Convergence of space-time occupation measures of stochastic
processes and its application to collisions

Ryoichiro Noda*

Abstract

We introduce a new perspective on positive continuous additive functionals (PCAFS)
of Markov processes, which we call space-time occupation measures (STOMs). This notion
provides a natural generalization of classical occupation times and occupation measures, and
offers a unified framework for studying their convergence. We analyze STOMs via so-called
smooth measures associated with PCAFs through the Revuz correspondence. We establish
that if the underlying spaces, the processes living on them, their heat kernels, and the
associated smooth measures converge, and if the corresponding potentials of these measures
satisfy a uniform decay condition, then the associated PCAFs and STOMs also converge in
suitable Gromov—Hausdorff-type topologies.

We then apply this framework to the analysis of collisions of independent stochastic
processes. Specifically, by exploiting the STOM formulation, we introduce the notion of
collision measures, which record both the collision sites and times of two processes, and
prove general convergence theorems for these measures. The abstract results are further
specialized to random walks on electrical networks via the theory of resistance metric spaces,
leading to concrete scaling limits for collision measures of random walks on critical random
graphs, such as critical Galton-Watson trees, critical Erd6s—Rényi random graphs, and the
uniform spanning tree.
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1 Introduction

Positive continuous additive functionals (PCAFs) play a crucial role in the analysis of Markov
processes, appearing in various contexts, such as the Feynman—Kac formula, time-changed pro-
cesses, and reflected processes. This paper is concerned with convergence of PCAFs, which has
important applications in a wide range of problems.



Convergence of space-time occupation measures and its application to collisions

(i) Convergence of PCAFs directly implies convergence of the associated Feynman—Kac semi-
groups (cf. [3]). As an application in the PDE context, Fan [30] constructed a discrete
approximation for solutions of the heat equation with general Robin boundary conditions,
by proving the convergence of the boundary local times of random walks in a certain
Fuclidean domain to those of the reflected diffusion.

(ii) Convergence of PCAFs is a crucial step in deriving convergence of corresponding time-
changed processes, such as Liouville Brownian motion and the Bouchaud trap model [28)
33, [66].

(iii) Convergence of local times can be used to deduce convergence of cover times of random
walks [7), 25].

A fundamental result in the theory of PCAFs is the Revuz correspondence [72], which es-
tablishes a one-to-one correspondence between PCAFs and so-called smooth measures. Recent
studies [60, 65, 67] have shown that this correspondence is continuous, in the sense that if
smooth measures converge, then the associated PCAF's also converge, with the mode of conver-
gence specified suitably. These works, however, have focused on convergence of PCAF's of a fixed
Markov process. In this paper, we establish convergence results for PCAF's of Markov processes
living on spaces that vary along a sequence, where the convergence of the underlying spaces is
treated within the framework of Gromov-Hausdorff-type topologies (see Section (3| below). This
extension of the framework makes the theory applicable to a wider range of settings, such as
discrete approximations of spaces and scaling limits of random graphs.

In this paper, we also introduce a new perspective on PCAFs, viewing them as random
measures on space and time. Let X = (X;);>0 be a standard process on a suitable topological
space S (see [18, 22] for the definition of standard processes, for example). For a PCAF A =
(At)t>0 of X (see Definition below), we define a random measure on S x [0, 00) by

Imy:AwLugﬂm% (1.1)

where 1. denotes the indicator function. We refer to II as the space-time occupation measure
(STOM) associated with A. This notion extends the classical occupation time and occupation
measure in the following sense. If one takes A; = ¢, t > 0, then, for any Borel set & C S and
t >0,

mExmm:AHﬂ&m&

Thus, fixing F and varying t recovers the occupation time, while fixing ¢ and varying E recovers
the occupation measure.

The introduction of STOMs is not merely a reformulation of PCAFs. It provides a new
framework that we apply to the study of collisions of stochastic processes. As a particular class
of STOMs, we introduce the notion of collision measures for two processes, which simultaneously
record both the locations and the times of collisions. We establish convergence results for these
measures, and present several concrete examples to illustrate their applications.

The contributions of this paper can be summarized as follows.

(i) We prove that if processes, heat kernels, and smooth measures converge, then, under
suitable assumptions on the latter two, the associated PCAFs and STOMSs also converge.

(ii) We introduce the STOM framework as a new tool for the study of collisions of stochastic
processes. Within this framework, we establish convergence results for collision measures
and apply them to several concrete examples.

In the following subsections, we elaborate on these contributions in more detail.
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1.1 An overview of the framework

Here we present an overview of the framework underlying our main results, mainly focusing on
the topologies used to discuss convergence of PCAFs and STOMs.

We first recall some notion concerning PCAFs and smooth measures, which play a central
role in this work. For details, see Section Let (S,ds) be a boundedly-compact metric space
(a bem space, for short), that is, every bounded closed subset of S is compact. Let

X = (X020, (P")zes)

be a conservative standard process on S satisfying the duality and absolute continuity condition
(Assumption . In particular, we assume that it admits a transition density (heat kernel)
p: (0,00) x S x S — [0,00] with respect to a certain invariant reference measure of X. Let u
be a Radon measure on S, i.e., a Borel measure such that its restriction p|x to every compact
subset K is finite. We define its a-potential by

Ryu(z) = /Sro‘(:c,y)u(dy), x €S,

where r® denotes the a-resolvent density associated with p, namely,

r(x,y) = / e “p(t,x,y)dt.
0

The measure p is said to belong to the local Kato class if it does not charge any semipolar set
(see Definition below) and, for every compact subset K C S,

a—0o0

IR (4l )l oo = sup / () j(dy) —» 0.
€S JK

If 14 is in the local Kato class, then it is a smooth measure of X, and by the Revuz correspondence
there exists a unique PCAF A = (A;)>0 of X satisfying, for all non-negative Borel measurable
fonSandall a >0,

gl [T e = [ 1) 1) ),

The associated STOM is defined by (|1.1)).

Spaces for PCAFs and STOMs. We next introduce the spaces used to describe conver-
gence of PCAFs and STOMs. We write C4(R>0, R>o) for the space of non-decreasing continuous
functions from R>q to itself, equipped with the compact-convergence topology, i.e., uniform con-
vergence on compacts. The conservativeness of X ensures that each PCAF is finite at every
finite time, so that convergence of PCAFs can be discussed within C}(R>g,R>(). For the same
reason, each STOM is a Radon measure on S x R>g, and one may consider convergence of
STOMs under the vague topology. However, the vague topology is, in general, too weak to cap-
ture convergence of the associated PCAFs. Indeed, if II is the STOM associated with a PCAF
A, then

II(S x [0,t]) = Ay, t>0.

Thus, even if II,, — II vaguely, the above relation does not guarantee the convergence of the
corresponding PCAFs when S is non-compact. To overcome this difficulty, we introduce a
space M, ) (S X R>g) containing all STOMs, and equip it with a Polish topology such that
convergence in this space implies convergence of the associated PCAFs in C}4(R>0,R>0). (See
Section for details.) In the remainder of this introduction, we mainly focus on convergence of
STOMs, as convergence of PCAFs in this setting follows from that of the corresponding STOMs.
(Nevertheless, both PCAFs and STOMs will be treated in parallel in the main sections.)
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Remark 1.1. We make a few comments on the conservativeness assumption.

(a) Without conservativeness, a PCAF may blow up in finite time, in which case the space
C3(R>0,R>0) is no longer suitable for treating PCAFs. By instead considering the asso-
ciated STOMs, one can still discuss convergence in a natural topology without assuming
conservativeness. This demonstrates the generality of the STOM framework. See Section [f]
(in particular, Remark for further details.

(b) Conservativeness is also, in a sense, a natural assumption when discussing convergence of
stochastic processes in a general setting. In the presence of explosion, usual topologies
such as the Jj-Skorohod topology are overly sensitive to the behavior of paths near ex-
plosion times, and one must carefully choose an appropriate topology. See [35] for recent
developments in this direction.

Law maps and their continuity. We write D(R>, S) for the space of S-valued cadlag
functions on R>q, equipped with the usual Ji-Skorohod topology. Fix a Radon measure p in
the local Kato class, and denote the associated STOM by II. For each x € S, set

Lx(z):=P (X €), Lixmr):=P(XI)e"),

which are probability measures on D(R>q, S) and on D(Rx0, S) x M, gn) (S X R>0), respectively.
We regard these as maps from .S, and refer to them as law maps.

For a wide class of processes (for example, Feller processes), one can verify that the distri-
bution of X depends continuously on the starting point, that is, the map

Lx:S— P(D(Rzo, S))

is continuous, where P(D(R>p,.S)) denotes the space of probability measures on D(Rxq,5)
endowed with the weak topology. In such cases, Theorem below shows that £ x 11y inherits
the continuity of £Lx under an additional joint continuity assumption on the heat kernel. This
result serves as a cornerstone for our main theorems, as convergence of PCAFs and STOMs will
be formulated in terms of convergence of the corresponding law maps. (See Remark below
for an explanation of this.) The proof is based on an approximation argument, which also forms
the essential backbone of the proofs of our main results. A brief outline of this approximation
method is given in the next subsection.

Remark 1.2. Distributional convergence of Markov processes is usually formulated for a fixed
starting point (or a fixed sequence of starting points). However, in many cases the proof implic-
itly yields convergence whenever the starting points themselves converge. Indeed, a standard
argument based on tightness and convergence of semigroups typically suffices. This mode of
convergence is equivalent to compact convergence of their law maps, provided that the maps are
continuous. Although this viewpoint may seem less conventional, it is particularly natural in the
Gromov—Hausdorff-type setting, where processes are defined on different spaces and there may
be no canonical fixed starting point. Accordingly, throughout this paper, convergence of pro-
cesses and of their associated PCAFs/STOMs is formulated as convergence of the corresponding
law maps.

1.2 Main results

Here we present the main results of this paper together with a sketch of their proofs.

For each n > 1, let (S,,ds,) be a bcm space equipped with a distinguished element p,,
called the root of S,,. Let X,, be a conservative standard process on S, satisfying the duality
and absolute continuity condition (Assumption, and assume that X, has a jointly continuous
heat kernel p,. We assume that the law map Lx, is continuous. Fix a Radon measure u, on
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Sy belonging to the local Kato class of X,,, and let II,, be the associated STOM. As discussed
in the previous subsection, the joint law map Lx, 1) is also continuous.

To describe the limit objects, let (S, dg, p, X, p, i, IT) be a tuple satisfying the same conditions
as (Sn,ds, s Pny Xns Pns tin, I). In particular, (S, dg, p) is a rooted bcm space, X is a conservative
standard process satisfying the same assumptions as X,,, p is its jointly continuous heat kernel,
1 is a Radon measure in the local Kato class of X, and II is the corresponding STOM.

The following theorem is one of the main results of this paper. To discuss convergence
of metric spaces equipped with additional structures, such as measures and laws of Markov
processes, we use Gromov—Hausdorff-type spaces Mo (7). Here, 7 specifies both which struc-
tures are attached and how convergence of those structures is defined. For example, 75 treats
Radon measures endowed with the vague topology, Tk treats heat kernels with the compact-
convergence topology, and 7gp treats law maps of Markov processes with a suitable topology
induced by the Ji-Skorohod topology. The notation 7sp sTom extends 7sp so as to incorporate
STOMs simultaneously, using the topology introduced in Section See Section [3| below for
details. For each r > 0 and n > 1, we write

STV i={z € Sy | ds, (pn, ) <71},

and ,ugf) for the restriction of u, to S,(f).

Theorem 1.3. Assume that the following conditions are satisfied.

(i) It holds that
(Snvdsnapnmu'n7pn7£Xn) — (Sv dSap7M7pv ['X)

m W.(TM X THK X Tsp).

(ii) For each r >0,
lim limsupHRf,‘nu,(f)Hoo =0,

a0 p—oo

or equivalently,

6
lim lim sup sup / / pn(t, 2, y) pn(dy) dt = 0.
0—0 n—oo ajES,,(lT) 0 ng)

Then
(Sna dsna Prs Uny Pny ‘C(Xn,Hn)) — (Sa dSa Py s Dy ‘C(X,H))

in Me(TAr X THK X TSP,STOM) -

We also obtain a corresponding result for random environments. That is, assume that the
tuples S, = (Sh, ds,,, pn, tin) and S = (S, dg, p, 1) are random rooted-and-measured becm spaces.
For each realization of S,,, we consider a process X, with jointly continuous heat kernel p,,,
satisfying the same conditions as in the deterministic case, a Radon measure u, in the local
Kato class of X,,, and the associated STOM II,,. Similarly, for each realization of S, we have a
process X with jointly continuous heat kernel p, a Radon measure u in the local Kato class of X,
and the associated STOM II. (We also assume suitable measurability of these objects, so that we
can discuss their laws in Gromov—Hausdorff-type spaces; see Section for the precise setting.)
Under a random analogue of the above assumptions, we establish distributional convergence of
the law maps L(x, r1,)- Below, E;, denotes the expectation with respect to the randomness of

the environment, and 9, means convergence in distribution of random elements.
Theorem 1.4. Assume that the following conditions are satisfied.
(i) It holds that
(Snsds, s prs s s £,) < (S,ds, p i, p, £x)

as random elements of M, (TM X THK X Tsp).
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(ii) For each r >0,
lim limsup E,, [HR;‘HM%’")HOO A 1} =0,

Q=0 p—oo

0
( Su%/o /sm Pu(t, 2,Y) pin(dy) dt) A 1] — 0.
zesy §

(Sn7 dSn’ Prns Hns Pn, E(Xn,ﬂn)) i) (Sv dSa P iy D, 'C(X,H))

or equivalently,

lim lim sup E,,
0—=0 n—oo

Then

as random elements of M (Tr1 X THK X TSP,STOM) -

The above theorems follow from Theorems and (see also Remark , respectively,
which are formulated in a slightly more general setting where the convergence of processes is
assumed in a weaker topology. See Remark for further discussions on this point.

Sketch of the proofs. The main proof idea is to approximate STOMs using heat kernels as
mollifiers. For each § > 0, set

26
1199 (dz dt) == (15/ P (u, X (t), 2) du pp(dz) dt.
0

From the convergence of py,, pn, and Lx, , we deduce convergence of the law maps E( o (GON

Using moment estimates for differences of PCAFs established in [65], we bound the expected
distance between TI"™*) and II,, by the potential norm IRs, ) ||o- Thus, applying condition (ii)
in Theorem (or Theorem , we obtain that c(Xn,Hﬁf’*)) — L(x,,11,) as § — 0 uniformly in

n, which yields the desired convergence.

Remark 1.5. Our fundamental assumption concerns the convergence of processes. To impose
the weakest possible requirement, we employ the LY topology on D(R>g,S), induced by the
metric

42 (f,g) = /0 T et (L Ads(fug))dt, f.g € D(Rso, S)

(see Section for details of this topology). This topology is substantially weaker than the com-
pact convergence, Ji-Skorohod, or M; topologies, thereby broadening the scope of the frame-
work. Accordingly, in our main results, Theorems and the convergence of the joint
laws of processes and STOM:s is formulated so that the process components converge with re-
spect to the L? topology. Nevertheless, when convergence of processes holds under a stronger
Polish topology, the same conclusions automatically extend to that topology by a simple tight-
ness argument (see Appendix . Thus the use of the L? topology does not restrict generality,
while keeping the framework maximally flexible. Indeed, this level of generality is particularly
important for applications to the study of collision, see Remark

1.3 Application to the study of collisions

Let (X})i>0 and (X?);>0 be two (independent) stochastic processes taking values in a common
state space S. Given a realization of such processes, we say that ¢ € [0, 00) is a collision time if
X} = X} = x for some x € S, in which case we refer to x as the collision site (at time t). Based
on the framework of STOMs, we introduce the notion of collision measures for a broad class of
pairs of stochastic processes. These measures capture collision times and sites simultaneously,
allowing us to treat collisions in a unified manner. By applying the main convergence theorems
for STOMs, we obtain convergence results for the corresponding collision measures.
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Background. The study of collisions of independent stochastic processes can be traced back
to Pdlya’s classical work [70] on the recurrence of simple random walks (SRWs) on Euclidean
lattices. On such lattices, recurrence is equivalent to the infinite collision property (ICP), namely
the property that two independent SRWs collide infinitely many times with probability one.
However, this equivalence fails on general graphs [52], and the ICP has been extensively studied
for various (random) graph models (cf. [13] 26] 37, 39, [77]). In the continuous setting, most
studies have focused on the Hausdorff dimension of the set of collision times or collision sites
(cf. 40} 511 [74]).

The scaling limit of collision times and sites has, to the best of our knowledge, barely been
investigated in the existing literature. Even in a very simple case, the one-dimensional lattice
Z, no explicit results were known until the recent work by Nguyen [59]. He showed that the
point process consisting of pairs of collision times and sites of two SRWs on Z converges, under
Brownian scaling, to a non-trivial random measure. However, his approach essentially relies
on the scaling limit of the partition function for a directed polymer model and thus does not
extend easily to more general settings. Moreover, the limiting measure was characterized only via
moment identities, leaving its pathwise connection with the collisions of the limiting Brownian
motions unclear.

In contrast, our formulation provides a direct, pathwise definition of collision measures for a
wide class of stochastic processes, together with a robust convergence theorem derived from the
STOM framework.

Collision measure. Here we define collision measures. See Section [Tl for details. Let S be
a bcm space. For each i € {1,2}, let X* be a conservative standard process on S satisfying the
duality and absolute continuity condition (Assumptlon with heat kernel p' and reference
measure m'. We define the associated product process X ((Xt)t>o, (P®)zesxs) by

X, = (X}, X?), t>o0,
P =P @ Py, x=(x1,22) € S x S.

Then X is again a conservative standard process satisfying the duality and absolute continuity
condition. In particular, the STOM framework applies to this product process.

Define the diagonal map diag: S — S x S by diag(z) := (x,z). The collision of X! and X?
can be rephrased as the event that X hits the diagonal (cf. [T4]). Specifically, for any ¢ > 0 and
any subset B C S,

X!=X2eB <« X, e diag(B).

This observation naturally leads to the following definition of collision measures.

Fix a Radon measure y on S. We write pdi#8 := ;o diag™! for the pushforward of u by diag.
Assume that 1428 is a smooth measure of X, and let I denote the associated STOM of X. We
then define a random measure IT on S x [0, 00) by

IT := I o (diag x idg.,), (1.2)

where idg. , denotes the identity map on R>o = [0, 00). We refer to IT as the collision measure of
X1 and X? associated with p. The measure u(dz) plays the role of specifying the contribution
of collisions at each site z; we therefore refer to p as the weighting measure (see ) In
Remarks|7.4|and [7.5[below, we verify that the limiting random measure obtained by Nguyen [59]
can be interpreted as a collision measure within our framework.

For example, when S is discrete,

1

[I(dx dt) = @D m2 (=) Lixi—x2—g) plda) dt,

(1.3)

8
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(see Proposition [7.8)). This expression suggests that the natural choice of weighting measure p
is the pointwise product of the reference measures, that is,

p({z}) = (m'-m?)({a}) = m' ({a})m*({z}), =€ 8. (1.4)

Indeed, the collision measure II associated with this weighting measure assigns a unit contribu-
tion to each collision at every site. Namely, we have

M(dwdt) =Y 1ixi_x2-y) 6y(dz) dt, (1.5)
yes

where ¢, denotes the Dirac measure at y. In particular, for each € S and t > 0,

t
Hwexmmzélukﬁﬂw&

which represents the total amount of time up to ¢ during which X! and X? collide at z. We refer
to IT in (1.5) as the wuniform collision measure, and refer to the associated weighting measure

u=m'-m? as the canonical weighting measure.

Convergence of collision measures. Although the definition is not in the direct
form to which the continuous mapping theorem applies, an inverse version of the continuous
mapping theorem (see Appendix can be employed to handle this situation. In particular, the
convergence of collision measures can be reduced to that of the associated STOMs. Hence we
do not restate the full setup and theorems here. Instead, we provide a brief outline for clarity.
See Theorems and for precise formulations.

For each n > 1, suppose that X! and X2 are independent conservative standard processes
living on a common rooted bcm space (S,,ds, ,pn) with heat kernels p. and p2, respectively,
and let y, be a weighting measure. Write II,, for the collision measure of X,! and X2 associated
with p,. By Theorem we deduce the following: if the rooted metric spaces (Sy, ds,, , pn), the
weighting measures yi,, the heat kernels p. and p2, and the law maps £ x1 and Ly2 converge in
a certain Gromov—Hausdorff type topology, and if

é
fimtwsw swp [ [ (o)t an ) () d =0, W0, (L0)
(ryJo Jsy

§—0
n—oo 1,22€8,

then the joint law maps £(x1 x2 1) converge to the limiting one. An analogous result also holds
for random spaces, after suitable modification of the assumptions, as in the case of Theorem

Integration with the framework of resistance metric spaces. Collisions of indepen-
dent stochastic processes are phenomena that typically occur in spaces of low spectral dimension.
The framework of resistance metric spaces due to Kigami [49, 50] is particularly useful for ana-
lyzing such low-dimensional behavior, where point recurrence typically holds. It was originally
developed for analysis on fractals, and recent studies have revealed that this framework is also
highly effective in describing scaling limits of random walks and related objects on critical ran-
dom graphs [28] 24, [61], [63], 64].

The key advantage of working with measured resistance metric spaces lies in the fact that
each such space naturally carries a symmetric Markov process through the theory of Dirichlet
forms [32], and the associated process admits a jointly continuous heat kernel. Moreover, conver-
gence of measured resistance metric spaces in Gromov-Hausdorff-type topologies implies conver-
gence of the corresponding processes and their heat kernels, under the so-called non-explosion
condition (see Section . Consequently, once the convergence of the underlying spaces is estab-
lished, the convergence of the associated collision measures is reduced essentially to verifying
two ingredients:
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(A) the convergence of weighting measures,
(B) the heat-kernel condition (|1.6)).

The latter can be checked by heat kernel estimates based on volume estimates.

Collisions of variable-speed random walks (VSRWs). In Section[9.3] we develop gen-
eral convergence theorems (Theorems and that yields, from scaling limits of electrical
networks, scaling limits of uniform collision measures of two independent variable-speed random
walks (VSRWs) living on those networks, where a VSRW refers to a continuous-time random
walk whose jump rate between two vertices is proportional to the network conductance (see
Section below). A key point is that, although the canonical weighting measure is defined as
the squared invariant measure , the invariant measure for VSRWs is the counting measure.
Hence, squaring does not alter it, and condition automatically follows from the convergence
of the underlying measured spaces. This also simplifies condition ((1.6)) via the symmetry and
the Chapman—Kolmogorov equation to the following:

1)
lim limsup  sup / pn(2t, 21, 22)dt =0, Vr > 0.
0

020 n—oo 1,22 GST(LT)

(Note that p. = p2 in this setting, since we consider collisions of independent and identically
distributed (i.i.d.) random walks.) In Theorems andbelow, we provide simple sufficient
conditions, expressed in terms of lower volume estimates, to verify the above condition (and its
random version) . The results apply to a broad range of critical random graphs, including critical
Galton-Watson trees, the uniform spanning tree on Z¢ with d = 2,3, and on high-dimensional
tori, the critical Erd6s—Rényi graph, and the critical configuration model (see Example .

Collisions of constant-speed random walks (CSRWs). The situation for constant-
speed random walks (CSRWs) is markedly subtler, where a CSRW refers to a continuous-time
random walk with a constant jump rate equal to 1. Here, the invariant measure is the con-
ductance measure (which is reduced to the degree measure under unit conductances), so the
canonical weighting measure becomes the squared conductance measure, whose convergence is
genuinely nontrivial and must be analyzed on a model-by-model basis. Under the assumption
that the squared conductance measures converge under the same scaling as the invariant mea-
sures, Theorems[9.16]and [9.20] below provide sufficient conditions, again in terms of lower volume
estimates, to verify condition In Section we apply this result to critical Galton—Watson
trees conditioned on size whose offspring distribution has a finite (3+¢)-moment for some € > 0,
establishing the convergence of the squared conductance measures and, consequently, the scaling
limit of uniform collision measures of two independent CSRWs on those trees.

CSRWs are closely related to discrete-time random walks, since they share the same jump
chain and hence are expected to exhibit identical scaling behavior. In this sense, scaling limits of
CSRW collision measures naturally indicate the corresponding limits for discrete-time random
walks, although making this connection rigorous requires additional analysis because collision
measures involve occupation-time quantities (see [64] for a bridging argument transferring the
CSRW result to its discrete-time counterpart in the case of local times).

Outlook: persistence of inhomogeneities and future directions. The study of squared
invariant measures appears to be new, and it provides an intriguing perspective for future
research. For instance, in a version of one-dimensional Bouchaud trap models [14] 20, 31] where
the tail of the trap distribution lies in a regime with finite mean but infinite second moment, the
invariant measure converges to the Lebesgue measure, whereas the squared measure converges
to a limit that is singular with respect to the Lebesgue measure; namely, the invariant measure
of the Fontes—Isopi-Newman diffusion [31]. This indicates that, while each individual walk
homogenizes to Brownian motion, the collision sites may still reflect microscopic irregularities
of the environment, accumulating near deep traps. However, making this observation rigorous
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remains open. Indeed, our main results do not apply to this setting, since the limiting singular
measure is not smooth for the product process of the limiting processes, namely, two-dimensional
Brownian motion, and thus the associated collision measure cannot be defined. Similar behavior
is also expected in other settings, such as critical Galton—Watson trees with heavy-tailed offspring
distributions or random graphs with strongly inhomogeneous degree sequences.

Such a phenomenon—where the underlying processes lose their inhomogeneity in the limit
but their collisions retain it—offers a new viewpoint on interactions in disordered systems. In
this sense, collisions provide a novel observable that can detect microscopic irregularities even
when homogenization occurs at the process level. These observations suggest rich possibilities for
exploring how local inhomogeneities may persist through scaling limits in multi-particle systems.

1.4 Organization of the paper and notational conventions

The remainder of the paper is organized as follows. Section [2]summarizes the topologies and their
metrizations that will be used throughout. Section [3]develops a general Gromov—Hausdorff-type
framework for metric spaces equipped with additional structures, which serves as the basis for
formulating the convergence results of the paper. Section 4] reviews the notion of dual processes,
smooth measures, PCAFs, and STOMSs, together with the Revuz correspondence linking them.
Section [p]introduces approximation schemes for PCAFs and STOMs and establishes continuity of
their joint laws with the underlying processes. Section[6]presents the main convergence theorems
for PCAFs and STOMs on both deterministic and random spaces. Section [7]applies these results
to define collision measures and to prove their convergence. Section [§] and Section [9] further
specialize the general theory to stochastic processes on resistance metric spaces, culminating in
concrete scaling limit results for collision measures of variable-speed and constant-speed random
walks on critical random graphs. Finally, several auxiliary results are collected in the appendices,
including an inverse version of the continuous mapping theorem.
Below we list the notational conventions used throughout this paper.

(1) We denote by Z, Z,, and N, the sets of integers, non-negative integers, and positive
integers, respectively.

(2) We write R>¢ := [0, 00) and R+ := (0,00), and equip each of these spaces with the usual
Euclidean metric. The space [0, 00| is the usual one-point compactification of [0, co).

(3) For a,b € RU{+o00}, we write a A b := min{a, b} and a V b := max{a, b}.
(4) For a non-empty set S and f: S — [—00, 0], we write || f||oo = sup{|f(z)| | z € S}.

(5) We denote by Leb the Lebesgue measure on R, where the dimension is clear from the
context.

(6) For a set S and a subset Sy C S, 1g, denotes the indicator function of Sp, i.e., 1g,(z) =1
for z € Sy, and 1g,(z) =0 for z € S\ Sp.

(7) For a topological space S, we write B(.S) for the set of Borel subsets of S.

(8) When we say that S is a metric space, we always assume that S is nonempty and that its
associated metric is denoted by dg, unless otherwise specified.

(9) Given a metric space S, we write

Bg(x,r) = By (z,1) :={y € S | ds(z,y) <r},
Dg(z,7) = Dgg(x,r) ={y € S| dg(z,y) <r}.

(10) Given a topological space S and a subset A of S, we denote by cl(A) = clg(A) the closure
of Ain S.

11
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(11) Let S be a topological space. Given a function f: S — R, we write supp(f) for the (closed)
support of f, i.e.,

supp(f) = cl({z € 5 | f(x) # 0}).

Given a Borel measure 1 on S, we write supp(u) for the (topological) support of u, i.e.,
the set of z € S such that any open neighborhood U of x satisfies u(U) > 0.

(12) For a set A, we denote the identity map from A to itself by id4.

(13) Given maps f;: X; — Vi, i = 1,2, we define f; x fo: X1 x Xo — Y] X Y3 by setting
(f1 x fo)(w1, 22) = (fi(z1), f2(x2)).

