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Spectral theory and eigenfunction expansions for uniformly
propagative systems
By Kenji YAJIMA Department o6f Mathematics
University of Tokyo
1. Introduction.
In a recent year C.H.Wilcox showed that linear partial
differential systems describing the wave propagation phenomona

of classical physics in inhomogeneous anisotropic media filling

the whole space can be written in the form

-, W
(1.1) —'g%:‘-= Mo %Aa d; -t -@(m}t\ ,

1 n
where teR, xR, u(x,t) is ¢"-valued function, M(x) is an
s . . . . . n
mx m positive definite hermitian matrix depending on x €R
and Aj’s are mxX m constant hermitian matrices.

In this lecture we shall study some spectral properties,

especially eigenfunction expansions , for the operator

- -13 I
(1.2) L M(x) %Aij (D, =3 0%, )

in a suitable Hilbert space and scattering theory between
system (1.2) and system
n
1.3) L. = A D_ .
( 0,;131
2. Preliminaries.
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Our assumptions imposed on the operators are as follows:
(A.1) L0 is uniformly propagative system in the sense of Wilcox,
i.e, the roots of the characteristic equation p(l,i)
n
det (AI - ZAjgj) = 0 have constant multiplicities
o

and never vanish unless vanish identically;

(A.2) There exist constants "le, C~»2<>O and : §>1 such that

(2.1) 'clistQ = (§, Mg)= ¢'(g® " for'all x and €€ Rr",
. . _ o, -8
(2.2) sup | m,.(x) - Sf}"fé 'CZ( 1+ 1x1° )% for all "x ¢R",
1€i,jgm I :

where mg (x) is the (i,j)-component of M(x).

By assumption (A.1) the roots % ({) of p(),§) = 0 can be
enumerated as AL (1)< < AEY<C N LE) < RLE) <+ ()rl(g),'where N lE)= 0
if it exists and will be omitted otherwise. Let us take S&E)?ﬁo, so
small that (%) = {§€ ¢t . IS-‘)\;LE)l:“‘Eg&){ does not enclose any
root of p(k,§) = 0 except 9,(f) and put
(2.3 R®)=-7= 8 (Tag-sIINAg .

FATRY
I NE

N .
Let P, be the operator determined by the multiplication by Pi(g')

1
and put Pi = ff-fa‘ff*. We put Si = {%e R ')\QLE)':Q{(j'Y\.ﬁf.

Let ds, be the surface element of Sg and do‘g = dSQ‘/r\T‘)Q| .

]

We need some auxiliary spaces. For O‘GtRl and selRl - we put

(2)
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By o = {Fed®e™): "‘His - g \@"-1((l+l§i2)%(°3“u)(§))r(\+vn\’-)sdxoob
> 0,0 Rh

By o= {$ed@®nem: M\FH;—_ Skniﬁ“ccmg\ﬂ)%(%u)as>(_’;1(\+wmsdx<oot,

where we put (u(x),v(x)), = (u(x),M(x)v(x));

Hy = Hp,0o > Hy = Hp o -
. s _ s ; -
By assumption (A.2) Ho’cr Hl,c as a set. We define the didenti
fication operator J: g° — HS by the equation Ju(x) = u(x).
1,0 0,0
We can define the selfadjoint realization L0 naturally-
*

since it has constant coefficiets. We put L = J L.J. L is

0

obviously a selfadjoint operator in Hl'

3. Theorems.

Our results are summarized 1in the following theorems.

Theorem 1. ( Limiting absorption principle for L0 )

Let assumption (A.l) be satisfied. Let I0 = Rl\{OS and let
~ﬂﬁE=&§ecl: Im§ZO} . Let & be any positive constant. Then

the following statements hold:

(1) The resolvent R0(§) (Im§  0) of L. can be extended to

0
TTi ul, as a B(Ho’uﬁ. 5 HO’__Eg)—valued locally Holder
2 -2

continuos function.Moreover 'RO(Q)(I—PO) can be extended to the
same regions as a B(H0 1¥e Hé __ytg )-valued locally Holder
32v b .2’

continuous function. We denote their boundary values on I0

(3)
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]
as Ro(a_-_t i0) and Ro(li i0), respectively.
(2) For any ueHO,(l+E—:)/2 and Q€ IO’ (LO—’L)RO(?tlo)u = u,
Theorem 2, (limiting absorption principle for L ) Let

assumptiong (A.1) and (A.2) be satisfied. Let I, = (Rl\(o’p(L)U{OX ),

1
where Wp(L) is the point spectrum of L. Then the following
statements hold:
(1) The resolvent R(§) of L {Im§ %¥ 0) can be extended to

= - .
T+ O, as a B(H; &, » H _g/,)-valued locally Hélder
continuous function.-
(2) For any u eHl,S/Z and ’U—_-Il » (L=-DR(Axi0)u = u.

