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1. Introduction
We consider the following nonlinear least squares problem:

(1.1) Minimize F(x) = (1/2) Zj':l (fj(x))z, X € Rn, m 2 n,

where each fj: RM—> R is twice continuously differentiable. This problem is

extremely important in many fields of mathematical programming applications,

e.g. maximum likelifood estimations, nonlinear data fitting or parameter

estimation, respectively. .
Most iterative methods for the above problem are variants of Newton’s

method. At the k-th iteration of Newton’s method, the search direction

dk is computed by

(1.2)  VER(x) d, = —VF(x),

and the new point is generated by
(1.3) Xip = X ¥ Ay

Here X is the current estimate of the minimum point x*,and V7F,§72F are the
gradient vector and the Hessian matrix of F, respectively, and are given by
(1.8) VRGO = JOOTEx),

2 T m 2
(1.5) VF(x) = J(x) J(x) + E:j=1 fj(x)Y7 fj(x),
where
(1.8)  f(x) = (£ (0, wov , £,000T,

and J is the m x n Jacobian matrix of f, and the symbol ”T” denotes the
transpose of a vector or a matrix.

Since the cost of providing the complete Hessian matrix is often
expensive, some methods have been derived which use only the first
derivative information. For example, the Gauss-Newton method and the
Levenberg-Marquardt method are well known. These methods neglect the second
part of the Hessian matrix of F, so they can be expected to perform well

¥

when the residuals at x* are small or each fjvis close to linear. However,



they can be much less efficient when the neglected part of Y72F(x) is not

small compared with J(x)TJ(x) in the sense of Meyer’s result [9].

On the other hand, quasi-Newton approximations to the second part of
the Hessian matrix have been considered [7]. Recently, two robust algori-
thms have been proposed by Bartholomew-Biggs[1] and Dennis, Gay and Welsch
[8]. These methods are shown in Section 2. Our approach is based on the
idea of structured quasi-Newton updating which utilizes the structure of the
Hessian matrix of F. The main purpose of this paper is to obtain descent
search directions for the objective function, which may‘enable us to estab-
1ish global convergence property under suitable conditions. Subsequently,
to accomplish the above desirable‘property, we propose factorized versions
of the structured quasi-Newton methods and derive various types of factoriz-
ed quasi-Newton updating formulae in Section 3. Consequently, in Section 4,
we prove the local and gq-superlinear convergence of our algorithms. Finally,
some computational experiments are given in order to show that our methods
are comparable to other effective methods.

Throughout this paper, the norm Il + Il denotes the 2-norm for vectors
and matrices. For any matrix @ and a nonsingular M, IIQIIF and IIQIIF’M

denote the Frobenius and the weighted'Frobenius norms of 0, respectively,
and are defined by '

(1.7) Qg = (Trace(ad’ /2 and uQuF’M = MM .

For a symmetric positiVe definite matrix Q, Ql/z denotés the symmetric

matrix which satisfies (Q1/2 )2 = qQ.

2. Structured Quasi-Newton Methods for Nonlinear Least. Squares Problems

A straightforward application of general quasi-Newton methods to the
nonlinear least squares problem is not desirable, because these methods
approximate all of the Hessian matrix. Since the nonlinear least squares
algorithms usually calculate the Jacobian matrix J(x) analytically or numer-

ically, the portion J(x)TJ(x) of Y72F(x) is always readily available, so we

only have to approximate the second part of V2F(x). Therefore, for the
nonlinear least squares problem, it has been considered that the search
direction can be computed by

@0 Il o+ a0, = =T,
where f, = f(xk), Jg = J(xk), and the matrix Ak is the k4th'5ppfoximation to
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the second part of the Hessian matrix of F [7]. The matrix Ak;is updated

such that the new matrix Ak+1 satisfies the secant condition

- _a T
2.2 | Ak"’l S = Uy Uy yk kal']k"'lsk

or
‘ ] RPTRNNN |
23 Agy s T vie YT Ui =00 fiar
where
(2.8 Sk T X+l T Xk Y © ka+1"ka, ka = VF(xk)o

The first is proposed by Broyden and Dennis (BD) [4], and the second is
proposed by Bartholomew-Biggs(Biggs)[1] and Dennis, Gay and Welsch (DGW)[8].
We call these strategies structured quasi-Newton methods.

Structured quasi-Newton updates are usually of rank one or of rank two.
Broyden and Dennis gave the following update:
(i)the BD update

(2.5 Ay = A+ Cu—Asst + s, o —A s D7sTs,

- | ~ (o, ~ A0 Ts,/(sT5,)0P)s, 8]
Recently, by using sizing techniques, Bartholomew-Biggs and Dennis et al.
have proposed the robust algorithms for the both cases of large and small
residual problems. When the residuals are large, their algorithms perform
as well as the Broyden and Dennis method does. On the other hand, for the
very small residual problems, their algorithms perform almost as well as the

Gauss-Newton method does. Their updates are as follows:
(ii)the Biggs update

2.8 Ay = Bk + (e BAS O BT = B Tss
(2.1 By = N f i f 7T,
(iii)the DGW update |
Q8) Ay = BAH e BASIY G B A DSy

- (SE(Vk" B kAksk)/(s'&yk)z)ykyL
(2.90 B, =minC Isly, /siAs, |, 1),

where Bl(is a sizing factor.

