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SCIREEEEZERNC BT D AEREM DR T, —BAEH TR OEHZREDIX,
5 5 A, Banach Diffii/NEHE (the Banach contraction principle) Td 5.

EHE 1 ([1,4]). Let (X, d) be a complete metric space and let T be a contraction
on X, that is, there exists r € [0, 1) satisfying

(1) d(Tz, Ty) < rd(z,y)

for all z,y € X. Then the following holds:
(A) T has a unique fixed point z and {T"z} converges to z for all z € X.

RIZE L OHEEEEMIFHEINTETWVWS. ROEHIZFD1DOTH 5.

EHE 2 ([5, 8, 12]). Let (X, d) be a complete metric space and let T" be a CJM

contraction on X, that is, the following hold:

(i) For any ¢ > 0, there exists 0 > 0 such that d(z,y) < € + 0 implies
d(Tx,Ty) < e.
(i) @ # y implies d(Tz, Ty) < d(z,y).
Then (A) holds.
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F—7— K. The Banach contraction principle, CJM’s fixed point theorem.
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2. /NEESR

¥ 9, Edelstein O REEH 2B L7z, ZOEHEIE compact BHEfEZER
BT 2R REHTH L. ZHDORMITER 1 & 0D, GHRORMAEHNIE
HIZE\\ 2, EHL 1 LEF 3 IFMNIARERTH S, [10, 14] FL SO Z L.

£ 3 (Edelstein [6]). Let (X, d) be a compact metric space and let T be a

mapping on X. Assume
(2) v#y = dTz,Ty) <d(z,y)
for any z,y € X. Then (A) holds.

TorhS THUINGAR) & 2o kBa, EmHEIE TRORNGIE) Th B %M (1)
BT, —C, THUNGMR] L\ 5 FHH ST E 340, T80
Gff] THBEM (2) THD. KM (2) EHE D ITHENEITH S DN
BETAEL & (1) % THNGS] OREELTE0RETEAMINAZ LT
%,

& T, SERIEMERI O RBAGEILT, 2 ORUNRIEDRLE (1) & &0F (2) O
T BEDERITTHS. BB ITT AT (A) 2OT, HNRAEDHRET.

e [Bro 68] T is said to be a Browder contraction [3] if there exists a
function ¢ from [0, 00) into itself satisfying the following:
(a) ¢ is nondecreasing and right continuous.
(b) ¢(t) <t for any t € (0,00).
(¢) d(Txz,Ty) < pod(z,y) for all z,y € X.
e [BW 69] T is said to be a Boyd-Wong contraction [2] if there exists a
function ¢ from [0, 00) into itself satisfying the following:
(a)  is upper semicontinuous from the right.
(b) @(t) <t for any t € (0,00).
(¢) d(Tz,Ty) < pod(z,y) for all z,y € X.
e [MK 69] T is said to be a Meir-Keeler contraction [13] if for any € > 0,
there exists § > 0 such that d(x,y) < e + ¢ implies d(Tx,Ty) < e.
e [Mat 75] T is said to be a Matkowski contraction [11] if there exists a
function ¢ from [0, co) into itself satisfying the following:
(a) ¢ is nondecreasing.
(b) lim,, ¢™(t) = 0 for any ¢ € (0, c0).
(c) d(Tx,Ty) < pod(x,y) for all z,y € X.



o [CIM 80, EEL 2] T is said to be a CJM contraction [5, 8, 12] if the
following hold:
(a) For any € > 0, there exists 0 > 0 such that d(z,y) < €+ ¢ implies
d(Tx,Ty) < e.
(b) x # y implies d(Tx, Ty) < d(z,y).
S DMNGEDBFHERIZOWT, MTFOZ LA SNT WS, &K
WZOWT, WHMDORHPKEIZLZNWZ EE 3> T WS,

fiiZlh  — Bro — BW — MK — CIM — (2)

(3) N S
Mat

7z, 22D compact THDE E, Bro & (2) ¥ (0F 0, TNHDRITAS
LEDOTARTH) AETHZILH00->TW5. (9,17 F22HBOZ &, 5ifH
PHEEZEEIZ S W T, CIM 1E (A) ZREETHRMATH D, =MF(2) 13 (A) 2R
FELZRW. DE D (A) Z2RETIRESEM (1 DTHD LIFRS LAY 2B
MEDHMIZGFEET DI D05, T2 T, LFOMEVRBERIZENV ED S,

PR 4. JEBEZERT X XSEHTH D, BE T 1AM (2) 2T e T3, 2ok
X (A) BRI BRI R 7

RIZ, ORI L TR U TS Z &k, MK 23y > FIcRE X
?rmmé e THhD. —HT, MOEMLEHE VY TMIZREINT VR,
Z, BRI GIE DK —IXE U2 < . Bro & BW ﬁ“fum\f MK & CJM
Mum\é s, L LaHS, Mat 1% Bro ¥ BW | u\ﬁzﬁfna
MENTWED, — B U THIRTELRMUTWVWAIRTIERN. 512, BW &
MK 3% L TEWICEBEDL 5T, Sl HIEIIRE S Bie s, DLl wt n, LA
ToOELBRIZELTL 5.

