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Abstract

Recent both theoretical and experimental studies have revealed that topological materi-
als such as topological insulators and superconductors, graphene, and Weyl semimetals
exhibit characteristic transport properties associated with the geometrical structures of
the wave functions of the electrons in the real and momentum spaces. In addition to
applying electromagnetic fields, these responses are also caused by external forces, such
as applying a temperature gradient, twisting the sample, making dislocations in the
lattice. Theoretically, they are described by the technique of the differential geometry.
Based on these backgrounds, in this work, we theoretically, studied two geometrical
transport phenomena in topological materials, using this technique.

First, we study the thermal Hall effect in superconductors with broken time-reversal-
symmetry. The thermal Hall effect is the thermal analog of the Hall effect and the
production of a temperature gradient by the transverse temperature gradient. This
effect is useful for detecting the topological feature of the superconductors rather than
the Hall effect, since the number of electrons is not conserved and then electromagnetic
responses hardly grasp it. We derive a formula for the thermal Hall coefficients, rep-
resented by the Berry curvature of the Bogoliubov-de Gennes Hamiltonian. We also
applied it to two-dimensional chiral superconductors, and found that in the low tem-
perature limit, the thermal Hall coefficients are quantized as, k,, = cnT/6, where c is
one-half of the bulk Chern number defined from the Bogoliubov-de Gennes Hamiltonian
and corresponds to the central charge of the Majorana edge mode. It reproduces the
result of a previous study based on edge calculations. Moreover it can be applied to
any superconductors even with nodes including Weyl superconductors, and therefore
useful for exploring broad types of topological materials.

Second, we propose a new topological response, referred to as the torsional chiral

magnetic effect, in Weyl semimetals. Weyl semimetals are materials that are charac-



terized by one or more pairs of Weyl cones protected by topological numbers. Various
exotic transport phenomena associated with the chiral anomaly, which is one of the most
important features of Weyl semimetals, have been theoretically predicted and some of
them have been observed in experiments. Among them the chiral magnetic effect has
been discussed in broad areas of physics, including nuclear and nonequilibrium physics.
It is the generation of a ground state current in the presence of a magnetic field even
without an electric field. The theories of this effect contain subtle points: it can be
derived based on the linearized effective field theory but its no-go theorem in solid state
electron systems was proved. On the other hand, the torsional chiral magnetic effect is
the generation of a ground state current due to emergent magnetic fields arising from
an edge or screw dislocation line. We investigate it by the linear response theory based
on a linearized effective model with background geometry. We, furthermore, perform
a numerical calculation based on a tight-binding model of Weyl semimetals with a dis-
location, and establish that this effect is indeed possible even in realistic solid state
systems, in sharp contrast to the chiral magnetic effect due to a magnetic field. We
also discuss how it avoids the no-go theorem. We also propose experimental setups for
the detection of this novel effect.

This thesis is organized as follows. In Chapter [ we describe the overview of the topo-
logical materials, topological superconductors, Weyl semimetals and Weyl superconduc-
tors. In Chapter & we review the theory of the differential geometry and application to
condensed matter systems. Our results on the thermal responses in superconductors
with broken time-reversal-symmetry are presented in Chapter B. A theory on a new
topological response in Weyl semimetals caused by dislocations, i.e. the torsional chiral
magnetic effect, is developed in Chapters B. Chapter B is dedicated to the conclusion

of this thesis on geometrical responses in topological materials.
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Chapter 1

Introduction: topological
superconductors, and Weyl

semimetals and superconductors

This thesis is on ” geometrical” responses in topological materials. As widely known, the
theory of the differential geometry is an useful mathematical technique for the descrip-
tion of the effect of gravity in high-energy physics. Also in condensed matter physics,
this theory is useful for the description of geometrical responses: e.g. the thermal re-
sponse or responses caused by lattice dislocations, rotation, or twist. Moreover, apply-
ing it to topological materials such as integer and fractional quantum Hall states (IQHSs
and FQHSs), topological insulators and superconductors (TIs and TSCs), graphenes,
and Weyl semimetals (WSMs). Recent both theoretical and experimental works have
revealed their rich and exotic transport properties. In this thesis, we especially argue
the thermal Hall effect (THE) in superconductors with broken time-reversal-symmetry,
and propose new transport phenomena in WSMs caused by dislocations.

In the following sections in this chapter, we review the topological materials, TSCs,
WSMs, and WSCs. We also give the summary on theory of the differential geometry

and their applications to condensed matter systems in the next chapter.



1 Topological superconductor with broken time-reversal

symmetry

The bulk energy spectra of the TIs and TSCs are fully gapped. However, they are
distinguished from trivial systems such as normal insulators and fully gapped normal
superconductors by integer topological numbers, and, without closing the gapes, cannot
be adiabatically deformed into trivial systems. The classification of possible TIs or
TSCs in any dimensions and with three types of local symmetries is given in Ref.[l]. In
this section we review the TSCs that are classified as two-dimensional class C and D
TSCs in this classification, which have particle-hole symmetry but break time-reversal-
symietry.

These TSCs are characterized by the first Chern number or TKNN number [?]
defined from the Bloch wave functions of the Bogoliubov-de Gennes (BdG) Hamiltonian
in the occupied bands. On the edge of the system, there are chiral gapless edge modes,
the number of which is equal to the bulk TKNN number. These properties are very
similar to those of the Chern insulators (Cls), which are classified as the class A TIs
(Fig.m). However, there are crucial differences in the elementary excitations and
transport properties. Indeed, the elementary excitation of the TSCs is the excitation
of the Bogoliubov quasiparticles in the edge chiral Majorana modes and the creation of

this quasiparticles is equivalent to the annihilation of them as

=k (1.1.1)

and then the quasiparticles at low energy are charge neutral and cannot by excited by
electric field. Therefore electromagnetic response hardly grasps the topological nature
of the TSCs unlike the Cls, and in this thesis we discuss the thermal transport, which
is described by the theory of geometry as mentioned in Chapters 2 and B.

At the end of this section, we review possible candidate materials of the TSCs with
broken time-reversal-symmetry. The spineless chiral p + ip superconductors are the
two-dimensional class D TSCs, and SroRuOy [B], a thin film of ®He A phase[d], and
Moore-Read v = 5/2 fractional quantum Hall states [G] are their candidate systems.
The singlet chiral d + id superconductors are that of class C TCSs [0]. Moreover, it is
found that, even if the superconducting pairing is the trivial s-wave, we can obtain the

class D TSCs when the system has strong spin-orbit interaction and Zeeman magnetic
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Figure 1.1: CI (left) and TSC with broken time-reversal symmetry (right). Their bulks
are fully gapped, but they have chiral and Majorana gapless edge modes, respectively.

2 Weyl semimetals and superconductors

WSMs are three-dimensional materials that have Weyl modes in the Brillouin zone
(BZ). The Hamiltonian for a Weyl mode is, around a certain point A = (A1, A2, A3) in
the BZ, which is called the Weyl point, given by

Hyeu(k) = Y (ki = M)vigoj — Ao, (1.2.1)
i,j=1,2,3
in the linear order of (kK — X). Here o; is the Pauli matrix, v;; is the velocity matrix,
and \o corresponds to the energy shift of the Weyl modes. The Weyl mode has a
monopole charge in the momentum space. Indeed, supposing that S is an arbitrary
spheres surrounding the Weyl point, the surface integral of the Berry flux through S,
which is the Chern number, is quantized as

1

by = —
s 27T S

b-dS = €7, (1.2.2)



where

X = sgn[det(v;;)], (1.2.3)

is called the chirality of the Weyl mode. Here the Berry curvature is defined by the

rotation of the Berry connection as
b=V xa, (1.2.4)

and the Berry connection is defined by,

a :i<u’ag—<:)>, (1.2.5)

where |u(k)) is the Bloch wavefunction in the lower band of the Weyl Hamiltonian
(=2D). The remarkable point is that this monopole charge protects the Weyl node. In
other words by weak perturbation without the pair annihilation with a Weyl node with
opposite chirality, this node cannot be changed into a gapped mode, which has zero
Chern number (see Fig.I2). ™ In this sense, WSMs are called topological materials,
although they are gapless unlike TIs and TSCs. We also comment that in realistic
lattice systems a single Weyl node cannot appear alone. Instead, one or more pairs of
Weyl nodes with opposite chiralities can appear and the sum of the Chern numbers of
all Weyl nodes is always zero following from the Nielsen-Ninomiya’s theorem [0, 0]
In this section, we review this topological semimetal, focusing on the characteristic
transport phenomena caused by the chiral anomaly. We also comment on WSCs, of

which dispersions in the BdG space are the same as those of WSMs.

If there is no node in the region surrounded by S, one Berry connection can be defined over this
region. Then, following form the Stokes’ theorem, we obtain &g = fs b-dS = ﬁ fas a-dl = 0. Here,
we used that S has no boundary and then 0S = ¢. Therefore, the Chern number of gapped modes are

always zero. See also Fig.[[2A.
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Figure 1.2: Weyl node protected by the topological number. (left) Weyl node, which
has the Chern number 1 and (right) gapped state, which has the Chern number 0.

2.1 Chiral anomaly and topological responses

In this subsection, we introduce exotic transport phenomena associated with the chiral
anomaly in WSMs: the anomalous Hall effect (AHE), chiral magnetic effect (CME),
and negative longitudinal magnetoresistance (NLMR). To see this, we will derive these
responses from the chiral anomaly. Now we consider a simple model for a WSM with

a gauge potential A, = (Ao, A1, Az, A3), whose Hamiltonian is given by

HWSM_ (-Za—f—A—F@A)U—)\O—@AO 0
(1.2.6)

This model has a pair of Weyl nodes with different chiralities. We supposed that the
Weyl points are at £ in the BZ and the energy shifts for the Weyl nodes are \°,
respectively. Here, o = (01,09, 03) are the Pauli matrices. This system is, in terms of

the action, represented by

SWSM s Ay N] = / dPrdtpy*(i0, — eA, — N, (1.2.7)

10



where v* (u = 0,1,2,3) are the 4 x 4 gamma matrices, which satisfy the anticommu-

tation relations {v*, "} = 2n** with n*" = diag(1,—1,—1,—1). The definitions of 1

and 7° are given by 1 = ¥7° and v® = i7%yy243, respectively. Here we adopted the

chiral representation of the gamma matrices:

0 1
0
V= : 1.2.8
(L) 129

. 0 o
71:< ? ) for i=1,2,3, (1.2.9)

—0; 0

where I is the 2 x 2 identity matrix. From this action of the fermion and gauge fields,

we define the effective action of the gauge field by the path integration over the fermion
fields as

ST M [Awidal — /DW’MeiSWSM[w,w;AMH}, (1.2.10)

which contains all informations of the electromagnetic responses of this WSM obtained

by its variation with respect to A,. To calculate SJ 2" we perform the chiral rotation:

W = P@T 2t it mied @2 (1.2.11)
with
0(z) = 2\, (1.2.12)

After the chiral rotation, the action of the WSM, S"*M  becomes that of the Dirac

semimetal (DSM), which have a helical massless Dirac mode in the BZ:
SYIM[, s Ay A = STV 45 A, (1.2.13)
with
SPSM o A,] = / Bty (i, — eA)b. (1.2.14)

However, this does not mean that the effective action for the WSM is equal to that for
the DSM, since we have to consider the Jacobian of the path integral measure defined

by

Dy, ¢] = ID[Y', ¢']. (1.2.15)

11



Calculating J by using the Fujikawa method [[T], we obtain that the difference between
the effective actions of the WSM and DSM is given by the #-term as

SWIMIAL = SEIMIAL] + Se[Au; M, (1.2.16)
0(x)
S@[AM; )\M] = 62/d$3dtﬁﬁu pAFMVFpk. (1217)
Here SH3M[A,] is the effective action for the DSM defined by

S Aul — / D, ]e’s” il (1.2.18)

Then the contributions to the charge and current densities of the #-term is

ju :55[‘/4“’ )\M]
0A,
62 NN

Then, the contribution to the current density is given by

2 2

(& (&

The first and second terms correspond to the AHE and CME, respectively. In the

'7:

following subsections we will describe their details.

2.1.1 Anomalous Hall effect

The AHE from the first therm of Eq.(I"Z20) is easily understood by the following
picture. Suppose that the Weyl points are separated in the z direction as A = (0,0, A,)
and the energy shifts for the Weyl nodes are 0 as shown in Fig.I3. The Chern numbers
of kk,-planes are equal to 1 when the planes are sandwiched by the Weyl points (red
plane in Fig.I3) and 0 otherwise (blue plane in Fig.I3). Therefore the contribution to
the Hall coefficient, o,,, of a k;k,-plane is given by

62

Ouy(kz) = %1{Az<kz<xz}, (1.2.21)

where 1.y is the indicator function, and then the total Hall coefficient is given by

27 /a dk
oy sM 2/2 —2 0, (k)

i 7/a 2

62

" on?

A, (1.2.22)

12



where a is the lattice constant. This reproduces the first therm of Eq.(IC220).

k2

Figure 1.3: BZ of the WSM. The Chern number of a k,k,-plane is equal to 1 when
this plane is sandwiched by the Weyl points (red plane) and 0 otherwise (blue plane).

2.1.2 Chiral magnetic effect and its no-go theorem

The second term of Eq.(IC220) represents the CME, which is the generation of current
parallel to an applied magnetic field even in the absence of electric fields. 2 This effect
was originally considered in the context of the nuclear physics, and expected to play
an important role in heavy ion collision experiments [[3, [4]. It also caused a stir in
nonequilibrium statistical physics, since it leads to the existence of the ground state
current which, recently, attracts a renewed interest in connection with the realization
of quantum time crystals [15], and then the CME has been studied from this point
of view [I6, 7. However, unfortunately, their results are negative for its realization:

the macroscopic ground state current in realistic WSMs is always absent, and then

?In some papers the chiral anomaly induced negative magnetoresistance described in the next
subsection is also referred to as the CME [I7]. However, in this thesis we use this terms in the narrow

sense, i.e. the generation of ground state current in the absence of electric field.

13



the CME can never occur for a static and uniform magnetic field. In the following
sentences, we will describe the physical picture of the CME and show why it does not
work in realistic lattice systems.

We consider a model for inversion-symmetry-broken WSMs (Fig.ld.a). It has a
pair of Weyl nodes of which the Weyl points are at the gamma point in the BZ, but
these Weyl nodes have different energy shifts, +\g:

H = (1.2.23)
0 Hg

H, = xs(—i0 +eA) - o — xs)o, (1.2.24)

with

where s = L, R is the index of the chirality, x;, = 1 and xg = —1, and o = (0,,0,0;)
are the Pauli matrices. Moreover we apply a uniform magnetic field parallel to the
z axis, B = (0,0, B,), and adopt the gauge A = (—yB,/2,2B,/2,0). Even in the
presence of this magnetic field, the momentum in the z direction, k,, remains a good

quantum number. Then the Hamiltonian can be partially diagonalized as

H, =Y [Hy(k:) = xshol, (1.2.25)
k-
with
Hy(k.) = x5 [(—i0, + eAy)o, + (—i0, + €Ay)oy, + k,0.]. (1.2.26)

Eq.(I=228) is coincident with the two-dimensional massive Dirac model with the Dirac

mass k,, and the whole eigenvalues are Landau-quantized as

EF(k,) =+ /2win + k2, for n=1,2,3, - (1.2.27)

EJ(k.) =Xk, (1.2.28)

with the cyclotron wg = v/eB. (see, for example, Ref.[I8] for the derivation). Here the
density of state, or the Landau degeneracy factor, is given by
B.L,L,

D= ,
2

(1.2.29)

where L; (i = x,y, z) is the length of the sample in the i-direction. The remarkable point
is that the former eigenvalues (I"Z21) have their counterparts as E£"(k,) = —EF"(k.),

14



but the later eigenvalue (I”Z2R) has no counterpart. This phenomena is called the
parity anomaly. Then moving k,, we obtain the full spectrum for Eq.(IZ223), which
consists of the chiral modes due to the parity anomaly and other symmetric modes as
shown in Fig.[4.h. We can derive the CME immediately form this spectrum. Owing
to the symmetry, EX"(k,) = EF"(—k,), the electrons in these symmetric modes do
not contribute to the ground state current in the z-direction, j,. Then, we focus only
on the chiral modes (Fig.ld.c). We introduce a momentum cutoff as —A < k, < A,
and then find that there is a difference in the number density of the right-moving and

left-moving electrons, ®

1
An :—Lz LI Z D

—A<k,<—A+2)\g

6)\0
=55 (1.2.30)
Therefore, the grand state current density is
j. =eAn
o2

This reproduces the CME derived from the chiral anomaly, the second term of the
right-hand-side of Eq.(IZ220).

