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JACOBI FORMS AND ODA’S LIFTING ' o

Takashi SUGANO WS (=K %#)

0. Introduction

In the space of Siegel cusp forms of genus two, a special
subspace, which is constructed by H. Maass and so is called the Maass
space, is‘defined. Many authors studied this subspace in connection
wifh the Saito—Kurokawa lifting. The coincidence between the Maass
space and the imagé of the lifting was proved by uéing Jacobi forms
(cf. Zagiér [121). .. In [02]‘and:[03], Kohnen and Skoruppa showed
that plzlf is a constant multiple of f for any Hecke eigen cusp
form f , where 14 -[resp. Py 1 is the Saito-Kurokawa lifting [resp
the adjbiﬁt mapping of tq 1. Moreover the constant appearing above
is described by a special value of the L-function of f .

In our previous note [11], we constructed a lifting‘ o of
Jacobi cusp‘formé to Hblomorphic cusp formé on SO(2,m+25ﬂ { m=1 ) .
This was a natural'genéralization of the original Maass’ 1lifting
{ m=1l ) and the hermitian modular case of genus two ( m=2 ) by
Kojima [04] and Gritsenko [O01] . We also régard_our construction as

a Jacobi form version of 0Oda’s lifting [061]. The purpose of this

paper.is to generalize Kohnen and Skoruppa’é result; namely

Theorem Let 8 be a even integral positive definite

symmetric matrix of rank m and f be a Jacobi cusp form of weight
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Kk ( k > 2m+4 ) with respect to FS . We assume that me is a

paximal lattice with respect to S for any prime p . If f is a

gimultaneous eigen function of %é,p (vp) , then the identity

Py o f = CS.k L{(f;(m+2)/2) f
holds. Here pg is the adjoint operator of tg o L(f;s) 1is the
L-function associated with f and CS Kk is an explicitly determined
?

' constant.

The proof is based on the Fourier expansion of zof and pOF y
‘which is essentially given in Oda [06]. Therefore our method is
similar as Oda’s treatment in [07] and Kohnen’s first manner in [02]
(see also Oda [08]).

The auﬁhor sincerely express his hearty thanks to Professor T.
0da for drawing his attention to this subject and for constant

encouragement.

1. Notation

S : even integral positive definite symmetric matrix of rank m ,
_ - _ _ . x -1
Q =-S, Ly=2Z cVy=Lyeq=q" , Ly=Qq Ly,
1 Z
_ - _ +2 _ m+2 X _ -1
Q1'{1Q0]’L1"[L0]‘Zm cVy =4Q v by = Q7L
Z
1 A +4 m+4 X -1
Q =] @ |,L =]L |=Z2""cVv =", L =@ L,
1
Z
G =0Q) /0Q, G = G% : the identity component of GR ,
» 0 . .
G1 = O(Ql) / 0 , Gl= Gl,R ¢ the identity component of Gl,R ,
' = Gn SL(m+4,7) , Fl = Gl N SL(m+2,7) ,
X . b3
rr={yer ; (y-1)L cL } ,

G’ = SL(2) / @ , G = SL(2,R) , I'" = SL(2,Z) ,
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L GS = HS-G) = {l&,n,tlg ;’i,n € VO , £ € Q , g:[g g] € G’y / Q's

2.

) )
1 -Qq[%1/2
g~ =/~110) € 92 , a7 = o (% €9 ), &
0 1 1

3>)w J(gyﬁ) ) : QE
K=1{2g¢€G; g¥y> =45 } ( a maximal compact subgroup of ),

(g, ) B F(g<ay) (geG,aea),

Fr
—
1168

=
S

il

10 tnS S(z,n)-t SInl/2 a -b
01 ES Sfel/2 g -¢c d
[g,n,2] g = ,lm £ n 1m )
1 0 a b
0] 1 c d
[g,n,t] [i’,n’,é’] = [§+E’,n+n’;§+§’+3(ﬁ:n’)] ’ :
g len,gl g = (87,0,87] : | :
(%’,n’) = (E;n) g ’ §’ = ¢ + S(ﬁ’rn’)/z - S(ﬁ:n)/z )

= {[0,0,¢g]} = the center of GS , GS = GS,R ’

