Fr, Fr, 2Fr, 2Fr,
J=Fyly, +X,Fsly, Jp =Fyly + XPFsl, 3, =R 1, — X, R,
J4EF6|2+—X12F5|2_,KlEF3|17+X3F4|1+,K2EF3|2_+X§F4|2+,
K,=—F]l,_+X,Fl.,K,=-Fl, +XF]l,,.
h,, and u,, are also transformed using the same way.
X X X, ) X, ) X X
==, M- | ]t | 1, =21, =21,
thN 1+ Fl 1- Fz 2+( FlJ 2[ FZJ N[ 1+ 1- 2+ Fl 2- sz
+t0(1,, +1,) (3.3.32)

2 2
1 X X X X
Uy =+——| = I [ =5 [+ 1| 25 [+ 2 1, - =25
. Frol 1+[F1] 1_[':2] [Flj i [sz
Xn Xn 2
+tN{Il+—I1_—2(—JI2++2(—jl2_}+t,\, (|2+—|2_)} (3.3.33)
Fl I:2

Substituting h;, and u,, into the righthand side of integration equation leads to the

solution of h,,.

3 4
1 X 1. 1 xy ) (1 2, 1
. =2|:r{(|:r0 4){%} (—4J1+3X2Fgll_j+(|:’zj (4J2 +x2|:3|2_(—3x1+2x2D

~()

3
—(Fr, + 2){(’;—“] (—% X,’K, +%@+ zxzjlel —%(1+ 2X2)X2K1J

1

2

2
X
o S e

4
X
s
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3
+(ij (_2x13K2+2@+3xz)X12Kz—§(1+3X2)X1><2Kz+2(1+2X2)X22K2j]
1

() o v
1

2
+[XNJ (3 XK, _2[;+3x2jxﬂ<2 (L4 3X,)X XK, ~ 3L+ zxz)x;szj

HNS{[XNJ( %X “ +(2+3XZJX12K2_(1+3X2)2X1X2Kz+(1+2x2)2x22sz]

M\H

{(XN] CX X, F L, +2X, PR, + 3(1 4%, )X, F4|1+)

F
(Xl‘
1

-

(2X X, F.l,. - 6X22F4I2+—%(1—12X22)X4F4I2++(1—4X22)X42F4I2+)

[(X? 2X, X, F, 1y, —6X,°F,1,, — (1 4X, )X F4'1+)

[ [( o8 aftax,x, ]x4]F4|2+JJ
t( X, + 4%,)%, + (- 4%,2 ), L)
(=) <<<6x1-3ox2>x2+<s<1-4x:>x4-4<1-1zx:>>x4>F4|2+>}

[ 2, stz e, e b e, )
+;{(XTJ“[[(le_axz)x;+(8x;_;(HSX;)XJXAJWHJ

+tN([T:TJ3(((—6xl +24X,)X,° +(—32x23 +2<1+8x23>x4)x4)F4|2+)]
+tN2[(X_Nj2(((6xl 30X, )X, +(48X,° ~3ft+ 8X23)X4)X4)F4|2+)J

-

B T K |
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3
X 1 1(1 1
—(Fr, -2 Nj (—x K +(—2x jx J+=([1-2X,)X,J J
0 ){(FZ 2 3™ 2 2 4 3vY1 3 4 4¥1

4
[ [t boon s Zocsnamna, oz

, )\ 2

+t, [(gjz(xsKl +[—2@—2x4jx3 —(1—2X4)X4JJ1]

+1,2 [X_Nj(_%xsKl +[%—2X4JX3J1 +(1—2X4)X4J1J

2
+[XN (2x3K2-2(;-3x4jx3232-4(1-3x4)x3x432-3(1-2x4)x42J2)J
1 1 2 2
—EX3K2+ §—3x4 X223, +2(1-3X, )X, X I, +(L-2X,)2X,°J,
1 X ’ 1
+E{(F—NJ [x3x4F3|1_ +2X,°F,l, —§<1—4X42>X2F3I1_j
(sz 2X3X4F3I2_—6X42F3I2_+%(1—12X42)X2F3I2_+(1—4X42)X22F3I2_)

H J _2X,X Rl —6X 2R, + 14X, X, F 1, )

>

N

|

(( (6X, +24X,)X +(—2<1—12x42>—4<1—4x42>x2]x2JFQ|2J]

T

2

J
[ (x +ax )X, —-4x,2)x, )R, )

2

(X—”J —6X, —30X, )X, +(6L-4%,? )X, +4(1—12x42))x2)|:3|2)]

+tN3[(XNJ(((2X3+12X4) +(-2h-12x,2)-4h-ax 2 )X, )XZ)FSIZ_)J}

2
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4
+;{ ’;NJ [((2x3 16X,)X,’ +[8X43 —;(1—8X43)XZJX2JF3I2_J
2

(s i)

2
+tN2((X_Nj (((6X3+30X4)X42+(48X43—3(1—8X43)X2)X2)F3I2)J
x. V(1 1 xo ) (1 2 1
+(Fr, + 2K | = (—K -=X Fl+j+[“‘] (K +(X +=X JX F,1 J
( 0 >{( ZJ 4 1 3 47 471 F2 4 2 3 3 2 4 4% 472

2
+tN2[[)I(:NJ (i Kl+x3x4|2++X42F4|2+jJ}:| (3334)
2

Finally, the water depth hydrograph at the downstream locations can be obtained by

adding the values of h,, h, and h, .

h=1+4h, Ah=e(h,+c,h,+c,h,,) (3.3.35)

As the objective of this research is to study whether the two hydrographs at the
upstream boundary can be reproduced using the one observed hydrograph data at the middle
site of the river or not, it is necessary to test inversion analysis using the theoretical equations
obtained here. In view of the inversion analysis, Eq. (3.3.34) indicates that the two boundary

hydrographs of depth and velocity with 4 parameters can be reproduced if the peak value

h., the time of occurrence t, of h,, d’h,/dt® and d°h,/dt®are known in AOGE region.
Since Eq. (3.3.34) includes the terms with t,*, 4 parameters can be calculated using h;, t;,
d*h, /dt? and d*h, /dt>.

The calculation results of Eq. (3.3.35) are shown in Fig.3.3.3. In the results of the
perturbation equations, a slight difference between 4h and h,, can be seen because of the

effect of h;, and h,. The dotted lines in Fig.3.3.3 connect the water depth (=0) on the
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positive characteristic line that emerges from the origin and the water depth on the negative

characteristic line. The analytical solutions for this time period are derived in next section.