(14) When X and Y are topological spaces, we always equip X x Y with the product topology.
Moreover, if X and Y are metric spaces, then we always equip X x Y with the max product
metric defined as follows:

dxxy (z1,11), (x2,92)) = dx(x1,22) V dy (y1,y2)-

(15) We say that a map f: X — Y between topological spaces is a topological embedding if and
only if it is a homeomorphism onto its image with the relative topology.

(16) We say that a map f: X — Y between metric spaces is an isometric embedding (resp.
isometry) if and only if it is distance-preserving (resp. distance-preserving and bijective).

(17) A metric space is said to be boundedly compact if every closed and bounded subset is
compact. We refer to such a space as a bcm space.

2 Preliminaries on topologies and metrizations

This paper deals with various objects such as measures, stochastic processes, and heat kernels.
The aim of this section is to summarize the topologies on these objects and their metrizations,
which will be used throughout the paper. This section is based on [62], Section 3].

2.1 The Hausdorff and Fell topologies

In this subsection, we recall the Hausdorff and Fell topologies, which are standard topologies
on the collections of compact and closed subsets, respectively. For detailed properties of these
topologies as metric spaces, see [62], Section 2.1], and for further topological background see [56),
Appendix C]. In this subsection, we fix a bcm space (5, dg).

Definition 2.1. We define C(S) to be the set of closed subsets of S. We denote by C.(S) the
subset of C(S) consisting of compact subsets. (NB. Both sets include the empty set.)

We equip Cc(S) with the Hausdorff metric dZ. To recall it, we write, for each subset A C S
and € > 0,
A% = {z € S| Jy € A such that dg(z,y) < ¢},

which is the (closed) e-neighborhood of A in S. The Hausdorff metric d on C.(S) is then defined
by
d (A, B) = inf{z—: >0|ACB®, BC A<5>} :

where we set the infimum over the empty set to be co. The function dg is indeed a complete and
separable (extended) metric on C.(S) (see [76, Section 17.6]). (Note that the distance between
the empty set and a non-empty set is always infinite.) We call the topology on C.(S) induced
by dg the Hausdorff topology (also known as the Vietoris topology).
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We now fix a distinguished element p € S, which we call the root of S. To extend dgl to a
metric on C(S), we write, for each A € C(S) and r > 0,

A\g’") = AN Dg(p,r).

When the root is clear from the context, we write A" = A]E)T). We then define, for each

A,B € C(9),
df (A, B) ::/0 e—T(1Adfg(A\gﬂ,B\g)))dr.

The function df , is a metric on C(S) ([62, Theorem 3.8]) and induces the Fell topology (see [50]
for the Fell topology, for example). In particular, the topology is compact and only depends on
the topology on S.

2.2 The weak and vague topologies

We use the weak and vague topologies to discuss convergence of probability measures and Radon
measures, respectively. In this subsection, we recall the definitions and metrizations of these
topologies. For background, see [I7] for the weak topology and [43] for the vague topology. We
fix a separable metric space (5, dg).

Definition 2.2. We define M(.S) to be the set of Radon measures p on S, that is, p is a Borel
measure on S such that u(K) < oo for every compact subset K. We denote by Mgy, (S) (resp.
P(S)) the subset of M(S) consisting of finite Borel measures (resp. probability measures).

A commonly used metric on Mg, (S) is the Prohorov metric, given as follows: for u,v €

Mﬁn(s)v
d5 (u,v) = inf {5 > 0] p(A) < v(A®) + &, v(A) < (A + ¢ for all Borel subsets A C S} .

The Prohorov metric dg induces the weak topology on Mg, (S), that is, finite Borel measures
fin, converge to p in Mg, (S) if and only if, for all bounded continuous function f: S — R,

tin [ (@) o(de) = [ f(a) n(da),
We also equip P(S) with the Prohorov metric.

The following lemma is useful for estimating the Prohorov distance between the laws of
random elements defined on a common probability space.

Lemma 2.3 ([63, Lemma 6.6]). Let X and Y be random elements of S defined on a common
probability space with probability measure P. Suppose that on an event E, we have dg(X,Y) < e
almost surely. Then it holds that

d§(P(X €),P(Y €+)) < P(E°) +e.

We now assume that (S, dg) is boundedly compact and fix an element p € S as the root of
S. We extend the Prohorov metric to M(S) in a way analogous to the metric dgy , for the Fell
topology. We write, for each u € M(S) and r > 0,

w7 () = u(Ds(p,r) N ). (2.1)
When the root is clear from the context, we write p( = M|,(,r). We then define, for each
w,v e M(S),
dgp(u,y) = / e"’(l /\dg(u](p’"),l/\gr))) dr. (2.2)
0
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The function dg pisa complete and separable metric on M (S) and induces the vague topology,
that is, Radon measures pu, converge to u with respect to dg 0 if and only if, for all compactly-
supported continuous function f: S — R,

(see [62, Theorems 3.9 and 3.10)).
We introduce the smooth truncation of measures, which will be used later. For each measure
e M(S) and R > 0, we define

R

) (dx) = / g (z) dr p(dz). (2.3)
R-1

In general, the restriction of measures in the form of (2.1)) may fail to be continuous with
respect to the vague convergence at some radii. In contrast, the above truncation is smooth in
the following sense.

Lemma 2.4. The map M(S) x (1,00) 3 (i, R) + i) € Mg, (S) is continuous.

Proof. For each R > 1, we set

R
B () = / 1ge) () dr, zeSs. (2.4)
R—1

It is straightforward to check that each x() is continuous. Indeed, if z, —  in S, then
1ty (2n) = 1gem () for all 7 > 0 except possibly for r = dg(p, ). Moreover, we readily verify
that

Sug\x(m(x) —xF)(@)| <2IR-R/|.
xEe

Suppose that a sequence (fin, Ry)n>1 converges to an element (u, R) in M(S) x (1,00). Fix
a bounded and continuous function f on S. The above inequality implies that &) — ()
uniformly on S. Using this, one readily verifies that

tim [ 1) i) = [ gta) i),

n—oo S

which yields the desired conclusion. (The above convergence also follows from Lemma
below.) O

2.3 The compact-convergence topology with variable domains

Fix a bem space (S, dg) and a Polish space E. We write C(S,Z) for the space of continuous
functions f: S — Z, equipped with the compact-convergence topology. Recall that convergence
in this topology is characterized as follows: f, — f if and only if f,, — f uniformly on every
compact subset of S. The purpose of this subsection is to introduce an extension of this topology,
which enables us to handle continuous functions defined on possibly different domains. Such an
extension is needed for discussing convergence of heat kernels of stochastic processes on different
spaces, as will become clear in our main results in Section[6] For further details of this extended
topology, see [62, Section 3.3].

We first introduce the spaces of interest. Recall from Definition that C(S) denotes the
collection of closed subsets of S, including the empty set.
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Definition 2.5. We define
(8,5 = |J Ccwz=).
Fec(S)

Note that C(S,Z) contains the empty map @=: § — =. For a function f, we write dom(f) for
its domain. We then define C.(S,Z) to be the subset of C(S,E) consisting of those functions f
whose domain dom(f) is compact.

Below, we introduce metrics on C,(S,Z) and C(S, Z). For each function f, we write g(f) for
its graph, i.e.,
9(f) ={(z, f(z)) € S x E |z € dom(f)}.
We then define R
ds=(f.9) = d.=(a()),0(9)). .9 € CelS.5).

Here, d¥, - denotes the Hausdorff metric on C.(S x Z), the set of compact subsets of S x =Z. Fix
an element p € S as the root of S. For each f € C(S,E) and r > 0, we define f|g) € C.(8,2)
by setting

£ = Flpstom-

When the root is clear from the context, we write f() = f ]E,T). We then define, for each
f,9€C(S,5),

d(%m)’a(f, g) = /0 e_r(l A dgfg(ﬂgf),gwf))) dr. (2.5)
The functions dg“E and dg p),= are metrics on C.(S,Z) and C(S,E), respectively, and they

induce Polish topologies. (NB. Neither metric is necessarily complete.) The topology on C (S,E)

induced by d% ),z 18 independent of the choice of p. (See [62, Section 3.3] for these results).

Lemma 2.6 ([62, Theorems 3.30 and 3.36]). Let f, f1, f2,... be elements of éc(s, =) (resp.
C(S,Z2)). Then the following statements are equivalent.
(i) The functions f, converge to f in 60(5, =) (resp. 6(5, =)).

(ii) The sets dom(f,) — dom(f) in the Hausdorff (resp. Fell) topology as subsets of S, and,
for any x,, € dom(f,) and x € dom(f) such that x,, — x in S, it holds that fn(x,) — f(x)
in 2.

(iii) The sets dom(f,) converge to dom(f) in the Hausdorff (resp. Fell) topology as subsets of
S, and there exist functions gn,g € C(S,E) such that gn|gom(f,) = frs 9laom(r) = f and
gn — g in the compact-convergence topology.

By the above result, the inclusion map from C(S, Z) into C (S, E) is a topological embedding,
which shows that the topology on C(S,E) is a natural extension of the compact-convergence
topology (see [62], Corollary 3.37]).

The following result extends the classical fact that uniform convergence preserves continuity
of functions.

Proposition 2.7. Let (f,)n>1 be a sequence in 6(5, =) and f be a function from a closed subset
dom(f) C S to E. Assume that the following conditions are satisfied.

(i) The domains dom(f,,) converge to dom(f) in the Fell topology.
(ii) If elements x,, € dom(f,) converge to x € dom(f), then fn(z,) = f(x) in =.

Then the function f is continuous and f, — f in CA’(S, E).
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Proof. By Lemma [2.6] it suffices to show that f is continuous. Suppose that a sequence
(zk)k>1 C dom(f) converges to some = € dom(f). By condition for each k, there exist
points y, € dom(f,) converging to zj. For such y,, condition yields fn(yn) — f(xg) as
n — oo. Hence we can choose a subsequence (n)r>1 and points y € dom(f,, ) such that

ds (s ye) V dz=(f(2k), fu, () < k7

Since z — z, it follows that y; — x. Again by condition we then have f,, (yx) — f(x).
Combining this with the above inequality gives

limsup d=(f(zx), f(z)) < lmsup{dz(f(zx), fa, (Yx)) + d=(fr, (k). f(2))} =0,

k—o0 k—o0

which shows that f is continuous. This completes the proof. O

For later use, we prove the following two technical lemmas. The first lemma provides a
quantitative estimate for the distance between two functions in C'(S, Z) that are close on a ball.

Lemma 2.8. Let fi, fo € 6(5’, E) and r > 0 be such that dom(fl(r)) = dom( Q(T)) =: K. It then

holds that R
d%,p),E(f17f2) <e "+ SUEdE(f1<$)7f2(x))-
e

Proof. For any s < r, we have that dom( 1(3)) = dom(fz(s)) — K(). The Hausdorff distance
between the graphs of two functions is always bounded above by the uniform distance between
them. Thus, we have that

(9, 1) < sup ds(fi(), fo(@) < sup d=(fi(2), fo(x),

2K veK

where the last inequality is a trivial one. It then follows that

Gopzthnfo) < [ e s+ swp () o) [ eas

rzeK

<e "+ sup d=(fi(x), f2(x)),
rzeK

which completes the proof. O
The second lemma concerns convergence of integrals for convergent functions and measures.

Lemma 2.9. Let p, pi1, 2, ... € Mgn(S) with py, — p weakly, and let f, f1, fa,... € C(S,R)
with fn, — f in C(S,R). Suppose further that there exists a compact subset K C S such that the
support of every py, and of b is contained in K. Then

lim fu@) (o) = [ f(a) (o).

n—o0 dom(fn) dom(f)

Proof. By Lemma [2.6{(iii)| the domains of f,, and f may be extended continuously to S so that
fn — f in the compact-convergence topology. Let g: S — [0,1] be a compactly-supported
continuous function such that g = 1 on K. Since the support of u, is contained in K, it holds
that

/dom(fn) f"(x) :un(dx) = /dom(fn)ﬂK fn(x) Nn(dx) = /an(a:)g(x) ,LLn(dx)7

and, similarly

/ f() p(da) = / f(@)g(z) p(dz).
dom(f) S
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Hence

/domfn f() i) — /dom( #(2) p(de)

< [ 1ule) = £@)]9(0) ) + ‘/f ) pin(d) /f dz)

Sun(K)Suplfn - |+Uf ) pin(dz) — /f dz)|.

The first term tends to 0 by the uniform convergence f,, — f on K, and the second by the vague
convergence (i, — u. This proves the claim. O

2.4 Topologies on the space of cadlag functions

In studying convergence of sample paths of stochastic processes, a standard choice of topology
is the Ji1-Skorohod topology (see, for example, [I7]). As already mentioned in Remark in
this paper, we also employ another topology, which we call the LY topology. The purpose of
this subsection is to introduce these topologies. Throughout this subsection, we fix a bcm space
(Sa dS) .

We write D(R>g, S) for the set of cadlag functions {: R>g — S, and equip D(R>¢, S) with
the Skorohod metric dgl. To recall its definition, let A;* denote the set of continuous bijections
A: [0,t] — [0,t]. For cadlag functions &, n: [0,t] — S, set

dght(g’n) = inf { sup |A(s) —s| V sup dS(Tl(S)af")‘(S))}'

xea]t Loss<t 0<s<t

We then define the Skorohod metric by
dél (7775) = /0 e_t(l /\dél’t(f‘[o,t}ﬂﬂ[o,t})) dta 5777 € D(RZOaS) (26)

The topology induced by dél is Polish and is called the J;-Skorohod topology; see [78, Theo-
rem 2.6]. (NB. The metric d:él itself is not complete.)

We write L°(R>q,S) for the set of Borel measurable functions £: R>g — S. We adopt
the convention that any functions ¢ and 7 in LY(Rxq,S) are identified whenever £(t) = n(t)

for Lebesgue-almost every t € R>g. We define a metric on L°(R>g, S) as follows: for each
& n € L'(Rxo, 5),

dE (€)= /0 T e (1A ds(Et) (1)) dt. (2.7)

By [62, Proposition 8.32], déo is a complete and separable metric on L°(Rxq,S). We refer to
the topology on L(Rxg, S) induced by déo as the LY topology, the name being derived from the
LY space endowed with the topology of convergence in measure (cf. [19]).

By [44, Lemma 5.2], convergence with respect to déo coincides with convergence in prob-
ability (with respect to the probability measure e~ dt). The following is immediate from the
characterization of convergence in probability via almost-sure convergence.

Lemma 2.10 ([44, Lemma 5.2]). Let £,&1,&2,... be elements of L°(R>q,S). Then &, — € in
the L° topology if and only if the following holds:

(L%) for any subsequence (ny)i>1, there exists a further subsequence (nk@))i>1 such that, for
Lebesgue-almost every t € Rxo, &, ) (1) = &(2).

As a consequence, the L topology is independent of the choice of the metric ds and depends
only on the topology on S.
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The following lemma is an immediate consequence of Prohorov’s theorem, which states that
tightness of probability measures is equivalent to their relative compactness in the weak topology
(see [I77, Section 5]). In what follows we only use one direction, namely, that relative compactness
implies tightness.

Lemma 2.11. Let (&,)n>1 be a sequence converging to a function & in L°(R>o, S). Fiz T > 0.
Then, for any € > 0, there exists a compact subset K C S such that

sup Leb({t € [0,T] | £a(t) ¢ K}) < ¢

n>1
where we denote by Leb the Lebesgue measure.

Since D(R>0, S) can be viewed as a subset of LY(Rx,S), the L° topology is also defined on
D(R>g, S) as a relative topology. Thus, we have two topologies on D(R>g, S), the J;-Skorohod
topology and the L? topology. Henceforth, to distinguish these two topological structures, we
write

(D1) Dy, (R>g,S) for D(R>,S) endowed with the J;-Skorohod topology,
(D2) Djo(R>q,S) for D(R>g,S) endowed with the L topology.
Below, we verify that the two spaces coincide as measurable spaces.

Proposition 2.12. The Borel o-algebras on D(R>q,S) generated by the Jy-Skorohod and L°
topologies are the same.

Proof. We first note that the Borel o-algebra generated by the Ji-Skorohod topology coincides
with the o-algebra generated by the evaluation maps m;: D(R>g,S) — S, ¢t > 0, defined by
m(f) == f(t) (see [18, Lemma 2.7]). By Lemma the J1-Skorohod topology is finer than
the LY topology. Thus, it suffices to show that each m; is measurable with respect to the LY
topology. Fix ¢t > 0. For each z € S, we define hy;: D(R>¢,S) — R>o by setting

hat(€) =1ANdgs(z,&(t)).

n)

We approximate hg,¢ by functions h, ;

: D(Rzo,S) — RZQ, n € N, given by

t4n—1
WO =n [ Inds(eg(s)ds. ¢ € D(Bsa,S)
t

By the right-continuity of £ and the dominated convergence theorem, we have h(n)(f) — hgt(§)

as n — oo for each £ € D(R>p,.5). Moreover, it is not difficult to see that h( t) is continuous
with respect to the L? topology. Thus, hgt is measurable with respect to the L0 topology. Fix
an open subset U of S. Since S is second countable, we can find countable subsets {zy, }n>1 of
U and {e, }n>1 of [0,1) such that U = |J,,~; Bs(n,en). We then have that

(m) U 7 H(Bs(2n,en)) U hyl([0,2,))

n>1 n>1
Therefore, 7; is measurable with respect to the L° topology. ]

One might expect that it suffices to work within Do(R>,S) when discussing convergence
of cadlag functions in the LY topology. However, since Dyo(Rxo,S) is not Polish, it is more
convenient to carry out probabilistic arguments in the larger space LY(R>p,S). The following
result ensures that, for stochastic processes with cadlag paths, weak convergence in L°(Rxg, S)
remains valid when restricted to Dyo(R>g, 5).
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Proposition 2.13. The set D(Rx,S) is a Borel subset of L°(Rx,S).

This result is readily verified by the Lusin—Souslin theorem, which we recall below. The
theorem will also be used in later arguments.

Lemma 2.14 ([45, Corollary 15.2]). Let =1 and Zy be Polish spaces. Fiz a Borel subset B of
E1. If a map f: B — Eg is Borel measurable and injective, then the image f(B) is a Borel
subset of .

Proof of Proposition[2.13. Define a map F: Dy, (R>o,S) — L°(R>q,S) by setting F (&) = &.
Then F is injective and continuous. Since both spaces D, (R>0,S) and L°(R>g, S) are Polish,
the above lemma implies that the image of F, namely D(Rxq, ), is a Borel subset of LY(R>q, S).
This completes the proof. ]

The following lemma, which concerns different notions of a topology on the space of product
processes, will be used in Section [7}

Lemma 2.15. The following map is a homeomorphism.:
Dpo(R>0,5 x 8) 3 &= (&,&) = (&,&) € Dro(R>0,5) x Do(Rxo, S).

Proof. This follows directly from Lemma O

2.5 The spaces for PCAFs and STOMs

Fix a bcm space S. Recall from Section (in particular, from ) that a space-time occupation
measure (STOM) associated with a PCAF is a random measure on S x R>g. As noted in
Section the vague topology is a natural choice for discussing convergence of STOMs, but
vague convergence of STOMs does not recover the local uniform convergence of the corresponding
PCAFs. The aim of this subsection is to introduce spaces for PCAFs and STOMs and define a
suitable topology.

We first introduce a space that will be used to discuss the convergence of PCAFs in our main
results.

Definition 2.16. We define C4(R>¢, R>¢) to be the collection of functions f € C'(R>0, R>¢) that
are non-decreasing. We equip this set with the following metric: for each ¢1, 2 € C34(R>0, R>0),

Aoy (Bag Rog) (91, 02) = D 27" (LA sup [p1(t) — a(t)]). (2.8)

—_ 0<t<n

In particular, the topology on Ct(R>0,R>¢) is the compact-convergence topology.

Remark 2.17. Note that convergence in Cy(R>0,R>() is equivalent to pointwise convergence
(cf. [71, Chapter 0.1]).

Remark 2.18. Not all PCAFs belong to Cy(R>0,R>p). Indeed, a PCAF may explode in
finite time. Therefore, to study the convergence of PCAFs in the space C4(R>0, R>), certain
restrictions on the underlying process or on the PCAFs under consideration are required. This
issue will be discussed in more detail in Section [5.1] later.

We next introduce a space in which the convergence of STOMs will be discussed.

Definition 2.19. We define M, 4,)(S X R>0) to be the set of Borel measures > on S x Rx>g
such that, for each ¢ € R>0, ¥|gx[0, is a finite Borel measure.
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Recall from (1.1)) that, given (£, ¢) € D(R>q,5) x C4(R>0,R>0), representing a process and
a PCAF respectively, the associated STOM is defined by

¥ o)) = [ T 1) dgr. (2.9)

It follows immediately that ¥ = ¥(&, ) belongs to M, fn)(S X R>p). The function ¢ can be
recovered from Y via

o(t) =X(S x [0,t]) = /SXR Lgxjo,4(z, ) X(dx ds).

From this observation, one sees that the vague topology cannot recover the convergence of
PCAFs, since the test function 1g,g 4 is not compactly supported.

To resolve this issue, we introduce a metric that differs from the vague metric. For each
Y1,20 € M(*,ﬁn) (S X Rzo), define

M *,fin ° —
dSX(Rio) (21; 22) = /(; e t(l A ngRZO (EIISX[O,t}v EQ’SX[(M})) dt. (210)
Proposition 2.20. The function dgiﬂfg’:) defines a complete, seprable metric on M, fn)(S X

Rzo).

Proof. This can be shown in exactly the same way as the proof that the vague metric ({2.2)
is a complete and seprable metric, and so the proof is omitted. See [62, Theorem 3.19] for
details. O

For later use, we prove the following lemma, which states that the above-defined distance be-
tween elements is preserved under isometric embeddings of the underlying spaces. This property
is particularly important for the metrization of Gromov-Hausdorff-type topologies, discussed in
Section Bl

Lemma 2.21. Let S7 and Sy be bcm spaces, and let f: S1 — So be an isometric embedding.
Then the following pushforward map is distance preserving with respect to the above-defined
metrics:

M ifin)(S1 X Rx0) = My gin)(S2 X Rx0), = To (f xidr,,) "

Proof. This property follows immediately from the corresponding result for the vague metric
(see |62, Proposition 3.24]), and hence the details are omitted. O

Henceforth, we equip M, ) (S X R>0) with the topology induced by the metric dgi(ﬂg’iz).

The following provides characterizations of convergence in this space. In particular, one can see
that the topology is stronger than the vague topology.

Proposition 2.22. Let ¥, 31, Y, ... be elements of M, ) (SxR>0). The following statements
are equivalent with each other.

(i) The measures %, converge to X in M, ) (S X R>q).

(ii) For all but countably many t € R>o, the finite Borel measures Xy |gx [0, converge weakly
to Xl5x[0,1-

(iii) For any bounded and continuous function f: S x R>g — R such that supp(f) C S x [0,T]
for some T' € R>q, it holds that

lim F@ ) Sn(da dt) = / o, t) S(da db).

n—ro0 SXRZO SXREO
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Proof. This can be shown in exactly the same way as the characterization of the vague topology
given in [62, Theorem 3.20], so we will omit the proof. O

Remark 2.23. Recall that the vague topology we adopt in this paper is defined by using
continuous functions with compact support as test functions. A variant of this notion, in which
the test functions are bounded continuous functions whose supports are bounded subsets, has
been studied in detail in [43]. We refer to the resulting topology as the vague topology with
bounded support. From Proposition one sees that the topology of M, ) (S xR>0) coincides
with the vague topology with bounded support when the underlying metric dg on S is replaced
by a bounded, topologically equivalent one, for instance dg A 1. Hence, all the results of [43]
concerning this topology are applicable to our setting.

Proposition 2.24. Fir a countable family {Il,}n>1 in M, gn)(S X R>o). The family is pre-
compact if and only if the following two conditions are satisfied:

(i) limsupIL,(S x [0,t]) < oo for allt >0,

n—oo

(i) limsup limsup I, ((S '\ SRy x [0,¢]) =0 for all t > 0.

R—oo n—o0

Proof. By Remark the result is immediate from [43, Theorem 4.2]. O

In the following proposition, we clarify the relationship between the convergence of PCAF-
type functions and that of the associated STOM-type measures. In particular, it shows that
convergence of STOMs in M, g,)(S X R>p) implies convergence of the corresponding PCAFs
in CT(RZO’ Rzo).

Proposition 2.25. Define a map
S: D(R>0, ) x C1(R>0,R>0) 2 (§,9) — (£, V(& ¢)) € D(R>0, 5) X M s sin) (S x R>0),

where W(E, ) is defined in (2.9). Then the following statements hold.

(i) If both copies of D(R>q,S) in the domain and the codomain are equipped with the Ji-
Skorohod topology, then the map is a topological embedding, i.e., a homeomorphism onto
1ts image.

(ii) If both copies of D(Rx,S) are equipped with the L° topology, then the map is measurable
and its inverse is continuous, whereas the map itself is not necessarily continuous.

Proof. It is clear that the map is injective. We first prove its continuity. Let (&, n)n>1 be
a sequence converging to (§,¢) in Dy (R>0,.5) x C;3(R>0,R>0). Fix a continuity point 7' > 0
of £&. By the Ji-Skorohod convergence of &, to £, we can find a compact subset K of S such
that all the trajectories of &,, n > 1, up to time T are contained in K (cf. [44, Theorem A.5.4]).
Moreover, there exist time-change functions A,, € AJI, n > 1, such that

lim g, =0, where &,:= sup |\, (t) —t|V sup dgs(&n(t),€ 0 \u(t)).
n—00 0<t<T 0<t<T

Fix a bounded and continuous function f: S x R>g — R>q such that supp(f) C S x [0, 7] for
some T > 0. By the uniform continuity of f on K x [0, 7], if we set, for each € > 0,

wy(e) =sup{|f(z,s) — f(y,0)| | (x,s),(y,t) € K x [0,T] such that ds(z,y) V|s —t| <€},
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then wy(e) — 0 as e = 0. Write X, := ¥(&,, pn), n > 1, and ¥ := ¥(&, ). We deduce that

/ f(x, ) 85D (da: dt) — / f(x, ) 251 (d dt)
SXRx>q

SXRZO

T T
| s eutan - [ s w(dt)‘
0 0

T T T
</ rf@n(t),t)—f<soAn<t>,t>|¢n<dt>+\ | stcorentan - | f<§<t>,t>so<dt>\

T T
< wslenon@+ | [ € MO0 et - [ f<5<t>,t>so<dt>‘.

Since ¢, (T) is bounded uniformly in n by the convergence of ¢, to ¢, the first term in the
last inequality converges to 0 as n — oo. Thus, it suffices to show that the second term also
vanishes. Define the right-continuous inverse of ¢, by

o 1(t) == inf{s > 0| pn(s) > t}.

Similarly, define ¢ ~! to be the right-continuous inverse of . By a change-of-variables formula
(cf. [22, Lemma A.3.7)),

T T
/ F(€ 0 An(t), 1) on(dt) — / FE(). ) oldt)
0 0

(T) (T)
/0“” F(€0 0wt (t), o (1)) dt — /0 fog i ). (211)

By [79, Theorem 12.5.1 and Corollary 13.6.5], we have ¢ !(t) — ¢~ 1(t) for Lebesgue-almost
every t > 0. For such ¢, it also holds that A\, o ¢, 1(t) — ¢~ 1(¢). Let N; denote the negligible
set of ¢ > 0 for which the convergence A, o ¢, 1 (t) — o ~1(t) fails. Let Ny denote the set of £ > 0
such that ¢~1(¢) is a discontinuity point of £. Since & is continuous except at countably many
points and ¢! is strictly increasing, the set N is countable. Hence Leb(N; U Np) = 0. For
any t € Rsq \ (N1 U Na), we have A, o ¢, 1(t) — ¢~ 1(¢) and ¢~ 1(¢) is a continuity point of &,
which implies £(A, 0 ¢ 1(t)) — £(@~1(t)). Therefore, by the dominated convergence theorem,
the value of converges to 0 as m — oo. This establishes the desired continuity.

It remains to prove that the inverse map is continuous. Let (&, pn)n>1 and (&, ¢) be elements
of Dy, (R>0,5) x C4(R>0,R>0). Write 3, :== ¥(&n,0n), n > 1, and ¥ := U(&, ). Assume that
(&n, Xn) — (£,%). It suffices to show that ¢, — ¢ in the compact-convergence topology. By
the convergence of ¥,, to ¥ and Proposition we deduce that dy, — dp vaguely. Since ¢
is continuous, dy has no atoms. In particular, for any ¢ > 0, [0,¢] is a continuity set of dp. It
then follows that o, (t) — ¢(t) for each ¢ > 0. This completes the proof.

