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An analytic study of a pseudo-complex-structure.
Isao NARUKI

_ 0. Introduction _ ‘

- In this paper we give an analytic study of a pseudo--
complex-structure, which is roughly speaking, the abstract
substitute of an imbedding of a real manifold into a complex
manifold. Until now the main tool of this analysis was the
theory of partial differential equations developed by Kohn (4]
and Hormander [2]. But the results obtained so far seem to be
applied only to the Z-regular case. (See-Definition 2 for the
concept of the regularity.)

On the other hand, the geometric study of pseudo-complex-
structures was already made by N. Tanaka [8], [9], [10]. And
this formulation, when combined with a recent work of Hdrmander
[3], yields a powerfull theorem (Theorem 1.5) which is a
partial generalization of Kohn-HOrmander theory to the general
u-regular case.. - ’ o

This theorem is of particular importance in the study of
a-complex manifold. In fact it follows from this the finite-
dimensionality of the space of gloval sections of every
anélytic vector bundle over a complex manifold having some
nice real submanifeld, which is in general neither compact,
nor pseudo-concave. -

-I am greatly indebted to Professor N. Tanaka not only
for the formulation of basic geometric materials, but also
for a number of stimulating conversations out of which
especially Theorems 1 - 2 grew. Therefore this paper might
be regarded as a collaboration with him. I thank also

 Professor S. Matsuura for his serious interest and encouragement.

1. The concept of a pseudo-complex-structure and many other
concepts related to it were already introduced in [91 [10]-.
But  we reproduce these here. We assume the differentiability
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of class. C. . Let
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be a (real or complex)] vector bundle

over a manifold M . We shall denote by E <the sheaf of

o

germs-of local. C sections: 0of E . For peM , En denotes
' ax - : s sy e . X . . }?
the fiber of E over p . Similarly <, 1s 2 stalk of
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sections over and,«?(xf)v denotes the set of global sections.

)

over  p  if )é) is a-sneaf over M . } is the set of
For simplicity we use [ (E) , [(E) instead of T,(E), I(E)
respectively; S : .

Let M be a real submanifold of g compiex,manifaldf M and
let ?C(M), IC(ﬁ) ~denote: the complexified tangentbundlesrof M,

M respectively. As usual, T (M) is regarded as a subspace of

C
. P
Tg{M) for any -p of M .  Now we set

: C g (1,0} -
(1.1 S =T M)n T "? M e M
@1 s, = TeaT Y pe
i (1,0) iy ;s | ., i |
where Tp (M} 1is the heolomorphic part of TP(M} . Then
~there uniquely exists a (complex) vector bundle S over M

whose fiber over p 1is just Sp provided that

~
[
.
[SS]

~

dim'Sq = dim sq, g, q'E€EM ..
The pair (M,S) has the following properties:
(1) S is a subbundle of TC(M);.~
ii S AnS_= (0
(i1) oS, = ¢ )

(iii) 8 is completely integrable, i.e. [S, Slc S .



Thus - a: real submanifold M of a complex manifold M gives rise:
to a pair (M,S) with the properties (i}, (ii), (iii) if (1.2)
is satisfied.

Conversely, if M 'is an arbitrary real analytic manifel
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and if moreover S - 1s a rteal analiytic subbundle of TV
.S
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properties (ii), (iii), then there exists a complex manifold M

of which M  is a real submanifold and for which {1,1) holds.

Definition L. A paitr (M,S) with the properties (i), (éf),
(tzi) ts called,a,pseuda-compZex-struqture over- M.

“In general the concept of a pseudo-complex-structure will‘
provably be much wider than that of a real submanifold of a
complex manifold satisfying (1.2}. Espééially»a'pseudo-complex~
structure G%,S},constructéd,as above from an imbedding of M
into a complex manifold will be called the pséudo—complex-
structure induced by the imbedding under consideration.

Now let (M,S) be a pseudo-complex-structure and put

D. = {Rex; x€S_ }
P ex; X¢ P

where- Re x denotes the real part. of x . We call the Pfaffian
system -D  whose fiver over p- is Dp the first Pfaffian

system-of M,S) .

