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TH® WNDOMCRPHISM SEMIGROUP OF A SEMIGROUP
ANT TTS APPLICATION
Sizuo Nakajima

An endomorphism of a semigroup is one of important tools in
the study of semigroups. In this paper , we represent the endo-
morphism semigroup by means of a wreath product and the greatest
semilattice homomorphic image. And we apply to a left inverse ex-
tension of certain left regular band by a semilattice of groups.

1. The endomorphism semigroup of semigroups.

Let S be a semigroup. The set End(S) of all endomorphisms of
S is a semigroup under the composition. The set Aut(S) of &all
automorphisms of S is a subgroup of End(S). End(S) [Aut(S)] is

called the endomorphism semigroup [the automorphism group| of S.

Now, let S=U[Sd: o el be the greatest semilattice decomposition
of S. Let H(S)zU{Hom(Sa,SB): o, B erjk%tgbe a semigroup under com=
position , where Hom(Sa,SB) is the set of all homomorphisms of
Sa to SB and [J is the empty mapping. Consider the set
H(S) wr End(T) = {(x,8): k:["—> H(S),6 ¢ End([")} and define a
multiplcation in H(S) wr End(]”) as follows:

(k,0)(k",0') = (k.€k',86') ,
where ¥k = k, and (k-6k') = kykig for all yej“.kThen
H(S) wr End([") is a semigroup and we call it the wreath product

of H(S) and End([7).
¥or each ¢ %¥nd(S), we define mappings k: [ —> H(S) and-
8:"— [7 as follows:
k, = gflsa . Sapgsae- for all ael .

Then a mapping f:dh%v%(k,e) is an isomorphism of End(S) into

H(S) wr End([”). Thus we have the following lemma.



Lemma 1. End(S):: H(S) wr End(r).
Next, we shall consider the condition that (k, e) € H(S)ernd(r)
is contained in the image Im(f) of f. '
" Lemma 2. Let (k,8) € H(S) wr End(T"). Then
- (k,8) € Im(f) if and oﬁly if
(1) k € Hom(Ss ,S o) for all ae{" ’ ;

(ii) (xy)-k = [x.k ][y k ] for all x & 5.,y & S

B
A Now , we shall call this condition an H-property and let
H(S) W7 End([") = {(k,e) €H(S) wr End(["):(k,6) has an H-property}.
By above lemmas we obtain the following theorem.

Theorem 3. Let S =L}{Sa: a eT’} be the greatest semilattice
decomposition of a semigroup S. Then |

End(S) 2 H(S) wr Ena([").

From now on, we identity elements of End(S) with elements of
~ H(S) %t End(]").
' Remark 1. Since H(S) wrC7% is isomorphic with the semigréup
-of all row monomial ['x[’-matrices over H(S), End(S) can represent
by row monomial matrices. |

2. Lef S =L){Sa: o eT’j be a strong semilattice of semigroups’
Sa determined by a transtive system {g/a’ez oc;e} of homomorphism's;_'
If each Sa satisfy ceftain conditions (e.g.A, Sa has an identity-,"
and no other idempotent or S, 1s weakly cancellative), then an
H-property is equlvalent to that the following dlagram is commu-
tative: -__9sae |
Q,Bl oo 50 Cazpoa pel)

Sg ’Sse (c.f., Petrich[2] ).



2. The endomorphism semigroup of a successively annihilating

chain of semigroups.

To each « in a chain Y assign a pairwise disjoint semigroup
Sa’ and on S =L){Sa: o:eY} define a multiplication o by

aeb = Dea = b if a.éSa, b GSB’ o> Bs
aebh = 3b if a,b GSa .

Then an semigroup S{.) is called a successively annihilating

chain Y of semigroups S (¢c.f., Petrich [2] ).

we shall first consider an endomorphism of a successively
annihilating chain of completely simplé éemigroups.

Tet Y be a chain. To each o € Y assign a pairwise disjoint
' (a))

. ) : = M . e P . e =
completely simple semigroup Sa L(Ga Ia,Aa +a) where Pa (p

has been normalized. Let S =L){Sa : aeY} be a successively annl—
hilating cha;n of Sa
Theoren 4. et 6 be an endomorphism of Y(i.e.,an isotone
transformation of Y). We define a mapping k:Y—>H(S) as follows:
(i) The case |a88"| > 1.
Let io and A, be fixed elements of Iae and/&ae, respectively .
Let B be an element of Y such that g& = a8. Let Y be a homomorphism
of Gy in G |
for all 1 €T, and Ae/LB. Define kB Sb % g by, for all iBe-IB,
Aee/lﬁ and gu€ GL’
( ,(ggu,(p(a o ) Ao if 6 is the least element

o such that p(B’u)z e.e’ the identity element of Goo?