0.02 ~
Ah
0.015 4 e(hyo+cihy+ehy) ’
Y
3 ehyg
P
0.01 + 3
5
7
4
7
4
0.005 1 ;
7 x=15, ¢; =0.005,Fr;=1.5,0,=0.004,
/ 0,,=-0.00004,4,=0.002,8,=-0.00002
;
O // T T T T T 1
0o - 20 40 60 80 100 t 120

Figure.3.3.3. Resultant hydrographs at x =15 from the u/s boundary in AOGE .

3.3.4. Derivation of Analytical Solutions for Downstream Region from AOGE Region

The analytical solution for the downstream region from AOGE region and the region
between the positive characteristic line and the negative characteristic line which emerge
from the origin O can be derived by using the solution of AOGE region as the boundary

conditions.

Firstly, h, and u,, at point M is derived by using Eq. (3.3.14a) and Eq. (3.3.14b)

from A to M and from F" to M.

1 1 1 1
o+ = > hioa +2 Py, = E(altA +at,’) +5 P (Bta+Bts) (3.3.36a)
1 1 1 1
Uom+ = fro hioa +Eu10A = ﬁ(altA + aZtA2)+§(ﬂltA +ﬂ2tA2) (3.3.36h)
1 2y, 1 2
hoy~ = E(altB.. + oty )+ > P (Bte: + Bots) (3.3.37a)
1 2y, 1 2
Uy = H(altB.. + oty ? )+ E< Ble: + Bots:’) (3.3.37b)
0

And then, h,; and u,, can be calculated by substituting h,, and u,, into the time integration

of the right side of Eq. (3.3.15a) and Eq. (3.3.15b). The time integration parts is implemented
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from point P to M along the positive characteristic line and from point F" to M along the

negative characteristic line as shown in Eq. (3.3.38) and Eqg. (3.3.39).

M D+ ty
jp Dt (hu + Froun)dt = h11|v| + FrounM - hllP - FrOullP = I:ro J-tp (thM‘ - 2ulOM ‘)dtM'

= Fr, %{(altA + aztA2)+ Fr, (p’ltA + ,thAz)}(tM ~t,)

ata + at )+ o, + A7t —to) (3.3.38)
I 2y = P )t =y = Py =F1 [ (- ~ 2ty

= —Fr, %{(altB.. +a,ty.” )+ Fr, (,BltB.. + ﬁztB..z)}(tM ~t..)

ety + ot )+ Fro(Be: + Bote? Jtu —ter) (3.3.39)
Since t;. is the function of t,,., the time integration can be implemented in Eq. (3.3.40) and

Eq. (3.3.41).

1 1 2 2
huw = E(hnp +FroUyp )+ Z( Fro — 2){(altA +al, )"‘ Fro (ﬂltA + Bota )} (tM _tP)

+% Fr,(— BA, +2BB, )t,, —tF..)+% Fr,(— BA, +2BB, )t,, > -t,.%)
+ % Fr,(— BA, + 2BB, )(tM3 —tF..3) (3.3.40)

1 1 1 1
ullM = ﬁhﬂp +§U11p +ﬁ(FI’O — 2){(altA +0£2tA2)+ FrO (ﬂltA +ﬂ2tA2 )}E(tM —tp)

1 1 1. - 2
JFE(BA0 —2BB, \t,, —tF..)+§(BA1—ZBBl)E(tM ~t,. )
+%(— BA, + 2352)%(%3 —t.0) (3.3.41)
in Which, tg. = 2X tye — XeXp s Xo = —— Xg =— 0 BA =1y, XeXe + 15, Xe2Xe 2,
Fry +1 Fry +1

s 1 1 1

BAl E2|:|__*_X4_4|2_*_X4X5X|: y BA2 E4|2+X4 BBO =_B%, BB]_ =_BA1, BBZ =_BA2
Fry Fry Fry

Similarly, by substituting h,, and u,, into the integration part related to Eq. (3.3.16a)

and Eq. (3.3.16h), h, and u,, are calculated similarly.
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tm
hle + Fr0u12M = hlZP + Fr0u12P + I:ro J.tp (hllM' _2ullM')dtM' (3-3-423-)
hle _F Uom = FFI (hllM llM")dtM " (3-3-42b)

Fr, ¢
hle (hlZP +Fr ulZP I (hllM 11M ')dtM' _TOJ.F . (hllM v 2l"11M ")dtM " (3'3'43)

Finally, hg,, h,, and h,, become as the followings by calculating some procedures in
the above equations. In this calculation, t, is the function of t,, and X,, and is defined as

tA :tM _XSXM .

2
hygy =1y, %M+ ,2{&} it [IH o1, );:M]HMZIH (3.3.44)
1

2
1 1 X X X
hllM :E(hllP + FroullP)+E(Fr0 _2{_ |1+ ?M‘*' |2+[FMJ +tM [|1+ _2|2+ ;]‘*’tr\nzln](tm _tp)

1 1 1
1 2 1( > 2
—Z(Fro—z)(( XoXe by, + X220, [t —t )+ (2%, 1, - 4X4X5xFIZ+)2(tM “t,?)
+2X42IZ+(IM3—tF3)J (3.3.45)
1 1 11 1
hlZM = E(hlZP + Frou12P)+Z(huP + FroullP)(FrO - 2)(tM _tP)+2|:2(FrO - 2)2(|1+tA + |2+tA2)§(tM
2(Fro _4)’ Fro +1)tA( X4 |2+( P3)+ X4(|1++2|2+tA>(tM2_tP2)_(I1+tA+ |2+tA2XtM _tp)j

_%(F0 4);(Fr +1)t,{ X, 2,0, P3)+X4(I1++3I2+tA)(tM2—tP2)—i(l1+tA+2I2+tA2XtM—tp)j

6 (Fr, +1) 8

+ 2(Fr02 _4{_1 2l (tM3 _tP3)+ 1 |2+tA2 (tM2 _th)_ i(Fro +1)|2+tA3(tM —t )H

1

+;{—;(Fro—2>{(<1—2x4>(<|:ro—2>4X42|2++<Fr0+2>4X12X42I2_))Z(tM4—<x6xF>4)

(<1 2X >(<|= ~2)(2X,l,, - 4X4X5xFI2+>+<Fr0+2><2X1X4I17—4X12X4X5xFI27>)
+<—;Fr0xF+X5xF>(<F — 20X 21y, +(Fr, + 2)4X2X 21, ));( (X V)

T ((1— 2X4>(<Fr0 = 2= XoXely, + XLy, )+ (P + 2){= X X, + xfx;xﬁ|27>)+ <—; Frx. + X5XF>
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x((Fro-2><2x4|1+ X XX, )+ <Fr0+2><2X1X4I1_—4X12X4X5XFI2_>);(tM2—<X6xF>2)