By Proposition and the map is measurable. The continuity of the inverse map
follows by the same argument as before. To see that the map fails to be continuous in general,
assume that S consists of two distinct elements v1 and vz, and take a function ¢ € C4(R>0, R>0)
such that do([0,1]) = 1, supp(dy) C [0, 1], and Leb(supp(dy)) = 0. (For example, the Cantor
function suffices.) From the last condition, for each n > 1, we can find a Borel set U,, which is a
disjoint union of finitely many half-open intervals of the form [a, b) and satisfies supp(dy) C U,
and Leb(U,) < 27". Define 1, € D(R>0,S) by setting n,(t) = v if t € U, and n,(t) = vo
otherwise. Then 7, converges to the constant function v in the L° topology. On the other
hand, ¥ (1, ¢)({vi} x [0,1]) = dp([0,1]) = 1 for all n > 1, whereas for the limit 7 = vo we have
U(n,¢)({vi} x [0,1]) = 0. Hence ¥(n,, ») does not converge to ¥(n, ¢). O

Remark 2.26. We record some remarks concerning Proposition [2.25
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(a) The continuity of the inverse of & implies that the convergence of STOM-type measures
in M, fin) (S ¥ R>0) entails the convergence of the associated PCAF-type functions.

(b) By Proposition when one works in the J;-Skorohod topology (or other relatively
fine topologies), the joint convergence of processes and PCAFs is equivalent to that of
processes and STOMs. However, in the main results of this paper, we mainly work un-
der the LY topology in order to allow greater generality of assumptions. Consequently,
the convergence of PCAFs does not necessarily imply that of STOMs, which makes the
technical arguments considerably more involved.

3 Topology on the space of metric spaces equipped with addi-
tional structures

The Gromov—Hausdorff metric, introduced by Gromov [36], is a modification of the Hausdorff
metric and measures the distance between compact metric spaces. It induces a Polish topology on
the set of (equivalence classes of ) compact metric spaces, called the Gromov-Hausdorff topology,
and provides a natural setting for discussing convergence of metric spaces. In many situations,
metric spaces are equipped with additional structures such as measures or stochastic processes,
and it is then natural to consider convergence not only of the underlying metric spaces but also of
the additional structures. For this purpose, several extensions of the Gromov—Hausdorff topology
have been studied (cf. [I], 10, [46]), and general frameworks have recently been established in
[47, [62]. Here, following [62], we introduce the topological framework needed for our main
results. (The differences between [47] and [62] are discussed in [62, Section 1].)

3.1 General framework

In this subsection we explain how to formalize the addition of structures to metric spaces and how
to define a generalized Gromov—Hausdorff metric. We summarize only the part of the framework
needed for the discussion in this paper. Although the use of category-theoretic language would
clarify the framework, we avoid this approach in order to keep the presentation self-contained
and accessible. For further details see [62, Section 6].

We first define a rule that assigns an additional structure to each metric space. Recall that
if amap f: 57 — 52 between metric spaces is distance-preserving, then f is called an isometric
embedding. An isometric embedding that is surjective (and hence bijective) is called an isometry.

Definition 3.1 (Structure). We call 7 a structure (on bcm spaces) if it satisfies the following
conditions.

(i) For every bem space S, there exists a metrizable topological space 7(S).

(ii) For every isometric embedding f: S; — S2 between bcm spaces, there exists a topological
embedding 7¢: 7(S1) — 7(S2), i.e., 75 is a homeomorphism onto its image.

(iii) Let Sy, S2,S3 be bcm spaces. For any isometric embeddings f: S; — S2 and g: So — Ss,
one has 740 = 74 0 7.
(iv) For any bcm space S, one has 7iqg = id,(g).

We say that 7 is separable if each 7(95) is separable.

Readers who wish to keep a specific structure in mind may refer to Section for a list of
example structures.

Throughout this subsection, we fix a structure 7. Given S; = (5;,ds;, ps;, as,), @ = 1,2, where
(Si,ds;, ps;) is a rooted bem space and ag, € 7(5;), we say that S; and Sy are rooted-T-isometric
if there exists a root-preserving isometry f: S1 — Sz such that 7/(as,) = ag,. Recall that f is
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root-preserving if f(ps,) = ps,. We then define 9t,(7) as the collection of rooted-7-isometric
equivalence classes.

Remark 3.2. From a rigorous set-theoretic point of view, one cannot directly take rooted-r-
isometric equivalence classes, since the collection of all tuples (S, dg, ps,ag) is not a legitimate
set. Nevertheless, it is possible to regard 9, (7) as a set. Indeed, one can construct a legitimate
set . (7) such that every (S, dg, ps, as) is rooted-T-isometric to a unique element of .# (7). For
details, see [62, Proposition 6.2]. In this paper, we tacitly fix such a representative system and
thereafter treat 9Mo(7) as a set, so that we can proceed without repeatedly referring to these
set-theoretic formalities.

To define a metric on M, (7), we introduce the notion of a metrization of a structure.

Definition 3.3. We say that 7 admits a metrization if and only if, for every rooted bcm space
(S, ps), there exists a metric dg pg 01 7(5) inducing the given topology such that the following
condition holds:

(v) Let (S1,ps,) and (S2,ps,) be rooted bem spaces. For every root-preserving isometric
embedding f: S; — Sa, the map 7¢: 7(S1) — 7(52) is distance-preserving with respect to
5,.pg, and dg .

sPS1 2;PSo

If each dg pg 18 complete, we say that 7 admits a complete metrization.

Henceforth we assume that 7 admits a metrization. We now define a distance between
elements of Mq (7).

Definition 3.4. For S = (S1,ds,, ps,,as,) and Sy = (S2,ds,, ps,,as,) in Me(7T), set

G, (51, 82) 1= int {afy,, (F(51),9(52)) V di, (77(as,).70(as,))

where the infimum is taken over all rooted becm spaces (M, pps) and root-preserving isometric
embeddings f: S1 — M, g: So — M.

To ensure that the above defined function is a metric, we consider the following continuity
condition on 7 regarding embedding maps.

Definition 3.5. We say that 7 is embedding-continuous if and only if the following condition
holds.

(EC) Fix bcm spaces S; and Sa. Let f, f1, f2,... be continuous maps from S; to Sa. If f,, — f
in the compact-convergence topology, then 7, (a) = 7¢(a) in 7(S52) for all a € 7(51).

Lemma 3.6 ([62, Theorem 6.19]). If 7 is embedding-continuous, then dgy_ is a metric on Mo (7).

Henceforth we assume that 7 is embedding-continuous and endow 9, (7) with the topology
induced by dgy . Below we provide a characterization of convergence in 9, (7) that is useful in
applications. In particular, it shows that the resulting topology on 9t (7) is independent of the
choice of a metrization of 7.

Theorem 3.7 (Convergence). Let S,, = (Sp,ds,, ps,,as, ), n € NU{oco}, be elements of Me(T).
The following conditions are equivalent:

(i) Sp — Soo in Me(T);

(ii) there exist a rooted becm space (M, par) and root-preserving isometric embeddings fn: Sy, —
M, n € NU{oo}, such that f,(Sn) = foo(Sxo) in the Fell topology as closed subsets of M,
and 7y, (as,) — T (as,) in 7(M).
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Remark 3.8. In Theorem [3.7(ii)} the roots pg, of S, are mapped to a common root pys of
M. By relaxing this requirement, one can introduce another notion of convergence in Mg (7).
Namely, we say that S, converges to Sy if and only if

there exist a bcm space M and isometric embeddings fpn: Sy, — M such that f,(S,) —

foo(Sxc) in the Fell topology, fn(ps,) = fe(pss) in M, and 74, (as,) = 77 (as.) in
T(M).

In general, this convergence is weaker than the convergence induced by dgy ~defined above.
However, for most structures of interest the two notions of convergence coincide. See [62,
Section 6.3] for details.

The following observation is immediate from the definition of dj;  and will be useful for the
approximation arguments in our main results.

Lemma 3.9. For S = (Sv ds, PSS (IS) and §' = (Sv ds, PSS bS) in 932.(7’), it holds that
dTmo (87 S,) S dg,ps (CLS, bS)

To discuss Polishness, we introduce another continuity condition on 7. For notational con-
venience, we adopt the convention that if a bcm space S is isometrically embedded into another
bcm space M via an isometric embedding f, then we regard 7(.5) as a subspace of 7(M) through
the topological embedding 7¢: 7(S) — 7(M).

Assumption 3.10. Let S,,, n € NU{oo}, be bcm spaces that are isometrically embedded into
a common bem space M such that S, — So tn the Fell topology as closed subsets of M.

(i) If a sequence a,, € 7(Sy,) converges to some a € T(M), then a € 7(Sx).

(ii) For every a € 7(Swo), there exist a subsequence (ng)i>1 and elements ai, € T(Sy,) such
that a, — a in 7(M).

Definition 3.11 (Continuity). We say that 7 is upper (resp. lower) semicontinuous if and only
if it satisfies Assumption [3.10fi)| (resp. [(i1)). We say that 7 is continuous if and only if it is
embedding-continuous and both upper and lower semicontinuous.

Theorem 3.12 ([62, Theorems 6.40 and 6.41]). Assume that T is separable and continuous,
and admits a complete metrization. Then the induced metric dgyy  is a complete and separable
metric on Me (7).

By the above theorem, 9, (7) is Polish for many structures 7. On the other hand, some
important structures do not satisfy semicontinuity, and hence the theorem does not apply.
Even in such cases, however, the Polishness of 9,(7) can still be established via Alexandrov’s
theorem (cf. [75, Theorem 2.2.1]), which asserts that any topological space that is topologically
embedded into a Polish space as a Gg-subset is itself Polish. To this end, we introduce several
additional notions on structure, which are required to formulate the notion of a Polish structure
(Definition , but they will not be used in the subsequent arguments. The essential result
needed for later purposes is Theorem [3.15

Definition 3.13 ([62, Definition 5.12]). Recall that we have a fixed structure 7. Let 7 be
another structure. A topological embedding n: T = 7T is a family {ng: 7(S) — 7(5)}s indexed
by bem spaces S, satisfying the following conditions:

(TE1) each ng: 7(S) — 7(S) is a topological embedding;
(TE2) for any bcm spaces Si and Sp and isometric embedding f: Sy — Sa, Tf 0 ng, = ns, © T¢.
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As the terminology suggests, if there exists a topological embedding n: 7 = 7, then the
following map is itself a topological embedding:

m'(T) > (57 dSaPSaaS) — (Sa dS»PSJ]S(aS)) € m'(%)7

see [62, Lemma 6.44].
We are now ready to introduce the notion of Polishness for 7.

Definition 3.14 ([62, Definition 6.45]). We say that 7 is Polish if there exist another structure
7, a topological embedding 7n: 7 = 7, and, for each rooted bcm space (S5, ps), a sequence
(T.(S, ps))k>1 of open subsets of 7(5) satisfying the following conditions:

(P1) The structure 7 is continuous and separable, and admits a complete metrization.
(P2) Let (S1,ps,) and (S2,ps,) be rooted bcm spaces. For every root-preserving isometric
embedding f: S; — So, one has %]71(%k(52,p52)) = 7,(S1, ps,) for all k> 1.

(P3) For each rooted bem space (S, ps), ns(7(S)) = Ng>1 TS, ps)-

Condition [(P1)|ensures that 9, (7) is Polish, while Conditions|(P2) and |(P3)| guarantee that
M, (7) is topologically embedded into M (7) as a Gg-subset. Hence, by Alexandrov’s theorem,
we obtain the following.

Theorem 3.15 ([62, Theorem 6.46]). If T is Polish, then the topology on Me(7) is Polish. (NB.
The metric dgy, is not necessarily complete.)

So far, we have considered bcm spaces. When one considers only compact underlying spaces,
it is more natural to use the Hausdorff topology rather than the Fell topology to describe the
convergence of the underlying spaces. In what follows, we briefly introduce a corresponding
modification of the above framework. See [62, Appendix B] for details.

Recall that we have a fixed embedding-continuous structure 7 that admits a metrization.
We define £, (7) as the collection of (S, dg, ps,as) € Me(7) such that S is compact. We define a
metric on Re(7) as follows: for Sy = (S1,ds,, ps;,as,) and Sa = (S2,ds,, ps,,as,) in Re(T), set

05, (81.8) = inf {dff(7(51).9(52) V iy, (rs(as,). 7y(as,)) }.

39,

where the infimum is taken over all rooted compact metric spaces (M, pys) and all root-preserving
isometric embeddings f: S1 — M and g: Sy — M.

In the above definition, the Hausdorff metric d]\H4 is employed instead of the Fell metric.
Accordingly, the characterization of convergence in £e(7) is given in the same manner as in
statement of Theorem with the Fell topology replaced by the Hausdorff topology. It
should also be noted that, if 7 is Polish, then the resulting topology on £(7) is again Polish.

Although the main convergence results of this paper are stated for 9te(7), there are many
situations where the compact setting £Re(7) is more natural or convenient for discussion. How-
ever, convergence in Mq(7) can easily be converted into convergence in £e(7), thanks to the
following proposition.

Proposition 3.16. Let S,, = (Sn,ds,, ps,.as,), n € NU {oco}, be elements of Re(T). Then
Sp = Soo 0 Re(T) if and only if S, = Soo in Me(T) and
sup sup dg, (ps,, ) < oo. (3.1)
n>1xeS,
Proof. Suppose S, = Soo in Me(7). Then we can embed all the spaces S,, n € NU {0},
isometrically into a common rooted becm space (M, par) so that the statement of Theorem (3.7
holds. In addition, if is satisfied, then, by the precompactness criterion for the Hausdorff
topology (cf. [76, Lemma 3.5]), we deduce that S, — S in the Hausdorff topology as subsets
of M. This implies that S,, — Sx in Re(7). The converse direction is immediate since the
Hausdorff topology is finer than the Fell topology. This completes the proof. O
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3.2 Product and composition

In this subsection, we introduce two operations on structures, namely product and composition,
which allow us to treat a wide variety of additional structures. For further details, see [62,
Section 7].

We first define the product of structures.

Definition 3.17 ([62, Definition 5.12]). Fix N € N and structures (7(™)_,. The product

n=1"
structure 7 = Hgil 7 is defined as follows:

(i) For each bem space S, set 7(5) == Hﬁ;l T(”)(S), equipped with the product topology.

(ii) For each isometric embedding f: S — S» between bcm spaces, define 74 = Hivzl T](cn),

that is,
n N
Tf((an)iyzl) = (T](f )(a”))n:r

When 71 = ... = 7(®) = 5, we write 7 = 0®". If each 7" admits a metrization, then we
define a metrization of 7 by equipping 7(.5), for each rooted bcm space S, with the associated
max product metric.

The following result shows that the product structure inherits the Polishness of its component
structures.

Theorem 3.18 ([62, Theorem 7.5]). Fiz N € N and structures (r0™)N_,. If each 7, is Polish,
then so is Hf:[:l (),

It is not always possible to compose two structures on bcm spaces. In Definition below
we introduce a variant of structures that allows for such compositions. Consider a map ¥
satisfying the following conditions.

(ST1) For every bem space S, there exists a bcm space W(S).

(ST2) For every isometric embedding f: S; — Sa between becm spaces, there exists an isometric
embedding Wy: U(S1) — ¥(S52).

(ST3) Let Sy, S2,S3 be becm spaces. For any isometric embeddings f: S; — Sz and g: Sy — Ss,
one has Wyor = ¥, 0 Wy,

(ST4) For any becm space S, one has Wiqy = idy(g)-

By forgetting the metric on W(S) for each S, we may regard ¥ as a structure on bcm spaces in
the sense of Definition Hence the notion of continuity introduced in Definition applies
to U as well.

Definition 3.19 ([62, Definition 7.6]). Let U satisfy [(ST1)H(ST4) We call ¥ a space transfor-
mation if it is continuous in the sense of Definition [3.11], and if it satisfies the following additional
condition:

(ST5) There exists a collection v = {vg: S — ¥(S)}s of topological embeddings indexed by
bcm spaces S such that, for any isometric embedding f: S; — So between bcm spaces,

\I/f o0tg, =15, 0 f
We refer to v as a rooting system of .

The terminology “rooting system” reflects the role of v in assigning a canonical root to each
transformed space. Specifically, when S is a rooted space with root pg, we define the root of

¥ (S) by rs(ps)-
The following lemma is an immediate consequence of the lower semicontinuity of ¥ (see [62,
Remark 6.36]), and will be used later.
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Lemma 3.20. Let ¥ be a space transformation. Let S, S1,S2,... be bcm spaces that are isomet-
rically embedded into a common becm space M in such a way that S, — S in the Fell topology
as closed subsets of M. Then V(S,) — W(S) in the Fell topology as closed subsets of W(M).

We now define the composition of a structure with a space transformation.

Definition 3.21. Let 7 be a structure and ¥ a space transformation with rooting system t.
The composition 7o ¥ = 7(V) is defined as follows:

(i) For each bem space S, set (70 ¥)(S) = 7(¥(5)).
(ii) For each isometric embedding f: S1 — Sz between bem spaces, define (70 W)y = 7y,.
If 7 admits a metrization, then for each rooted becm space (5, ps), we equip 7(¥(S)) with the

metric d(p (S),es(ps)"

Similarly to the case of product structures, composition also preserves Polishness.

Theorem 3.22 ([62, Theorem 7.14)). Let T be a structure and ¥ be a space transformation. If
T 18 Polish, then so is To W,

Example 3.23. Here, we provide space transformations, used in this paper. Fix £ € N and a
rooted bcm space (Z, pz). We define a space transformation ¥ = W, ., = as follows.

e For each bcm space S, define ¥(S) := S*¥ x E equipped with the max product metric.

e For each isometric embedding f: S1 — So between bcm spaces, define

\I’fIZfX-'-XindE.
——

k times

Its rooting system t is given by tx(z) = (z,...,z, x Z. Similarly, we define space
transformations W-. .,» and ¥, ;x such that \I’Hdek( S* and U, x(S) = S* for each bem
space S. When k = 1, we simply write Vg vz = V31 .=, Yexid = Yoyuqt, and ¥ig = ..

3.3 Structures used in the present paper

Here we list the structures that will be used in the present paper. We note that all the structures,
except for Trq, ) defined in below, have already been introduced in [62].

(S1) Fixed structure. Fix a Polish space =. We define a structure 7 = 7= as follows.

e For each becm space S, define 7(S) = =.

e For each isometric embedding f: 57 — S2 between bcm spaces, define 7; = id=.

Let d= be a metric on = inducing the given topology. We define a metrization of 7 by
equipping 7(5) = Z with the metric d=.

(S2) Point. We define a structure 7 = 74 as follows.

e For each becm space S, define 7(S) = S.

e For each isometric embedding f: 51 — Sz between bcm spaces, define 7; == f.

We define a metrization of 7 by equipping 7(S5) = S with the associated metric dg.

(S3) Measure. We define a structure 7 = 7o as follows.

e For each becm space S, set 7(.5) := M(S) equipped with the vague topology.
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e For each isometric embedding f: S; — Sz between bcm spaces, set 7¢(p) = p o ft
for each p € M(S1), i.e., 74(n) is the pushforward of p by f.

We define a metrization of 7 by equipping, for each rooted becm space (S, pg), 7(S) = M(S)
with the metric dgy pgs 8S recalled from ([2.2)).

STOM structure. We define a structure 7 = 7 (vin) 35 follows.

e For each bcm space S, define 7(S) == M, gn) (S X R>0).

e For each isometric embedding f: S; — Sp between bcm spaces, set 7¢(II) := II o
(f x idRZO)_1 for each II € M, g,)(S1 X R>0), i.e., 7¢(IT) is the pushforward of II by
f X idRZO‘

Checking conditions in Definition is straightforward, and thus 7, . is indeed a

structure. We define a metrization of 7 by equipping 7(5) = M, gn) (S X R>o) with the

. Mk fn ..
metric dSX(R’:O), as recalled from (2.10)). We note that, by Lemma [2.21] this indeed defines
a metrization in the sense of Definition [3.3]

Cadlag functions. We define a structure 7 = 7, as follows.

e For each bem space S, set 7(5) .= Dy, (R>g, S) equipped with the J;-Skorohod topol-
ogy.

e For each isometric embedding f: S; — S between bem spaces, set 7¢(§) == f o ¢ for
each f € DJl (Rzo, Sl)

We define a metrization of 7 by equipping 7(S) = D, (R>0,S) with the Skorohod metric
dél, as recalled from ([2.6)).

Measurable functions. We define a structure 7 = 70 as follows.

e For each bcm space S, define 7(S) := LY(Rx, S).

e For each isometric embedding f: S; — S2 between becm spaces, define 74(&) == fo§
for each ¢ € LO(Rxg,51).

We define a metrization of 7 by equipping 7(S) = L%(Rxq,S) with the metric déo, as
recalled from (2.7)).

Continuous functions with space-dependent domains. Let ¥ be space transforma-
tion and o be a Polish structure. We define a structure 7 = 75(¥, o) as follows.

e For each bem space S, define 7(S) == C(¥(S),0(S5)).
e For each isometric embedding f: S; — Sa between bcm spaces, define 7¢(F) =
ofoFo \11]71 with dom(7¢(F)) = ¥s(dom(F)) for F € 7(S1).

We define a metrization of 7 by equipping, for each rooted bem space (S, ps), 7(5) =
C(¥(S),0(S)) with the metric dgp(s),t(ps))’a, as recalled from ([2.5)).

Law of structure. Let o be a Polish structure. We define a structure 7 = 7p(0) as
follows.

e For each becm space S, define 7(5) == P(c(9)), i.e., the set of probability measures
on o(S) equipped with the weak topology.

e For each isometric embedding f: S; — Sa between bcm spaces, define 74(P) =
Po a]?l, i.e., the pushforward of P by oy, for each P € P(c(51)).
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We define a metrization of 7 by equipping, for each rooted bcm space (S, ps), 7(S) =
P(c(S5)) with the Prohorov metric induced by the metric df ,. on o(S5).

Proposition 3.24. All the structures introduced above are Polish.

Proof. 1t suffices to show that Tpq, 4, is Polish, since the Polishness of the other structures was
established in [62] Section 8]. The continuity of the embedding can be readily verified by the
continuous mapping theorem. Moreover, the semicontinuity property can be proved by following
the argument used for 7p¢ in [62, Theorem 8.9]. Combining these facts with Proposition [2.20]
we deduce that 74 (v.fin) 1S separable and continuous, and the associated metrization is complete.
Hence 74 (o fin) is Polish, as desired. ]

4 Dual processes, PCAFs, and smooth measures

In this section we introduce the class of processes studied in this paper and summarize basic
results on their positive continuous additive functionals (PCAFs) in relation to smooth measures.
Throughout this section, we fix a locally compact separable metrizable topological space S. We
write SA = S U {A} for the one-point compactification of S. (NB. If S is compact, then we
add A to S as an isolated point.) Any [—o0, oo]-valued function f defined on S is regarded as
a function on Sa by setting f(A) := 0.

4.1 Dual processes

Here we introduce standard processes admitting dual processes and heat kernels, together with
related notation used throughout this paper. For further background, see [1§], for example.
Let
X = (QX7 MX? (Xt)tE[O,oo)v (P)Jé)xESAv (Gix)te[o,oo))
be a standard process on S (see [I8], Definition 9.2 in Chapter I] or [22], Definition A.1.23(i)]).
Here (2%, MX) denotes the underlying measurable space, and #;* the shift operator, that is,
the map 6;¥: QX — QX satisfying X, 0 6;X = X, for all s € [0,00]. Note that X (w) = A for
every w € QX. We write ¥ = (F~ )te[0,0] for the minimal augmented admissible filtration (see
[22, p. 397]), and set
X =inf{t € [0,00] | X; = A}

for the lifetime of X. We say that X is conservative if
P*((¥=00)=1, Vzes. (4.1)

We often suppress the subscript or superscript X when it is clear from the context.

Throughout this section, we assume the existence of a dual process and a heat kernel, as
specified below. We will often refer to this assumption as the duality and absolute continuity
condition (DAC condition, for short).

Assumption 4.1 (The DAC condition). There exist a standard process X, a o-finite Borel
measure m on S, and a Borel measurable function p = px: (0,00) x S x S — [0, 00] satisfying
the following.

(HK1) For allt >0 and x € S, P*(X; € dy) = p(t,z,y) m(dy).
(HK2) For allt >0 andy € S, PY(X; € dx) = p(t,y,x) m(dz), where p(t,y,z) = p(t,z,vy).
(HK3) For any s,t >0 and z,y € S,

p(t+ s, z,y) = /Sp(t, x,2)p(s, z,y) m(dz). (4.2)
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We recall from [I8, Corollary 1.12 and Remark 1.13, Chapter VI] that m is a 0-excessive
reference measure of X (in the sense of [I8, Definitions 1.1, Chapter V and 1.10, Chapter VIJ).
Hence, under Assumption the setting of [72] applies, and we may invoke the results therein.

Remark 4.2. The process X is called a dual process of X, as it satisfies the following: for any
non-negative measurable functions f and g on S, and any ¢t > 0,

/&U@mwwm@wz/ﬂ@&M&WMM)
S S

It is known that, if the above identify holds and the semigroups of X and X are absolutely
continuous with respect to a common o-finite Borel measure, then the heat kernel exists (see
[81, Theorem 1]).

We refer to p as the heat kernel of X with respect to m. For each o > 0, we then define the
a-potential (or resolvent) density r® =ry: S xS — [0, 00] by

o0
r(z,y) ::/ e_o‘tp(t,:t:,y),dt.
0

Given a Borel measure v on S, we define, the a-potential of v by setting
Rew(a) = Ryw(o) = [ 1) vidy), w €S,
S

For a Borel subset A € B(Sa), we denote by 04 = 01)4( and 64 = &f the first hitting and
exit times of X to A, respectively, i.e.,

A =inf{t >0| X; € A},
Fa=0% =inf{t>0]| X, ¢ A}. (4.3)

Below, we recall some classes of exceptional sets.

Definition 4.3 ([I8, Definition 3.1 in Chapter II]). Let A be a Borel subset of S.
(i) The set A is called polar (for X) if and only if P*(c4 < co) =0 for all z € S.
(ii) The set A is called thin (for X) if and only if P*(c4 =0) =0 for all z € S.

(iii) The set A is called semipolar (for X) if and only if it is contained in a countable union of
thin sets.

Remark 4.4. The above definition of semipolarity is slightly different from that in [I8] Defini-
tion 3.1, Chapter II], where a set is called semipolar if it is contained in a countable union of
nearly Borel thin sets. However, in the present setting, every nearly Borel thin set is contained
in a Borel thin set (see the proof of [I8, Corollary 1.15, Chapter V]). Consequently, the two
definitions of semipolarity for Borel subsets coincide.

When T is a separable metric space and Y: (Q,F) — (T, T) is measurable, we define the
map Ly: S — P(T) by
Ly (z)(-) = P*(Y € ). (4.4)

We refer to this as the law map of Y. For example, Lx (x) denotes the law of X starting from
T
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4.2 Smooth measures

In this subsection, we first recall the definition of smooth measures, and then introduce several
classes of smooth measures that play an important role in our study. We also present some
auxiliary results on smooth measures that will be used later. Our exposition mainly follows
Revuz’s framework [72]. For a more potential-theoretic perspective, see for example [15] 22| [32].
We work within the framework introduced in the previous subsection. In particular, the DAC
condition (Assumption is in force.

Definition 4.5 (Smooth measure, [72, Theorem VI.1]). A Borel measure p on S is said to be
a smooth measure of X if it satisfies the following conditions:

(i) w charges no semipolar sets, i.e., u(E) = 0 for any semipolar Borel subset E of S;

(ii) there exists an increasing sequence (Ey,),>1 of Borel subsets of S, called a nest of pu, such
that £ = J,,>1 En, u(En) < oo for each n,

IR ()l = s / (@, y) pldy) < o, V> 1,

n

and P*(lim, 0o 0p, > () =1forall z € S.
In many examples, the following condition, known as Hunt’s hypothesis, holds.
(H) Every semipolar set is polar.

For instance, if X is a Hunt process associated with a symmetric regular Dirichlet form, then
condition holds (by the DAC condition and [32, Theorems 4.1.2 and 4.1.3]). Under |(H)]
condition in Definition is implied by condition This follows from the next result.
The proof is given in Appendix

Proposition 4.6. Let u be a Borel measure on S. If ||R%ul|lec < oo for some a > 0, then p
charges no polar sets.

Remark 4.7. The above is well known under the assumption that all a-excessive functions are
lower semicontinuous (see the comments following Proposition 4.3 in Chapter VI of [18]).

Below, we introduce two important classes of smooth measures.

Definition 4.8. A finite Borel measure p on S is said to be in the Kato class (of X ) if and
only if the following conditions are satisfied.

(i) The Radon measure p charges no semipolar sets.
(ii) It holds that lim [[R%ullec = 0.
a—0o0
A Borel measure p on S is said to be in the local Kato class (of X ) if, for all compact subset K
of S, the restriction u|k is in the Kato class. (In particular, 4 is a Radon measure.)