IR 5. M/ OBREMIRIZHHT 2 Z 213 TE5h 7
3. 4
M4 IZEL T, U TORRPRILF/ONT WD

1 6 (Example 8 in [15]). Let E be the Banach space consisting of all bounded

functions x from N into R with supremum norm, that is, we can write

E= {:E = Z:{:(n) en ||z = ilelfN) lz(n)| < oo},

neN

113



114

where {e,} is the canonical basis and > represents ‘formal sum’. Put al™ =

21=m/7 for m,n € N. Define a closed subset X of E by
X ={a"™e,:mmnecNyu{0}
and a mapping 7" on X by
T(a™ e,) =am™Ve, and T(0)=0.

Then (2) and (A) hold. However, T"is not a CJM contraction. Moreover T* is
not a CJM contraction for any ¢ € N.

M 7 (Corollary 7 in [15]). Let (X, d) be a complete metric space and let T
be a mapping on X satisfying (2). Then (A) and the following are equivalent:
(B) For any x € X and € > 0, there exists § > 0 such that d(T"z,T7z) <

€ + 0 implies d(T" 'z, T9Hz) < e for all 4,5 € NU {0}.

Hl6 DR TWDZ Lk, CIM &7z S RWEMRT, (A) 2ifi729 HDNF
ETDHENS 2L THD. Shbb, M4 2HET DB, Mi/hGf CIM (358
TELILEREKRLTND.

—75, BETHRLUTWAZ X, & (B) ), ME4DEZEATHD I L %
RLUTWS. (B) & CIM &0 BIFADDLIHWZIT 0T, THERIZ CIM
DWHEEADEZTHD] LWVWIIDIIRETEDLTHAS.

CIM BAREMNRRFHRMNTHE I L2 AD7-010, FHTD (B) = (A) D
oy DEEHE 5 A 5.

EE7 (B) = (A) DiEFA. Fix x € X and define a sequence {z,}°°, in X
by x, = T"z for n € NU{0}. We first show that {z,,} converges to a fixed
point of 7', dividing the following three cases:

e There exists v € N satisfying z,,1 = z,.

e 1,1 # x, for all n € N and there exist p, v € N such that p+2 < v

and x, = x,.

® I, Iy, - are all different.
In the first case, x, is a fixed point of T'. Since x, = z, 11 = T, 42 = --- holds,
{x,,} converges to z,. In the second case, from (2), we have that {d(z,, z,+1)}

is strictly decreasing. So, since x,11 = 2,41 holds, we have

d(zy, xy) = d(xy, Tpp1) < -+ < d(y, Tps1)-
This is a contradiction. Thus, the second case cannot be possible. In the

third case, as above, we have that {d(x,,z,41)} is strictly decreasing. So



{d(2n, Tns1)} converges to some £ > 0. Arguing by contradiction, we assume
g1 > 0. From (B), there exists ; > 0 such that

o d(l’z, I’j) < e+ (51 1mphes d(xiJrl, J}j+1) < gy.

From the definition of €1, we can choose v € N satisfying d(x,, z,+1) < &1+ 01.

Then we have
d(2y 42, Tyy3) < d(Tyy1,Tuy2) < €1,

which implies a contradiction. Therefore we obtain €1 = 0. So we obtain
lim,, d(z,, x,+1) = 0. Fix g5 > 0. Then from (B), there exists d; > 0 such that

o d(z;,x;) < g9 + 9y implies d(x;11,241) < 2.

