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On A Certain Class Of Starlike Functions.II

M. K. AOUF(MansouraX?) and M. NUNOKAWA(#HJIl #, BEEKTF)

ABSTRACT. There are many classes of starlike functions
in the unit disc U={z: |z|< ;}. In this paper we consider
a class SBGYVB,U,A,B) of starlike functions of the form

f(z)=z'+ ZEE ap+n Zp+n(p € N) in the unit disc U and
' n=1

satisfying the condition

szz) -1
f(z) < /3
7 7
(B-A)ITiflil ) + A(Efﬁ&l - 1)
J f(Z) f(Z)

for some 0((0\<°(<1),/8(o<,3\<1), U (0<¥g¢1) and -1gA<Bgl, o<Bgl.

It is the purpose of this paper to show a representa-
tion formula, a distortion theorem and a sufficient condi-
tion for the class SB(«,P,U,A,B). Moreover we give the

radius of convexity for functions in the class SI’;(«,/S,J,A,B)-



1. Introduction.

Let S denote the class of functions of the form
o0
f(z) =z +Y¥_ a z"
n
n=2

which are analytic in the unit disc U=i}: |z| <1JZ A
A function f(z)€ S 1is said to be starlike of order o

(ogolk1) in the unit disc U 1if

’
Re iZﬂi&El:} > o
£(z)

for some o, and for all 1z e€U. And the above condition

is equivalent to

2£(2) _
7 £(z) 7 <1 »
2(zf(z) - o) - (zf(z) -1
f(z) f(z)

In this paper, we consider the class S;(M,F,U,A,B) of

functions of the form

f(z) =z + Y a

+
— p+nzp Np eN= {1,2,..}-)

which are analytic and starlike in the unit disc U

satisfying the condition
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Ve
zf(z) _ 1
(2] < (1.1
(B_A)U(Efiil - + A(Efiil 1)
f(z) £(z)

for some o (ogH<1), ,B(o<f51), T (o<¥g1), -1gA<Bg1, o<Bgl,

and for all ze U. The classes S;(a,1,i,—1,1), 81(0,1,

28-1 s 1-7 1+8 * (11—
TF -1,1)(8>1), 81(1+v’1’ > -1,1) (o<¥<1), 51(1 «,1,

i,-1,1), S?(d,1,ﬁ,—1,1) and ST(“’F’U’A’B) were studied by

McCarty [6], Singh [13,14], Padmanabhan [12], Eenigenburgl3],
Juneja and Mogra [4] and Aouf and Nunokawa [1], respecti-
vely. Also in [8,9,10,11] Owa showed some results for

functions in the class ST(«;P,K;4,1).

2. A representation formula.

First of all, we require the following lemma.

Lemma 1. Let a function
- p p+1
H(z) = 1+bpz +bp+ z Foveos (p eN)

be analytic in the unit disc U. Then H(z) satisfies

the condition

H(z)-1 <p Gew
(B-A)B(H(z)-«) + A(H(z) - 1)
for some & (og%<1), ﬁ(0<fs1),6(0<5s1) and -1<Ag¢Bgl, o<Bgl1,
if and only if there exists an analytic function d¢(z) .

in the unit disc U such that ,4%2)’4F for zeU and



"

1+ [ (B-Aa¥+Al zPb(2)

H(z) :
1+ [ (B-A)¥ +A] zp<p(z)

Proof. We use a method by Padmanabhan [12]. Assume

that a function
H(z) = 1+bpzp+bp+ AL (p €N)

satisfies the condition

H(z)-1 l< /?

(B-A)T(H(z)-A)+A(H(z)-1)

for some N(o$d<1),ﬁ(oﬁﬁs1), U (0<¥g1) and -1gA<Bgl, o<Bgl.