Clearly, the local Kato class is wider than the Kato class. It is easy to verify that a Radon
measure in the local Kato class is a smooth measure (cf. [58, Proposition 2.6]). These classes
impose conditions on the decay of a-potentials as @« — oo. This corresponds to imposing a
constraint on the short-time behavior of the heat kernel with respect to the measure in question.
More precisely, the following result holds.

Proposition 4.9. Let  be a Borel measure on S. For any open subset D of S and t > 0,

S“p/ / p(s, 2, y) uldy) ds < R (ulp)]|oo

€ zesS
— sup // s,x,y) u(dy) ds, (4.5)
1- xecl

<
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where cl(D) denotes the closure of D in S. As a consequence, p belongs to the local Kato class
if and only if it charges no semipolar sets and, for all compact subsets K of S,

t
lim sup/ /p(s,:v,y)u(dy)dSZ
t_>0.1’€K K

To prove the above result, we use the following lemma, which is an immediate consequence
of the Dynkin—Hunt formula in its heat-kernel version.

Lemma 4.10. Let D be an open subset of S. It then holds that, for each x € S, y € D, and
t >0,

p(t,m,y) = E* [p(t - JDvXUD7y) : 1{0D<t}] .
Proof. We apply [34, Corollary 3.14], taking the hitting time op as the terminal time in that

corollary. Since D is open, every point of D is regular for op, i.e., P*(cp =0) = 1 for all z € D.
Therefore, by [34, Corollary 3.14 and Remark 3.15], we obtain the desired result. O

Proof of Proposition[{.9 Following the argument in [58, Equation (2.10)], one can verify that

R o)l < =g [ [ ol ds. (4.6)

Tt follows from Lemma [£.10] that

/Ot/[)p(s,x,y)u(dy)ds:& I:/Ot/Dp(S_UD’XUD’y)'1{UD<5}M(dy)d8]
[ [ ot
< zm, [ e mormian s

This, combined with (4.6)), yields that the second inequality in (4.5)) holds. The other inequality
follows from the calculation

t t
/0 /D p(s,2,y) pldy) ds < ¢ /0 /D (s, 2, ) u(dy) ds < e RV (ulp) loe

O]

In the discrete space setting, any Radon measure belongs to the local Kato class, as shown
below.

Proposition 4.11. Suppose that S is finite or countably infinite, endowed with the discrete
topology. Then any Radon measure p on S is in the local Kato class of X.

Proof. By the right-continuity of X, it follows that P*(oy,y = 0) = 1 for any x € S. Hence the
empty set is the only semipolar set, and thus p charges no semipolar set.
Observe that, for each x,y € S and ¢t > 0,
P*( X =y) 1
pt x,y) = < :
m({y}) ~ m({y})

(Note that m({y}) > 0 since m is a reference measure.) This yields

1
supr®(z,y) < ————, VyeS.
SRV S @

Therefore, for any compact subset K of S,

R (s o < = 3 )
yeK

m({y})

Because K is finite, the right-hand side converges to 0 as o — 0o, which establishes the desired
result. O
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4.3 PCAFs, STOMs, and Revuz correspondence

In this subsection, we introduce PCAFs and associated STOMSs, and then recall the Revuz cor-
respondence [72]. Some basic results on STOMs are also presented. For a comprehensive theory
of PCAFs, see [I8]. For a potential-theoretic study of them in relation to symmetric Dirichlet
forms, see [22], 32]. We proceed within the same framework as in the previous subsection.

Since several versions of the definitions of PCAFs exist, we clarify the definitions adopted in
this paper, below.

Definition 4.12 (PCAF, cf. [32 p. 222 and 235]). Let A = (A4¢)i>0 be an F.-adapted non-
negative stochastic process. It is called a positive continuous additive functional (PCAF) of X
if there exists a set A € F, called a defining set of A, satisfying the following.

(i) It holds that P*(A) =1 for all x € Sa.
(ii) For every t € [0,00], O:(A) C A.

(iii) For every w € A, Ag(w) = 0, the function [0,00) > ¢t — Ai(w) € [0,00] is continuous,
Ap(w) < oo for all t < ((w), A(w) = A¢(w) for all t > ((w), and Ays(w) = Ay(w) +
As(Oyw) for all s,t € [0,00).

We say that two PCAFs A = (A¢)i>0 and B = (By)i>0 are equivalent if there exists a common
defining set A € Fo such that P*(A) =1 for all z € S and A¢(w) = Bi(w) for all t > 0 and
w € A.

Remark 4.13. By [42, Remark 2.5], for any PCAF A with a defining set A, there exists an
equivalent PCAF A’ with defining set A’ such that A;(w) = 0 for all ¢t > 0 and w ¢ A’, and
{¢ =0} C A’'. Thus, in this paper, whenever we consider a PCAF A with a defining set A, we
shall always assume that A and A satisfy this property.

To define STOMs, we introduce a measurable space consisting of Borel measures. Let
MBor(S X R>q) be the set of Borel measures on S x R>g. We equip Mpo (S X R>¢) with the o-
algebra generated by the family of evaluation maps 7 : Mper(S*xR>0) = R>o, E € B(SxR>q),
defined by 7g(II) == II(E).

Definition 4.14 (STOM). For a PCAF A = (A¢)¢>0, we define a measurable map II: (Q,F,) —

1)) = [ T Loy () dds (@),

We refer to IT as the space-time occupation measure associated with A.

Remark 4.15. When X is conservative, i.e., P*(¢ = oo) = 1 for all x € S, we may assume that
IT is a measurable map from Q to M, g,)(S X R>0).

We now recall a fundamental result, known as the Revuz correspondence, which provides a
one-to-one correspondence between PCAFs and smooth measures.

Theorem 4.16 ([72, Proposition V.1 and Theorem VI.1]). There exists a one-to-one corre-
spondence between the set of smooth measures and the set of equivalence classes of PCAFs. A
smooth measure j1 and a PCAF A = (A¢)¢>0 correspond to each other if and only if for every
a > 0 and every non-negative Borel measurable function f on S,

| [Teean] = [, wes

Whenever we say that a PCAF A is associated with a smooth measure p, we mean that they
are associated via the Revuz correspondence. Through this correspondence, the corresponding
notions for smooth measures also apply to PCAF's, and vice versa. For example, if ;1 belongs to
the (local) Kato class, then we also say that A belongs to the (local) Kato class, and the STOM
IT associated with A is then referred to as the STOM associated with .
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Remark 4.17. Revuz’s definition of PCAFs [72), Section 1.3] is somewhat weak, and in particular
does not guarantee the existence of a defining set. However, it is not difficult to modify his PCAF
so that it satisfies the conditions of our definition. Indeed, by [I8, Theorem 2.1 in Chapter V],
his PCAF can be assumed to be a so-called perfect PCAF. The definition of perfect PCAFs
consists of conditions [(i)| and of Definition (see [18, Definition 1.3 in Chapter IV] for
the precise formulation). Moreover, one can easily verify that the defining set of a perfect PCAF,
as constructed in the proof of [I8, Theorem 3.16 in Chapter IV], also satisfies condition of
Definition Thus, a perfect PCAF may be regarded as a PCAF in our sense.

Example 4.18. For any bounded Borel measurable function f: .S — R>¢, the stochastic process

f f(Xs)ds is a PCAF and its corresponding smooth measure is f(x)m(dz) (cf. [22
Theorem A3. 5(111)}). When the Dirac measure d, at x is smooth, then the corresponding PCAF
is a local time of X at z in the sense of [I8] Definition 3.12 in Chapter V].

Below, we present some results (or applications) of [42, [65]. We note that, although the
scope of these is restricted to Hunt processes associated with symmetric regular Dirichlet forms,
the arguments still apply in the present setting.

The following estimate of the difference between PCAFs in terms of their potentials is crucial
in the proof of our main results.

Lemma 4.19 ([65, Theorem 1.6]). Let u and v be finite smooth measures such that | R |00 < 00
and ||R'||s < 00. Let A and B be the associated PCAFs, respectively. It then holds that, for
any o, T > 0,

sup E,
z€eS

sup |A; — By|?
0<t<T

< I8([[Rpulloo + R V[loo) IR% 1t = RV || oo

+4e*T (1= e ) (IR pl% + IR'WIIZ,).

The following is an application of a generalized Kac’s moment formula for PCAF's established
in [42].

Proposition 4.20. Let p be a smooth measure and 11 be the associated STOM. Fiz an arbitrary
Borel measurable function f: S x R>g = R>o and x € Sa. For notational convenience, write

//fy, T(dy dt) = /th,)dAt, (4.7)

and I% = {(t1,...,tg) | 0 < t; < --- <ty < oo} for each k € N. Then it holds that, for any
ke N and xg € S,

E‘TO —k'/ / H ti—tiov, w1, @) f (@i, ) p& (da) dty - - - diy,
1%, Jsk

where we set ty := 0. In particular

Ezo[ =1+ Z/k /Sk t - ti_l,xi_hxi) f(.%’l,tz)) ,U,®k(dx) dty - - - dty.

=1

Proof. This is a straightforward application of [42, Theorem 2.7]. Indeed, since we have

ol [H(f) ] — I B0

/k: Hf thy )dAh dAtk )
I

ASi=1

we can follow the same line as in the proof of [42] Theorem 2.9] to obtain (4.7). We thus omit
the details. O
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The above proposition yields the following corollary on the support of II (cf. [43, Corol-
lary 2.5]). This can be also obtained from the fact that a PCAF increases only when the process
hits the support of the associated smooth measure (cf. [I8, Theorem 3.8 in Chapter V]).

Corollary 4.21. Let i be a smooth measure and 11 be the associated STOM. For each x € S,
the STOM 11 is supported on supp(u) x R>g, P*-a.s. That is,

supp(II) C supp(p) X R>g, P%-a.s.

Equivalently, for all x € Sa,
t
/ Loupp(u) (Xs) dAs = Ay, VE>0, P-a.s.
0

When the state space S is discrete, the STOM associated with a Radon measure admits an
explicit description, as follows. Recall from Proposition that, in this case, every Radon
measure belongs to the local Kato class, so the associated STOM is well defined.

Proposition 4.22. Suppose that S is finite or countable, endowed with the discrete topology.
Fix a Radon measure i on S. Then the STOM I1 associated with p can be represented as follows:

T1(da dt) = m({lx})l{xt:x} u(da) dt.

(NB. Since m is a reference measure and {x} is open, the denominator m({x}) is strictly
positive. )

Proof. 1If we set f(z) = p({z})/m({z}) for each x € S, then p(dz) = f(z)m(dx). Thus, the
PCAF associated with u is given by

_ " p({e}) .
/ m {X} _Zq/o m({a}) =

(see Example 4.18)). By the definition of STOMs, we obtain the desired result. O

5 Approximation of PCAFs and STOMs

In Sections and we establish methods for approximating PCAFs and STOMs by those
that are absolutely continuous. This construction plays a crucial role in the proofs of our main
results. In the following two subsections, we apply these approximation results to show that the
joint law of the process and its PCAFs/STOMs is continuous in the starting point, provided
that the law of the process itself is continuous.

We work in the same setting as in Section [£.2] Throughout this section, we fix a boundedly
compact metric dg on S that induces the given topology (see [80, Theorem 1] for the existence
of such a metric), and we fix an element p € S as the root of S. In particular, (S,dg,p) is a
rooted bcm space.

5.1 The approximation scheme for PCAFs

We first present an approximation result for PCAFs in the Kato class, see Proposition [5.1] below,
and then extend the method to PCAFs in the local Kato class, see Propositions [5.3 and [5.5

We start by considering PCAFs in the Kato class. The approximation is constructed by
using the heat kernel p as a mollifier, which is inspired by approximations for mutual intersec-
tion measures [57, Definition 1.3]. The validity of this approximation will be justified by an
application of Lemma |4.19
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Proposition 5.1. Let p be a finite Borel measure in the Kato class and let A = (A¢)i>0 be the
associated PCAF. For each 6 > 0, define

t 20
Ai‘**)zl/ / / p(u, Xy, 2) dup(dz) ds, t>0. (5-1)
dJo JsJs

Then there exist universal constants C1,Cy > 0 such that the following holds: for any T € [0, 00),
a € (0,1), and 6 € (0,1),

sup E* | sup ‘Aga’*) — At‘2
x€S 0<t<T
< Cu|[Ru| (e[ R, + IRl ) + C2e®T (1 = T ||R . (5.2)

In particular, for oll T > 0,

lim sup E* (5.3)

(6%) 2
i sup sup !A At‘

0<t<T

Consequently, A0*) ﬁ A in Cy(R>0,R>0) under P* for each x € S.
%

1 20
) = 5// p(s,y,2)dspu(dz), y€S.
S Jo

Since p is in the Kato class, Proposition [£.9]yields that f is bounded. Hence, by Example [£.18]
we deduce that A% is a PCAF and the associated smooth measure is

watdn) = 1) mian) = (5 [ [ pto.2 dsuta) man)

Using the Chapman—Kolmogorov equation (4.2), we obtain that

Proof. Define

Rus() = /S 1 (2, ) s (dy)

= Ooe“‘tp(tvm,y) at ( + 2629(8,% z)ds p(dz) |m(dy)
/s/o (5 sJs
= (15/526/3/000 e~ p(t+s,x,2)dt p(dz) ds

1 26 00
= / eo‘s// e p(t,x, z) dt u(dz) ds.
0 Js sJs
By definition,

/S/SOO e p(t,x,z)dt u(dz) = // o p(t, x, 2) dt p(dz).

626a _ 6604 1 20 s
Rus(x) = ————R%u(z) — 5 s eas/ /0 e p(t,x, 2) dt u(dz) ds. (5.4)

Hence,

It follows that
IR s — Ru|

e26a _ 65a 625(1 _ eéa 26
- 1‘ H’Ra,uHOO + — Sup/s/ p(t, z, z) dt u(dz).
0

<
oo da €S
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Using the Taylor expansion of ef, one can verify that there exists constants c1,co > 0 such that

2t t

o2t _ e 2t t

<ey, Vte [0, 1].

- 1’ < Clt,

Moreover, following the proof of Proposition [£.9] we deduce that
20
sup// p(t,z, z) dt p(dz) < eZHRI/‘SuHOO.
xS JSJOo

Therefore, we obtain that

[R5~ R, < exsa[ Rl + eoe?| RV

loo-

From , we also obtain that
[Rouill. < eall Rl Ve

Therefore, applying Lemma we deduce that

sup ‘Agd’*) - At|2

< 18(cf|R? e + [ R4l ) (0| R u |, + cae? R, )
0<t<T

sup E”
x€eS

+4e (1= e=T) (G| R p2, + R ul|2.)
<18(e> + D[R] (crdal| R + xRV
+4e* (1 — e T (B + 1)||R p|%..

Thus, (5.2) holds. Since  is in the Kato class, it follows from ([5.2))

lim sup sup E* | sup }Agé’*) — At‘z < Coe?T(1 - e_aT)HRl,uHio.
60 zeS 0<t<T
Letting a — 0 in the above inequality, we obtain (|5.3)). O

We next consider PCAFs in the local Kato class and develop suitable approximation schemes.
Here, we note that to continue discussing the approximation of PCAFs in C}(R>g,R>¢), we
need to impose additional assumptions. Indeed, PCAFs in the local Kato class may explode in
finite time, which makes it impossible to discuss convergence in the space Cy(R>0,R>0). This
observation leads to the following points.

(a) To discuss convergence in the space C(R>g,R>(), additional assumptions on the process
X or on the PCAFs are required.

(b) A different framework is needed to handle convergence of general PCAFs.

One possible approach in the direction of@ is to assume that the process X is conservative
(recall this property from ) Under this assumption, the definition of PCAFs immediately
implies that each PCAF belongs to C4+(R>0, R>¢) almost surely. In this paper, we continue to
discuss convergence of general PCAFs in C4(R>g, R>0) under this conservativeness assumption.

Nevertheless, it is worth noting that one can also develop a framework for studying conver-
gence of PCAFs without imposing any additional assumptions, in accordance with @ The
key idea is to handle STOMs within a suitably chosen topology. See Remark in the next
subsection for further details.

We now return to our main line of argument. To establish an approximation method for
PCAFs in the local Kato class, we introduce, in Definitions[5.2]and [5.4 below, two auxiliary maps
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that will serve as building blocks for the construction of the approximations. Although these
maps are formulated in rather general forms, independent of the process or PCAFs themselves,
this level of generality will be useful for the main results discussed in Section [6]

The first map is used to truncate PCAF's so that associated smooth measures are restricted
onto a compact ball.

Definition 5.2. For each R > 1 we define a map

P Dro(Rso,S) x Cr(Rx0, Rx0) — Cr(Rx0, Rxo)

(n, ) — (t — /Ot /R]: Lo (ns) dr d%) :

Proposition 5.3. Assume that X is conservative. Let i be a smooth measure, and let A =
(A¢)i>0 denote the associated PCAF. Fiz R > 1. Set AR = PR (X A). Then AR s g
PCAF, and its associated smooth measure is /l(R), which is defined in (2.3) Moreover, we have

by

Ag*’R) =A; forallt €]0,T] on the event {ogwr-1 >T}. (5.5)

In particular, for all x € S and T > 0,

< sup A" Aty> A 1] = 0. (5.6)

0<t<T

lim E*

R—o0

Consequently, A*H) RL> A in C4(R>0,R>q) under P*, for each x € S.
— 00

Proof. The first assertion follows from [22, Theorem A.3.5]. The assertion (5.5 is immediate
from the definition of A®f). Using the assertion, we deduce that, for any z € S and T > 0,

E* ( sup |AUF) —At|> AL| < P(Ggnn <T).

0<t<T

The right-hand side converges to 0 as R — oo by the conservativeness of X, which shows ([5.6)).

The last assertion is elementary. O
After the above truncation, we can approximate the truncated PCAF A®®) by absolutely
continuous PCAFs, constructed from the following map. This map is indeed modeled after the

approximation in ([5.1)).
Definition 5.4. For each § > 0 and R > 1, we define a map

m(é,R): C(R>0 X S x S, Rzo) X M(S) X DLO(RZ()v S) — CT(RZ()?]REO)

t 26
(q,v,m) — (tH 1/ // q(u,ns, ) du 7P (dz) d8>,
0 Jo Js s

R)

by
where the smooth truncation 7 is recalled from (2.3).
The following is an immediate consequence of Proposition [5.1

Proposition 5.5. Let i1 be a Radon measure in the local Kato class and let A = (A¢)i>0 be the
associated PCAF. For each 6 > 0 and R > 1, set

AGR) = pOR) () X, AGR) = 3R (x| 4).
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Let C1,Co > 0 be the universal constants appearing in the assertion of Proposition |5.1l. Then,
for any T € [0,00), a € (0,1), and ¢ € (0,1),

sup B° | sup ‘Ag(s,R) _Ag*,R)}z < CIHRQ#(R)HOO(MHR(XM(R)HOO i HR1/5M(R)HOO>
zES 0<t<T
+ Coe?T (1 — e o) ||R B2

In particular, for each R > 1,

lim sup E”
6—0 r€eS

up [AGR _ Ag*ﬂw] o
0<t<T

Proof. Recall from Proposition 5.3 that A*f) is a PCAF associated with the Kato class measure
i) Thus, applying Proposition to the PCAF A8 we deduce that

sup E* | sup }Agé’*) — At’2
zes 0<t<T
< Co[ReEM|  (daf| RO + [|RVED ) + Coe® (1 = =) [RUED
for all 7> 0, a € (0,1), and & € (0,1). By the definition of i) (see (2.3)), we have
IR A < IR
which yields the desired result. O

Combining Propositions and we see that PCAFs in the local Kato class can be
approximated in two stages as follows.

Corollary 5.6. Assume that X is conservative. Let p be a smooth measure in the local Kato
class, and let A = (A¢)i>0 denote the associated PCAF. For each § > 0 and R > 1, define

ACR = OB x), AR = pER(X, ),
Then, for each x € S, the following convergences hold in Cy(R>o,R>q) under P*:

AGR) P, p(xR) VR >1
d—0 ’ ’

AR P g
R—o00

5.2 The approximation scheme for STOMs

In this subsection, we extend the approximation method for PCAF's introduced in the previous
section to STOMs. The approximation for STOMs in the Kato class is presented in Proposi-
tion below, and for STOMs in the local Kato class is discussed in Propositions and
bE.I1l

We first establish an approximation for STOMs in the Kato class, which corresponds to
Proposition 5.1}

Proposition 5.7. Let u be a finite Borel measure in the Kato class and let 11 be the associated
STOM. For each 6 > 0, define

1 20
119 (dz dt) = 5 / p(u, Xy, 2) du pu(dz)dt. (5.7)
1
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Then there exist universal constants Cs,Cy > 0 such that the following holds: for any T € [0, 00),
E € B(S), a€(0,1), and 6 € (0,1),

sup  [MOR(E x [s,8)) — TP (E x [s,t))E]
0<s<t<T

< ylRU® | _(saf[Rou® | + [RYAD] ) + Cae®T (1 — e TR (5.8)

sup E*
z€eS

In particular, for each R > 1, E € B(S), and T >0

lim sup E”

=0 2es 0<s<t<T

sup  |[IOR(E x [s,t)) — THR(E x [s,t))}2] =0. (5.9)

Consequently, T1(0*) Ep—0> I in M, ) (S X R>0) under P® for each x € S.
H

Proof. Using the simple estimate that (a + b)? < 2(a? + b?) for any a,b > 0, we have

sup E*| sup }H((S’*)(E X [s,t)) — II(E x [s,t))f]

€S 0<s<t<T

< 4sup E”| sup |[I®(E x [0,1)) — II(E x [o,t))F] .
z€S 0<t<T

By the definition of the STOM II, the process B; := II(E x [0,t)), t > 0, is a PCAF associated
with the smooth measure p|p. If we let B0 = (Bt((s’*))tzo be the approximation of B defined

as (5.1]), then

t 26
Bi‘s’*):% / / / p(u, X, 2) du p| p(dz)ds = TOP(E x [0,1)), > 0.
0o JSJé

Hence, (5.8) follows from Proposition In the inequality, letting § — 0 and then oo — 0 yields
(5.9). The last assertion is now immediate from [43] Corollary 4.9(iii)] (see also the proof of
Theorem below). O

We next consider STOMSs in the local Kato class. Recall that, in Definitions and
we introduced two maps P and PO to approximate PCAFs. Below, we introduce STOM
versions of these maps.

Definition 5.8. For each R > 1 we define a map
6(*’R)1 M(*,ﬁn)(S X Rzo) — /\/l(*ﬁn)(S X Rzo)
by
R
Y </ 1yt () dr> Y(dx dt).

R—-1

Definition 5.9. For each § > 0 and R > 1, we define a map
SR C(Rso x S x S,Rx0) x M(S) x Dpo(Rs0,5) = Musin) (S x Rxo)

by

1 26

(¢ vm) = 5/ q(u, mr, 2) du v (dz) dt.
19

Below, we present STOM versions of Propositions [5.3] and
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Proposition 5.10. Assume that X is conservative. Let p be a smooth measure, and let TI
denote the associated STOM. For each R > 1, set 1155 .= §B(ID). Then I*H) is o STOM
associated with the smooth measure i) . Moreover, it holds that, for any T > 0,

H(*’R)\SX[QT] =gy on the event {Ggwm-1) >T}. (5.10)
In particular,
. M(*,ﬁn) (*7R) _
lim B [dSXRZO @B ml =0, vres, (5.11)

where the metric dgﬁﬁiﬁﬁ) is recalled from (2.10). Consequently, TIF) EB—_> IT in M (4 in) (S %
> —00
R>¢) under P*, for each v € S.

Proof. Write A = (At)i>0 for the PCAF associated with p. By Proposition AR =
P (X, A) is the PCAF associated with i/, and hence the associated STOM II*f) is given
by

_ t R
AR (F % [0.1]) = / 15(s) / Loy (ns) drdAs, E € B(S), t > 0.
0 R—1

By definition, we have, for any E € B(S) and ¢t > 0,

t R
BB x [0,t]) = / 15(n;) / 1g(ry (ns) dr dAs.
0 R—1

Hence, II*%) = IR which proves the first assertion. The second assertion (5.10) is straight-
forward from the definition of II*f). Then, by the definition of dgi(ﬁgig), we have that, on the

event {dgr-1) > T},

M* n * o — *
dSX(R;) (L™ 1) _/o e (1A dngZO(H( )| g0, Mlsxpo.q)) dt

< T (5.12)

Since the metric does not exceed 1, it follows that, for any z € S and T > 0,

fo [dﬁﬁ@jy (TR, H)] <e T+ P (Ggmn >T).

Letting R — oo and then T" — oo in the above inequality, and using the conservativeness of X.
we deduce (5.11). The last assertion is elementary (cf. [44, Lemma 5.2]). O

Proposition 5.11. Let i1 be a Radon measure in the local Kato class and let 11 be the associated
STOM. Fiz R > 1. For each d > 0, set

e = &M (p, p, X), 07 = etM ).
Then there exist universal constants Cs,Cy > 0 such that the following holds: for any T € [0, 00),
E € B(S), a€(0,1), and 6 € (0,1),

sup E*
z€eS

< Ca|[ R (al| R  + [[RYUP|) + Cae? (1 = =T [RUP|Z,. (5.13)

sup |[IORN(E x [s,t)) — TF(E x [s,t))‘zl
0<s<t<T

In particular,

lim sup E”
6—0 x€ES

sup ‘H(‘S’R)(E x [s,t)) — O (B x [s,t))}2] =0.
0<s<t<T

Consequently, T1-F) ﬁ IR ip My gin) (S X R>0) under P*, for each x € S.
—
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Proof. By Proposition IR is a STOM associated with ). On the other hand, by
definition, we have

1 26
H(‘sz)(dz dt) = 5 / q(u,nt, z) du ﬂ(R)(dz) dt.
é

Hence, we can apply Proposition to the Kato class measure [L(R). Noting that ,L](R) < ,u(R),
we obtain (5.13]). The remaining assertions are verified in the same manner as the corresponding
assertions of Proposition and therefore we omit the details. O

Combining the above two propositions, similarly to the PCAF case, we see that STOMs in
the local Kato class can be approximated in two stages as follows.

Corollary 5.12. Assume that X is conservative. Let u be a smooth measure in the local Kato
class, and let I1 denote the associated PCAF. For each 6 > 0 and R > 1, define

noh .= sORp 4 x), O .= &R ).
Then, for each x € S, the following convergences hold in M, gn)(S X R>o) under P*:

@R Py k) VR > 1
0—0 ’ ’

(SN |
R—o0

Remark 5.13. Here, we provide several reasons why STOMs offer a more flexible framework
than PCAFs.

(a) In the previous discussion, to approximate PCAFs in the local Kato class within the
space C4(R>0,R>p), we imposed the conservativeness of X. In fact, by working with
STOMs instead, one can study such approximations without assuming conservativeness.
Let us explain this in a bit more detail. Suppose that II is a STOM in the local Kato
class. Since the associated PCAF may explode in finite time, II may fail to belong to
./\/l(*vﬁn)(S X R>¢). However, by Proposition we know that II is a Radon measure on
S x R>o with probability one. Therefore, although the topology becomes coarser, we can
still discuss its convergence within M(S x R>g) endowed with the vague topology. See
Proposition below for an application of this idea.

(b) Convergence of STOMs can also be discussed for general smooth measures. The idea is
to introduce a variant of the vague topology that is adapted to the nest of the smooth
measure. Let p be a general smooth measure and let II denote the corresponding STOM.
Fix an nest € = (En)n>1 of p (recall it from Deﬁnition. Define M¢(SxR>q) to be the
collection of measures on S xRx( that are finite on each Ex x [0, N|. Then, by an argument
similar to the above using Proposition we see that II belongs to Me(S x R>q) with
probability one. By endowing Mg (S x R>g) with a suitable modification of the vague
topology adapted to the underlying nest, we can discuss the convergence of STOMs. Such
nest-dependent modifications of the vague topology were recently introduced in [68] for the
purpose of studying the convergence of general smooth measures (not necessarily Radon
measures).

As pointed out in Remark |5.13(a), we provide a result which shows the flexibility of the
STOM framework. Namely, we present an approximation result for STOMs in local Kato class
in the vague topology, without assuming conservativeness.

Proposition 5.14. Let i be a smooth measure, and let I denote the associated STOM. For
each R > 1, set I~ .= §B)(ID). For any x € S, it holds P*-a.s. that

ngRz() (H(*vR)7H) S 67R+17 VR > 17 (514)
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where ngRzo denotes the vague metric as recalled from (2.2)). Consequently, 101 —;:—S;j 1I

vaguely under P, for each x € S.

Proof. By definition, if » < R — 1, then we have, for any E € B(S) and t > 0,

tAT R
T | g0 0,9 (B % [0,]) :/0 1EmS<T>(778)/R Lgew (1s) du dAs

tAr
- /0 g (1) dA,

= gt x o, (E % [0,2]).