Since lim,, d(z,, 2,+1) = 0 holds, we can choose A\ € N satisfying
d(zg, Tp41) < 09
for any ¢ € N with £ > \. Fix £ € N with ¢ > \. We will show

(4) d(Tos1,Tegj) < €2

for j € N by induction. It is obvious that (4) holds when j7 = 1. We assume
that (4) holds for some j € N. Then we have

d(wg, weyj) < d(g, mop1) + (g1, Teyj) < 02 + &2

and hence d(xp41,2oyj41) < €2 holds. So, by induction, (4) holds for every
7 € N. Thus, we obtain

sup d(zp, ) < eo.
m>n>\

Since €5 > 0 is arbitrary, we obtain

lim sup d(z,, z,,) =0,
n— oo m>n

which implies that {z,} is Cauchy. Since X is complete, {x,} converges to
some point z € X. From (2), we have

lim d(Tz,z,41) < lim d(z,2,) = 0.

n— o0 n— o0
So {x,} also converges to T'z. Hence Tz = z holds, thus, z is a fixed point
of T. We have shown that {z,} converges to a fixed point in all cases. The

uniqueness of the fixed point is followed by (2). O
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4. @5
(X,d) ZEE#ZEME L, T % X EOBHETS. [0,00)? OHSES Q %
UFCTEDS:
(5) Q= {(d(z,y),d(Tz,Ty)) : =,y € X}.
Hegediis & Szildgyi I&i@3 [7] I2HBWT, Q 28 AU, Mi/NRMIZBET 2 Hin
ZIfToTW5.

Q DEANHER S L\ 0L, JEMERT (X, d) % 54 T L IEEIRC Kb
DBEZLENTEDHRIIHD. VLA, FEZ, /NGO AIZ ﬂ‘\‘y k
EUTHILNTES.

IS ETHAT & LT, B [16] T, BN D IR HED#— & K> 72

E# 8 (Definitioin 3 in [16]). Let @ be a subset of [0, c0)?.
(1) @ is said to satisfy Condition C(0,0,0) if the following hold:
(1-1)) w <t for any (t,u) € Q with u > 0.
(1-ii) There does not exist 7 > 0 and a sequence {(,, u,)} in @ satisfying
T <tp, T < u, and lim, ¢, = lim, u, = 7.
(2) @ is said to satisfy Condition C(0,0,1) if the following hold:
(2-1) @ satisfies Condition C(0,0,0).
(2-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in Q satisfying
T <tp, U, =7 and lim, ¢, = 7.
(3) @ is said to satisfy Condition C(0,0,2) if the following hold:
(3-1) @ satisfies Condition C(0,0,0).
(3-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in Q satisfying
T < tp, u, <7 and lim, ¢, = lim, u,, = 7.
(4) @ is said to satisfy Condition C(0,1,0) if the following hold:
(4-1) @ satisfies Condition C(0,0,0).
(4-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in @ satisfying
t, =71, u, <7 and lim, u, = 7.
(5) @ is said to satisfy Condition C(1,0,0) if the following hold:
(5-1) @ satisfies Condition C(0,0,0).
(5-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in @ satisfying
t, <7, u, <7 and lim,t, = lim, u, = 7.
(6) Let (p,q,7) € {0,1}* x {0,1,2}. Then Q is said to satisfy Condition
C(p, q,r) if @ satisfies Conditions C(p,0,0), C(0,¢,0) and C(0,0,7).
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8 9 ([16]). Let (X,d) be a metric space and let T' be a mapping on X.
Define a subset @ of [0,00)? by (5). Then the following hold:
(i) T is a CIM contraction iff @ satisfies Condition C(0,0,0).
(ii) T is a Meir-Keeler contraction iff @ satisfies Condition C(0,0,1).
(iii) T is a Boyd-Wong contraction iff ) satisfies Condition C(0,1,2).
(iv) T is a Matkowski contraction iff @) satisfies Condition C(1,1,0).
(v) T is a Browder contraction iff @) satisfies Condition C(1,1,2).

EFS T, Q ZFAWT, C(2,2,7) &\ H D 12 AOMI/NRMZEA L. £
LT, il 9 IZBEWT, 2D 550D 5 EDZMHDEH 2 fi Tl U 7z#i/ NGk &
FETHBHZEZ2RLUT.

DI LIZE Y, M OimggBIfR (3) 2 AT D & S ICBUEZ AW TH
EETIENTES. FEPKRE VR, DR 25 0T, MIgEE7KRIE—H
MESRIZ IR .

C(1,1,2) — C©(0,1,2) — C(0,0,1) — C(0,0,0)
¢ a
C(1,1,0)

72, FBoMITORHEDIHAHIETIE, MK BV TR INTWS -
&, MK DR MDD KSR 72. UL Lad s, ZOMSERERDIZLD,
ZMEDY Y TINZITIFENDR N R o7z,

5. *EEm

SEIOMHZIZE D, BLFDZ & Do 7.

o X ZIUlRPEMEZEME U, T 250 (2) 2Hi/-354LT5. ZDLE,

(A) ZARFET 2 HE95M 1L, FEEMIZ CIM TH 5.
o CIM I MK ZDMDMI/NZELEFEIULARLVDY VTNV TRIHTES.
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