3. Factorized Versions of Structured Quasi-Newton Methods
In order to obtain a descent search direction, it is desirable that the




coefficient matrix in (2.1) is positive definite. However, it is not clear
how to construct updating formulae of A, such that the matrix Jljk t A is

positive definite. To overcome~this difficulty, several strategies have
been proposed,for example, the modified Cholesky decomposition of the matrix

Jljk+ Ak’ the Levenberg-Marquardt modification (the model/trust region

strategy)[8] or switching to the Gauss-Newton method [2].

In this section, a direct approach is proposed in order to maintain
positive definiteness of the coefficient matrix in (2.1). We try to compute
the search direction by solving the linear system of equations
@D QT+ 4 = =0
where the matrix Lk is anm x n correction matrix to the Jacobian matrix

such that LELk + Lle + JELk is the k-th approximation to the second part of

the Hessian matrix of F [10].. Since the coefficient matrix is expressed by
the factorized form, the search direction may be expected to be a descent
direction for F.

Now we construct updating formulae of the matrix L. The secant

~condition (2.2) or (2.3) for Ak+1 can be reduced to the following secant

conditjon for Lk+1

T ]
(320 gy * ) Uy ¥ i) S = 20

where
(3-3) Zk = yk
or
- T
(3~4) Zk - Vk + Jk+1Jk+lSk’

and the vectors Viee S and y) are givenbin (2.3) and (2.4), respectively.
It is easily shown that, for nonzero Sy and 2y the matrix equation (3.2) is
consistent if and only if ‘
T, .. _ T - h —
(35 Lgph = g dh and Ly = h = Jigsy

for some m-dimensional vector h. Further, the matrix equations (3.5) have a
common solution Lk+l if and only if each equation separately has a solution

T, . .T
and h'h = s,z . |
In the sequent two subsections, we find a rectangular matrix Lk+1

which satisfies the equations (3.5) under the assumption of s"';zk > 0.
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3.1 Least-change secant updates of Lﬁ

Since the equations (3.5) may not uniquely determine the solution matrix
Li4ys we use the least-change secant update technique following to Dennis
~ and Schnabel [6].
For any unknown m-dimensional vector h such that hTh = slzk, minimizing
~the Frobenius norm
(3.8) oLhy =L g

with respect to Lk+1’ subject to

T - 7
BT Ligh = 2= deyhs
ve have

- _ T, \T, .T
By substituting the above for the other condition in (3.5) and using hTh =
sEzk, the vector h can be determined by the form
- T 172

where

3 _ T

Thus we have the rank one update of Lk as follows:

172 T
(3.9) Ly1= Lk+((Lk+Jk+1)Sk /skB sk)((s /skzk) 2~ B k)
Setting
- T
we have

. ] # # T, T
(3.11) Bk+1 = Bk -B SkSkBk / skBksk + 2)2) /skzk,

which is the analogy of the BFGS update. Note that (3.11) differs from the
standard BFGS update in that the structure of the Hessian matrix (1.5) is

. . #
included in 2, and B .
Next, we consider an analogy of the DFP update. For any unknown m-

dimensional vector h, which satisfies hTh = sﬁzk, and the nonsingular

gmxm RNXN

matrices wL £ , minimizing the Frobenius norm

with respect to L4y Subject to

, WR £
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(3.13) Lk+1sk = h _-Jk+lsk’

we have
- _ T
Lk+1 = Lk + (h ( + Jk+l)sk)skw / Skwsk’
where W = WelWel. I the symmetric positive definite matrix ¥ is chosen
such that WSk = 2 by substitdting the above for the other condition in
(3.5), we have
T, _ : T
(Lk + Jk+1) h=cz, c = sk(Lk + Jk+1) h/skzk
If the matrix Lk~+ Jk+1 is of full rank, then
h=c¢c¢ ((Lk + Jk+1)T)+Z\k9
where ((Lk+Jk+1)T)+ is the Moore-Penrose generalized inverse of (Lk+Jk+1)T.
Setting hTh = slzk, we have the rank one update of Lk as follows:
(318 L= L+ L, DTz 72085 12 0V 288 1, 5,002, 750207
: k+1™ “k Kk Vk+1 k“k’ “k k k k7 k" Tk%k
Further, we have
I % Tk, T
(3.15) Bk+1 B + (1 + SkBkSk/Skzk)zkzk/Skz (Bk kzk zkskBk)/skzk,
which is the analogy of the DFP update.

3.2 Least-change secant updates of Llﬁ + Jk

In order to obtain the updating formulae which satisfy the secant
condition (3.2), we minimized the norm (3.6) or (3.12) in the previous
subsection. Instead of this strategy, we can minimize the norms

(3.18) WLyt Jp ) =yt IO I,
and '
GAD W Lygg* Jg) =Lk SO g

Then, by the same way as the subsection 3.1, we have the following updates:
(i) the update corresponding to (3.9)
_ 172 _ T
(3.18) Lk+1 = Lk+Jk Jk+1 + ((Lk+Jk)sk/skBksk)((sk ksk/skzk) 2y, Bksk),
- T T T, T
(3.19) Bi+1 = Bk BiSiSiBi/SiBiSk t 212K/ Sk
(ii)the update corresponding to (3.14)
- _ T T 1/2,-1
(3.20) Ly = Lk+Jk It (L iH )((skzk/zk K zk) Bk 2~ sk)(zk/ekzk) ,