+(<-; Frx. + X5xF>(<FrO = 2)(= XgXely+ X%y, )+ (Fr +2)( = X Xkel, + xfx;xF2|2>)j

x(t, - XSXF)+(;Y1<FrO +2><—8x1x2x4|2>ji(tM“ —<x6xF>“)

+ 2V, (Fry + 2) (= 2X, 1, +4X, X, XX 1, )— ;YlFroxF(Fro+2)(—8X1X2X4I2_)J;(tM3—<XGXF>3)

Ly
2

+| =S FrYxe (Fry + 2) = 2X, 1, +4X, X, XX, )+ Y,Fr,2x (Fr0+2)(—8X1X2X4I2));(tM2—<X6xF>Z)

m\l—\

|_\

_I_

E
-
+[1Y1Fr X 2(Fr, +2)- 2X, 1, +4X X, XX, ))( <X5XF>)+[i(Fro+2)4X22|2YZji(tM4_<XGXF>4)
( (Fr, +2)6X,’1, Y, Frx. ];( 3—<XSXF>3)+(;(FQ+2)3X22I2YZFroszzj;(tM2—<X6xF>2)

+[ (13 (Fr, + 2)X,21,. Y, Fr.’x. J(M —(XGXF>)H

+;{—;X6XF(F5 2f (< XXF|1++X2XF2|2+>< te)+(2X,1,, —4X XXF|2+>;( -t

+:x42|z+(tw|3 —th)j+;(Fr02 _4{<_ XsXely, + X52XF2|2+>(;(tM2 _th)_ XoXe tw —t; )D

+%(Fr02 —4{<2X4|1+ _4X4X5XF|2+>(;(tM3 _th)_ XGZXFZ(tM —t )j

(Bl x| (33.46)

The analytical solutions include the terms with t’, and t,, in Eq. (3.3.45) and Eq.

(3.3.46). This indicates that there is a possibility of identifying four unknowns at the

upstream boundary condition using only one point of water depth hydrograph even in the

downstream region.

3.4. Consideration of the Calculation Results.

3.4.1. Numerical Simulation of the Set of Perturbed Linearized Equations

Before considering the calculated results of the analytical solutions, the numerical

calculation of the basic equations was carried out in order to verify the theoretical results.
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According to MOC, the values of unknown hydraulic variables at R can be calculated by

using the known values at P and Q.

t

Figure.3.4.1. Characteristic lines for numerical calculation.

The values of hydraulic variables at R can be calculated by applying Eqg. (3.4.1) with
the finite difference equations.

m D+ m D+Um
c," A Dhtl +Fr, Dtl =Fro(hl(m_1)—2U1(m_1)) (3.4.1a)
.D.hy, Du, _
ﬂ«_ . Dt - Fro Dt - _Fro(hl(m—l) —2U1(m_1)) (3.4.1b)
U
L J+]
At .
‘71 ﬁ A+
] /
Atau
M @4
-+ 7 .

AX

L
A

N

Figure.3.4.2. Illustration of finite difference scheme.
. 1 . i . i
hlm||13 :E{(hlmhjj +h1m|lJJ 1)+ Fro (ulm|LJJ _u1m|[JJ l)}
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1 1 j
+ P> Atadd (b, | ~2u,,., +hl(ml 2Uy )
1 1 j j i1 j-1
-5 FroEAtau(h](mfl) . —2Uy 4 . +hl(m71) ! —2Uy,, 4 ! ) (3.4.2)
i1 j i1 -1
TE —ﬁ{(hm|u ) () )}
1 j j i
+ZAtadd (hl(m—l)‘D :I.(m -1 ‘ +hl (m-1) 1(m-= 1)‘U)
1 j j-1
+ZAtau(h1(m_l)‘D 1m1\ +h1m1 2Uy ) ) (3.4.3)
h=1+ah, Ah=g(h+Chy+¢, N+t "y, "y, (3.4.4)

In this study , the terms up to m=9 are considered for calculation. The resultant
hydrographs at the downstream site of the region are shown in Fig.3.4.3 and Fig.3.4.4 for
the different friction coefficients. From these figures, it can be seen that the latter part of
hydrographs significantly oscillates from positive region to negative region depending on
the number of terms included for calculation. However, the hydrographs finally converge
with the increase of the terms considered for calculation.

An 0% [ x=200¢=0.005,Fr,=15,0, = 0.004,a, = -0.00004, - A
\0-0% B,=0.002, j, = -0.00002 TN