This derivation of the CME was based on the linearized model of WSMs. However,
in realistic lattice systems, it does not work. In lattice systems, we have to impose the
periodic boundary conduction at the deep inside the Fermi see, k, = 4+, on the band
structure as shown in Fig.I4.d, rather than the momentum cutoff. Generally, we can
prove that the net equilibrium current is always absent in lattice systems with arbitrary
band structure and at any temperature [I6, [I7].

Nevertheless, there are chiral anomaly induced transport phenomena in lattice sys-
tems other than the AHE. One is the longitudinal negative magnetoresistance (LNMR)
described in the next subsection and the other is the generation of local current due to
inhomogeneous magnetic field [T9] or fictitious magnetic field arising from dislocations
(Ref.[20] and Chapter ).

3Tn this model the Fermi velocity is vy = 1.

15



Figure 1.4: a) Band structure of the WSM with broken inversion-symmetry. b) Full
spectrum of the WSM in the presence of a uniform magnetic field parallel to the z-
axis. ¢) Chiral modes due to the parity anomaly. d) Band structure of a realistic lattice
system. In Figs.c and d, the solid lines and curves represent occupied bands and dashed

ones valence bands.

2.1.3 Longitudinal negative magnetoresistance

As shown in the previous subsection, the ground state current cannot occur owing to
the periodicity deep inside the Fermi sea in the BZ. However, a chiral anomaly-induced
transport phenomena that is donated by the electrons on the Fermi surfaces is possible
in nonequilibrium states. An example is the longitudinal negative magnetoresistance

(LNMR) due to the chiral anomaly, which was theoretically predicted in Ref.[21]. Re-

16



cently, it has been experimentally observed in many candidate materials for WSMs and
DMSs [20, 22, 12, 23, 24, P5]. Here we note that this response can occur in DSMs as
well as WSMs.

Now we explain the theory of the LNMR, and introduce magnetoresistance mea-
surements of Bi;_,S, and TaAs, which are candidate materials for the DSM and WSM,
respectively. We consider a WSM or a DMS in the presence of a magnetic field par-
allel to the z-axis. As discussed in the previous subsection, the spectrum contains
D-degenerate right-moving and left-moving chiral modes as shown in Fig.[3. Here
D = BL,L,/2r (I2ZZ9). Now, we consider the quantum limit so that only the chi-
ral modes cross the Fermi level, and calculate the conductivity using the Boltzmann
equation. Here, we assume that the Fermi velocities for these modes are given by +vp,
respectively, and (k,, R) and (k,, L) indicate the electron with the wave number k, in
the right-moving and left-moving modes, respectively. Then the semiclassical equation

is given by
b= (—xs)Vr, k. =eE, (1.2.32)

where x;, = +1 and yg = —1. Therefore the Boltzmann equation for the semiclassical

distribution function, f(k,,s, z,t) is given by [26]:

Of (k.,s,z,t) Of(k., s, z,t) Of (k.,s,z,t)
/. —Xs P e A Ez— = ]co , 1.2.33
2B+ (o) SRR o, S dfl, (123
where the right-hand-side is the collision term. Here we use the relaxation-time ap-
proximation
[coll[f] — _f(k275727t) _fO(kZ7S)’ (1234)
T

where fj is the Fermi distribution function and 7 is the relaxation time. At ¢t > 7, the

solution for this equation is given by

= 8f0(l<;z, S) '

f(kz,5) = folks,s) —erE.=—op (1.2.35)
Therefore the contribution to the current is
J, = Z<_€X5UF),]?(kz, 5)
kz,s
e2rvpL,
=——F——F, 1.2.
or (1.2.36)

17



at zero temperature. Moreover, assuming that the D-degeneracy of the chiral modes

contribute to the conductivity equally, we obtain that the current density is

jz = UzzEza (1237)
with
eTup
YT p 1.2.38

This means that the magnetoconductivity increases as the magnitude of the longitudinal
magnetic field increases, This behaves quite differently from that of the conventional
magnetoresistance, and is called the LNMR. Here we note that the picture above works
if wg > p, T when the intervals of the Landau levels are sufficiently larger than other
energy scales, the chemical potential © and temperature 7. In the opposite limit p >
wpg, magnetoconductivity increases as the magnitude of the longitudinal magnetic field

increases, but o, oc B2 [27].

1P

Figure 1.5: Mechanism of the LNMR. p is the chemical potential. The solid lines and

curves represent occupied bands and dashed ones valence bands.

Finally, we introduce the experimental studies of the LNMR. In Fig.I'8, we show the

magnetoresistance measurements on, Bi;_,Sb, [22] and TaAs [25], which are candidate

18



materials for the DSM and WSM, respectively. In both cases, when the direction
of the magnetic fields are nearly parallel to that of the electric fields the negative
magnetoresistance has been observed. Therefore these measurements provide strong

evidence for the chiral-anomaly-induced transport phenomena.

a)

1.0

5

0.5

. . -0.5 s a a a a
-10 -0.15 -0.1 -0.05 0O 0.05 0.1 o
Bcos(0)

Figure 1.6: Magnetoresistances of (a) Bi;_,Sb, and (b) TaAs. In both case, § = 90°
corresponds to B || E. Reproduced form Refs.[22, 24].

2.2 Weyl superconductors

WSCs (or Weyl superfluids) have one or more pairs of the Weyl nodes with opposite
chirality in the BAG momentum space. There are a few candidate materials for them.
One is the A-phase of ®*He, which is a well known material for a long time [4]. Moreover,
recent both experimental and theoretical studies have supported that the pairing sym-
metry of the heavy fermion superconductor URu,Sis is the chiral d, . +id,. wave and this
compound is a WSC. Here we refer to these studies. The broken time-reversal-symmetry
of the paring state was examined by the Kerr effect measurement [28]. Furthermore,
the measurement of the Nernst effect also provides supporting evidence for the chiral
paring state [29, B0]. In Ref.[29], it is reported that a colossal Nernst signal was ob-
served near and above the transition temperature T, ~ 1.5K for URuySiy. This signal
cannot be understood by the Aslamazov-Larkin mechanism, conventional mechanism
of superconducting fluctuation (Fig.I"2.a). On the other hand, the chiral fluctuation
mechanism, which was introduced in our theoretical paper [30] and characteristic of

chiral superconductors, can successfully explain this signal (Fig.[Z2.b).
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(red dots for a RRR = 1080 sample and green for RRR = 620 one). The solid line is the
calculated result based on the Aslamazov-Larkin mechanism. b) Theoretical results of
transverse Peltier coefficients due to the chiral fluctuation mechanism [30] (solid lines),

which successfully explain the experimental data (circles). These figures are reproduced

from Ref.[29].
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Chapter 2

Geometrical response in condensed

matter physics

The gravity can be understood as the consequence of curved spacetimes. Therefore
the mathematical formalism of the differential geometry is widely used for descriptions
of the gravity in the fields of cosmology and high-energy physics. Also in condensed
matter physics, it is useful for describing various phenomena in materials. We introduce
the formalism of the differential geometry in Sec.D.l, and its applications to condensed
matter systems, especially, topological materials in Secs.2.2 and R.B. Finally, in Sec.2.0

we summarize this chapter and, based on it, describe the motivations of our studies.

1 Differential geometry

In this section, we review the theory of the differential geometry, focussing on manifold

with torsion and vielbein formalism.

1.1 Affine connection

In this subsection, we heuristically introduce the concept of the affine connection, which
is a fundamental quantity that characterizes geometrical structures of curved space-

times. Now we consider a ”parallel transport” of a vector. In a flat space-time, we can
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naturally define a parallel transport of a tangent vector V(p) € T,(RP)

Vi) s= V40 s = V) o= 70
(2.1.1)
with
VE(p') = V*(p). (2.1.2)

Here p € RP and p’ € RP are different point in the flat space-time as shown in Fig.2Z1.a.
However, in a curved space-time, or manifold, such naive definition dose not work, since
the definition using a local coordinate {z*} on the manifold is different from that using
another {z#}. To solve this problem, we introduce connection coefficients I'* | and

redefine the parallel transport as
VEp') = VH(p) — eI\ ()W VA (p) (2.1.3)

Here we suppose p' is very close to p and then we can write the difference vector in the

coordinate {z*} as x*(p) —x*(p) = eW}'+O(e?), where the tangent vector W, := W9,

indicates the direction from p to p’. Moreover, by supposing the transformation law of
the connection coefficients under change of the coordinate {z#} from to {z'*'} as

o dz* dx? O, O%xr oz

AT Oz 9x x0T Qxvdx Oxr

(2.1.4)

the definition of parallel transport is independent of the choice of the coordinate.
Using the parallel transport, we can compare two tangent vectors on different points

p,p’ € M, and therefore define a derivative of a vector field V' € X' (M) with respect to

the tangent vector W, € T,M at p € M. This derivative is called an affine connection

or a covariant derivative, and defined as

V(p) - V()

(Vi V)(p) = lim ————==, (2.1.5)
or using Eq.(2Z14),
ovr v v/ 0
(Vw,V)(p) = (axy Wy + W,V (P)) Erh (2.1.6)
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Moreover, moving p € M, we obtain a R-bilinear map from X' (M) x X (M) to X (M),

which also called an affine connection and satisfy

ViV =fVyV, (2.1.7)
Vi (fV) =fVV + W[f]V (2.1.8)

for arbitrary vector fields V,W € X(M) and smooth functions f € C*(M).

777 777

Figure 2.1: Parallel transports of vectors in a) flat and b) curved spacetime.

1.2 Curvature and torsion
We define R-bilinear and R-trilinear maps from X' (M) x X(M) and X (M) x X (M) x
X (M) to X(M) as
T(X,Y):=VxY —-VyX — [X,Y], (2.1.9)
R(X,Y,Z) = VxVyZ — VyVxZ — VixyiZ, (2.1.10)

where the Poisson braket of vectors field V = V*#9d,,W = W0, € X (M) is given by

V,W]={v¥o,(W#)-W"09,(V#)}0,. The point is that they are not merely R-bilinear
(trilinear), but (1,2)- and (1, 3)-tensors since

T(fX,Y) = T(X, fY) = fT(X,Y), (2.1.11)

R(fX.Y.Z) = R(X, Y, Z) = R(X,Y, [ Z) = R(X,Y. Z), (2.1.12)

hold for any smooth functions f € C°°(M). Here we define the torsion and curvature

coefficients as the expansion coefficients with respect to the basis {0,},=12...p and
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defined by T'(0,,, 8,) = T7,,0x and R(0,,,d,,95) = 0, Following from Eqs. (ZZ11T)
and (Z112), they transform covariantly under change of the coordinate {a#} — {2*}:

K
Ay

/
oxt Oz¥ Oz’ A\

I\

T,u'/l// - ax’ﬂ/ axlul ax)\ v (2113)
' ozt Oz Oz O™

/K _ K

Nu'v — a:L'/“, 837/”/ ax/)\/ 83;'5 Auv* (2114)

1.3 Metric

In this subsection, we introduce the concept of the metric, which also characterizes the
geometrical structures of curved space-time, and explains the relationship between it
and the affine connection. The metric is a (0, 2)-tensor, which is represented by using

a coordinate {x*} as
g = gudr" ® dz". (2.1.15)

When g is positive-definite, the set of the manifold and the metric, (M, g), is called a
Riemannian manifold, and if one dimension has an opposite sign to that of the rest, it
is called Lorentzian manifold. In this thesis we discuss the latter.

Now we suppose that the Lorentzian manifold (M, g) has the affine connection V,
and show that we may put restrictions on the possible form of the affine connection.

We impose that the metric is preserved by parallel transport:
X[gY, Z2)] = g(VxY,Z) + g(Y.VxZ), (2.1.16)

for arbitrary vector fields X,Y,Z € X(M). If this condition is satisfied, we say that
the affine connection is compatible with the metric. Using this condition we find that

the affine connection is written as
o\
I““VA =I",,+ K"W\, (2.1.17)
where I'" | is the Christoffel symbol defined by
o 1t

1
I, = Eg““(&,gM + O\Gur — OxGunr), (2.1.18)

and K" , are called the contorsion defined by

1
Ky = S (T + 10, + 1,15, (2.1.19)
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Here g is the inverse matrix of g, and T’\W is the torsion tensor defined in the previous
subsection. The derivation of Eq.(21T1) is described in, for instance, Ref.[3T].

The equation (Z117) is important. Indeed, we obtain directly from this equation
the fundamental theorem of Riemannian geometry: on a Lorentzian manifold (M, g),
there is a unique torsionless affine connection compatible with the metric, and it is
given by I'* | = Iww\. Here we used K", = 0 if the torsion is zero. On the other
hand, if we do not impose the torsionless condition, more than one affine connections

compatible with the metric are possible.

1.4 Vielbein and spin connection

In the previous subsections, we use the affine connection and metric to characterize
curved space-time. On the other hand, in this subsection, we introduce another formal-
ism of vielbeins and spin connections. They offer two merits in application to condensed
matter systems: 1. Using them we can define Lorentz transformations at each point
in the space-time. Therefore we obtain the field theory of Dirac particles on curved
space-times, which is an effective theory for some condensed matter systems. 2. This
formalism can describe manifolds even with non-zero torsions, which sometimes emerge
in condensed matter systems as described in Sec.2.0, although the metric lack the infor-
mation of the torsion following from the fundamental theorem of Riemannian geometry
as mentioned in the previous subsection.

First, we give the definitions of the vielbeins {e“},_51 .. 5= and the spin connec-
tions {w?,}, 5_g1... p=1- They are one-forms on a D-dimensional manifold M with a
metric g and an affine connection V, which are compatible to the metric. The vielbeins
are, at each point p € M, the basis of the dual space TyM. And their dual vectors
{eatapi.. 1 C X(M)(which are also called vielbeins) are at each point p € M,

orthonormal basis of T),M:

9p(€a(p), €5(P)) = Nasps » (2.1.20)

with 7,4 = diag(1, —1, —1,---). The expansion coefficients e, and ef), which are defined
via e® = ejdz" and e, = €40, respectively, are also called vielbeins, and the formers are

the inverse matrix of the laters efjeg = (52‘;."’ The dual of the vielbeins, called co-vielbeins

'In this chapter, i, v, A\, k and «, 3,7, § represent the indices in the coordinate and local orthogonal

(or Lorentz) frames, respectively.
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(or vielbein one-form or, simply, vielbeins), {€*},_g1.. p=g C A'(M) preserves
(e“(p),es(p)) = 05 (2.1.21)
at each point p € M. The spin connections {wﬁa}aﬂ:—lm,ﬁ are defined by
wh, = wf da (2.1.22)
with
Ve, €’ =w/ da". (2.1.23)

There are useful expressions of the torsions and curvatures using the vielbeins and
spin connections. The torsions and curvatures have antisymmetry relations: T'(X,Y) =
—T(Y,X) and R(X,Y,Z) = —R(Y, X, Z). Therefore we can construct two-forms as

1

2
1

R% = 5<R(ev, e, e5),e¥)e’ Ne”, (2.1.25)

T := —(T(ep, e,),e*)e’ Ne? (2.1.24)

which are called the torsion two-form and the curvature two-form, respectively. They

can be rewritten with the vielbeins and spin-connections as

T* = de” + w N e’ (2.1.26)
R% = dw’ + W, AWy, (2.1.27)

where these formulas are called Cartan’s structure equations.