Definition 2. A pseudo-complex-structure (M,S) <Zs called



w-regular If there exists a seri:: o Pfaffian systems ’
1 2 - s - ran . < i-l i-l
D=D"SD°E +»+ §D% = T(M) swch that D = [D° °,D]+D
7 F s - - - -
(Z<1ic¢x<

The above Di is uniquely determined for a given ﬁ;regﬁlar
pseudo-complex-structure (M,S) . So we call pl tﬁe'i—th
Pfaffian system of (M,S) . By succesive use of the Jacobi
identity’ q

o', pl1 ¢ ™,
wherei Di = TM) for i>u . Thu§ the usualAg:acket‘operation
for vector fields gives rise to a Lieralgebra structure of P(“)
‘QZ.= ;il ggi 53i = Di/Di'i} and the bracket operation of this
i= :

-shall be denoted by [ , ]% . But we have then
[£X, gY]* = fg[X, Y]* X,Yerm

where = f,g are C” functions. Therefore T 5 1* induces

also-a Lie algebra structure of,awp = ] 32; for any point p
: . i=1

of M, whose bracket operation we shall denote by [ , ]; .

This Lie algebra bl has the properties:

(1) “b is finite-diminsional.

L i J1s i+j i _ . .
2, < = ; _

(ii) [ﬂﬂp gﬂp}p .52p ‘(gz 0 for 1 >wu )

(iii) -, is generated by gz;-.




(iv) iRe ix, Re iy];v- [Re x, Re ng Ci=v e X,Y& Sp
T ,
#
We call this niopotent Lie algebra W the Levi-Tanaka Form

™

of (M,S) at p (which will be short refered to L-T form

at p ).  Put
Lp(x,y) = [Re x, Re iy]; ~ X,¥E€ Sp .
Then Lp is a gz;~valued symmetric bilinear form bf (iv).

Definition 8. Let M,S) be a regular pseudo—complex-

structure and let = é‘i L be as above. We sa

cructure 4 = L#Fp o Ly Y

that (1,S) is totally indefinite at p <f, for any non-zero
2

linear form o of- 5Zp ,» the (real-valured) symmetric bilinear
form

<, Lp(x,y)>

ig indefinite (not semi-definite). When (M,S) <& totally
indéfinite at every point of M , we simply call (M,S) totally

indefinite.

Total indefiniteness was suggested by the condition of

sub-ellipticity in Hormander [1] .

In order to state our main theorem we need still the concept
of an analytic vector bundle over a pseudo-complex-structure.

First of all we define the analyticity of a function.
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Definition 4. Let (M,S, be a pseudo-complex-siructure
B . - . .
ard let £ be a C function on an open:-set Q of M . We

say that f s CK,S}-anaZytic tn Q@ if Xf =0 for any

Q

Xé T

The (M,S)-analyticity is a local property, that is, f is
(M,S)-analytic in @ =~%}Qx if and only if £ 1is (M,S)-analytic
in‘each o -

Definitianzﬁ. Let (M,S) ts a pseudo-complex-structure
énd let. E be a vector bundle over M and ,x? be a subsheaf of
E .

The pair (E,)js is called an analytie vector bundle over
(M,S) ©f it satisfies the following conditions:

(2) , if the values in Ep of seections Syst*tsSy of )f
over an open set Q.  are linearly tindependent at every p of Q,.
thgn ;21 fjsj s a section of ,KF tf and only <if fl,'-*,fm
are all (M,S)-analytic in Q.

({i), for any peM , there exist a series of local

sections S1»t**,S (e = fiber dim. of E) of ﬂy whose values

€

in Ep are linearly independent.