et 7 X
O mﬂ‘- il ,‘.( X

- = = = 0th~2nd order
) L =—--=—0th~3rd order

0.02 + 7 _ 7 Oth~4th order
--------- Oth~5th order

-0.04
0 200
004  _ _ _ _ _
Ah x =200, ¢; = 0.005, Fry = 1.5, a; = 0.004,0, = -0.00004, B
p,=0.002, 5, = -0.00002 -
0.02 r /-~~\ . y \\
O / =t e .\'/ \‘
~~~~~~~~~~~ N S
------- 0th~6th order s
002 - 0th~7th order
-0.04 L L L )
0 200 400 600 t 800
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Ah [ x =200, = 0.005,Fr, =1.5,0,= 0.004, C
a, = -0.00004 8, = 0.002, , = -0.00002
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O ’, \\ ~~~~~~~~~~~~~~~~~ R

.....
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................ 0th~8th order

002 - ____. 0th~9th order
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Figure.3.4.3. Hydrographs from numerical simulations of ¢, = 0.005.

From Fig.3.4.3, it seems that the latter parts of the hydrographs with the friction

coefficient(c, ) 0.005 steadily attenuate when higher order terms are included to calculate

the hydrographs. For the friction coefficient 0.0025, the latter part of the hydrograph shown

in Fig.3.4.4 almost vanishes with up to the ninth order.

On the other hand, in the former part, there is almost no differences between the
hydrographs with up to the second order terms and ones with up to higher order terms. That
indicates that considering the second order term is enough to calculate the hydrographs for
the former part. The downstream part below the triangle region considering in this study
corresponds to the former part of the hydrograph. In this study, only the hydrographs with
up to the second order term are considered.

0.02

N x =200,c; = 0.0025,Fr, = 1.5,0,= 0.004,a, =-0.00004, A
| $,=0.002,5,=-0.00002
0.015 Oth~2nd order
1 O R LU LTI 0th~3rd order
e Oth~4th order
0.005 - — — - 0th~5th order
0
_0005 1 1 1 1 1 1 1 J
0 100 200 300 400 500 600 700 t 800
0.02 r =200,¢; = 0.0025,Fr, = 1.5,a,= 0.004,0, =-0.00004
A X = .6 =0. JFro=1.5,0,=0. o, =-0. , B
0015 L $,=0.002,5,=-0.00002
' 0Oth~8th order
2 N AR 0th~9th order
0.01 — - - — Oth~6th order
0.005 | - = = = Oth~7th order
0
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Figure.3.4.4. Resultant hydrographs of numerical simulation with ¢, =0.0025.
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In order to verify the calculated results of the analytical solutions, the comparisons
between the analytical solutions and numerical results are shown in Fig.3.4.5. The
hydrographs with solid lines represent the analytical solutions and the dashed lines the
numerical results at different locations along the channel course. From these figures, it can

be clearly seen that the two results are in good agreement.

0.02
Ah A
0.015 | ¢, = 0.005
001 L Analytical results
————— Numerical results
0.005
0 L . . . S~o o ) )
0 100 200 300 400 500 600 t 700
0.02
Ah B
0015 | ¢ = 0.0025
001 Analytical results
————— Numerical results
0.005
0 — =l e

0 100 200 300 400 500 600 t 700

Figure.3.4.5. Comparison between analytical and numerical results.

3.4.2. Numerical Simulation of the Linearized Equations

Eqg. (3.3.7) can be transformed into Eq. (3.4.5) and the numerical solutions of these
linearized equations can be calculated by using the finite difference method (FDM). The
FDM scheme is illustrated in Fig.3.4.2 and Eq. (3.4.6) and Eq. (3.4.7). The calculated results
obtained using these two equations are compared to the numerical results of analytical
solutions. The comparisons of results from these linarized equations and analytical solutions
with friction coefficient of zero which is called d'Alembert solution are also shown in
Fig.3.4.6.

D D

A D[‘l T+ Fr, 5‘:1 = Fr,c, (h,—2u,) (3.4.53)
D D

A [-)?1 Fr, [-)‘:1 = —Fr,c, (h,—2u,) (3.4.5b)
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h1|j _ (1+A.L)X(Fro+2A2) h1|J
> {(@-A)(Fr,+2A)+(Fr, +2A)(1+ A)} Y

. (Fr,+2A)x(1-A)
{(1-A)(Fr, +2A ) +(Fr, +2A ) (1+ A, )}

j-1
h,

. (Fr,—2A)x(Fr, +2A,) N
{(1=A)(Fr,+2A,)+(Fr, +2A)(1+A)} Y

) (Fry+2A)x(Fr,—2A,) u)
{(L-A)(Fr+2A)+(Fr+2A)(1+ A )}

u1|j (1+A)x(1+A,)

> {(1-A)(Fr, +2A)+(Fr,+2A)(1+ A,)

h}
}I

_ (1_ Al)X(l— Az) hl|H
{(1-A)(Fr +2A,)+(Fr, +2A ) (L+ A, )}

N (Fr,—2A)x(1+A,) i
{(L-A)(Fro + 28, )+ (Fry + 2A) (14 A, )}

. (1-A)x(Fr,-2A,) o
{(1=A)(Fr,+2A,)+(Fr, +2A)(1+ A)} Y

in which, Alzécf Fr, xAtadd and AZ:%chroxAtau
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Figure.3.4.6. Comparison of the numerical results.

From Fig.3.4.6, it can be pointed out that the latter parts of hydrographs from the
linearized equations are almost the same as the results from the perturbed linearized

equations with up to ninth order terms.

3.4.3. Comparison of Numerical Results between Linearized and Shallow Water Equations

Since the shallow water equations are classified as Hyperbolic Type, it is natural to
apply MOC in the fixed grid system as a numerical method. Although the first upwind
scheme is one of the most robust numerical schemes, the scheme always causes diffusive
distribution because of the large numerical diffusion effect. In order to avoid the results with
numerical diffusion effect, a higher order numerical scheme with the total variation
diminishing conditions is applied to obtain the results with high accuracy and without
numerical oscillation. In this study, TVD-Lax-Wendroff scheme is used to obtain reasonable
results. The discretized equations of TVD-Lax-Wendroff scheme are denoted as Eq. (3.4.9)
~ Eq. (3.4.11).

%Uizﬁ Hu%}&( SO j (1-44) 348)

0

h(2/h 2 2y’
uin+1 :uin _ At uin(uin _uiﬂil)_ﬂ ! L = +Atxc,|1- v
AX AXx Fr, | Fr, Fr, h )

+% FquD1+% FluxD2 +% FquU1+% FluxU 2 (3.4.9)

himl{\/— -— (\/_ f—l)_££(| ui—l)
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2
+l FquDl—1 FquD2+l FquUl—l FluxU 2
2 2 2 2

AX Fr, AX

2dn Y 2dnY
x{m 2l ](u ! j}

FluxD2 = —%ﬁ(u _ﬁ}" [l—g(u —ﬁjn}x FLIMIT

AX Fr,

{o-28] (28]}

FluxUl= lg(u + \F/rﬁ [1£(u +ﬁJ Jx FLIMIT

2 AX AX Fr,
FluxU2 = L At{ h {1 ﬂ[ ﬁj JX FLIMIT
AX Fr,

{2251

in which, FLIMIT = flux limiter

FluxD1= —%g(u + ﬁ) Elﬂ

7 N\

u +ﬁJ ]x FLIMIT

Fr, ).

2\/h

)
)
o
1

(3.4.10)

(3.4.11a)

(3.4.11b)

(3.4.11¢)

(3.4.11d)

The calculated results obtained using Eq. (3.4.9) ~ Eq. (3.4.11) are shown in

Fig.3.4.7 together with the solutions for the linearized equations discussed in the previous

section. The results with TVD-LW are different from the results obtained using the

linearized equation. Especially, the temporal gradients of the hydrographs at the front

position with TVD-LW is larger than the ones with linearized equation.