1.5 Local Lorentz symmetry and Dirac particle on curved space-
time

As mentioned in the previous subsection, the formalism of differential geometry with
the vielbein and spin connection makes it possible to construct the field theory of Dirac
particles in curved space-times. The action of Dirac particle field 1 in curved space-time

coupled with gauge field A, is given by

1. le— :
Surved — / Vol [Emaveaw = Ve M —mp (2.1.28)
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where the volume form Vol is defined as

Vol :=e® Nel Ao nelP (2.1.29)

and we used the notations
Ve, 0 = (€q, V), (2.1.30)
Vi = i(di)) + iwama% + e A (2.1.31)

Here v* is the Dirac gamma matrix, which preserves the Clifford algebra {y*,~%} =
n®#. and ¥ := ¥Ty%. As the Dirac action in a flat space-time has the global Lorentz
symmetry, this action has the local Lorentz symmetry. Indeed, Eq.(Z-T28) is unchanged

under the local Lorentz transformation:

Y(B) =0() + 320”0 (0) (2.1.32)
¢“(p) =e*(p) — £%(p)e’ (). (2.1.33)
W'h(p) =w%(p) — &% (p)ws(p) — W (p)e75(p) — de(p) (2.1.34)

Here the infinitesimal generator e,4(p) is, at each position p € M, an asymmetric

matrix.

2 Emergent geometry in condensed matter systems

In this section, we overview realizations in condensed matter systems of the differen-
tial geometry introduced in the previous section. Secs.B.ZI-R.2Z3 are devoted to the
explanation of setups for realizations of the torsion. We note that in the thesis we call
the Tjg-type or T;-type torsions as the torsional electric field (TEF) and Tj-types the
torsional magnetic field (TMF), following the terminology in Refs.[32, B3, 20]. They are
analogs of the electric field Fy; = F; and magnetic field F;; = £€9¥ By /2. The summary

of these sections are described in Tab. PI.
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torsion type physical realization reference
torsional electric field T]G0 temperature gradient Sec.B.2A
Tfo compression, shrinking/enlarging | Sec.2.2Z3
Tjo (i #7) rotation, twist, shear Sec.B.23
torsional magnetic field Tfj edge dislocation Sec.B.21
TZ; (k#1,9) screw dislocation Sec.D.2CT

Table 2.1: Types of torsions and their realization in condensed matter systems.

2.1 Strain and dislocation in crystalline systems

In this subsection, we show that vielbeins emerge owing to inhomogeneity of displace-
ment vectors. Furthermore, based on this argument we also show that the TMF caused
by dislocations.

We consider a deformed lattice shown in Fig. ZZ2. We introduce the lattice frame,
which is measured by an observer on the deformed lattice, and suppose that Z(p)
is the coordinate of the point p in the laboratory frame, X (p) is that in the lattice
frame, and @ is the displacement vector. Then, the relationship, Z(p) ~ X (p) + ,
holds approximately. We also suppose that, without the strain, the Hamiltonian of the

system is given by
H(—i0p1, —10,2, —i0,3). (2.2.1)

Now we derive the Hamiltonian with the strain. For the observer on the deformed

lattice, the lattice is not deformed. Then the Hamiltonian of the system is given by
Furthermore using the vielbeins, we can deform Eq.(EZ22) into

H(—i0x1, —i0yz2, —i0x3) = H(—i€0yi, —i€50,:, —ies0,), (2.2.3)
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with

;o
€= Fyar (2.2.4)
or
er = X O (2.2.5)

U Y VO

where €f is the inverse of e, which satisfies
elel = oy (2.2.6)

In this way, the emergent vielbein appears in systems of deformed lattices.

Figure 2.2:  Deformed lattice and lattice frame (orange chart). #(p) is the coordinate
of the point p in the laboratory frame and X (p) is that in the lattice frame, and  is

the displacement vector.

Second we move on the spatial torsions or TMF's in crystalline systems. The torsion

is given by T} = 0;ef — O;ef, 2 and, following from Eq.(2Z23), it can be rewritten with

2Compared with Eq.(Z128), this definition seems deficient in the term of the spin connection.
In the systems of deformed lattice, they come from the inhomogeneity of the inter-band hopping.

However, here we neglect them for simplicity.
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the displacement vector as
71;;» = (8]81 - ﬁiaj)u“‘ (227)

The point is that, if u*(Z) is a well-defined function over the whole space, the torsion
is always zero. Therefore, the multivaluedness of u®(Z) is necessary for nonzero TMFs.
Indeed, a topological defect such as dislocation causes the multivaluedness and therefore

the TMF (see Fig.2Z33). To see this point, we integrate the torsion over a disk D:

/dS~T§:—j{du“
D C

= b (2.2.8)

Here we introduced the three-dimensional vector, (Tj)" = €7*T% /2, and the Burgers

vector of the dislocation, by, and fc represent the counter integral along the circuit
C =0D.

Figure 2.3:  Displacement vectors of a lattice with an edge dislocation. a) and b)
represent the same lattice but the displacement vectors (arrows) can be defined in

different ways. Then the displacement vector field is multivalued.

The different types of dislocations cause different types of torsions. Indeed, consid-
ering a crystal with an edge dislocation (Fig.Z4.a), we find that the integral of torsion

over the xy-plane is given by

/dmdnyy = —b, (2.2.9)

30



where b, = |l;g| is the norm of the Burgers vector. Then in the continuum limit, the

torsion is given by
T} = —b,0(,y). (2.2.10)

Similarly, the torsion of the crystal with the screw dislocation (Fig.Z4.b) is given by

/dxdnyy = —b,, (2.2.11)

and, in the continuum limit,

Figure 2.4: Displacement vectors of lattices with a) edge and b) screw dislocations.
The orange arrows represent the path of the counter integrals C' (see Eq.(2228)), and

the blue arrows represent the directions of the Burgers vectors l;g.

2.2 Temperature gradient and thermal response

In the subsection, we show that the inhomogeneity of temperature can be described by
the theory of the differential geometry and causes effective TEF. The theory of geo-
metrical technique for thermal responses was found by Luttinger [34]. He introduced a

fictitious gravitational field, which corresponds to the local temperature. Recently, this
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technique has been developed using the vielbein formalism [32, B5]. Here we introduce
the technique along these papers.

We suppose the original Hamiltonian is given by
Hy = /d?’wT(a;)W(w), (2.2.13)

where ! and v are the creation and annihilation operators of electrons, respectively,
and h is the Hamiltonian operator. To discuss transport phenomena caused by inhomo-

geneity of temperature, we couple a fictitious gravitational field ¢(a) with the system

as
Ho= [ @0+ ola) o' @) (2). (2.2.14)
Here the correspondence between the gravitational field and local temperature T'(x) is
given by
Ik
~ —1 2.2.1
o) ~ 7y 1 (22.15)

where Tj is the average temperature of the system. Therefore the partition function is

given by
Z =Ty [e He/T0] . (2.2.16)
In the path integral representation, it can be transformed as

Z = / Dy Dype 5ol 4], (2.2.17)

where the action Sy[iT, ] is given by

1/To N
CAARTIES /0 drd®z [M(T,m)aTw(T,m)—(1+¢(m))w(¢,a¢)h¢(7,m)]. (2.2.18)

Here this action corresponds to that of original Hamiltonian (22213) coupled with the

vielbeins given by

0 =1+ ¢(x), (2.2.19)
e, =0, for others. (2.2.20)
In this way, we find that the local temperature corresponds to the vielbein as
Ty 5
0 o1 ~ ) 2.2.21
s~ (L o@) ~ o (2221)

and, moreover, that the temperature gradient generates the TEF as

—;log T(x) ~ TY. (2.2.22)
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2.3 Torsional electric field in fluid and lattice systems

In this subsection, we show that certain types of fluid dynamics and mechanical defor-
mations of lattice can be described with other types of torsions.

The point is that fluid dynamics with an inhomogeneous velocity profile causes a
dislocation in the space-time. We will show this heuristically. We consider two one-
dimensional fluids with different velocity profiles shown in Fig. ZH. Here one has a
homogeneous velocity profile (Fig.23.a), and in the other the particles in the left-half
side move left and those in the right-half side move right (Fig.2Z8.b). Now we consider
the paths of two particles, A and B, in the space-time in the both fluids. Their initial
points are the same, I. First, A moves along the velocity field, and, second, is teleported
right. On the other hand, B is teleported right before moves along the velocity field.
In the homogeneous case (Fig.Z3.a), the end points of the two paths are the same,
F. However, in the inhomogeneous case, even if the moving times and teleportation
distances are equal in the two paths, the end points, F4 and Fg, are different (Fig.2ZZ3.b).
Therefore, there is, as it were, a "space-time edge dislocation”, which causes the Tf, .-
type torsion.

We can also obtain a "space-time screw dislocation”, which causes the Tgx.—type
torsion. Here we consider two-dimensional fluid, in which the particles in the left-half
plane moves up, and those in the right-half plane moves down (Fig.2Z®8.a). In this case
the stack of the snapshots of the fluid (Fig.Z8.b) is screw dislocation in the space-time.

Generally, the relationship between the velocity field, v, and the torsional electric

fields are given by
TS = —on°, (2.2.23)

as discussed in Ref.[36]. Therefore, the inhomogeneous velocity field generates the

torsional electric field.
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Figure 2.5: Dynamics of one-dimensional fluids with a) homogeneous and b) inhomo-
geneous velocity profiles. The paths of the particles, A(red) and B(blue), are shown in
these figures. The horizontal axis is the spatial axis, and the vertical one is the temporal
one. The red arrows represent the velocity field. The solid lines are the world-line of
particles. In Fig.b, there is a "space-time edge dislocation”, which causes a nonzero

: T
torsion, 1.
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Figure 2.6:  Dynamics of a two-dimensional fluid with an inhomogeneous velocity
profile. a) Snapshots at ¢t = tg, ¢y, to, t3, with tg < t; < to < t3. b) Their stack. The red

arrow represent the velocity field. There is the ”space-time screw dislocation”, which

causes non-zero torsions, Tg, and T, .

Now we move on how we can realize the space-time edge and screw dislocation. The
setups for the Tgi—type torsions are shown in Fig.2Z7d, and those for the ng—type (i #7)
ones in Fig. 8.

In Fig.27.a, the solid domain wall pushes the fluid and the density wave travels up.
Then, the velocity v, is inhomogeneous along the y-direction, therefore Tgy = —0yv¥ #
0. There also a setup approachable for lattice systems as well as fluid systems, which
is proposed in Ref.[87] (Fig.2ZZa.b).

In Fig,2Z8.a the solid domain wall shaves the fluid, in Fig,Z8.b the whole system is
rotated, where this setup is discussed in Ref.[38], and in fig.28.c the cylindrical sample
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is shrunk or enlarged, where this setup is proposed in Ref.[39].

a)

Figure 2.7:  Setups for realization of the space-time edge dislocation in a) fluid and
b) fluid or lattice systems. Red arrows represent the velocity of the fluid in Fig.a. In
Fig.a, the solid domain wall (brown bar) push the fluid and causes density wave, and

in fig.b the cylinder is shrunk or enlarged.
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Figure 2.8: Setups for realization the space-time screw dislocation in a) fluid and b,c)
fluid or lattice systems. Red arrows represent the velocity of the fluid in Fig.a and the
fluid or atoms in Figs.b,c. In Fig.a, the solid domain wall (brown bar) on the fluid move

horizontally, in Fig.b the sample is rotated, and the cylinder is twisted.

3 Geometrical response in topological systems

In the section, we review the works on geometrical response in topological systems,
such as TIs, TSCs, and WSMs. Here we show that various dissipationless responses are

described by topological actions with geometry.
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3.1 Thermal transport in topological superconductors and grav-

itational chiral anomaly

In this subsection, we review the theories on the quantum thermal Hall effect (QTHE).
This thermal response is characteristic of two-dimensional topological superconductors
(TSC) with broken time-reversal symmetry (Sec.l.m).

The thermal Hall effect (THE) is the thermal analog of the Hall effect and the
production of a heat current caused by a temperature gradient perpendicular to the

current:

J9 = iy (—0,T), (2.3.1)

T

where the coefficient k,, is called the thermal Hall coefficient. Especially, the QTHE
is the phenomena where the thermal Hall coefficient (divided by the temperature) is

quantized as universal constant

T
Ky = c%, (2.3.2)

similar to the case of the Chern insulator (CI) or integer or fractional quantum Hall
effect (IQHE or FQHE)

Opy = V. (2.3.3)

Here ¢ is the central charge of the edge theory and equal to 1/2 for class C TSCs
with the Chern number C; = 1, where we will refer to these points below, and o,
and v represent the Hall coefficient and the filling factor, respectively. The QTHE was
theoretically predicted in TSCs with broken TRS and was found to be associated with
the gravitational Chern-Simons (GCS) theory and the chiral edge state [A0]. Thus,
it is similar to the CI, whose electric responses are described by the effective theory,
Chern-Simons theory, and also understood by the chiral edge. However, this analog

does not completely work as argued later (see also Fig.ZZT3).

3.1.1 QHE from Kubo formula, chiral anomaly, and edge theory

Before addressing the details of this point, we review the electric response and gauge
theory of the QHE in two-dimensional CIs, and see that the QHE can be derived

from various methods including the Kubo formula, Chern-Simons theory related to the
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quantum anomaly, and pumping from a chiral edge mode to the opposite side one.
Moreover we describe the relationship of these theories.

Kubo formula — First, we see that the QHE is directly derived from the bulk calcu-
lations of the Kubo formula. From the Kubo formula, the Hall coefficient is represented

using the Berry curvature [41]:

v == S [ S B, (234)

where n and k are the band index and the wave number, respectively, E, (k) is the
energy value of the particle in the n-th band whose wave number is k, f(F) is the Fermi
distribution function at temperature 7', [ 5y represent the integral over the Brillouin

zone. Here the Berry curvature is given by

b (k) = ((’92 <Ukn|) (aiky |Ukn>) —(z < y), (2.3.5)

where (ug,| and |ug,) are the bra and ket vectors of the Bloch state, respectively.