Z
FS = GS nT = {[&g,n,tle ; E,n € LO y £ € Z , g € ry ,

@S = § x Cm ’ ZO = (J:Tro) € @S ’

H

glZ> = (g<z>’wj(gxz)—1+ﬁg<z>+ﬂ) (g [&,n,tle ) , '

Ig 1 (2:7) = j(2,2)" el-t+(38Inlc-8(5,w)}jlg,2) -g<z>5S[]],
Pllglg  (Z) = Jg 1 (g,2)7) £(a<Z>) (g€ G, 2 €ag) »

elz] = exp(2n/-1 z) ( z € C)

Jacobi cusp forms

For a positive integer 'k we denote by GS k(FS) the space of
?

Jacobi cusp forms of weight k and with respect to‘ FS , namely the

set of holomorphic functions f on 93 satisfying

v

(i) f'l[]i]s’k = f for Y € FS and

(ii) fl[g}s’k(zo)v is bounded as a function of g € GS
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Each form f in & (') 1s expanded as
S,k' 8
(1) f(Z,W) = E ¥ af(a;a) elaz - S(e,w)]
aEZ,aELO .
2a-S[a]>0
We introduce a inner product in GS k(FS) , which 1s called the
¥

Petersson inner product

k .
(2) <f1’f2>s,k = ro\ @ fl(Z) fz(z) Yy exp(-2nySlg]) dZ ,
S S
where Z = (z,w) , z = x+/=1y , w = gz+n , and dZ = y“2 dx dy d& dn
(dx , dy lresp. d& , dn ] are the Lebesgue measures on R [resp.
VO’R])-

3, Cusp forms on @

% .
We denote by Sk(F }  the space of holomorphic functions F

satisfying the following (i) and (ii) ,

X
V})er,

(i) Fllyl, = F
(ii) Fl[g}k(go) is bounded as a function of g € @G

The Fourier expansion of F is given by

T T
(3) F(lw]) = > an(n) elQ (u,[w})]
[Z} pELi,/:TuE@ F 1‘ Z
= > % aF(a,u,b) elaz - S(a,w) + br]
a,bGM) GELO
2ab-S[xl>0

The Petersson inner product in Sk(r*) is defined by

(4) FyFy = [ Fi(2) Fy(2) (3Q,(Im 3D az ,
X
r\ 2
_ 1 -(m+2) ‘ -
where dZ = (5@ [Im 21) dxpdyge.edxp qdypg 0 X2 (25) 0 5me
and Z5 = X + \,/:Ty‘j . We often view F = de as a left
* B
' -invariant function F&T on G , through the identification Fgr(g)
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-1
= FIMgca ) Tie, )

4, Lifting of Maass’ type

Let f be in GS k(Fq) . We define a holomorphic function
s 1L -

zof on % by

T .
(5) 1Of([w]) = 2 % 2 -1 % I'k—l af(r_zab,r_lo()

Z a,bew,aeLO ref,r aELO

2ab-S[wx]>0 rla,b
‘ x elaz-S(o,w)+br]

It has been proved that zof belongs to Sk(F*) . This lifting is

a natural generalization of Siegel modular case of genus 2 (m=1) by
Zagier [12] and hermitian modular case of genus 2 (m=2) by Gritsenk
[01] and Kojima [04]. The proof is based on taking a éuitable
generator system of F* and the symmetry of <t and =z in the .

definition (5) (for the proof see [111) -. We denote by Py its

.. . X .
adjoint mapping from sk(r ) into Gs’k(rs)

) X
for ¥ f e g (Tg) , ¥ F e S.(r)

’(6) <zof,F>k = <f’p0F>S,k

Since Lo is injective from our definition, we know that Pg is

surjective.

5. Theta functions and the definition of Oda’s lifting

X
For o € LO/L0 and 7Z € 98 y put

(7) 0 (z,w) = 3, elszS0+al - S(8+e,w)]
o X 2
QeLO
We define a Schwartz-Bruhat function fz K on V by
b
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£, k() = Qg ely a,0v11
1
where QZ = xQ + /-IyR and R = S
' 1
1

We introduce a kind of theta function on 2q % G which plays a role

of the kernel function of Oda’s lifting.

