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Preface

The writer worked on ruled surfaces in 1968~469 and these notes
contain the contents of his master thesis and also results obtained

through his seminar talks in 1969.

M. Maruyama

January 23, 1970
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Introduction
Let X be an algebraic curve and consider an exact sequence of

algebraic groups over X.
(1) — Gm —> GL(2) —> PGL(1) —> (D).
This sequence gives an exact sequence of cohomologies
B'(x, 6) — B'(X, L)) — nl(x, PoL(1)) — HA(X, ¢ )

ve H'(X, G ) = 0 because dim X = 1, This shows that the

e . 1 *) , . s
classification of P -bundles over X 1is achieved by classifying vector
bundles of rank 2 over X modulo temsor products of line bundles. 1In
Chapter I, we shall study the classification problem of Pl—bundles over X
from this view point. Previously, Atiyah [1l] studied this problem and his
method naturally corresponds to our method in Chapter I ; We shall reproduce
in Chapter II the part of the paper [1] which relates to the classification

1
of P -bundles.

On the other hand, Pl-bundles over X are naturally regarded as
geometric ruled surfaces, and the converse is true (Chapter 0). Nagata [10]
gave a complete classification of rational ruled surfaces by a method of

elementary transformation, and we studied in [9] a partial classification

*) In general, we denote by P’ the projective space of dim r.



of geometric ruled surfaces by this method. The contents of [9] and farther
consequences will be stated in Chapter III. We shall compare three methods
and study special cases in Chapter IV. We can classify a ''good half" of
Pl—bundles over a complete non-singular curve of arbitrary genus. But
another half is very difficult and we can classify it in some special cases.
We shall fix an algebraically closed field k of arbitrary characteristic
and consider objects only over k. Let X be a complete non-singular
curve of genus g. E, E',... etc. denote always vector bundles of rank 2
over X. I (or, Iz) is the trivial bundle of rank 1 (or, 2, resp.). A
subbundle of E always means a sub-linebundle. E denotes the sheaf of
germs of regular sections of E. k* denotes the multiplicative group of

non-zero elements of k.



Chapter 0. Some preliminarv results.

We shall prove, here, some comparison theorems. In the first place,

Theorem 0.1. Let V be a complete variety defined over k. Then,
there exists a morphism m: V —> X such that W—l(x) = Pr for all
x X if and only if V 1is a P'-bundle over X (in Zariski topology).

Proof. The "if" part is obvious. In order to prove the only if part,
we first show that a P'-bundle in étale finite topology is a P'-bundle in
Zariski topology. We consider the following exact sequence of algebraic

groups over X :
(1) — ¢ —> CL(x+l) —> PCL(x) — (1).

Therefore we have an exact sequence of étale finite cohomologies

1

H GL(r+1)) — H(X. ., PGL(r)) — H2(X

(Xétf’ étf’ G ?

Etf’ m

here HZ(X Gm) = 0 because k 1is algebraically closed and dim X = 1

étf’
(see [7]). Thus we know that a P'~bundle P 1in the &tale finite topology

over X 1is the quotient of a vector bundle Er+l of rank r + 1 in the

étale finite topology over X by the relation that two points on a line going
1 - R r+l .

through the origine of a fibre of E is equivalent. On the other hand,

r+l

E is locally trivial in the Zariski topology (see [5]). Therefore, P

is Pr~bundle in the Zariski topology. Now we go back to the proof of the



only if part. By our assumption, m is indeed a proper flat morphism
(see Lemma 1.3 of [8]). Therefore V 1is a P -bundle in the étale finite
topology over X (see Theorem 8.2 of [6]). Q.E.D.

A complete surface S 1is called a ruled surface over X if and only if

. . -1 1

there is a morphism w1 : S —> X such that 7 (x) =P for all x & X.
This definition is the same as Nagata's one in [10]. If furthermore X is
irrational, then a surface S' which is birational to S is ruled if and
only if it is a relatively minimal model.

Now, we obtain directly from the above theorem

Corollary 0.2. A surface S 1is a ruled surface over X if and only
. . 1
if S dis a P -bundle over X.

The following theorem shows a relation between the classification of
isomorphism classes of Pl—bundles and that of biregular classes of ruled
surfaces.

Theorem 0.3. The total spaces of Pl—bundles P, P' over X with
positive genus are biregularly equivalent if and only if there is an

. *)
automorphism ¢ of X such that P 1is isomorphic to  ¢*(P") as
Pl—bundle.

Proof. We identify the total space of Pl—bundle P (or, P') with

P (or, P', resp.) itself. Let ¢ be a biregular map of P to P'. Then

*) ¢*(P) is the bundle such that the fibre over x € X is that of P

over ¢ (x).



Y transforms a fibre to a fibre because a rational curve passing through
a point of P' is unique by virtue of the assumption that the genus of X
is positive. Hence 1 induces a automorphism ¢ of X such that
$pom=7m's ¥, where w and ' are projections of P, P' respectively.
Thus we have an isomorphism ¢' : P —> ¢*(P') such that the fibre of
P over x 1is transformed to the fibre of P' over x for all x ¢ X.
Since automorphisms of P are linear transformations, P 1is isomorphic to
¢*(P') as Pl—bundle, Thus we get the 'only if" part. The "if" part is
obvious. Q.E.D.

The automorphism group of X dis a finite group if the genus of X 1is
not less than 2. Hence the classification of biregular classes of ruled

. . . . i

surfaces is almost equivalent to that of isomorphism classes of P -bundles

in that case. But there is a big difference between two classifications if

the genus of X 1is equal to 1. (see Chapter IV § 2 Th.4.7 and Th.4.10)



Chapter 1I. Vector bundles and Pl—bundles.
In this chapter L, M, N,... etc. denote line bundles over X and L
does the sheaf of germs of regular sections of L. L(D) denotes the line

bundle defined by a divisor D.

§ 1. Some preliminary lemmas

In this section we shall prove some results which will be used later.

We start with the following lemma.
Lemma 1.1. Degrees of subbundles of E are bounded above.

Proof. There exist line bundles Ll’ L2 such that there is an exact

sequence as follows (see [2])

Let L be an arbitrary subbundle of E. If LCL then we have T =1

1’ 1’

because rank L = rank L1 = 1. Hence deg L = deg Ll in this case.

Assume that L.¢;L1. It follows that T(X,4LTI’C5L2) = T(X, Hom(L, LZ))

# 0. Hence, deg (L—l() Lz) = deg L2 - deg L > 0, i.e. deg L2 > deg L in
this case. Consequently, deg L < max(deg Ll’ deg L2). 0.E.D.
Definition 1.1. A subbundle L of E is called a maximal subbundle

of E if and only if deg L is maximal. M(E) denotes the maximal degree.

We know that E has at least one subbundle (see [2}). Hence there



always exists a maximal subbundle by Lemma 1.1. The following lemma and
Corollary 1.6 show that a maximal subbundle of E is uniquely determined
under some conditioms.

Lemma 1.2. If deg E - 2 M(E) < 0, then there is only one maximal

subbundle of E,

Proof. Let L., L, be maximal subbundles of E. We have exact sequences

1° 72
1 Py
0 — L, — E — L', —> 0
i) Py
0 — L, —= E = L — 0.

Now, suppose L2 qtlj) then we obtain Py c i2 # 0. Hence, as in the proof

of Lemma 1.1 we see that deg L2 < deg Li. This cannot occur in our case

because deg L! = deg E -~ deg L

1 deg E -~ M(E) < M(E) = deg L

We obtain,

1 2°

therefore, L, C L and they have the same rank, which implies L, = L

2 1

Lemma 1.3. If L1 and L2 are distinct subbundles of E, then

HO(X, (det E) ® ‘I‘l ®L.”) 1is not zero.

Proof. Consider a diagram which consists of two exact sequences

h
0 — L, — E —*(detE)@LllﬂO
Tg

Ly

b



1

Then goh is not zero in HO(X, Hom (L, , (det E) ®LI )) = HO(X,

(det B ® L] OLD. q.E.D.
The following lemma is important.

Lemma 1.4. 1f Ll and L2 are distinct subbundles of E such that

deg E = deg L., + deg L,, then we have that E ¥ L1 135) LZ'

1 2°

Proof. Consider the sequences as in the proof of Lemma 1.2 for the

present Ll and L2. We have (det E) ® Lzl ® L;l ¥ I by Lemma 1.3 and

our assumption. Fence we get an isomorphism h : (det E) ®L11 — L2.

Now, the homomorphism h °py- i, # 0 is an element of T (X, Hom(Lz, L)) =

2 2

k. Thus there is an element o in %k - {0} such that h °Pye 12 is the

multiplication by o. Since (Ol.-la h -,pl) ui2 = id, the sequence 0 —

L2 —> E - Lé —> 0 splits. Accordingly, we obtain that E is

isomorphic to TL; D L. Q.E.D.
Maximal subbundles of E cannot be isomorphic each other except for
some special cases. 1In fact, we have

Lemma 1.5. If Ll and L2 are distinct maximal subbundles of E

> =
and L1 = L2, then E = Ll EBLl.

1 1

Proof. Let E' = E @LI . - Then the trivial bundles L1® Li and
-1 ) . .0
L2 ® L1 are maximal subbundles of E'. Thus we have dim H (X, E') > 2.

On the other hand, the global sections which are not the zero-section have

no zero-points. For, if a section ¢ & HO(X, E') have zero-points, [¢]



is a subbundle of E' with positive degree (see [2] p.419). Since E' is
of rank 2, one can see that E' is isomorphic to the trivial bundle. Hence
we get E= L1®Ll. Q.E.D.
Corollary 1.6. (i) If deg E - 2 M(E) =0 and if E is inde-
composable, then a maximal subbundle of E is unique.
(ii) If deg E - 2 M(E) = 0, E is decomposable and if EFL@L
for any subbundle L of E, then there are only two maximal subbundles of E,
Proof. Let Ll’ L2 be distinct maximal subbundles. Then, since
deg E - deg L1 - deg L2 = 0, we have E = L1€E)L2 by Lemma 1.4, which proves
(i). As for (ii), the hypotheses imply not only that E = M1®M2 (Ml ';Mz)
but also that M1 and M2 are maximal subbundles of E. Let L be a maximal

subbundle of E. Then the exact sequence

and a similar argument as in the proof of Lemma 1.2 show that L = M1 or

st

L=M If L ;'Mz, we see that L =M, by Lemma 1.5. Q.E.D.

2° 2

Remark 1.7. It is clear that it holds that if E = L@ L, then E
has infinitely many maximal subbundles. But all maximal subbundles are
isomorphic to L din the case.

The integer deg E - 2 M(E) 1is bounded above when E ranges over all

vector bundles of rank 2 over X. 1In fact, we have



*)

Lemma 1.8.

-

2¢ -1 if g

v
=

deg E - 2 M(E) < for all E.

Proof. Let L be a maximal subbundle of ¥ and set E' = EQ® Lul.

Then we obtain an exact sequence

0O — I ~— E' — L' — 0

and deg E' = deg L' = deg E - 2 M(E). Now, suppose that deg E - 2 M(E) > 2g.

then the Riemann-Roch theorem over X implies that dim HO(X, EY) deg E'

v

+2(1-¢g)>2 (see [2] or [4]). Howewver, I is maximal subbundle of E',
because L dis such one of E. Thus one can see that E' is the trivigl

bundle by the same argument as in the proof of Lemma 1.5. Hence, deg E -
2 M(E) = deg E' = 0, which is a contradiction if g > 0. In case where

g = 0, by the same argument we see that deg E - 2 M(E) > 0 implies that

E' is trivial and dim HO(X,_Ef) > 3, which is impossible. Q.E.D.
§ 2. Invariants and classification

From now on, a vector bundle (of rank 1 or 2) is identified with

*) The lowest upper bound of deg E - 2 M(E) is g. This will be proved

in Chapter IIT, § 1.

10



another bundle if they are isomorphic to each other. Let €x be the set

of the isomorphism classes of vector bundles of rank 2 over X. We introduce

the following relation in Egre

Definition 1.2. El’ E2 € ey are called equivalent if and only if

there exists a line bundle L such that El = EZ(D L. Then we denote this

relation by E1 v EZ’

It is obvious that the relation ~ is an equivalence relation. Let

®

% be the quotient set SX/% . ¥ can be identified with the set of

X

isomorphism classes of Pl—bundles over X (see Introduction). The class
of E in ﬁ& is denoted by P(E) and P(E) is regarded as a Pl—bundle
too.