Moreover, in the case of the CI in the low temperature limit, this formula is rewritten
as

62

Ogy = %Ol(EF) (236)

where C}(Er) is the first Chern number (or TKNN number)[?] defined as

CEr)=— % / dk;ikybn(k) €z, (2.3.7)

n:occupiedband

and always an integer.
Chiral anomaly and Chern-Simons theory — Second, we see that this quantized
Hall effect is understood as a consequence of the Chern-Simons (CS) theory, which is a

topological field theory, of which action is given by
SCS = — dQZEth'U'V)\AMaVA)\. (238)

Indeed, its contribution to the current is

. _ 08cs _ Gy
P T A T

(2.3.9)
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Here we set e = 1. The CS action is related to the chiral U(1) anomaly of the higher
dimensional Dirac model. To see it, we consider a 3 + 1 dimensional massive Dirac

model coupled with the U(1) gauge field:

giSersimAL) _ / DI, 1S Aum (2.3.10)

Shh, b, Ayym] = /dxsdtzﬁ[’y“(iau —A,) —ml, (2.3.11)

where 7* is the 4 x 4 gamma matrices. We assume that the Dirac mass m depends on
the coordinate z gradually and m(z) > 0 for z > 0, which and m(z) < 0 for z < 0 as
shown in Fig.2Z9, and we assume that this model is in a topologically nontrivial phase
for m > 0 and in a topologically trivial phase for m < 0. The trivial and nontrivial
phases are characterized by the 6 term. To see this, we perform the chiral rotation on

this Dirac model:
)= €i¢>75/2w/’ wT — w’Te*M%/Q_ (2.3.12)

Under this rotation, the action becomes

100 Ay = [ dadei! 070, - 4,) — mcos+ inasing)} ', (23.1)
and, then, at ¢ =,
S[, b, Aym] = S,/ Ay, —m. (2.3.14)

However, we cannot conclude that the effective action with m is the same as that with

—m:
Serslm, Ayl # Seprl—m, Ay (2.3.15)

It is because that this transformation costs the Jacobian J of the path integral measure,
Dy, ] = TP, ¢']. (2.3.16)

This phenomena is called the chiral anomaly. Calculating J by using the Fujikawa
method [I1], we obtain the f-term as the difference between the effective action of the

trivial and nontrivial phase:

eiseff[AH7m]7S€ff[A#7im} frd eiSQ[AI'J7 (2317)

0
Sp[A,] = / dgﬁdt%sﬂ”w}wﬂA (2.3.18)
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with @ = 7 (mod 27). Here there is the ambiguity of 27 in the value of # since not only
the 7 chiral rotation of ¢ but also the 7+ 2n7 (Vn € Z) rotation transforms m to —m.
When the system preserves time-reversal-symmetry, the transformation § — —6 does
not change the action, and therefore 6 is always equal to 0 or 7 (mod 27), which is
the Zs-topological number that characterizes the three-dimensional class AII TI. From
the surface viewpoint, this number characterizes the number of massless Dirac modes,
and 0 (or m) corresponds to even (or odd) number of the modes, where two Dirac
modes can pair-annihilate (and pair-create) by a perturbation. Now we weekly break
the time-reversal-symmetry by, for example, doping magnetic impurities. The value of
6 is no longer quantized as 0 or 7, and we assume that 0(z) is a continuous function of
z, the axis perpendicular to the surface (bottom of Fig.2). Applying integral by parts
to Eq.(E2318) and taking the limit as 0(z) — 7H(—z), where H is the Heaviside step

function, we obtain the effective action of the surface:

11
Ssurface[Au] = 51— drdydte"* A,0,Ay. (2.3.19)

Compared with Eq.(2233), one may consider that this is a contradiction because the
Chern number is one-half of the quantization value, C; = 1/2. However, this term is
contribution of one massive Dirac modes which can be realized on a surface of three-
dimensional TT but cannot in two-dimensional bulk systems. In such systems, odd
number of Dirac modes cannot exist but even number of them can exist, and therefore

the coefficient of the action is quantized and the effective action of two-dimensional
class A TI (or CI) is given by

N
Sos[A,) = y / drdydte" A,0, Ay, (2.3.20)
with N =C, € Z. (2.3.21)

Here we comment that a two-dimensional tight-binding model, which has a pair of
Dirac modes as the low-energy effective dispersion and has a nonzero Chern number

C1 = 1, was proposed by Haldane in Ref.[47].
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0

Figure 2.9: Three-dimensional TI, of which surface a two-dimensional massless Dirac
fermions (upper figure), and, breaking the time-reversal-symmetry by doping magnetic
impurities, they acquire mass and the surface spectrum becomes gapped and therefore

the surface corresponds to ”one-half of” the CI (lower figure).

Edge theory and Callan-Havey anomaly inflow — As yet we have derived the CS

action Eq.(223720) as the effective action of two-dimensional T1Is from the chiral anomaly

42



in three-dimensional TIs, and we have seen that the QHE directly follows from the CS
action, which is the effective action of the bulk CI. Now we derive the effect from the
edge picture: we show that the existence of chiral modes is necessary for the cancelation
of the gauge anomaly of the bulk CS action, and derive the QHE from the chiral edge
modes. We consider a two-dimensional CI with a boundary, of which effective action is
the CS action (22320) with boundary:

Scs[A] = ﬁ/ ANF, (2.3.22)

AT SR

™

where M C R? corresponds to the domain of the sample. Now we perform the gauge

transformation:
A — A+ dy, (2.3.23)

where x(x) is any smooth scalar function of the position x. Then the difference is given
by

0Scs[A; x] :==Scs[A + dx| — Scs[A]
Ch

AT SRy

AT Jrxom

dx N\ F,
ped (2.3.24)

where OM is the boundary of M, and we used the Stokes’ formula. Then the CS action
is not gauge invariant and the extra surface term appears. However, the number of
the electrons in the whole system is preserved, and then the gauge symmetry must be
preserved. This contradiction is resolved by existence of chiral edge mode, which is
not gauge invariant owing to the ((1 + 1)-dimensional) chiral anomaly. Here the extra
term due to the CS term is cancelled out by that due to the chiral edge mode. This
mechanism is called the Callan-Havey anomaly inflow mechanism [43]. Indeed, using
the similar technique to that for the derivation of Eq.(ZZ318), we find that the extra
term due to the gauge transformation in the theory of C} left-moving chiral edge modes

is given by

5SeLdge[AM; X] = eLdge[AM + 8MX] - eLdge[AM]

C
=— 4—; / dtdax Fy, (2.3.25)
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which compensates the extra term (PZZ3724) (see Chapter 8 of [I1] for the details of the
derivation). Here we assumed that the shape of the edge is a straight line along x-axis,
oM =R.

Now we give the physical picture of Eq.(E2323) and derive the QHE. First we con-
sider how the Noether’s theorem is corrected by this extra term. The current is defined

by the variation of the action with respect to the gauge field as

Sk AL +0A, — S A = / dtdzdA,j, (2.3.26)

edge edge

where §A,(x) is an arbitrary function. Then, by substitution of 64, in this equation
to d,x and using Eq.(22323), we obtain

G

™

dtday Fy, = /dtdxauxjg. (2.3.27)

Moreover, integrating by parts and reminding that x is an arbitrary function, we can
derive the non-conservation of the current as

Cy

g, 2.3.28
i ( )

Ouir, =

where E, = Fy; is the electric field. By integrating over the space, [ dx/L,, we obtain
dn L Cl

(2.3.29)

At 4n©

where ny, is the electron density and L, is the sample size along the x-direction. This
equation means that in the presence of electric field, the number of electrons in this

edge mode increases. These electrons are pumped from the opposite edge mode, in
which

dnp 4

= —EEx. (2.3.30)
These equations show that the difference in the chemical potentials of the two edges
occures owing to the electric field and the electrons are pumped from an edge to the
opposite edge as shown in Fig.ZZI0. Then, the net current along the y-direction occurs

as

. d(nR - nL) Cy
_ - _1g. 2.3.31

Then we have derived the QHE from the edge picture.
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Yy Electric field

>

Figure 2.10: In the presence of electric field the electrons are pumped form an edge to

the opposite edge, and the Hall current is generated.
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3.1.2 Bulk and edge theories of QTHE

In the previous subsection we have discussed the bulk and edge theories of the QHE
in CIs and described their relationship. In this subsection we discuss those of the
QTHE in two-dimensional TSCs with broken time-reversal-symmetry. Here we note
that electromagnetic responses cannot grasp the topological features of TSCs since
the charge is not conserved in superconductors although thermal responses can since
the energy is conserved. As mentioned above, although the QTHE is the transport
phenomenon that is the thermal analog of the QHE, its theoretical formulations have
more complicated and subtle points, which we will explain in this subsection.

First, we comment on the linear response theory. The calculation of the thermal
Hall conductivity is technically involved, because not only the heat-current-heat-current
four-point correlation function but also the "heat magnetization” contributes this co-
efficient as Smrcka and Streda mentioned in Ref.[d4]. The heat magnetization is the
thermal analog of the orbital magnetization, and we need an elaborate technique for
its calculation. We will argue this point in Chapter B.

Next, we move on the bulk topological action. By a similar method to that for
the derivation of the CS action, we can derive the bulk effective action as follows. We
start with the (3 + 1)-dimensional massive Dirac model in a curved spacetime (see

- 1- l— -
Slh, ¥, e, m] = /Vol [;WVW — VeV —myy| (2.3.32)

where v is a fermion field with a reality condition, i.e. Majorana fermions field, since
we consider a superconducting system. Here we impose the condition of the torsion-
free T = 0. From the action and using the same technique as that for the derivation
of Eq.(Z3T9): i.e. deriving the f-term by producing the chiral rotation (where the
calculation of the Jacobian of the path integral measure is described, for instance,
in Ref.[I1]) and breaking the time-reversal-symmetry (see Fig.2ZZTdl), we find that the

effective action of the surface is given by

_1c

STSC [P]__§§E%

sur face

2
tr [F/\dr+ -TATAT|. (2.3.33)
RxM 3

Here R corresponds to the time axis, M C R? is the domain of the sample, the constant

¢ is in this case equal to 1/2, which corresponds to the central charge of the edge
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theory, which will be mentioned below, and I' represent a matrix valued one-form

whose elements are given by
(D), = T", \da?, (2.3.34)

where I' | _is the Christoffel symbol defined in Sec.2.0. Here we impose the condition
of the torsion-free. Like the case of the T1, it is the one-half of the two-dimensional class
D TSC. Then, the effective action of the two-dimensional TSC is two times Eq.(223233)

C

Sacs|l] = 967

2
/ tr [FAdFJr —F/\F/\F} : (2.3.35)
RxM 3

which is called the gravitational Chern-Simons (GCS) action.

A Lol

Tl + I\/II TSC + Ml

Figure 2.11: (left) Three-dimensional class AIl TT with weekly broken time-reversal-
symmetry by doping magnetic impurities, whose surface is ”one-half” of the two-
dimensional CI (or class A TI). (right) Three-dimensional class CI TSC with magnetic

impurities, whose surface is ”one-half” of the two-dimensional class D TSC.

As discussed in Sec.2.2Z2 the effects of a thermal gradient is equivalent to an in-
homogeneous background gravitational field. Then, one may consider that the QTHE
can be derived directly form this action by variation method like the case of the QHE.
However, this attempting does not work because this action is of too high order in
derivatives of the metric [35].

Besides, we derive the effect from an edge picture. We consider the Lie derivative
of the GCS action (P23233) with respect to the vector filed X = X*0,, like a gauge
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transformation of the CS action above. By straightforward but hard calculation, we

find that this Lie derivative is not qual to 0 but has a surface term given by

C

dxSces(] =%

/R A0, X)(drY)

C
- & X", (dD)" | 2.3.36
967T RxOM H( ) ( )

(see [A3] for the calculation). This implies that the bulk energy-momentum tensor,
which is the Noether current of the Lie derivative, is not conserved alone and we need

counter term that comes from the edge theory such that

C
0x Sedge[l'] = o . X", (dr)",, (2.3.37)

where we assume OM = R, and the conservation law of the edge energy-momentum

tensor is modified as

c T
vﬂTedgeuV = 967T\/§€>\ a,ua)\r'uﬂ,- (2338)

We cannot derive the QTHE directly from this equation since the right-hand-side is of

too high order in derivatives of the metric; i.e. it is of higher order than a temperature
gradient. However, this edge anomaly supports the existence of chiral edge mode with
the central charge ¢ [45], and then we can derive the QTHE from the consideration
of the energy current along the edges. To see it, we consider a finite sample of the
two-dimensional TSC with broken time-reversal-symmetry, and it has a chiral edge
mode with the central charge ¢ and the Fermi velocity vg as shown in Fig.2ZT2. We
apply temperature gradient in the y-direction to the sample. Then the difference in the
amount of the right-moving and left-moving energy current (J; and Js, respectively),
and therefore the net current in the z-direction occurs. Now we calculate this value.

The current in the x-direction is given by

Jpy=J1 — Jo
:UFEl(Tl) — UFEQ(TQ), (2339)

where F, and Ej are the total energy of the right-moving and left-moving edge modes,

respectively, and T} and 75 represent the temperature of the edges. In the linear order

48



in 0T :=T; — T, we obtain

_vp (OE(T)  OEy(T)
5= (2540 4 98 oy

Vr
- [
5 Cro

(2.3.40)

where T' = (11 + T5)/2 is the mean value of the temperature and Cr is the specific heat

of the one dimensional helical mode, which is the sum of the two chiral edge modes.

By using the technique of the conformal field theory [A6] we obtain the value of this

specific heat as

e

Cr= %T.
Therefore the net current is given by

e

Jp = gTéT,

and then the thermal Hall coefficient is
'l
Ky = €=

Then the QTHE has been derived from the chiral Majorana edge theory.
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15

X

Figure 2.12: QTHE from edge picture. When temperature gradient is applied in the
y-direction, the difference in the amount of the left-moving and right-moving energy

current, and then the net current in the x-direction occurs.

3.1.3 Summary on QHE and QTHE

In this subsection, we have discussed the bulk and edge theories of the QHE and QTHE
summarized in Fig.ZZT3. We have seen that the QHE can be derived by both bulk and
edge theories, but the QTHE is more complicated. This point will be argued in Chapter
3.
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Figure 2.13: Bulk and edge theories of the QHE and QTHE.

3.2 Torsional chiral anomaly in Chern insulators

In the previous subsection, we have discussed the CS and GCS actions, which appear as
the consequences of the chiral anomaly in the presence of field strength and curvature,
respectively, and the topological responses due to these actions. Now, in this section, we
argue the torsional analog of these actions, the torsional Chern-Simons (TCS) action,

which is an effective action of the two-dimensional CI in the presence of torsions:

Sresle®, w’] = 5 / Nape™ NT7, (2.3.44)
2 RxM
or using the coefficients of the vielbeins and spin connection,
Sresles O‘]—C—H d*xdte!? as (2.3.45)
TCS ell’wﬂ Bl — 2 B M ratle 7704,6’6“ vp’ +Je

where R corresponds to the time axis and M C R? is the domain of the sample. Here

the coupling constant (y has a mass dimension 2, where this point is different from
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that in the cases of the CS (ZZ3=22) and GCS (Z3231) actions [3Y].
By variation of this term with respect to the vielbein, we obtain the contribution

to the energy-momentum tensor:

1 6Sres  Cum
TH = = 2Ly 5eMPTH 2.3.46
“ det(e) des g asS v ( )

Now we describe the physical interpretation of this contributions. In the presence of
Tgo—type torsion, which corresponds to the temperature gradient as 7}% ~ —0;logT as
mentioned in Sec.2.2ZA, the energy current in the 1-direction is caused as T[—)1 =( HTQ(_)O.
This response is the thermal Hall effect [32]. We also discuss another type of the
response called the Hall viscosity [47, B9, 87]. In the presence of T}, the momentum
current is generated as T} = (yT. 1. As mentioned in Sec.2.E3, we can realize this
torsion by creating the inhomogeneity of the vector field as T, = Oyv' (ZZ223) by
shearing, rotating, or twisting the sample as shown in Fig.Z8. The momentum caused
by these motions are shown in Fig.2ZT4.

The Hall viscosity has been discussed in 1995 by Avron et al. in quantum Hall
systems by using the many-body Berry curvature generated by an adiabatic deformation
of the metric of the real space [A7]. Furthermore, recently, T. L. Hughes et al. have
mentioned that the Hall viscosity can be described by the TCS action [3Y, 37].
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Figure 2.14: Hall viscosity due to the TCS term. The yellow arrows represent the

momentum current. See also Fig. 2.