Let

1-H(z )
- (B-A)Y(H(z)-o)+A(H(z)-1)

2P Th(z)

[

Then we see that theufunction h(z) is analytic in the unit
disc U, and Ih(z)l ﬁp for z €U and h(o)=o. Accordingly,

by Schwarz's Lemma [7], we have h(z)=z¢(z), where 4ﬂz) is

an analytic function in the unit disc U and satisfies

147(2), \<ﬁ for z € U. Thus we get

1+ [ (B-M)¥+A]1 2P Th(2)
1+ [ (B-A)T+AT 2P~ Th(z)

H(z)=

_ 1+[(B-A)ax¥+Al1 2P (2)
1+ [ (B-A)¥+Al1zP¢(2)




Conversely, if

1+ [ (B-A)a¥+A] zPeb(2)
1+ [ (B-A)T+A] zPep(2)

H(z) =

and l<}5(z)’ \<ﬁ for z€ U, then H(z) is an analytic in the
unit disc U. Further, since lzp¢(z)’\</3,z,p <’B for z €U,

we get

=l - |rp0] <

(B-A)B(H(z)-&) + A(H(z) - 1)

for z eU. Hence we have the lemma.

Theorem 1. Let a function

(o2d

£(z) =z + 73 ap+n P (peN)
n=1

be ahalytic in the unit disc U. Then the function £(z)

belongs to the class Sg(u,ﬁ,J,A,B) if and only if

£(2)=2 expE-(B—A)ZS(T—lX) } P () — d:c}, 2.1
» 0 1+[(B-A)B+A]t ¢p(t)

where qb(z) is analytic in, the unit disc U and satisfies

I¢(z),\<P for 1z eU.

Proof. Let a function



oo
f(z) =z +% ap+n L PFI (p €N)
n=1

belong to the class SI*)(O(,F,U,A,B). Then, since the func-

tion f(z) satisfies the condition (1.1), we can write

2£(2) _  1+[(B-A)&¥+A]zPd(2)
£(z)  1+1(B-M5+A]zPg(z)

by using Lemma 1. Hence we get

_ 1 B-MFA-02P 9(2)
1+ [ (B-A)T+Al zPp(z)

H
~

N
(-

—

Hh
~
N
L

On integrating both sides of the above equality from o to

z, we obtain the repreééntation formula (2.1).

On the other hand, if f(z) has the representation (2.1),

it follows that

2£(2) _ 1+ [(B-A)K¥+A] 2P (2)
£(z) 1+ [ (B-A)¥+A] zPgp(z)

holds with #ﬂz) as in Lemma 1. Therefore we see that f(z)

is in the class S;(qyﬁ,g,A,B) by using'Lemma»1.

3. A distortion theorem.

Lemma 2. Let a function

13



14

oo
£(z) =2 +¥_ a . PH (p €N)
n=1

belong to the class S;(a,ﬁ,y,A,B). Then we have

1+ [(B-AF+Alp2]P oo §2£() T 1-1(B-AWF+AIB|2]|P
1+ L (B-NT+AIp |2 [P £(2) ) 1-1B-R 1Bz

for 1z eU.

Proof. Let a function

(o~

f(z) =z + 1 ’ap+n P (p €N)
n:

be in the class SE(N,P,U,A,B). Then, by using/Schwarz's
Lemma [7], the condition (1.1) implies that E%%%% assumes
values lying in the disc obtained by taking the line segment

joining two poits

1+ [ (B-A)o¥+A1g ]z |P
1+[(B-A)B+A1B|z| P

and

1-[(B-A)aF+AIf) z |P
1-[(B-M)T+A] B | 2|P

as diameter. Consequently we have the lemma.



Theorem 2. Let a function

oo
f(z) =z +E a P (p €N)

n=1 pru

be analytic in the unit disc U and suppose f(z)E€ S;(N,
F,Z,A,B). Then we have

lf(z)l > =2 (B-A)B(1-)

[(B-A)¥+Alp
[3+[(B—A)2Y+A]/3]z[f}

and

|| < v [2]
(B-A)¥ (1-4)