Now, put N(E) = deg E - 2 M(E) and R(E) = {det E)QQ'L—Z}, where L

2 =2

ranges over all maximal subbundles of E and if LI L, seens 12

r

Ire
te
e

for r maximal subbundles Ll’ L2,..,, Lr’ det EQ L;Z is counted r
times. The degrees of elements of oQ(E) are N(E). N(E) and O(E)
satisfy the following proposition.

Proposition 1.9.

(i) N(E) 4is an integer and is not greater than g.

(ii) Both N(E) and oy (E) depend only on P(E)

(1ii) A(E) contains only one element if one of the following conditions

is satisfied.

11



(a) N(E) < O
(b) N(E) =0 and E is indecomposable.

(iv) A (E) contains only two elements and they are dual each other
if N(E) = 0, E is decomposable and P(E) # P(Iz).

Proof. It is obvious that N(E) is an integer. The fact that N(E)
is not greater than g will be proved in Chapter ITII, § 1. (ii) is clear
if one notes that M 1is a maximal subbundle of E if and only if M® L
is a maximal subbundle of E Q@ L. As for (iii), (a) is an immediate
consequence of Lemma 1.2 and (b) follows from Corollary 1.6, (i). (iv) follows
from Corollary 1.6, (ii). Q.E.D.

The following notion is now adequate.

Definition 1.3. A vector bundle E of rank 2 is called of canonical
type if and only if 1 is a maximal subbundle of E.

It is clear that P(E) contains at least one vector bundle of
canonical type. Thus, if P(E) has only one vector bundle of canonical
type, the classification of IQX is reduced to that of vector bundles of
canonical type. 1In fact, under a certain condition P(E) determines
uniquely a vector bundle of canonical type. But the determination is not
always true (see Chapter IV § 2).

Lemma 1.10.

(i) Under one of the conditions of Provnosition 1.9, (iii), P(E)

12



contains only one vector bundle of canonical type.

(313 = = = T

{(ii) If E IH_GBLZ’ N(E) 0, (hence deg L1 deg L2) and Ly gy LZ’
then the vector bundles of canonical type in P(E) are I &)(Lz(g LIl)

-1
and (L, @ L, ) DI.
1 2

Proof. All our assertions follow from the facts which were used in
the proof of Proposition 1.9.

Put Cg = {(D, &) [ D = divisor class on X with deg D < 0, ¢ ¢
P(Hl(X, L(-D))) U {0}}, where P(Hl(X, L(-D))) is the projective space

Hl(X, L(-D)) - {0}/k*. Let C_ be the quotient set of Cg by the relation

X
such that (D, £) and (D', £') are equivalent if and only if (i) D = D'
and £=¢', or (i) D' = ~-D and g =¢g' = 0. Then we get the following

theorem.

Theorem 1.11. 6); = {P(E) | P(E) e:.@)X and N(P(E)) < 0} bijectively

corresponds to CX.

Proof. Let P(E) be an element of [ ; and E' be a vector bundle
of canonical type in P(E). Then E' an extension of det E' by I and

det E'e D (P(E))

0 — I — E' — det E' — 0.

To give an isomorphism class of non-trivial extensions is equivalent to

give an element of P(Hl(X, (det E')_l)) because the injection i is

13



uniquely determined up to multiplication of elements of k* by Lemma 1.5
(see [3]). Therefore, extension classes of det E' by I and P(Hl(X,
SEE_E:)_I)) U {0} are bijective, the trivial extension corresponding to
{0}. Thus by Proposition 1.9 and Lemma 1.10 P(E) determines an element
of CX since an isomorphism class of line bundles defines a divisor class.

Conversely, an element (D, &) of Cg gives an extension class.
0 — I — E({D, £ — L(D) — 0.

Since deg L(D) < 0, I is a maximal subbundle of E(D, £) (see the proof

of Lemma 1.1) and so E(D, £) is of canonical type. P(E(D, £)) is,
therefore, an element of 19;: and if (D, £) and (@', £') are mapped to
the same element of CX by the canonical map, then P(E(D, £)) = P(E(D', £"))

It

[

s easy to see that two maps defined as above are reciprocal to each other.
0.E.D.

When P(E) G:EP ; corresponds to the ciass of (D, &) in CX by the

above correspondence, L(D) is an element of & (P(E)). On the other hand,

A @P(E)) has one or two elements. Hence we shall use X (P(E)) instead

of D or L(D), and identify the class of (D, &) in CX with (Q(P(E)),
g(P(E))).

Corollary 1.12, The moduli space of Pl—bundles over X of genus

g > 1 which are decomposable, that is, Pl—bundle P(E) such that E is

14



decomposable, is union of J {n ranges over all negative integers) and
S;, where Jn is biregularly isomorphic to the Jacobian variety of X
and 35 is the quotient space of the Jacobian variety by the relation

A = A,

Proof. Decomposable Pl—bundles are contained in {9 ; because a
direct summand of a decomposable bundle whose degree is not less than that
of another summand is a maximal subbundle of the bundle (see the proof of
Lemma 1.1). Moreover, a Pl—bundle P(E) 1is decomposable if and only if
the corresponding element in CX is (HPE), 0). {(JS(P(E)), 0) '
N(P(E)) =n < 0 | and {(D (P(E)), 0) | N(P(E)) = 0 } are in bijective

~
correspondence with Jn and J0 respectively. Q.E.D.

Remark 1.13. If N(P(E)) < 2 - 2g, then Hl(X; gS(P(E))~1) = 0, that
is to say, P(E) 1is decomposable. Therefore, by the above corollary it is
important to classify P(E) of .Q)X such that 2 - 2g < N(P(E)) < 8.

But it is very difficult to classify §>; = {P(E) [ N(P(E)) > 0} (see
Chapter III, 1 and Chapter IV, § 2).

Remark 1.14, det E, the maximal subbundle of E and £(P(E))

classify the vector bundles of rank 2 such that N(E) < 0.
§ 3, Geometric meaning of invariants.

In the preceding section, we have defined the invariants N(P(E)) and

15



(P(E)). We shall study, here, the geometric meaning of them. We shall
begin with
Lemma 1.14. To give a section of P(E) is equivalent to give a
subbundle of E.
Proof. Let {Ui} be a system of sufficiently fine coordinate

neighbourhood of E and let L be a subbundle of E. If the transition

a,., b,
matrices of L are (aii)’ then those of E are of the form [ iy ij J

X,
in the suitable coordinates. When the coordinates of E are [ + ] ,

those of P(E) are Zi = Xi/yi in a natural correspondence and the
coordinate transformations are =z, = (a,./c, )z, + (b,./c..). Then, the
1 iy 131 3] i3l 1]

subbundie 1 corresponds to the infinite section {(i.e. the section defined

o
<
N
It

0) of P(E) in the above coordinates because 1L 1is defined by
v, =0 in E., This defines a map ~f of the set of subbundles to that

of sections. A subbundle different from 1L cannot correspond the infinite

section with respect to the above coordinates. Thus the map ¥  is injective.

Conversely, let s be a section of P(E). If one takes s as the infinite

section, the coordinate transformations are z, = dij-zj + fij' The
a!. b!
g . ij ij .
transition matrices of E are with respect to the
0 cl.
1]
corresponding coordinates of E, where a!./c!, =d,, and bl /c!, = f . .
' ij" 7ij ij ij' i ij

16



Then the subset of E such that v = 0 1is the subbundle L' of E
defined by the transition matrices (aij). Now, L' corresponds to s by
% , that is, ¥ is surjective. Q.E.D.

N(P(E)) has the following meaning.

Lemma 1.15. N(P(E)) 1is the minimum of self-intersection numbers of
sections of P(E).

Proof. Let s be a section of P(E) and LS be the corresponding

subbundle of E. Then we obtain an exact sequence
6 — L — E — L — 0.

We can take a coordinate of E such that the transition matrices are of

i ij
the form J I, (aij)

and (bij) defining LS and L respectively.

Then, we may assume that P(E) has the coordinates such that the coordinate
transformations are =z, = (a,./b, )z, + (c,./b,.) and s is the infinite
i i3 13 1 R |

section. When =x 1s a local coordinate of X, the local coordinates of

the ruled surface P(E) in a neighbourhood of s may be taken as (x, 2;1).

. ; -1 s as
The local equations of s are given by z, = 0 and so the characteristic

bundle of s are given by transition matrices

-1, -1 -1, 244 Ci4
i /2, )S = (zi ( 5 z, + ))s =a,./b,, = bi'/a'i'

. i b..
ji i1 . . : R

17



Therefore, if d(I.@)Lgl) denotes the divisor class defined by L Q)L;l,

we have w(s-s)*) = d(l.g)L;l), where 7 is the projection of P(E)
onto X. On the other hand, deg(L@bI;l) is minimal if and only if LS
is a maximal subbundle of E, and if LS is such a subbundle, we obtain
(5,9 = deg@@L]H) = NE®). Q.E.D.
We employ the following definition.
Definition 1.4. A section s of P(E) is called a minimal section
of P(E) if and only if (s, s) = N(P(E)).
Lemma 1.14 and Lemma 1.15 imply that the minimal sections of P(E)
are in bijective correspondence with the maximal subbundles of E. Moreover,
the proof of Lemma 1.15 above shows that if s dis a minimal section of

P(E), then 7(s*s) = d ((det E) QbiL;Z) for the corresponding maximal

N~

subbundle LS of E. On the other hand, the map : Lv —> (det E)Q L
of the set of maximal subbundles into oN(P(E)) is bijective by the
definition of & (P(E)). Thus we have

Theorem 1.16. The set of minimal sections of P(E) is bijective with
the set of maximal subbundles of E. Moreover, if s 1is a minimal
section of P(E), then L(x(s-s)) (r is the projection of P(E) onto X)

is an element of o (P(E)) and the map : s — L(n(s-s)) of the set of

*) s+s' is the intersection of s and s'.

*%) (s,s) 1is the self-intersection number of s.

18



minimal sections of P(E) into QD(P(E)) is bijective.

Combining Proposition 1.9 and the above theorem, we get

Corollary 1.17. If N(P(E)) <0 or if N(P(E)) =0 and E is
indecomposable, then P(E) has only one minimal section. On the other hand,
if N(P(E)) = 0, E is decomposable and if P(E) dis not the trivial bundle,
then P(E) has only two minimal sections.

For the self-intersection number of an arbitrary section, we have the
following result.

Proposition 1.18. Let s be a section of P(E) which is not a
minimal section.

(i) If N(P(E)) < 0, then (s, s) > ~-N(P(E)).

(ii) If N(P(E)) > 0, then (s,s) > 2 + N(P(E)).
Moreover, if N(P(E)) 4is even, then (s,s) is even and if N(P(E)) is
odd, then (s,s) is odd.

Proof. Let s' be a minimal section and let LS and Ls' be the

subbundles of E corresponding to s and s' respectively. By virtue

of the proof of Lemma 1.15, (s,s) = deg((det E) ® L;Z) and (s',s') =

Y.

]

deg((det E) Q)L;%). Hence, (s,s) + (s',s") 2deg ((det E) ® L;l @)L;

v

On the other hand, deg((det E) éOI;l'ébL;%) 0 by Lemma 1.3. Thus,
(s,s) + (s',8'") = 2r (r > 0) and this proves all our assertions. Q.E.D.

Remark 1.19. Let s and s' be distinct sections of P(E) and



let LS and LS, be subbundles of E corresponding to s and s'

respectively. Then we have that r(s:s') & [(det E) ® L;l()I;l], where
m is the projection morphism of P(E) and |L| is the complete linear
system of a divisor defined by L. Thus, n(s's) + n(s'*s'") = 27(s+s'),
if one regards m(s+s), n(s'*s') and q(s'.s') as the divisor classes
on X.

Proof. Let (aij), (bij) and (dij) be the transition matrices of

line bundles Ls’ (det E) Q)L;1 and Ls' respectively. Then we may

assume that the transition matrices of E are [ +J + J. Since Ls'
‘ 0 b,.
1]

is a subbundle of E, there exists a set {(fi, gi)}, where fi, g; are

regular functions on the coordinate neighbourhood Ui such that fi and

f.
8, are not simultaneously zero at any point and that [ * Jdij =
By
a,, ¢4 r £,
[ 3 J ] [ J ]. Hence we obtain the relation g, = (b,./d..)g., that
0 b.. g. 1 i3 11 73]
1] ]
) . . -1 -1
is, {2i} is a regular section of (det E)Q® LS QJLS,. On the other hand,

s intersects s' at the zero-points of {gi} with the same mulplicity

as the order of zero of {gi}. And the divisor of the zeros of the regular
. . R . -1 -1 .

section {gi} is contained in l(det E) @)Ls g)LS,| . This proves the

first half of our assertions. The latter half is easy if one notes that

m(s+s) + w(s'-s') = 2-d(det EI@)L;1 Q)L;%) (d is the same as in the proof
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of Lemma 1.15). Q.E.D.
Remark 1.20. We know by the above remark that Lemma 1.4 means the
following fact : P(E) 1is decomposable if and only if there exist two

sections in P(E) which do not intersect each other.
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Chapter IT. Atiyah's method.

