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Powers of class wA(s,t) operators associated with

generalized Aluthge transformation
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Faculty of Science, Science University of Tokyo

Abstract
This report is based on the following preprint:

M.Yanagida, Powers of class wA(s,t) operators associated with generalized Aluthge

transformation, to appear in J. Inequal. Math.

An operator T = U|T)| is said to belong to class wA(s,t) for s,t > 0 if |fl~’s,t|s—24f—t >
|T|# and |T|?¢ > I(Ts,t)*ls%, where T; ; = |T|°U|T|. We show that if T' belongs to

class wA(s, t), then T™ belongs to class wA(£, L) for every natural number n.

1 Introduction

1.1 An order preserving operator inequality

In this report, an operator means a bounded linear operator on a Hilbert
space H. An operator T is said to be positive (denoted by T' > 0) if
(Tz,z) > 0forallz € H, and also T is said to be strictly positive (denoted
by T > 0) if T is positive and invetible.

We begin this report by introducing the following result which is quite
useful for the study of the class of operators including normal operators
(<= T*T =TT").

Theorem F (Furuta inequality [12]). P
If A> B >0, then for each v > 0,
()  (BAPBE)T > (BiBBY):

and
(i)  (A3APA3)T > (ATBPAR) ]

hold for p > 0 and ¢ > 1 with (1+71)g > p"""-(o’_r) FIGURE 1
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We remark that Theorem F yields Lowner-Heinz theorem “A > B > 0
ensures A* > B* for any « € [0,1]” when we put 7 = 0 in (i) or (ii) stated
above. Alternative proofs of Theorem F are given in [10][23] and also an
elementary one-page proof in [13]. It is shown in [25] that the domain

drawn for p,q and r in Figure 1 is the best possible for Theorem F.

1.2 Aluthge transformation of p-hyponormal and log-hyponormal

perators

An operator T is said to be p-hyponormal for p > 0 if (T*T)? > (TT™*)?,
and T is said to be log-hyponormal if T is invertible and logT*T >
log TT*. p-Hyponormality and log-hyponormality were defined as exten-
sions of hyponormality, that is, T > TT*. 1t is easily seen that ev-
ery g-hyponormal operator is p-hyponormal for ¢ > p > 0 by Lowner-
Heinz theorem, and every invertible p-hyponormal operétor for some p>0
is log-hyponormal since logt is an operator-monotone function. We re-
mark that p-hyponormality tends to log-hyponormality as p — +0 since
X’;% — log X as p — +0 for every positive operator X. _

"The operator T = |T|§U IT|z is called Aluthge transformation of an
operator T whose polar decomposition is T = U|T)|, where |T| = (T*T)x.
Aluthge transformation was first introduced by Aluthge [1], and he showed

the following result on Aluthge transformation of p-hyponormal operators

as an application of Theorem F. |
Theorem A ([1]). Let T = U|T| be the polar decomposition of a p-
hyponormal operator for 0 < p <1 and U be unitary. Then

i) T = |T|%U|T|% is (p+ 3)-hyponormal if 0 < p < 1.

(ii) T = |T|%U|T|% is hyponormal if 1 < p < 1.

We remark that ¢(T") = o(T) holds for any operator T' [4][7], and The-
orem A states that T*belongs to a smaller class than a p-hyponormal

operator 1" for 0 < p <1
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A generalization of Aluthge transformation of an operator T' = U|T|
is T,; = |T|*U|T|* for s > 0 and ¢t > 0. In fact, it is clear that T%,% =
T. Huruya [19] and Yoshino [29] showed an extension of Theorem A on
generalized Aluthge transformation of p-hyponormal operators. Tanahashi
[26] showed a parallel result on generalized Aluthge transformation of log-

hyponormal operators.

1.3 Classes of operators associated with Aluthge transformation

Recently, Aluthge and Wang introduced the class of w-hyponormal
operators via Aluthge transformation T in [4], and showed an equivalent

condition to w-hyponormality in [5].
Definition ([4][5]).