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Figure.3.4.7. Comparison between the resultant hydrographs.

3.4.4. Characteristics of Analytical Solutions

In Fig.3.4.8, the third order derivatives with respect to time of resultant hydrograph
shown in Fig.3.4.5 are expressed. Since the equations for upstream hydrograph have only
up to the second order term of time, the values of third order derivative in the solution of
zero order coefficient term become zero at any time. On the other hand, for solution of the
sum from zero order to second order of coefficient, the value of third order derivatives has
the change in significant value with time.

For the values of second order derivative with respect to time, the value of zero order
coefficient solution is a constant value because of the upstream hydrograph condition in
which time power series is up to second order like as a quadratic equation. On the contrary,
for solution of the sum from zero order to second order coefficient terms, the absolute value
of second order derivative becomes smaller than the zeroth order solution and it increases
temporally.

In this way, solution of the sum from zero order to second order coefficient has a
third order derivative with significant value in numerical calculation. This fact indicates that
there is a possibility to identify the four unknowns at the upstream boundary condition using

only one hydrograph at one site.
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Figure.3.4.8. Results from the 3" order derivatives of the solution.

From the hydrographs along downstream of the channel, it can be clearly seen that
the dynamic wave will change into a kinematic wave where it moves far from the upstream
region. The peak values of hydrographs become decline from upstream to downstream

region and it can be clearly seen in Fig.3.4.9.
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Figure.3.4.9. Attenuation of the hydrographs from the upstream.

The peak times occurring the peak water depth at different locations along the
channel are depicted in Fig.3.4.10. According to these figures, the wave speed almost

becomes constant.

400 400 -
tp A tp B
300 300 F
200 200 |
¢; = 0.0025
100 - ¢; = 0.005 100 +
O L L ! O 1 1 J
0 200 400 X 600 0 200 00 X 600

Figure.3.4.10. Relationship between the peak time and the channel reach.

3.5. Reproduction of Upstream Hydrographs using One-depth Hydrograph
3.5.1. Inversion Analysis to Produce Upstream Hydrographs

Since the approximate solutions obtained here for the region far from the upstream
end include the fourth order power time, the temporal change of a hydrograph enables to
calculate the derivatives on time up to the fourth order. By using the numerical values of the
derivatives, parameters which are required to reproduce the two hydrographs at upstream

end can be identified with the matrix analysis.
[P]=[A][Q] (35.1)

[P] is the 4 x4 matrix which is composed of 4 sets of parameters («,,«,, f,and

£3,) given at the upstream end.
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Once the parameters (o, , «,, B and f,) are given, the hydrographs and the

derivatives on time at the downstream locations are calculated using analytical solutions.

[Q]is the 4x4 matrix which is composed of the calculated results of ( dh/dt,

d’h/dt?, d3h/dt’and d*h/dt*) at the front of a hydrograph.

Since [P]and [Q]are known, the matrix [ A]can be determined uniquely using Eq.

(3.5.2).

By using the numerical values of matrix A and the derivative values of the known
hydrograph at downstream site, the parameter matrix P can be obtained to produce the
hydrographs at the upstream boundary. In the backward calculation process, firstly, four sets
of parameters are considered and downstream hydrographs are produced from the analytical
solution. Then, values of the derivative with respect to time are calculated from the resultant
hydrographs. The numerical values of matrix A can be obtained with the use of the sets of

parameter values and the derivative values of resultant hydrographs by the matrix analysis.

I a, a, a, a,
p_ a, a, a, «,
ﬂl ﬂl ﬁl ﬂl
L ﬂZ Setl ﬂZ Set2 ﬂZ Set3 ﬁZ Set4
dh/dt dh/dt dh/dt dh/dt
o dzh/dt2 dzh/dt2 dzh/dt2 dzh/dt2
|| d*h/dt? d°h/dt? d°h/dt? d°h/dt?
L d4h/dt4 Setl d4h/dt4 Set2 d4h/dt4 Set3 d4h/dt4 Set4
o dh/dt
a d?h/dt? .
p—|7? 0= . A=PQ* 3.5.2
PURRCE e Q (35.2)
_ﬂZ 4x4 d4h/dt4 4x4
a, a, a, a,
A= aZl a22 a23 a24
Q3 Q3 dy 3y
_a41 a, d,; ady
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The procedures for Inversion Analysis are explained below. For the location x = 200,

the specified matrix is denoted as matrix A and for x = 400, that is denoted as matrix As.

Suppose that the matrix Qses are obtained from one depth hydrograph at a
downstream site. By using matrix A and matrix Qsets, the matrix P can be calculated as

follow. The same procedure is applied to identify the matrix Pi.

dh/dt a
d?h/dt? a
Qsets = dsh/dts ) PSetS = AQSetS = ﬂi (35.3)
d4h/dt4 Set5(x=200) ﬁZ Set5
dh/dt a
d?h/dt? a
= P = =| 2 3.5.4
QlSetS d3h / dt? 1Set5 AinSetS ﬂl ( )
d4h/dt4 Set5(x=400) 'BZ Set5

The reproduced upstream hydrographs obtained using matrix P and matrix P are

shown in Fig.3.5.1.

02 r water depth hydrograph A | OAZ
Ah | === velocity hydrograph u
0.15 r Dataatx=200 4 0.15
was used.
01 r 1 0.1
005 + / S 4 0.05
’ \
I’ \\
’ \\
O 1 1 1 1 O

0 20 40 60 80 100 t120

water depth hydrograph B
016 = =e=-- velocity hydrograph 1 0.16

Ah Data at x = 400 Au
012 t was used. 1 0.12
0.08 ——— 4 0.08
,"" ‘\\\
004 +/ . 41 0.04
4
I’ \\\
0 1 1 1 1 1 O

0 20 40 60 80 100 t 120
Figure.3.5.1. Upstream boundary hydrographs reproduced through Inversion Analysis.
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The calculated depth and velocity hydrographs at the upstream end are compared
with the upstream hydrographs using known parameters. These comparisons are shown in
Fig.3.5.2. It can be pointed out that although the calculated results are slightly different from
the known hydrographs, the Inversion Analysis proposed here can be used to reproduced the

two boundary hydrographs using only one depth hydrograph at one site.

0.18 r

Ah 0.16 water depth hydrographs A
014 | 2 e,
012 7 R\
\ '..
0.1 A\
\\',.
008 B \\;‘.'.
0.06 %
ooa L/ from data at x = 200 .
R Y A from data at x = 400 %
- \.
0'0(2) actual upstream hydrograph \"-,..
0 20 40 60 80 100 t 120
0.09
velocity hydrographs
Au 008 | oy e B
0.07 F ’,.’ ............... .-\\\
/’ \\
0.06 . N\
4 '.. N\
0.05 4 RN
0.04 | R\
A\
0.03 g ceeeeeeee from data at x = 200 “\\
\\
002  J —==-- from data at x = 400 “\\
; '.. \
0.01 | upstream velocity hydrograph -._.‘\