Let A be a group of affine transformations. An A-bundle is a fibre
bundle such that the fibre of it is Pl and the transformatién group is
A, that is to say, z —> az + b, z e Pl. Atiyah classified A-bundles
over an arbitrary complete non-singular variety. And he showed that a
Pl-bundle (whose transformation group is PGL(1l)) over a complete
non-singular curve is represented by an A-bundle and studied a criterion
for two A-bundles to be isomorphic as Pl—bundles. Atiyah assumed that
k 1is the complex number field, but this assumption is not necessary for the
classification of Pl—bundles. Therefore we suppose that k 1is an
algebraically closed field of arbitrary characteristic in this chapter
too, and we reproduce the contents of Atiyah's paper [1] for the convenience

of readers.
§ 1. A-bundles.

In this section, V 1is a complete non-singular variety of arbitrary
dimension over the field k. Consider the following exact sequence of

algebraic groups over V :

Then we have a sequence of cohomologies
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w, ) — By, » — BV, c).

Since Hl(V, Gm) is in bijective correspondence with the divisor class
group of V, we can classify A-bundles by classifying ]fl(D), where D
ranges over divisor classes of V. Let g = {Ui} be an open covering of V.
We shall consider, first, the classification of A-bundles with coordinate
neighbourhoods o and secondly, classify all A-bundles by taking inductive
limits. Let ’K& be the natural map : Hl(a, A) —> Hl(a, Gm) and let
7, T e Hl(u, A). Then 7 (or, 7', respectively) is defined by the

coordinate transformations =z, = a,.z, +b,, (or, z, = a'.z, +b',,
1 1] J 1J 1 lJ ] lJ

. 1 | 1
respectively), where aij # 0 (or, aij # 0, resp.) and aij’ aij’ b,., b,

are regular functions on U, N Uj. If ﬁ and %’ have the same image by

the map " , then there are invertible regular functions ¢, on U, such
o - i i

that a,, = ¢Tla!,¢, in U, U,. Then 7' is defined by the coordinate
1] i 113 i J

1 .

(g) is

. -1 -
transformations z, = a,.z. + ¢, b].. Hence every element of 7Y
i i373 i 74j a

represented by {a,., b,.} with fixed {a,.}, where ¢ is the G_-bundle
ij ij ij m

i { . Nov b ! h
defined by Laii} Now, {aij, ij} and {aij, bij} represent the same

element of f"l(g) if and only if there exist regular functions 3 3
o CI)1’ 1!)1

a,. b, b, U,y (a3,. by (b, Y.y
on Ui such that [ 1 +J ] = ( ot lJ [ +J 13} [ J J] in
0 1 0 1 0] 1 0 1)

Uir\ Uj. This relation is equivalent to the following
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The former implies that d)i = ¢j in Uir\ Uj’ whence ¢j is a regular

function over V, i.e. ¢i is a constant r ¢ k*. Therefore, the latter

relation reduces to the following :

1] - o — 1
bij rbij wi aijwj in Ui A Uj 1.
a, . bi'
On the other hand, Since [ J J] defines an A-bundle, we obtain
0 1

1 0
= in U, U, U., and
[0 J A I

(311 Pii 10
L ] = { J in U,, that is,
0o 1 0 1 +
aijajkbki + aijbjk + bij =0 in Ui n Uj ~ Uk
(2).
b,, =0 in U,
ii i

Since {aij} defines a divisor, there are functions hi on Ui such
hat .. = h, i . .. I .. =Db,./b, 1. = b!
tha alj hl/hj in Ulr\ UJ f we put c1J blj/hl, c13 blj /hi’

then the equations (1) and (2) are equivalent to the following :
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1 _ = - i
cl, —rc,, =0, -0, in U n Uj (3)

c,, +c,, +c = 0 in Ui,\anU

(4)

_ i . . . )
where ei wi/hi. ince bij is a regular function on Ul(\ U;; and
hi is a local parameter of a divisor D, {cij} defines an element of
Hl(a, QD)) by virtue of (4), where Q(D) is the sheaf of germs of
functions f such that locally (f) > -D. Thus we get a surijective map
1

o, ¢ Hi(a, 2)) —>

o (¢). The equation (3) implies that @a(u) =

@u(u') if and only if wu = ru' for an element v of k#%. Taking
, . o . . . 1 1
inductive limits, we obtain a surjective map o : H (V, (D)) —> b €))]
% ¥ 1 . . T

and o(u) = o(u') for u, v e H (X, 9(®)) if and only if u = ru for
an element r of k¥*, JIn paticular /Z & 'b’_l(D) is the Gm—bundle defined
by D if and only if ’( = $(0). TIf one notes that the sheaf Q(D) is
isomorphic to L(D), our result is formulated as follows

Theorem 2,1, The set of A-bundles giving rise to a given Gm—bundle

1 . . . . 1
Ee B (V, Gm) consists of § itself and the projective space P(H (V, L(D))),
where D is the divisor class defined by ¢£.

If ”Zj’(iZ) = D, then k( is defined by the coordinate transformations

{z, =a,,z, +b,.}, where D is determined by {a.,}. Then
i ij 3 ij ij
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w(s =sw) = -D (5)

o0

as in the proof of Lemma 1.15 when s_ is the infinite section of Q and

m is the natural projection of { .
§ 2. Geometry of A~bundles.

Now, we shall assume again that X is a complete non-singular curve
1
over the field k. Let P(E) be a P -bundle over ¥. Since E has at

least one subbundle, the transition matrices of E are of the form

b, .,
[ +J lJJ under a suitable coordirate system. Thus P(E) is represented
0

by an A-bundle.

b
=h
0
=
w
f
o
(o]
w
'—l
(a3
[N
<
o
Qu
}—\
<
el
w
o]
=
o]
j=!

X, then we get an injective morphism :
QD) —— Q(D + C), which gives a pair of morphisms B8 and B*, which

are dual to each other by the Serre duality , as follows :

B
g (X, 2(D)) —> HI(X, 2(D + ©))

(6)
0 B o
H (X, Q( - D)) <+— H(X, QK -D - ).
Since B* 1is injective, B 1is surjective. If deg C 1is sufficiently

large, HO(X, QK - D -20C)) =0, hence Hl(X, Q( + C)) = 0. Thus there is

1
a divisor C on X such that B(§) = 0 for all § e H (X, 2(D)). So

26



(%N
b
®
In]
0]

=]
[n]
1
)]
0]
=3
[ng
1
[=N
o
<
o
[¢]
o]
0
<
0
‘.—l
(0]
-~
[¢]
—
]
=
g
o
B
cr

f, £,
= r 1 .
13 - T in Uif\ Uj )
1 ]

where (fi) > =C in Ui and {hi} are the local parameters of D. If

v B + . . £ ,
cij ((fi + gi)/hi) ((fj gj)/hj) and if each g; is a regular function
on Ui’ then {cii} and {cij} define the same element in Hl(X, Q).

)

Therefore, { depends only on the principal part* of {fi}’ which we

shall denote by ¢. Conversely, for a given principal part ¢, we can choose
a sufficiently fine covering {Ui} and rational functions {fi} such that
£ defines ¢ and it has no pole in U, n Uj if 1 # j. Then {cij},
given by the equation (7), determines an element of Hl(X, QM)). It is

+r

clear that the principal part r corresponds to r1_§1'+ r2 42

181 T Taby

if each ¢i corresponds to <j_ and T, T, € k. PFHence we have a surjective
linear map : L — Hl(X, Q(D)), where L is the vector gpace of all

; 1
principal parts over X. On the other hand, { € H (X, (D)) defines .an

1 ) :
element 7 ¢ O (D) by Theorem 2.1, given by {aij’ bij}’ where

*)  We can choose a sufficiently fine covering {Ui} such that has no pole
in Ui(\ Uj i # j. TFor any point Q & X fix a uniformanizing
parameter t(Q) at Q. If fi has a pole of order n at Q Ui’

then fi = ant(Q_)—n + ...+ alt(Q)'—1 + b, where b is regular at Q.

- -1 ., P
Then ant(Q) B alt(Q) is the principal part of fi at Q.
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b..=£f, - a, . f, in U.~ U, ,
1 J

which shows that {fi} defines a section of the bundle space of
. . -1

Therefore, we have a surjection o : L — vy M. If v o= a(d),
then 7 has a section with principal part ¢, and conversely.

Now, in (6) take C to be one point divisor 0 and let ¢ = ¢(Q) be
a principal part with a simple pole at Q. If { is an element of
Hl(x, QD)) given by {cij} of (7) as before, then { generates the
kernel of R. TFor ; 'e Hl(X, Q(D)) 4is an element of the kernel of g
r . 4 : A = M — '
if and only if ‘g is represented by cij (fi/hi) (fj/hj), where
(fi) > -Q in Ui’ that is, {fi} define a principal part ¢' with a simple

pole at Q or ¢' =0, and then ¢' = r¢ for some r& k. Fence § =0

he

if and only if B is bijective, in other word, HO(X, Q(K - D - Q)
HO(X, Q(K - D)), hence, if and only if Q is a fixed point of |K - D[.

If Q 1is not a fixed point of |K - D|, then { # 0 and gY{ =0

for an element g of HO(X, QK - D - 0)), that is, the divisor in [K - D]

0
defined by g contains Q, where U is the cup product : H (X, Q(X -~ D)) x
1 1
Next suppose . that |K - D] has no fixed point.. Then, for any given

point Q& X, 0(¢4(Q)) dis not a Gm—bundle defined by D by the above fact.
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. R P
Thus we have a map o] X : X — PH (X, @(D)) because if and

b1 )
are two principal parts with a simple pole at the same point of X, then
a(¢1) = rc(¢2) for some r €& k*. Now, the points of P(Hl(X, 2(D))) are
in bijective correspondence with the hyperplane sections of the projective
space of |K ~ D[. Let N = dim]K - D‘. Consider the projective model of
X defined by a basis of |K - D] in P, then P' and K - D| are
dual each other. Thus P(Hl(X, Q(D))) can be identified with the above
PN and since (OJX)(Q) corresponds to hyper-planes of }K - Dl which
contains Q, (cfX)(Q) is identified with £(Q) by this identification,

o

where f : X —> P is a regular map by a basis of |K -~ D

X —> PN
l O‘X l dual
1 dual

P(H™ (X, Q(D))) - |K - D|

Our results are the following.

Theorem 2.2. Let JZ_ be the vector space of all principal part over
X. Then there is a map o : o —> ‘ﬁrl(D) with the following properties ;
(1) o 1is a surjective linear map.
(ii) Q_ & Tfl(D) has a cross-section with a principal part ¢ if
and only if ? = g(4).

(iii)  For a point Q& X, c(4(0)) is a Gm-bundle defined by D if
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and only if Q is a fixed point of |K - D|, where ¢(Q) 1is a principal
part with a simple pole at Q.

(iv) 1f }K - D] has no fixed point, then (O'X)(X) is the
projective model of X defined by |K - D|, where (5]|X)(Q) = 6(4(Q)) for
a point Q € X.

Corollary 2.3. If o(¢(Ql)), 0(¢(02)),..., o(¢(Qr)) are linearly

. r _ . r
dependent, that is, Zi=lkio(¢(Qi)) = 0 for some 2 € k, then o(zi=1xi¢(Qi))
is a G_-bundle.

m
Proof. o can be factored into the a linear map T of L onto
1 . , 1 =1
H (X, 2(D)) and the natural projection ¢ of H (X, Q(D)) .onto “F (D).
r _ . . r _.r _
Then Zi=lxic(¢(Qi)) = 0 if and only if T(Zi=1ki¢(Qi)) = Zi=lAiT(¢(Qi)) 0.
Thus our assertion is a direct consequence of Theorem 2.1. 0.E.D.

Let Y(D) be the projective space consisting of A-bundles which are
contained in ’y’l(n) and not a Gm—bundle defined by D (this space can
be identified with P(Hl(X, 2(D))) by Theorem 2.1).