(iB,gB,AB}ké=  in we@)
(1, (py me) ) Ag) otherwise.
(ii)  Other case (1 e., |a08"| = 1).
Define k by any homomorphism of S, in Sye (c.f.,[1]).

T™hen (k,8) € Bnd(s) = H(S) #T End(Y) and conversely every endo-



ISa%

morphism of $ can be obtained in this fashion.

We shall use the following corollaryiin next section.
Corollary 5. Iét L =L){La: a.eY}'be a successively annihi-
lating chain Y of left zero semigroubs-La. Let & be an endomor-
phism of VY. We define a mapping k:Y-—H(L) as follows:
(i) Case lo66'l > 1 . |
let lO bé a fixed element of Lae' Let B be an element of Y. such

that R = «B. Define k. :L ~—»Lae by

B B /
XKb = lo for all x € LB'
(ii) Case lo66'| = 1.
Nefine ka by any mapping of La in Lae'
Then (k,6) € End(L) = H(L) #* End(Y) and conversely every endo-

morphism of I can be constructed in this manner.

Under some condition we next show that the endomorphism semi-
group is a direct product of endomorphism semigroups of subsemi-
groups.

let f’:ﬂj{ri: i e Y} be a semilattice which is a chain Y of

-semilattice |7, . Tet {Ti: ie Y} be a family of semilattice

indecomposable semigroups T, such that Hom(Ti,Tj) =0 [TigﬁTj]

for all 1 # i € Y. Let S =L){Sa: ae}’} be a semigroup such that

["is the structure semilattice of S and 5,2 T, if ae&f}.

In Provosition 6 and Corollary 7, let S ={/{Si: ie€ Y} be a chain
. - . _ . - ' ,.

of semigroups Si where Si —L){Sa. o é'ri}, and assume that Ti IS

satisfy conditions in the brackets for a statement on an auto-

morphism group

sitior . X S) = . . End(s.).
Proposition 6 End(s) 15TT16-Y'pd(g1}

[Aut(8) == | TT; ¢ vAUt(S;) 7.



quollary 7. Moreover, let S be a successively annihilating
chain Y of semigroups Si.‘Then _
pnd(s).:TTieYEnd(si).
[Aut(S)2= T ; eyAut(s;)].

By the above result we need to consider the endomorphism
 gemigroup as follows. Let’S be a semigroup such that § =

U{Sa: ae}")” and ¢ :5 = S;‘for all « ¢[7, where 5, is a semi-
lattice indecomposable semigroup. ,

Let k be a mapping of[ into End(S_ ) and let & € End(["). Then
we say that (k,6) has an H-property if (k,0) satisfy the following
condition: ; |

[a(d ko) Dk adat) ] = (abMF gk omyo)
‘ , : ‘ ~ for all a € Sa’ b & SB’
and End(So) % End([") = {(k,e) eEnd(So) wr End(F):(k,e) has an
H-property}..
Propositibn 8. Let S be the above semigroup. Then
End(5) 2 End(S,) WF End(T") and
Aut(S) £ Aut(s)) wr Aut(T).

Corollary 9. Let S0 be a weakly cancellative semigroup or
: Sc has an idéntityvand no other idempotent. Thgn
- End (S X F)%End(so)xEnd(F) and
Aut (S X T7) = Aut(S,) X Aut ().

3. An applicatioh; to left inverse semigroup

A régular semigroup S is called a left inverse semigroup if

‘the set E of all idempotents in S satisfy the identity xyx = xy.
A structure theorem for left inverse semigroups have been given

by M. Yamada [3] as follows:
Structure Theorem. Let §2 be an inverse semigroup and Y its




basic semilattice. Let L=U{Iﬁa: ozeY} be a left legular band
(i.e., I is a semilattice Y of left zerovsemigroups La)‘ Let ¢
be a mapping of S into End(L) such that the family {%,: we (3
. Tw:: SP(w), satisfies the following (Cl) and (CQ»):

(c;) Tach %, is an endomorphism on L such that $L,) S Ty

for all ¢ € Y. In particular, for t € Y, 9’;[ is an inner endo-
morphism on L. : : | 4
(C0)  §o8r¥ufs = $e8:Fup  TOT € €Tgps £EL (oo™ o«,Beld
(where 3 is the inner endomorphism on L induced by e).
Consider the set L®.Q, {(e,w) UJGSZ., e € Lywt] and define multi-
plication in LQ}Q. as follows:
(e,w)(f,y1) = (e H(£)y wr)

Then L(ZJ.R. is a left inverse semigroup and conversely every left

_inverse semigroup can be constructed in this manner.