0 1 1 1 1 .‘ J
0 20 40 60 80 100 ¢ 120

Figure.3.5.2. Comparison of the hydrographs at upstream boundary.

3.6. Summary

Some considerations on the reproduction of flood waves in the supercritical flow
state by means of one depth hydrograph are made using the analytical solutions of the
linearized shallow water equations. Based on MOC, the analytical solutions on the

propagations of hydrographs under the two hydrographs of depth and velocity given at the
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upstream end are derived for the downstream region. The analytical solutions are verified

through the comparisons to the numerical results.

Then, the computational method to conduct the inversion analysis, which was
proposed in cooperation with the analytical solutions indicating the possibility of the

inversion analysis.
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CHAPTER 4

SOME CONSIDERATIONS ON DAM-BREAK FLOW PROBLEMS

WITH THE APPROXIMATE SOLUTIONS

4.1. Objectives and Previous Research

Dam-break flows are caused due to an instantaneous dam collapse and can lead to
serious problems in the downstream area. Thus, dam-break flows have been a major concern

in the hydraulic engineering field over a century.

Ritter found an analytical solution in 1892 on the flow structure of an ideal fluid
released after an instantaneous dam failure based on the shallow water equations or Saint-
Venant equations for a channel of prismatic and rectangular cross section without
considering the bottom slope and friction. The equations and its basic features are described
in4.2.

It is well known based on previous experimental observations that several features
such as the depth profile near the front of positive wave and front speed cannot be accounted
by the Ritter’s solution, indicating the important effect of the bottom shear stresses to the

flow structure.

The effect of flow resistance on the dam break flow was studied by Dressler (1952),
Whitham(1955) and Chanson(2009). Dressler derived the approximate equations of the
shallow flow equations with the friction coefficient as a perturbation parameter, and solved
the equations of 1% order. But the depth and velocity profile near the water front were not

analysed exactly.

Whitham and Chanson considered that near the water front of a dam break flow the
bottom friction forces are almost balanced by pressure forces and the inertia effect is

therefore ignored. They obtained the simplified solution near the tip portion.
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However, in this chapter, without assuming the balance between the bottom friction
and pressure forces, the method of analysis to derive the analytical solutions is
systematically proposed.

4.2. Basic Equations to Derive the Approximate Solutions

Basic equations to derive the approximate solutions are the shallow water equations
Eq. (4.2.1) and (4.2.2). The differential form of the momentum equation is applied and the
bottom slope is set to be zero.

oh ohu _

ot ox ( )
2

CCLC AP N (4.2.2)

ot OX OX h

where, x = the spatial coordinate,
t = the time,
h = the water depth,
u = the depth averaged velocity,
g = the gravity acceleration,

c, = the friction coefficient.

When the bottom friction term which appears on the right side of Eq. (4.2.1) is
neglected, the analytical solutions of dam break flows after an instantaneous dam collapse
or gate removal can be derived based on MOC. The solutions are well known as Ritter’s
solutions, which are given as Eq. (4.2.3) and (4.2.4).

h= %[zm—g (4.2.3)

u—g gh +§§
° 3t

4.2.4
3 (4.2.4)
Fig.4.2.1 shows the schematic illustration of Eq. (4.2.3) and (4.2.4), indicating that the

positive wave front with zero depth moves in the downstream direction with the speed

2,/gh, and the negative wave front —,/gh; .
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Figure.4.2.1. Schematic diagram of dam-break flow.
(O = initial partition position)
Eq. (4.2.3) and (4.2.4) indicate that the depth at the origin does not change temporarily

keeping the constant value of (4/9) h,. The Froude number at the origin also does not change
from the initial value of Fr,=1.
In this study, the basic equations (4.2.1) and (4.2.2) in (x,t)system are transformed

into the equations in the moving coordinate system (&, 7) defined as Eq. (4.2.5).
E=x—-ct,r=t,c=—-/gh, (4.2.5)

&=0at 7 =0 coincides with the origin in (x,t)system and & = constant indicates the
negative characteristic lines with the speed of —/gh, in (x,t)system. This means that the

negative wave front of dam break flows remains at the origin in (£,7)system as shown in

Fig.4.2.2.

I

S
Figure.4.2.2. Dam-break flow in moving coordinate system.

Using Eqg. (4.2.5) with the mathematical relations Eq. (4.2.6), the basic equations
(4.2.1) and (4.2.2) are denoted as Eq. (4.2.7) and (4.2.8).
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ot or o9& T x o0&

oh oh(u=-c) 4.2.7)
or o&

ou ou oh u?

— 4 (U-Cc)—+qg—=—-C, — 4.2.8
ot ( )ag J o&  'h (428

£ is denoted as Eq. (4.2.9).
& =x+,/gh,t (4.2.9)

Introducing the non-dimensional spatial coordinate &' which related to the front
position | in Eq. (4.2.10), the basic equations (4.2.7) and (4.2.8) are further transformed into
the Eq. (4.2.11) and (4.2.12) in (&',7")system.

f':% , T'=71 (4210)
oh _&dioh 1oh(u-c) o (4.2.11)
or' L dro& | o0&

1 2
5_”_£ﬂ5_“+(u_c)}5_“+gla_h:_cf“_ (4.2.12)
or' 1 dz g 1o 21 0g h

Ritter’s solutions of Eq. (4.2.3) and (4.2.4) can be expressed as Eq. (4.2.13) in (&',7") system.

h=h(1-&), u=2gh¢’ (4.2.13)

4.3. Derivation of the Approximate Solutions of First Order Term

In this study, the power series of &'is used as the mathematical expression of h and

u as follows:
h= h0(1+ a(r)E+a, ()% ag(r')§'3+...) (4.3.1a)
u=u, (b (r") &+, (') %+, () E5+...) (4.3.1b)

where, U, = an unknown scale of velocity. It will be shown later that u,disappears since

1/u, appears in the coefficients b,b,,.... .
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g_::ho(dalg 2§ +da3§ + j (4.3.2a)

o
o0&
Substituting Eq. (4.3.2a) and (4.3.2b) into Eq. (4.2.11) and Eq. (4.2.12), the relations for

hy (8, (7')+28, (") &'+ 3a,(r") &% +...) (4.3.2b)

each &" can be obtained as follows:

[Continuity Equation]

o. 1

£° :_Thouobl_lghoa1 =0 (4.3.33)
. d 1dl 1 c

T 2 (5 v ) ~275, =0 (4:3:30)
o da, .1 dI 1 c

[Momentum Equation]

" :—Ifuobl +%hoa1 =0 (4.3.42)
Cdb 1dl 1
51:uod—t;{—f@uobﬁl—uozbf—IEuo(sz+a1bl)+%ho(2a2+af):0 (4.3.4h)

g-z:m[%w%}%i—' (aib1+2b)+1u (30b, +ab’)

-IEu0 (30, +2ah, +a2bl)+%ho (3a,+3a,3,)+C, %bﬁ -0 (4.3.4¢)