This implies H(*’R)‘S@)x[o,r] = H’S(T)X[O,r] for all r < R — 1. It follows that

ngRZO (H(*ﬂ)’ = /0 efr{l A dngzo (H(*yR) ’S(T) x[0,r]> H’S(r) X[O,’/’])} dr < €7R+17

which yields (5.14)). This completes the proof. O

5.3 Continuity of joint laws with PCAF's

In a wide class of stochastic processes, such as Feller processes, the law of the process de-
pends continuously on the starting point. Here, we employ the approximation introduced in
the previous subsection to show that the joint law with a PCAF also enjoys this continuity; see
Theorems [(£.21] and [5.25] below.

To formulate the results in a suitable topological framework, we consider the following con-
ditions for the underlying process X and its heat kernel. We recall the notation £. from .

Assumption 5.15 (The weak L°-continuity condition).
(i) The process X is conservative, and the law map Lx: S — P(Dro(R>0,5)) is continuous.
(ii) The heat kernel p(t,x,y) is [0, 00)-valued and is continuous in (t,z,y) € Rso x S x S.

Assumption 5.16 (The spatial tightness condition). For all v >0 and T > 0,

lim sup P“(6gm <T)=0.
R—o0 )

If the law map Lx is weakly continuous with respect to a topology that captures the path
behavior more precisely than the L° topology, such as the J;-Skorohod topology, then the spatial
tightness condition is automatically satisfied. For instance, the following condition suffices.

Assumption 5.17 (The weak Ji-continuity condition).
(i) The process X is conservative, and the map Lx: S — P(Dj, (R>0,5)) is continuous.

(ii) The heat kernel p(t,x,y) takes finite values and is continuous in (t,x,y) € Rsg x S x S.

Lemma 5.18. Condition |(i)| of Assumption implies Assumption .

Proof. Condition |(i)| of Assumption implies that, for each r > 0, the family {Lx(2)},cq
is tight as a collection of probability measures on Dy, (R>g, S). Recall that J;-tightness ensures
that, for every T > 0, the trajectories {X; | t < T} starting from points in S remain,
with high probability, within a common compact subset of S (see [44, Theorem 23.8]). Hence,
Assumption follows. This completes the proof. O

Remark 5.19. Condition of Assumption holds for a wide class of processes. For
instance, any conservative Feller process enjoys this property. (This follows from the Aldous
tightness criterion for the J;-Skorohod topology; see [44, Theorem 23.11].)
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Remark 5.20. The joint continuity of the heat kernel is more delicate than the weak continuity
of the law map. There is no simple sufficient condition for this in general, but sufficient conditions
are known in several important frameworks.

(a) When X is a Lévy process, the integrability of its characteristic function is sufficient (see
[73, Proposition 2.5(xii)]).

(b) When X is associated with a regular strongly local symmetric Dirichlet form, the parabolic
Harnack inequality is sufficient [12].

(¢) Any process associated with a resistance form (see Section below) admits a unique jointly
continuous heat kernel.

In the theorem below, we show that, under the weak L°-continuity condition (Assump-
tion |5.15), the continuity of Lx is inherited by the joint law L x 4) for any PCAF A in the Kato
class.

Theorem 5.21. Suppose that Assumption |5.19 is satisfied. Let p be a finite Borel measure in
the Kato class and let A = (At)i>0 be the associated PCAF. For each § > 0, let AGH) denote
the PCAF defined in (5.1)). Then the map

£(X,A(57*)): S — P(DLO(RZO, S) X CT(RZ(]vRZO))
is continuous for each § > 0. Likewise, L x ) is continuous. Moreover,

E(X,A(fs»*)) E) ﬁ(X,A) m C(S,P(DLO(RZ(),S) X CT(RZ()?RZO)))'

Proof. The proof proceeds as follows. Using the joint continuity of the heat kernel, we first verify
the continuity of E(X,A@a*))- Then, by Proposition we deduce that E(X,A(&*)) converges to
L x,4) as § — 0 locally uniformly, which yields the desired conclusion. The details are omitted
here, since the argument follows the same line as in the case of PCAFs in the local Kato class,
which will be treated next. O

We next consider PCAFs in the local Kato class. We first state basic properties of the
approximation map P> introduced in Definition The proof is deferred to Appendix

Lemma 5.22. Fiz 6 >0 and R > 1.
(1) The map PO is Borel measurable.

(ii) Fiz an arbitrary sequence (Gn,Vn,Mn)n>1 converging to (q,v,n) in the domain of POL)
Assume that

28
sup sup/ / an(u,y, z) V,(ZR) (dz) du < 0.
n>1yesJs Js

Then ‘B((s’R) (qn7 VUn, nn) converges to m(&R) (Q7 v, 77) in CT(]RE()? REO)

The above lemma immediately implies the continuity of the approximation E( X, AG.R)), @S
stated below.

Lemma 5.23. Suppose that Assumption|5.15 is satisfied. Let p be a Radon measure in the local
Kato class and let A = (A¢)e>0 be the associated PCAF. Fiz § >0 and R > 1, and set

ACH) = PO (p, p, X).

Then the map
E(X7A(6,R)) 1S — P(DLU (Rzo, S) X CT(R207]R20))

15 continuous.
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Proof. This is an immediate consequence of the assumption, Lemma [5.22(ii)} and the continuous
mapping theorem. O

Using the approximation of E( X,A(+R)y by E( x,A(.m)y established in Proposition we show
that E(X7A(*,R)) is also continuous.

Proposition 5.24. Suppose that Assumption 1s satisfied. Let p be a Radon measure in
the local Kato class, and let A = (A¢)i>0 be the associated PCAF. Fiz R > 1. For each § > 0,
define

ACR) = R (p X)), AP = pR (X 4).

Then the following statements hold.
(i) The map L x s¢-.ny) is continuous.
(i1) Let C1,Co > 0 be the universal constants appearing in Proposition . Then, for any
NeN,ae(0,1), and é € (0,1), we have
dg,P(LO(Rzovs)XCT(RZO»RZO)) <£(X7A(5’R>)’ ’C(XaA(*’R))>
< 27N L N0 [RU P (Sa RO + [RY W)

+ Ca(20)2V (1 — =N[R2

(iii) It holds that
[:(X,A(‘S*R)) E} ﬁ(X,A(*’R)) m C(S,P(DLO(RZO,S) X CT(RZO,RZO)))
Proof. We prove the assertions simultaneously. For each N € N, define
Ey = { sup |A§5’R) - AE*’R)| < 2_N} .
0<t<N

By Lemma [5.5] and Markov’s inequality, we have

sup P*(E§)) < 22NCIHR”M(R)Hoo((saHRau(R)Hoo + HRl/éﬂ(R)Hoo>
+ Ca(2e)2V (1 — e M| R B2
On the event Ey, we have
dCT(Rzo,RzoﬂA(é’R)aA(*’R)) < 9 N+L

where we recall the metric from (2.8). Therefore, by Lemma we obtain

sup 70(Re,5)xC; (Ro,Roo) (ﬁ(x,m&m) (@), L(x, a0 (33))

<27V 2N RO (s[RI + RV )
2

+ 03 (2e) N (1 — e | R . (5.15)
Letting § — 0, then a — 0, and finally N — oo in the above inequality yields
. P
%IE)I%) ilelg dLO(RZO,S) XCT(RZOJRZO) <‘C(X,A(57R)) (.’E), £(X,A(*7R)) (.’L’)) =0.
This, combined with Lemma yields and Finally, applying Lemma to ([5.15))
gives O
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Finally, using Proposition [5.3 and the spatial tightness condition, we verify that the conti-
nuity of E( X, A R)) established above is inherited by £(x 4), as stated below.

Theorem 5.25. Suppose that Assumptions and are satisfied. Let p be a Radon
measure in the local Kato class and let A = (A¢)i>0 be the associated PCAF. For each R > 1,
set

AR — R (x| A),
Then the following statements hold.
(i) The map L(x 4y is continuous.

(ii) It holds that, for any r >0, N € N, and R > 1,

C
dS,P(LO(RZO,S)xCT(REO,REO)) (ﬁ(X,A<*vR))> E(X,A)>
<e " +27N 4 sup P%(5gr-1) < N).
z€S)

(iii) It holds that

E(X’A(*,R)) m ['(X,A) m C(S,'P(DLO(RZ(),S) X CT(RZ(]vRZO)))'

Proof. The proof follows the same line as that of the previous proposition. For each N € N and
R > 1, define

Enpg:={0gr-1 > N}.
On this event, we have A{"" = A; for all ¢ < N, which implies that
dey (s Ra) (AT, 4) < 27N

Thus, by Lemma we obtain, for each r > 0,

SUP 70w, 0,8 % C (R o) (ﬁ(X,AwR)) (2), E(X,A(R))(x)>
zes(r)

<27V 4 su1(3>Px(5—S(R,1> <N). (5.16)
zesSr

Letting R — oo and then N — oo in the above inequality, the spatial tightness condition

(Assumption [5.16]) yields

. P o
ngnoo xil;f()r) dLO(R207S)XCT(R207RZO) (‘C’(X,A(*vR))(x)? E(X,A(PO)(J“)) = 0, vr > 0.

This, together with Proposition |5.24(i)| establishes and Finally, applying Lemma
to (5.16) gives (i)} O

5.4 Continuity of joint laws with STOMs

The aim of this subsection is to extend the results of the previous subsection to STOMs. The
desired continuity of the joint laws of the process and STOMs in the Kato and local Kato classes
is established in Theorems [5.26] and [5.30] below.

The following is the STOM counterpart of Theorem Again, we omit the proof, as it is
essentially the same as that for STOMs in the local Kato class discussed below.
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Theorem 5.26. Suppose that Assumption [5.15 is satisfied. Let u be a finite Borel measure in
the Kato class and let II be the associated STOM. For each § > 0, let II%*) denote the PCAF

defined in (5.7). Then the map
‘C(X,H(‘S**)): S — P(DLO (Rzo, S) X M(*,ﬁn) (S X ]RZO))
is continuous for each § > 0. Likewise, L x 11y is continuous. Moreover,

£(X,H(5«*)) E) £(X,H) m C(S,P(DLO(RZ(),S) X /\/l(*ﬁn)(S X RZO)))'

Recall the approximation map &% from Definition The following lemma corresponds
to Lemma Again, the proof is deferred to Appendix

Lemma 5.27. Fiz 6 >0 and R > 1.
(i) The map &8 is Borel measurable.

(ii) Fiz an arbitrary sequence (qn,Vn,Nn)n>1 converging to (q,v,n) in the domain of SR),
Assume that

28
sup sup/ / an(u,y, z) VT(ZR) (dz) du < 0.
n>1yesJs Js

Then &) (g, v, mn) converges to 1) (¢ v, n) in M sin) (S X Rx0).

Lemma 5.28. Suppose that Assumption|5.15 is satisfied. Let p be a Radon measure in the local
Kato class. Fix 6 >0 and R > 1, and set

e = &M (p, , X).
Then the map
[’(X,H(‘sz)): S — P(DLO (Rzo, S) X M(*,ﬁn) (S X Rzo))

18 continuous.

Proof. This is an immediate consequence of the assumption, Lemmal5.27(ii)| and the continuous
mapping theorem. O

The following proposition corresponds to Proposition However, unlike the case of
PCAFSs, we cannot directly estimate the distance between the truncated STOM II*%) and its
approximation II(%%) in M, gin) (SXR>0). Instead, we establish the validity of the approximation
by means of a coupling argument.

Proposition 5.29. Suppose that Assumption |5.15 is satisfied. Let p be a Radon measure in
the local Kato class, and let A = (A¢)t>0 be the associated PCAF. Fix R > 1. For each 6 > 0,
define

" = &M (p,p, x), 1R = &M,
Then the following statements hold.
(i) The map ﬁ(X’H(*,R)) s continuous.

(ii) We have

;C(X’H(é,R)) E) ﬁ(X,H(*’R)) mn C(S,P(DLO(RZ(), S) X M(*,ﬁn)(s X Rzo))).
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Proof. We prove both assertions simultaneously. Fix a sequence (d,)n,>1 in (0,1) converging to
0, and a sequence (z,),>1 converging to z in S. By Proposition it suffices to show that

P (X, 100y e ) - po((x, IR ¢ ) (5.17)

weakly as probability measures on Dyo(R>p,5) X M, fn)(S x R>p). By Assumption
we have Lx(x,) — Lx(x). Hence, by the Skorohod representation theorem, there exist random
elements (Y,,,¥,,%%), n > 1, and (Y, X) defined on a common probability space with probability
measure P such that

P((Yy, 20, 5%) € 1) = Por (X, TI0B) TIoR))y € )y > 1,
P((Y,x%) €)= P*((x,1*®) ¢ ),
Y, =Y, almost surely. (5.18)
The convergence in (5.17) follows once we show that 2» 2 % in M s £in) (S X R>p). Recall
from Remark that if S is equipped with the bounded metric 1 A dg, then the topology on
./\/l(*ﬁn)(S x R>p) coincides with the vague topology with bounded support. Hence, in what
follows, we replace the metric dg on S by 1 A dg and prove the desired convergence by applying

a characterization of this topology given in [43, Corollary 4.9(iii)].
Define a collection Z of subsets of S x R>q by

IT={Ex]s,t)|0<s<t<oo, E€B(M)such that u(0F) = 0}.

It is straightforward to check that Z is a dissecting semi-ring in the sense of [43], i.e., it satisfies
the following properties.

(DSR1) Every open subset of S x R> is a countable union of elements of Z.
(DSR2) Every bounded Borel subset of S x R>g is covered by finitely many elements of Z.
(DSR3) The collection Z is closed under finite intersections.

(DSRA4)

The difference between any two sets in Z is a finite disjoint union of sets in Z.

(The first two properties mean that Z is dissecting, and the last two mean that it is a semi-ring.)
By [43, Corollary 4.9(iii)], it is enough to show that, for each H € T, ¥0»(H) 2 S*(H) as
random variables. Fix such a set H = E x [s,t). By Proposition we have

lim sup EY UH(‘S’R) (H) — IR (H)| A 1} —0. (5.19)
6—0 yes

The triangle inequality then yields, for any & € (0, 1),
E[|S0(H) — *(H)| A 1]
< E[\Efl"(H) — S (H)| A 1] n E[{E;;(H) — &R (p, 1, Y, ) (H)| A 1}
+ B[|600) (p, 1Y) (H) = 600 (p, 1Y) (H)| A 1]
+ E|[60B (p, u, V) (H) — S*(H)| A 1]

= o[ |1 B) () — TG (F)| A 1] o [\H(*ﬁ)(H) —TIOR ()| A 1}

+E :|6(5’R) (p, 1, Vo) (H) — SOF) (p, 1, V) (H)| A 1] +E? UH(&R)(H) —TI(H)| A 1} .

Letting n — oo in the last display, the first term converges to 0 by (5.19), and the third term
converges to 0 by (5.18) and Lemma [5.2 Hence,

lim sup E[|X% (H) — $*(H)| A 1] < 2sup B [\HW)(H) — TR (H)| A 1} .

n— 00 yeSs
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Letting 6 — 0 and using (5.19) once more, we obtain X9 (H) — X*(H) in probability, which
completes the proof. ]

Finally, we can prove the continuity of joint laws, using the above result, Proposition [5.10]
and the spatial tightness condition.

Theorem 5.30. Suppose that Assumptions and [5.16 hold. Let pn be a Radon measure in
the local Kato class and let A = (A¢)i>0 be the associated PCAF. For each R > 1, set

H(*’R) — 6(*,R) (H)
Then the following statements hold.

(i) The map L(x m) is continuous.

(i1) It holds that, for any r >0, N € N, and R > 1,

C
ds,'P(LO(Rzo,S)XM(*’ﬁn) (SXRZ())) (L(X,H(*’R)) ) E(X7H)>

<e " +e N4 sup P"(Ggr-1) < N).
zeSr)

(iii) It holds that

ﬁ(X,H(*’R)) m E(X,H) m C(S,P(DLO (Rzo, S) X M(*,ﬁn)(s X Rzo))).

Proof. For each N € N and R > 1, we define an event
Eng={0gwr-n > N}.

On this event, by (5.12]), we have

dgo ™ (IR 1) < eV,

Lemma [2.3] then yields that, for each = € S,

dILDO(RZO,S)xM(*,ﬁm(quxzo) (ﬁ(x,nwﬁ)) (z), ﬁ(X,H)(JU))
<e™N 4 P*(5gr-1) > N).

Now, we can follow the same argument as in the proof of Theorem to complete the proof. [

By using Proposition and working with the vague topology instead of the topology on
/\/l(*ﬁn)(S x R>p), we can derive the continuity of £ x 1y without assuming the spatial tightness
condition, although the continuity is then obtained only with respect to the vague topology.

Theorem 5.31. Suppose that Assumption holds. Let p be a Radon measure in the local
Kato class and let A = (Ay)i>0 be the associated PCAF. For each R > 1, set

H(*’R) — 6(*,R) (H)

Then the following statements hold.

(i) The map
ﬁ(XJ-[)Z S — 'P(DLO(Rzo,S) X M(S X RZO))

is continuous. (NB. In the codomain, we have M(S x Rx>q) equipped with the vague
topology, not M, ) (S X R>p).)
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(ii) For any R > 1,

C —R
03 P(LO(R50,5) x M(SXRB 30)) <£<X,H<*»R>>’£<X7H>) <e i

(iii) It holds that

ﬁ(XI[(*,R)) m ﬁ(X,H) mn C(S,'P(DLO(RZ(),S) X M(S X Rzo))).

Proof. For any x € S, we have from Proposition that

dIEO(Rzoas)XM(SXRZO) (‘C(XJ‘I(*,R))(IL’), ‘C(X,H) (x)) < e*R+1'

Thus, we deduce the results in the same way as in the proof of Theorem [5.30 ]

6 Convergence of PCAFs and STOMs

In this section, we present the main results of this paper, which establish the convergence
of PCAFs and STOMs from the convergence of processes within the framework of Gromov—
Hausdorff topologies introduced in Section 3} In Section we provide results in the setting
where the underlying spaces are deterministic. This is extended to random spaces in the following
subsection, with applications to random graph models in mind.

Throughout this section, we fix a Polish structure 7 and a space transformation W.

6.1 Deterministic spaces

The main result of this subsection is Theorem It asserts that if processes and their smooth
measures converge in a Gromov-Hausdorfl-type topology, and if the local Kato class condition
is satisfied uniformly by these measures, then the associated STOMs converge jointly with the
processes.

We first clarify the setting for the result. For each n € N, we suppose the following:

o (Sn,ds,, P, tn, Gn) is an element of Me(7A((V) X 7), i.e., (Sn,ds,) is a bcm space, py, is
the root of Sy, p, is a Radon measure on ¥(S,), and a,, € 7(S,);

o Xp = ((Xn(t))i>0, (Py)zew(s,)) is a standard process on W(S),) satisfying the DAC and
LP-weak continuity conditions (Assumptions and [5.15)), with heat kernel pj;

e the Radon measure pu, is in the local Kato class of X,,.
We also suppose the following:
o (S,dg,p, p,a)is an element of Me(TA(V) X 7);

o X = ((X(t)>0, (P")zew(s)) is a standard process on W(S) satisfying the DAC and LO-
weak continuity conditions (Assumptions and ; with heat kernel p,,

e the Radon measure u charges no sets semipolar for X.

The presence of ¥ in our setting is motivated by applications to collisions of stochastic pro-
cesses, which will be studied from Section [7.1jonward. The incorporation of 7 is also important,
as it broadens the applicability of our main results. See Remarks [6.8 and [6.9] at the end of this
subsection for further details.

Recall from Assumption [5.15(1)| that the law maps Lx, and Lx are continuous with respect
to the weak topology induced by the L° topology. Our fundamental assumption for the main
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result is the convergence of the underlying spaces together with the law maps and smooth
measures. To put this in the framework introduced in Section [3] we define a structure by

Tro-gp = Ta(Vid, 7p(770)),
where “SP” stands for “stochastic process”. In particular, for each bcm space M,
Trosp(V)(M) = C(¥(M), P(LO (R0, ¥(M)))),

where we recall from Definition that 770.gp(¥) denotes the composition 770.gp © ¥. To
discuss convergence of heat kernels, we define another structure by

THK = Ta(\IJR>OX1d2,TRZO). (6.1)
In particular, for each bcm space M,
K () (M) = C(Rsg x U(M) x U(M),Rs).

Assumption 6.1.

(i) It holds that
(STL?dSnapnhU'nvanapn?[’Xn) — (Sa dSapaﬂa a,p, *CX)

in Me (T (V) X 7 X TR (V) X T05p(P)).
(ii) For allr >0,
lim limsupHR;‘nug)Hoo =0.

=0 poo

Remark 6.2. By Proposition conditionof Assumptionis equivalent to the following:
(iii) For all r > 0,

6
lim limsup sup / / pn(t, z,y) un(dy) dt = 0.
yJo Jws)

6—0 pn—oo JJE‘I’(S»,(LT)
As observed in Section the following (uniform) spatial tightness condition is instrumental
in obtaining a stronger mode of convergence for STOMs than that given by the vague topology.

Assumption 6.3. Fach process X,, n > 1, as well as the limiting process X, satisfies the
spatial tightness condition (Assumption . Moreover, for all >0 and T > 0, it holds that

lim limsup sup PJ (&S(R) < T) =0. (6.2)

R—00 pn—oo xGST(f)

Remark 6.4. By the same argument as in the proof of Lemma [5.18] if the convergence of law
maps in Assumption takes place under a topology finer than the L topology, such as the
Ji-Skorohod topology, then (6.2]) can be automatically satisfied. For instance, set

TSP = Ta(\I/id,Tp(le)). (6.3)

If the convergence in Assumption [6.1(i)| holds with 770_gp replaced by 7sp, then Assumption
is satisfied.

Under the above assumptions, it follows from Fatou’s lemma that the limiting measure p
also belongs to the local Kato class.

Lemma 6.5. Under Assumption[6.1], the Radon measure p is in the local Kato class of X .
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Proof. 1t is enough to show that, for all but countably many r > 0,

lim [R5 ]|

a—r00
By Assumption [6.1(i)| and Theorem all the rooted metric spaces (Sp,pn) and (S,p) are
embedded isometrically into a common rooted becm space (M, pps) in such a way that S, — S
in the Fell topology as closed subsets of M, u, — p vaguely as measures on ¥(M), and p, — p
in 6(R>0 X W(M)x¥(M),R>p). Fix r > 0 such that u( " 1) weakly as measures on W(M),
and fix x € S. By Lemma we can find elements x,, € \I/(Sn) converging to z in W(M). It
is then the case that, for each ¢t > 0,

=0, (6.4)

pn(t, Tpn, ) = p(t,z,-) in 6(\II(M),RZO).

We deduce from Lemma [2.9] that, for each ¢ > 0,

i [ paltan ) i) = [ty i ).
n=%0 Jy(M) W(M)

Fatou’s lemma then yields that, for each o > 0,

/ _at/ p(t, x,y) " (dy) dt < 11rg1nf/ _O‘t/ (s 2 y) p (dy) di

< hmlan ol HOO

Taking the supremum over z € ¥(5), it follows that

RG] < liminf|RE i1l (6.5)
This, combined with Assumption [6.1[(ii)} yields (6.4). O

Let A,, and II,, (resp. A and II) denote the PCAF and the STOM of X, (resp. X) associated
with g, (resp. ). The main result below asserts that, under the above assumptions, the joint
laws of the processes together with their associated PCAFs/STOMs converge, locally uniformly
in the starting point. For notational convenience, set

TLO-SP,PCAF = Tg (‘I’idvTP (0 % ‘I’CT(RZO,Rzo)D ’
TL[O-SP,STOM = o (qjidy TP (TLO X TM(*,ﬁn))) )
TLO-SPv-STOM = Ta(‘l’id’ P (TLO X T (Wi X \IJREO))) ’

Here, the first structure is used for describing the convergence of PCAF's, the second for that of
STOMs, and the third also for STOMs, but with respect to the vague topology (which is weaker
than the topology introduced in Section . In particular, for each bcm space M,

Tro.sp paar(¥) (M) = C(T(M), P(LO (R0, ¥(M)) x Cp(Rx0, Rx0))) ,
Tro-sp,sTom(¥) (M) = 6(‘I’(M)aP(LO(Rzo, U(M)) x M gin)(T(M) x R>)))
Tro.spv-sTom(P) (M) = C(T(M), P(L(Rxo, (M) x M(¥(M) x Rx0))) .

Theorem 6.6.
(i) Under Assumptions and [6.5, it holds that

(Sn7 dSnaPm Hns Qny Py ﬁ(Xn,An)) - (57 dSa Py s @y P, ﬁ(X,A))

in Me (Tpa(¥) x 7 % THK(P) X T10.3p pear(P))-
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(ii) Under Assumptions and[6.5, it holds that
(STL’ dSnv Prs Uny Qns Prs 'C(Xn,l_[n)) — (‘97 ds, Py s @y D, ‘C(X,H))

in Ma (T (¥) x 7 x 7K (V) X T0_5p sTOM(Y))-
(iii) Under Assumption[6.1] it holds that

(Sn7 dsnvpnu Hns Gny Py ﬁ(Xn,Hn)) — (S) dSa Py s @y P, ﬁ(X,H))

in Ma (T () x 7 x THK (V) X 70 5P y-sTOM(Y))-

Since convergence of STOMs implies convergence of PCAF's (see Remark [2.26)), if we establish
thenfollows immediately from Proposition Nevertheless, we provide separate proofs
here, since several intermediate results obtained in their proofs will be used to extend the results
to random spaces in the next subsection.

The idea of the proofs is common to all three assertions. First, we employ the continuity
of the approximation maps introduced in Definitions and to lift the convergence of the
laws of the processes to that of the joint laws of the processes and the approximated PCAFs.
Then, using Assumptions [6.1}(ii)| and we verify the uniformity of the approximation and
finally deduce the desired convergence. We note that in the lack of Assumption leads
to convergence in a weaker topology than that in This situation has already appeared in

Proposition and Theorem

Proof of Theorem |6.4(1)| Before proceeding to the detailed argument, we introduce some nota-
tion. For each § > 0 and R > 1, we set

AGR) ._ m(5,3) (9, 11, X), AR — ‘B(*’R) (X, A),
AS{XR) = ‘B(é’R) (pn7 M Xn)? A%*’R) = m(*7R) (X”’ An)’

where the approximation maps are recalled from Definitions [5.2] and We define
Xn = (STH dSna Pny Bns Any P, E(Xn,An)) ’
X?S*’R) = (STw dSru Pns Bn s Ans Py E(Xn,AEJ’R))> 3

XT(L&R) = <STL7 ds,,, prs By Gn, P [’(Xn»AgS'R)Q ’

and similarly define X, X% and X(®%) by removing the subscript n from the corresponding
symbols above. For notational convenience, we write

T = TM(\II) X T X THK(\I/) X TLO-SP,PCAF(\IJ)'

By Theorems and we have

X(&R) SN X(*vR) in m.(ﬁ), (66)
6—0

X0R s x in M, (r). (6.7)
R—o0

By Assumption |6.1i)| and Theorem there exists a rooted bemspace (M, pys) into which
all the metric spaces S, and S can be isometrically embedded so that the following hold:

(A1) S, — S in the Fell topology as closed subsets of M,
(A2) pn = p = pu as elements of M,
(A3) pn — p vaguely as measures on W (M),
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(A4) a, — ain 7(M),
(A5) pp — pin C(Rsg X U(M) x U(M),Rsg),
(A6) Lx, — Lx in C(¥(M), P(L°(Rso, ¥(M)))).

By|(A5) and Lemma we may assume that the domains of p,, and p are extended contin-
uously to Rsg x (M) x ¥(M) so that

Pn — P In C’(IR>O X \I/(M) X \IJ(M)7RZO) (68)
Fix points z,, € VU(S,,) converging to some x € ¥(S) in ¥(M). Then, by |(A6)]
Lx,(wn) = Py (X, € ) —— Lx(a) = P'(X € ).

Hence, by the Skorohod representation theorem, we may assume that X, under P¥» and X
under P are coupled so that X, — X in LO(R>q, ¥(M)) almost surely. By |(A3), (6.8), and
this coupling,

.S

(Pns pins Xn) ;;) (p, 1, X).

— 00

Moreover, from |(ii), it is clear that

supHRZl)nugf)Hoo < 00, (6.9)
n>1
which, combined with Proposition [£.9] implies

20
sup  sup / / pu(t, 2, y) pP (dy) dt < oc.
yJs Js

n>1zew(S,
Hence, by Lemma we obtain
ABR) %) AGR) (6.10)
In particular,
L x, a@m)(@n) ﬁ L x, a6.m(T).