Theorem 3. (Discreteness of the point spectrum) Let assumptions

(A.1) and (A.2) be satisfied. Then Gb(L)\ {0f is discrete

and only possible accumulation poeint is the origin.

e
Lemma 4. For each § = 0, let (f&k)(wz), k=1,2,3,...
0o 2 1
be a C -class complete orthonormal system of L (SI’C ,dc'ﬂ)

and let h,(x,A,k) be the matrix depending on x¢€ Rr" , AER

[} signg

and ke N ( = the set of all integers ) defined by

. ~2 : 2 g
(3.1)  hyGx,p.k) = (27) 73 f & NLX gy By (e0e) do (wr)
S

Then hi(x,ﬂ,k) is a bounded function of 4all variables. Further-

(4)
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more for each fixed QeR ke N and for any €50 each

sign §°

column h;l)(x,ﬁ,k) of hg(x,%,k) satisfies the following relations:

(3.2) For any n-tuple of nonnegative integers (o, da, ---, oy, ),

A, W, oy (1) - .
Dli 132!,...Dn hﬂ (X,‘}\,k)ﬁ- HO,-(1+E)/2’
(3.3) (L, - AL )hﬁi)(x,%,k) = 0.

Theorem 5. ( Eigenfunction expansion for the operator L0 )

Let hl(x,),k) (g*¥0) be the function defined in Lemma 4.

g : .
Then for any f GHO and K> O , S h, (x,2,k) £(x)dx belongs

[
‘ ) m n- tric K
to LO(Ry;on oo £ED AR ana
(ijj(a,k) - 1.i.m. S hj(x,‘),k)*f(x)dx
K= Juick

exists. Let

s
T: B, — TS&L® Ge™, DT

0 %o sign §°
be the operator defimned by
Tf = %o@ Tif s £€H,.
The operator T ! 2. @B(&;WL,f(C"'))\MMSA)\) > Ho can be dofined \oti
¢*0
_ A K. A A
TS ®E )(x) = ), l.i.m. g ;H.(x,')\,k)f LAY da
fec & 2co K500 R = ] |

sign {allX<k}
Furthermore the following statements hold:

(1) T is a partially isometric operator from HO into

Z@ BUES; . 9}(@1) l}‘\h:l:\A))and T' is its adjoint operator;
L%0 My ’

(5)
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(2) (Expansion formula) (I-Po)f = T'T f for all f€H0§

(3) (Diagonal representation formula) f&D(LO) if and only if
<
9‘(‘-“9{')()‘,&) el}(‘kgqu_, ,Q.Q'Cf“)/'\ﬁl% OLZ) for all ¢t # 0 . If

feD(LO) , (T Lof)('),k) =A(T £) (N, k)

[ |

*-1

. %
Lemma 6. Put G(Axi0) = J + AT 1

- J )R(AEi0) €

B( Hl, 52 ° HO,-\-5/2)' Let ‘o(‘;(x,‘)\,k) ‘(4 # 0) be an mxXm-matrix

depending on x € ", A€L; and k& N defined by
‘ _ *
(3.4) x’i(x,m,k) = G(A£10) hy (x;0310),

%
where G(9xi0) is applied to h,(x,2\,k) by matrix multiplication

|

rule. Then the following statements hold:

. +
(1) Each column o(in(l)(x,')‘,k) of o(&(x,?\,k) is an Hl,—5/2_

valued locally Holder continuous function of A€ 11 for each fixed
k € N;

(2) o(i(x,‘}\,k) can be decomposed into three parts as’

]