Corollary 2.4. ’( € Y(D) has a cross-section with poles among the
points Ql""’ QT if and only if there are princival parts dyseees g
which have poles among the points Ql"" Qr’ and 7 lies in the subspace
of Y(D) spanned by the points o(¢l), cens o(¢S).

Proof. This is immediate from (i), (ii) of Theorem 2.2.

1
Since PGL(1) is the automorphism group of P , two A-bundles 7 and
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%' are equivalent as Pl—bundles if and only if their bundle spaces can
. PP =1 1 -1 ' '
be identified. Let Q‘ € ¥ (D) and Q € % (D) and let s and s

be the infinite cross-sections of 7 and 7' respectively. If q' is

Al

equivalent to 7 ' as Pl—bundle, then s is a section of bundle space

1

of ?', hence the divisor s - s is linearly equivalent to the sum of

fibres (see Lemma 3.2). On the other hand, n(s * s8) = =D and q(s'+s') = -D'

+ n + ...+ n 0

by the equation (5) of § 1. Thus, if g(s:s') = n A

lQl 2Q2

(nl,..., n_ are positive integers and Qi # Qj if i # j.), then
0=7((s -~—8") «+ (s -8")) = n(ses) - 29(s+s8') + n(s'+s') = -D ~ 2(n1Q1 +

. T nrQr) - D', that is, we have the formula

v o= .
D+ D' = 2(n1Q1+n2Q2+...+nQ) (8),

r’r

+ ... +n Q) is the divisor class defined by the

where (le1 4+ n .

2Q2
divisor nlql + nZQZ + ...+ nrQr' Suppose q is given by {aij’ bij}.
The infinite section s' of 7" gives a section {fi} of 7’ with poles
of multiplicity n, at Qie We may assume that the coordinate neighbourhoods
{Ui} satisfy the following two conditions,

(i) each Qi is contained in only one of Ui’ i=1,2, ..., r,

(ii) Up does not contains any zero of fp’ for each p =1, 2, ..., r.

Let us choose projective transformations as follows

-1 . .
wq = (zq - fq) in Uq if q 4is not any of 1, 2, ..., 1,
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w_ = (f -z ) in Up if p=1, 2, ..., r.

Then, since z, = fi imples W= the coordinate transformations of

can be taken as follows ;

-1 -1 -1 -1 .
Wq = (zq - fq) = aqm z - fm) = aqm L in U N UIrl if g, m
#1. 2, .... ¢
w - f = fz(z - £ )_l = a_lfz(z - f )_1 = a_lfzw
P P P pmp m m pm P m

Thus D' =% (#') is given by {aij}, where

' -1

aqm = aqm if g, m are not any of 1, 2, ..., r,
v o m1.2 _ . .

apm = apmfp if p=1, 2, .., ¥ and if m is not any of 1, 2,..,r,
vo= aTle2e72 e p, t =1, 2, ..., r.

a a f°f
pt ptpt

On the other hand, if w(Qi) is a fixed function on Ui with a simple pole

at Qi and no zero in Ui and ¢(Qi) is the principal part of w(Qi),

n
r i k . ..
(=1 Zk=lAik¢(Qi) , where ¢ 1is the principal part of {fi},

then ¢ = le
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A'k is a suitable constant and Ain # 0. Making the transformations
i .

2n

wi = w(Qi) 1f_2-wi, we may replace the aij given above by new omes

independent of Aik H

aém = aqm if q, m#1, 2, ..., r,
-1 2n .
aém - apmw(Qp) p if p=1,2, ..., r and m# 1,2, ..., 1,
-1 2n -7n '
7 — . —
apt = aptw(Qp) pw(Qt) t if p, t =1, 2, ..., r.

And the coordinate transformations are

2n
pf-l

p

w! =a' «w' , w'=a -w& + w(Qp)

q qm m p pm

3

2np -1 2nt -1
v _ - af v
A w(qp) fp apt(wt w(Qt) £, Y

where gq, m, p, t are as above. Thus there is a section of Q" with

R n
. ) T i PPN i o0 Y& . ¢ einal
principal part Zi=1 Zk=1uik¢\01) , Where Zk=lpik¢(\i’ is the principal

2n
i -1 -1
. - - .
part of w(Qi) fi in paticular uini Aini' Therefore, if ¢(Q1),,..,
¢(Qr) are fixed and Aik vary, we shall get a correspondence ’7 — 7",

between A-bundles /Z and ;Z’ which are equivalent to each other as

™

Pl—bundle, in which the subspace Y(D) spanned by 0(¢(Ql)),..., o(¢(Q1) ),

n
cees 0(¢(Qr)),..., O(¢(QT) ¥y corresponds to the subspace of Y(D') spanned

33



n ’ n
by o'(¢(Q1)),---, 0'(¢(Q1) 1),---, 0'(¢(Qr)),..., o'(¢(Qr) Yy. This

correspondence is the following ;

ro M k r ™M k
21 et 0D — I w0t (6(Q)D) ),

where notaitions are as above. In paticular, if Ql,..., Qr are simple
. I -

poles of the section {fi}, then we have Myq = xil and n, = 1 for all

i. The criterion that two A-bundles are equivalent to each other as

Pl-bundle is that the equations (8) and (9) are satisfied.
§ 3. Comparison with the results of chapter I.

We shall consider first the results induced from the equations (5) and
(8). If there is a section s of ?1—bundle P(E) such that (s, s) < 0,
then (s',-s') > 0 for any another section s' of P(E) because (s, s) +
(s', 8') > 0 by the equations (5) and (8). This means that the section
such that (s, s8) < O is unique if. P(E) has such a section. Thus we have
Lemma 1.2 by Lemma 1.14. If a Pl—bundle has two sections which do not
interéect each other, then this bundle is a Gm—bundle (Remark 1.20). Thus,
if P(E) (E # Iz) has a section s such that (s, s) = 0, then either s
is the unique minimal section or P(E) is a Gm—bundle with two minimal

sections, because the self-intersection number of an arbitrary section is

not less than O by (8) and because if P(F) has two sections with
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self-intersection number O, they do not intersect each other by (8).
This proves our Corollary 1.6. Combining above results and Theorem 2.1, we

have Theorem 1.11.
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Chapter TII, Flementary transformations.

In this chapter, we assume always that X is a complete‘non—singular
curve of genus g > 1 over k. For the rational case Natata [10] studied
in full detail and our Theorem 3.8, 3.13 are, in fact, true in this case
too. We shall study the classification problem of ruled surfaces with genus
g 2 1 by the same method as in [9], [10]. We use the method of universal

'

domain. w, 7 denote always the natural projections of ruled surfaces

onto X.
§ 1, General results.

Let S be a ruled surface. We shall denote the fibre passing through
a point P & S by QP. Let dilP and contl be the dilatation at a
point P of a surface and the contraction by an exceptional curve of the
first kind ¢ vrespectively. Now, dilP[QP] is an exceptional curve of the
first kind on dilP S, where dilP[zP] is the proper transform of ¢_ by

P

dil_.. Hence we can define cont We denote cont

. . -dil

P dllP[QP]. dllP[QP] P

by elmP and call it the elementary transformation at P. It is clear that
elmP S 1is also a ruled surface and the fibre over #(P) 1is elmP(P).
Conversely, every ruled surface can be obtained from the direct product

1 , .
P" x X by some successive elementary transformations, but since the proof

of this fact is easy and writtem in the book [13, Chap.V, § 1, Th.1]
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we omit it.

1 1
Let SO be the direct product P x X of the projective line P

and a curve X. In the sequal of these lectures, elmP p S is the
Paee P

ruled surface which is obtained from a ruled surface S by a succession

*) *%)

of elementary transformations at points Pl""’ Pn in a suitable order .

We must note that elm cannot be defined if P and P_ 1lie on
Pl’PZ 1 2

the same fibre of S. We shall begin with an elementary lemma.

Lemma 3.1. Let P PS be points lying on a section P x X of

1o
S, and dim [ Z,S1 P, | = d. Then we have
U i=4i 1
*) In this and next chapters a point may be an infinitely near point.
#*%) elm elm is defined if and only if P is an ordinary
P.y.ce,P P r
1 r-1 r
point of elm S.
Pl’ s r_l

%*%%) A point P 1is said to lie on a positive divisor D if, after
suitable successive quadratic dilatations, P becoems an ordinary
point lying on the proper transform of D. A positive divisor D

goes through points P Pn if, after suitable successive dila

IERRRE
dilatations, D - % Pi becomes a positive divisor. Thus, lying on
and going through have different meaning from each other. For instance,

a curve ¢ may go through P, with an infinitely near at P not

lying on c.
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. s
dim I r(P x X) + Zi=lzPi f =(r+1)d+r

where r > O,
Proof. We prove this lemma by induction on r. First note that

P v’

R R on X. When r = 0,
i i

if and only if = n(%R Y v oa(e

R')
i i

s

we know that dim l Zi=1QPi [ = dim (TrP

s . s
< X | Zi=1“Pi|) + dim (lzi=lz

P,
i

S l)=

- P x X) + 1. By the above remark we obtain dim (TrP < X ] Zi=1%Pi

. s - .
dim | Z 1Py | = d. Moreover, no member of the linear system |2£Pi|
contains the section P x X because (£ ¢, , 2, ) =0 and (P x X, 9 ) =

P, P P
i 1 : 1
Hence dim | ZiillP | =d -1+ 1=4d. Next assume r > 1, then
i -

. s s s
dim | (P x X) + Zi___llpi | = dim (Trp o x | (@ x X) + Zi___lslPi]) +

1, X s . .
dim | (x - 1) (P x X) + Zi=1QPi | + 1. On the other hand, dim (TrP ‘X |

r(® x X) + Ziilkp |) = d by the similar reason as in the case of r = 0
i

and dim | (r - )P x X) + Zi =rd +r - 1 by our induction

s

1%, |
i

hypothesis. Thus our proof is completed.
The following lemma is very useful.

Lemma 3.2. If D is a positive divisor on § then D is linearly

O’

L., for some fibres %.,..., & _, where r =
1 s

s
N l - +
equivalent to r(P x X) Zio1%g

(21, D) and s = (P x X, D).

Proof. Since it suffices to prove the assertion for each component
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of D, we may assume that 7 is an irreducible curve. By Lemma 3.1 we

g, =@+t -g)+r if t > 2g~ 2. On

. s
have dim | r(® x X) + Z.,8,

the other hand, (D, r(P x X) + Zizlgi) =rs + tr = r(s + t), Thus if t

is sufficiently large,

dim | x(®@ x X + 5,50 | > 0, x® x 0 + 3,52 = r(s + 0.

Now, we fix the number t satisfying the above inequality. Then there is
a member D' of Ir(P x X) + Zizllil such that it goes through rks + t)
+ 1 points on D. Since (D, D') = r(s + t), we have that D' =D + D"

for some D" > 0, Moreover, D" = %

¢! because (D, 21) = (D' - D, 11) =

[
i

=}

r —r =0. Hence we have that r(P x X) + Zi: -3 113 ~ D. If one

1t T Py
takes the traces of them on a section P' x X (P'é& Pl), it is easy to see

that E,t L, = L E 2!~ x5 4" for some fibres &

1t
1=1%1 7 F3=1"5 Y Ptk Yroees Bge Q-E.D.

Remark 3.3. We get the following formula for the arithmetic genus

by the genus formula.
s
pa(r(P x X) + Zi=lﬂ'i) =rg+ (r - D(s - 1).

Remark 3.4. D is a non-singular irreducible curve of genus g on

S, if and only if D is an irreducible member of [P x X + Ziillil for

suitable fibres 21,..., zs.

Proof. If D is a non-singular irreducible curve of genus g, then
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Dnrx(® x X) + Zii Ri by lemma 3;2. if r > 1, Remark 3.3 implies that

1

g+ s -1=0 and therefore g=1 and s = 0, that is, D~ r(P x X) and

D is irreducible. On the other hand, we have that |r(P x X)]| = {Pl x X

PR Pr x X Pl""’ Pr & Pl}. This is a contradiction. Conversely,
let D be an irreducible element of |P x X + 2121£1J° If D has singular
points, then (D, #) > 1 and hence D 4 P x X % DR Therefore, D is

a non-singular curve. Moreover, the genus of D is equal to g by

Remark 3.3, Q.E.D.