0

Using c, as a small parameter of the perturbation expansion, the coefficients for each & !

are approximated as Eq. (4.3.5a~c), (4.3.6a~c) and (4.3.7).

a(r)=-2+c,a” (¢)+c,. 28 (v7)+.. (4.3.53)
a, (') =1+c,a,Y (') +¢,2a,? (') +.. (4.3.5b)
a, (") =c,a (¢")+¢c,.2a? (z7) +.. (4.3.5¢)
bl(r'):_u—2C+c b (z')+¢, 20 (') +... (4.3.6a)

0
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b, (z')=¢,b," (¢")+¢,2b," (z7) +... (4.3.6b)
b, (7") =c, b, (z')+c, 2p,? (z)+... (4.3.6¢)
I(z") = -3cc+c 1Y (z)+ ¢, AP (') +... (4.3.7)

The following conditions for a water front with zero depth are also combined with Eq.

(4.3.3a~c) and (4.3.4a~c) to derive the approximate solutions.

1+a,(r")+a,(r")+a,(c')=0 (4.3.8)
= o 0y (57 +b, () +, (<) (439)

After some manipulations, setting the coefficients of the terms with the same power
of &" for c,' leads to the relations among aj(l), bj“) and 1" as described in Eq. (4.3.10a~c)

and Eq. (4.3.11a~c).

[Continuity Equation]

£°c¢.trub® =ca (4.3.10a)
() &)
L R N I L. 2u, (bf) —2p® ) —2ca,” =0 (4.3.10D)
dz' dr
@ @
£2ct-ger P o9 g (b -2, + b ~3ca¥ =0 (4.3.10¢)
dz' dr
[Momentum Equation]
£°c¢.trub® =ca (4.3.11a)
) &)
& et —3cu,r! dby —+cup™ + 20% +2¢%a," — 2cu b,
T
+ghy (2a," 43" ) =0 (4.3.11b)
® () @
E?%,c.t 1 =3,z db, — + 6CU, 7" ddbl —— 4c(;j—I +c%a” —4c?a," +3c%a,"
T T
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—ou, (30, ~ 4,5, +b) —12‘;—1' =0 (4.3.11¢)

aj(l), bj(l)and 1) in the above equations are represented by the following power series on

T .

a¥ =a,Yr'va M. (4.3.12a)
a, =a,Yr+a,,Vr .. (4.3.12b)
a” =a,,Vrra Ve (4.3.12c)
b =b, Y+ b V2t (4.3.13a)
b," =b,, Y+ b,z .. (4.3.13b)
b =b,, Yz +b,, Pz ... (4.3.13¢)
19 =1,z 0724 ., (4.3.14)

Substituting Eq. (4.3.12a~c), Eq. (4.3.13a~c) and Eq. (4.3.14) into Eq. (4.3.10a~b),
(4.3.11a~b) and using the constraints for the wave front Eg. (4.3.8) and (4.3.9) lead to the
coefficient equations given by Eq. (4.3.15a~b) and (4.3.16a~b). By solving Eq. (4.3.15a~b),
(4.3.16a~b), (4.3.17) and (4.3.18) simultaneously, the solutions of the coefficients can be

calculated.

—4ca,, —ca,,Y +ub, M +21,7 =0 (4.3.15a)
—2ca1¥1(1) + caqu(l) —u,b, Y+ 2I12(1) =0 (4.3.15b)
3ca,," —3ca,,” —3ca,, —6ugh,, +3u.b,,” —41,Y =0 (4.3.16a)
8chya, ) —4chya, ") +3chya,,® + hyugb, ¥ —3hyugb,,® —8hyl @ =12¢2 (4.3.16h)
a,” +a,V+a,” =0 (4.3.17)
21 M7=, (bl,l(l) b, +b,," ) i (4.3.18)
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3¢c lc c
2, i 2, = TR a, " = o (4.3.19)
0
w__3 ¢’ @ _C_2 h.®=_2 ¢’ 4.3.20
bll 2 houo’ 2,1 houo' 3,1 hOUO ( e )
2
o-_9¢ (4.3.21)
' 4 h,

4.4. Comparison between Numerical Results and Approximate Solutions of First Order

In order to consider the applicability and limitation of the approximate solutions, the
derived approximate solutions were compared with the numerical results. The numerical
analysis of the dam break flow in the semi-finite region was carried out by using the finite
volume method. For higher accuracy, the discretization based on the TVD-MUSCL method
was applied and the Adams-Bashforth method was used for time integration. The same

calculation method was applied for the whole area.
The two different grid spacings of Ax =0.05(m) and Ax =0.025(m) withh, =0.1
(m), ¢, =0.01were considered and the results are shown in Fig.4.4.1. Since both calculated

results are in good agreement each other, Ax =0.05(m) and At =10*(sec) were used for

the subsequent calculations.

0.12 t = 5(sec)

numerical results(dx=0.05m)

= = = numerical results(dx=0.025m)

0 5 4 5 8 D oy
Figure.4.4.1. Numerical results with different grid sizes.

Fig.4.4.2 shows the comparison between the numerical results and theoretical results
(Ritter’s solution) when bottom shear stress term is neglected. The two results are in good
agreement and it can be considered that the validity of the numerical analysis method used
in this study to some extent.
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Figure.4.4.2. Comparison between numerical results and theoretical results.

(The origin is the left end of calculation area)

The relationship between the front position and the time is shown in Fig.4.4.3. The
approximate solution for the front position is given by Eq. (4.4.1). Fig.4.4.3 shows that the
moving speed of the front from the approximate solutions is much slower than that of the
theoretical solution in which the bottom shear stress is ignored (Ritter’s solution), and it

shows a value close to the numerical results.

I(r'):3\/ﬁr'+cflm(r'):3\/ﬁr'—cf%gr'z (4.4.1)

25 -
o Numerical calculation(cf=0.01
X¢ (M) ( )
20 - Approximate solution(cf=0.01) P
— = = Analytical solution(cf=0.0) e -
15 4 Phd
7 7 o)
P (o]
10 Pie ~
P 7 (]
-, o o
5 1 Z~ o
6 [e}
O T T T 1
0 2 4 6 t(sec) 8

Figure.4.4.3. Relationship of front position with time.

However, because only the first power of c, is considered in Eq. (4.4.1), it may

cause the unrealistic behaviour such as the decrease of front position with the increase of
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time. This indicates the need to derive the approximate solutions that consider higher order

terms of ¢, with higher order terms of & as shown in Eq. (4.4.2).
1(z) =3Jghyz"+ ¢ 1,72+ ¢, ,Pr o4 ¢ A Pria . (4.4.2)
in which, 1,”7and 1, are the parameters of the power expansion series and constant.

The comparison of depth profiles calculated by using both methods are shown in
Fig.4.4.4. The approximate solution of water depth is given by Eq. (4.4.3).

n=ho {1+ (-2+c,a% (r)) & (1re,a0 () e e ()€

3¢ lc C
h=h{l+| -2-c,=—7"|E+| L+c, =—7" |E%+c, —1'E° (4.4.3)
2h 2h, hy
0.12 A —
h(m) t= 5(sec) Approximate solution(cf=0.01)
0.1 1 — — = Numerical results(cf=0.01)
0.08 A Analytical solution(cf=0.0)
0.06
0.04
0.02
O ~~~~~ T T 1
0 12 14 16 18 20
£(m)

Figure.4.4.4. Comparison of the water depth profiles.

(Horizontal axis is the distance from the front of the negative wave)

Compared to the theoretical solutions with and without the bottom shear stress, the
front positions and profiles of the approximate solutions are considerably close to the
numerical results. But the large negative water depth gradient near the front found in the
numerical analysis results is not sufficiently reproduced in the approximate solution. In order
to examine this in more detail, Fig.4.4.5 shows the distributions of water depth considering

only the first-order term, second-order term, and third order term with respect to &'in the

approximate solution given as Eq. (4.4.3). It can be seen that the water depth distributions