(3.5) O(i(xs%:k) = J_?th(x,?\>k) + ti(x,)’k) + W:;(Xslsk)

where hl(x,‘)\,k) is the matrix defined by (3.1) , t;:(x,)‘,k)

is an Hl’_(l_';&)lz—valued continuous function of \¢ 11 for

each fixed k¢ N and any €3 0, and is given by

< _ ~{ ~ 4 N LﬁQ(E)?((l_M((a))dﬂft(g;l,‘k))(g)]llﬁ(g):')\ i.
(3.6) Tlx,x%k)= rJ g%(=g:£ {Qﬁ% M) - (N EAY)

using o(:;(x,‘)\,k) ,and wf;(x,)\,k) is an Hl (8_2)/2—valued continuous
b

(6)
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function of ‘XeI,‘ for each fixed 'k ¢N;

(3) LMo*

1(x,’)\,k) = ')ta(:;(x,%,k) , where L(D) is applied

by matrix multiplication rule and the differentiation is in the
sense of distributions.

Remark. In the decomposition (3.5) of the function o(;'(x,‘)\,k)

_1h

T By

(x,%,k) , t::;(x,‘}\,k) and w:;(xj'x,k) are considered to describe
the state of the incident wave, outgoing (imcoming) spherical
wave, and the wave damping rapidly at infinity, respectively,

in the description .of the stationary scattering process. Further-

more ti(x,‘l,k)’s are the quatities which are connected with

¢

the scattering amplitudes. (See furmulas (3.6) and (3.8).)

Theorem 7. Let o‘lli(L) = {2¢ rL: \l~p|<K—1 for some (,Leof)(L)}

and let Tok = Roign (O [i\M>K}U\lM<K-1}U G'I;(L)]. Let

o(.i(x,‘},k) be the matrix-valued function defined in Lemma 6 .

4

x *
P (x,2,k) M(x)f(x)dx belongs

_ Y<K
2 dXx) and

Then for any féH1 and K20, &0('

n-l

——

to L2 22¢6™, N

sign ¢°

X

(zX£) (o0, k) = 1.i.m.5 o(:;(x,‘),k)*M(x)f(x)dx

' K=o
lu<k

A 2 2 m X
exists. For any ::fg(‘A,k)e L°(R €)1} da) and K> 0,

sign ¢’
TS A =
1, k=1 £3(g(x,')~,k)fj o KNP da belongs to i, and

J»

(7)



( 1 fl)(X) = léf;ﬂ; Ij,k %;i g(x,)Jk)fi(x,k)l i

exists, where l.i.m. stands for the convergence in H1 and the

integration is Bochner integral. Let

b

* 2™y, AT dn)

2
z-: H —> aZQO@ L ('Rsign e

and
N
b= 2 2, m, .02
2t 0 D @ LRy, o CEN MEAR) — oy
be the operators defined by

7ot = Z@zﬂ”'f,' £ CHy

{%0
and

LEPA N A N LI A
2 (F_seeeenf_bEseenf) = 20 7 ¢

j s
I
-p

respectively. Then the following statements hold:

(1) Let Pac be the projection operator in Hlonto the absolut

continuous subspace with respect to L. Then Zt is a partiall

w-

isometric operator from H. into jZ;GDL2(R Q?(Cm),‘lﬁr

1 q¥0 sign {

L
with initial set Pa H, and Z'i is its adjoint operator;

c 1

(2) (Expansion formuras for L ) For any f£f¢& Hl

p £ =2z g
ac
K
= Z l.i.m. [ kz_io(i(x,%,k) X
150 K—>e0 . =11
J,k
*
{ 1.i.m.5 a(o(y,),k) M(y)f(y)dy ?] l
K-> 00 JIy|<K'

(8)
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(3) (Diagonal representatiomns) For feHl, P cf&D(L) if

a

hH
and only if A Z::f(‘)\, )€ LZ(R Lz(Cm) ,\:\lz’ 0() for each

sign ¢’
§%¥0. Furthermore for £ €H1 with PacféD(L)

T

(Z!

L (LK) = N (ZgD) (LK), A€ L.
Theorem 8. ( Orthogonality of eigenfunctions ) The range

R(zY) of z%

is equal tor_the range R(T) of T, where T 1is
the operator defined in Theorem 5.

Next we shall give the theorems concerning the applivcations
of the previous theorems.