' : T T « o
(3.21) By +(1+ skBksk/skzk)zkzk/skz — (B, 5,2 + zkskBk)/skzk,

-6-



where Bk = (Lk + Jk)T(Lk + Jk). For the case of 2y = Yy we have the
standard BFGS and DFP updates, which are*identical with the results of
Dennis and Schnabel [6]. For the case of z, =Vt JkIle+lSk’ we have

another updating formulae.
For (3.19) and (3.21), the inverse updating formulae can be obtained by

letting Hk = Bél. Then we have the inverse updates as follows:
(i)’ the inverse update corresponding to (3.19)
. (3.22) H = H, + (1+zTH 2z /st )s sT/st —(H, 2 sT+s zTH )/st
* k+1 k k" k“k" "k°k’"k>k" kK k“k®k kK 'k’ "k“k’

(ii)’ the inverse update corresponding to (3.21)

- " T T T,.T
In this case, the search direction can be calculated by

- T

(3-24) dk - Hkafk’

without solving the linear system of eguations.

3.3. Sizing of the updating matrix

We know that, for zero residual problems, the matrices Ak and LlLk +LEJk

+ JELk shbuld ideally converge to zero. If the matrices do not at least

become small in those cases, then structured quasi-Newton methods cannot be
hoped to compete with the Gauss-Newton method. Noting that the quasi-Newton
updates do not generate the zero matrix, some remedies must be employed.
Among them, the sizing of the updating matrices which has been introduced by
Bartholomew-Biggs[1] and Dennis et al.[8] seems most promising. The Biggs’
sizing factor (2.7) is based on the idea such that if fk+1 = l3kfk for some

+ +
Ak = ?El f?i72f? and each f is quadratic, then 2? fk I 2 k l B A

where f?+1 and Y72f?+l denote fi(xk+1) and V fi<xk+1)’ respectively. Dennis
et al.proposed the strategy such that the spectrum of the sized matrix [BkAk

overlaps that of the second part of the Hessian matrix in the direction of
S They obtained the factor (2.9) by using the relation

(3.25)  Ils, {ET f v 1}s /s s ][s (IikAk)sk /s s ] 5



(Y
~3
~J

where the vector Vi is defined in (2.3). The structured quasi-Newton methods

with the sizing factors (2.7) and (2.9) are reasonable in the sense that
if the function fk+1 becomes zero, then Vi = 0 and [3k = 0, so the new matrix

A\ 41 also becomes zero. This fact is based on using the condition (2.3).

Now we can use the above mentioned'factors for our factorized versions.
Then we have the following updates:
(i)the sized BFGS-type update

_ To# T.%. . T
(3.26) Lk+1‘ jBkLk+(([3kLk+Jk+1)sk /skBksk)((skBksk /skzk
(ii)the sized DFP-type update '
_ T T,/ ol\-1 172,81, _ T, \T
where 2}, is given by (3.4), the factor [3k is the Biggs’ sizing factor

172 _ ol \T
) 2, Bksk)\’

(2.7) and the matrix Bﬁ is rewritten as

¥ _ T
It is reasonable to use the above because if the function fk+1 becomes zero,
then the new matrix Lk+1 becomes zero, so we have the Gauss-Newton direction

at the (k+1)-th iteration. Since the DGW’s sizing factor (2.9) contains the
matrix Ak,‘we can not use it directly. However, for the factorized version,

the strategy similar to the DGW’s one can be considered. The factor B.‘
should be chosen such that the matrix

(3200 (B L B LD+ (B L) Sy *+ Jn (B LY

has the same spectrum as that of the second part of the Hessian matrix in
the direction of s . So we have the following relation

(330 Ispy 1 /sp0 (B LOTB LY + (B LTI *+ 1a (B LTS, = 1,
which yields

(3.3 By = = ysO sy + sl s X B s 12,
where - 7 ’

(3.3 &, = (s 50 + s, 121 spy, |

and the symbol sgn(Z) denotes the sign of £. In practice, it is also

reasonable to use the sizing factor

(3.33)  By= min{1 = (s sitsen(lys )T 50 8 2 1 /s 12, 1

-8_
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in the above sense. Though the idea seems interesting, its computational
cost is more expensive than that of (2.7).

3.4 New Algorithms

Now we present the two kinds of structured quasi-Newton methods. First,
we show the algorithm described in the subsection 3.1 as follows:
(FACNLS Algorithm)

Starting with a point Xy € R" and an m x n matrix Ll, the algorithm

proceeds, for k =1, 2, ..., as follows:
Step 1. Having Xk and Lk’ find the search direction dk by solving the

linear system of equations
(330 T, + 00 d = =T,
Step 2. Choose a steplength a by a suitable line search algorithm.

Step 3. Set x + a,d

k+1 = %k k%*

Step 4. If the new point satisfies the convergence criterion, then
stop; otherwise, go to Step 5.

Step 5. Construct Lk+l by using the updating formula (3.26) or (3.27).

Next we present the algorithm described in the subsection 3.2:
(INVNLS Algorithm)

Starting with a point X| € R" and an n x n symmetric positive definite
matrix Hl’ the algorithm proceeds, for k=1, 2, ..., as follows:
Step 1. Having Xy and Hk, calculate the search difection dk by'
(3.35)  dy = —HJIpfy
Step 2. Choose a steplength a, by a suitable line search algorithm.
Step 3. Set X4l = Xk + cxkdk.