Lemma 3.5. Let Qi’ R., Sl’ Tm be points of X such that

k|
. oatr-s

T R, 1is linearly équivalent to 5 °.8 + 73

T
=17 2=1"¢ ’

. q
(1) Zi=lQi + Z m=1 m

(ii) s>g and r + s > 2g,

(iii) Rl,..., Rr are independent generic points of X over %k and

all of Qi and Tm are k~rational points. Then zﬁilsz is non-special

in the sense of Riemann-Roch theorem. -

Proof. If r > g, then considering k(R1,..., Rr—g) instead of k

and q +r - g instead of g, we may assume that r = g, Thus, in general,

we may assume r < g. We may assume that ngg is a generic member of

‘ZQSR| over k(R

TERERE Rr)' Since r < g, and I Rj is non-special, we
have dim | % Rj‘ = 0. This, that the Q, are k-rational points and that
., + R = S <+ i Fi 5
|Z Q1 by j‘ |Z£ . b Tm‘ is defined over k( 10 , SS) show that’

Rl,..., Rr are algebraic over k(S 'Ss)' Therefore,

IERRRE
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P =
trans.degk k(Sl""’ SS) trans.degk k(Rl,..., R Sl""’ SS)

trans.degk k(R Rr) + trans.degk(R k(R R, Sl""’ Ss)

1> 1200 Rr) 17 T

>r+ dim | r S J >r+ 8 -g >g. Thus, among Sl,..., Ss’ there are at

2 = =

least g independent generié points of X over k, whence 7} S2 is non-
special. Q.E.D.
Now, we prove a key lemma which has a geometric meaning of Lemma 1.5.

Let s and s, be mutually distinct sections of S n s

1 We mean by s

2 0’ 1

the set of common points, including infinitely near points, of s and s

1a = s, + 3. m7 (Q.) is linearly equivalen ), = 8, +
1 1 i i i " 2 2

3
ot
ot
Q.

L. n.m (Rj), where (i) m, and nj are natural numbers, (ii) Qi and Rj

are points of X such that Q; # Rj for any i, j. Set Q? = (1

s and R? (wml(Rj)) - We consider sets of points as follows : For

2 1

each Q? or R? (1) if Q§1e 5,0 s, (or, if R? € s N s, respectively),

1

then let Q?* (or, R?*, resp.) be the infinitely near point of Q? (or,

R?, resp.) of highest order among points in 81N S,, and let Mi (or, N,,
< N
resp.) be the set of infinitely near points of orders 1, 2, ..., m, (or,

1, 2,..., nj, resp.) of Qi* (or, R?*, resp.) such that they lie on Sy

(or, ‘sl, resp.) : (2) if Qié sy N s, (or, if R?* 81/ Sy respectively),
then let Mi (or, Nj’ resp.) be the set of infinitely near points of orders

0, 1,..., m - 1 (or, 0, 1,..., ni - 1, resp.) of Q? (or, R;, resp.)

such that they lie on s (or, s., resp.). Now, rename the points of

2 1
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(s4 r\Sz) U (UMi) U (UNj), say Pis...5 P, then we have

Lemma 3.6. In the above situation we have that elmP S is
l,..,'Pu 0
isomorphic to S0 as Pl—bundle.
s . u *)
Proof. Consider the linear system [Dl] - Zi=1 Pi . Since D1 and
D, are contained in |[D.| - £ P_, we obtain that dim (|D,| - 2 P,) > 1.
2 1 i 1 i’ =
We can see easily that all proper transforms of member of ]Dll -IP do
not intersect each other and they are sections of elm.P p SO’ which

l,..-, u

*k
completes our proof.

Corollary 3.7. Let Z.r1m,P. and E.E m!P! be divisors on P x X
i=1"4"4 i=1"11

P' xX (P, P'& Pl, P # P'") respectively. If ¥ min(Pi) vz miﬂ(Pi) on

. ] . s
X and if n(Pi) # W(Pj) for any i, j, then elmP

11°°°°° “rm 1 sm' "0
T s
.. _ - S . - f e ..
is isomorphic to S, as P -bundle, here P, {or, r} t) is the infinitely
N 3 *

near point of order % - 1 (or, t - 1, resp.) of Pi (or, P%, resp.) which

lies on P x X (or, P' x X, resp.).

- r = p! ) r
Proof. Put Dl P xX+ Zi=llPi and D2 P' x X + Zi=12Pi’ then
Lemma 3.6 is applicable.
%) Let L be a linear system and Pi be points. Then L - % Pi denotes

the linear system which consists of members of L going through all Pi'

*%) If a Pl—bundle has three sections which don't intersect each other,

then it is isomorphic to the trivial bundle.
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The following theorem which was proved in [12] offers a tool to
classify ruled surfaces and to determine the structures of them.
Theorem 3.8. If S 1is a ruled surface, them S is isomorphic to

P on S

elm S as Pl—bundle with suitable points Pl,..., n 0

Pl,..., Pn 0

1
such that either (1) all the P Pn lie on a section P x X(P& P )

1,-..,

or (2) n 1is not greater than 2g + 1.

Proof. Let P,,..., P_ be points such that S is isomorphic to
1 n

elmP p S+ Assume that n is the smallest number of such points.
10000 Py 0
We assume the contrary to the theorem for these points Pl,..., Pn and

shall derive a contradiction.
First step. Our assumption that n is the smallest implies

(1) If %““,Rex,L=Wxx+zf

_l R
. L (Ri)l, and if

t+1

Dl’ DZE-I%:— zi=1Pai (al < aee <o < n), then D1 and D2 contains
a common section of SO.
Proof. If D and D, contain a common fibre, them we can reduce

1 2

to the case where t is one less since Pi and Pj (i # j) do not lie

on the same fibre. Now we assume that D and D contain no common

1 2
component. Then, by Lemma 3.6, there are points Ql""’ Qt—l on SO such
that elm S is isomorphic to S since
a Poseess B 5 Qpeeey Q3 70 T 0
1 t+l
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*
) . Then we have

(Dl, D2) = 2t. Consider the inverse ° of e

im
Ql,'..’ Qt_l

is i i 1 S d thi
that elmPa eur, P S0 is isomorphic to e in,..-, Qi_l o an is

1 %e41

contradicts to the smallestness of n.

Second step. For R R € X, we consider L1~ [P x X +

R |

n-1 -1

Zi=in (Ri)l. Since n > 2g + 2 by our assumption dim IZ Ri’ =n-1-g,

whence we have dim Ln—l =2n - 2g = 1 by Lemma 3.1. Therefore,

- n .
(ii) dim (Ln - Z,_lPi) >n-2g -1 > 1,

-1 i=

R & X,

for arbitrary Rl,..., -1

Let P& P1 be the point such that P. & P x X, and Ql,..., Qhe X

1

be points such that n_l(Qi) goes through Pi for each i. We may assume

P.yeee, P lie on P x X and none of P ., P does. Then we have
1 s n

s+1*""

s >n - 1 by our assumption on the Pi'

R be independent generic points of X

Third step. Let Rl""’ o1

for i > 0. Then Ln— - 3.".P. contains a member

and R, 1 i=1"1

= Qs+i+l

-1 . n
D, = PxX+3Iq (Ri)' By (i) above, every member of Ln—l zi=1Pi

*) The inverse of elmP is obtained as follows : If P 1is an ordinary
point on a ruled surface S and elmP S =S8", then Q= elmP [RP]
is an ordinary point on S' and elmQ 'elmP s = elmQ S' =S and

hence the inverse of elm is elm..

P Q
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. _ n -1 s-1 -1
contains P x X, whence Ln—l -z Pi = {P x X + Tiegt1 T (Qi) +Im (Si)[
51 s, € [zs"l R.|} . Since dim (L_ . =3 P.) > 1 by (ii), we have

i=1 i i=1 i ' n-1 = i’ = ?

. s-1 , .
dim l Zi=1 Ri‘ > 1. On the other hand, Rl,..., Rs-l are independent
generic points, so we have

(iii) s >g+ 2.

*) , . s

Fourth step. We may assume that the fixed points of Iio Qi]

are Qu+l""’ Qs' Then we shall prove that

(iv) Every PS (i=1,..., n - 8) is an infinitely near point

+1
of some Pj with uw+ 1< 3¢ s.
Proof. Assume for instance Ps+l is not an infinitely near point
of any Pj (u+1<13zs).
Case I. Let Ps+1 be an ordinary point of SO lying on the section
P' x X (P' # P). Since dim | Zi:1 Qil = dim | zizl Ul z28-22 2 by

(iii), there exists Qs+1 + Zj:2 Q; [ I Zi:l Qi" Now, consider Lu =

|P x X + Zizl n—l(Qi)l, then Lu - Zi:l Pi - Ps+1 contains P x X + n_l(QS+1)

+ ijz w—l(Q§) and P' x X + Zi:1 n~1(Qi). This is a contradiction by (i).
Case II. Let Ps+l be an infinitely near points of some Pi with

*) This step is not necessary. But we take this step because this is a

good example of the method of elementary transformations.
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u
*
Zi=1 4

u. of |

Take a general member

A

1

(P' xX) - (n-l(Qi)) for some P'€ P (P #

S

0 is biregular to S

Ply.eny P! 0

inverse of elmPi’ .., P'" It is of the form

P%

H which lie on the proper transform

points

not lie on the proper transform of P x X, we

by Corollary 3.7.

Zi:l Qi[ and let pi =

4
P'). Then elmP P,

1,-.-, u

Now, consider the

elmPf,_'.’ PS for the
of P x X. Since Ps+l does

can reduce to the case I on

i % %
elmP yeesu P, P!y.n., P S0 with respect to Pl" .s Pu’ Eu+l""’ Pn'
1 u 1 u
Thus we complete the proof of (iv).
The last step. We may assume that Pl,,.., Pn are k-rational points.
We consider a complete linear system
_ s -1 n-s-1 -1
L=[PxX+z,2 0 Q)+ 77 7 R |,
where Rl,..., Rn—s—l are independent generic points of X. By (iii) above,
R s n~s-1 _ s
we have dim | Tjop Q4 F I Ry | =n-1-g>n-s, whence Tiop %t
n-s-1 n s-1 n
LT - .
i=1 Ri N Zi=s+l Q‘i + Zi=l Si for some Sié X hus L Zim1 P1
. n -1 s-1 -1 .
contains P x X + Zi=s+1 m (Qi) + Zi=1 b (Si) by (ii). Therefore,
every member of L - 2121 Pi contains P x X by (i).
On the other hand, Lemma 3.5 is applicable to
s n-s-1 n s-1
P U P e Re Y Tieenn U T Tiag Sy
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and so we have that Si is non-special. If (o0 > 0) is a fixed

Qs+a

. s n-s-1 sto-1 . .
point of | Tiop Gt Iy Ri] i) Oy then Qgy, 18 a fixed point

of | + I Sil and this contradicts to the fact = Si is non-special.

QS+0L

Therefore, we have

s
i + - + Z ] - I, .

(v) dim | Do Gt g Ry | - dim (|z:i=1 Q * IR Tioer1 &)
=¢o for every o =1, 2, ..., n — S,

Set L§ =1 - Z.il Pl for o=0,1,..., n. TIf ¢ < s, then P
is a fixed point of L#* 1 if and only if Q is a fixed point of

a= a
|Z.S Q, + Z?_s_l R,|. Hence we have
i=q j=1 k]
s n-s-1
. . R % = A4 + g
(vi) dim L - dim L* = dim [ Tie1 Ot Il Ry | - dim | z le,

On the other hand, we know
(vii) dim L* = dim (Trp « X Lf) + dim (Lg =P x X) + 1.

Since Lg =1, and L: -PxX=L-Px X, (vi) and (vii) for ¢ =

n-s-~1

. , £\ = q4 s~
0, s imply that dim (TrP LS) dim | Zj=l le

x X
Now, we consider the case where o > s. Since every member of L* -
o

-1 . n-s-1 s
% = di
(Qi)’ dim (Lu P x X) = dim (|2 R+ 2,9

P x X contains I .
j=1 k|

o T
i=s+1

o

- Zi=s+l

Qi). Thus, by (v) we have
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(viii) dim (L: - P xX)-dim (L*¥ - P x X) =g ~s (for o > s).
o

Since dim L: - dim L*¥ < o -~ s, (vi) and (vii) for o =s and o > s
o =

imply that dim (Trp Lz) = dim (TrP Lg) > 0. In paticular, for

x X x X

a = n, we know that
* = di *) + di 1% — + i x -
dim L dim (TrP < X L*) dim (L P x X) 1> dim (L P x

This is a contradiction to the fact that every member of Lg contains
P x X, Thus, the proof of Theorem 3.8.is completed.

Recently, Nagata proved in [11l] the following result which answers
affirmatively the Atiyah's conjecture : N(P(F)) is at most g.