Remark 1. -Let '(M,S) be the induced pseudo-compleXestructure
by an imbedding of M into a complex manifold M and let E be

4

aﬁ'analytic vector bundle over M and,xf denote the sheaf of ‘
germs of local analytic sections of E . Denote by )i the
smallest subsheaf of E (E = ElM) containing)Jhﬁ with property

(1) of definition 5.



hen  (E, 7) is an analytic vector bundle over M and 'we call

e 6

(E,ﬁh the restriction of
Qur main theorem is now stated as follows:

Theorem L. Let (M,S8) be a totally indefinite regular
pseudo-complex-structure over a compact manifold M and let

(B,)y) be an analytic vector bundle over (M,S) Then

er?) is a finite-dimensional vector space (over C )

Now we proceed to formulate another important theorem.

Let (M,S) be a pseudo-complex-strutxure. Then Sﬁ is a
Lie subalgebra of TC(M)p since S is completely integrable.
Then there exists a unique Lie algeb;g§5heaf ‘;f' whose stalk

ﬂffp, over p 1is the normalizer of E% in zgiﬂlp . The S
is a subsheaf of gf' such that g% is an ideal of Jﬁ% . So
y2¢=dﬁ9/§ is again a Lie algebra sheaf of (M,S). We céll this
sheaf UﬁZ’the tangential sheaf of (M,S) Qur second theorem

is the following.

Theorem 2. Let (M,S) be a totally indefinite regular
pseudo-complex-structure over a compact manifold M and let

2l denote its tangemtial sheaf. Then T(gl) is finite-

dimensional.

" Remark 2. Ja(is , of course, a subsheaf of TC(M)(§_.

If (M,S) 1is induced by an imbedding of M into a complex:

manifold M , E = TC(M)/§' can be naturaliy identified with
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M --and moreover (E,;ﬁ} is the restriction of T(M) in the

o

sense of Remark 1. Therefore, in this case, Theorem 2 is a
- consequence of Theorem 1.
The key .of the proofs of Theorems 1-2 is a consequence of

' HSrmander [3] stated as below.

Lemma L. "Let  (M,S} be a Q-regualr pseudo-complex- 

1

étructure on M and suppose that Xp,w--,Xm (Xielﬂﬁj) span

b

'Sp for every p of M . Then, for any compact set K of M
and for any 0 < e\<-%~, there exists a positive constant suck
- that

L 4

| SR
g, < C(jzl(HXJuH%OyHKJuH%O)) + il weci

But what we teally need is the following refinement of Lemma 1
far a totally indefinite regular pseudo-complex-structure.
’ N
Lemma 2. In addition to the hypothesis of lemma l, assume
that (M,S) <is totally indefinite. Then, for any compact
subset K of M and for any 0 < e < é s there extsts a

positive constant - C éuch that
12 C i Kj SV Y 2 o K
lhul (e) < (jzl Il U"'(Q) “ull(o)) u€Cy(K)

This lemma follows from Lemma 1 by generalizing a

technique of Kohn [ 41]: o - Now, in view of Lemma 2,
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the proof of Theorem 1 is almost evident.
still needs a minor differential geomeiric trick. Ve

proofs in paragraph 3

-2 to the

(=]

2. Now we are in a position to apply Theorems
study of the automorphism group of a pseudo-complex-structure
and to the study of an analytic vector bundle over a complex

manifold.

Definition 6. Let (M,S) , (M',S') be two pseudo-
abmplex;structures A diffeomdrphism £foof M onto M' <s
called an isomorphism‘af‘ EM,S)‘ onto (M',S') <f {df}p maps

Sp tsomorphically onto S%(p) for any peM . An tsomorphism

af (M,S) onto itself is called an automorphism of (M,S) .
As an“applicatioﬁ of Theorem Z we have

" Theorem &.. Let, (M,S) be a totally indefinite Pegulﬁr
psaudofcomplef-stiucture over a compact manifold M.  Then the
automorphism group of (M,S) <& a Lie trarsformation group

over M with respect to some natural topology.

Proof. Let & denote the infinitesimal automorphism
group of (,S) (i.e. the Lie algebra of generators of 1-
parameter subroups of the automorphism group of (M,S)).
Let Jﬁf be the tangenfial sheaf of - (M,S) and p denote
the;natural,projection of P(TC(M)) to F(TC(M)/ED . Then
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el = T(gine (T (T

But . p. 1s.one-to-one on . IMTM)) since 'SDn §p = (0) .
Thus (£ is finite-dimensional. Now a theorem of Palais [6]

implies the conclusion of Theorem 3 .