Step 4. If the new point satisfies the convergence criterion, then
stop; otherwise, go to Step 5.
Step 5. Construct M, ., by using the updating formula (3.22) or (3.23).

If zy is given by (3.4), the information of the second part of the

Hessian matrix V72F(x) is contained only ih the secant condition. Further,

. ) v T 1
in the case where f ., = 0, we have H 8 = (Upyqdpsr? “Sie



4. Local and Q-Superlinear Convergence of FACNLS Algorithm
We prove the local and g-superlinear convergence of FACNLS algorithms.
Our proof is based on the bounded deterioration theorem by Broyden et al.

[3]. Let D be the open convex subset of R" which contains the minimum point

x*. Ve make the following two assumptions throughout this section:

(A1) There exist positive constants 51’ 52 and p such that

(4.1) 1 VFW-vHFCHNs £ nu=x*1P for any u in D,
and :
(4.2) IIJ(u )— J(u yis 8 I|u 2“'[J for any Uy and Ug in D.

(A2) VZF is symmetric positive definite at x*.
By using the above assumptions, we have

@3 VR = VR = V2R g —up) i

¥

s & max(llu,—x H,Huz-—x*ll)pﬂul—uzll

for any uy and Ug in D, and

(4.4) s gomu =x¥ 1P+ 1Jo*Hn tor any u in 0.

At first, we show the local and g-superlinear convergence of our
algorithm with the DFP-type update (3.14). The following is the key lemma,
which is shown by Broyden, Dennis and More [3, Lemma 5.2].

Lemma 1. Let M be an nXn nonsingular symmetric matrix which satisfies
iMe—nlan = 7 umlay

for some 7 £[0,1/3] and vectors a and ¢ in R" with cla # 0. Let X be an
nXn symmetric matrix, b any vector in R" and define Y by

Y =X+ {(b=Xa)eT + c(b— Xa) veTa—{aT(b=Xa)/¢cTa)2bec].
Then, for any nXn symmetric G,

1Y=Gllp yS[(1-a e H 2 sy ume—Mlan7{—y>um lan 1 x=cu -~
+ 200 + 201D ¢l b—Ga nsnmlan,

where a = (1—27')/(1—-“7‘2) e [3/8, 11, 6 =0 if X=G, and
0 = IMX=6all /(I X—Gll MnM'lau) if X # G.

Let M be VZF(X*)'I/Z. By the equivalenée of nofms for any nXn matrix

-10-
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C, there exists a positive constant‘ﬂ such that
(4.5) ncusgNcCci FMe
For each iteration, set

- _k _k
(4.6) O = max(llxk xn, llxk+1 xT1).

Theorem 2. Suppose that the assumptions (A1) and (A2) are satisfied.
Let the matrix L, be updated by the DFP-type formula (3.14), where 2y is

given by (3.3) or (3.4). Let the sequence {xk} be generated by
_ _ T -1.T
Then, for any re (0, 1), there exist positive constants s'(rk) and & (r)
such that if lx —=x¥ IS e(r) and 1L HPTWHP-VHEH 1, 45 8,

the sequence {xk} generated by (4.7) is well defined and converges g-linear-

ly to x* with |
(4.8)  lixgy = xF s e, kz o1

Further, {1 (LI DT AN, L1 CLH JOTA+ 30 e,

L+ Jk+1)T(Lk+ e 13 and {NCCL+ Jk+l)T(Lk+ Jkﬂ))-l I} are

uniformly bounded.
Proof. For given r £ (0, 1), choose & such that
(4.9) 0<8=r/27 ¢y,

and choose £ so small that
(4.10) e = 1,

(4.11) ePs (r/&4=278) &,

(4.12) 2p+1(1+r)ﬂn2£2||Mli i t12+22,)ePs /10,
4.13)  ePs v@NvFeH 1 2nle

and _

(4.148)  Qu,8& + u2)s"/(1—rp)§a

with

4.15)  £,=2728 + 1VHGH,

W.16) Ty = g5+ UGN,

-11_
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417 z4

]

(4.18) &, = &, + P2 £, 8 4/(ptD),
(4.19) By = (15/4)Z4IIM||2,

(4.200  py=(nll Ml 25 2P (14 (2 V249¢ 2>+2(1+2n“2>§ AT
Set

@2 N={xeR 1 Ix-x¥l s ¢}
and ‘
(1.22) Ny ={B e R"X" 1w -VHGH,, = 28 ).

Now we prove, by using the mathematical induction, that the following
expressions hold for all k21:
(EL;k) 1 Bk = Zl and B,

Ly 172
(E2;k) I L & £¢°°+ &y,

£ N2,

: -1
(E3K) B Il S &g,

¥

. % '
(E4;k) llxw1 - x" N =r xk-x Il and xk.,,1 £ Nl’

s et s Mgl ePumnel? 2z v g,
sk nehH e s 10z,

(E7;k) The matrix Bk+1 in (3.15) is well defined and
20, & Can2 say1/2 Py o2t p
] Bk+l VF(x )”F,Mé{(l 39k /8) + IlIO'k}" Bk VF(x )”F,M”fﬂz"k’
| S+ n o DUB=VFECHN y+ uy0f,
where 00 and Io are defined in (4.6),(4.19) and (4.20), respectively,
and 6 is given by " ’
(4.23) 6,=0 if B=viehH
and ‘
a.2) 0, =nuek-vZredNs, /B - - ls, 11D, otherwise.