Lemma 3.9. Let R (d > 0) be arbitrary points on

1700 Rotroqet

SO. Then there is a divisor D > 0 on S, which is linearly equivalent

0
to P x X + Zg+d 3 for some fibres g.,..., & on S and which goes
i=1 i 1’ > Tetd 0 =
through Rl,..., Rg+2d+l'

To prove this lemma we need two sublemmas.

Lemma 3.10. If Z%+d P is a generic member over k of a non-

i=1 "4

special complete linear system on P x X and D* is a generic member of

‘ g+d ' .
> P % = .
P x X + Zi=l gPiI over k(Pl,..., “g+d)’ then d1mk k (D*) g+ 2d+1
. gt+d . . .
Proof. Since Zi=l Pi is a non-special divisor on P x X,
. . gt+d
dim | X Pi = d and so dim I Px X+ Zi=1 QP | = 2d +1 by Lemma 3.1.
i
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Hence, dimk k(Pl’°"’ Pg+d’ D%) = dimk k(Pl,..., Pg+d) +

) o i
dim p LGPy KB P D =gk d 241 = g4+ 3d+ 1. Now,

IR g+d

consider the locus T of (D*, P ) over k, then dimk T =

10 Poig

. x ] 1] P . . . [}
g +3d + 1. (D%, Pl,..., Pg+d) is in T 4if and only if 3 P, v I Pi'

For, if two divisors Dl’ DZ are linearly equivalent each other, and if

(!, Dé) is a specialization of (Dl’ Dz), then Di n D). In paticular,

2
+
since (D%, P x X + 55 d 2.,) 1is a specialization of (D*, P x X + z%+d - )
i=1 Pi i=1 P,
over the specialization (D%, Pl,..., Pg+d -—> (D*, P!,..., Pé+d) and
since D* v P x X + Zg+d 2 we have that P, ~ 5 P! if (D%, P! P' )
i=1 Pi, 4 i - s 99y g""d

is a specialization of (D%, P P ). Conversely, since % Pi is a

1°°°°° “gd
. > & Py \] ] 2
generic member of | Zi_ Pi I over k(D¥*), (D%, Pl,..., Pg+d) is a

specialization of (D%, Pl""’ P Yy if % Pi v T Pi. Thus we get dim k(D)

g+d
=g+ 2d +1 since dim | 3 P, | = d. Q.E.D.
Lemma 3.11. if Rl,..o, Rn are points on a surface and
dimk k(Rl,..., Rn) > 2n - r, then there are at least (n ~ r) independent
generic points of the surface in {Rl,..., Rn}.
Proof. It is clear when n = 1. Now suppose n pd 2, If

k(Rl""’ Rn) = 2, there are (n - 1 - r) independent

dimk(R

Lseees Rp)

generic points in _{Rl,..., Rn—l} by our induction hypothesis,
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hence Rn and they are (n - r) independent generic points. If

k(R,,..., R ) =1, then dimk k(R R .) >
n =

dim r R ) 120 R

b
1oeees Rog 1

2(n - 1) - (r - 1). Hence there are (n - 1) - (r - 1) =n -~ r independent

generic points in {Rl,.. } by our induction hypothesis.

" Rn-l

Now, go back to the proof of Lemma 3.9.
Proof of Lemma 3.9. Let D* be the same as in Lemma 3.10. Let

R*%*

Toeers R*2g+2d+1 be independent generic points of D* (note that D* is

irreducible) over k(D*) and consider the locus T of (D%, Ri,...,

* ; =
R2g+2d+l) over k. Then dim T = 3g + 4d +2 by Lemma 3.10. TLet P

be the projection morphism of T into the direct product of (2g + 2d + 1)

-1
. 1 1] . 0 ]
copies of SO. If (R!,..., R2g+2d+l) is in Pr(T), then Pr “(R),...,

] AY PR ST | r3 - e 3 : £ Ty ¥ ¥ ¥

Rog+2a+1’ consists only of one eiement because if (D], Rl""’ R2g+2d+l)
-1

L 1 1 s 1 \ i
and (D}, Ris ""R2g+2d+1) are in Pr (R ""’R2g+2d+l)’ then 2g + 2d =

(D%, D*) = (D!, Dé) >2g+2d +1 and it is a contradiction. Thus we get

dim_ k(RE,..., R% ) = dim_Pr(T) = dim_ T = 3g + 4d + 2.

g+2d+1

Now, apply Lemma 3.11 to this case (n =2g + 2d + 1, r = g), then there are

. . s . * %
g + 2d + 1 independent generic points in {R¥,..., R2g+2d+1}’ say

R*

*
Toeees Rg+2d+1' ) and F

' % * *
Let T' be the locus of (D¥, R¥,..., Rg+2d+1

be the direct product of (g + 2d + 1) copies of S Then, if Pr' is

0
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the projection of T' dinto F, Pr' is surjective. Therefore, there is

a specialization D of D¥* which goes through R R and by

1200 Tp+2d+l
Lemma 3.2 this is a divisor for which we look. Q.E.D.
Before proving that g 1is the lowest upper bound of N(P(E)), we

must show the following lemma.

+
Lemma 3.12. Let D* be the same as in Lemma 3.10. If Z% d R is

i=1 i
non-special divisor on P x X, then each member of | P x X + 3 ir | is
i
a specialization of D* over k.,
= T m 4 n T T 5 | g+d 1
Proof. Let C be the Chow point of Px X+ 37 0 o |, which is
v ! i=1 “P, I°?
1

regarded as a subvariety in the locus of D* over k. Consider the

..s R, .) over

g+d 1°° g+d

specialization (C, D%, Piseees P ) —» (C', D', R

k, then D' is a member of | P x X + Ii1 %R Since D* is contained
i

in Supp(C), D' is an element of Supp(C') and so Supp(C') is contained

in I PxX+ 3z 2 Because dimension of the support remains unchanged

R, |°

i
under the specialization process and dim } P x X+ z?ii Ln ! =
i
. eg+d | . v
dim I P x X+ Zi= QP | by our hypothesis, Supp(C') = | P x X + ZQR l
i i
and each member of Supp(C') is a specialization of D%, Q.E.N,

Theorem 3,13. The lowest upper bound of N(P(E)) is g.
Proof. First note that every section of P(E) is the prover transform

of a member of | Px X+ 3 g, | by elm if P(E) =
i Rl,..., RS

elm SO, where zl,..., lr are suitable fibres of S.. If s g,

Rpseees R 0

A
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all P x X (P€ Pl) of S0 are transformed into sections whose

self-intersection numbers are at most g, If s =g+ 2d or g+ 2d +1

(d > 0), then take a divisor D as in Lemma 3.9 for R,,..., R ., If
2z 1 s

D=7D"+ ZiE Qi and D' is irreducible, then at least (s - t) points

1

of {R RS} lie on D' and (D', D') = 2¢g + 2d - 2t since any two

120

points of ({R RS} don't lie on the same fibre. Thus self-intersection

IERRED
number of the proper transform of D' is at most 2g + 2d - s, which is

g or g -1 according to s =g+ 2d or g + 2d + 1. Therefore, we

obtain from Lemma 1.15 that N(P(E)) g g. Next, if d > 2 - 1, then each

+
divisor of such a form Z§=i Ri on P x X 1is non-special and so by
Lemma 3.12 every divisor on SO which is linearly equivalent to some
g+d . s s .
P x X+ Iioq ¥y 1s a specialization of D* din Lemma 3.10. Let T be the

locus of (D%, ), where are independent

% * % %
RYs+es Rotoas2 Riseers Rotod42

generic points of N* over k(D*), Then, dim T = 2g + 4d + 2 by Lemma 3.10,
whence the projection Pr of T into the direct product F of

(g + 2d + 2) copies of S is never surjective. Thus F - Pr(T) is

0
non-empty Zariski open. Tt is easy now to see that N(elmR, R SO
LT Tgd2d42
= ' ' - -—
g for (Rl,...,Rg+2d+2)€'F Pr(T). Q.E.D.

Let D be a divisor class on X with degree D =n > 0, By virtue
of Theorem 2.2 (iv) we obtain a morphism op * X — P(Hl(X, L(-D))). On
the other hand, there are rational functions fo(u, X)goans

fg+n—2(u’ %)
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on Jn x X such that {Q§D', X)yeee, T (', x)} is a basis of

gtn-2

HO(X, L(K + D')) for any point of a suitable Zariski open set UD in Jn

which contains D, where Jn is the Jacobian variety of degree n. Take

the dual basis VO(D'),.,., v (') of FO(D', X)yeeas (', %)

g+n-2 fg+n—2

in Hl(X, L(~D')). Then we have a bijective map

o Pg+n—2

hy t Uy £ PR, LD,

b {®', ) | DeU

D’

hD(D'} o ) = (D' agv (@) + ... , (@)

0> %g4n-2 %otn-2" g+n-

Therefore, we have Pg+n_2—bundle space Vn over J_n and a morphism

P "l 1 o~

o :J_ xX — V_  such that p (M) » P(H (X, L(-D))) and T | (D) x X

_ D e . . s v .
9p for any D & Jn, where p 1s the projection of N to Jn

If N(P(E)) = n > 0, then a vector bundle of canonical type E is an

extension

¢ — 1 — E — L — 0,

where deg L =n, L & oQ(P(E)). Hence P(F) determines some points of
Vn (the correspondence is the same as in Theorem 1.11). The set of points
of Vn which correspond to P(E) is bijective to that of minimal sections

of P(E). Conversely if (D, &) G-Vn is given, we have an extension

0 — I — E(MD, &) — LMD — 0.
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Hence we get a Pl—bundle P(E(D, £)) but N(P(E(MD, £))) is not always
equal to n.

Now how many minimal sections do exist on a ruled surface S such
that N(S) > 0 ? 1In the first place, consider the case where N(S) = g.

We may assume that there are ordinary points and S =

Piseess Popoarn

%*
elmP P So for sufficiently large integer d > 8- 1. )
127772 T g+2d+2

(P ) must be contained in the set F - Pr(T) in the proof of

1770 Porogen
Theorem 3.13. A minimal section S is the proper transform of a section

g+d+1

g+2d+2
i=1 Pyl

v, _
s of S, such that s+ 3., 2! € ([P xX+3 ;| iy 5

0 2

Lemma 3.12 implies that every positive divisor which is linearly equivalent

-
Z% d+1

to P x X + 1=1

Zi for some fibres is a specialization

Rl,..., £g+d+l

of a divisor D. Let §1,..., R be the independent generic

g+2d+2

. A n f D R
points of D over k(D) and T' be the locus of (D, R,..., Rg+2d+2)

over k. Then dimk T' = 2g +4d + 5. If F' is the direct product of

(g + 2d + 2) copies of SO’ then dim F' = 2g + 4d + 4 and the natural
projection Pr' of T' to F' is surjective (see the proof of Lemma 3.9).

Thus we know that every minimal section is the proper transform of an element

1

(Pl,..., Pg+2d+2)’ and that dim Pr'_l(

of Pr' ) > 1.

Proeees Poioan) 2

*) There is an integer d such that every ruled surface S 1is obtained
by elementary transformations at g + 2d or g + 2d + 1 ordinary

points on SO (use Corollary 3.7 and Theorem 3.8).
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On the other hand, if dim Pr'—l(P ) 2 2, we can find a divisor

1ot Peroaen

in Pr'—l(Pl,..., ) going through mutually distinet infinitely near

Por2a+2

points Ql, QZ of an ordinary point of P (see [11] Th. Al)

1700 Poiogs

and this divisor is of such a form D + ¢ that D goes through all of

{p } . Then the proper transform of the prime component of

) Pg+2d+2
D such that it is a section of S0 is a section s with (s, s) < g.
This is a contradiction. Thus we have

Proposition 3.14. If N(S) = g, then the set of minimal sections of
a ruled surface S is of dimension onme.

Let ﬁt be such a divisor that is defined in Lemma 3.10 for ¢t points

P P and let T be the locus of (D , R

10000 By t,r g2 Bpseees Rr) over k,

where Rl,..,, Rr are independent generic points of ﬁt over k(ﬁt) and
2t - ¥ > 0, Consider two closed subsets Gt £ H of T :
= oo .e . = f
Gy {®, Qs--05 Q) | @, Qp5-v05 QD & Te po m(Q,) w(Qj) or

some i # j}

H = the locus of (D

+ "‘. »v .
t,r ee1 T 85 Ry, s Rr) over k, where g is a

1
generic fibre over k(ﬁt_l, Ri,,.., R;) and where Ri,..., R; are

independent gemneric points of ﬁt

_ £ z =T -(, U
Now, the map ft,r o t,r t,r (Ct,r Ht,r) to v2t—r
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. r
ft’r : (D, Qreees Qr) — (n(D-p) - iil (Oi), £)

r
is a rational map, where £ is the element of pfl(w(D?D) > ﬂ(Qi))
> (SRS, 121

determined by & which can be regarded as 'A-bundle in

im ' =S
Ql’.“’ Ql" 0

’Tfl(z n(Qi) - 7(DD)). If r is sufficiently 1érge, £ is a surjective

t,r

map. It is easy to see that N(elm SO) <2t - r ’if and only if

Qpseees Q

is the projection of T
t,r

(Ql"") Qr)é Prt" (T

1,r t~l,r)’ where Prt .