Remark 3. This theorem was. proved by Naruki [ 4] . when
(M,S8)  is 2-regular. It was shown by N. Tanaka that the
finite-dimensionality of the automorphism groupAof’a_pseudo-
compiexfstructure follows~(without compactness. assumption)
under the assumptions of strong-regularity and non;degeneracy
fcf (M,Sltk For all of these, we refer to [97] .

.

Now let (M,S) be the pseudo-complex-structure induced
by an imbedding of ™M into a complex manifold M and let
{E,g?) be the restriction to M of an analytic vector bundle

[E,xf) over M . Assume

(z2.1) fiber dim. of S + complex dim. éf”ﬁ‘= real dim. of M];
" Then the restriction mapping of F(x?B into f()f) is one-to-
one. In fact the condition (2.1) implies that. Tp(i) is the
unique complex subspace of ,TpCi) which contains TP(M) for
every p of M, and vicé tersa. We say that M is generally
imbedded if the condition (2.1) is satisfied. As‘an application

of Theorem 1 we have
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Theorem 4. - Suppose that a complex maniFfold M has a compact
L J 14

4

generally imbedded sudmanifold M and that the pseudo-complaa-
structure induced by the inclusion map of M <invo M satisfies
the hypotheses of Theorem 1. Then the space of global sections

~

of an analytic vector bundle over M 1is clways finite-dimensional.
In particular, the holomorphic automorphism group of M 1is a

Lie transformation group.over M with respect to some natural

topology.

This theorem was suggested by N. Tanaka. Note that for ény .
‘neighbourhood of M in &k the conclusion of this theorem holds.
So one can easily construct a complex manifold M which is
neither compact, nor pseudo-concave and for which the conclusion

of Theorem 4 holds. (See Example 2).

Example 1. We give some examples which clarify what the

validity of the conclusion would be in Theorems 1-3 without

the total indefiniteness. Set -

[N SRl - T IR SR S
M_: |z +- 3 lz. [ - |z = 0
- T & jgl{ Jl j=§+1‘ JL .i ul

where (ZG""’zn} is the homogeneous coordinate of pccy.

_ The pseudo-complex-structure (Mr, Sr} induced by the inclusion

b 2

Mrﬁ;Pn(C) is-regular, but not totaily indefinite when 1 = 0

or r =mn-1 . Sincer. My (or M can be imbedded into C™

n-l)
and since C" is a Stein manifold, .global sections of an

énalytic vector bundle over Cn‘, hence also over (MO, SO)'

(or (Mnél' Sn_l)] form. an infinite-dimensional vector space.
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But the automorphism. group of (MO, SO) {or of (Mn_l, S 1)) is

<o)

tn
ot

tili Lie traﬂsfarmaticn g
of N. Tanaka remarked aftef‘Theorem 3. However this 1s not true
© for MOanm{C) in Pn(C) X Pm(C) (m > 1) Dbecause of the
"infinite~dimensionality of the space of (MO, SO)—anélytic
funétions. But, when 1 < r < n-1, the hypothesis of Theorems
1-3 holds for M, x Pm(cy in P™(c) x P™(C) , although the
pseudo complex structure is degeneratemin the sense of [9].