First, we consider the case of k = 1.
(E1;1) Since |

(2.25) 0B -VH&H I s 8 528,

-12-
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it is clear that B1 [> N2 and

(4.26) 1B, S 7 1B —VEGH I et VrH =27 s+ 1 THFGH N .
(E2;1) By (4.4) and (4.26), we have
HLy IS WLy + G+ G s B2+ 1y

(4.27) s @76 + NVFCHINHY2 4 £,6P 4+ 0 6EHn
(E3;1) 1t follows from (4.9) and (4.25) that A
1 vZGH T s, -vFRGH 1 5 22 8 1V2GH T
‘ s r/(14r) < 1. ﬂ
By Banach Perturbation Lemma, B1 is nonsingular, so Bl is positive definite,

and we have

(4.28) uBl'ln s )N v2IFGH 1.

(E4;1) By (4.3), (4.11), (4.25) and (4.28), we have

hxy — x*1 = 1 (=B 'R =5
s 081 VFGx) = TFOH - R GE (-1 1
+usn s —vFCH 1 ux, - Fu

s (140027 8+£ eI TEHRGEE T g, - KF
s roix—x fio< nxg—xfn s e,

Thus X9 € Nl’

(E5;1) Since J(x2) is available, the matrix B? is well defined. Thus we have
# T,y _ o N\T
2
S n2UMH2C20L00 # NI + N gy= gl

(4.29) s 2P*1p2 IIMII222{(277 8 + 11 V2R 11)17/24 20§ 52 P4l JE N dab.
Thefefore, we have ‘

' §_
¥ s ned-p n o+ npu
s ™nZumi2g 982 5 + 1 VFGH )2

+ 20,6+ 1IGHIDIEP + 278 + 1TFGH .

-13-
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(E8:1) By (4.12), (4.28) and (4.29), we have
I Bllll I B‘f—B1 I = 2"’“n2um|2§27;{(27;8 + N2rGH )1/2

+ 205, + 1IGH U TTEFC®H T e?
§ 9/10 < 1.
Thus, by Banach Purterbation Lemma, the matrix B# is nonSIngular, so B? is
positive definite, and we have
bt s as nvZred .
(E7;1) At first, we show that there holds for £, in (4.18)
(2.30) Nz ~VFGHs I sg,00 s,
where z; is defined by (3.3) or (3.4).
If 2y = yy, then it follows directly from (4.3) that

hy,=VFGHs s £,08 N0,
Consider the case of z)= vy + J5J2sl. Since fz"fl"stl = J'éJ(x1+tsl)sldt
—Jg81» we have, by (4.2),
2., % 2., % T |
+1 o= d T gy syl
S{E H012) £ 2PCE e PHILIGRDY 1/ e B its 1

Next, we show that sIz1 >0 if 8 # 0. This can be shown by a similar
way to the proof of Lemma 4.2(a) in [3]. Since
(4.31) Hle——M'ISIH s Ml Hzl-Y72F(x*)sln

Sz, o UM s Il S (/3) 0 M'lsl I

and ,
T. -1 T _u-1 -1 T u-1
e $12) = M Sl) (le M Sl) f M Sl) M Sl)’
we have ) ' '
T -1 2 -1 _wm-1 -1 2
|Slzl_ M slll IS IIM 8y LI le M 84 ll =(1/3) UM 8 e,
Thus

@»Hinls i?s sz s wHinls 2,

;14-
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which suggests that sl¢ 0 implies sl‘zl > Q.

Since the matrix B? is symmetric positive definite and’s’{z1 > 0, L2 is
well defined, and is given by
- T ¥ 1/2,/8 _ T
Lz = Ll + (L1+J2)((Slzl/zl(8 ) Zl) (B ) Zl sl)(zl/slzl) .
Setting By = (L +J ) (L 1t ) By = (L2+J2) (L2+J2) and Bl (L +JZ)T(L +J2)
gives
- ¥ To# T T, T, _role To, Toby, T
32 = B + (1+SIBISI/SIZI)ZIZI/SIZI (Blslzl+zlslBl)/Slzl‘
Note that the above corresponds to the DFP update. Let
x=8}, v=8, , 6=VFH, r =113, a=5, b=z, c=z.
Then using Lemma 1 and (4.31), we have the bounded deterioration property

for B? and B2 such that
(4.32) 18, ~VIFHN L, s (0-30% /8)!/2
p 2., % p
+ rlal}IIBl V “F(x )”F,M t 1507,

where

- 2 _ 172

= (1574) I M1l 54,‘, 12e2(l+2n YIMI llMllF§4,
and 8 1 is given by (4.23) or (4.24). kMoreover, by noting that

i8¥- sz(x*) g yS 0 84—, e+ 1B =GO,
and usung (4. 32) we obtain the bounded deterioration property for B1 and 32'

Assume that the expressions (E1;k) through (E7.k) hold for k = 1,...,
m-1. Then we have

207 % _ 72 *‘
s (ulllB -V F(x”‘)uFM ‘. uz)ak Qu;s + nol

for k =1,..., m-1, and by summing both sides from k = 1 to m-1, it follows
from (4.14) that )

2., % | 72 ¥ B N p.J
- < - + -
IIBm ¥V F(x )IIF’M_..IIB1 V F(x )IIF,M+ (2L¢18 ;;2)llx1 X Iljgg(ri)

58 +@u s+ upePra-MHs2s,
which implies (El;m). We can prove (E2;m) through (E7;m) by the same way as

the case of k = 1.
Therefore, this concludes the induction, which completes the proof. IR
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Further, by combining Theorem 3.4 in [5] and (E7;k),

. 2p¢, Y172 2p¢,ky-1/2_
(.33 1 0 VIFGDTE B TR I

exists and we have

: _ o2pe ¥ B}
(4.3 Lim 0B — VFGDs 1/0s =0

Thus, by Theorem 2.2 in [5], we obtain the following theorem.