3.3 Torsional chiral anomaly in Weyl semimetals

As described in Sec.m.E, the effective action of WSMs is the 6-term, which comes from
the chiral anomaly in the presence of U(1) gauge field. From this #-term, we have
derived the topological responses, the AHE and CME. In this section, we discuss their

torsional analog, the torsional #-term, or Nieh-Yan term [48, Y],

Stolen, w, s Al = i—H /dx3dt|e(a:)|9(:v)6“””>‘na5 [T"‘ 5 — Nary R eﬁe}] (2.3.47)

T KU pA Y= p
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with
O(x) = aA,. (2.3.48)

Here £, are the energy and momentum of the Weyl points (see Sec..Zl) and (y
is the dimensional parameter (see Sec.B.B2). From now on in this subsection, we will
consider the case of w,"s = 0 for simplicity. Then, the contribution of the torsional
f-term to the energy-momentum tensor is

1 0Sreles]

T =
le] oes

CH
= Ty (2.3.49)

Among the responses represented by this equation, the terms proportional to A; can

be understood easily. Considering A = (0,0, A,), we obtain

2X. Cu A B
=G g = e
1 [
=5 dk,(2Z2348) (2.3.50)
s

This means that the contribution to the energy-momentum tensor of the torsional 6-
term is the same as the integral of those of the CI layer between two Weyl nodes (see
Fig.3) [33]. This situation is similar to the case of the AHE in WSMs described in
Sec.m.211

On the other hand, the terms proportional to Ay represent intrinsically new phe-
nomena. Especially, the phenomena represented by the o = a terms

T! = g—igiﬂ'% 8 (2.3.51)

a

represents the generation of the momentum current caused by the dislocations, or TMF.
Then, this effect is similar to the CME (Sec.l.ZT2), which is the generation of the

current caused by magnetic field, and therefore called the chiral heat effect [50].

4 Summary and motivations of our studies

We have introduced the formalism of the differential geometry in Sec.2.I. In Sec.D.D

we have shown that this formalism is useful for describing external forces to condensed
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matter systems, such as applying a temperature gradient, making dislocation, twisting,
and shearing. Furthermore, in Sec.B2.B, we introduced its application to topological
systems, such as the TIs, TSCs, WSMs, graphemes, and TCIs, and topological quantum
transport phenomena related to quantum anomalies.

However, as mentioned in Sec.2.B1, the theory on thermal transport phenomena
in TSCs with broken time-reversal-symmetry remains unclear: the QTHE has been
derived only from the chiral Majorana edge modes. Then, In Chapter.B, we will derive
a general formula for the thermal Hall coefficient using the bulk Berry curvature, and
the QTHE as a special case.

Moreover, geometrical responses in WSMs predicted in previous theoretical studies
can be hardly observed in experiments. Indeed, in realistic lattice systems, momentum
current is not conserved owing to broken translation symmetry, then, it is hard to
observe the Hall viscosity or the chiral heat effect in WSMs (Sec.2.B=3). Accordingly,
we will propose a new transport phenomena that is caused by dislocations in WSMs,
referred to as the torsional chiral magnetic effect in Chapter @. We will also propose

experimental setups for its observation.
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Chapter 3

Bulk approach for the thermal Hall
effect in time-reversal-symmetry

broken superconductor

In this chapter, we discuss the thermal Hall effect in superconductors with broken
time-reversal-symmetry, by using the technique of the differential geometry described
in the previous chapter. As introduced in Sec.2.B, the thermal Hall effect grasps the
topological feature of two-dimensional TSCs with broken time-reversal-symmetry (i.e.
class C and D T'SCs in the topological periodic table [1]): the thermal Hall conductivity
is quantized as k,, = cn1/6, where c is the central charge of the edge conformal
field theory. This quantization has been derived from the edge conformal field theory
[@0]. On the other hand, from a bulk approach, the quantization of the thermal Hall
conductivity has been derived in the case of two-dimensional Majorana fermions, which
is related to two-dimensional spinless p + ip superconductors [61]. ™ However, for more
general cases of two-dimensional T'SCs such as chiral d-wave superconductors and s-
wave superconductors with the Rashba spin-orbit interaction [B, [, 8], it has not been
well understood how we can associate their TKNN numbers with the conformal field

theory prediction mentioned above.

In Ref. [61], it is shown that the thermal Hall conductivity of spinful Majorana fermions on the
surface of a three-dimensional TSC is associated with the bulk TKNN number. Moreover, this model is
related to that of spinless p+ip superconductors via a unitary transformation: ¢ = (1 +iv))/v/2,cl =

(r — i) V2.
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The reason is that it is complicated to calculate the thermal Hall coefficient be-
cause we have to calculate the value of the "heat (or energy) magnetization” 2 which
contributes to the thermal Hall coefficient as well as the heat-current-heat-current four-
point correlation function [44].

By solving this problem, we derive a formula for the thermal Hall coefficient of any
superconductors with broken-time-reversal-symmetry at finite temperature, which can
be applied even for nodal or three-dimensional superconductors (B33 19). Furthermore,
applying it to the two-dimensional T'SC with broken time-reversal-symmetry, we derive

that in the low-temperature limit, the thermal Hall coefficient is quantized as
Cl 7T
oy = ———» 3.0.1

K Y 2 6 ( )
where (' is the Chern number of the BAG Hamiltonian of the superconductor. The
edge theory of the TSC with the Chern number (] is the CFT with the central charge
¢ = C1/2. Therefore, this reproduces the results above. We note that it is one-half of
the thermal Hall coefficient of the Chern insulators [62]:
7wl

ClI __
K’:cy —Cl 6

(3.0.2)

We will show that this half-quantization is caused by the structure of the Nambu spinor
and the particle-hole symmetry (PHS), which Bogoliubov-de Gennes (BdG) Hamilto-
nians generally have.

There are two important key points for the microscopic calculation of the thermal
Hall conductivity: (i) we should take into account the energy conservation law prop-
erly, and (ii) the contributions from energy magnetization must be extracted to obtain
transport currents as pointed out by Qin, Niu, and Shi [62].

For this purpose, we, first, clarify the symmetric properties which BAG Hamiltonians
generally possess in Sec.B.0. Next, we define the energy current operator which preserves
the continuity equation in Sec.B.2. Finally, we calculate the thermal Hall coefficients of
TSCs by introducing gravitational fields which act as mechanical forces inducing heat
currents, and by using the Kubo formula with corrections from energy magnetization

contributions. The results in this chapter are based on Ref.[53].

2The chemical potential of the bogoliubov quasiparticles is measured from the fermi level, and set

equal to 0. thus, the energy magnetization is equivalent to the heat magnetization.
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1 Model, symmetry, and preliminaries

In this section, we introduce a model which describes 2D topological superconduc-
tors with broken time-reversal symmetry. The argument developed in this chapter is
applicable to large classes of 2D topological superconductors such as chiral p-wave su-
perconductors [A0], chiral d-wave superconductors, and s-wave superconductors with
the Rashba SOI under magnetic fields [8, @, §].

The Hamiltonian we start with is given by

A N 1 A

= / A0 () 5 Hialr, 0,0 (r), (3.1.1)
where each operator has indices (a, s). a(= £1) is an index of the Nambu space and s is
a spin index. 1_1,(r) and 1, (r) are defined as é&,(r) and & (r), respectively, where é,(r)
(¢1(r)) is an annihilation (creation) operator of an electron, and the BAG Hamiltonian

Hpac generally takes the form [b4, )

(@=-1) (d=+1)
(r,0r) —Dge(r,0;) | (3.1.2)
(r,d,) —K*,(r,0,)

HpaGasars (1,0,) = | (a=—-1) K.
(a=+1) AL,
where Ky (r,0,) and Agy(r, 0,) are operators including differential operators and func-
tions of . In the case where K (r,0,) = —3=V>+V(r) — p and A(r, ;) = —A(—id, —
d,) [V(r) is a potential energy and A is a complex constant], the model describes
spinless chiral p-wave superconductors [A0]. On the other hand, in the case where
K(r,0,)se = {(=55=V? + V(r)dsy — ho. + 0 - g(0,) }ss and Ay (r,0,) = (—iAoy)ss
[h is a real constant, A is a complex constant, o = (0,, 0y, 0,) are Pauli matrices, and
g(0,) = 2A\(—10y,10,,0)|, the model describes s-wave superconductor with the Rashba
spin-orbit interaction (SOI) [6, 7, 8.
For the derivation of the formula for the thermal Hall conductivity, it is useful to

clarify the symmetry of our system. The BdG Hamiltonian is Hermitian and preserves

the PHS:
Hpacasars = _HEdG—as —als' (313)

Consequently, if f,s(7) is the solution for the eigenvalue E, f*  (r) is the solution for the

eigenvalue —F. As a result, if the system is periodic, the eigenfunctions for Hgys can
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be written as the form fi,as(r) = € Upp as(r), Where ug, o5(r) has the same periodicity

as the system, and the eigenenergys and eigenfunctions can preserve the symmetries

Eip = _E—k—nv fknas(r) = fik—n—as(fr)' (314)

We take E, (n = 1,2,3---) positive and E,; (n = —1,—2,—3---) negative, and nor-

malize the eigenfuctions so that
S [ @) finasr) = 1 .1.5)

Now, we obtain the expressions for correlation functions of creation and annihilation
operators of Bogoliubov quasiparticles, which are utilized in the following calculations.

We introduce annihilation (creation) operators of Bogoliubov quasiparticles:
bn=Y" / ErFE (1) (). (3.1.6)

By using the symmetry Eq.(BT4), we can derive the symmetry of these operators

and the anticommutation relations:
{ékﬂu 772]1/71/} = 5kkz’ 57m/7 (318)
(s o b = {0l B} = OO (3.19)

(Note that the latter is nonzero.) Since the Hamiltonian can be transformed into

H=1> Epnth} thpn = > knn>0 Ejnth} b + (¢ — number), we get the expressions

for correlation functions:

Dentrrnr) = (Bprr)0n-nOs—tr = (1 = f(Brn))0nnsOppo, (3.1.10)
(W rm) = F(Ernt) O O, (3.1.11)
(rntlrr) = (1= f(Eirns))bm O (3.1.12)
(Wh ) = (L= F(Buw))on-nrOr—tr = f(Ern)On—nOpr (3.1.13)

where the function f(E) = 1/(e’F + 1) is the Fermi distribution function at the tem-
perature T'= 1/ and the chemical potential 1 = 0, and <X ) is the the statical average
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of the operator X: (X) =Tr [e‘ﬁﬁf(] /Tr [e‘ﬁﬁ]. Applying Wick’s theorem, we get

the expression for the four-point correlation function:

<¢Z:1n112}k2n21ﬁ]:’1n/1¢k’2n’2> = f(Ez)f(E2/)51251/2/
+ f(E)(1 = f(E2))(12:0210 — 01-1/02-2), (3.1.14)

where Fj, 612 and ;o are the abbreviations for Eji .., Okiky0nin, and Oky—kyOny—ny
respectively. Note that the last term of Eq.(BTI4d), —§;_1/02_o, does not appear in
the four-point correlation function of the systems of ordinary fermions, and is inherent
for the Nambu spinor. This term plays an important role for the derivation of the

half-quantized thermal Hall conductivity as shown in the following.

2 Energy current operator

In general, for the microscopic argument on transport phenomena, it is important to
define correctly the ”charge” and ”current” field operators which satisfy the continuity
equation. Therefore, in this section, to consider thermal transport, we define the energy
density operator and the energy current operator. To apply the linear response theory,
we introduce a gravitational field which gives rise to mechanical forces inducing heat
current flow [34].

First, we, for simplicity, restrict the form of the BAG Hamiltonian to

ij i
A;; is a constant Hermitian [i.e. (A;rj)asa/s/ = (Ai)kyas = (Aij)asars] matrix which

preserves A;; = Aj;, and the first term includes the kinetic energy and the supercon-
ducting gap which includes second-order differential operators. C(r) is a Hermitian-
matrix-valued function of r, and includes the periodic potentials, the superconducting
gap, the Zeeman energy, and so on. B;(r) is a matrix-valued function of r which is
raised by gauge potentials, the spin-orbit interactions, or superconducting gap which
includes first-order differential operators. Now we can get the equation: > {B;(r)i0; +
i0,BI (1)} = 2, {B;(r)id; + 18, B;(r)) + [0;, B's(r)]}, where B;(r) and B';(r) are Hermi-
tian matrices: B;(r) = Bi(r) + iB';(r), and the last term of the RHS of the equation

is noting but a Hermitian matrix, so it can be absorbed into C'(r). Therefore, we take
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B;(r) Hermitian. Note that the Hamiltonians of the models mentioned above, the mod-

els of chiral p-wave (or d-wave) superconductors and s-wave superconductors with the
Rashba SOI, are expressed in the form Eq.(B221). From the the Hamiltonian Eq.(B=21),

we define the velocity operator :
v; = i [Hpag, Ti] - (3.2.2)
v; is Hermitian and preserves PHS:
Viasa’s' = +U; _gs—ars' (3.2.3)

(Note the sign 7+ ).
Next, we define the energy density operator and the energy current operator. By

using the method of integration by parts, the Hamiltonian H can be rewritten as

H= / d%r h(r), (3.2.4)

hr) = % {~00)(A50;0) + D (Biidd) + (Baow)h + PH(Ch) ) (325)

is the Hamiltonian density operator and Hermitian [i.e 2 (r) = (r)]. Here (9;0)1(A;;0,1))
is the abbreviation for Zijasa,s,(@@/AJ@S)T{(AU)GSG/S/ jz@azsf}. A similar abbreviation is
used for other terms. Therefore, in the presence of a gravitational field ¢(r) (see
Sec.B.22). The Hamiltonian density operator and the Hamiltonian of the whole system

are transformed into

ho(r) = (14 o(r))h(r), (3.2.6)
Hy= [ dirhy(r) = / diript Hy), (3.2.7)
where
Hy(r0,) = 3 Audi(1 +6)0;+ S {1+ ) Blr)i (3.2.8)
+ iai(1”+ $)Bi(r)} + (1 + gb;C(r)] . (3.2.9)

Note the scaling relation Hg|,_, = tHpac.
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Now we define the energy current operator of the system with a gravitational field

as follows,
i) = 5 |51+ 60) {0 2Hd) + D
—eigndy { (1+ 6(r)*Ae | (3.2.10)
where
A = Seun(d) (o).

The last term of Eq.(BZZ10) is indispensable for preserving the scaling law [62]:

Jeei(r) = (14 ¢(r)je(r), (3.2.11)
where
JEi(r) = j‘E@(r)]M = % {%(viﬁ)T(HBdm@) + h.c. — eijkaj[\k} . (3.2.12)

We can check that the scaling law Eq. (B=2d) actually holds by a straightforward
calculation with paying attention to Hy = (1 + ¢)3Hpac — +(0:¢)v;.
These Hamiltonian density and energy current operators Eqs. (B=X8) and (B=Z10)

indeed satisfy the continuity equation:

ahgir) = [/@(r},}lqﬁ] S aj;—;i”. (3.2.13)

We present a brief proof of the continuity equation (B=213) in the following. By noting

the equations
=i [?/3,7:%] = —2iHy) (3.2.14)
and
v; = 21A,;;0; — 2B;, (3.2.15)
we can get

ho =(1+ ) {5 () (0H,) — (BODY (Hyd) —i(CO) (o)) (32.16)
+he.. (3.2.17)
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On the other hand, by noting the equation
' 1

we get the equation:

Omsi = l{a,-a o0} @) + (14 gb(T))vi@@)T(aﬂH(b@/})] (3.2.19)
+ hec. (3.2.20)

(14 O (0l (OuH) + (BAG) (o) +i(CO (Hah)} (3221
+hee.. (3.2.22)

Therefore, we obtain the continuity equation Eq.(BZZ13).
Using the energy current operator Eq.(B=Z10) satisfying the conservation law, we

calculate the thermal Hall conductivity in the next section.

3 Thermal Hall conductivity

In this section, we calculate the thermal Hall conductivity of superconductors using the
procedure which was introduced by Qin, Niu and Shi [62], with a particular attention
to the symmetry of the eigenfunction Eq.(B14) and compare the result with the case
of normal metals and band insulators.

The thermal Hall conductivity is given as follows:

2M7
tr __ Kubo+ E

K’:cy - gy TV .

(3.3.1)

The first term is given by the usual Kubo formula [34], and M7, is the gravitomagnetic
energy (heat) magnetization, which characterizes the circulation of the energy (heat)
flow.