-Example 2. (due to:N. Tanaka) - Put

"

G =GL{n,C) , K =U(n)

0 if [i-j} > 2 or if i: even}k

H.='{(aij)€G_; a5
Then M = K/KnH is imbedded.genérally into the complex

manifold M = G/H . M 1is obviously compact and the pseudo--
complex-structure induced by this imbedding is (n-1)-regular

and totally indefinite.-

- 172 -
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3. In this paragraph we shall prove Lemma 2 and Theorems 1-2.
Before proceeding we need an algebraic lemma which makes the
meaning of total indefiniteness more clear. Let V#* be the
dual space of a n-dimensional complex vector space V . The
(real) vector space of Hermitian forms on V (resp. V¥) shall
be denoted by F (resp. F*). The notation F¥* may be
justified by the fact that F* ‘can be naturélly identified with
‘the dual space of F . Inafact, we can define the bilinear
form on. F x F* . by setting
n :
(£, g*) = ] flej,ep)gt(ef,ed)  fEF , gheF*
j,k=1
‘where fef,"*,eg} is. the dual base of a base {el""’en}~
of V . Note that ( , )} 1is independent of the choice of
{él,**',en} andkthat (f,g%) = 0 for any g*€ F* implies

f =.0 . These facts gives us the desired identification.

Lemma 3. Notafions 5eiﬁg;as above, for a subspace of
f,, the following statements are equivalent.
() L contains no semi-definite element except 0 .
(21) LY contains a (positive) definite element, where

EL = {g*€ F* . (f,g*) = 0 for any fE€L }.

This.lemma follows from a éorreéponding theorem for
quadratic formé due to L. L. Dines [1], but we prefer to
give a direct proof in the Appendix.

Now let (M,S) be a totally indefinite regular pseudo-

complex-structure and let Pp (resp. F;) denote the vector

- 13 -
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space of Hermitian forms on Sp {(resp. S;). Put

1°(c,y) = <n,[Re(x),Re(iy) 1¥>+i<n, [Re(x),Re(y)]4>
g . )
= -2-<n,-[x,Y1> X L,YE Sp’ n € (%p)‘*‘-
where,,{ - }; is the bracket operation of the Levi-Tanaka
U - .

SR 1 o s s
form  m_ = ) 3 at p . Then n% 1is a usual Hermitian
.or P iZI gﬁp P : .

.. Set

"JEOTM76ﬁ S
, S
: L(p)= {n% : n-Ef(f';):*’}-

The subspace L(p)L‘ of F;“ being~as>in*Lemmé*3
K;CQRSider’the Vector‘buhdlev E} with ité,fiber' L(pIL‘ oVer
P yr~Sin¢e— L[p}# .contains.ceftainly,a pcsitive~definite"
element by Leﬁma 3; én& since the set of pdsitive definité
elemenfs in L(pIL is cénvex, there exists gée (L } - such
thatvthe value g{(p} at p of g;,is paositive definite‘for
any pe;M'. Thus: if- {xk}m;ICZF(§}‘ is a frame of § (,that
is, if {X§}¥=i is a:base of §£ for p€ M ), we have .

m

(3.1) L gjk[XJ, )€ r(ses)
J K= ; :
where gjk(p) ='g(p)(Yg, Yg}" ({Yi}ﬁ;l;‘is the dual base of
k m N N
Hphier )

Proof of Lemma 2.  Since the validity of (2.1) is =

entirely a local property, we mayfassume that X;,~--,Xg

- 14 -
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‘are linearly independent for any p €M replacing M by some

suitable open subset of M | gk being as above, we shall

define three norms || Wy iy > 1l I, on vch-s-Xcg
by setting TR

w2 o2
hui? - j__?_i gl 20y
I HUR% = _‘7?,1§<:=;1“(gjkuj"uk) 0) _, U= (ul,"'f’;up)
2 < _ '
”UNZ = j ’,Z-"-l ‘(gjkuk’u}') (0)':'
wkeréf C o, }Céi is the.polaf.fqrm»of 1§ , H%O) .

B ”1’ i3 th, are~équivalentkoﬁ C?(K)p' for
éﬁy;ﬁompact.subsetv K @ of -M:; since (gjk(p)}x is: positive
"&efiniﬁéi_fxote»that, for any 7X€ F(?Q(M)); there exists

c€C (M) such that

”(Xu’v} ('Of(u,i(v),.m) ;-; (cix,_«v')(o)k u;,,‘VG‘CZ(M}_ )

-,

Therefore it follows from (3-1) that there exists X,€eT(SBS)

suéhwthat

T (G u, X - (g Tu X))

B2t o7 E
S | o i,k

.(ﬁ,Xou) s

where we have put Xu = (Xlu,-'-,Xpu) , *u = (Kiu,v--;fpu).