F

Theorem 3. Suppose that all conditions of Theorém 2 hold. Thén~the
seqguence {xk} converges g-superlinearly to x*, that is;

; I ¥ -
(4.35) k_ugo il xk_'_1 X II/Ika x" I =0.

1

Next consider the BFGS-type update (3.9) of Lk. Let Hk = B& and

Hﬁ = (Bﬁ)-l. Then the relation between Hﬁ and Hk+1 can be given by

T Ty T T , T _ulb, Too Tuly,. T
(4.36) Hk+1 = Hk+ (1+zkazk / zksk)sksk /zksk (szksk+skzka)/zksk,
which is the form obtained by performing the interchange Bﬁ*——>lﬂﬁ and
S| 2 in (3.15). So we can prove the local and g-superlinear convergence
of our algorithm with (3.9) by the same means as the above.

Let M be Y72F(x*)l/2. By the equivalence of norms for any nXn matrix
C, there exist positive constants # and #’ such that

(4.37) (1/”,)"CNF,M§ ncn=sqguc F M

Theorem 4, Suppose that the assumptions (Al) and'(AZ) are satisfied.
Let the matrix Lk be updated by the BFGS-type formula (3.9), where 2y is

given by (3.3) or (3.4). Let the sequence {xk} be generated by
Y T 1T
Then, for any re(0, 1), there exist positive constants £ (r) and & (r)
such that it Wx;—x* Il Se(r) and WL+ JPTCA+ I =8 6H T,
= S(r), the sequence {Xk} génerated by (4.38) is well défined and converges

g-linearly to x* with
(4.39)  lxp — xF s rix—x* U0, kzl

- 16-



{ndL s Jk+1)T(Lk+ Jiep) 1} and 2 ((Lyt Jk+1)T(Lk+ Jkﬂ))'1 I} are

uniformly bounded. ,
Proof. For given r & (0, 1), choose & such that

(4.40)

0<8= r/Q27 é‘é),

and choose £ so small that

(4.41)
(4.42)

(4.43)

(4.44)
and
(4.45)
with

(4.486)

(4.47)
(4.48)
(4.49)
(4.50)

(4.51)

Set
(4.52)
and
(4.53)

e =21,
18 ,ePs rlasn,

PHeo iz + 25 eP s 9o,

ePs vanvFeH o nn oz p
Quis + ué)sp/(l—rp)éa

278 + 1VIFGH 1,

g7 =
5= &4+ 1JGH,
£ = N vHGH N,
£ = & P2 £, 8 5/(pt1),
wi=sepmnantinwrod e,
uy =108 2P ez Pey + (2 PV
+ (871531 + 20Dy prumnpumnta,
M={xeR 1 Ix—x*n s e}
Ny = e R =vReh g, s 28 )

Now we prove, by using the mathematical |nduct|on, that the foHowlng
expressions hold for all kZ1:

(E13k)’
(E2;k)’

HHkllétl and er Né,
HBkllété,

-17-



foarch
&.e]
-1

Y ' ’ sy1/2
B33k LN S £3+ (5

EBK Mxpyy = x¥ 0 s v ix—x¥ 1 and x4 & N,

s nefi s 2PMleoary v eV 4 1y,

(B6;K)° NHEN = 1083, -

(E75k)”  Hy 4y is well defined and

e~ VEFGH g s (=302 /912
+ujolh Hk—sz(x*)‘luF’M t nyof,

S+ ajo D=V T+ ulel,

where ‘Ik"“i and ;zé are defined in (4.6),(4.50) and (4.51), respectively,

and G'k is given by

458 9, =0 if #=vIeH!
and
- et —o2ryl #_ o 2p( byl 1
.55 8 = - vGE Dz /- w2Red g iz 0,
otherwise.

First, we consider the case of k = 1.
(E1;1)’ Since the proof is very similar to that of Theorem 2, it is omitted.
(E2;1)’ It follows from (4.40) that

EvFCH 1 -vFCH T s 20 s 1vHFCH N s ) < 1
By Banach Perturbation Lemma,'we have
1B 0 = whln = ) nvIFGH .