Since the choice of (zy,),>1 was arbitrary, we deduce that, for each 6 > 0 and R > 1,

c —— Lixaomy in C(U(M),P(L°(Rzo, ¥(M)) x Cy(Rz0,Rx0))) -

(XnvAglé,R>)
Therefore, for each § > 0 and R > 1,

XOR) s OB iy 9n, (). (6.11)

n—oo

(Note that so far we have used only Assumption [6.1[i)] and (6.9).)
By Lemma [3.9] and Proposition forany n > 1, N e N, a € (0,1), and ¢ € (0,1),

dyy,, (Xéa’R), Xyg*’R)) < 4G p(LO(Ra0,8(5)) % Cr (Roo R 20)) <£(XmA5f’R))’ E(X”’Agf’m))
<2 N 920 R (s R + R )

+ Ca(2)M (1 — e )[R V|

(6.12)

2
o
By Assumption [6.1§(ii), letting n — oo, 6 — 0, then v — 0, and finally N — oo in the above
inequality yields

limn lim sup g}, (X,?’R), xg*ﬂ)) —0. (6.13)

0—=0 p—oo
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Combining this with and (6.11) gives

xR xR iy o, (n). (6.14)

n—oo

Similarly, by Lemma [3.9) and Theorem [5.25 for any n > 1, N € N, and r > 0,

T * R a
AR ) < A (100050151 (oo o) (£, a7 £06 )
< e 49Nt 9N Sup pe ( &y si5-0) < N). (6.15)

By Assumption letting n — oo, R — oo, then N — oo, and finally 7 — oo in the above
inequality gives
lim Tim sup dg} (Xg*ﬁ),)cn) = 0. (6.16)

R—00 n—oo

Combining this with (6.7]) and (6.14]), we obtain

Xy —— X in Me(71),

n—o0

which completes the proof. O

Proof of Theorem |6.4(ii)] We use the same notation as in the proof of Theorem [6.6(i)} and
introduce some new notation. For each § > 0 and R > 1, we set
nem = &M (p px), 00 =6HM(X, 1),
P = 8O (pn, i, Xn), P = 600 (X, A),

where the approximation maps are recalled from Definitions [5.8] and 5.9} We define

yn = (SnadSn’pnnunva’n’pn’[’(XmHn)) ’
Vo) = <5n,dsn,pmﬂmamp"’ﬁ(xn,nﬁf’m)) ’

and similarly define Y and Y*%) by removing the subscript n from the corresponding symbols
above. We write

o = Tpm(¥) X 7 X THK (V) X Tr0.5p sTOM(¥)-

By Theorem [5.30] we have
YR Y i M), (6.17)

R—o0

Fix R > 1. We first show that

yT(L*vR) N y(*»R) in 91(.(7’2) (618)

n—oo
by using only Assumption [6.1i) and the following condition:

lim limsup sup // n(s,y,2) p(dz) ds = 0, (6.19)
\p(sn

t—=0 npnooo yE\II Sn

which is equivalent to
lim limsup||RS, i)

[
Q=0 p—oo

=0 (6.20)

by Proposition (Note that this condition is indeed satisfied in the present setting by As-
sumption [6.1[[ii)]) By Assumption[6.1[i)] there exists a rooted bem space (M, par) into which all
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the metric spaces S, and S can be isometrically embedded so that |(A1)H(A6)[hold. The desired

convergence follows once we show that

L — Lixnemy i C(U(M),P(L(Rxg, U(M)) x Me g (F(M) x Rx0))) .

(X, 115 )

Fix elements z,, € ¥(S,) converging to x € ¥(S) in ¥(M). The above convergence is obtained
by showing that

L . emn(@n) = Lixneny(@) i P(L(Rzo, U(M)) x M) (E(M) x Rx0)).

As before, by and the Skorohod representation theorem, we may assume that X, under
P% and X under P® are coupled so that X,, — X in L°(R>q, ¥(M)) almost surely. We denote
by P the underlying probability measure for this coupling. We verify the above convergence by
showing that

(R L TR in M, ) (U (M) x Rs) under P. (6.21)

n—oo

Similarly to (6.10]), one can verify that, for each § > 0,
IO 22 TIORin My iy (P (M) x Rxg). (6.22)

n—o0

Indeed, the only change is that one uses Lemma [5.27(ii)| instead of Lemma
We are now able to follow the proof of Proposition Define a dissecting semi-ring Z by

setting
T:={FEx[s;t)|0<s<t<oo, E€B(¥(M))such that u(dynE) = 0}.

Fix aset H = E x [s,t) € Z. It follows from (5.19)) that

lim sup Ey[\n B (Fy — IO ()| A 1} = 0. (6.23)
020y (s)
In the same manner as we established (5.19)), using (5.13)) and (6.20]), we deduce that
lim limsup sup EY [‘H(* B (H) - Hg{s’R)(H)} A 1} =0. (6.24)

The triangle inequality yields that

BTG (H) = T ()| A1) < B | [0 (1) = TR (1) A1)
+E [\Hg&m(ﬂ) — OB ()| A 1}
+ BT UH(@R) (H) — IR ()| A 1} .

Let n — oo and then § — 0 in the above inequality. By (6.23)) and (6.24]), the first and the

third terms converge to 0. The second term also converges to 0 by (6.22]). Hence, H%*’R)(H ) S

1R (H) under P, which implies (6.21)). We thus obtain (6.18).
By Lemma [3.9] and Theorem [5.30, for any n > 1, N € N, > 0, and R > 1,

T * R c
don, (3’7(1 )’3’") < dﬂz(sm,P(LO(Rzo,wn))xM<*,ﬁn><W(sn>szo>>(an,ng*m)vﬁxnﬂn))

—r —N Y
SRt B (g <)

Thus, the same argument that led to (6.16) yields that

lim limsup dg; (y}l*vR),yn) = 0. (6.25)

—00  n—oo

o7



R. Noda

Combining this with (6.17)) and (6.18]), we obtain

Vp—— Y in 9)?,(7-2),
n—+00

which completes the proof. O
Proof of Theorem |6.4(iii)] We use the same notation as before, and additionally introduce

73 = TMm (V) X 7 X Tk (V) X T0_gp v-sTOM(¥)-
By Theorem [5.31} we obtain

YRR 5y in (7). (6.26)

R—o0

Note that in the proof above, (6.18) is derived solely from Assumption Since the topology
on M, (73) is weaker than that on M, (72), it follows that
YR 5 yR) iy 9, (rs), VR > 1. (6.27)

n—o0

By Lemma and Theorem for any n > 1 and R > 1 we have

T *, c
Aoy, (y W,y ”) = dwsnxP(LO(Rzo»P(Sn))xM(@(SanZO))(an,ngﬂnaﬁ(xmnn))

< e fitl (6.28)
This immediately yields
1. 1 T3 ( (*,R) n) — . 2
Jim timsup a3y (V,3,) =0 (6.29)
Therefore, the desired convergence follows from ([6.26)), (6.27)), and (6.29)). O

Remark 6.7. When the convergence of processes holds in a stronger Polish topology, such
as the Jj-Skorohod topology, the joint convergence established in Theorem holds accord-
ingly in the corresponding stronger topology. For example, as discussed in Remark if the
convergence in Assumption [6.1§i)| holds with 770.gp replaced by 7gp, then the convergences in
Theorem [6.6(i)| and holds with 770 gp pcar(¥) and 7r0.gp sTom Teplaced by the following
structures, respectively:

TSP,PCAF =

y Q)

(\I’idaTP(TJ1 X ‘IICT(RzoszO)))’
TSP,STOM = C(\I’idvTP(TJl X TM(*,ﬁn)))'

This replacement is readily verified via a standard tightness argument, see Appendix [C] As a
consequence of this replacement argument, Theorem follows directly from Theorem [6.6i1)

Remark 6.8. We note that the convergence of the additional structures a,, assumed in Assump-
tion [6.1] is preserved in Theorem Put differently, the convergence of PCAFs and STOMs
is established while retaining the other structures of the underlying spaces. In this sense, our
formulation shares a similar philosophy with that of stable convergence [5]. For a concrete
application of this formulation, see Remark below.

Remark 6.9. In some examples, there exists a canonical space M into which both S, and S
can be embedded. For instance, when S,, are the standard graph approximations converging
to the two-dimensional Sierpiniski gasket S, the Euclidean space R? serves as such a space M.
In this case, we set 7 = Ta(\I/id,TM), where we recall the fixed structure 74 from and
let a,, € 7(Sy,) denote the canonical embedding a,,: S, — M. Then, by Theorems 3.7 and
together with the continuous mapping theorem, we obtain convergence of the processes and their
STOMs within the fixed space M.
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6.2 Random spaces

The main result of this subsection is Theorem below, which is a version of Theorem [6.6] for
random spaces.

We first clarify the setting for the result. For each n € N, we let (2, G, P,) be a complete
probability space, and assume that, for P,-a.s. w € €,

b (Sﬁ»df%na/’?iaﬂﬁva%) € gﬁ'(TM(\II) X 7)5

e XY is a standard process on W(S%) satisfying the DAC and L%-weak continuity conditions
(Assumptions and [5.15]), with heat kernel p;

e the Radon measure p belongs to the local Kato class of X
Similarly, we let (2, G, P) be a complete probability space, and assume that, for P-a.s. w € Q,
o (S¥,dg,p”,u?,a%) € Me(T (V) X 7T);

e XY is a standard process on ¥(S¥) satisfying the DAC and L°-weak continuity conditions
(Assumptions and , with heat kernel p“;

e the Radon measure pu® charges no sets semipolar for X“.

To discuss the laws of these objects, we assume that the maps

(0, Gn) 3w > (S3,d5,. o1, 11 @ Py Lx) € Ma (T () x 7 % TR (V) X Tro.sp(T)),
(Q,G) dw— (S89,dg, p*, u?,a%, p”, Lxw) € im.(TM(\I/) x 7 X T (V) X TLo_Sp(‘II)) (6.30)
are measurable, where the codomain is equipped with the Borel o-algebra. (Strictly speaking,
since the objects are defined only for P,- and P-a.s. w, we extend them arbitrarily on null sets.
As each probability space is complete, this does not affect measurability of the maps.)

We now consider the following versions of Assumptions [6.1] and As usual, we suppress
the dependence on w in the notation.

Assumption 6.10.

(i) It holds that
(S, P fins @s Py £,) > (S, s, s 1, 0, L) (6.31)
in Me (Tam (V) x 7 X TR (V) X Tp (V).
(ii) For allr >0,
lim limsup E, [HRgn,ug)Hoo A 1} =0.

=0 p—oo
Remark 6.11. By Proposition condition of Assumption is equivalent to the fol-
lowing:

(iii) For all r > 0,

1
lim lim sup E,, sup // pn(t,x,y) pun(dy)dt | A1 =0.
6—0 n—soo rew(s™)Jo Jusd)

Assumption 6.12. For almost every realization w, and w of the random spaces, the processes
Xyn, n > 1, and X¥ satisfy the spatial tightness condition (Assumption . Moreover, for

n

all >0 and T > 0, it holds that

lim limsupE, | sup P, (5—\1}(57(13)) < T) =0.

R=00 n—oo zeW(S)
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Similarly to Lemma [6.5] we first verify that the limiting measure p is in the local Kato class,
almost surely.

Lemma 6.13. Under Assumption[6.10, P-a.s., the Radon measure p is in the local Kato class
of X.

Proof. By the Skorohod representation theorem, we may assume that the convergence in (6.31))
takes place almost surely in some probability space with probability measure P. Fix » > 0. By

Assumption [6.10(ii)| and Fatou’s lemma,

0= lim limsupE[HRf,‘nu,(f)Hoo A 1} >E [ lim liminf (HR;‘HMS")HOO A 1)} .

a—0  p_yo0 Q—+00 M—+00

It follows that
alggo hnnil(ngRgnug) Hoo =0, P-as.
This, combined with (6.5)), implies that, P-a.s.,
lim [|[Rou]| = 0.

a—o0 S

By the monotonicity with respect to r, the above assertion holds for all » > 0, P-a.s. This
completes the proof. ]

For each n > 1, we let A, and II,, be the PCAF and STOM of X, associated with p,,
respectively. By Lemma P-a.s., there exists a PCAF A and STOM II of X associated with

. We now state the main result.

Theorem 6.14.
(i) Under Assumptions and[6.13, it holds that

(Sn7 dSnv Pns fn s Any Py E(XmAn)) i> (Sa ds, Py s @y P, £(X7A))

as random elements of M (Ta(¥) X 7 X TaK (¥) X Tr0.5p poar(¥)).

(ii) Under Assumptions and[6.19, it holds that

d
(STH dSn’ Pns Bns Gns Prs ‘C(Xn,l_[n)) - (Sa ds, Py s @y D, ‘C(X,H))
as random elements of Me (T (¥) X 7 X TR (V) X 710 5p 5TOM(V))-
(iii) Under Assumption it holds that

d
(Sn7 dSnu Pns fn s Any Py ‘C(Xn,l_[n)) — (S7 dS7 Py s @y P, ﬁ(X,H))
as random elements of Me (T (V) X T X TR (¥) X T70_5pv-sTOM(P))-

Before proving the above theorem, we justify the measurability of the random objects ap-
pearing in its statements.

Lemma 6.15. All the tuples appearing in the assertions of Theorem[6.1]] are random elements
(that is, measurable).

Proof. We prove only the measurability of
(Sa d57 Py Ky ay D, ‘C(X,A)) )

as an element of My (T4 (¥) x 7 X K (¥) X Tro.gp poar(¥)), since the measurability of the
remaining tuples can be shown in the same way. The idea is, again, to use the approximation
results established in Section [Bl
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For each § > 0 and R > 1, we set
AP =pO0(pp, X),  ABP =gt (X, 4),

where the approx1mat10n maps are recalled from Definitions [5.2] and [5.4] By the measurability
of the map in and the measurability of J3(%%) estabhshed in Lemma [5 we deduce that

(5, ds, p, tt, @, p, E(X,A(&R)))

is a random element. By Theorems [5.24] and [5.25] we have
7d ) ) ) b b ) & < 7d b ) ) ) ) * ) )
(S Sy Py by Ay P »C(XyA(é,R)) P S,ds, p, p,a,p E(X7A< R))
a.s.
<Sa dS’paM7a7p7 'C(X7A(*vR))) R—>—oo> (S) dSvp’:U’u aapwc(X,A)) .

Hence (S, ds, p, 14, a, p, ﬁ(X,A)) is a random element. O

In the proof of Theorem [6.14] the following tightness of potentials plays a crucial role.
Lemma 6.16. Under Assumption it holds that

lim hmsupP (H (T)H ) =0, Vr>0.
Q=00 gy

Proof. By [58, Equation (2.7)] (with the parameters (p, a, ) therein set to (1,1, a)), we deduce
that

1R 157l < @l RG] ¥a > 1.

00’

It follows that
P (|[Rh, 1|, > a/2) < Pu([[Rg, 6], > 1/2) < 2B [||RG, 1| A 1]

where we use Markov’s inequality to obtain the last inequality. Hence, Assumption [6.10)(ii)
yields the desired result. O

We are now ready to prove Theorem [6.14(i)] Before presenting the proof, we briefly outline
the main idea. The basic strategy is the same as in the deterministic case discussed in the
previous subsection: we propagate the convergence of the processes to that of the joint laws with
the approximated STOMs by using the continuity of the approximation maps (Lemma [5.27|(ii))).
However, the continuity of these maps requires the uniform boundedness of the 1-potentials of
the smooth measures. This difficulty is overcome by Lemma Specifically, by applying the
Skorohod representation theorem, we show that for any subsequence, one can further extract a
subsubsequence along which both the convergence of the processes and the uniform boundedness
of the 1-potentials hold almost surely on a suitably constructed probability space. This allows
us to apply the continuity of the approximation maps appropriately, so that the approximation
argument proceeds in the same manner as in the deterministic case.

Proof of Theorem [6.1/i). We use the notation introduced in the proof of Theorem [6.6 . We first

note that Lemma |6.16 implies that {||R; ,u Hoo}n>1 is tight for each » > 0. From this and
Assumption [6.10(i)}, it follows that the family of random elements

(Smﬂmﬂn,ampmﬁXny (HRlnug)Hoo)r@\]) , n=>1,

is tight in 9 (T4 (¥) x 7 X TR (V) X T0.5p(¥)) X Rgo. Fix an arbitrary subsequence (ng)g>1
of N. By taking a further subsequence and relabeling for simplicity, we can assume that

d
(Snk7pnk7,u’nk7ank7pnk7[’Xnk7 (”Rln 'LLTL)HOO)TEN) m (S7 P, 1y a,p, ‘CXv (gT‘)T'EN)J
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where (§,)ren is a certain collection of random variables. By the Skorohod representation theo-
rem, we may assume that the above convergence holds almost surely in some probability space
with probability measure P. Now, we fix a realization such that the above convergence holds.
It is then the case that

sup | R}, Mgfk)Hoo < oo, Yr>0.

k>1 k

Thus, similarly to (6.11)), we deduce that, for each § > 0 and R > 1.

XT(LZ’R) a5, xR gy Me(11).
n—oo
In particular, the above convergence holds in distribution. Since the sequence (ng)r>1 was
arbitrary, it follows that

XOR) 4y yOR) 5y on,(r). (6.32)

n—oo

In a similar manner as we checked (6.13)), using (6.12]) and Assumption [6.10}(ii), we obtain
that
lim lim sup E,, [dg,g. <X,§57R), X,g*m) A 1} —0.

=0 n—oo

This, combined with ((6.32)), yields that

xR Ly B iy o, (7). (6.33)

n—oo

Moreover, similarly to (6.16), using (6.15) and Assumption we obtain that

lim limsup E,, [dg;t. ()qg*m, Xn> A 1] —0.

R—00 pn—oo

This, combined with (6.7) and (6.33)), yields the desired result. O

We next prove Theorem which is the STOM counterpart of the above result. We
begin by taking a coupling under which the joint laws of the processes and the PCAF's converge
and the corresponding 1-potentials are uniformly bounded, as guaranteed by the previous result.
Under this coupling, the distributional convergence of the PCAFs implies the convergence of their
moments. Consequently, the uniform local Kato-type condition required in the deterministic case
(Assumption [6.1(ii)]) holds almost surely. This allows us to apply exactly the same argument as
in the deterministic setting, which yields the desired convergence of the STOMs.

Proof of Theorem |0.14(ii)] We use the same notation as in the proof of Theorem Note that
Theorem [6.14)(1)| has already been established, so that all the results obtained in its proof are
available here as well. Fix R > 1. By the same argument as at the beginning of the previous
proof, we deduce from Lemma and that the family of random elements

<Sn7:0n7,u’n7anapnvﬁ(Xn’AglRJrl))a (HRln T(IT)HOO)TGN> ) n Z 17

is tight in M (TA(V) x 7 X 7K (¥) X Tr0.5p poar(V)) x RYy. Fix an arbitrary subsequence
(ng)r>1 of N. By taking a further subsequence and relabeling it for simplicity, we may assume
that

1
(Snk y Py s By s @ng s Pny, E(Xnk,AELRk-H))’ (”Rp"k M7("Z;€) ||OO)T€N>

d
—_— <Sa P>M7G7P7E(X7A(R+1))a (5T)TEN> )

k—o0

where (&, )ren is a certain collection of random variables. By the Skorohod representation theo-
rem, we may further assume that the above convergence holds almost surely on some probability
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space with probability measure P. We hence fix a realization such that this convergence holds.
By the convergence of the 1-potentials, we have

sup ||R1n ,unk Moo < 0. (6.34)
E>1
We will show that, on the fixed realization,

lim limsup sup / / pnk S,Y, 2 )ugf)(dz) ds =0, (6.35)
=0 koo yew(Sn,

which corresponds to (6.19)) along the subsequence (ng)k>1.
By Theorem there exists a rooted bcm space (M, ppr) into which all the metric spaces
Sy, and S can be isometrically embedded so that |[(A1)H(A6)| and the following condition hold:

(AT) Lix, agrey = Locacrin) i C(W(M), P(LO(Rsg, ¥(M)) x C(Rsp, R>0)))-

Fix t > 0, and take elements z,, € ¥(S,,) converging to x € ¥(S) in ¥(M). By |(A7)|

Pk (AR (1) e ) —Ly prARTD (1) € ), (6.36)

n
k k—o00

(R+1) .

Since fin, ' is the smooth measure associated with A,
one readily verifies that

(* R+1) , as in the proof of [65, Theorem 1.6],

B [Agl»ZRJrl)(t)ﬂ < 262tHR1 i R+1)H

The right-hand side is bounded uniformly in & by (6.34). Hence, the distributional convergence
in (6.36)) implies the convergence of the corresponding first moments. In particular, we obtain

lim Eor [A;*,;R“)(t)} = ET[ARD (1)),

k—o0

Since the sequence (z, )r>1 was arbitrary, it follows that

~

E,, [AGF 0] — BACED@)] in O (M), Rs).

In particular,

. *, R+1 * R+1
klim sup  E} [Aglk (¢ )} = sup EY[ARRHD(p)
*yew(sth) yew(Shtt)

By Proposition [£.20] this is equivalent to

lim sup / / Dy (8,952 )u,(f:*l)(dz) ds
W(Sn,)

k:—>oo R+1)

= Sé[;+1// p(s,y, 2) iBH D (dz) ds.
yew

Since the limiting measure p belongs to the local Kato class of X by Lemma [6.13] letting ¢t — 0
in the above equation yields

lim lim sup / / Dy (8,9, 2 ),ugl]g“)(dz) ds = 0.
U(Sn,,)

t—0 k—o0 yeu( S(R.H)
From this, Proposition and the inequality p® < p(f+1) together yield (16.35)).
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Using (6.35)), we can follow the argument that led to (6.18]), and conclude that, on the fixed
realization,

VB s YR in o, ().

n
k k—00

In particular, the above convergence holds in distribution. Since the subsequence (ng)r>1 was
arbitrary, we obtain

YR 4 =R iy 9 (). (6.37)

n—oo

Finally, in the same way as in (6.25)), using (6.16) and Assumption we obtain

lim limsupE, {dgj"t. (ng*’R), yn) A 1} = 0.

R—o0 pnooo

Combining this with (6.17)) and (6.37]) completes the proof. O
We complete the proof of Theorem by establishing

Proof of Theorem |6.14(iii). This is established in the same way as that in the deterministic case.
By (6.37)), we have

YR 4y iy 9, (1),
n—oo

which corresponds to (6.26). From (6.28)), it follows that

lim limsup E,, [dg;”t. (y,(L*’R), yn) A 1} =0.

—00  n—oo

Now the result is immediate. O

7 Collision measures and their convergence

In this section, we apply our main results on STOMs to the study of collisions between stochastic
processes. In Section [7.1] we introduce random measures that capture the collision times and
locations of two given stochastic processes. We refer to these random measures as collision mea-
sures. In Section we then discuss convergence of collision measures of stochastic processes
living on different spaces.

7.1 Collision measures

Throughout this subsection, we fix a locally compact separable metrizable topological space S.
For two given processes X' and X2 on S, we aim to study the locations and times of their
collisions, that is, the set of pairs (z,t) such that X} = X? = . In this subsection, we introduce
random measures that capture such collisions. They are defined using the idea of STOMs;
see Definition below. Although we restrict attention to the case where X' and X? are
independent, the same construction of STOMs can be extended to non-independent processes,
as briefly discussed in Remark below.
For i € {1,2}, we let

X' = (Qi’ M, (Xti)te[(),oo]a (Pz'x)xESAv (ai)te[(],oo])

be a standard process satisfying the DAC condition (Assumption[d.1)). Let (S x S)U{A} be the
one-point compactification of S x S. For each = (z1,22) € S X S, we define pr = P @ Py?,
which is a probability measure on the product measurable space (Q, M) = (1 x Qa, My @ Ma).
Also, we define P2 := P2 ® P2, For each w = (wy,ws) € Q and t € [0, 00], we set

Xt(w) = {(th(wl)’XtQ(WZ))a < Cl(wl) A (2((.02),
A t> ¢ (wn) A Ga(wa),
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A~

where (; denotes the lifetime of X? for each i = 1,2. Finally, we define, for each w = (w1, ws) €
and ¢ € [0, 0], R
Or(w) = (0; (w1), 07 (w2))-

Then by Theorem and Proposition

~ ~

X = (Q,M, (X0)ic0.00]s (P)ae(sx5)10(A) (et)tE[O,oo})

is a standard process on S x S satisfying the DAC condition. Let m® and p’ denote the reference
measure and the heat kernel of X?, respectively, for i € {1,2}. Then a reference measure of X
is given by m! ® m?2, and the corresponding heat kernel is

B(t, (z1,72), (y1,92)) = p' (t, 21, 11) P (£, 22, 12), (7.1)
with the convention 0 - co := 0. (See Proposition for these facts.)
Definition 7.1. We refer to the above-defined process X as the product process of X' and X?2.

To study the collisions of X! and X? in S, we embed S into the diagonal line in S x S by
the following diagonal map.

Definition 7.2 (The diagonal map). We define the diagonal map diagg : S — S x S by
diag(z) == (z,x). When the context is clear, we simply write diag = diagg.

The collision of X' and X2 can be rephrased as the event of X hitting the diagonal line.
Specifically, for any ¢ > 0 and a subset B C S, we have that

X!=X2eB < X, ediag(B).

With this background, we introduce collision measures below.
Fix a Radon measure on p on S. We write p4128 .= y o diag™!, i.e., p is the pushforward
measure of y by diag. Assume that p9% is a smooth measure of X. Let (C});>o and II be

the associated PCAF and STOMs of X, respectively. By Corollary IT is supported on
diag(S) x R>p and formally speaking, for each Borel subset £ C S and ¢ > 0,

diag

II(diag(E) x [0,t]) = “the total collision time of X! and X2 in E up to ¢”.
We thus define a random measure II on S x [0, 00) by
IT := IT o (diag x idRrs,)-

(NB. Since diag x idr., is injective, II is indeed a measure on S x R>q.) By Corollary we
have -

10 = [ 1gp0dCi= [ 1) i
as random measures on S x [0, 00), Pras., forallz e S x S.

Definition 7.3 (Collision measure). We refer to the random measure II as the collision measure
of X' and X? associated with u, and we call u the weighting measure.

Remark 7.4. As mentioned in Section Nguyen [59] obtained the scaling limit of the point
process consisting of collision sites and collision times of two independent simple random walks
on Z. Although the limiting random measure in his construction is characterized only through
moment identities, it can now be realized as a collision measure within our framework. Assume
that X' is a standard one-dimensional Brownian motion on R, and X? is an independent copy.
Then, the collision measure of X' and X? associated with 2 - Leb coincides with the limiting
random measure obtained by Nguyen [59]. Indeed, using his characterization [59, Equation (1.2)]
together with our moment formula for STOMs (Proposition , one readily verifies that the
two random measures have the same distribution (cf. [43, Theorem 2.2]).
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Remark 7.5. We also note that Nguyen [59] treated the general case of k > 3 independent
simple random walks S',...,S* on Z, and considered the point process consists of all (¢,z) €
NxZ such that S} = Sg = z for some distinct 4, j. The scaling limit of this point process obtained
in his work can also be interpreted within our framework. Let X!, ..., X* be independent one-
dimensional Brownian motions on R. Then the limiting random measure should coincide with
the sum of the pairwise collision measures Zlgi <<k IL; ; of X?® and X7, associated with a
suitable multiple of the Lebesgue measure. Indeed, as simultaneous collisions of three or more
walks vanish in the scaling limit [59, Proof of Theorem 1.3], only binary collisions of Brownian
motions contribute in the limit.

By Theorem under the weak Jj-continuity condition (Assumption [5.17)) on X, we have
the continuity of the joint law £( X,10) with respect to the starting point. It is not difficult to
verify that this continuity is also inherited by the collision measure II. However, since 1I is not
a pushforward of I1, this does not follow directly from the usual continuous mapping theorem.
The following lemma fills this minor gap. A more general version of the result can be found in

Appendix

Lemma 7.6. Let (X,)n>1 be a sequence converging to ¥ in M, gn) (S X S X Rx0). Ifsupp(X,) C
diag(S) x R>o, then X, o (diag X idg.,) — X o (diag X idgr.,) in M, an)(S X R>o).

Proof. By Proposition we obtain that ¥, o (diag X idg,,) — X o (diag x idr.,) vaguely.
Moreover, by Proposition 2 24}, we deduce that the family {¥,0(diag x idg.)}n>1 is precompact
in M, fin) (S X R>p). Using the vague convergence, one can readily verify that the limit of any
convergent subsequence is unique and coincides with ¥ o (diag x idgr. ), which yields the desired
result. O

Using the above lemma, we obtain the following result, which is a counterpart of the conti-
nuity assertion in Theorem [5.26]

Proposition 7.7. Assume that the following conditions hold.
(i) The measure u1%& on S x S belongs to the local Kato class of X.

(i) For each i € {1,2}, the process X' satisfies the weak Ji-continuity condition (Assump-

tion .

Then the following map is continuous:

L :Sx S — P(DJI (Rzo,S) X DJI(RZO,S) X M(*,ﬁn)(S X Rzo)).