This- implies that,~for any compact subset K there

- 15 -
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exists a positive constant = C such that

I ull? <

1% wl el gy 01 Xull + BRI wecqm

‘Since 1] t, 1 Hi, I} |, are equivalent on CE’(K)p R

we obtain
B® < i3 uliPull gy 1 XEull+ 1By weci
for-sohefother C>0.

 Using the inequality |ab| §~5|a‘2 + %{btz for -

sufficiently small & , we obtain

@ | B ul? < é(!‘i‘%ullz‘ llull 42

for another C > 0 . On the other hand, Lemma 1 implies

(2.4) lull¢ey < cdi Xul? « | Bul® +lullfyy  uwecqm.

Combining (2.3) and (2.4) we conclude that there exists a

positive constant C such that
lllfey < cdIZE ul? + Nl e Cym)

Q.E.D.

- 16 -
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Proof of Theorem 1. Let (M,S) be a regular compact
pseudo-complex -structure and let - (E,»§) is an analvtic
vector bundle over  (M,S). First we shall introduce the
Sabolev norms I H(o) on T(E) suitable for our purpose.
Let {Qa} be a finite convering of M such that there exist

sections of & sl

a>""5§, satisfying (ii) in Definition 5

for any p€ Q and let { ?u} is a partition of unity

_ subordinate to {Qd} .- Define

(= N
“U (0) g 321tp¢@ug“%6} wETLEE-

Recall that U is an element of T(J) if and only if
<u§' are-all analytic. Applying (2.2) to ?aui , we obtain
) Ue (4)

) 312 Z ; 31
li%uiﬂ(ﬂ < C( L “(X ® }ué’ *%isp'ugxh

since Kku} -0 by*the (M, S) analyticity of ui

- Therefore there exists a positive constant C such that
HU”(ﬁ] Z f[<p ”(e) < C”UH(O,) UE\’?CE)’ .

. By the generalized Rellich lemma. r&é) is finite-dimensional.

Q.E.D.

- 17 -
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Proof of Theorem 1.6. Choosing the {éamplex~ﬁaiued}
yl-ferms :1,'-'Cr such’ that C;;;'°,Cg épan §; where §l
»is tﬁe bundle of ahnihilafcrs in T*E(M} of § , we introduce )
kSoEblev norms || H(g) on T(TC(M)/g) by setting

s Tudeond, rrton /3
JBH(G)-ajEQ!c'()H(U), s€ (T -(M)/3)

where we have chosen a vector field X such that: o(X) ='s

(pz the canonical projection of’ F(TC) onto F(T£/S}.).H

. - The right hand side is independent of- the choice of such a

X, so || ~”(d}? is well defined.
| Suppose that. op(X)¢€ r(A) and that X;,&»~3xg' where
Xjé r¢Sy (3 = 1,2,+«+,p) span §§ for any p€M . Then

dxky =0

Taking the Lie derivative of this with respect to X ,

we obtain

<Ly (@) X%+ <dd |k x>

o
o

]

<Ly 29y x5

Csince XN XT€TE) by o€ (A

This can be rewritten in the form
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Mee?
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o
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From the compléte integrability of § , it follows
xMagie rsh

This together Wifhk(Z.S) implies that there exists a positive

constant . C such that

1 ced conlZy, < clisit?,

where s = (X} .

- Applying Theorem 2.2 to this we obtain
Wl e 2 2
122 0Ol ey < clisll (g

for some C > 0 , and hence

for another C > 0 . By the generalized‘Rellich lemma,

 F()$}‘ is. finite-~-dimensional. « Q.E.D.
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Appendix
In this appendix we shall prove Lemma 3.  Let { , )
be a (fixed) positive definite hermitian form on an n-dimensional
complex vector space V. . For A€ HomC(V,V) we define

A*EZHomﬁ(V,V} by the following identity:

(Au,v) = (u,A*v) .