(z) ,

(8) 8 (Z,8) = 2 6, (z,850) 6.
k . IJ.GL*/L k ! n(vlu)
+ -1 ‘ X X
where 0, (z,g;un) = 2 y(m 2)/2 f (g " (2+u)) and n : L — L is
k z,k 0
2els
the natural projection. From the transformation formula of Qa(z,w)

and Gk(z,g;u) under the action of T’ (ef. Shintani [09]), we easily
obtain that

v

(9) 8 (v<Z>,vgk) = Js’k(i,z) J(K,ﬁg)k 8, (Z,8) v€lg, ver, kek

For an x ‘€ Vl and a Yy € VO we set

t t
1 - XQI ‘Qi[x]/z 1 - YQO —Qo[Y]/z
n(x) = 1m+2 X and n’{y) =. 1In , y
1 1
For g, = |2 Pl € qL(2,R) ( det g, = N ), we put
€0 ~ [c d] ’ 0 ’ P
a b
c d
gn = 1
0 M a/N  -b/N
-c/N d/N .
It is easy to see K = KO-Kl (semi-direct product) , where KO =
~ . - Jcos 8 -sin @ - .
{ kg 5 0<8<2m, kg = [sin 0 cos 9] b and K; = { k € K ; J(x,%3)
=1 }. We normalize a Haar measure wo(g) on G by
(10) [ ate) wpte)
G

, o oo o2 -
) fv1 f§o I0 Io Ion Iml pinte [6 6] <a )

-1 a—(m+3) b—(m+1) ¢

T dx dy da db de dk; ,

i
[y

where dx, dy, da, db, d8 are the Lebesgue measures and IK dKl
A 1

Hence the identity IG d(g) wo(g) = I@ ®(g) d(g<§0>) holds for any
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integrable right K-invariant function & on G .

Now let us introduce a mapping ¢ from GS,k(rS) into Sk(r )
and its adjoint mapping p .
(11) 1 (g) = £(Z) 8,(Z,8) y"* exp(-2nysS[gl) dz ,
Frs\ 2
S S
(12) oF(7) = [ o Fle) 8,(Z,8) wyle) ,
r*\ @ k 0
(13) Cof ,F>, = <f,pF> Vfeo, (Te) , YF e s (rF
S 1PE7 Sk S,k''s’! k '
The convergence and well-definedness are assured by T. Oda [05]
for k > 2m + 4 . Our aim in this note is to prove that pi:f is g

constant multiple for any Hecke eigen function f in VSS k(FS) and
’ :

to determine the constant appearing there,

Remark Any Jacobi form f in kss k(I"S) is written as
?
f(z,w) = 2* f (z) 68 (z,w) . Then (f (z)) becomes a
o€l /L “ « @ .
0770 )
vector valued holomorphic cusp form of weight k - m/2 with respect
to '’ = SL{(2,7Z) . Moreover each component fa(z) is a usual cusp

form with respect to some congruence subgroup.

6. Fourier coefficients of Oda’s 1lifting

First we note that Oda’s lifting ¢ coincides with Maass'

lifting tg up to constant multiple.
<A £g) J(g,2)" = Cle) 10 (ecay>)
! <0’ T ‘o (O
where C(¢) = (-/~T)K 2K"™/2 (4ot s)71/2
Secondly we shall describe Fourier coefficients of pF . We
a
needs some notation for this purpose. Take any n = {a] € LT and
: 1



assume Ql[n] > 0.

Put An = '2 Ql[n] = a - 2— S[a] > 0 )
- -1/2
gn € G1 g go = \/"I An n
S Sa 1
2 [to(S za] ’ ‘Qﬂ = [1'§n ] )
0 . .
G =0 = th y
n (Qn) s gn gn,R 1e identity component of gn,R_’
n:{X-(X,r),xeRm+,r>0}(XOZ(O,l)eﬁn),
, r+§ﬂ[x]/2
g-X"7 = (g{X})” jlg,X) ( X7 = { )1( } sy B € ﬁn )
Mn = the stabilizer subgroup of XO ~ SO(m+2)
It is clear that Qn is identified to an = {ge€eG; egn =n 1}
0
( n~ = [n} ) . We identify Xﬂ = Qm+1 with the orthogonal
0
complement of p in V1 . Let us define a Haar measure on gn by .
(14) I v(g) v (g)
G n
n :
o a -{m+2)
= I f f o(n(x)| 1 _{lx) a %) d4x da dx
Xn’R 0 ﬂgn &
where dx and da are Lebesgue measures and IK de = 1 . By
-n