‘We shall call this L®.ﬂ‘ the left inverse ex‘cenmon _(_)_;‘ L pygz

and a mapping § ,_Q,—-—)End(L) which satisfies (C ) and (C ) is

| called a factor svstem o_f.ﬂ, into L and we shall denote the set
of all factor systems of § into I by§(,§2,,L). We shall define
a relation ~ on P({),L) as follows; let 91,302 c §(,S-2.,L)., '
g~ P, it and only if L@SEN L%SL

The purpose of this section is to 1nvest1gate d(QsL) /Asin
‘case JL is a chain of groups and L is a succe351vely anmhllatlng'
chain of left zero semigroups . - ‘
_ Tet L =U{ L,t ®¢€ Y} be a successively annihilating chain Y
of left zero semigroups L,. Let & ={{6,: « € Y} be a chain ¥
of groups G determined by a transitive system {fﬁatx:, Bﬁa} of

a homomorphism f G ———>G‘3

B,0
Pirst of all, we shall 1nvestigate a factor system of {bin



.

Theorem 10. Iet k = (k ) be an element of Tr Hom(G ,S(L ))

such that if 7 < B < o then k),’B B, = k?,a

gymmetric group on LB. Let ¢ be a mapping of.Q, in L such that

where S(LB) is the

¢(Ga) c I‘d for all o« € Y where if o is the greatest element in
Y then assume that ¢(G )_(;J(L ), the full transformation semi-
group on L and ;a((e ) is a constant mapping (e is an identity
of G,). Define {: \Q.-)End(L) by
, x-ky (g,) if B < a,
x-?(ga) =1 #(g,) if B > a, o is not greatest,
x-d(ga) if B = «a, ‘oc is greatest,
for all x € I’B’ g, € G‘a,' a,BESL.
Then fis a factor system of;Q. in L. Conversely any factor system

of.ﬂ in I, can be obtained in this fashion.

Fence we shall denote a factor system ¥ by ¥ = ((k,¢#)).
Theorem 11. Let ((k(l),d(l))) and ('(‘k(2),g/(2))) be factor
systems of .Q. in . Then
((k(l) g/(l)))r\z ((k(z) ;}((2))) if and only if there are an auto-
morphism (v,8) € Aut(f)) and bijections Pg* B——)Lﬁe (p € Y) such
that k(l) = k(z) 6% for any oc,B € Y such that g < «,where

. Byo pﬁ Be,a
5 5 (g ) —>5(1g) is defined by o, (p) = gppg,

Corollary 12. Let §d = GXY be a direct product of a group

G and a well-ordered chain Y. Let L =U{La: « € Y| be a succes-
Sively annihilating chain Y ofk leff zero semigroups La.
On the .set Hom(G S(L )), define a relation & by,

k(l)’\’ k(2§ if and only 1f there are an automorphlsm » € Aut (G)

and pg ¢ S(L) (B € Y*) such that kél) = pﬁkéz)w for all BeY*



where Y = Y\\Nl, o4 is the greatest element of Y. Then there is
a one-to-one correspondence between the classes of isomorphic
left inverse extensions of L bySl and the elements of

B—Q—Y*Hom(ﬂ ST /o

Txample. Let G be a cyclic group of order 2, Y = {0,1}

2n, then|® (Q,1)/~| = n+1 .1t | Lol =00

and L = LU 1L . If |L]

thenl§§ﬁ2,1)ﬁkﬂ = 00,
Corollary 13. Let Y be a dense chain(i.e., if a > B, there

is an element ¥ such that « > ¥ > 8 );_LetSZ and I be successively
annihilating chains Y of groups G and left zero semigroups L,
respectively. Then there exist the only one left inverse extension

of 1T bVSZ y- up to isomorphism.
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