T : w-hyponormal <= |T| > |T| > |(T)*|
.l 1 . Lk o Iy L
= (IT*2|ITIIT"?)? 2 |T*| and |T| 2 (|IT|2|T*||T1?)>,

where T is Aluthge transformation of 7.

As a generalization of the class of w-hyponormal operators, Ito [20]

introduced class wA(s,t) for s > 0 and t > 0 via generalized Aluthge

11

transformation Tj. In fact, it is clear that class wA(s,5) coincides with

the class of w-hyponormal operators.

Definition ([20]). For s > 0 and ¢ > 0,

2s

s+t

#i > |T[* and |T[* > |(T,)"
= (T /TP|T*[")o > |T** and TP > (T[T

T € class wA(s,t) < ITs,t

s)ﬁ,
where TS,t is generalized Aluthge transformation of T. For the sake of
convenience, we call class wA(1, 1) class wA for short.

He also pointed out the following fact.

Proposition B ([20]). T € class wA <= |T?| > |T|? and |T*|> > |T%|.
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1.4 Related classes and their inclusion relations

On the other hand, Furuta, Ito and Yamazaki [15] introduced a class

of operators called class A.
Definition ([15]). T € class A <= |T?| > |T'|%.

They showed that every log-hyponormal operator belongs to class A and
every class A operator is paranormal (<= ||T?z|| > ||Tz||* for every unit
vector z). This relations give another proof of the result by Ando [6].

As a generalization of class A, Fujii, D.Jung, S.H.Lee, M.Y.Lee and
Nakamoto [11] introduced class A(s,t) for s > 0 and ¢ > 0. In fact, it was
pointed out in [28] that class A(1,1) coincides with class A.

Definition ([11]). For s > 0 and t > 0,

(i) T € class A(s, t) <= (|T*|!|T|?|T*[t) > |T**.

(ii) T € class Al(s,t) <= T € class A(s,t) and T is invertible.
We remark the following inclusion relations:
() class A(s,t) D class wA(s,t) D class Al(s, t)

holds for each s > 0 and t > 0. The first relation of (#) holds obviously,
and the second holds by the following lemma.

Lemma F ([14]). Let A > 0 and B be an invertible operator. Then
(BAB*)* = BA*(A?B*BA?)*1Ai B*
holds for any real number .

In fact, the first inequality in the definition of class wA(s,t) yields the
second by applying Lemma F in case T is invertible as follows:
(ITPIT* T
= |TPIT" (T |TP*|T[)= T[T} by Lemma F
< |T)|T* |T*|~2% IT*|'|T|° by the first inequality
=T
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We also remark the following results.

Theorem C.1 ([20]).

(1) If an operator T is p-hyponormal for some p > 0 or log-hyponormal,

then T belongs to class wA(s,t) for all s >0 and t > 0.

(ii) Every class wA(s1,t1) operator belongs to class wA(sa,ts) for each

0<s1<sand0<t; <t,.

Theorem C.2 ([11]).

(i) An operator T is log-hyponormal if and only if T belongs to class
Al(s,t) for all s > 0 and t > 0.

(ii) Every class A(s,t1) operator belongs to class A(s,ta) for each 0 < t; < ts.

The following diagram shows the inclusion relations among the classes

of operators mentioned above.

(s, t) _f"(s’t)

- "x class A(s, t)

(s,t)
class wA(s,t)

(%1'1' -7 (s’t)

(s,2)
class Al(s,t)

| w-hyponormal

(1,1)
invertible class A

invertible w-hyponormal

semihyponormal

og-hyponormal

hyponormal

invertible

semihyponormal p-hyponormal

invertible
hyponormal

invertible

FIGURE 2 p-hyponormal
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1.5 Results on powers of non-normal operators

Recently, Aluthge and Wang showed results on powers of p-hyponormal
and log-hyponormal operators in [2][3]. ‘Extensions of the results were

shown by Furuta and Yanagida [16][17], Ito [22] and Yamazaki [27].

As continuation of this study, Aluthge and Wang [5] showed the follow-
ing result on powers of invertible w-hyponormal operators. A simplified
proof of Theorem D.1 was given by Y.O.Kim [24].