using the above notation, we can write down Fourier coefficients of

pF

(B> pF(Z) = C(p) 2 "
aEN,aELO/LO

(k-m-1)/2
, j’r:\ gnF(h g,) o (h)
ZAn=2a—S[a]>O

X 2 Ong(?) e[nzAHZ] nk-(m+2) )

nelN
where F; = gn N F* and C(p) = J:Tk 2k—m/2 {(det S)"l/2 =T(z) .
Theorem (A) and (B) , which are essentially given in [06], are
proved by chasing the 0Oda’s arguments carefully (we need to rewrite

all his discussion in terms of Jacobi forms and to determine some

constants explicitly).
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7. Hecke theory for Jacobi forms

First we introduce the notion of Hecke algebra action on

Gs,k(rs) after T.Shintani. For any prime p , we denote by %S,p

the set of functions ¢ on GS o satisfying
b

(156-i) ¢([0,0,81k 8ky) = xp(g) ¢(g) for any t e Q, , Kl;KZEKé’p
and
(15-11) the support of ¢ is compact modulo Zp s

where Ké = G’S n SL(m+4,Zp) -and Xp is the p-component of

P
the character x of @ \ QA ( x (x) = elx] ) . Clearly %S

Ll

’

P
forms a (C-algebra with the convolution product
(16) b *8,(g) = $, (gg’ "
1772 7 1
. \G
p'S,p

where we normalize the measure dg’ as Vol(Zp\ZpK

) ¢,(g’) dg’ ,

S’p)': 1

Hereafter we assume that LO,p = LO ® Ep is a maximal Ep—integral

lattice with respect to S for any prime p ; namely, if M is a
lattice in VO,p containing LO,p and satisfies %S[x] € Ep for
any x € M , then M = LO . We define two elements ¢ and
s P 1,p
¢O,p in %S,p as follows |
p - = = p -

¢1,p([ p 1]) Ly supp 8y, = 2y KS,p[ P 1]KS,p '
(17) s, (10,5,01) =p P (Yyerr )

0,p 1Y s = p 3 0,p )

. ) -
{[O’y’o]’YELO,p}kS

’

K
p S,p

= Z
Supp ¢1:p 1 P

where we put Lé’p = {x € Lé’p ; %S[X] € p—lzp} and ap stands for

the dimension of Lé,p/LO,p over Zp/pzp . We note 0 < 8p < 2
The next relations are easily checked.

X = X = v :
¢1:p ¢01p ¢pr ¢11p ¢1)p ’
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’

(18) %0,p = 1 if 9, =0
2 . _
¢O,p 1 if ap —71 y
2 -1 -1 .
= - + f =
%0, p (L-p eg o, * P if 8, =2
We denote by %é P the commutative subalgebra of the Hecke algebra
b4
%S,p generated by ¢O,p and ¢1,p For any character x of
%é o local L-function Lp(x;s) is defined as follows
?
-5y (1 - Xs(p)P—S)_l if m is even
(19) L_(x;s) = B (p 7) ,
p S,p T 1 if m is odd
_ 9. -nn/2 -1+n,/2 _ 1 _
x{1 - '(Alp (1+m/2)_p P 0 +p 0 )p S + lolp 28} 1
Here vy = theDW?gf index of S over Qp y ng = m - 2vp )
xg(p) = ((5—) , pes) = (-2 (ger )
DO(S) = the discriminant of @(D(S)l/z) y
Ay E x(¢j’p) (J=0,1) ,
BS,p(T) = 1 when (HO,E)p) = (0,0), (1y0)7 (2,0), (211)7
= (1 + pl/ZT ) when (no,ap) = (1,1)
= (1 -p/%r) when (ng,0) = (3,1)
= (1 +p7%1 ) (1 -pY% ) when (ng,8,) = (3,2)
= (1 +pT ) (1 + T) when (no,ap) = (2,2)
= (1-pT) (1 -T) when (ng,0,) = (4,2)
-3 -s ,-1
Bgls) =1T] Bs’p(p ) » Lilxgss) =TI (1 - xg(p)p )
p p
We let ﬁé’p act on Gs’k(rs) naturally. As usual, Gs,k(rs)
has an basis consisting of common eigen function of all %é D (vp ).
b
Let f be such a simultaneous eigen function When f*¢j P =
» P
x(¢j p) f , we define the global L-function L(f;s) as the product
b
n Lp(x;s) of local ones. We put
1Y
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s+1