[ (B-A)¥+Alp
ﬁ—[(B—A)U+AbB|z,j}

for og&<1, oiﬁz1, o<¥gl, B #

-A
(B-A)%
z ¢U. Moreover, for og«<i, 0<P51, U¥=T§§%T—, -1<A<B«l,

,» -1<A<Bg1, o0<Bg1 and

o<Bg1 and z € U, we have
- - - 1-o
lz‘ expi——‘l—\-ﬂﬁ—l)— ,z,f’} < If(z)ls,z,expz—j\% [z,ﬁ
p
Proof. Since the function f£(z) 1is in the class S;(ag

F,U,A,B), we have

2£1(2) _ 1+[(B-Ajaz;A]zp¢(z)
£(z)  1+[(B-MY +AlzPg(z)
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where qp(z) is an analytic function in-the unit disc U

and |¢o(z)| \<P for z e€U. Consequently we obtain

/
f(z)
f(z)

1. B-nIa-0P T em) (3.1
2 14 [ (B-A¥+A1 2P ep(2)

On integrating both sides of (3.1) from o to z and taking

real parts of both sides of the resulting equation, we have

A /
Log | £C22 |- Reflog(f(z))} - Re | {f(t) _ %}dt
z o Lf(t)
Z  _n. _ p-1
- e | (B-MF-0tP" 'p(t) 4,
o 1+[(B-A)¥+AItPa(t)
BANNCEN; (G ] 107500 RSl
Y6 1+ (B-AX+ATLP elpe¢(tele)’
Hence
Izl (g —o)tP ]
log ,_f;g_)_ < | B-MpBU-et dt
z 4 1—[(B—A)U+A]/Stp

oo BT 0§ [ (B-A)F+A f’}
T ogi [(B-M)¥+AIB |2

(B-A))§ (1-)
[(B-A)¥+Alp

-log i1—[(B—A)5+A]IB,z’§

for ogekit, °ﬁP$1’ o<¥<1, B¢ T%%KT and -1<A<Bg1, o<Bgi
-A

and z € U. Furthermore, for og&<1, b<P$1’ ¥ = T5-A7



and

-1¢A<Bg1, o<Bgl, we obtain

’g —AF(1—d){;' P71 4t

f(z)

Z

log

ABU=) (P,

p

Therefore we see that

for

for

for

Jeo] < L]

(B-A)§(1-&)
2 [(B-A)¥+Alp
i?—[(B—A)K+AJF|z|?}

0ga<1, o<Bsl, ¥+ (B A) and -1gA<Bgl, o<Bgl,

lecol <« |z] exp{'—"ﬁg—‘l‘—"l Izl‘j

ogd<1, osﬁ<1 ¥ =

-A
B-A) and -1gA<Bg1, o<Bgl.

On the other hand, by using Lemma 2, we get

i%f(z?} S 1+[(B-AJ«U4A]£Jle
£(z) 1+[(B—A)K+Ay6l2lp

0gY¥<1, o<ﬁ31, 0<¥g1, -1<A<Bg1, 0<Bg1 and z €U.

this, we obtain

and thatv

From

17
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TRe %%% (log f(z)z} = Re {%ﬁi&l‘— i}
£(z)

1+ (B—A)o{b’+A]_ﬁrp
1+ [ (B-A) b’+A]Frp

__ (B-A)y(1-onrP
1+[(B—A)U#Aygrp

for |z|= r. Thus we see that

f(z)‘= Re ilog £(z)
YA Z

T - (B-MBT(1-%) Pl
1+ (B-A)nA]Ftp“

dt.

\V
O\\

Therefore we have

log

WV

f(z)l _ (B-A)J(1-4) 1og{1+[(B-A)X+A]/9r¥?
2 | [(B-A)S+Alp .

(B-A) ¥ (1-a)
T(B-A)F+Alp
= -log i1 +[ (B-A) U+A]ﬁrlj}

for 'o<0(<1 O<IB<1 o<¥gl, B¢ ﬁ;—%ﬁ and -1gA<Bg1, o<Bgl
and
log —Afg1—“) rP




for og&<1, o<fsl, o<, ¥ -

Goxy  and -T<A<BgT, o<Bgl.