A is called a hermitian endomoiphism (with respect to
¢, ) if A= A* . Given a Hermitian form £ -on V ,
there-ekists one .and only one Hermitian endomorphism Af such
that

£(u,v) = (AgQ),v) -

We denote by ‘Fe the. vector space-of Hermitian endomorphisms.
F, can be then identified with F by the mapping £ Ag .

We also introduce an imner product ( , )} of Fe by putting
(A,B) = Sp(A,B) .

Then Lemma 3 is equivalent to the following.

Lemma 3'. For a ;ubspace L of Fe the following
conditions. are equivalent.
(z) L contains no semi-definite element except 0 .
(i) LY contains a (positive) definite element.
Here we have put ULL= {FéB.A s (A,B) = 0 VBE L} .
Proof of: (1) :?(ii). Assume that; LL contains no
defiﬁite element. Notthhgt the set of positive definite

Hermitian endomorphism- P is an open convex comne. Since
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the linear space it does nbt.intereéect with P ,‘thefe exists
a -hyperplane H of Fe containing L* such that H does
not meet P, in view of a Theorem of *Minkowsky [5]. Since
Hl@;L , @ generator A of H'Y is not semi-definite. Let
€15°°°,€) be the unit eigen vectors of A and let Kl,---,kn
-be the corresponding eigenvaldes. We may assume Xy > .-+ > Ap
Then Al >0, Ay < 0 . Therefore there exist positive numbers

{ s e 3 Malla +oe et ) = 1 d i
By U such that Aqlq AnMy o . f we define a

Hermitian endomorphism B by setting

Be. = u.e. >’=1,",~-ﬁ,n s
j 7% UshiZeenn)

then (B,A) = 0 and hence BE€ HTHL‘= H . But the positive
definiteness of B contradicts to HAaP = ¢ , thus (1) > (ii)
“is-proved..

Proof of (ii) = (i) . Let B be a positive.definite
element of L1 and let A be a semi-definite element.of L
Let Ay Zomee ivxn > 0 be the eigenvalues of A and let
S E R be the corresponding eigenlvectors. If we set
(Bej,ej) = uj. {(j=1,2,=++,n), we obtain

Alul +. . g».,.f.,.,xnun =0

But this is impossible unless A = =+= =) = 0 since

uj > 0 by the positive definiteness of B . Thus A =20

and (ii) = (i) 1is proved.



(1]

[ZI'

References

Dines, L. L., On-linear conbinations of quadratic forms,

Bull. Amer. Math. Soc. 49 (1943), 388-393.

"H6rmander, L., Pseudo-differential operators and non-

‘ élIiptic>bdundary problems, Ann. Math. 83.(1966), 129-

“1>53}

[41

‘ES}

209

‘, Hypoellkiptic second-order differential -

_equations, Acta Math. 119 (1967), 147-171. -

Kohn, J. J.,.Boundaries—df complex manifolds, Proc;,
Minnesota Conference on Complex Analysis, Springer-

Verlag, Berlin (1965}, 81-%4.

‘Minkowski, H., Theorie der konvexen Kdrper, insbesondere.

_Begriindung ihres Oberflichenbegriffs, Ges. Abh. 2 (1911),

e

151-229.

~Naruki, I., A note Qn thevéutomorphism»grouprcf'an;

. almost complex structure of type (n,n'), Proc. Japan

Acad. 44 (1968), 234-245.

(7}

[81

'Palaié; R. S., A global formulation of the Lie theory

© of transformation groups, Mem.Amer. Math. Soc. 22 (1957).

Tanaka, N., Graded Lie algebras and gebmetric-étructures,

Proc. U. S.-Japan Seminar in Diff. Geometry (1965}, 147-

150,

o1

» On generalized graded Lie algebras‘and geometrit

"structufes I, J. Math. Scc. Japan 19 (1967), 215-254.

[10]

-, On differential systems, graded Lie algebras

and pseudo-groups. (to appear.)

[yS)