. r( ) m =0 (mod 4)
(20) £(f;s) = 27% 7738/2 (get 5)8/2 { 2
r(3) m=2 (mod 4)
x T'(s+k- E%E) L(f;s) : if m : even,
= (21)"°% (271 det 5)%/% r(s+k- 9%3) L(f:s) if m : odd.

On the analytic continuation and the functional equation of L{(f;s)

the following theorem holds.

) When k > (m+1)/2 , £(f;s) is continued to whole s-plane as §
meromorpﬁic function with possible poles at s = 0 , 1 . It
satisfies the functional equation g(f;s) = €g g{f;1-s) , where €q
is -1 if m =1 or 3 (mod 8) and +1 otherwise. Moreover except

the case m = 6 (mod 8), &(f;s) 1is entire.

Remark The definition of the Hecke algebra is given by

%S, p

T. Shintani in more general context (see for example A. Murase [05])

It is not/difficult to see that %é:p coincides with %S,p if ap =
O or 1 . On the other hand, when ap = 2 , %é P is a proper
b
subalgebra of %S. ; in particular #] is not commutative.
P S,p

a L
An element npn = [a} in Li is said to be reduced if L = [ O]

1 Z
is a maximal lattice with respect to Eﬂ . We note that there
exists some reduced p such that af(a,a) = 0 . For such n we
have
(D> S af(nza,na) n—(s+k—(m+2)/d)

n=1
_ §(ZS)_1 m:even ,
= L(f;s) Bgn(s+1/2) { L(xg s+1/2)" 1 n:odg 1 epla,a) .

-n
Rewriting this by adelic language, we get

: t s-(m+2)/2
’ gr X
> IQX (eof) 8 <[ 1o t-1]g“) It], a*t
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= ag(a,o) £(s-m/2) L(f;s) By (s+1/2)7"
F(s+k-(m+2)/2) { g?ZS)‘l | mieven
x (4HJZ;)s+k—(m+2)/2 L(xﬁn;s+1/2) m:odd ‘
where for a cusp form F on G, we have put
(21) F (g) = fv F(n(x)g) x(-Qy(n,x)) dx .

1,0M1,A

Theorem (D) is shown by the standard discussion, namely the the study
of the action of %é p on Fourier coefficients of f . The left

?
hand side of this theorem is represented as a convolution product of

f and a kind of Eisenstein series on GS (this representation was

-n
given by T.Shintani in more general context). Therefore (€) is
reduced to the analytic property of this Eisenstein series. By

calculating all Fourier coefficients of it, we can verify (¢C). For

more precise treatment, refer our forthcoming paper.

Moreover by comparing the actions of Hecke operators of G and

GS , we can show that

E> If f is a common eigen function of ﬂé P for any p , then
?

ptf is also eigen function with same eigenvalues.

8. Eisenstein series on O(1l,qg+1)

Let T be an even integral positive definite symmetric matrix

1
of rank q . Put T = [ -T ] y, H = O(T) and H™ = O(T7) ¢ We
1
put L = Zq , L* = T‘lL , L7 = 29+1 and L”* = T~?1L“ . For each
prime p , we assume that LO p = LO ® Ep is a maximal lattice with
H

respect to T and set
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Up = {geH_ ;&g Lp = Lp } o,
U; = { g € H; - L; = L” },
U; = { g € Up ; (g-1) L; c Lp o,
U;* = {geU; (g-1) Lg* c Lg }