Theorem D.1 ([5]). Let T' be an invertible w-hyponormal operator. Then

T? is also w-hyponormal.

Cho, Huruya and Y.O.Kim [8] showed the following result which states
that Theorem D.1 remains valid with a weaker condition N(T') = {0} than
the invertibility of 7'

Theorem D.2 ([8]). Let T be a w-hyponormal operator with N (T') = {0}.

Then T? is also w-hyponormal.

On the other hand, Ito [21] showed the following result on powers of

invertible class A operators.

Theorem D.3 ([21]). Let T be an invertible class A operator. Then the

following assertions hold for all positive integer n:
(i) |T”+1]% > |T"? and |T™|? > |T”+1*|n%.
(i) [T > -+ > |T? 2 T and |T** > |T¥| > -+ > |T™]=.
(iii) [T2*| > |T™|? and |T™*|? > |T*|, i.e., T™ also belongs to class A.

As an extension of both Theorem D.1 and (iii) of Theorem D.3, Ya-
mazaki [28] showed the following result on powers of class Al(s,t) opera-

tors.

Theorem D.4 ([28]). Let T be a class Al(s,t) operator for s € (0,1] and
€ (0,1]. Then T™ belongs to AI(2, %) for all positive integer n.

12
n
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In fact, Theorem D.4 yields Theorem D.1 by puttings = ¢ = % andn = 2
since class Al(g, 1) C class AI(3, 1) by (ii) of Theorem C.1. Theorem D.4
also yields (111) of Theorem D.3 by putting s = ¢ = 1 since class AI(1,1) C
class AI(1,1) by (ii) of Theorem C.1. It is interesting to remark that
Theorem D.4 states that 7™ belongs to a smaller class than a class Al(s, t)
operator T for s € (0,1] and ¢ € (0, 1].

In this report, we shall show several results on powers. of class wA(S, t)
operators as extensions of the results on powers of class Al(s,t) operators

and w-hyponormal operators mentioned above.

2 Results

Firstly, we show the following result on powers of class wA operators.

Theorem 1. Let T be a class wA operator. Then the following assertions

hold for all positive integer n.:
(i) |Tn+1[n% > ITn|2 and lTn*|2 > |Tn+1*|f—f1.
(i) 7717 > - > T2 > [T and [T > [T2] > -+ > [T
Secondly, we show the following result on powers of class wA(s,t) operators.

Theorem 2. Let T be a class wA(s,t) operator for s € (0,1] andt € (0,1].
Then T™ belongs to wA(Z, %) for all positive integer n.
- Theorem 1 and Theorem 2 are extensions of Theorem D.3 and Theo-
rem D.4, respectively, since every class Al(s,t) operator belongs to class
wA(s,t) by (#). In other words, Theorem 1 and Theorem 2 state that The-
orem D.3 and Theorem D.4 remain valid for class wA and class wA(s,t)
operators without the invertibility of T', respectively.

Theorem 2 yields the following result as an immediate corollary which

is an extension of Theorem D.2.

Corollary 3. Let T be a w-hyponormal operator. Then T" is also w-

hyponormal for all positive integer n.
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3 Proofs of the results

In order to give a proof of Theorem 1, we prepare the following results.

Proposition 4. Let A and B be positive operators. Then the following

assertions hold:
(i) If (B% A% B%)%+t% > B holds for fized ag > 0 and By > 0, then
(3.1) (B A% B%)=w > BP

holds for any B > By, and

(3.2) AFBAAT > (A BR AT

holds for any 31 and B such that B2 > 51 > [o.
(ii) If A% > (A%QBﬂOAﬂzl)ﬁﬁ_o holds for fized ag > 0 and By > 0, then
A% > (A2 Bh A% )5
holds for any a > oy, and |
(B¥A=BT)%% > BF A" B?
holds for any a1 and ay such that as > a1 > ay.