Since the proofs of (E3;1)’ through (E6;1)’ are very similar to those
of Theorem 2, they are omitted.
(ET7;1)’ By the same way as the proof of Theorem 2, we can show that

(4.56) Hzl—VZF(x*)slllétl’la? s
‘for 5'4 in (4.49), where 2y 1s defined by (3 3) or (3.4), and that s $12p > 0

if 8 # 0. Using Lemma 1, we have the bounded deterioration property for Hf

and H2 such that

@5n Wy =VERGH T s (=303 /p1/2
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s P #_ 2 ¥\-1 > - P
+tlal}HH1 V4F(x") "F,M+7201’
where

’

T

sumn um oo v2rodH g g,

vy = @B nZumn nmn gn v g,
and 8 1 is given by (4.54) or (4.55).
Moreover, by (E1;1)’ and (EG;I)’,'we have
t 3 — o8 ~ : s uul #_
IIH1 Hlll F M S IIHI(BI BI)HIHF,M s 79 |IH1II WHynn B1 By Il
s 107°e P P e e+ (2 PV D!
and
$_2p,.%"1 $_ _72pr.¥-1
!lH1 V4F(x®) "F,M éIIH1 Hl"F,M + 1l Hl VAF(x™) llp’M
Therefore, we obtain the bounded deterioration property for H1 and H2‘

Since the remainder of the proof is very similar to that of Theorem 2, it is
omitted. W

- Moreover, by a similar way to the proof of Theorem 3.4 in [5],

(4.58)  lim 0 VzF(x*)Vzﬂk varuH2 - "

exists and we have

(8.59) | Lim Il Ch ~ sz(x*) 1)z H/uz 1 =o.

Finaltly, we show that the above lsvat least the sufficient condition for the
supertinear convergence of the algorithm.

Theorem 5. Suppose that the séme assumptions of Theorem 4 hold. Let
the sequence {xk} be generated by

(4.60) (xk+l = xk -"Hk‘7F(Xk).
Then {xk} converges ¢- superllnearly to x*
Proof. For the case of zk = ¥y |t is proved in [5, p.559] that (4 59)

implies the g-superlinear convergence. So we only consider the DGW secant

~ condition (3.4). Since ‘
-y T _f AT

Zk = yk Jk(fk+1 | fk Jk+lsk) + ("‘k‘l‘l Jk) Jk‘l’lsk’

we have ’ ' '

-19-
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I VPG 1S 1= 2GS Dz + 1 w2e6) iy, - 02 Gds, i
A O R I W T S |

+ = 2R T =g 1 s,

Using (4.2), (4.4), (4.56), (4.58), (4.59) and (El; k)’, a similar way to [5,
p.559] yields

(4.61) kl;§°||§7F(Xk+l)||/ llxk+1-xkll =0
and v

. I
(4.62) kl;golixk+1 x* N/ lIxk x*l = 0.

Thus the proof is complete. W

5. Computational Experiments

Computational experiments were performed to compare the factorrzed ver-
sions proposed in this paper with the Gauss-Newton method and the structured
quasi-Newton methods from the viewpoint of the number of iterations and the
number of the objective function evaluations.

The numerical calculations were carried out in double precision
arithmetic on a NEC PC-9801VX personal computer, and the program is coded
in FORTRAN 77. For all the methods, the initial matrices A1 and L1 are set

to zero matrices, and Hl is set to the unit matrix. The iterative process

is terminated
(1) if Ilf(xk)llw <  max(TOLl, &),

or , , .
T Tee o

(2) if 'eJJ(xk+1) f(Xpep? | = max(TOL2, &) N fCx DN HJ(xk+1)ejH
for j=l,...,n and lx 1 =x N o= max(TOL3, £ Imax( Wx, . I o, 1.0),
where €] denotes the j-th column of the unit matrix,

or
(3) if the number of iterations exceeds the prescribed limit (ITMAX),
or |
(4) if the number of function evaluations exceeds the prescribed limit
(NFEMAX),
where Il « Il _, denotes the maximum norm and & is a machine epsilon.

Further, the Jacobian matrix is evalﬁated by the fofward diffefehce'
approximation and the bisection line search method with Armijo’s rule

-20-
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Flx, + a,d) S Fx) + 0.1a, VF(x)'d,
is employed.

In the experiments, we set TOL1 = TOL2 = TOL3 = 10'4, ITMAX = 500 and
NFEMAX = 2000. Since the sized DFP-type update (3.27) includes the inverse

matrix of B#, we used only the sized BFGS-type update (3.26) in the FACNLS

methods. The test functions to be minimized are listed as follows [2]:
Problem 1.(Powell)

_ 2 Y _ 4 RY
F = (x1+ 10x2) + 5(x3 x4) + (x2 2x3) + 10(x1 x4) ,
Starting point=(3, -1, 0, 1), Minimum point=(0, 0, 0, 0), Value = 0,
Problem 2.(Freudenstein and Roth)
F= (=13 4+ x =20+ 5x3—x3)% + (=20 + x;— lxy+ x3 + x3)2,
Starting point=(15,-2) or (6,6), Local minimum point = (11.4128,

-0.89681), Value = 48.98425; Global minimum point = (5,4), Value = 0,
Problem 3.(Kowalik)

11 2 2 2
F=3". (a.—x, Q" +xu )W, +xu. +x)),

=1 g 1 2 J 3 4)
The data a. and u. are given in [2],

J J
Starting point = (0.25, 0.39, 0.415, 0.39),

Minimum point =(0.19281,0.19128,0.12306,0.13606), Value=3.075 x 10-4
Problem 4.(Jennrich)
F=xi0
J=1
Starting point=(0.3,0.4), Minimum point=(0.25783,0.25783), Value=124.36
Problem 5.(0sborne) '
33
= - + - +
F 2j=1 (aj (x1 xzexp( xqtj) x3

The data aj are given in [2] and tj = 10(j—-1),

Starting point = ( 0.5, 1.5, -1, 0.01, 0.02),
Minimum point = (0.3754, 1.9358, -1.4647, 0.01287, 0.02212),