H” acts on D = { X = (x,r) ; X € Rq , r > 0 } through

[l

g-X" = (g{X})” j(&,Xx) ,
r+T[x]/2 X
where X = [ X ] , X = (x,r) € D . We denote by U~ = U™
1 kel [ee]
the stabilizer subgroup of XO = {(0,1) and put Uoo = Ui = Hoo . As
is well-known, the Iwasawa decomposition and the class number one
property holds
(22) HX = PX UK* ( P7 denotes the upper triangular subgroup)
. —~ X )
= Hy H Uy ¢
Hence we can write g as
a(g) q i x
g = n(x) B(g) k(g) ’ X €V = Q , o{g) € Q )
1 A A A
a(g)
B(g) € Hy and k(g) € U, .
We consider a space Yy of automorphic forms on H and a linear
operator M(s;%) acting on it.
{23) VH = { f: HQ\ HA / U: —_— C } (finite dimensional) .
(24) M(s;£) (h) = [ £(h 8(nY(x))) la(n¥(h))1579/% ax ,
Va
1 .
where nv(x) = X 1 and I dx =1
t_d vV, /V
Tix1/2 xT 1 ATTQ

Now we introduce Eisenstein series attached to f .

s+q/2

(25) E(g,s;f) = 2 £(8(vg)) lalve)l, (g e H ) .

eP. \'H
ve€Pq \ Hg
By virtue of Langlands’ general theory on Eisenstein series, the

analytic properties of E(g,s;f) ‘is reduced to that of its constant




term E,(g,s;f) = I E(n(x)g,s;f) dx . Using the Bruhat
0 VQ\V
decomposition
17 X
(26) H@ = P@ U P@ W N@ , W = [1 lq ] € HQ n Uy
we obtain
a s+q/2 -s+q/2

(27) Eo([ b _1},s;f> = £(b) lal, + M(s3£)(b) lal,

We consider a suitable subalgebra %é of the Hecke algebra
associated with the pair (Hp,U;) . For each %é eigen function
f in FH y we can define a  L-function L{(f;s) . Then M{s;f) 1is

described by this L-function.

(F> If f € VH is a simultaneous eigen function of ¥’ (for any

prime p ) , then

' /2 q:even
ey - L(fys) (2m)9
M(s;f) = =1 { (2s) } x f
L5010 (gop 1) 172 r(s+q/2) —%'m)‘ q:odd
For ff = 1 {the constant function on HA with value 1), our
L-function is written by usual Riemann zeta functions.
q-1 1 q:odd
(28) L(1;s) =jg1 g(s+j-a/2) x Bp(s) x { L(xg,s) aqieven | -
- L (2m) 972 F(s) _g(s+l-q/2) _ Br(s)
(29) M(s;1) = 172 ) B.(s+1)
{det T) F(s+q/2) g(s+q/2) T
£(2s) §(28+1)‘1 q:odd
x { L(XT)S) L(XT;S+1)_1 g.even } x 1
Therefore we have obtained that
(30) Res E(g,s;1) = Res M(s;1)
s=q/2 s=q/2
- (ZH)Q/Z r(q/2) ReSS:1 ¢(s) BT(‘Q/Z)
(det T)'/% r(q) £(a)  Bp(a/2+1)
-1
( 50 slarD) q:o0dd )
X L{xp;a/2) L(XT;q/2+1)_1 g:even '

For any reduced n with An > 0, gn fulfills the assumptiqh



on T . So we can apply the above results to the case T = Sn ( q-=:
m+l ). Define a Haar measure dh on H; as follows
(31) [ em) an

G

a - (m+2)
®(n(x) b u) Jal dx da db du
-1 A )

V H a

where j ¢ db, = 1 and f X uV =1 . Then it is easily seen that
UV UV

32) F(hg)) ah = [, F(hg)a(h) (Fes(r)).

H&\H; n r \G n -

On account of the argument in the study of L-functions

associated with F (cf. [10]1), we obtain
gr .
(6> [ (¢£)%"(h g ) E(h,s-1/2;1) dh
HX\HY n
QY A
t
+2)/2
= vol(Hg\H,) [ (zf)ﬁr([ 1 ]g ) re1gT(mMEN2 g
Qy t
Remark Since E(g,s;1) 1is continued meromorphically to whole

s-plane and satisfies the functional equation E(g,s;1) =
M(s;1)E{(g,-s;1), the meromorphic continuation and the functional

equation of g{(f;s) are also proved by (G).

9. Siegel formula

From the celebrated'Siegelfs theorem on quadratic forms, we can

calculate the volume of HQ\HA

[(g-1)/2] ‘
_ ol-q -1 (q-1)/2
(H> vol(HQ\HA) = 2 yq jgl | £(2j) B (7) (det T)
1 q.odd
x { L(XT;q/Z) q:even !