Lemma 5. Let A, B and C be positz"ue operators. Then the following
assertions holds for each p > 0 and r € (0, 1]:

(i) If (B5APB?)» > B" and B > C, then (C3APC3)w+ > C".
(i) If A> B, B" > (B5CPB%)» and the condition

(*)  4f lim B%xn =0 and lim A%mn exists, then lim A%a:n =0
n—o0 n—00 n—o0

T

hold, then A™ > (A5CPA3)w+.
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Proof of Proposition 4.
Proof of (i). Put A, = (B¥ A®B%)%%% and B, = B%, then A; > B, > 0
by the hypothesis. By applying (i) of Theorem F to A; and Bj, we have

(3.3) (BI%A"{lBl%)%Tlf > B{™™ for any p; > 1 and r; > 0.

Put p; = 9‘9-[3%@-"- >1and 8= (14r1)B > Boin (3.3), then we have
(3.1) (BgAaoBg)gfﬁ > BP for any 8 > f.

By applying Lowner-Heinz theorem to (3.1), we have

(3.4) (BgAa"Bg)aoLH’ > B for any 3 > [y and v such that 8 > v > 0.

Put f5,(8) = (A%QBﬂAa ) "o+ﬁ For any 3, 81 and v such that 8 > (8, > [
and 8 > v > 0, we have

f5,.(8) = (AT BPAT) s

ag+B+v  o+By

= {(AT BPAT) a0t }aototy
— {A% BE(Bf A% B%)ww B AP et

> (A% Bf BY BS A% )aists
— (AP B AT )akits

= f5,(B +v).

The above inequality holds by (3.4) and Lowner-Heinz theorem since
% € [0,1]. Therefore for each 8; > (o, fs,(8) is decreasing for 5 > i,
so that

ag+p

AFBRAT = £5,(81) > f5,(8)) = (AT B# AT )i

holds for any 1 and (s such that B, > By > [y, hence we have (3.2).

(ii) can be proved in the same way as (i), so that we omit the proof. [
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Lemma 5 can be obtained as an application of the following results.

Theorem E.1 ([9]). Let A and B be bounded linear operators on a Hilbert

space H. The following statements are equz’valeht{

(1) R(A) € R(B);

(2) AA* < A2BB* for some A\ > 0; and

(3) there exists a bounded linear operator C on H so that A= BC.

Moreover, if (1), (2) and (3) are valid, then there ezxists a unique operator
C so that
(a) [IC||* = inf{u|AA* < uBB*};

(b) N(A) = N(C); and |

(c) R(C) € R(B).

Theorem E.2 ([18]). Let X and A be bounded linear operators on a
Hilbert space H. We suppose that X > 0 and ||A|| < 1. If f is an operator
monotone function defined on [0, 00) such that f(0) < 0, then

A'f(X)A L f(A*XA).

We remark that the condition (c) in Theorem E.1 is equivalent to the
condition (¢’) R(C) C R(B*). Here we consider when the equality of (¢’)
holds. '

Lemma 6. Let A and B be operators which satisfy (1), (2) and (8) of
Theorem E.1, and C be the operator which is given in (8) and determined
uniquely by (a), (b) and (c) of Theorem E.1. Then the following assertions

are mutually equivalent:

(i) R(C) = R(BY).

(ii) If im A*z, =0 and lim B*z, ezists, then lim B*z, = 0.
n—oo n—o0 n—o0
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Proof. (i) is equivalent to N(C*) = N(B) and

N(C*) = N(B) & (N(B)" nN(C")) = N(B) @ (R(B*) N N (C"))

since N(C*) D N(B) by (c) of Theorem E.1, so that (i) is equivalent to
the following (3.5):

(3.5) R(B*) N N(C*) = {0}.

Noting that when y = lLl’n B*z,, for some {z,} C H,
n—oo

Cty = C* (lim B*xn) — lim C*B*z, = lim A*z,

n—o0 n—o0 n—ro0

holds by (3) of Theorem E.1, so that we have

R(B) n N(C) \
= {y | there exists {z,} C H such that y = lim B*z, and C*y = 0}

n—00

= {y | there exists {z,} C H such that y = lim B*z, and li_)m Az, = 0},
n—o0 n—oo

hence (3.5) is equivalent to (ii). ' O

We also require the following lemma in order to give a proof of Lemma 5.