Theorem 9. (Existence of the wave operator and its completeness)

Let assumptions (A.1l) and (A.2) be satisfied. Them the wave

operators
. ith , -itL,
WI(L,L sJd ) = s~1im e J e (I—PO) s
O ""b—)rbo
itL ~-itL
W, (L.,L,J ) = s~1lim e J e P
0 +>toa ac

exist and therefore they are complete.
Theorem 10. Let assumptions (A.1l) and (A.2) be satified.
Let ACIO ( or AcIl ) , then

* _ kx .
We(L,Ly»J )E Q) = Z77TE @) »ACT, and

* 4
Wt(LO,L,J YE(Q) = T Z"EQ) » ACT .

(9
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Scattering operator S 1is custumarily defined by the formula
L,L J* * (L,L J*
(3'7) S - W+( H 0! ) W_ ’ 0: )
~ *
Put S = TST . Then S is a unitary operator (I-—PO)H0 -— PacHl
P
and S dis a unitary operator M —> M, where M = R(T) = R(Z:t).

Theorem 1l. ( Representation formula for the scattering

operator ) For {§%0, let F1 mg’)\’k’k') be the matrix depending
b

on ?‘eRsign n_r\ I‘, k&N , k€N, and M(signm = sign (,

m = —l,L,-‘.L+l,.'..,—1,l,..., B ) defined by

(3.8) Fl’m(l,k,k )

=i
‘ o +
= J qu:h’(wm)fg(‘*’m)[@é”z' i(M(ﬁUH&Q(‘I)%&)]\M(& )=f‘7~n(“)*") .
Sm
Then for any fixed 9 and k , each column of Fj m(’)\,k,k')

2 m . 1 > '
belongs to ( (€) with respect to k'€ N and for any £(k ) E

2 m ; .
Q“(€") and any fixed A€ Roien ﬁnll’
P

>0 F,  LkkDP®) € 2™
k'=1 ﬂsm

with respect to k. Let

IOW 2. @ 2™ —> 2O 92¢M

sign {= sign]A sign = signA

be the operator defined by

AN S, 8 1)

sign {=sign?

[
=@ 3, 5 B (kD ).

sign f=sign)\ signwil=signp

(10)
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Then Q(%) is a compact operator on § ; @ Qz(Cm) and

sign g§=sign)\

N
the scattering operatmrs can be written in terms of the operator

t(A) as follows: For any f &M = R(T) = R(Zt)
N LA 1
(SE)Y(A k) = £(A,k) = 2Ti[t(A)E£(R) ] (k) a.e. QAeR .
Remark 1. Fﬁ m(a,k,k') is the k'-th Fourier coefficient

of the numerator in (3.6) with respect to the complete ortho-

\
normal basis @(k )(a¥3 ~as a element of Lz(gﬁg.

,m' B

Remark 2. The operator _
I - 2t 2.8 - 9.2(cm) — 2. a Q 2e™
sign = signf sign § = signA

is a strongly continuos unitary operator valued function of

Aertar

4 (or R N Ii)'

Remark 3. If M(x) - 1 decreases sufficiently rapidly
at infinity we can prove that the operator %(%) is Hilber;—
Schmit type.

4.Concluding remark.

Our method for proving limiting absoption principles is.

the method of Agmon and the method for proving the expansion

formulas are the method of Kato-Kuroda. In using these methods

o
the following lemma proves toLﬁgjggg;ntial, nele :

(11)
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Lemma 12, Let K be an arbitrary Hilbert space and
let HS(Ri,K) be K-valued Sobolev space of order s in the usual

sense. Let uE—HS(Rl,K) with s> 1/2. For'veRl put

A)-u (M) * . u ()

u. (A,0) u( ¢ and u, A, = lim > -

We fix ® and regard uy and u, as K-valued distributions of
the variable % . Then ule Hs_l(Rl,K) and uze H—(1+E)/2(R1,K)

for any £> 0, and there exist constants Cland C2 such that

fu, Gyl < C |l ul >
10k gs-1 1 S

h 3
i uz("lk) ] H_(l+e)/2 = CZ flul Hs.

- -(1+¢
ul("V) (or u?(o,w) ) are "° 1({Rl,K)-valued (or H 1+ )/2—
valued ) continuous function of fk.

Furthermore the following equation holds in Hm(l+ )/2:
. u(\) u(A)-u () u ()

l . = v + 1i v .

ni% A-C(px i) L %31 A-(px in )

For the proof of the theorems and lemmas we refer the

readers to the papers [1l] and [2].
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