(X"
Proof. By Theorem the map

;C(X—,ﬁ)i SxS— P(DLO(RZ(),S) X DLO(RZ(),S) X M(*ﬁn)(S x S % Rzo))
is continuous. By Lemma we then deduce that the following map is also continuous:

AC(X’H): SxS— 'P(DLO(RZ(),S) X DLO(RZO,S) X M(*,ﬁn)(S X RZO))-

It remains to upgrade the continuity to the Ji-Skorohod topology. By condition and the
independence of X! and X2, the map

EX: SxS — P(Djl(Rzo,S) x Dy, (Rzojs))

is continuous. Combining this with a tightness argument, we can upgrade the L°-continuity
established above to the Ji-continuity. This completes the proof. (See Appendix |C|for details.)
O
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The following is immediate from Propositions and

Proposition 7.8. Suppose that S is finite or countable, endowed with the discrete topology.
Then pd28 belongs to the local Kato class of X, and the collision measure I1 associated with
can be represented as follows:

1
(G ((a]) X=X

II(dx dt) = dx) dt.

Remark 7.9. As seen in Proposition the weighting measure p(dz) represents the contri-
bution of collisions at each point x. In the setting of that proposition, if we take the pointwise
product m!-m? as the weighting measure y, i.e., u({z}) = m!'({zx})m?({z}), then the associated
collision measure assigns equal weight to the contribution of collisions at each point. We refer
to this collision measure as the uniform collision measure, i.e., it is defined as follows:

M(dwdt) =Y 1ixi_x2-y) 0y(dz) dt.
yes

In particular, for each x € S and ¢t > 0,

t
T({z} x [0,1]) = /0 1yx1oxeuy ds,

which represents the total amount of time up to ¢ during which X! and X? collide at z. We call
the associated weighting measure p = m! - m? the canonical weighting measure.

Remark 7.10. Although X' and X? are independent in the above framework, one can also
study collisions of correlated processes. Indeed, if a standard process X = (X!, X2?) on S x S
satisfies the DAC condition (Assumption , then a collision measure of X' and X? can be
defined through a STOM of X. However, since research on collisions has primarily focused on
independent stochastic processes, we restrict our attention in this paper to this case.

7.2 Convergence of collision measures

In this subsection, by applying Theorems|6.6|and [6.14] we prove convergence of collision measures
of independent stochastic processes living on spaces that vary along a sequence. The main results
of this subsection are found in Theorems and below. Throughout this subsection, we
fix a Polish structure 7.

We first state a result for deterministic spaces, obtained as an application of Theorem
For each n € N, we suppose that

o (Sn,ds,, P, tn,Gn) is an element of Mq(TAq X T);

e X! and X2 are standard processes on S, satisfying the DAC and weak Jj-continuity
conditions (Assumptions and [5.17) with heat kernels p. and p2, respectively;

e the Radon measure ,ugiag on S, X S, is in the local Kato class of the product process Xn
of X! and X2.
We also suppose that
e (S,dg,p,u,a) is an element of Me(TA4 X 7);

e X' and X? are standard processes on S satisfying the DAC and weak .J;-continuity con-
ditions, with heat kernels p' and p?, respectively;

e the Radon measure 428 on S x S charges no sets semipolar for the product process X of
X! and X2
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Remark 7.11. Recall that the convergence results in Theorems and were formulated
under the convergence of processes with respect to the L? topology. Here we instead work
with the stronger J;—Skorohod topology. This choice is not essential in itself, but it is made
in view of the framework of resistance metric spaces considered later, where convergence in the
J1—Skorohod topology arises naturally from the convergence of the underlying spaces.

Since we employ the J;—Skorohod topology instead of the LY topology, we accordingly use
the structure 7sp defined in ([6.3)):

7sp = 7a(Via, 7 (7.1,))- (7.2)
We now consider the following version of Assumption (see also Remark .

Assumption 7.12.
(i) It holds that

(Sna dsnapnaﬂna anap}zapivﬁXﬂlaﬁX%) — (Sa dSa pwu7a7p1’p2a ‘CXla‘CXQ)

m EJJI.(TM X T X 7'1%2{ X Tég’PQ).

(ii) For allr >0,

)
fimtimsap sup [ [ 9 0) 9 ) () dt =
0 Jsy

020 n—oo T1,T2 ES'r(LT>

Under the above assumptions, Lemma implies that 428 belongs to the local Kato class
of X. Let I, (resp. IT) denote the collision measure of X! and X2 (resp. X! and X?) associated
with g, (resp. u). Below, by using Theorem we establish the joint convergence of the
processes and the collision measures. We use the following structure to formulate the result
precisely:

TCM = Té(q/idz,Tfp(TJl X Ty X TM(*,ﬁn))) . (73)
In particular, for each bcm space M,
TCM(M) = a(M X M,P(DJI(RZ(),M) X DJl(RZ()?M) X M(*ﬁn)(M X RZ())))’

where the domain M x M corresponds to the starting points of the two processes, and the
codomain represents the joint law of the processes together with their associated collision mea-
sure.

Theorem 7.13. Under Assumption[7.19, we have
(Sn7d5napn7,un7anap7lz>p%a‘C(X’ml‘[n)) — (Sv dSaPaM’a;p1>p27£()“(’H)>

mn SDT.(TM X T X TI%% X TCM).

Proof. Let p, and p be the heat kernels of the product processes X, and X , respectively, defined
in (7.1). By Lemma Assumption and the independence of X! and X2, we have

(Sn7 dSnvpna Hrns anvp}npzm CX}” ﬁX%?/*Liiag7ﬁna Ef(ﬂ)

— (Sv dSa pv/L)a’plapQ?‘Cle£X27)udiagaﬁ7 ‘CX)
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in M (741 X 7 % e X 76 X Tm(Pig2) X K (Pig2) ¥ 7r0.5p(¥iq2)). Since the product pro-
cesses converge with respect to the product J; topology, it follows immediately, as noted in
Remark that the uniform spatial tightness condition (Assumption is satisfied for the
product processes. Thus, applying Theorem to the sequence of product processes with
the spatial transformation ¥ = W. 2, we obtain

(Snu dsnvpnv M, anap%wp?w [’X}LVCX%7 'C(me[n)) — (S> ds, Py My aup17p27 LXla’CX27 [’(X7f[)>

in M, (TM X T X THe X TSP >< TLo sp.stom(Wiqz)), where I1,, (resp. II) denotes the STOM of X,,

(resp. X) associated with pua?® (resp. pdiag).
By Theorem we may assume that all rooted bem spaces (S, pn) and (S, p) are isomet-
rically embedded into a common becm space (M, pyr) in such a way that

(B1) S, — S in the Fell topology as closed subsets of M;
(B2
(B3
(B4
(
(
(

Pn = p = pp when viewed as elements on M;

tn — W vaguely as measures on M;

B5) pi, — p' in C(R>g x M x M,Rxg) for each i € {1,2};

) p
)
)
)
B6) Lx: — Lx: in C(M P(Dj,(R>o, M))) for each i € {1,2};

) £

B7 (Xn,1n) ﬁ()&,ﬁ) in C(M X M,P(LO(RZ(LM X M) x My gin) (M x M x Rzo)))-

Applying Lemma to|(B7), we deduce that

Loy = Lgm I C(M x M, P(LO(Rs0, M x M) X Mugn) (M x Rxp))).

It remains to upgrade the L° topology to the J;—Skorohod topology. As in the proof of Propo-
sition this follows directly from together with a tightness argument (see Appendix
for details). Consequently, we obtain

[:(ann) — E(X’,H) in a(M X M,P(DJI (Rzo,M) X DJl (Rzo,M) X M(*ﬁn)(M X Rzo))),
which completes the proof. O

Remark 7.14. As the above proof illustrates, the adoption of the LY topology is particularly
convenient in the study of collision measures. In the proof we applied the convergence theorem
for STOMs (Theorem to the product processes X, = (X}, X2). These processes converge
only in the product of the .J; topologies, that is, in D (R>q, M) x D, (R>o, M), rather than in
Dy, (R>o, M x M) itself. Therefore, if the main STOM convergence theorems were formulated
under the J1-Skorohod topology, they could not be applied to this product setting in a straight-
forward manner. Of course, one could still modify the proofs to make them work under the J;
topology, but this would require additional technical effort. The L° topology, on the other hand,
is stable under product constructions and thus provides a cleaner and more flexible framework
for treating collision measures.

We next provide a version of Theorem for random spaces. For each n € N, we let
(2, Gn, Pp) be a complete probability space, and assume that, for Py-a.s. w € Q,,
(Sw Lg‘nvpnvl%w n) € M, (TM X T);
e X* and X2* are standard processes on Sy satisfying the DAC and weak J;-continuity

conditions, with heat kernels pi* and p2“, respectively;
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e the Radon measure (u&)4% on S¥ x S% belongs to the local Kato class of the product
process X% of X2 and X2%.

Similarly, we let (2, G, P) be a complete probability space, and assume that, for each w € Q,
o (8,dg, ¥, p,a”) € Mo(Tt X 7);

e X% and X?% are standard processes on S* satisfying the DAC and weak .J;-continuity
conditions, with heat kernels p'* and p>*, respectively;

e the Radon measure (/ﬂ)diaLg on S¥ x 5% charges no sets semipolar for the product process
X« of X1 and X2%.

To discuss the laws of these objects, we assume that the maps

lw 2, ®2 ®2
(Qnagn) Swh— (Syulja g‘napﬁnuz?a‘;;’pnw?pnwﬂ£X711""7£X2"") € m'(TM X T X 7—HK X TSP)’

(Q,G) 5w — (5%, ‘§,pw,u“’,a“’,pl’w,p2’w,ﬁX1,w,EXz,w) € 9)?.(7'/\4 X T X 7'1%2( X Tégpz)

are measurable, where the codomain is equipped with the Borel o-algebra. (The measurability
is to be understood in the same sense as in Section by extending the objects arbitrarily on
null sets if necessary.)

We now consider the following version of Assumption As usual, we suppress the
dependence on w in the notation.

Assumption 7.15.
(i) It holds that

d
(SnadSnvpnvMnaanap}-mpgmﬁ)(}lvﬁ)(%) - (Sa dSvpnua a7p11p27£X1>£X2)
n im.(w X T X 7‘1%2( X ng).

(ii) For allT >0,

lim lim sup E,,
0—=0 n—oo

0
( oo ) <.>pl(t,zl,wp?(t,xz,y)un<dy>dt>M]=o.
57(:) 0 Sn7

T1,22€

Under the above assumptions, by Lemma pdiag s in the local Kato class of X, P-as.
Denote by II,, (resp. II) the collision measure of X! and X2 (resp. X' and X?) associated with
n (resp. p). We then obtain the following analogue of Theorem The proof is similar to
that of the deterministic case, with Theorem applied in place of Theorem and is
therefore omitted.

Theorem 7.16. Under Assumption 1t holds that
Sy, d L2 Lo 4 (s,d Lp2 Lo
ny Snvpn),unvanvpnvpn7 (Xn,Hn) — ) Sapnuvayp 7p ) (XI[)

in Me(TAg X T X 71%2( X TCM)-

Remark 7.17. As noted in Remark collision measures can also be defined for correlated
processes. Analogous results for such processes, corresponding to Theorems and [7.16]
can be established under minor modifications of the assumptions. Indeed, the convergence of
the product processes and their heat kernels plays a crucial role in the proofs. In the above
discussions, these convergences are obtained directly from the individual convergences of X!
and X?2 together with their independence, and independence is not required beyond that point.
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8 Preliminary results on stochastic processes on resistance met-
ric spaces

Typically, collisions between two independent and identically distributed (i.i.d.) stochastic pro-
cesses occur only in low dimensions. The purpose of this section is to introduce a class of metric
spaces called resistance metric spaces, which provides a natural framework for a unified study
of stochastic processes in low-dimensional spaces. This framework was established by Kigami
[49, 50] in the development of analysis on low-dimensional fractals, and recent research (cf.
[24, 28] 61), 63, [64]) has demonstrated its usefulness, beyond deterministic fractals, in studying
the scaling limits of random walks on critical random graphs.

We divide this section into four subsections. In Section [8.1] we review the theory of resis-
tance metric spaces and the stochastic processes defined on them. In Section [8.2] we introduce a
Gromov—Hausdorff-type space consisting of resistance metric spaces, which will serve as a foun-
dation for stating our main results in Section[9] Sections[8.3and [8.4]are devoted to consequences
of the previous works [24] [63] 64], concerning the convergence of stochastic processes and their
heat kernels on sequences of resistance metric spaces.

8.1 Preliminaries

In this subsection we recall the theory of resistance metric spaces and stochastic processes on
them. This can be regarded as an extension of the theory of electrical networks and continuous-
time Markov chains on them (e.g. [54]). The reader is referred to [50] for further background.

Definition 8.1 (Resistance form, [50, Definition 3.1]). Let F' be a non-empty set. A pair (£, F)
is called a resistance form on F if it satisfies the following conditions.

(RF1) The symbol F is a linear subspace of the collection of functions {f : F' — R} containing
constants, and £ is a non-negative symmetric bilinear form on F such that £(f, f) =0
if and only if f is constant on F.

(RF2) Let ~ be the equivalence relation on F defined by saying f ~ ¢ if and only if f — g is
constant on F. Then (F/ ~, &) is a Hilbert space.

(RF3) If x # y, then there exists a function f € F such that f(z) # f(y).
(RF4) For any =,y € F,

) — 2
R ry(z,y) :zsup{W:fe}", 5(f,f)>0} < 00. (8.1)

(RF5) If f:= (f A1) VO, then f € Fand E(f, f) < E(f, f) for any f € F.

For the following definition, recall the effective resistance on an electrical network with a
finite vertex set from [54, Section 9.4] (see also [49, Section 2.1]).

Definition 8.2 (Resistance metric, [49, Definition 2.3.2]). A metric R on a non-empty set F' is
called a resistance metric if and only if, for any non-empty finite subset V' C F', there exists an
electrical network G (see Definition with vertex set V' such that the effective resistance on
G coincides with Ry xy .

Theorem 8.3 ([49, Theorem 2.3.6]). Fiz a non-empty subset F. There exists a one-to-one
correspondence between resistance forms (€,F) on F and resistance metrics R on F via R =

Re 7). In other words, a resistance form (£, F) is characterized by R(g 7) given in |(RF4),

Motivated by the variational formula (8.1), we define the resistance between sets as follows.

71



R. Noda

Definition 8.4. Let (£, F) be a resistance form on a set F' and let R be the corresponding
resistance metric. For subsets A, B C F', we define

R(A,B) = (inf{E(f, f): f€F, fla=1, fle=0}) ",

with the convention that it is zero if the infimum is taken over the empty set. Note that, by

we have R({z},{y}) = R(z,v).

We will henceforth assume that we have a resistance metric R on a non-empty set F' with
corresponding resistance form (€, F). Furthermore, we assume that (F, R) is boundedly compact
and recurrent, as described by the following definition.

Definition 8.5 (Recurrent resistance metric, [64, Definition 3.6]). We say that R is recurrent
if and only if

lim R(P, BR(p,’I“)C) =00

r—00

for some (or, equivalently, any) p € F.

We next introduce related Dirichlet forms and stochastic processes. First, suppose that we
have a Radon measure m of full support on (F, R). We define a bilinear form & on FNL?(F,m)
by setting &1(f, 9) = E(f, 9) + [ fgdm. Then (F N L*(F,m),&) is a Hilbert space (see [49,
Theorem 2.4.1]). Let D denote the closure of F N C.(F,R) with respect to £, where C.(F,R)
stands for the space of compactly supported continuous functions on F', equipped with the
compact-convergence topology. The recurrence of the resistance metric R ensures that the
resistance form (&, F) is regular in the sense of [50, Definition 6.2] (see [64, Corollary 3.22] for
this fact). In particular, we can apply [50, Theorem 9.4], which implies that (£, D) is a regular
Dirichlet form on L?(F,m). Moreover, by [24, Lemma 2.3], this Dirichlet form is recurrent. (See
[32] for the definitions of regular Dirichlet forms and recurrence.) Write X for the associated
Hunt process. We refer to this Hunt process as the (Hunt) process associated with (R, m). Note
that such a process is, in general, only specified uniquely for starting points outside a set of zero
capacity. However, in this setting, every point has strictly positive capacity (see [50, Theorem
9.9]), and so the process is defined uniquely everywhere. Since the Dirichlet form is recurrent,
X is conservative (see [32, Exercise 4.5.1]). Moreover, X satisfies Hunt’s hypothesis [(H)] by [32,
Theorem 4.1.3].

From [50, Theorem 10.4], the Hunt process X admits a unique jointly continuous heat
kernel p(g m): (0,00) X F' x F' — [0,00) with respect to m, which we refer to as the heat kernel
associated with (R, m). When the context is clear, we simply write p = p(g ). The heat kernel p
is symmetric, i.e., p(t,z,y) = p(t,y, ). In particular, the process X satisfies the DAC condition
(Assumption . The following is useful for obtaining an upper bound on the heat kernel from
lower volume estimates.

Lemma 8.6 ([50, Theorem 10.4]). For any x € F, t > 0, and s > 0,

2s V2
T ) e R e —
plte2) < 4 s )
To illustrate the above ideas more concretely, we now apply the resistance form framework
to electrical networks,

Definition 8.7 (Electrical network). We say that a tuple (V, E, ) is an electrical network if it
satisfies the following conditions.

(i) The pair (V, E) is a connected, simple, undirected graph with finitely or countably many
vertices, where V' denotes the vertex set and E denotes the edge set. (NB. A graph being
simple means that it has no loops and no multiple edges.)
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(ii) The symbol p denotes the conductance, that is, it is a function pu: V x V' — R such that
w(z,y) = pu(y,x) for all z,y € V, p(z,y) > 0 if and only if {z,y} € E, and

pa) = px,y) <oo, VzeV
yev
Let (V, E, 1) be an electrical network. For functions f,g: V — R, we define

o)== S o) (f@) — f@)e() — 9)),

2
z,yevV

whenever the right-hand side is well-defined. We set 7 :={f: V = R | E(f, f) < oo}. Then the
pair (£,F) is a regular resistance form on V. The associated resistance metric R induces the
discrete topology on V. (See [64, Theorem 4.1]) If R is recurrent in the sense of Definition
then we say that the electrical network is recurrent.

Let m be a Radon measure on V with full support. The Hunt process X associated
with (R,m) is the minimal continuous-time Markov chain on V' with jump rates w(z,y) =
p(x,y)/m({x}). (See [64, Theorem 4.2]). Thus, we have the following consequences.

(RW1) If m is the counting measure on V, i.e., m({z}) =1 for each x € V, then the associated
process X is the variable speed random walk (VSRW).

(RW2) If m is the conductance measure on V, i.e., m({z}) = p(z) for each z € V, then the
associated process X is the constant speed random walk (CSRW).
8.2 Spaces of recurrent resistance metric spaces

In this subsection, we introduce a space of recurrent resistance metric spaces (Definition
and verify their measurability with respect to a Gromov-Hausdorff-type topology (Proposition
. This serves as a fundamental result for studying stochastic processes on random resistance
metric spaces, such as the continuum random tree.

Definition 8.8. Given a Polish structure 7, we define

R is a recurrent resistance metric on F
Re(T) =1 (F, R, p,m,a) € Me(TA1 X T) .
m has full support

Similarly, 2Re denotes the set of quadruples (F, R, p,m) obtained from the above definition by
omitting a. We always equip Re(7) with the relative topology induced from 9e(7a( X 7).

Henceforth, we fix a Polish structure 7. The following is the main result of this subsection.
Proposition 8.9. The set Re(7) is a Borel subset of Me(TA1 X T).

By definition, fR4(7) is the intersection of the collection of recurrent resistance metric spaces
and the collection of metric spaces equipped with a fully-supported measure. Thus, by showing
that each collection is Borel, we establish the above proposition.

Lemma 8.10. Define
Ny = {(F, R,p,m,a) € Me(Tpq X T) | m is of full support}.
Then the set Ny is a Borel subset of Me(Tar X T).

Proof. For each N, k,1 € N, we define My 1) to be the collection of (S, d, p,m,a) € Me(TA1 X T)
such that, for all but countably many r € [N, N + 1],

xér;{("T)m(Dg(x, 1/k)) > 1/1. (8.2)
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We then have that

M=) () URwrn

N>1k>11>1
Thus, it is enough to show that 9y 1) is a Borel subset of Me(7¢ x 7). We do this by showing
that My ) is closed. Let Gy, = (Sn, dn, pny Min; an) € N k), 7 € N, be such that
G = (Sps dns o M az) — (S, d, p,m,a) = G

in Me (701 x 7). By Theorem we may assume that (S, pn), n € N, and (S, p) are embedded
isometrically into a common rooted becm space (M, py) in such a way that p, = p = py as
elements of M, S, — S in the Fell topology as closed subsets of M, m,, — m vaguely as
measures on M, and a, — a in 7(M). Let r € [N, N + 1] be such that each G, satisfies (8.2)
and S,(f) — S in the Hausdorff topology. For an arbitrarily fixed z € S("), we choose elements
Ty € ST(LT) converging to x in M. Then, for any 6 > 0, we have that, for all sufficiently large
n, Dy(z,1/k 4+ 0) O Dar(xn,1/k). This, combined with the Portmanteau theorem (cf. [43]
Lemma 4.1]), yields that, for any 6 > 0,

m(Ds(x,1/k + 6)) > limsup my, (Ds(z,1/k + 6)) > limsup m, (Dg(zy, 1/k)) > 1/1.

n—o0 n—oo

By letting § — 0, we obtain that m(Dg(z,1/k)) > 1/l, which implies G € NNk This
completes the proof. O

Lemma 8.11. Define
Ny == {(F,R,p,m,a) € Ma(pa X 7) | R is a recurrent resistance metric on F}.
Then the set Ny is a Borel subset of Me(TAr X T).
Proof. We prove the result similarly to Lemma For each N,l € N, we define 91 ;) to be

the collection of (F, R, p,m,a) € Mq(7) such that R is a resistance metric on F' and, for all but
countably many r € [N, N + 1], it holds that R(p, Br(p,r)¢) > . We then have that

M= U N

I>1N>1

Thus, it suffices to show that each My ;) is closed in M (7). Let Gy, = (Fyy, R, pny M, an) €
N1y n € N, be such that

Gp = (FnaRummnaan) — (F7 R7p7 m, CL) =G
in Mq (7 x 7). It then follows from [64], Theorem 5.1] that R is a resistance metric and

R(p, Br(p,)) = limsup Rn(pn, Br, (pn,7)°)-

n—o0

The right-hand side of the above inequality is larger than or equal to [ as G, € ) for all n.
It follows that G € M), which completes the proof. O

Proof of Proposition[8-9. Since Re(7) = My N Ng, the desired result follows from Lemmas
and [R.11] O
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8.3 Convergence of law map of stochastic process

In [24], Croydon proved that, when rooted-and-measured resistance metric spaces converge, the
laws of associated stochastic processes started at the root also converge. In this subsection, we
strengthen the result to convergence of law maps of the stochastic processes (see Theorems
and below). This result will be used in the next subsection to establish the convergence of
heat kernels.

Definition 8.12. Let (F,R,m) be a boundedly-compact recurrent resistance metric space
equipped with a fully-supported Radon measure m. Write ((Xt)t>0, (P*)zer) for the process
associated with (R, m). We then define a map YT: F — P(Dy, (R>o, F')) by setting

T(rm)(2) = Lx(x) = P*(X)iz0 € ), z€F.
We refer to Y (g, as the law map associated with (R, m). When the context is clear, we simply
write T := T (g ).
We recall the main result of [24].

Theorem 8.13 ([24, Proof of Theorem 1.2]). Let Gy, = (Fp, R, pn,mn), n € N, and G =
(F, R, p,m) be elements of Re(T). Assume that

lim liminf R, (pn, Br,, (pn, 7)) = 00. (8.3)

r—00 N—00

Assume further that all the space F,, n > 1, and F' are isometrically embedded into a common
bcm space M in such a way that F, — F in the Fell topology as closed subsets of M, p, — p
as elements of M, and m,, — m vaguely as measures on M. It then holds that T(Rmmn)(pn) —
Y (r,m)(p) as probability measures on Dy, (R>o, M).

Remark 8.14. The condition (8.3)) is called the non-explosion condition in [24]. Note that
there is a typographical error in [24, Assumption 1.1(b)], where “limsup,,_,.,” should read
“liminf,_,,.”, as stated in the above theorem.

Using Theorem we first prove the continuity of Y(g,,) with respect to the starting
point. Recall that P(D, (R>0, F')) is equipped with the weak topology induced from the usual
J1-Skorohod topology.

Lemma 8.15. The law map YT: F — P(Dj, (R>o, F)) is continuous.

Proof. Suppose that elements xz,, € F' converge to an element = € F. By the recurrence of R, we
can use Theorem to obtain that Y(z,) — Y(x) as probability measures on D, (R>, F').
This completes the proof. O

We are then interested in the continuity of T (g ,,) with respect to (R, m). To discuss this
within the framework of Gromov-Hausdorff-type topologies, we recall the structure 7gp from
(7.2)) . Henceforth, we fix a Polish structure 7.

Definition 8.16. For each G = (F, R, p,m,a) € Re(T), we set
XT(G) = (F? R, p,m,a, T(R,m))a
which is an element of Re (7 X T5p).

It is straightforward to verify that Theorem [8.13| implies the convergence of law maps of
stochastic processes, as follows.

Theorem 8.17. Let Gy, = (Fn, Ry, pn,mn,an), n € N, be elements of Re(7), and G =
(F,R,p,m,a) be an element of Me(TA1 X T) such that m is of full support. Assume that the
following conditions are satisfied:
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(1) Gp — G in Me(Tpq X T);
(i) lim liminf R, (pn, Br, (pn, 7)) = 0.

rT—00 N—00

Then G € Re(1) and X (Gy,) — X (G) in Re(T X T9p).

Proof. By [64, Theorem 5.1], we have G' € Ro(7). We write T, == T(g, m,) and T = T (g ). By
and Theorem we may assume that (F,, R, pn) and (F, R, p) are embedded isometrically
into a common rooted becm space (M, dys, par) in such a way that F,, — F' in the Fell topology
as closed subsets of M, p, = p = py as elements of M, m,, — m vaguely as measures on M,
and a, — a in 7(M). Suppose that elements z,, € F,, converge to an element z € F in M.
Then, using we can follow the proof of [64, Lemma 5.8] to obtain that

lim liminf R, (2, Br, (Tn,r)¢) = 00.

r—00 M—¥00
By Theorem we obtain that Y,(z,) — Y(x) as probability measures on D j (R>q, M).
Therefore, T, converges to Y in C'(M,P (D, (R>o, M))), which completes the proof. O

To discuss a version of Theorem for random resistance metric spaces, we prove the
following result, which ensures that, if G is a random element of R4(7), then X;(G) is a random
element of Re(7T X Tgp).

Proposition 8.18. The map X:: Re(T) — Re(7 X Tsp) is Borel measurable. Moreover, its
image, that 1s,
{(F, R, p,m,a, T(R,m)) ‘ (F7 R, p,m, a) S %O(T)}

is a Borel subset of Me(Tp1 X T X Tsp).

We follow [64], Proof of Proposition 6.1] to show Proposition For each (F, R, p,m) € R,
and r > 0, we define FI"l to be the closure of Br(p,r) in F, and denote by R and ml" the
restrictions of R and m to FU'l and Bg(p,r), respectively. We note that (FI'l, Rl p m[T) € %,
by [60, Theorem 8.4]. We write

T () = TZ]%M) () =T (g pir)(x), =€ Flrl,

Since FI"l is a subspace of F, we naturally regard T[(g,m) as an element of C(F, P(Dy, (R>o, F))).
Below, we present two lemmas corresponding to [64, Lemmas 6.2 and 6.3].

Lemma 8.19. For each (F, R, p,m) € R,, the following map
(0,00) 3 7+ Y € C(F, P(Dy, (R0, F)))
18 left-continuous.

Proof. Fix r > 0 and a sequence (ry,)p>1 such that r, 1 r. We regard each (Flml Rl and
(F'1 R as a subspace of (F, R) in the obvious way. It is then straightforward to check that
Flml — FI'lin the Fell topology on F and ml™ — mll vaguely as measures on F. Thus, by
Theorem we obtain that Yl — Yl which completes the proof. O

Remark 8.20. In [61, Lemmas 2.14 and 6.2], one finds a similar left-continuity result. In that
paper, the author considered the restriction of m to FI'l. However, such a choice generally
destroys the left-continuity in 7 of the map 7 — mll € Mg, (F). (For example, consider the
case where I = [0, 1] and m = Leb 44y}, which breaks the left-continuity at r = 1.) Thus, the
restriction used in that paper should be replaced by the current definition. We note that this
does not affect any of the results in that paper.
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For each r > 0, we define a map XTM: Re(T) — MRe(7 x T9p) as follows: for each G =
(F7 R7 pa m7a) € %0(7-)7
T — [r
XT[ ](G) = (F, R,p,m,a,T(R’m)).
Lemma 8.21. For eachr > 0, the map X" : NRe(7) = Re(T X T5p) is measurable.