Minimum Value = 0.546 x 10

(aj-(exp(jxl) + exp(sz)))z, where aj =2+ 2j,

exp(-x t.)))2,
57

The computational results are summarized in Tables 1 throhgh 6.
In each table, we use the following symbols;

- =21-
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GN . the Gauss-Newton method,
Biggs: the Bartholomew-Biggs update (2.86),
DGW : the Dennis, Gay and Welsch update (2.8),
- FACO : the FACNLS algorithm with (3.3) and (3.9),
FAC1 : the FACNLS algorithm with (3.4) and (3.9),
FAC2 : the FACNLS algorithm with (2.7), (3.4) and (3.26),
FAC3 : the FACNLS algorithm with (3.33), (3.4) and (3.26),
INVO : the INVNLS algorithm with (3.4) and (3.22),
INVI ¢ the INVNLS algorithm with (3.4) and (3.23),

BFGS : the standard BFGS method,

DFP : the standard DFP method,

T . the number of iterations for convergence,

EV - : the number of the objective function evaluations,

Fv I the obtained final function value, ‘

¥ + the method had failed to converge in the specified number of

the objective function evaluations.
Table 1. Results for Problem 1 Table 2. Results for Problem 2
with (15, -2)

IT EV Fy 1T EV Fv
6N 9 50 2.3x107 G 105 %  58.02
Biggs 14 75 | 7.0 x 10'9 Biggs 6 21 48.98
DGV 14 75 6.6 x 1070 DY 6 21 48.98
FACO 20 105 6.2 x 10'9 FACO 9 33 48.98
FACI1 14 75 4.8 xvlo'9 FAC1 7 31 48.98
FAC2 14 15 5.4 x 10'9 FAC2 7 31 48.98
FAC3 14 75 5.1 x 1077 FACS 11 102 18.98
INVO 27 158 3.5 x 10'9 INVO 8 36 48.98
IWL 77 419 1.5x 1078 INV1 7 33 48.98
BFGS 32 184 1.0 x 10'8 BFGS 9 39 48.98
DFP 97 513 7.6 x 1070 DFP 10 42 48.98

L I I I T B T

-22.
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Table 3. Results for Problem 2 ~Table 4. Results for Problem 3
with (6,6) - ' | |

S Tt A Y A A
GN 5 18 2.8x 1077 GN 19 103  3.075 x 1072
Biggss 6 21 8.7 x 10710 Biggs 10 59  3.075 x 107
Dow 6 21  8.1x10!P DGw 12 70 3.075 x 107%
FACO 9 30 8.5 x10713 FACO 14 94  3.075 x 107"
FACL 6 21  6.5x 1072 FACl 11 87  3.075 x 1074
FACC 6 21  6.2x10°1° FACZ 10 62  3.075 x 107
FACS 6 21 . 6.2x101° FACS 11 69  3.075 x 1072
INVO 92 £ 730.41 INVO 20 152 - 3.075 x 107
INVI 92 £ 730.41 INVI 399 : £ 3.711 x 107
BFGS 13 57  48.98 ($) BRGS 32 167  3.075 x 107
DFP 44 172 48.98 ($) DFP 399 £ 3.772 x 107"
($)The local minimum is obtained.

Table 5. Results for Problem 4 Table 6. Results for Problem 5
TR TR R
GN 138 £ 2.7x 10° GN 6 44  5.465 x 107°
Biggss 9 32 124.36 Biggs 27 172 5.465 x 107>
DGW 9 32 120.36 DG¥ 21 148 5.465 x 1077
FACO 10 70  124.36 M‘ FACO 43 274  5.465 x 10°°
FAC1 9 50 120.36 FACL 26 190  5.465 x 107
FACZ 10 57  124.36 FACZ 18 128  5.465 x 107
FAC3 15 178  124.36 FACS 16 119  5.465 x 1070
INVO 11 69 124.38 INVO 93 t  6.560 x 107°
IV 11 67T 124.36 INVI 329 % 8.580 x 107
BFGS 13 74 124.38  BRGS 51 350  5.465 x 1070
DFP 30 129  124.38 DFP 172 %  6.019 x 107

I R I I L L I I N L L R
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~ From these tables, we can see that the Gauss-Newton method performed
very well for the zero or small residual problems (Tables 1 and 6), but
did not necessarily well for the large residual problems (Tables 2 and 5).
For all the problems, the FACNLS methods except FACO, the structured quasi-
Newton methods with the Biggs and the DGW updates performed well and were
numerically stable. These numerical results suggest that the FACNLS methods
are compafable with the structured quasi-Newton methods with the Biggs and
the DGV updates. However, the INVNLS methods, the standard BFGS and the
standard DFP methods did not perform well compared with the other methods.

6. Concluding Remarks ;

This paper has been concerned with the iterative methods based on the
structured guasi-Newton methods for nonlinear least squares problems. Our
idea is to compute the search direction by solving the linear system of
equations (3.1). This enables us to obtain descent search directions for
the objective function.

We proposed the FACNLS and the INVNLS algorithms. However, since the

information of the second part Eﬂl fj(x)Y72fj(x) in (1.5) is contained only

in the secant condition, the INVNLS methods did not perform well compared
with the other structured quasi-Newton methods in our experiments.

We recommend the FACNLS algorithm with the sized BFGS-type update (3.28) for
practical computations. In addition, the FACl seems numerically stable
though it does not employ a sizing technigue.
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