9

to S0 X .e. X SO (r-ple product of S ). Thus the image of

0

-1
Prt,r (Pr Tt—l,r) mn Zt,r by ft r

is just the subset of V which
t-1,r ’ :

2t-r
consists of elements corresponding to P'-bundle with N(P(E))< 2t - r.
Therefore, we have

Lemma 3.15. The subset of Vn which consists of elements corresponding
to P1>bundles with N(P(E)) = n is a dense subset of Vn which contains
a Zariski open subset.

if (D, &) & V2 corresponds to P(E) with N(P(E)) < 2, then P(E)
has sections s, s' such that (s, s) = 2, and (s', s') < 2. By virtue
of Proposition 1.18, (s', s') = 0 or -2. Moreover if (s', g') = -2,
then (s, s') = -%—-{(s, g) + (s', ')} =0 and so P(E) is the Gm;bundle
defined by D (see Remark 1.20), whence P(E) cannot correspond to a pbint

of V Thus (s', s8') = 0, which implies that s' 1is a section with simple

9

pole at Q = 7n(s*s') since 2n(s-s') = n(s, s) + w(s'-s'). Therefore,
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(D, £) 1is contained in the image of T by Theorem 2,2(ii). Conversely

if (D, &) 1is contained in the image of "5, then P(E) has a section s'

with simple pole and so N(P(E)) < (s', s') = 0. On the other hand,'E/ is

proper. Hence the subset of V, which consists of elements corresponding

2
to P'-bundles with N(P(E)) = 2 is a Zariski open set of V2.

Next let us consider the case where N(P(E)) = 1. The following lemma
implies that every element of Vl corresponds to a Pl—bundle with

N(P(E)) = 1.

Lemma 3.16. let L be a line bundle of degree

ld
Q
<
o
a1
>4
£
o
”
>
aQ
v
"-—A

Then a non-trivial extension E of L by I is a canonical type.
Proof. If E has a subbundle L' of deg L' > 1, we have

-1

)

1 T_
deg (LEL = 0 sgince HO(X, ELQSEL l) # 0 by Lemma 1.3. Thus

L.
L®L 1';1 and so L o L'. Then, by Lemma 1.4, Eo T@ L~ IDL and this
contradicts to the fact that E 1is a non-trivial extension. Q.E.D.

If P(E) with N(P(E)) =1 has minimal sections s, s', then s
determines one point (D, &) in V1 and (D, g) 1is the image of (D, Q)
by G where Q = n(s, s') (see Theorem 2.2). Thus the number of minimal

. . _~—1 .
sections of P(E) 1is equal to (& T~ (D, £)) + 1. By virtue of
Theorem 2.2 we have Ft(%rl (D, £)) < deg (K + D) = 2g -~ 1. Consequently

we have the following theorem.

Theorem 3.17. Let n be a positive integer not greater than g.
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1) The subset Un of Vn which consists of elements corresponding
to Pl—bundles with N(P(E)) = n 1is a dense subset of Vn which contains

a Zariski open subset of Vn.

(ii) If n = 2, then U2 is a Zariski open set of VZ.

(iii) If n

1, then U1 = Vl and there is a surjective map

£,1 9, — @i {P(E) | N(P(E)) = 1} such that ﬁ—fil(P(E)) = # AP (E))
< 2g for all P(E). Moreover, there is a closed set F of Vl such that
dim (P—l(D) NF) =1 for all D& Jl and that any element of fl(Vl - F)
has only one minimal section.

Corollary 3.18. There is a surjective map fg : Ug ——»—'G)i =
P(E) | NE(E) = g} and dim £ (P(E) = 1 for all P(B) € 5.

Proof. By virtue of above theorem and Proposition 3.14 the proof is
obvious.

We can prove easily the following fact : If S = elmP P SO’
12ec o

r
0 <N(S) <g and if Pl,..., Pr are sufficiently general, then the number
of minimal sections of S (=% A(S)) is finite.
Here we present a conjecture.

Conjecture. If N(S) < g and S * SO, then i# A(S) 1is finite.

This is true if g < 3 (use Theorem 3.8).
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§ 2, Special cases.

We give, here, a rough classification of ruled surfaces in the case

where g =1 or 2.

For a ruled surface S = elm S., a section of S 1is the
Pl""’ Pr 0
proper transform by elm of an irreducible member of lP x X +
Pryeees P
z %i] for some fibres s because a section of SO is an irreducible

member of such a linear system by Lemma 3.2. Thus we have the following
tables of a classification if we take the results of the preceding section
into account. We call a section of such a form P x X a base of SO.

Table I. The case where g = 1.

N(E(E) | #HAP(E)) Type
1 ® (1, 1, 1
0 0 the direct product.
(1, 1). One point is an infinitely near point

° ! of another which does not lie on a base.
0 2 (1, 1). Both points are ordinary points.

-1 1 1.

-2 1 (2).

-n 1 (n).

In this table .(n yooes nr) expresses a surface which is obtained

17 ™
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by the elementary transformations from the direct product S at the points

0
1 1 k .
Pi, PZ""’ Pn soaas P;, P;,..., Pz such that Pi,..., Pn lie on the same
1 o r k
base unless n = 1 and PT is an infinitely near point which does not lie

on a base.
Table II. The case where g = 2.

Notations are the same as in the Table 1I.

N(P(E)) | H# A(P(E)) Type
2 oo (i, 1, 1, 1.
at most
1 a, 1, 1, 2,1, 1, 1) or (2, 2, 1).
4 ;
0 o The direct product.
0 2 (1, 1). Both points are ordinary points.
(1, 1). One . point is an infinitely near point
° ! of another and both don't 1lie on a base.
0 1 2, 1, ).
0 2 2, 2).
-1 1 .
-1 1 2, .
-2 1 (2).
(3, 1). The latter point is an infinitely near
- ! point of the former and doesn't lie on a base.
-3 _ 1 (3).
-4 1 4.
-n 1 (n).
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Chapter 1IV. Models and special cases.
In this chapter we shall study the classification of Pl—bundles and

their models in special cases.
§ 1. Decomposable (Gm—) bundles.

It is clear that a decomposable bundle in Chapter I is the same as
a Gm-bundle in Chapter II. On the other hand, the following proposition

shows the relation between decomposable bundles and elementary transformations.

Proposition 4.1. P(E) dis decomposable (i.e. E is so) if

if P(E) is obtained by the following way : Let L € H(P(E)) amd DO (or,

D _, respectively) be the zero (or, polar, resp.) divisor of a divisor

defined by the line bundle L. Take DO (or, D_, respectively) on (0) x X

(or, () x X, resp.) and perform the elementary transformations at such points

on S then the transformed surface is P(E).

O,
To prove this proposition we need a lemma which will be also used

later.

Lemma 4,2. Let P be a point on a ruled surface S and put T = elmp.

If s and s' are sections of S such that P 1lies on s and not on

s', then #'(T[s] * T[s]) = n(s + 8) - n(P) and '(T[s'] . T[s']) =
m(s' + s') + 7(P) as divisor classes on X, where T[s] (or, T[s'],

|

respectively) is the proper transform of s (or, s', resp.) and where
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m (or, w', respectively) is the natural projection of S (or, T(S), resp.)

onto X.

Proof. Since s and s' are sections, there are fibres 21,..., zr,
2 cees R such that s v s' + 5.° 2., = X t ) (see Lemma 3.2).
r+1° > Tt i=1 "i j=r+l *j

Let £ be the fibre T(P) of T(S) and T[zi] be the proper transform

of &, or T[P] according to zisbp or g,® P. Then we have that

t

T[s] + 2 ~ T[s'] + T[zi] -z 1 T[2,] and =#'{T[s} - (T[s'] +

i1 j

r

t
Zioq TI2) - 2

j=r+1 T[Qj])} = 7(s * 8). Thus 7(T[s] - T[s]) = 71'{T[s]

(Tls'] + 5,7, Tl2,] - T[e,] = )} = 7(s - &) - n'(Tls] - 9) =

—r+1
(s * s) - 7(P) and similarly ='(T[s'] * T[s']) = n(s'" « s') + 7(P).

Q.E.D.

Proof of Proposition 4.1. To prove the “only if" part let DO =

T .l . _
Zi=1 miPi’ D = j 1 JQ (mi, nj are positive integers) and z; = aijzj

be the coordinate transformations of P(E). Then L is defined by matrices
(a;;) and so if s (or, So> respectively) is the infinite (or, zero, resp.)

section, then 7(s * 8) =D, ~ D and 7(s

0 e © 8

=D -D,. Let M,
i

0 O) o 0

(or, Nj’ respectively) be the set of infinitely near points of order

0, 1,..., m - 1 (or, 0, 1,..., nj - 1, resp.) of P? = n_l(P

(or, Q% = n'l(o ) - s resp.) such that they lie on s (or, g resp.).

i

Then rename the points of (\JMi) k)(k/Nj), say R Ru' Now, consider

1,---,

the elementary transformation T = elm, . Then ' (T[s ] + T[s 1) =
12++s R
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and w'(T[sO] . T[so]) = 0 by Lemma 4.2 and T[sm] doesn't intersect
T[so]. Thus T(P(E)) is the direct product of Pl and X by Theorem 1.11
and Remark 1.20. Moreover, T-1 is the transformation stated in our
proposition. Conversely, the surface P(E) in our proposition has two
sections which don't intersect each other, that is to say, the proper
transforms of the sections (0) x X, («) x X, And we get by Lemma 4.2 that

m(s ) = D0 - D_. Thus P(E) is decomposable and L & X (P(E)). Q.E.D.

§ 2, Special cases.

Now, we shall consider some special cases.

(A). The case where g = 0.

Since 2g - 2 = -2, every P(E) is decomposable by virtue of Remark 1.13
and Proposition 1.9. Hence 6)X =‘§); and CX = {QP(E)), 0)}. Since
X 1is rational, A (P(E)) is determined by N(P(E)), that is to say, CX is
regarded as the set of non-positive integers. By Proposition 4.1, if P(E)
corresponds to n, then P(E) is Nagata's F-n [10]. Thus we have

Theorem 4.3. Isomorphism classes of Pl—bundles over a rational
curve correspond bijectively to non-positive integers. If P(E) corresponds
to n, then P(E) is nothing but the Nagata's F_n.

Since N(P(E)) is an invariant of biregular classes of ruled surfaces,

the above classification is that of biregular classes. By Corollary 1.7
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and Proposition 1.18, F—n (n < 0) has only one minimal section (the

self-intersection number being n) and another section has the self-

intersection number not less than -n. This is analogous to the

Proposition 2 of [10] and it can be proved easily from the above remark.
(B). The case where g = 1.

We need some lemmas to classify Pl—bundles over X with g = 1.
Lemma 4.4. Let éi (2, 1) be the set of isomorphism classes of
indecomposable vector bundles of rank 2 with degree 1. Then every element
of éi(Z, 1) 4dis of canonical type. Therefore, we have N(E) = 1 for all

Ee £, 1.

Proof. Let E & &(2, 1). Then, by the Riemann-Roch theorem on X
we have dim HO(X, EY > 1. Fence there is a grobal section ¢ G:HO(X, E).
However, if a line bundle 1L of positive degree is a subbundle of E,

then we have an exact sequence
0 — L — E —> (detE)@)L_1 — 0

and this means that E is decomposable because dim Hl(X, Fom((det E) ®
~1 . 1 -1 2 . 0 -2

L7, L) =dim B (X, (det E) " QL") =dim B (X, (det B)®L °) = 0 by
the Serre duality and the fact that deg ((det E) @)L_Z) < 0. Since E is
indecomposable, the subbundle {¢] of E is degree 0, that is to say,

[¢] ¥ I and I is a maximal subbundle of E. Q.E.D.
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The following lemma is a special case of the Atiyah's theorem ([2]
Theorem 7).

Lemma 4.5. Let £(1, 1) be the set of the isomorphism classes of
line bundle of degree 1. Then the map det : £(2, 1) —> Ea, 1)
is bijective.