From now on, we use a bra-ket notation:

<f|0’g> = Z /ddrr ;s(r)oasa’s’(ra ar)ga’s’(r)' (332)

asa’'s’

Now we introduce new operators, which are the Fourier transforms of the field
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operators, and expand them in the operators zﬂkn and @m

ItL_qE/ddTe_i(_q)TiL(T) — Z Q@]inqj)k’n’h—qknk’nﬂ (333)
knk'n’

j’Eqi = /ddre_iqrjEi(r) = Z &ln'@;k’n/]‘quknk’n/a (3.3.4)
knk'n’

where

Hpgee'" + " Hpai

[frw) +O(d”)

1
hqu:nk’n’ = §<flcn|

2
(as q—0), (3.3.5)
. 1 [(Hpac fenle " 0j frrm) + (0; frnle ™™ | Hpac frrm)
JEqjknk'n’ = 5 9

1 ) )
8 Z {<aivjfkn\€ﬂqr\vifk/n/> + (v frnle™" | O5vi frrn)
(013 frnle " v; fromr) — (Vi finle 1005 frmr) ] (3.3.6)

which can be obtained by noting the two identities:

Aij 82 8j qur + eiqr Aij 818] i

AZ] al eiqraj = 2

O(¢?) (3.3.7)

and

e_iquiiﬁi + i@iBie_iqT = 9

(3.3.8)

Note that the coefficients for the expansion, h_qgnim and jeqjrnim, preserve the

symmetries
h—qknk”n’ = _h—q —k'—n' —k—n> (339)
JEqjknkn’ = —JEqj—K—n' —k—n> (3.3.10)
which follow form HBdGasa’s/ = _HEdG —as—a's’ and Vi asa's’ — v;—as—a/sU and Eq(B:IZI])

fknaS(r) = fik—n —as(r)'
The first term of Eq.(BZ3) is give by

1> s s
plubo — —/ dte " (Jp,; Jp.(t)), (3.3.11)
Y VT2 0 < Y ( >>
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where Jpi = Jugi| , (@;0) = 1/8 [ d\@a(—iNb), a(t) = ¢*ae~™ and V is the
=0

volume of the system. By the formula for the four-point correlation function (B14)
and the symmetry of the coefficient (BZ310), we get

/{Kubo _ _L Z f(Ekn) - f(Ek’n/)

v TV S i B
(kn)#(k'n’)
X JEyknk’n’(JE:ck’n’ kn — JE:E —k—n—k’—n’) (3312)
2 f(Ek:n) - f(Ek:’n’)
= - J n /n/J T /n/ 7y 3313
VT? kzk: i(Epp — Epg)2 ~PYEnEm Bk ( )
(kn)#(k'n)

where Jgiknkn = JEqjkn k’n"q:o- The factor 2 in front of Eq.(B3313) is a result of the
PHS.

Moreover, by calculating in the manner similar to Ref. [62], we obtain

ou
Kubo _ kn
oy 4TV Z fm <

where Hpyor = €% Hpgae™*"

8ukn

8_ky> f(Exn), (3.3.14)

(Hpacr + Ein)’

Next we calculate the gravitational magnetization M. It is the solution of the

differential equation

(3.3.15)

oMz B[O . - o . .
vz M _ B[O i s O g
E oT 2 {aqz <h anqu> aqy <h qaqux>} .

with a boundary condition limy_. T% = 0. In order to evaluate it, we also carry
out a calculation similar to Ref. [62], with paying attention to the last extra term of
Eq.(BT14) and the symmetries (B2310). We get

vt e

8u;m

G—ky> J(Ekn)

(Hpacr + Ein)’

aukn aukn
—2F; Tm { —" Ekn
8ukn aukn B

41 dx| . 3.1

+ m<8k$ 8ky>/0 zf(z)dx (3.3.16)
In the end, we obtain an expression for the thermal Hall coefficient:
aukn 0ukn

= dEE? (B 3.1

5, = > om (G G e ean

E,m<E
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or using the Berry curvature of the BAG Hamiltonian,

bz(k,n)z21m<8€;:n %1;:">, (3.3.18)
z y

tr ]' 2

oy = 57 | AEE Z b.(k,n)f'(E), (3.3.19)

Bty
Moreover, by using the Sommerfeld expansion, we obtain an expression in the low-

temperature limit:

tr Cl (0) T
T T T 6
where C}(F) is the TKNN number, which is an integer when the energy F lies in the

(3.3.20)

energy gap [2, 63|, and it is given by,
d*k
i

where H(x) is the Heaviside step function.

It is notable that the quantization value 3ZLC1(0) is exactly one half of the value
of the Chern insulator (or the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C(0) is equal to £1[56], and thus, this result is in
agreement with the result obtained from the conformal field theory with central charge

¢ = 1/2 for the edge state [20, 51

4 Summary

We have derived the formula for the thermal Hall coefficient of any superconductors with
broken time-reversal-symmetry at finite temperature from bulk calculations. Applying
it to two-dimensional TSCs with broken time-reversal-symmetry, we have demonstrated
that their thermal Hall conductivity is quantized: k., = (’;1 ’TGT , where C is the TKNN
number of the BAG Hamiltonian. Our approach, solely, relies on bulk calculations,
without referring to the Majorana edge theory. This value 021 ”6T is one half of the
thermal Hall conductivity in the case of the Chern insulator (or the IQHE state).
In the derivation of this result, the PHS, which BAG Hamiltonians generally possess,
plays an important role. Our result is in perfect agreement with that obtained from

the conformal field theory which describes the edge state of two-dimensional T'SCs.
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Chapter 4

Torsional chiral magnetic effect in a

Weyl semimetal with a topological
defect

In this chapter, we propose a torsional response raised by lattice dislocation in WSMs
akin to the CME referred to as the torsional chiral magnetic effect (TCME): a fictitious
magnetic field arising from screw or edge dislocation induces charge current. First, in
Sec.l.0, we investigate this effect from the method based on the linear response theory
of curved spacetime describe in Chapter B. We also describe this effect from other
methods based on the calculation of the ground state wave functions in the presence
of dislocations in Sec.H.Bl. Furthermore, in Secs.d.B and B.A, we perform a tight-binding
simulation, and confirm that the TCME exists even for realistic lattice systems, which
vanishes in real solid state materials as mentioned in Sec.l.ZZT2. In Sec.B.H, we also
propose the experimental setups for the detection of this effect via SQUID and nonlocal

resistivity measurements in WSM materials. These results are based on Ref.[20].

1 Linear response theory based on field theory in

curved space-time

In this section, using the linear response theory with the Cartan formalism described

in Chapter B, we investigate the TCME in WSMs due to dislocation. Furthermore we
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describe the physical interpretations of the TCME.

1.1 Calculation from the linear response theory

First, in Sec.B.IT, we derive Berry-phase formulae for the charge and current density
corrections due to magnetic fields and TMF's, which are expressed as the Berry curva-
ture and intrinsic magnetic moment. These formulae can be applied to any materials.
Furthermore we apply them to a linearized low energy effective model of a WSM and

derive the torsional chiral magnetic effect in Sec.l.[T2.

1.1.1 Berry-phase formula

The effective action Seg in the presence of the external fields, which we begin with, is
defined as

Seti[Ay, €5] := log [/ DYDY’ exp (—S[@b,w*,Au,eﬁ])} , (4.1.1)
with
1 R
S[%W,Awefﬂ =3 /d7d3r [W(T, r)LY(T, 1) + c.c.} ,
L= |e(r)|[0/0r — H(—iV,) — eAy(r)], (4.1.2)

where 1 is the fermionic field, 7 and r denote the imaginary time and spatial coordinate,
respectively, and A, and e} are the vector potential and vielbein, respectively. Here
c.c. represents the complex conjugate combined with the change of the sign of the
derivative operator 0/07. In Eq.(ET2), only the spatial components of the vielbein
which cause the torsional magnetic field is included, e = 0507 4 9507,¢¢(r), while we
consider both the spatial and temporal components of the vector potential. However,
the temporal one is introduced only for the purpose of the probe field for the calculation
of the charge density, which is set to be zero after the variation. Also, in Eq.(E122),
the Jacobian is given by |e(r)| := detef(r), and the covariant derivative is —iV, :=
el (r)(—i0; —eA;(r)) with a = i. The charge density and the current density are defined
by,

jUr) = =5 : (4.1.3)



Using the gradient expansion method (the details of the calculation is described in
Sec.H.@), the expressions for the charge and current density up to the first order of the

magnetic field and the torsional magnetic field are given by,

P =eS / (ZT’; nr(enn)

_ Q”(»;T) . (eB('r) + Ta(lr')ﬂ-a)nF<(€n’ﬂ')

—m"(w) - (eB(r) + T*(r)r)nk(enx)] (4.1.4)
i) =Y [ e " mnsn)
— (v"(w) - Q" (7)) (eB(r) + T(r)mo)np(enx)] - (4.1.5)

Here, 7 is the mechanical (gauge invariant) momentum, n is the band index, €, » is the
energy, v"*(m) := Je, »/0m, is the group velocity, and ng(e) is the Fermi distribution

function. The Berry curvature and intrinsic magnetic moment [57, 68| are given by

ou™ | ou™
na . _ s-abc ™ ™
Q" () = —ie <87Tb 87rc> (4.1.6)
and
na L 3 abc auﬁ . auﬁ
m"(m) = 5¢ <37rb [Ho(7) — €por) . >, (4.1.7)

respectively, where Hy is the Hamiltonian without external fields and |ul) is its Bloch
wave function. The TMF is defined by T* := (1/2)e”*T4,, like the magnetic field
B; = (1/2)&"* Fyy.

When the TMF is absent, the Berry-phase formulae (BT4) and (E1=3) reproduce
the previous theoretical results. Indeed, the second term in Eq.(BT4) corresponds to
the modification of the density of state due to the inter product of the Berry curvature
and magnetic field, e€2" - B, and the third term the energy correction due to the
coupling of the intrinsic magnetic moment and magnetic field, e, » — €, x —em” - B
[68]. Furthermore, the second term in Eq.(EZIH) corresponds to the CME, which was
derived from the kinetic equation with the Berry curvature by Son and Yamamoto
[69]. On the other hand, the terms including the torsional magnetic field T are new
terms, raising the TCME for Weyl semimetals. It is noted that the commutator of the
covariant derivatives with both the vector potential and vielbein leads to the torsional
magnetic field as well as the magnetic field, i.e. —i[—iV,, —iV,] = eFy + T5(—iV.),
justifying the analogy between the torsional field and the magnetic field.
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1.1.2 Torsional chiral magnetic effect in Weyl semimetals

Now, we apply the Berry-phase formula (E1H) for the current correction due to the
magnetic field and TMF to a model of a WSM and derive the TCME. We use the model
of a pair of Weyl fermions with the opposite chirality, whose Weyl points are at k = A*
and AT in the momentum space, and Fermi energies are given by E = vpAl and vpAf,
respectively. Therefore the 4 x 4 Hamiltonian is given by

(Huk) 0
H(k) ._< ; HR(k)> (4.1.8)

with
H, (k) = vp xo(k — X) -0 — A3, (4.1.9)

where s = L or R is the index of the chirality and xpr) = +1(—1), and o’ is the Pauli
matrix. The Berry energy, group velocity, and Berry curvature for the Hamiltonian are

given by

¥ (k) = vp [£]k — X°| — AJ]

k— \°)
s, k :ZEUF(
v (k) ke — 2]
kE—XN
Q5 (k) = £y 4.1.1

Here +(—) means the higher (lower) band of the Weyl cone.
Substituting Eq.(AT10) into Eq.(E-13H), we obtain that the current density up to
the first order of the magnetic field and the TMF is given by

_[evrA —A0) n cvp(AF — AD)A

) = T 4.1.11
i(r) - - , (41.11)

at zero temperature and up to the linear order in Aﬁ(R), where the details of the cal-
culations are described in Sec..[. Here, The vector representation of the TMF, T,
is defined by (T*); := (1/2)e“*T},. For the derivation of Eq.(BT), we introduced a
momentum cutoff scheme |k — A°| < A for the Weyl node of the chirality s. Physi-
cally, A corresponds to the momentum range from the Weyl points in which the cone
structures of the band of the lattice system is approved.

The first term represents the CME in the presence of the chiral chemical potential
(i.e. Ar # M), and then reproduces the previous result for the CME [5Y]. On the
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other hand, the second term in Eq.(EZITT) is a new one, which raises the TCME; i.e.
the current is generated by the TMF for the pair of Weyl points which are shifted in
the momentum space due to broken time-reversal symmetry. This point is in sharp

contrast to the usual CME, which requires breaking inversion symmetry.

1.2 Physical interpretations

Now we discuss the consequences and physical pictures of the TCME. The TCME is
realized in two types of lattice dislocations. (a) case of edge dislocation: j* oc AN, TZ,
and (b) case of screw dislocation: j7 oc AN, T?, with A\, := AL — A\, Their schematic
pictures are shown in Fig.Zl. These responses can be understood with the following
semiclassical picture: Case (a): Edge dislocation is regarded as the (0,1,0)- “surface” of
the extra lattice plane made up of the blue and green atoms in Fig.BZ.a, which harbors
a chiral Fermi arc, when two Weyl points are shifted in the k,-direction. The electrons
in the Fermi arc state are the very origin of the current induced by the edge dislocation.
Case (b): There is a chiral Fermi arc mode on the dislocation line. The electrons in
the mode rotate around the screw dislocation line, and due to the screw dislocation the

rotating motion causes the current along the Burgers vector.

Figure 4.1: Ground state current j induced by (a) edge and (b) screw dislocation with
the Burgers vector b. Reproduced form Ref.[20].

The situation is similar to that of the three-dimensional integer quantum Hall state
(3DIQHS) [60] with dislocation which is the staking of quantum Hall state layers char-
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acterized by the vector G. = (2mn./a)n, where n., a, and n are the first Chern number,
the lattice constant, and the unit vector along the staking direction. In the 3DIQHS,
there are one dimensional n chiral modes along the dislocation line, when the topolog-
ical number, n = b, - G./27, is nonzero [61]. This condition for the chiral modes is
similar to that for the TCME, b, - (A" — Af) £ 0.

2 Spectral asymmetry and ground state current in

the presence of screw dislocation

In this section, we confirm the TCME due to dislocation by using an alternative ap-
proach other than the linear response theory based on Eq.(EI11). Our approach here
is to calculate explicitly the spectrum and the eigenstates of the Weyl Hamiltonian with
dislocation and the ground state current. We also show that the quasi-localized modes
along the envelope of the bulk spectrum contribute to the effect. In this section, we
describe the summary and the details of the calculations are described in Sec.d.B.

For simplicity, we set vF = ¢ = 1 and assume A} = A\[' = 0, and the Weyl points lie
symmetrically on the k.-axis, A¥ = —A% = 2. In the presence of the screw dislocation
at x = y = 0 along z-axis, of which Burgers vector is b, = —b,2, the vielbeins are given
by €2 = —byy/2mp?, €2 = byx/2mp?, and e = §# for others, with p = /22 + y2 [62].
Even with the dislocation, k, remains a good quantum number. Then, when £k, is fixed,
the Hamiltonian is equivalent to that of two-dimensional massive Dirac model in the

presence of the magnetic flux at the origin, whose amplitude is ®;, = k.bg,
ke = s [Hi, +my 07

d b, x
1 _ . k.Y . . k.
sz = (—1893 — W) o+ (—1(% + 27rp2> Uy, (421)

with the mass mj_ = k. — x,A. The equivalence of a screw dislocation and momentum-
dependent magnetic field has also been pointed out in Refs. [63, B3].