Consequently

lf(z)'a |21

{H[(B-A)X +Alp |z|p}

(B-A)¥(1-&)
[(B-A)¥+Alp

A

(B-A) and -1g¢A<Bg1, o0<Bg1,

for 05«21, oaﬂsI, o<¥gl, ¥ ¢

and

el 5 1| exp [ AEEL | 47

A
(B-A)
for equality, we may take

for ogH<1, 0<F$1, U= and -1g¢A<Bgl, o<Bgl. Finally,

Z

(B-A)T(1-%)

| [(B-A)¥+Alp
i1 - (B-A)J+A],Szf)}

f(z) =

for ogx<t, Oﬁﬁ$1’ o<¥¢1, ¥ # T%éKT and -1gA<Bg1l, o<Bgl,

f(z) = z exp i—/\ (-2 zli}
p

for ogW<1, o<pgl, ¥ = (B:ﬁ) and -1gA<Bg1, o<Bgl.

and
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4. A sufficient condition for the class S;(“iﬁzZzAzB)'

Theorem 3. Let a function

f(z) =2+ a,, P (p €N)
n=1

be analytic in the unit disc U. If we have
00

) ﬁp+n—1)+P(-A(p+n+1)-(B-A)ﬁp—(B—A)En
n=1

_(B—A)O(?):}'Iap+n I < (B-—A)/B J(1-%) (4.1

for some O(ogl<1), /3 (o<ﬁ\<1) , U (o<¥g (—;ééﬂ) and -1gA<Bg<1,

0<Bg1, then the function f(z) belongs to the class S;(«,/L

U,A,B).

Proof. We employ the technique used by Clunie and

Keogh [2]. We assume that the condition (4.1) holds. Then

we obtain

7 / /
zf(Z)-f(Z)l-ﬁl(B-A)b'(zf(Z)—df(Z))+A(zf(2)-f(2)) l

—f](B-A)UU-«x)z +

00
+
EE% (p+n—1)ap+n LTI

0 o9
A= (B- p+n_ A (R p+n
E (-A- (B A)o(x)apmz 5( A-(B A)zs)(pfn)ap+nz l

ofe -

o0
< 2 (p+n-1)

a
n=1 p+n



21

00
(B-A)BY (1-0) z+ (-A- (B-A)X¥) g . pn
Ufe-spra-er Py’

£ o 1]

00 N
< (p+n-1 'a z|PT1 L
DR ) | 2]

i(BfA)/szfm-oo [ 2| - %(—A—(B-A)dﬁ)ﬁ/amnuzIp+n
=

(w2

00
<l Z:% (p+n—1)+f(—A(p+n+1)-(B-A)Kp
n=

_(B—AJNJF(B—A)Un;}.I ap+nl—(B-Ay85(1—d)]l z| < o

for ogu<1, o<Fs1, o<¥g TééKT , -~1<A<Bgl, o<Bg1 and z eU.

Hence, by the maximum modulus theorem f(z) is in the

class S*(«X,4,¥,A,B).
S p( P y, )

5. The radius of convexity for functions in_ the class

§p(d,p,EgAzB)~

Theorem 4. Let a function

00
f(z) = z + } ap+nzp+n (p €N)
n=1
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. . . -A
be in the class Sp(q;F,aﬁA,B) with oge«<1, 0<P51, o< ¥g B-AY

and -1g<A<Bg1l, o<Bgl. Then the function f(z) maps

1

-ne EAYF (1-00- Jl-a-1+ BB -0 1 a1+ By T (10 ]

,z'< (
i

on to a convex domain if

{[-A+(

RS 100+ J(B-A) B (1-00) [-A+ BSRy (10001

)

BAYY (1001 Ji-A-1+ B3 01-001 (-Ae 1+ (B50) 5(1—01)]].

- - P
i a1 EMga-a ) -asis Eyg -1

e - P
\<(/[—A-1+(B2A)X(1—00][~A+1+(BZA)25(1-«)1) :
This result is sharp.