Lemma 7. Let S be a positive operator and € (0,1]. If lim Sz, = 0

n—o00
and lim S%z, exists, then lim S%z, = 0.
n—o00 n—oo
Proof. li_>m S°r, € R(S*)N N(S'™*) = R(S) N N(S) = {0} for o € (0,1)
n—oo
since S1~¢ (lim Samn) = lim Sz, = 0 by the hypothesis. W
n—oo n—>00

Proof of Lemma 5.
Proof of (i). B > C ensures B" > C" for r € (0,1] by Lowner-Heinz

theorem. By Theorem E.1, there exists an operator X such that

(3.6) B:X = X*B: = (%,
(3.7) | X[ < 1.
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Then we have

(CEAPCH)vir = (X*B3APBiX)i+ by (3.6)
> X*(B?APB%)#X by Theorem E.2 and (3.7)
> X*B"X by the hypothesis
=C" by (3.6).

Proof of (ii). A > B ensures A" > B for r € (0,1] by Lowner-Heinz

theorem. By Theorem E.1, there exists an operator Y such that
(3.8) AZY =Y*A? = B3,
(3.9) vl <1

Then we have

Y*(AiCPA3)#+Y < (Y*A3CPA?Y)m by Theorem E.2 and (3.9)

= (BiCPB3)w by (3.8)
< B by the hypothesis
=Y*A"Y by (3.8),

so that A” > (ATCPA%)7 holds on R(Y). On the other hand, () implies

the following condition:

(%) if lim B2z, =0 and lim AZz, exists, then lim A?z, =0
n—00 n—00 n—00

since if lim B2z, = 0 and lim AZz, exists, then

n—00 n—00
Jim Bl = B (Jim Biz, ) =0

and nll)rgo A%xn — AT (JEEO A%wn) exists, so that nh_)r& Azz, = 0 by (%),

and 7}1)11010 A%z, =0 by Lemma 7. (%*) ensures R(Y) = R(A?) by Lemma 6,

hence we have

N((A5CPA%)77) = N(ASCPAT) D N(AF) = N(A") = N(Y™),

so that AT = (AFCPAS)

complete since H = R(Y) @ N(Y™). O

#7 = 0 on N(Y*). Consequently the proof is



117

Proof of Theorem 1. Put A, = |T"|+ and B, = |T™*|= for each integer n.
By the definition, T" belongs to class wA if and only if

(3.10) (BI ALBY)F = (IT*||TRIT*|)% > |T*2 =
and
(3.11) A= TP > (|T)ITHAT))E = (A2BAf)R.

We shall prove

(3.12) mo = T > TR = AT
and
(3.13) = |T™? = [TV | = B,

hold for all positive integer n by induction. (3.12) and (3.13) hold for
n = 1 by Proposition B. Assume (3.12) holds forn = 1,2,--- ,k—1. Then
Ap+1 > A, holds by Lowner-Heinz theorem for % € [0, 1], so that we have

(3.14) Ap > Ap1 > --- > Ay > Ay
We remark that A; and Aj satisfy the condition

(%) if lim Almn =0 and lim A,";xn exists, then lim A,i:vn =0

n—o0 n—o0 n—oo

since

lim Afmn—O(:> lim |T|z, = 0 <= hm Tz, =0=> lim T*z, =0

n-—+00 n—o00 n—00

<= lim |[T*|z, = 0 < lim A2:1:n =0= lim A2:L°n = 0.

n—o0 n—00 n—00

The last implication holds by Lemma 7. By applying (ii) of Lemma 5 to
(3.11) and (3.14), we have

(3.15) A > (A2Bi AN,
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By applying (ii) of Proposition 4 to (3.15

a1+1

)
1 1
ST > BI A B;

;

Q

3 Q2 %
(3.16) (B Ay*BY)
holds for any a; and oy such that as > a3 > 1, so that we have
(3.17) (BIALB})s > B AE™'Bf > B AL"1B,
since the first inequality is obtained by putting a; = k — 1 and ap = k
in (3.16), and the second holds since (3.12) holds for n = k — 1 by the
inductive assumption. (3.17) yields the following (3.18):
(3.18) (T TR )" > [T\ T PIT)
Let T = U|T| be the polar decomposition of T', then T* = U*|T*| is the
polar decomposition of 7. Here we have
lTk+1|7fT’“1 _ (T*|Tk|2T)ﬁ

