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【要 旨]

本稿ではランジュバン方程式に ｢遅れ｣の効果入れて拡張した確率微分方程式に対応す

るフォツカープランク方程式を近似的に導出する｡手法としては拡張されたランジュバン方

程式に近似的に対応するランダムウオークを使い､それを近似的に時間と空間について展

開することによってフォツカープランク方程式を得る｡このようなランダムウオークは遷

移確率が一定の遅れを持った過去の位置によって決まるようなランダムウオーク(Delayed

Random.Walk)である.またここで得られたフォツカープランク方程式はちょうど遅れ時

間と同じ時間離れた2点におけるジョイント確率分布の時間発展方程式として限られてい

る｡この式を定常状態において明示的に解き､数億計算の結果とくらべたところノイズの

｢大きさ｣にくらべて十分に小さい ｢ドリフト｣係数では有用な結果を確認した｡
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Abstrac上

AapproximateFokker-PlanckequationwhichcorrespondstoaLangやVinequation
withdelayisderived.Ourderivationtakesanindirectpathusinganexpansionofa
correspondingrandomwalkwithdelayedtransitionprobabilitydependence(delayed
randomwalk).ThederivedFokker-Planckequationisfoundtocontainaderivative
termbythedelayparapeter.Anequilibriumsolutionisalsoobtainedandcompared
withnumericalsimulations.

ThemainthemeofthispaperisderivationofaFokker-Planckequationll]forasimple
Langevinequationwithdelayl2】togainmoreinsightintosystemswithno享seanddelay･Our
strategyofderivationusesindirectderivationviaexpansionofastochasticallyequivalent
randomwalkwithdelayedtransitionprobabilitydependence(delayedrandomwalk)[3,41,
ratherthanadirectderivationfromtheLangevinequation.WefindthatthederivedFokker-
Planckequationcontainsa.derivativewithrespecttothedelayparam eter.Thestationary
solutionoftheequationisalsodeterminedandisshowntohavegoodagreementwith
numericalsimulation.

TbeIJangeVinequationwestartwithis:

孟x(i)ニーβx(tl )･紬 (… (t2))-6(t1-12)･ (1)

Ithasbeenshownthatadelayedrandomwalkmodelwhichhasthefollowlngde丘nition

approximatelycorrespondstotheaboveLangevinequationwithdelay【4】･

P(n,i+1;a,i+1-T)
=9(8-1)P(n-1,i;S,i+1-T;S-1,i-T)
+ 9(S+1)P(n-1,i;S,i+1-T;S+1,l~-T)
+ f(S-1)P(n+1,i;S,i+1-T;S-1,モーT)
+ f(S+1)P(n+1,i;S,i+1-T;S+1,i-T),

I(a)- 芸(1

9(I) - 呈(

(2)

･2d) (才,a), 喜(1+β可 トa≦x≦a), 喜(1- 2d ) (‥ -a),

1-2d) (x,a), 喜(ト β可 (-a≦･ご≦a), 喜 (1･ 2d) (‥ -a)･
(3 )

whereP(ul,tl;u2,t2)isthejointprobabilityforthewalkertobeatulandu2attimetl
andt2,reSpeCtively･I(I)andg(x)aretransitionprobabilitiestotakeastepinthenegative
andpositivedirections,respectively,atpositionI.Physically,thismodelimpliesthatwhen
T-0thetransitionprobabilityforthewalkertomovetowardtheorlglnincreaSeSlinearly
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atarateofP=d/aasthedistanceincreasesfromtheorigintothepositiona,afterwhich
thetransitionprobabilityisheldconstant.Weassumethatwithsu瓜cientlylargea,we

can や oretheprobabilityforthewalkertobeoutsideoftherange(-a,a),Withinthis
approxlmation,itcorrespondstotheLangevinequationwithdelay(1).
WeproceedtowardaaFokkerTPlanckequationbyexpandingtheaboveequationuslng

the"stepoperators"anditsexpansionasdiscussedinl5].Wefirsttransformtheabove
equationas,

P(n,i+1;S,i-Tト P(n,i;S,i-T)-9(S)P(n-1,i;S,.i-T)
+ f(S)P(n+1,i;S,ト T)-(9(S)+I(S))P(n,i;S,i-T) (4)

wherewehavesubtractedP(n,i;S,i-T)frombothsidesandused9(S)十f(S)-1.Inorder
togofromthisdiscretespaceandtimemodeltoacontinuoustimeandspaceexpansion,we
introducethestepoperators,definedbythefollowlngactiononan arbitraryfunctionみ:

fu+h(u)-h(u+1),Cu-h(u)-h(u-1)

heffectISu+andCu-shiftubyone･Theycan beexpandedas

cui -1土 £ 十 芸芸 土 -

(5)

(6)

Usingthesestepoperatorsbothfortimeandspace,Wecanrewritetheaboveequationas
follows:

(打C,+l1)P(n,i;S,i-T)-【(Cn--1)9(S)+(Cn+-1)I(S)】P(n,i;S,i-T) (7)

WiththeexpansionofstepoperatortosecondorderinnandthefirstorderiniandT,We
obtainafbkker-Planckequation.

(芸.芸)p(n,i;S,i-T)-& [(βS)P(n,tis,i- T)]･妄芸 p(n,tis,i-,) (8)

Wenotethatthisequationisforthejointprobabilitybetweentwopointswithtime
specificallyTaPart･AIsolitshouldbenotedthatwearemakingan implicitassumptionto
takeTaSVariablesIwhichisnotcorrectinexactsense･However,itleadstoourapproximate
equationwhichhasthedelayparameterTappearsinaderivativeterminadimensionally
correctway.

LetusinvestigatethestationarysolutionoftheFokker-Planckequation,

;pe(n,S,T)-;ups)Pe(n,S,T)]･ 憲 pe(n,S,T), (9)

withaboundarycondition,

Pe(n,S,T-0)-拷e-pn26(n-S). (10)

ThisboundaryconditionischosentosatisfytherequirementthatwithT-0,thestationary
solutionshouldbeidenticaltothatfortheOrnstein-Uhlenbeckprocess.
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Figure1:Comparisonofthestationa.ryprobabilitydistribution.p-0.008,T-10,S-
(a)0,(a)4,(C)8,(a)12,(e)16.

ThesolutioncanbefounduslngFouriertransforms,whichinvolvesonlygaussianinte-
grationsforthisequation.

Pe(n,S,T)-(拷 e弓β2S2,-pns)(よ e-i碧 )･ (ll)

WenotethatthesecondfactorapproachesthedeltafunctionwithTapproaching0consistent
withtheboundarycondition.

Totestourappr.oximatederivation,wehavecomparedthesolution(ll)WithnurheriCal
simulationwithvar10uST.SamplesarepresentedinFigures1whichshowgoodagreement
withβT≪ 1.
Eventl10ughlnOretI10rOughStudyoftilederivedequatioIISuCIlaSinvestigationorthe
behaviorofitsnon-stationarysolutionareleftforthefuture,Oursystematicderivation
herehasprovidedanothertoolintheformoftheFokker-Planckequa.tiontostudydelayed
stochasticsystemsIparticularlywithrespecttogalnlnganunderstandingoftheirprobability
densityfunction.ItisalsoofinteresttoconsideramoredirectderivatiQnfromtheLangevin
equation(1)giventhisindirectpath,andthisrequiresfurtherinvestigation.
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