Proof. We employ the technique used by
Lakshminarasimhan [5]. Since f(z) belongs to the class

SI’;(O(,/g,a',A,B), by Theorem 1, we get

2£(2) _ 1+ [B-MNad+AlzPg(2) ’ o (5.1)
£(2) 1+ [ (B-A)F+A] z2Pep(2)

where ¢(z) 1is analytic in the unit disc U and satisfies

,4{z), s/? for z€U. On differentiating both sides of (5.1)
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with respect to z logarithmically, we have

2£%2) | 1+ [(B-M)a¥+A]2P(2)
£(z) 1+ [ (B-A) +A] zPgp(2)

;1+

_ (B-A)‘O’(1—0(‘){pzpq‘>(z)+zp+147’(z).} .
{1 1B-208+A12Pp ()] [ 1+ 1 (B-DarB+AT Ppi2) }

Furthermore we have

2
P (2)
I #jgz) < 1- l ﬁizl L (5.2)
1 - |z

for the analytic function ¢b(z) in the unit disc U. Now,

since
pe & 1+ L(B-M)a¥+A] 2Pep(2)
1+ [ (B-A)B+A]zP(z)

_ 1+ L(B-AF+AL [(B-A)5+A] | 2Pep(2) ] *+ [ (B-M)at¥+ (B-A)F +2AT Re (2P(2))
|1+[(B AYE +A] zp¢(z)17

{1+[(B -A)ag+A] | pst'(z)_}iﬂ[(B A¥+A] | 2P(2) l}
|1+[(B /\)D‘JrAJIv.F’o:fa(z)[Z

1+ [(B-M)a¥+A] | 2Peca) ]
1+ [(B-A)F+A] | 2Pp(2) |

and
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pzPe(z) + 2P* (2 }
{1+[(B AT +A] | 2 p‘p(z)l}in (B-A)x¥+A] | 2Pep(2) l}_

plePeca]| + |22\ |
© friompen| e [firie-nasa] P2}

< plzPe]| + 2P 19(2) | ’
fets-n5 1| 2P|}

we obtain

£(2) )7 1+ 1B-0¥+A] | 2Pgi2) |

B U-a) § plPbia)] + | Pgoll
{1+[(B A8 +A1| 2 pc,b(z)l}

If we assume that
2 p 2 P
14A% | 2Pp(z)|? + 12A-(B-M T (1-p] | 2Pep(2)

-(B-A)¥ (1-«)‘zp+14;(z) > 0, (5.3)

then we have

4
Re iﬂ + Eéeiél > 0.
f(z)
Now, in virture of (5.2), the condition (5.3) will be satis-

fied



1+ [2Pp2) |2+ (28- (B-MY (1001 | 2P| -

o f- 1ewl?
B0 81 |27 .
1 - lZ‘Z
On putting a = Iz' and t = lzRﬁ(z)I, the above condition J
can be re-written as |
2 2
(1-a%) {1+t +[2A-(B-A) ¥ (1—00]t\}—
(B-A)¥ (1-d pei _ _t]
)(Fa - F;pT) > 0,
that is,
t? ‘{(1—212) + (B-A)B(1-00) }+
p
2 : 2
t(1-a“)[2A-(B-A) ¥ (1-4X)] + 1-a“-
(B~A)/s$(1-o()ap” > 0, (5.4)

where o0<a<1 and OétS,B aP. If G(t) denote the left hand

side of (5.4), then we see that

Gle) = 2t i“_az) . (B-MT (1-% 'j .

paf*’

(1-a%)[2A- (B-A) ¥ (1-6)] = o

25
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for

P ap_1(1—a2)[~A+(B£AU ¥ (1-)]

Feﬁ*4(1—a2) + (B-A)¥ (1-&)

t=t1=

Moreover

é?t) = 2 {K1_a2) R (B—A)U(1-a)¥},> o,

g

because o<a<l. Now ty - /;ap is positive and negative

with

pa’Pl-paP o B v (r-wyal

-B-0¥(-daP + A EF1-ayaPT

respectively. Let

Ba) = a’P" ! ga®P e B5h) 5 (100 7aP"

~(B-AF(1-0aP + -+ EE (-0 7aP !