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considering the first order term and the second order term of &'conform different ways with
the numerical results near the front and the solution with third order term of &£'can be

considered as a solution to satisfy the condition of zero water depth at the front.

0.15 1 t = 5(sec) - - - = Approximate solution(1st order)
h(m) Approximate solution(2nd order)
- - - = Approximate solution(3rd order)

0.1 -

Numerical solution(cf=0.01)

0.05 -

10 4m) 12
Figure.4.4.5. Characteristics of the approximate solutions.

(Horizontal axis is the distance from the front of the negative wave)

From Fig.4.4.5, it can be clearly seen that considering up to the third order term of

&' is not sufficient to reproduce the large negative slope of the water depth at the tip of the

front, which may be the reason why the approximate solutions are not compatible with the

numerical results.

Fig.4.4.6 shows the distribution of 1-&™" . It shows that when the number n

increases, the negative slope of 1— & ™ increases sharply at £'=1. It also points out that an
approximate solution considering the higher order &'terms should be studied in the future

for the improvement of water depth distribution near the front.
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Figure.4.4.6. Analysis of tip behaviour.

The flow velocity distribution is also considered and the comparison of the results
are shown in Fig.4.4.7. The approximate solution shown in Fig,4.4.7 is given by Eq. (4.4.4).

u=u, {(_%+cfb1<1>(T-)},wcfb;”(r-)g-ucfb;”(T-)g-a}

3¢ .. . ¢ .., c .
u=[—2c—cf——r E—c,— r'¢%—c.2—7'&" (4.4.4)
2, hy h
u2'5 1 t = 5(sec)
= = = Numerical results(cf=0.01)
(m/sec) ) .
2" Approximate solution(cf=0.01)
----- Analytical solution(cf=0.0) ’/’
15 - e
1 el
/”
,”, -==-1
05 1 Wi |
/—\ |
O L T T T T I

O 2 4 6 8 10 12 14 16 18
x(m)

Figure.4.4.7. Comparison of flow velocity distribution.
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Similar to the discussion of water depth profile, the result from approximate solution
is close to the numerical results as compared with the analytical solution without the friction
term. It should be noted that the approximate solution with higher order terms is needed to
consider to get a better result.

4.5. Summary

This chapter is concerned with the derivation of the approximate solutions based on
the shallow water equations including the bottom shear stress term for the dam break flow
in the semi-infinite region. A method that can analyse the flows between positive and
negative fronts without dividing the region as Chanson does is proposed and the
approximate solutions also derived and compared to the numerical results. Although the
approximate solutions of water depth profile derived in this research agreed with the
numerical results to some extent compared to the Ritter’s solution, it is pointed out that the

large negative gradient of water depth cannot be reproduced at the front position.

So, itis concluded that it is worth trying to include the higher order terms with respect

to ¢, and &'to obtain the better profiles near the wave front.
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CHAPTER 5
CONCLUSIONS

In order to develop the fundamental theory of unsteady open channel flows, some
basic flows were dealt with using the one-dimensional shallow water equations in this thesis.

The new findings obtained in this thesis are summarized as follows:

5.1. Propagation of Flood Waves

The previous flood wave theories have been dealing with the waves with large wave
length or large time period in base flows of low Froude numbers, making clear the limitation
and drawbacks of the previous theories. In chapter 2, the analytical solutions on the
hydrograph propagation were derived applying the wave front expansion method to shallow
water equations. The linear analytical solutions with up to fifth order power terms were
derived. To validate the theoretical solutions, the results were compared to the numerical

results obtained using MOC.

It was shown that the analytical solutions can reproduce the hydrograph propagation
with small amplitude, small time period and different Froude numbers in sub-critical flows
considering the terms up to third order. The non-linear solutions with the terms up to second
order were also derived and were compared to the numerical results pointing out the

necessity to include higher order terms.

5.2. Reproduction of Flash Waves by One Depth Hydrograph at One Site

In chapter 3, some considerations on the reproduction of flood waves in the
supercritical flow state by means of one depth hydrograph were made using the analytical
solutions of the linearized shallow water equations. Based on MOC, the analytical solutions
on the propagations of hydrographs under the two hydrographs of depth and velocity given
at the upstream end are derived for the downstream region. The analytical solutions are

verified through the comparisons to the numerical results.
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Then, the computational method to conduct the inversion analysis was proposed in
cooperation with the theoretical consideration of the analytical solutions indicating the

possibility of the inversion analysis.

5.4. Some Consideration on Dam-break Flow Problems

This chapter is concerned with the derivation of the approximate solutions based on
the shallow water equations including the bottom shear stress term for the dam break flow
in the semi-infinite region. A method that can analyse the flows between positive and
negative fronts without dividing the region as Chanson applied is proposed. The
approximate solutions are also derived and compared to the numerical results. Although the
approximate solutions of water depth profile derived in this research agreed with the
numerical results to some extent compared to the Ritter’s solution, it is pointed out that the
large negative gradient of water depth cannot be reproduced at the front position.

So, itis concluded that it is worth trying to include the higher order terms with respect

to ¢, and &'to obtain the better profiles near the wave front.

5.5. Recommendation for Future Studies

Regarding the fundamental theory on unsteady open channel flows, some
developments were represented in this thesis. But, the necessity of further investigations was
also pointed out, taking into account of the higher order terms for all chapters. So, | am

intending to advance the fundamental theory of unsteady open channel flows in the future.
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