]
—t

q L
where v, = n1 /Y Frs2)Th L H = o1 and vol(u)
j=1 \




<

10. Main result

Theorem Assume k > 2m + 4 and let f € 68 k(rS) be a
’ 1)
gimultaneous eigen function of %é P for all p . Then
M
pozof = CS,k L{f;(m+2)/2) T ,
Co . = (410 % (k) C
where S,k - T g
_ [(m+1)/2]
Co, = (det S)(m+1)/2 il B, .
S L 23
j=1
% { 2—m/2 n—l—m/Z if m is even
-— — ]
p(my1) /2 pmd3) =1 5r n is odd
sz is the 2j-th Bernoulli number.

/

Consequently, we obtain the connection between the norm of f

and that of f

to
Corollary Notation and assumption being as above,

<10f,aof>k = CS,k L{(f;(m+2)/2) <f’f>S,k

Remark 1 - In particular, when m = 1 . and S = 2 , CS,k =
(4;1)—k k) 6—1 . This coincides with the Kohnen-Skoruppa’s results
([031). Their method, which is based on the study of Eisenstein
series on Sp(2,R) , is entirely different from ours. Probably our

inner product formula is obtained also by calculating the constant
term of Eisenstein series on 0O(2,m+2) . ‘However, our theorem is
not reduced to this formula, because the multiplicity one property is

not known for Jacobi forms.

Remark 2 Taking account of the connection between Jacobi

cusp forms of weight kK and elliptic cusp forms of weight k-m/2 , it

is easily checked from Rankin’s evaluation that the Dirichlet series



o4

in (D) converges absolutely at s = (m+2)/2 for even m . As isf
shown in [07] ( m=1 ) by using the Shimura-Shintani correspondence,
it is probably valid for odd m . If so, the non-vanishingness of
the special value of L—function_appearing in the above theorem is

also verified directly.

11. Proof of Theorem

a
Take any reduced n = [a] € LT with An > 0 and put T = 8§
1
s

We calculate %he residue at = (m+2)/2 of

(33) (2of)8"(h ) E(h,s-1/2;1) dh

IH@\H;

First, from (30) and {(G) we have

(34) Res Mis;1) x| (1of)8T(h g ) dh
s=(m+1)/2 Hé\H; n
t s-(m+2)/2
. gr : X

Secondly, accounting (32) we get

gr
(35) jr*\g (1of)87(h ) w (h)
n n .
vol(H.\H,) t ~(m+2)/2
= Q4 Res f y (zof)gr([ 1 _1]g ) ItIz " a*t
Res M(s;1) s=(m+2)/2 °Q; n I ,
s={(m+1)/2

| [m/2] 1
- _pym/2 ,-m -1 m+1 j
= (det T) 2 Ym+1 BT(“Q ) T &8(25) { L(XT;(m+1)/2) }

j=1
(det T)1/2 F(m+1) c(me1) Dpl(m+3)/2)
(Zn)(m+1)/2 Tr{(m+1)/2) Re? t(s) BT((m+1)/2)
c(m+2) g(m+1)” L |
<A L(xgs (m43)/2) Lixgs (me1)/2)" 1
x aglae) Res §(s) L(f;(n+2)/2) By (I 7 A T2 (a7 r)
8= :
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§(m+2)'1
L (meaysz)7t )
’ ( we used (H), (30), (G) )
; (4n)-k (k) g—m n—(m+1)/2‘ym+11 An(m+1—k)/2 F({éTI%}Z}
[(m+1)/2]
X _ﬂ1 €(2j) L(f;(m+2)/2) ag(a,a)
J=

{ note det T = 2An {det S8) )
-1
gince pOF = C(:) pF for any F in Sk(F*) and C(p) = C{:z) ,

a
we obtain for any reduced n = [a]
' 1

(36) apozof(a,a) = CS,k L(f;(m+2)/2) ac(a,x)
( we used (B) and (35) }.
Put ' = pozof - CS K L{f;{(m+2)/2) f . It belongs to the same
b

eigen space as f and af,(a,u) = 0 for any reduce h . So £’

must be 0 ( (E) ) and our theorem is now proyed.
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