The spectrum of H{3" consists of two types of eigenstates: one with the eigenen-
ergies satisfying |E| > |m;_| and the other one with E' = £mj . The former does
not contribute to the ground state current owing to the one-to-one correspondence be-
tween ET > |mj | and £~ < —|mj_| modes as ET = —E~, and between the states

of Weyl nodes with the opposite chiralities. On the other hand, the latter does con-
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tribute owing to asymmetry, i.e. the absence of one-to-one correspondence between
E = mj and £ = —mj_ modes. This asymmetry is called the parity anomaly
[64, A42]. The asymmetric spectrum consists of discrete modes whose wavefunctions
exhibit power-law decay, and continuum scattering modes which spread over the whole
system [65, 66] The schematic picture of the density-of-state of the full spectrum is
shown in Fig.l. Moreover, the ground state current calculated from the asymmetric
spectrum is J* = —L,b,A\/27?, which coincides with the expression obtained directly
from the linear response theory (A1) as the details of the derivation is described in
Sec.d.B.
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Figure 4.2:  The red and blue lines along £/ = 4+mj_ represent the relatively higher
(lower) density-of-state compared with that of the opposite energy E = Fmj .

3 Numerical calculation

In this section, we confirm the spectrum asymmetry and the TCME for realistic lat-

tice models by numerical calculations. We use the tight-binding model of WSMs (1]

74



generalized to the case with dislocation,

. d
o . t 7 trd,. T 4 Al
H = g it E Cr+£+6i,zbge(r)r Cp+ 7 (3CTF Cp E cr+2+5i)zb99(r)f‘ cr> + QC,I‘ cr]
r

i=$7y7z i:xzyvz

+ h.c., (4.3.1)

where the 4 x 4-matrices, I, satisfy the SO(5) Clifford algebra {I", 17} = 24,; [67],
I = [[%,19]/2, » = (x,y,%) and i denote the position of the atoms and the z'-
direction unit vector, respectively, and ¢,r, and d are the real parameters, and we
suppose the lattice constant as 1 and lattice size L, x L, x L.. We introduced a pair of
screw dislocations along z-direction with opposite Burgers vector at 41%¢ = £(1%s ()

as shown in Fig.B=3, by sliding the hopping directions in the first and third terms of Eq.

(E230) as O(r) = —1 for the region z = 0, —19* < y < [% while O(r) = 0 for other

x 7

regions.

Figure 4.3: Setup for the numerical calculation: lattice with a pair of screw dislocations

with opposite Burgers vectors. Reproduced from Ref.[20].

Now, we numerically diagonalized this model and obtained the spectrums and cur-
rent. Here the material parameters are set as ¢t = r = 1 and d = 3.6. The lattice
constant is 1 and the amplitudes of the Burgers vectors is set as b, = 1. For the cal-
culation, we imposed the open boundary condition along the x— and y—directions and
periodic boundary condition along the z—direction, and set L, = L, = 419 = 38 and
L, = 100.

As shown in Fig.B4d.a-c, we obtained the asymmetric spectrum in agreement with

the analytic calculation. The asymmetric modes are localized at the dislocation line.
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The quasi-localized chiral modes are not isolated from the bulk but easily mixed with
the bulk modes (Fig.0i4.a-c).

a)

0.2

0.4
Io.3
0.1

Figure 4.4: Numerical result for the spectrum of the WSMs with a pair of screw dis-
locations. The blue curves are the envelope of the bulk spectrum. The colors represent
the expectation value of |p—1%%|? /L, L, (see the color scale bar). In the figures (a,b,c),
the modes with this value smaller than 0.1, 0.15, and 0.2 are plotted. Reproduced from

We also show the current density at zero temperature in Fig. 3. We obtained the
upward current along the screw dislocation and downward current along the anti-screw
dislocation due to the TCME. The total current per the unit length toward z-direction
due to one dislocation line is J?/L, = 0.087, which is calculated by the summation of
the current density in the x > 0 half-plane, and this value is in the same order as that

estimated from the linear response theory (B111), J*/L, ~ 0.1. For the estimation,
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we set the cutoff as A ~ 1/(lattice constant) = 1.

Figure 4.5: Current density along z-direction, j,(z,y). Reproduced from Ref.[20].

4 Comment on no-go theorem of the chiral mag-

netic effect

The existence of the TCME in the realistic lattice system may seem to contradict with
the no-go theorems of the ground state current |18, [7]. However, they prohibit the total
current, but not the local current density. Therefore, the current along the dislocation
line can exist. In the following sentences in this section, we show this point from an
argument that is the extension of that presented in Ref. [T6].

We start with a general Hamiltonian of electrons in solids (set e = 1 in this section):

H = /d3r % (—iV; — Ai(p, 2))* + V(p, 2), (4.4.1)
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where V' is the potential term, in which the effect of the dislocation is included. Here

i=xy,2 1r=(p,z2),and p = (z,y), and we impose the periodicity in the z-direction:
Ai(p7z) :Ai(p,z—l—a),V(p,z) ZV(p,z—i—a). (442)

Suppose 1 is one eigenfunction of the Hamiltonian and define the Bloch wave function
Unk.(p,2) = €¥%u, 1 (p,2), whose energy is e,;.. The total current along the z-

direction is given by
J, = Z /
X

where Hy, = e"™**He*=* and np is the Fermi distribution function. Here we use the

0H
/d3 nkz(p, >(SA 1/}nkz(p7 )nF(gnkz>

0H;,
[ @ i (0. v (o2 ) (143)

identity :

0H,
[0 v 0.2)

0
= ap [ T o) i (p.2)
agn k
= —= 4.4.4
ok, ’ ( )
which follows from
0 0
T {/ d*r Uy, 1. (P 2)tn 1. (P, z)} = akzl =0, (4.4.5)

and then we can rewrite Eq. (B2423) into

d]i] &e‘n k2
Z ny o F(gn.kz)
1 n,k:(n)
=5 Z Z / " de np(e) (4.4.6)

Here for each region k£ € (k:l(nl, kzn)), en,; monotonically increases or decreases, and
kén) =0 and kg(?) = 27 /a. We find that Eq.(E2Z38) is always equal to zero owing to the
periodicity of the dispersion in the wave number space, €, x—0 = €, k=2r/a- Therefore,
we found that the total current along the z-direction is zero. In the above derivation,

it is essential that the integrand with respect to k, can be rewritten into the total
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derivative with respect to k,, and this key factor follows from the fact that the integral
over the real space of |u, k. (p,2)|? is equal to 1, which results in Eq. (E23). Instead,

without the integration over the real space,

[ (9.2 (0.2)] 0. (4.7

z

Then, in the case of local current, the above argument in the case of the total current
does not hold. Hence, the local current is not always zero, unlike the total current.
Therefore, the TCME occurs as the generation of a local current along and near a

dislocation line.

5 Experimental implications

In this section, we present two experimental setups to observe the TCME, for which
Eu,lryO7 [68] and YbMnBiy[R9] are candidate materials: a SQUID measurement and
nonlocal transport phenomenon. We also comment on effects of impurities and disori-

entation of the dislocation.

5.1 SQUID measurement

The first one is a scanning SQUID measurement, which can detect weak inhomogeneous
magnetic fields [0, (1] (Fig.B@). If there is a pair of dislocations, the circulating current
occurs. The magnitudes of the current and the induced magnetic field are estimated
as I ~ 107°A and B ~ 107 "T, respectively, for both Euslr,O; and YbMnBi,. Here
we used Eq.(BZ1T) and the material parameters, vp ~ 10°n/s and a ~ 10A and set
by = a and A ~ A ~ 1/a, where a is the lattice constant. Also, for the estimation of
the magnitude of the magnetic field, we used a typical value of inter-distance between
dislocations, 10°A [72]. It is feasible to detect B ~ 10~"T via the scanning SQUID.
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Figure 4.6: The current (shown as arrows and /) due to the TCME in the presence
of a pair of dislocation lines. The thick red solid (blue dashed) line represents the
(anti-)dislocation line. We can detect the magnetic field, B, via a scanning SQUID

measurement.

5.2 Nonlocal transport phenomenon

The second one is a nonlocal transport phenomenon, which was observed in quantum
Hall materials [73, [/4]. The experimental setup is shown in Fig.BZ=a. If the bulk contri-
butions are completely negligible and there are only the chiral modes at the dislocation
lines, V34 := V53—V, = 0 despite I15 # 0, then, the nonlocal resistivity Ri2 34 := V34/I12 is
equal to zero [73]. On the other hand, if the nonlocal transport is negligible, V34 > Va4
holds for LiLs < LiLy when I3 # 0. Therefore, if Ri234 < Rizsa is observed,
it is the fingerprint of the chiral current due to the TCME. The effect can be dis-
criminated from any previously reported conventional transport induced by dislocation

75, 176, 72, 72, 78, 79, 80, 81, 82, 83].
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Figure 4.7: Experimental setup for the nonlocal transport due to the TCME. The
thick red solid (blue dashed) line represents the (anti-)dislocation line. The leads are
attached at the black points, L;(i = 1,2,3,4,3',4"). The line LyLy, L3L4, and Lz Ly
are parallel and have the same length. Here we suppose Ly L3 < Ly Ls. V; is the voltage

at L;, and Iy5 is the current. Reproduced from Ref.[20].

5.3 Comment on impurity and disorientation effects

We also comment on effects of impurities and disorientation of the dislocation. First, the
current due to the TCME is expected to be robust against weak disorder. It is because
that Eq.(B1) is independent of the scattering time, like the intrinsic contribution to

the anomalous Hall effect [41]. More precisely, the current is due to the edge modes
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in the Fermi arc on the surface of WSMs, and these modes are supported by the
Weyl points, which are protected by the Chern number, and hence, robust againt weak
disorder.

Next, in real experimental setups, it is difficult to align the dislocation line orthog-
onal (parallel) to the line connecting the Weyl nodes exactly in the case (a) (case (b)).
Even when they are not orthogonal (parallel), as long as they are not parallel (orthogo-
nal), the current parallel to the dislocation line still exists. Supposing that the disloca-
tion line is parallel to the z-axis, the current is given by J* = evp L, A(AR —AL) - b, /472
in the both cases (a) and (b).

6 Summary

In this chapter, we have discussed the TCME in WSMs caused by dislocation using the
formalism of the differential geometry described in Chapter 2. We have also confirmed
that this effect can occur and is experimentally observable in realistic materials, from
the calculation of the ground state in the presence of dislocations and the numerical cal-
culation of the tight-binding model. Furthermore, we have proposed the experimental

setups to observe it.

7 Appendix: Derivation of torsional responses from

linear response theory

In this section, we derive the Berry-phase formulae for the correction to the charge and
current densities due to TMFs and magnetic fields (B-1T4)) and (E-1H), and the torsional
chiral magnetic effect in WSMs (ET1T).

The derivation consists of two steps: first we derive the expression for the Green
function in the presence of the gauge field and vielbein using the gradient expan-
sion (BZ74), and next we calculate the current density by using Eq.(B=4) and obtain
Eq.(BZ21), which is equivalent to Eq.(E11).

First, we calculate the single-electron Green function. The Green function in the
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presence of the gauge field and vielbein which is defined by

G(Th 1, T2, ’r2)

— fpwpww(ﬁ,ﬁ)W(Tzﬂ'z)eXP (—S[%W,An@?])

4.7.1
DD exp (5[0, o1, Ay, ) @7.1)
Then, the following differential equation holds :
114 .
3 [E(aN,rl,—18T1)G(6N,r1,'r2)
<
+ G(en,r1,72) L*(—eNn, T2, —10p,) | = 5(3)(7'1 —73), (4.7.2)

with L(ey,r, —i0,) = le(r)|[ien — H(—iV,)] — eA], and |e(r)| := detel(r) Here
eny = (2N + 1)7T is the Fermionic Matsubara frequency with the temperature T', and
Glen,r1,12) := fO’B G(1,71,0,75)e ~¥7dr is the Fourier component of the Green func-
tion. Now, using the spatial Wigner transformation defined as f(R, p) := [ d®re "7 f(R+
r/2, R —r/2), Eq. (I272) is rewritten into

+Gley, R,p)e%(g‘a’)_gaﬁ)ﬁ(sN,R, p)} =1. (4.7.3)

In the gradient expansion up to the first order in 9;A; or 9;ej, the Green function

becomes

é(ngRap) = G(O)(€N7R>p> + é(l)(EN’R’p) +ee

- 1 _
G(O) (5N7 R, p) = ’€<R)’ [[’0(5N7 7"-)]71-;:6?1(12)(101'—eAi(R)) )

é(l) (5N7 Ra p)

B i OLy(en,m) . 4
~ 2e(R)| or, Lo (Eno)

- Ly e, ™) [eFu(R) + To(R)w]|

oL ,
£ (o) #

ma=el, (R)(pi—eA;(R)) ' (4.7.4)

Here 7, := ¢! (R)(p; — eA;(R)) is the gauge-invariant mechanical momentum, while p;
is the canonical momentum, and the field strength and the torsion with the indices of
the local orthogonal coordinate are, respectively, defined as Fy;, := eflegFl-j and Ty =

egengj. The free Lagrangian is defined as Ly(ey, w) :=iey — H(m).
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Next, using Eq. (BZ74), we calculate the current density and derive Eq.(ETH). The
current density are defined by j*(r) := —(ef(7))/|e(7))|)(0Sesr /6 A;(7)). Therefore

i'(R)
el [ DYDYl (r,r1) L L (T, ra)e S
le(R)| [ DyDyptes

+ c.c.

T‘1,T‘24)R,

eT OLo(en, )
~SNT
2 ; g 87'('1

Ta :63 (Tz)(—iaré —eAi (1"2))

G(en, T2, rl)]|T1’T2_)R + c.c.
eT d*p OLo(en, )
T2 g/ (27?)3Tr [ on1

¢ ORB-BBR) G R, p)] +ece. (4.7.5)

ma=e} (R)(pi—eA;(R))

Here Tr means the trace over the band indices, we used that 6£/5A; = e|e(r)|el ()0 Lo/,
and the second line does not depend on 7 due to imaginary time-translation symme-
try. Note that 7 of the third line is the operator though that of the fourth one is the
c-number. Using Eq.(EZ74), up to the first order in 9;A; or e, the expression of the

current density becomes

iNR) = j'O(R) + j'(R), (4.7.6)
with the zeroth-order terms,
i"O(R)
T d3
_ 6_2/ pgT aﬁo(EN,ﬂ')
2 4 @ OTT |y (R (pi—ci(R)
GO(en, R, p)} tec (4.7.7)
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and the first-order terms,

;"V(R)

eT d3p
= — T
9 Z/(gﬂ)za r
N

G0 (e R

1€T Z Tr
N

5 @(‘Z;)G (en, R, p)] + c.c.. (4.7.8)

aﬁo(EN, 7l')
ony

mo=e} (R)(pi—eAi(R))

a£0 €N7 )
aﬂ'l

ma=¢’,(R)(p;—eA;(R))

The zeroth-order terms (EZ71) can be rewritten as

J1O(R) = QZ/ T)np(En)- (4.7.9)

For the derivation, we inserted the identity, 1, = > |ul) (ul|, between 0L,/0n1 and
G in Eq.(B-7), and used the formula, ZN o 1/(Geny —t) + 1/(—i5N — t)] =(1-
2np(t))/T, for the summation over the Matsubara frequency, and [ d®p = |e(R)| [ d*T.

Here, n is the band index, €, r is the energy, v™*(7) := 0e,, /07, is the group Velocrcy,
np(e) := 1/(e¥/T 4 1) is the Fermi distribution function, and |u®) is the Bloch state.
This term corresponds to the summation of all contributions to the current from the
electrons in the occupied states in the absence of magnetic and torsional magnetic field.