and let ag be the positive root of E(a) = o lying in the

open interval (o,1). Then E(a) is positive for o<a<ao and
/

S0 t1 > Fap. Hence G(t) is negative for 0\<t\<,8ap, Gggap)<

G(t) and the condition is satisfied if Ggﬁap) > o. This

is equivalent to
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B-A

: /Bzazp(1—a2)—%6ap(1—a2)[-A+( 2 JI(1-0)] + (1—a2)>o,

that is,

(1—a2)iﬁza2p—2F[—A+(B£A) B(1-00]aP + 1} > 0

which holds for

1

B-Ay ¥(1-a)] )5

B-A B-A A

[-A+ (= )K(1—«)]"—j[-A—1+( >

£

)F1-0) 1 [-A+ 1+ (=

a</(

Further we can show that

- 1
-ae ERyya-01- Ji-a- 1+ EN T -0 A ED¥-w 1 B

2 /; )

>
a, (

if

-ar B 50100 1- Jl-ae 1+ B ¥ -0 1 -ase BB w1 g et

The condition on /B implies that

1
A ERY p -0 1= fi-a- 10 BAy¥c-00 T (-as 1+ By (1-00) P

) <1,
F

(

and so
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| i
[—A+(BgA)Um-m]—/[—A-1+(B£A)b’(1-d)][—A+1+(35A)J(1-o() P

a1=( ﬁ ) <a
if E(a1)>0. Moreover E(a1)>o is satisfied if
Jieare Ebya-a 1 -an - Eb -0 x 1
1- —
72"

x [-A+(B£A)U(1—d)]—,/[—A-1+(B£A)5(1—0()][-A+1+(B£A)6(1-“\)yﬁp

- (B-A)B(1-) i[—A*r(B;A)ZS(T-O()] -

1
- - p
Jien-e EDy g1 -an i+ Ny cr-a) ]}/3

AN

B-A

e Elg a1 a1 BN -] x

1

1+ —

p
x{[-mcB;A)m—«)]—/[—A—n(B;Ansm-«)1 [—A+1+(B;A)K(1-«)JJ

which holds if

B-A

B-A -A
S (1= 1[-A+1+(Z52)¥ (1-)] N

(e B (1= f-n-1s (B

>

B-A

- P
c/[~A-1+(13—2—A) B(1-8) ] [-A+ 1+ (EFDE(1-0) 1)




- - p
x I(_(%’—\)m-«n j(B-A)vm—«x)[—A+(BZA)U(1-M§ .

Let Cp(QgﬁyU,A,B) denote theﬂ;ight hand member of the above

inequality. 1If ﬁ==Cp(a,F,K,A,B), then we see that

(-As BB (- J1-n- 1+ B5A) 5 (1-c) T [-As 14 €

° F

B-A

ywci-0]

This shows that

B-A

|z|< (

P

=

29

p .

1

)

.y - p
- By g1 1= [i-n-1e BAY s 1-a0 ] a1+ BB (1-))

is mapped on to a convex domain by f(z) provided Cp(«,F,J,A,B)

$f$1. To show that the estimate is sharp, we choose

£(z) = Z

{1—[(B—A)K+A]ﬁzp}

so that f(z) € SE(«VB,J,A,B) while

(B-A)T(1-)
[(B-A)E+Alp

RNET SO R
f(z)
when
( A R a1 [1oa- 1 BN (=001 -ar s BN 5 (1- )]
Z: )

F

1

p

b



ogA<t, o<f51, o<y TﬁéﬁT , ~1<LA<BgL1, o<Bgl, so that f£(z)

N

is not convex is any disc Iz[< R 1if R exceeds
1

)5(1-a) ] )p

By cr-ay 1 1-as 1+ (B0

A EDy - 1= fla-1s

( J;

Furthermore, for oga<1, 0<P$1,U'=

(B-A)

and -1gA<Bgl,

0<Bg1l, we ought to choose

P

f(z) = z exp Z;;A£i5311~ {} .

This completes the proof of the theorem.
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