= (U°|T"||T*|T"|U)

= U*(IT"||T*PIT*)7U

> U*T*|T*2|T*|U by (3.18)

— T*lTk—1|2T

— ITk|2a
so that it is proved that (3.12) holds for n = k. (3.13) can be proved in
the same way as (3.12), so that we omit the proof.
Proof of (i1). The first inequality of (ii) has been already proved in (3.14),
and the second can be proved in the same way as the first. Hl
Proof of Theorem 2. Put A, = |T"|= and B, = |T™|= for each integer n,
then T belongs to class wA(s,t) if and only if

(3.19) (Bf AiB)™ = (T"[|T/™|T*|")™ > |T"* = B}
and

(3-20) A} = [T > (ITPIT*[*|T|*)= = (A} BiA})™
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by the definition. Now T belongs to class wA since
class wA = class wA(1,1) D class wA(s, t)

for s € (0,1] and t € (0,1] by (ii) of Theorem C.1, so that by (ii) of

Theorem 1,

(3.21) A, > Ay
and
(3.22) B, > B,

hold for all positive integer n. Hence we have
(3.23) A5 > (ARBLAZ)# > (ALBLAL)™
The first inequality in (3.23) is obtained by applying (ii) of Lemma 5 to
(3.20) and (3.21) since A; and A, satisfy the condition
(%) if lim A%xk =0 and lim A,%L:L'k exists, then lim A,l%:tk - 0,
k—o00 k—oo

k—oo

and the second holds by (3.22) and Lowner-Heinz theorem. (3.23) yields
the following (3.24):

i
")

ﬁn_

(3.24) T

> (1T

The following (3.25) can be obtained in the same way as (3.24):

7 % ’I’L* ?"E‘T n* 2t
(3.25) (1T |27 %77 %) FoF > |7,
so that T™ belongs to class wA(2, £) by the definition. O

Proof of Corollary 8. If T belongs to class wA(z, 2) then T™ belongs to
s—, 5=) by Theorem 2, so that 7™ belongs to class wA(3, 3) by (ii)

of Theorem C.1. Hence the proof is complete since class wA(3, 3) coincides

class wA(

with the class of w-hyponormal operators. 0
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4 Concluding remarks

Remark 1. (B%QA"OB%Q)“oiﬁo > BP and A% > (A%QBﬂOA%Q)“oiﬁo in the
assumptions of (i) and (ii) of Proposition 4 are mutually equivalent in
case both A and B are invertible. In fact, by applying Lemma F to the

right-hand side of the second inequality, we have
A% > (AT BR AT )wts = AFBY (B A% B%)= B AT,

so that the first inequality is obtained. But it is pointed out in [20] that
they are not equivalent in general if either A or B are not invertible. In
fact, A = ((1) g) and B = (g (1)) satisfy the second inequality, but do
not satisfy the first.

Remark 2. Lemma 5 can be proved easily in case A, B and C are invert-
ible. In fact, (i) can be proved as follows: By Lemma F, (B APB%)w >
B" and (C3APC%)w > C" are equivalent to AP > (AFBrA%)sr AP >
(A%CTAE)E%, respectively, so that the first inequality implies the second

by the assumption B > C and Lowner-Heinz theorem. (ii) can be proved
‘similarly.
And one might expect that (ii) of Lemma 5 holds without the condition

(*). But there exists a counterexample. Put

1
A= (2% = (' %) anac=(° ")
01 00 0 2

then A > B and N(A) & N(B), so that A and B do not satisfy the
condition (*). And for each p > 0 and r € (0, 1],

10 00 . o _r
B" = > = (B:CPB?)w+
00 00

10 0 O r 7y 1
AT = - — A§CPA§ ptr
(o 1) z (0 2:‘#) ( )

but
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