Now, we move on the calculation of Eq.(B=78). The sum of the second term of

Eq.(B78) and its complex conjugate is zero, since [---]" = [---]|_ _,__ . Then, by
using Eq.(EZ74), we obtain

J'(R)

) i

5 e ) PO 5 e )| [eFu(R) + TR

+ c.c.. (4.7.10)
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Moreover, inserting the identities, 1, = |ul) (u%|, we obtain

;'(R)
—1eT OH
pu— l
2,; / < oy ><m'fm >
y OH 1
87rb (iey —en)(iey —em)(ieny — &)

X [eFw(R) + Ty (R)T] + c.c., (4.7.11)

where the indices 7 are omitted like ¢,, := ¢, » and |n) := |ul2). There are three types

of contributions to the summation over the band indices n,m,l: (a) all the three are
the same, (b) two of them are the same and the other is different, and (c) each one
is different respectively. However the contribution (a) is found to be zero because of
the antisymmetry of [eFu,(R) + 15 (R)m.] under a <> b. Moreover, the contribution
(c) is also zero, since our model of the WSM, Eq.(EIR), consists of two two-band
Hamiltonians independent of each other, and then the overlap of three or more bands

is zero. Therefore, we have only to consider the contribution (b), and then obtain
J'V(R)
—ie d3
Z 5 leFap + Toyme] (Miap + Moyt + Miia)
+ c.c., (4.7.12)
with

Mupe := v (en) (n,b| (e, — H) | n,c)
+ o (n,b|np(H) |n,c) —vlng(e,) (n,b|n,c), (4.7.13)

where we used the abridged notation, |n,a) :=
and (AZ13) we used the formulae

g“ > For the derivation of Egs.(E—712)

. 1 _ tnlp(s) — snp(t) + np(s) — np(t)
N:Z—oo (iey —t)?(ien — s) B T(t —s)? ) (4.7.14)
<n gi m> = (" =" {n[m,a), (4.7.15)

86



for n # m, and

> flem) (n,bln,c) = (n,b| f(H)|n,c) (4.7.16)

m

for any function f. Moreover, using the relationship (M. )* = M, We obtain
J'V(R)

—ieT d37r
-9 Z/ (2r)? [eFa3 + Tgsma) € Mape, (4.7.17)

abc

where €° is the antisymmetric symbol. Furthermore, since v)n'x(e,) = Onp(e,)/0m,

and only antisymmetric parts of My, contribute, using integration by parts, we find
J'(R)

: d37r aoc, n
= 1@2 / e [eFs3 4+ Tysma] e vinp(en) (n,b|n, c)

ie d37T a _abc
T 9 Z (2ﬂ)3T§3€ ennr(en) (0,0 n,c) . (4.7.18)

Using the Berry curvature is defined by Q7 := —ie® (n, b|n, c), and the vector repre-
sentation of the TMF, T, is defined by T} := (1/2)e“*Ty,, it can be rewritten as

i'W(R)

d*r n.on - 2 np(e
:_e;/(%)g (v" - Q") (eBi + Ti'ma)nr(en)

e &dr
_ 5; / G Tienr(en) (4.7.19)

It is noted that the term containing Bj is equal to the expression for the CME derived
by Son and Yamamoto [h9], and the others are new terms that represent the current
induced by the torsion. Neglecting the last term, which is, as we will discuss later, less
important than the others in the case of WSMs, Eq.(EZ19) can also shortly derived
from the substitution of the magnetic field or the field strength in the absence of the
vielbein, —i[(—i0y — eAy), (—i0; — eA3)] = eB; with the field strength in the presence
of the vielbein, —i[—iV3, —iV3] = eBy + T{(—iV,), where [U,V] := UV — VU is the
commutator. This justifies the analogy between the TMF and the magnetic field.
Finally, we substitute the energy, group velocity, and Berry curvature of the model
of the WSM, (E13), into Eq.(AZ19) and derive Eq.(ET1T). We characterize the four
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bands of the Hamiltonian (E1R) as n = (s,%), with s = L or R, where s is the index
of the chirality and +(—) means the higher (lower) band of the Weyl cone. Then, their

energy, group velocity, and Berry curvature are given by

e (k) = vp [£|k — X°| = A

kE—X\°)
s, k) = j:UF(
v¥* (k) Tk n]
k—X°
Qo (k) = £y 4.7.20
(k) = g7 5 (4.7.20)
Using Eqs.(B2719) and (E2720), we obtain
i'(R)
v (AF — AY) evp(Ag — MDA,
= A2 BI(R> + A2 Ti <R> )
(4.7.21)

at zero temperature and up to the linear order in Aﬁ(R). For the derivation of Eq.(EZ21),
we introduced a momentum cutoff scheme |k—A°*| < A for the Weyl node of the chirality
s. Physically, A corresponds to the momentum range from the Weyl points in which
the cone structures of the band of the lattice system is approved. Note that the last
term of Bq.(B-ZT9) yields second(or more)-order contributions in AL, and then less
important as mentioned before. Eq.(EZZ1) is the correction of current due to the TMF
and magnetic field and is equivalent to Eq.(ETI), then the derivation of Eq.(ETIT)

has been completed.

8 Appendix: Analytical calculation on ground state

current in the presence of screw dislocation

In this section, we describe the details of the results on the properties of the wave
functions of the electrons in WSMs in the presence of a screw dislocation and the
derivation of the TCME from them, which are summarized in Sec.l.Bl. Here we calculate
the ground state current raised by the TCME in the case of screw dislocation, by
calculating directly the eigenstates of the Hamiltonian with the torsion. This is an
alternative approach for the derivation of the TCME, which does not rely on Eq.(E—TLT).
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For this purpose, we, first, analyze the spectrum of the Hamiltonian (E=21),
ke =X [Hy +my o]

o Oy x
n . k.Y z . k-
Hi. (—@x a Fp?) 7T (—18y i 27Tp2> o (48.1)

where mj_ =k, — x,A, @, = k.by, p = /22 + 92, xrr) = +1(—1), and o' is the Pauli
matrix.

For the calculation of the spectrum, it is useful to clarify the symmetry of the
eigenstates of HkL Suppose |k), the eigenstate of H,i with eigenvalue k. Since
{Hj.,0°} = 0, where {U,V} := UV 4 VU is the anticommutator, the state o |}, is
also the eigenstate with eigenvalue —x. Therefore, we can choose the eigenfunctions to

preserve the doublet structure,
|=K)p, =07 [K), (4.8.2)

for k # 0. On the other hand, there is no double structure in the zero eigenstates. Since
the hermitian operator o* maps zero eigenstates of H ,CL to zero eigenstates of H ,CL , then
we can choose the zero eigenstates also as eigenstates of 0%, denoted by |0;,,) ), With
%10 5,) g = O 10i.0,) ,, and o; = £1. There is another symmetrical property between
the eigenstates of H klz with different k.. Since the transformation k, — —k, corresponds

to the flip of the direction of the effective magnetic field,
OH O ' = HY (4.8.3)

holds, where © = i0¥K is the time-reversal operator for spin-1/2 fermions and K is
the complex conjugation operator [84]. Therefore we can impose |k)_, = © |x), and
10i,—0:) . = ©0i5,),_, because of {o*, O} = 0.

The eigenstates of H;3" can be constructed from |x), and [0,,), . Indeed,
[V (R)) = a5 (8) [R), + 5 (k) |=R), (4.8.4)

with £ > 0, and |0,,),are the full spectrum of H3%e™, with eigenvalues 44 /x2 + (mj; )
and Jim,gz, respectively. Here the coefficients are given by

1/2
~sgu(my) [(87 + (mf )*)"/? £ K]

L.+ K) =
Ck;z,l( ) (4(H2+(mﬁz)2))1/4 )
(12 + (mf )2 5 ]

(4(K2 + (my )*)M/*

L+
Ckz,2( ) =

(4.8.5)
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Moreover, ‘¢Z’i(/€)> =0 |wf,i(/<)> and |0,,), are the eigenstates of Hy}", with eigen-
values +, /% + (my )2 and —o;m;} | respectively.

Now, we calculate the ground state current in the presence of the screw dislocation.
As yet, we have not distinguished discrete and continuum states. From now on, we use
k; to express the discrete eigenvalues of H. kt and (k,[) to label the continuum states,
where k is the continuum energy eigenvalue, and [ is a discrete quantum number, e.g.,

the angular momentum. The current operator is defined by
aHSCkI:'eW b y b T

S,z — s z + < |— g x + g
ok, X0 T X 21 p? 27 p?

At least up to the first order in b,, the correction to the current operator due to the

o . (4.8.6)

dislocation, i.e. the second and third term above, does not contribute to the expectation
value because these terms are odd under the transformation ©+ — —z or y — —y.
Therefore, the current is the sum of the expectation values of ys0* for the occupied
states which consist of discrete nonzero, discrete zero, and continuum states, and then

we obtain,

J=Y /Im Lodh. [Z (W (5 Ixso® W (k)

2
s=L,R" My [<A Ki>0

+ Z <0i70i

iiUiXstz <0

N / e S W (s Do 5 (5, l>>]

l

L.,dk
_ S T
/mézld on [%:o
+2_ (0,

where L, is the size of the system. Here we introduce the momentum cutoff scheme,

XSUZ‘Oi70i>k;Z

0%10i.0:) 1. +/ dliz<li,l|0'zlli, l>kz] ) (4.8.7)

— 50 ]

|mj_| < A, i.e. the domain of the integration is the same as that used in the calculation
of Eq.(B2ZT). The first term in the square braket is equal to zero, since o [r;), =
|—#i)y, is orthogonal to |#;), . The second term is the index of the Dirac operator,

Hki, which is an integer and the difference in the number of its normalizable zero

modes with ¢® = +1 and ¢® = —1. The index is given by
P
Ny, := —sgn(®y.) {%J (4.8.8)

90



[65, 66]. The normalizable zero modes exhibit power-law decay for large distance from

the dislocation; i.e. they behave like

10i_1) o (0, M) , (4.8.9)

p‘bkz/%"

for ;. > 0, and

|0i41) o (™" (2 + iy)", 0), (4.8.10)
for &y, < 0, where i = 1,2,--- || Ny, | [65, 66]. Now, we move on to the third term
of Eq.(E=X). One may expect that it is equal to zero, since o |k, 1) = |—k,l), is

orthogonal to |k, [) for almost all values of k. However, the scattering states near x = 0
(their amplitudes o< cos(kp+6;)/(/p with §; the phase shift) cause a delta function peak
of (x,l|0|k, 1), at k = 0. Indeed, from an explicit calculation [63], it has been shown
that

> (ko7 |k, 1), = c,0(k), (4.8.11)
l
with

_ka
* 9

Ch — N, (4.8.12)

and then the third term is equal to ¢g,. Substituting them into Eq.(EZ872), we obtain

A=)\
L.dk, ® L.byAX
J? = / ke 92 (4.8.13)
A 2m 2w 272

which is coincident with the expression obtained directly from Eq.(BEIT—1T) by the follow-
ing reason. In the presence of the screw dislocation with the Burgers vector —b,2 the
torsion is given by 177 = T7 = bg5(2) (x,y). Therefore, the total current derived from
Eq.(ZTm) is J* = —L,evp(AF—AL)Ab, /472, In this section we have set A\l = —\ I = )
and e = vp = 1, and therefore we obtain J* = —L,AAb,/27% which reproduces
Eq.(EXT3).

91



Chapter 5
Conclusion

This thesis reported theoretical studies on geometrical responses in topological materi-
als. In this chapter we summarize this thesis.

In Chapter M, we introduced topological materials: two-dimensional topological su-
perconductors (TSCs) with broken time-reversal-symmetry and Weyl semimetals and
superconductors (WSMs and WSCs). The energy spectra of these TSCs are fully
gapped and they are characterized by the first Chern number. These points are similar
to the case of Chern insulators. However unlike Chern insulators, they do not preserve
the charge number and then the electromagnetic responses can hardly grasp their topo-
logical features. Therefore, we discussed thermal transport phenomena in Chapter B.
WSMs have one or more pairs of Weyl nodes in the Brillouin zones. A Weyl node is
protected by the Chern number and cannot be gapped out by weak perturbations. We
introduced exotic transport phenomena associated with the chiral anomaly in WSMs:
the anomalous Hall effect, chiral magnetic effect, and negative longitudinal magnetore-
sistance. The chiral magnetic effect is the generation of a ground state current parallel
to an applied magnetic field even in the absence of electric field. The theories on this ef-
fect contain subtle points: although, based on the linearized effective model for WSMs,
this effect can be derived, it is proved that the net ground current is always zero in
realistic lattice systems owing to the periodicity of spectrum in the Brillouin zones.

Chapter D is dedicated to the introduction of the theory of the differential geometry
and its applications to condensed matter systems, especially topological systems. We in-
troduced the concepts of the vielbeins and torsions. The vielbeins are more fundamental

quantities that characterizes the curved space-time than the Riemannian metrics. The
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torsions are the rotation of the vielbeins and then can be considered as field strengths
or electromagnetic fields, while the vielbeins are vector potentials. Furthermore we
showed that the theory of the differential geometry is useful for the descriptions of var-
ious condensed matter responses which are caused by applying a temperature gradient,
twisting the sample, and making dislocations. We also introduced its applications to
topological systems: two-dimensional T'SCs with broken time-reversal-symmetry, Chern
insulators, and WSMs. Here we introduced the theories on the thermal Hall effect in
two-dimensional TSCs with broken time-reversal-symmetry. From the theories based
on the chiral Majorana edge modes, it had been shown that the thermal Hall coeffi-
cient is quantized. However, there was no bulk linear response theory or bulk effective
field theory that leads to this quantization. It is because that the formulation of the
linear response theory for the thermal Hall effect has intricate points and the gravi-
tational Chern-Simons action, which is the bulk effective action for two-dimensional
TSCs, is of too high order in derivatives of the Riemannian metric to describe the
thermal Hall effect. We also introduced the viscoelastic responses in Chern insulators
and WSMs, based on the topological actions derived from the torsional chiral anomaly.
In the presence of the torsions the effective action for Chern insulators is the torsional
Chern-Simons action and from this action we can obtain the Hall viscosity, which is the
generation of a dissipationless momentum current by shearing, rotating, or twisting the
sample. On the other hand, that for WSMs is the torsional #-term. From this action,
we can derive the Hall viscosity and chiral heat effect. However, these viscoelastic re-
sponses can be hardly observed in experiments, since the momentum is not preserved
in realistic lattice systems owing to broken translation symmetry.

In Chapter B, we discussed the thermal Hall effect in superconductors with broken
time-reversal-symmetry, including two-dimensional TSCs in the previous chapter as a
special case. As described in the previous chapter, in previous studies the quantization
of the thermal Hall effect in two-dimensional T'SCs had been derived only from edge
approaches but not from bulk approaches. The edge approaches are based on the chiral
Majorana modes. Then, they work in the low temperature limit and for fully gapped
systems. On the other hand, in this chapter, we studied the thermal Hall effect from the
bulk linear response theory and derived the exact formula for the thermal Hall coefficient
that is applicable to any superconductors with broken time-reversal-symmetry at finite

temperature even when the superconductors have nodes.
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In Chapter B, we discussed a new torsional response in WSMs, referred to as the
torsional chiral magnetic effect (TCME). As mentioned above, theoretical studies had
revealed various types of viscoelastic responses due to topological actions associated
with torsions. However they can be hardly observed in experiments owing to broken
translation symmetry. On the other hand, the TCME is the generation of a current
by a lattice dislocation, then can be detected in realistic systems. We investigated this
effect from three approaches. First we argued the torsional responses in WSMs from
the linear response theory based on a low-energy effective model of WSMs coupled
with the vielbeins and U(1)-vector potentials. We discovered two types of torsional
responses, of which physical interpretations are the generations of currents by edge and
screw dislocations. Second we analytically calculated the ground state wave function
in the presence of a screw dislocation. We showed that the asymmetric chiral modes
localized along the dislocation line due to the parity anomaly are the origin of the
TCME, i.e. the ground state current in the presence of the dislocation. Finally we
performed a numerical calculation based on a tight-binding model of a WSM with
screw dislocations. Here we showed that the asymmetric spectrum is realized even in
lattice models, and the ground state current occurs. Therefore we establish that the
TCME is possible in realistic solid state systems. We also discussed the no-go theorem
of the chiral magnetic effect, and showed that the TCME avoids this theorem since it
is the generation of a local current, which is not prohibited by this theorem. Finally,

we proposed experimental setups for the detection of the TCME.
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