Proof. Let E € £ (2, 1), then by Lemma 4.4 we have an exact sequence
0O — I — E —> detE — O,

On the other hand, dim Hl(X, Hom(det E, I)) = dim Hl(X, (ie_t_g)—l) =

dim HO(X, det E) = 1 by the Serre duality. Thus E 1is determined uniquely
bv det E, that is to say, det : (2, 1) — &(1, 1) is injective.
Conversely, if L & £ (1, 1) is given, then there is a non-trivial

extension E of L by I
0 — I — E — L —> 0,

where det E = L, because dim Hl(X, Hom(L, I)) = 1. If E v Llc+)L2,

then T i L., L, and dim HO(X, Hom(I, L,)) £ 1, whence deg L, > 0
1 2 —_— i i

(i =1, 2). This is a contradiction since deg E = 1. Thus E is

indecomposable. Therefore, det : €(2, 1) —> £(1, 1) is surjective.

O,E, D

.

Corollary 4.6. If E & £(2, 1), then the set of the maximal
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subbundle of E is in bijective correspondence with the curve X.
Proof. X can be identified with the Jacobian variety of X.
Let N be a maximal subbundle of E. Then N 1is of degree 0 by
Lemma 4.4 and N naturally corresponds to a point of X. This map is
injective by Lemma 1.5. Conversely, let N be the line bundle of
degree 0 which corresponds to a point of X. By Lemma 4.5 we can find
E'¢ £(2, 1) such that det E = (det E') ®N2 = det(E' ® N). Then,

by the injectiveness of the map det : (2, 1) — &(1, 1), we

obtain E E' @ N. Meanwhile, I is a maximal subbundle of E' by

Lemma 4.4, Thus N is a maximal subbundle of E. This proves that
the above map is surjective. Q.E.D.
Here we come to the Atiyah's theorem [1].
Theorem 4.7. The moduli space of isomorphism classes of Pl—
bundles over X with g =1 1is the union of Jn (n runs over all

o~
P., where Jn and J

and two points PO’ 1 0

~
negative integers), JO

are the space of decomposable bundles and P, (or, Pl’ respectively)

0
is a class of indecomposable bundle with N(PO) =0 (or, N(Pl) =1,

resp.).

Proof. Decomposable cases are treated in Corollary 1.12. Next,

A
[y

we treat the indecomposable cases. First, note that N(P(E)) <
and that P(E) is decomposable if N(P(E)) < 0. 1In the case where

N(P(E)) = 0, we have dim H'(X, &RPE) ™Y = 1 if and only if
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DEE) =1 and if & (P(E)) # I, we have dim H (X, X(P(E) D) = 0
by the Serre duality. Thus, there is only one indecomposable bundle

by Theorem 1.11 and it is PO. Next, consider the case where N(P(E))

I
o

=1. Let E, E'€ £ (2, 1), then we have deg((det E) ® (det E')) =

Therefore, we can find a line bundle N of degree O such that N2

(det E) ® (det E') l. Then, det E = det (E' ® N) and by Lemma 4.5,

E=E'®N, that is, P(E) = P(E'). Hence, P, = P(E) (E & £(2, 1))

1

is only one Pl—bundle with N(P(E)) = 1. Q.E.D.

~

The model of an element of J_ or J, was given in Proposition
i A%}

4.,1. On the other hand, from Table I of Chapter III, Theorem 1.16,
Lemma 1.15, Proposition 4.1 and Corollary 4.6, we get
Theorem 4.8.

(1) The model of P is

0 elle9 Q2 SO, where Ql is an

ordinary point and Q2 is an infinitely near point of Ql not on a
base.

R R

(2) The model of P is elm SO’ where R 9> Ry

1 R,, R,, R

1> Ro» Ry 1

are ordinary points on distinct bases and distinct fibres respectively.

(3) PO has only one minimal section and the self-intersection

numbers of sections of PO are all even.

(4) The set of minimal sections of P1 is in bijective corres-

pondence with X and self~intersection numbers of sections of Pl are

all odd.
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To consider the classification of biregular classes of ruled
surfaces over X with g = 1 we prepare a lemma which was proved by
T. Suwa [14] in the case where k is the complex number field.

Lemma 4.9. Let P0 be a fixed point on X and P(E) and
P(E') be decomposable Pl—bundles over X with g =1 such that
N(P(E)) = N(P(E')) = 0 and s (or, s', respectively) is a minimal
section of P(E) (or, P(E'), resp.). Then P(E) is biregularly
isomorphic to P(E') if and only if there is an automorphism ¢ of

X such that ¢(PO) = P0 and ¢(P) = P' for n(s - s) =P - P,

n'(s' - s') =P, - P'.

0
Proof. First assume that ¢ stated above exists. Then ¢*(P(E'))
has a minimal section s" such that 7" (s" . s") = PO -~ P where g "

P(E) as Pl—bundle

ne

is the projection of ¢*(P(E')). Thus ¢*(P(E'))
and so P(E) is bifegularly isomorphic to P(E') by Theorem 0.3.
Conversely, if ¥ is a biregular map of P(E) to P(E'), then there

is an automorphism ¢ of X by Theorem 0.3 such that 7'=> ¥ = ¢ o 7.
Thus if V¥(s) = s', n'(¥(s) + ¥(s)) = v(n(s - 8)) = w(PO) - ¢y(P) ~ PO - P'.
Now, we shall identify X with its Jacobian variety and write the group
operation of X multiplicatively. Let ¢ be the automorphism of X

such that ¢(Q) = Py - »(Q) - (w(PO))'l. Then ¢(P,) = P, and

$(P) = P' since w(PO) - Pp(P) ~n P0 - P' and this ¢ 1is the required

automorphism. WNext, if V¥(s) is another minimal section (see Corollary 1.7),
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then ¢(PO) - $(P) ~ P' - P, by Proposition 1.9 (iv). Let ¢ be the

0
automorphism of X such that ¢(Q) =P' - (gb(Q))—'1 « p(P) for all
Q€& X. Then ¢ 1s the required automorphism. Q.E.D.
Thus we get
Theorem 4.10. The moduli space of biregular classes of ruled
surfaces over X with g =1 is the union of countable points Pn
(n 1) and SZ, where 3{ is the quatient space of X by automorphisms
of X as an abelian variety.

Pl—bundles such that N{(P(E))

58]
13

Proof. Let P(E)

(o
d
~
=1
-
o
®

= N(P(E')) = n > 0. Then there are P, Q € X such that H(P(E)) = nP
and A (P(E')) = nQ as divisor classes. If ¢ 1is an automorphism of
X such that ¢(P) = Q, then ¢*(P(E")) o P(E) as Pl—bundle since
A(G*(P(E'))) = nP. Thus P(E) is biregularly isomorphic to P(E')
by Theorem 0.3 and the class of this P(E) 1is Pn° PO, P1 are the
same as in Theorem 4.7. It is clear by Lemma 4.9 that the space of

biregular classes of decomposable ruled surfaces (i.e. decomposable

as lebundle) with N(P(E)) = 0 dis X. Since P has only one minimal

0
section and every element of 0 has two minimal sections, PO is never
3 o [and
contained in X. Q.E.D.

(C). The case where g = 2.
Theorem 4.11, The moduli space of “6)% over X with g =2 is

~
the union of Jn (n ranges over all negative integers), JO’ P_2,

69



and J_. where J and J. are the same as in Corollary 1.12, P_

0 n 0 2
is a point and where jO is the variety which is obtained by the
dilatation at the unity from the Jacobian variety of X. P X

=-2?

and 30 correspond to the indecomposable bundles of N(P(E)) = -2, -1,

and 0O respectively.

Proof. It is sufficient if one proves the assertion in the
indecomposahle case. Thus we need consider only the case 0 > N(P(E))

. 1 -1

> -2. If N(P(E)) = -2, then dim H (X, Q(P(E)) ) <1 and the
equality is fulfiled if and only if JB(P(E))—l is the canonical
divisor class by the Serre duality. Hence an indecomposable bundle
P(E) with N(P(E)) = -2 1is unique by Theorem 1.11 and it is P—Z'

TE N(P(E)) = -1, then we obtain dim HI(X, \(P(E)) 1) = dim HO(X,

5

QS(P(E))_l) by the Riemann-Roch theorem. Thus, if dim Hl(X,

oQ(P(E))_l) 1, then the divisor class defined by Xs(P(E))_l contains

nv

a divisor P, where P 1is a point of X. Here, the inequality
. 1 -1 .

dim H (X, (P(E)) ) > 1 does not hold. For, if so, there are two
points P, Q of X such that P and Q are linearly equivalent as
one point divisors. However, this fact happens only in the case where

. . . 1 -1 . .
X 1is rational. Hence, dim H (X, oQ(P(E)) ) = 1. This latter equality
holds, if and only if IdS(P(E))_l [ = P, for one point divisor P.

. 1 -1 . .

If dim H (X, APE)) ) = 0, we see easily that P(E) is decomposable

(Theorem 1.11). Therefore, there is a bijective correspondence between
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X and the set of indecomposable Pl—bundles with N(P(E)) = -1. Finally,
consider the case where N(P(E)) = 0. Then dim Hl(X, JS(P(E))_l) =1
if S(P(E)) # T, and dim HY(X, D@END L) = 2 if A(P(E) = I.

Since the set {o(P(E)) | N(P(E)) = 0} 4is bijective with J ( = the

I
o

Jacobian variety), the set of indecomposable bundles with N(P(E))

is 30 by Theorem 1.11.

Combining Theorem 1.16, Theorem 4.11, Lemma 4.2 and Table II of
Chapter III, the models of indecomposable bundles of '6>; over X
with g = 2 are the following :

(1L The domel of P__2 is elmP19 Pz’ Q R SO, where P1 + P2

is a canonical divisor of a base, @ 1is an arbitrary point on the
same base and R 1is an infinitely near point of Q not on a base.

(2) The model of an element of X is el R SO’ where P

m
P, Qs

is the point on a base corresponding to the given point of X, Q is
a point on the same base such that dim f P+ Q [ = 0 and where R
is an infinitely near point of Q not on a base.

(3) The models of jO are the following : Let D0 and Doo be

positive divisors on X such that D, - D_ = A (P(E)) and that

deg D0 is minimal.

(i) If AD(P(E)) = I, then P(E) = elm SO’ where P is an

P, Q

ordinary point and Q 1is an infinitely near point of Q not on a base.

(1) If D_ =P, and Dy =P,, then P(E) = elm

1 0 P!,P),Q,R So°
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where Pi (or, Pé, respectively) is the point lying on (0) x X

(or, (») x X, resp.) such that n(Pi) = P1 (or, n(Pé) = P2, resp.),
Q is a point on (0) x X such that dim | Pi +Q| =0 and R is
an infinitely near point of Q not on a base.

(1ii) If D_=P; +P, and Dy =Q + Q,, then P(E) =

So° where P! and P! are the points lying on the

el T ] \J A
"I, P), Q) Q) 1 2

same base such that W(Pi) = P. and n(Pé) = Pz and where Q! and

1 1

Qé are the points such that w(Qi) = Ql and ﬂ(Qé) = Q2 and that

Pi, Qi, Qé lie on distinct bases respectively.
The following theorem is a special cases of Theorem 3.17.
Theorem 4.13. Let the genus of X be 2. Then there are P

bundle spaces V_ (n =1, 2) over J_ and we have the following :

Il il

(1) There is a surjective map fl : V1 —_ TP; and
-1 4 . 1
4#f1 (P(E)) = HA (P(E)) is at most four for all P(E) € EPX.

(2) There is a surjective map f of a Zariski open set of V

2 2

to 5))2( and dim fgl(P(E)) =1 for all P(E) & 63)2(.
(D) The case where g = 3
Taking Theorem 3.8 and Theorem 3517 into account, we have
Theorem 4.14. Let the genus of X be 3. Then there are Pn+1-
bundle space Vn (n=1, 2, 3) over Jn and we have the following :

. . . 1
(1) There is a surjective map f of V1 to 1§>X and

1

:B«fil(P(E)) =# Q) (P(E)) 1is at most six for all P(E) e‘@}l{.
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(2) There is a surjective map £ of a Zariski open set of V

2 2

2 -1 . ; . 2
to @y and W, (P(E)) =#ed (P(E)) is finite for all P(E) € ..
(3) There is a surjective map f3 of a dense set of V’3 which
) - ' 3 el
contains a Zariski open set of V, to B x and dim £, (P(E)) =1

for all P(E) € @;
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