To prove the above lemma, we prepare an auxiliary result, which will also be used in the
proof of Theorem below.

Lemma 8.22. Assume that elements G,, € Re(T) converge to an element G € Re(T). Then,
for all but countably many r > 0,

x"(G,) —— XMNG)  in Ra(r X 15P). (8.4)
n—oQ
Proof. Write G,, = (F},, Ry, pn, Mn, ay) for n € N, and G = (F, R, p,m,a). By Theorem 3.7, we
may assume that (F,, Ry, pn) and (F, R, p) are embedded isometrically into a common rooted
becm space (M, d™, pyr) in such a way that p, = p = pys as elements of M, F,, — F in the Fell
topology as closed subsets of M, m,, — m vaguely as measures on M, and a, — a in 7(M). It
then follows that, for all but countably many r > 0, FJZT] — FU"l in the Hausdorff topology, and
mg] — ml" weakly. Following the proof of Theorem one can verify that, for such radii
r >0, I il in C(M, P(D,, (R0, M))). Combining these convergences yields (8.4), which
completes the proof. ]

Proof of Lemma([8.21. Fixr > 0. Let f: Rqe(7x73p) — [0, 1] be a continuous function. It suffices
to show that g .= f o X! is measurable. For each e € (0,7), define g.: Re(T X T5p) — [0,1] by

9:(GQ) = i/i f(XT[S](G)) ds, G = (F,R,p,m,a) € Re(T).

The above integral is well-defined since the integrand is measurable, which follows from Lemma/(8.19
Moreover, by that lemma, g.(G) — f (XTM(G)) for each G. Hence, it suffices to show that g. is
measurable. We verify this by showing that g. is continuous.

Indeed, let Gy, — G in Re(7). Then Lemma implies that XT[S](Gn) — XT[S](G) for all
but countably many s > 0. The continuity of f then gives f (XT[S](GH)) — f (XT[S}(G)) for such s.
Since f takes values in [0, 1], the dominated convergence theorem yields ¢g.(G,) — ¢:(G). Hence
ge is continuous, and therefore measurable. This completes the proof. O

We next show that X, is obtain as a (pointwise) limit of XT[T} as r — 00, which, combined
with the above two lemmas, implies Proposition

Lemma 8.23. For any G € Rq(7), it holds that XT[T](G) — X (G) in Re(T X T5p) as r — 0.

Proof. Fix G = (F,R, p,m,a) € Ra(7). It is easy to check that, as r — oo, F') — F in the Fell
topology as closed subsets of F' and ml") — m vaguely as measures on F. Since R is a recurrent
resistance metric, we can follow the proof of Theorem to deduce that Yl — T as r — oo
in C(F,P(Dy,(R>p, F))). This immediately implies the desired result. O

Now, it is straightforward to show Proposition [8.18

Proof of Proposition[8.18 The first assertion regarding the measurability of X; is an immediate
consequence of Lemmas and Clearly, the map X, is injective. We recall from Propo-
sition [8.9| that its domain R4 (7) is a Borel subset of the Polish space Re(7a¢ X 7). Thus, we can
apply Lemma to deduce that the image of X is a Borel subset of e (72 X T X Tsp), which
completes the proof. ]

77



R. Noda

Thanks to Proposition if G is a random element of MRe(7), then X (G) is a random
element of Re(7 x 79p). Below, we provide a version of Theorem for random resistance
metric spaces.

Theorem 8.24. Let Gy, = (Fpn, Ry, pnymn,a,), n € N, be random elements of Re(T), and
G = (F,R,p,m,a) be a random element of Me(TA1 X T) such that m is of full support, almost
surely. Assume that the following conditions are satisfied.

(i) It holds that G, 4G in Re(7);
(ii) If we write Py, for the underlying probability measure of Gy, then, for all A > 0,

lim liminf Py, (R, (pn, B, (pn, 7)) > A) = 1.

r—00 N—o0

Then G € Re(T) almost surely, and X-(Gy,) 4 X-(G) as random elements of Re(T X Tsp).

Proof. By [64, Proposition 6.1], we have G € Rq(7) almost surely. For the second assertion, by
[T7, Theorem 2.1], it suffices to show that for all bounded and uniformly continuous functions
f:Re(T X 15Pp) = R,

n—oo

where E denotes the expectation with respect to the randomness of G. Fix such a function f.
By Lemma and Theorem (i), we have that, for each r > 1,

lim E, [/Trlf(XT[S](Gn))ds] = E[/rrlf(XT[S](G)) ds] :

n—o0

(Note that the above integrals are well-defined by Lemma ) Moreover, Lemma yields
that

7—00

in B[ [ f(2P(6)as| =Bl

Hence, it remains to show that

lim limsup E, [/; |F(XEN(G)) — F(X(GR)) }ds] = 0. (8.5)

=0 no00

For each € > 0, define the modulus of continuity of f by

wy(e) = sup{|f (V1) = ()| | V1,2 € Ra(7 X 75p), dig. " (V1,In) <€}

Then it follows that
E, [ / |F(AEN(Gn)) = [ (X (G)) \ds}
r—1
< wp0) + 1P (s 5 (G, 2 G) > <)
r—1<s<r

The uniform continuity of f implies wy(e) — 0 as ¢ — 0. Therefore, it remains to prove that

lim lim sup Pn< sup  dpy " (X1 (G), X-(Gr)) > s> =0, Ve>D0. (8.6)

-
r—=00 p—oo r—l<s<r

We simply write T, == T (g, m,)- Fixr > 1and ro > 0 withr—1 > ro, and take s € (r—1,7r).
By Lemma|3.9] we have

Ay (X (G), X (G)) < d(CF7“pn)7P(DJ1 (Ro0,Fn) (T, YL, (8.7)
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Since s > rg, it holds that
dom(Y,,)") = dom(Y[*H)(0) = Flro).

Then Lemma [2.§] yields

d(CFn pn) P(Ds, (Rs0,Fn)) (Tn,T[ ]) < e 4 su(p )dD] (R0, Fn)(T (x), TH (33))
€F,"°

By the proof of [63, Lemma 6.7], for any = € E) and T > 0,

dgjl(RZan) (Tn(x)a Tg](x)) <e =T =+ Pz (UBR (z,5/2) S )
<4 P 0By, -1y S T)

where ((X(t))i>0, (P¥)zer,) denotes the process associated with (R,,my), and &. is the first

exit time defined in (4.3). Taking the supremum over = € Fr gives

sup dDJ (R>0,Fn) (T (.’E), TL‘E] (l’)) < e_T + sup P; (5—BRn($7(T—1)/2) < T) .
ze R0 ze R0

Combining this with (8.7)), we have, for any r — 1 > rg, T'> 0, and s € (r — 1,7),

A (Xr(Go), A (G) < e ke sup P (9Bnteie-2 < T)-
xEFnTO

Taking the supremum over s € (r — 1,7) yields

sup d;mXTSP (XT(GH), X,F[S](Gn)) S e 0 + €_T + sup Pg (&BRn(Iv(T—l)/Q) S T) . (88)

L]
r—1<s<r IeFT(LTO)

Finally, under the non-explosion condition by following [64, Proof of Lemma 6.3], one
can verify that for each rg > 0 and T" > 0,

lim limsup P, | su P””(c‘} B <T> >e| =0, Ve>o0.
oo n—)oop n(zeF(P:O) n \ YBg,, (z,(r—1)/2) = )

Combining this with (8.8) proves , and hence (8.5). This completes the proof. O

8.4 Local limit theorem

In this subsection, we establish a local limit theorem (see Theorem below), that is, the
convergence of heat kernels, under the assumption that measured resistance metric spaces and
the law maps of the associated stochastic processes converge. Throughout this subsection, we
fix a Polish structure 7.

Below, we modify the map X, introduced in Definition to incorporate the heat kernel.
Recall the structure Tgk from .

Definition 8.25. For each G = (F, R, p,m,a) € Re(T), we set
X‘IE—IK(G) = (F7 R7 P, M, aap(R,m)7 T(R,m))7
which is an element of Re(T X THK X TSP).

We recall from [63] that the convergence of measured resistance metric spaces implies the
precompactness of the associated heat kernels.
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Lemma 8.26 ([63, Proposition 4.13]). Assume that G, = (Fp, Ry, pn,mp), n € N, and G =
(F, R, p,m) are elements of Re such that Gy, — G in Re. We simply write p,, = P(Rp,mn)- Then,
foranyr >0 and T > 0,

sup sup  sup pu(t, 2,y) < oo, lim sup w(py, T, 7, 0) = 0,
n>1 T<t<00 4 e p(r) 0—=0p>1

where w(py, T, r,d) is defined to be

(t,y), (', 2, y) € [T, 00) x F x F") }

su t,r,y) — t.a' Yy
p{|pn( y) pn( y)| ]t—t’]\/Rn(a:,x’)\/Rn(y,y’) Sé

We now present the main result of this subsection, which states that the precompactness
of heat kernels and the convergence of law maps of stochastic processes together imply the
convergence of the heat kernels. A similar result for simple random walks on graphs can be
found in [27].

Theorem 8.27. Let G,, = (Fy, Ry, pryMn,an), n € N and G = (F, R, p,m,a) are elements of
Re (7). If X1 (Gp) = X:(G) in Re(T X T5p) as n — 00, then, as n — oo,

XIK(G) = XIK(G)  in R (T X THK X TP).

Proof. We simply write p, = p(g,m,) and Tn, = T(g, m,) for n € N, and p = p(g,,) and
T =T (rm)- Welet (Xn(t))i>0, (P7)zer,) and ((X(t))i>0, (P¥)zer) be the processes associated
with (R, my) and (R, m), respectively. By Theorem we may think that (F},, Ry, pn) and
(F, R, p) are embedded isometrically into a common rooted bem space (M, das, par) in such a
way that p, = p = pps as elements of M, F,, — F' in the Fell topology as closed subsets of M,
my, — m vaguely as measures on M, a,, - a in 7(M), and Y,, — T in a(M,P(Djl (R>0, M))).
We deduce from Lemma and [62, Theorem 3.31] that the collection {py, },>1 is precompact
inC (Rsox M x M,R>p). Thus, it is enough to show that the limit of any convergent subsequence
in {pn }n>1 coincides with p. To avoid notational complexity, we assume that the full sequence py,
converges to ¢ in 6(R>0 X M x M,R>g). Since the domain dom(p,) = Rs¢ % F, x F;, converges
to Ryg x F' x F in the Fell topology, it follows from Lemma that dom(q) = Rso x F' x F.
Fix t € (0,00) and = € F. By the convergence of F,, to F', we can choose z,, € F), such that
Tn — x in M. It then follows from the convergence of T, to T that

Tn(zn) = By (Xn(t))iz0 € 1) = T(x) = PE((X(t))i20 € -)

weakly as probability measures on Dy, (R>o,M). By its quasi-left continuity, X is continu-
ous at each deterministic time ¢ > 0, P*-a.s. Thus, the above distributional convergence in

Dy, (R>o, M) implies that P (X, (t) € ) 4 P*(X(t) € -) for each t > 0. This yields that, for
any compactly-supported continuous function f on M,

im [ pn(t, 0, y) f(y) ma(dy) = Tim Er[f(Xy)] = E°[f(X¢)] = /Fp(t,%y)f(y)m(dy)-

n—oo F n—oo
n

On the other hand, since p, — ¢ in C(Rsg x M x M, R>o) and f(y) mn(dy) — f(y) m(fy)
weakly, we deduce from Lemma [2.9] that

lim pn(t,xn,y)f(y)mn(dy)Z/Fq(t,w,y)f(y)m(dy)-

n—oo F
n

Therefore, for all compactly-supported continuous functions f on M,

/p(t,w,y)f(y)m(dy)z/ q(t,=,y) f(y) m(dy).
F F

In particular, p(t,z,-) = q(t,x,-), m-a.e. Since m is of full support on F' and both p(t,z,-) and
q(t, x,-) are continuous functions on F, it follows that p(¢, x,y) = q(t, x,y) for all y € F. Hence,
we conclude that p = ¢, which completes the proof. ]
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Convergence of space-time occupation measures and its application to collisions

Below, we present a result analogous to Proposition [8.18] This enables us to discuss the
convergence of heat kernels of stochastic processes on random resistance metric spaces.

Proposition 8.28. The map X1K: Ry(7) — Re(7 X THK X Tsp) is Borel measurable. Moreover,
its image, that is,

{(Fa R, p,m, a, P(R,m)>» T(R,m)) ‘ (F7 R, p,m, CL) € %.(T)}
is a Borel subset of Me(TaAg X T X THK X TSP)-

Proof. If we define a map XMK: X (R4(7)) — Re(T X THK X T5p) by setting XK (X, (Q)) =
XHK(G), then XHK {5 continuous by Theorem Moreover, by Proposition the map
X Re(T) = X (Re(7)) is Borel measurable (note that the codomain is restricted to its image).
Since we have that XM = XHK o x| we obtain the first assertion. The second claim can be
verified in the same way as in Proposition [8.18 O

Corollary 8.29. The set

{(F7 R,p,m, ayp(R,m)) ’ (Fa R, p,m, a) € 9%0(7—)}
is a Borel subset of Me(TaAr X T X THK).

Proof. This is an immediate consequence of Lemma and Proposition [8.18 O

By Theorem the results of Theorems and are extended to the convergence
of not only the law maps of stochastic processes but also the associated heat kernels, as shown
below.

Corollary 8.30. Under the same conditions as Theorem it holds that X'¥(G,) —
XPK(G) i 9%.(7’ X THK X TSP)-

Proof. This is immediate from Theorems and O

Corollary 8.31. Under the same conditions as Theorem M it holds that X'(G,,) 4

XHK(G) as random elements of Re(T X THK X TSP ).

Proof. Recall the continuous map X7K: X (9R,(7)) — Re(T X Tk X 79p) from the proof of

Proposition By Theorem we have that X:(Gh,) 4 X:(G) as random elements of
Re(T x 75p). Thus, we deduce from the continuity of AKX that XPK(X(G,)) = XK(G,)
converges in distribution to XMK(X(G)) = XM(G), which completes the proof. O

9 Collisions of stochastic processes on resistance metric spaces

In Section [8.4] we showed that if measured resistance metric spaces converge and satisfy the
non-explosion condition, then the law maps of the associated stochastic processes and heat
kernels also converge. Building on this, and by applying Theorems [7.13] and we establish
convergence results for collision measures of stochastic processes on resistance metric spaces in
this section.

9.1 Resistance metric spaces for the study of collisions

In this subsection, we introduce a space of resistance metric spaces and verify its measurability.
This space will be used in the main results of the next subsection.
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Definition 9.1. We define R to be the collection of (F, R, p,m, 1) € Re(Tpq) such that

6
i swp [ [ bt o1 o 62 ) =0, >0 (0)
6—>0x1’x2€F(7) 0o JF

More generally, given a Polish structure 7, we write ]S (7) for the collection of (F, R, p,m, 1,

a) € Re(Tp x 7) such that (F, R, p,m,pn) € RC. We always equip R (1) with the relative

topology induced from 932.(7'%2 X T).

Let (F, R, p,m, ) € R, X1 be the associated process, and X2 be an independent copy of
X! Write X = (X1, X?) for their product process. Condition implies that the Radon
measure p428 on F' x F belongs to the local Kato class of X (see Definition . Hence, the
collision measure of X! and X? associated with p is well defined (see Definition [7.3)). We write

T ) = TR, (@) = Ligm(®), TEFXF
The following is immediate from Proposition [7.7}

Lemma 9.2. For each (F, R, p,m,u) € R,, the map
YR F X F—=P(D(Rso, F) x Dy, (Rg, F) x M(F x Rxg))
18 continuous.

Thus, the space R (7) forms a suitable class of resistance metric spaces for the study of
collisions. Below, we verify its measurability.

Proposition 9.3. The set R (1) is a Borel subset of SR'(T/%Z XT).
Proof. Define
@1 = {(F7 R7p7m7,u'7 aap(R,M)) } (F7 R7p7m7:u7a) < ER'(TM X T)}’
@2 = {(F7 R7 P, 1, L, aap(R,M)) } (F7 R7p7m7,u7a) € %201(7—)}'

Since, given a measured resistance metric space (F, R,m), the associated heat kernel P(Rym) 18
unique, the following map is injective:

G2 > (F, R, p,m, b, a, p(p,m)) — (F, R, p,m, p,a) € 937.(7'/%[2 X T).

Moreover, by Theorem the above map is continuous. Thus, once we establish that &4 is a
Borel subset of 93?.(7'}%[2 X T X THK ), We can use Lemma to obtain the desired result. Since
®q is a Borel subset of 91, (7'/%[2 X T x K ) by Corollary it is enough to show that &5 is a
Borel subset of &;.

For each k, I, N € N, we define &*4:N) (1) to be the collection of (F, R, p, m, 1, a,P(rm)) € &1
such that, for all but countably many r € [k, k + 1],

1/N
sup /0 /F< >p(R,m) (t,CUlay)p(R,m) (t,;rg,y) M(dy) dt < 1/[. (9'2)

T1,T2 eF)

Since it holds that

it is enough to show that each &#-LN) (1) is a Borel subset of ;. We do this by proving that
Qi(k’l’N)(T) is closed in &;. Fix G, = (F},, R, pn, M, lin, Gy Pn) € Qﬁ(k’l’N)(T), n € N, such that

Gn = (Fn’Rn’p”7mn7Mn7a’n7pn) -G = (F7 R7 pamauaavp)
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in ;. Here, we simply write p, = p(r, m.), ® € N, and p = p(r,,). By Theorem we may
think that (F,, Ry, pn) and (F, R, p) are embedded isometrically into a common rooted becm
space (M,dur, par) in such a way that p, = p = pps as elements of M, F,, — F in the Fell
topology as closed subsets of M, m,, — m and u, — u vaguely as measures on M, a, — a in
7(M), and p, — p in @(R>0 x M x M,R>q). Let r € [k, k+ 1] be such that Fqs,r) — F() in the
Hausdorff topology in M, u,(f) — 1) weakly in M, and all the pairs (tn, pn) satisfy with
radius r. Fix z,y € F("). By the convergence of F,(Lr) to F"), we can find x,,y, € Fy  such
that x, = x and y, — y in M. Since p, converges to p, it holds that

pn(tv Tn, Z)pn(t, Yn, Z) — p(ta €, Z)p(t, Y, Z)

in 5’(R>0 x M,R>p) with respect to (t,z) € Rso x M. This leads to the following vague
convergence as measures on R<g x M:

Pty T, 2)pn(ts yns 2) 0 (dz) dt — p(t, @, 2)p(t, y, 2) p (dz) dt.

By the Portmanteau theorem for vague convergence (see [43, Lemma 4.1]), it follows that, for
any ¢ € (0,1/N),

1/N 1/N
/ /p(t,x,z)p(t,y, Z) p (r )(dz dt < hmlnf/ / Pr(t, Tny 2)pn(t, Yn, 2) £[> (dz)dt
5 F n

n—oo

<1/1, (9.3)

where the last inequality follows from (9.2]). Letting ¢ — 0 and taking the supremum over
T,y € F() we obtain that

1N
sup / / p(t,x, 2)p(t,y, 2z) p(dz) dt < 1/1.
0 F()

z,yeF ()

This implies that G € &*LN) (1), which completes the proof. O

9.2 Convergence of collision measures of stochastic processes on resistance
metric spaces

The main results of this subsection are stated in Theorems and which establish the
convergence of collision measures of stochastic processes on resistance metric spaces varying
along a sequence, as an application of Theorems and Throughout this subsection, we
fix a Polish structure 7.

We first introduce the map of interest. Recall the structure rcy defined in .

Definition 9.4. For each G = (F, R, p,m, j1,a) € RL (1), we set

X:OI(G) = (F) R, p,m, u,a, P(rRm)> Y?})%l’m“u)) )

which is an element of R (T x THK X Tom).
We first state a convergence result for deterministic resistance metric spaces.

Assumption 9.5. Let G, (Fn,Rn,pn,mn,,un,an), n € N, be elements of R(7), and G =
(F,R,p,m,p,a) be an element of M, (TM X T) such that m is of full support. Assume that the
following conditions hold.

(i) The sequence satisfies G, — G in M, (TM X T).
(ii) We have lim hmmfR (pn, Br,, (pn, 7)) = 0.

r—00 Nn—
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(iii) For all r > 0,

1)
lim limsup  sup //()pn(t,xhy)pn(t,xa,y)un(dy)dt:0,
0 JF"

6—0
n—oo $1,$2€F7(Lr)

where pn = D(R, m,)-

Theorem 9.6. Under Assumption it holds that G € RY(T), and X(G,) — X°NG) in
ERSOl(T X THK X TCM)-

Proof. By Theorem G € Re(Tm X 7). Moreover, we deduce from (9.3) and Assump-
tion [9.5(ii1)| that, for all » > 0,

0

lim sup / / p(t, z, 2)p(t,y, z) p(dz) dt = 0.

0—0 zyeF® Jo JFM

Thus, G € R (7). Now the desired convergence follows from Theorem and Corollary [8.30
O

We next provide a version of Theorem for random resistance metric spaces.
Assumption 9.7. Let G, = (Fp, Ry, pry My fin, @n), n € N, be random elements of RY(T),
and G = (F, R, p,m, i,a) be an random element of 9)?.(7'%2 X T) such that m is of full support,
almost surely. Assume that the following conditions are satisfied.

(i) It holds that G, % G in M (752 x 7).
(ii) If we write Py, for the underlying probability measure of Gy, then, for all A > 0,
lim lim inf Py, (R, (pn, Br, (pn, 7)) > A) = 1.

r—00 N—0o0

(iii) For all r > 0,

lim lim sup E,,
0—=0 n—oo

1)
< sup /0 /F(T) pn(tv Z1, y) pn(ty x2, y) Mn(dy) dt) A 1] = 07

xl,xQGFy(f)

where we write pn, = P(R, my,)-
Theorem 9.8. Under Assumptz'on it holds that G € R (1) almost surely, and X (G,,) —
XN@) in KT X THK X TaM)-

Proof. We have from Theorem that G € Re(TAm X 7) almost surely. By the Skorohod
representation theorem, we may assume that G,, — G almost surely on some probability space.
Denote by P the underlying probability measure. From Fatou’s lemma and Assumption [9.7(iii)
we deduce that, for all » > 0 and € > 0,

1)
E llim lim inf ( sup / /( )pn(t,xl,y) pn(t, 2, y) pin(dy) dt) A 1] =0.
0 JF;

d—0 n—oo
- 061,$2€F7(LT)

This implies that

1
liminf sup / /( )pn(t, x1,Y) pn(t, x2,y) pn(dy) dt =0, P-a.s.
0 JE,

n—oo
1,22 EF,(LT)

Therefore, by the same argument as in (9.3)), we obtain
1
lim sup / / p(t,z, 2) p(t,y, z) p(dz)dt =0, P-a.s.
5~>0$7y€F(r) 0o JF®

Hence, G € RP(7) almost surely. Now the desired result follows from Theorem and
Corollary ]
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9.3 Scaling limits of collision measures of VSRWs

The heat kernel conditions in Assumption 9.5(iii){and Assumption 9.7(iii)|can be verified through
uniform lower bounds on the volumes of balls. In this subsection, we focus on uniform collision
measures of VSRWSs on electrical networks and provide sufficient lower-volume conditions for
these heat kernel assumptions; see Theorems and [9.13|below. These results apply to a broad
class of low-dimensional fractals and critical random graphs, as discussed in Examples|9.11] and
[0.14] below.

We first clarify the setting for the main results. For each n > 1, let (V,,, E,, ip,) be a recurrent
electrical network, as recalled from Definition Write R, for the associated resistance metric
and my, for the counting measure on V,,, i.e., m({z}) = 1 for each = € V,,. Let a,,b, > 0 be
constants, serving as scaling factors for the metric and measure, respectively. Let X} be the
process associated with (a; ! R, b, m,) and X2 be an independent copy of X!. In other words,
X} and X2 are i.i.d. VSRWs on the electrical network, rescaled in time by the factor a,b,. We
write X, = (X!, X2) for the product process. Let I, denote the collision measure of X! and
X2 associated with b, 'm,, i.e.,

Hn(dl' dt) = bn Z l{X}L(t):X%(t):y} 6y(dl‘) dt.
yEVn

This identity follows from Proposition In particular, the scaling factor b, arises from the
following computation:

b= lm, bl
wnlzh) by gy

(b ({eh)? b
Assumption 9.9.
(i) Asn — oo, by, = o0 .

(ii) There exists an element G = (F, R, p,m) € Mq(TA) such that

(Vn,aqlen,pn,bglmn) — (F,R,p,m) in Me(Tr1)-

(iii) It holds that

rll{go hnH—l>£f a;an (Pm Bg, (p"“ an,,,)c> = o0

(iv) For each r > 0, there exist constants oy, By, Cr > 0 such that, for all sufficiently large
n>1,

1
inf b mn(Br (z,ans)) > C, s, Vse€ 1.
venpll o b M BR, (@, ans)) 2 Cr s ° ((logbn)(loglogbn)(lJrﬁr) )

(NB. By condition for all sufficiently large n, b, > e and thus loglogb, > 0.)

Under Assumption by Theorem we have (F, R, p,m) € R,. ALet X! be the process
associated with (R,m) and X? be an independent copy of X!. Write X = (X!, X?) for their
product process.

Theorem 9.10. Suppose that Assumption is satisfied. Then the measure m328 belongs to
the local Kato class of X. Moreover, if we write II for the collision measure of X' and X?
associated with m, then

(Vn, a;an, Prs b;lmn, c(Xn,Hn)) — (Fa R, p,m, ['(X,H))

in Me(TAM X TCM)-
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In order to prove the above theorem, we define, for each 8 > 0, a bijective function
trfg: (0,1/e) — (0,00) by

et (t) = !
o log(1/t) (loglog(l/t))HB.

We denote by trfg1 its inverse. The properties of trfz used in the proof below are collected in

Appendix

Proof. 1t is enough to check that Assumption [9.5(iii)|is satisfied. Let p, denote the heat kernel
of X! with respect to b, m,. Fix r > 0 for the remainder of this proof. By condition !, we
have b, > e for all sufficiently large n. Henceforth, we restrict our attention to such large values
of n, since the subsequent arguments concern the limit as n — oco. Set

50) = ! .
" (logby)(loglog by )1 +5)

For each n > 1, define

Qo (r)
ol (s) = {Crs s (9.4)

bt se (0,65,
Since my, is the counting measure, Assumption [9.9(iv)| yields

inf b, mn(Br, (2, ans)) > 0 (s), Vs e (0,1).
$EBRn (pn,anr)

Since trfg, /o is increasing, we can find tér) € (0,1/e) such that trfg ,»(t) < 1 for all t € (0, o).
By Lemma for any t € (O,t(()r)) and z € Bg, (pn, anr),

2trfg so(t) V2
t ol (txfs, o (1))
The Chapman—Kolmogorov equation and the Cauchy—Schwarz inequality yield
palt:z,y) < pu(t,z,2) Pputy.y)' %, Yoy eV, (95)
(see [65, Lemma 4.4(i)]). Thus, for any x,y € Bgr, (pn,anr) and t € (O,t(()r)),
2ufy0) V2
t ol (it (1))

By the Chapman—Kolmogorov equation again, for any x1,z2 € Br, (pn,anr) and 6 € (0, t(()r)),

pn(tv z, x) <

pu(t, @, y) < (9.6)
5
// Pr(t, o1, 9) Pu(t, 22, ) by, ' (dy) dt
0 JBg,, (pn,ant)
5
S/ Pn(2t, 21, 12) dt
0

g tI‘fBT/Q(Qt) \/§
g/o ( t +vaf><trfgr/2<2t>>> " 0

By the definition of v,(f), the last expression is bounded by

§ trf ot s 5 tnf 5, (857)/2
/ rﬂr/2()dt+/ V2 dt+/ o V2b, dt
0 0 Cr trf 0

t g, /2(2t)%
g trfg /2(2t) 4 \/§ \/§
< e 2 dt dt 7bn t f*l 5 r) . ‘
_/0 f +/0 Cr trfﬂr/2(2t)aT + 9 T 67./2( n ) (9 8)
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Convergence of space-time occupation measures and its application to collisions

By Lemma [A.4(i)| and the first and second terms in the last expression converge to 0 as
0 — 0. Thus, it remains to show that the third term vanishes as n — oco. Using Lemma |A.4{iii)
we obtain

1+o0(1)
log (by trfZ 4, (60))) = logb, —
(T2 52) D (log(85) 1) 462

— logh, < (1 + o(1))(loglog by, )15 )
& (log(log by ) (log log b, ) -+ ) 15 /2

which tends to —oo as n — oo by Assumption [9.9(i). This implies that b, trfy /2(5( )) — 0 as
n — oo. Therefore, we conclude that Assumption [9.5(iii)| is satisfied. O

Example 9.11. In [28], it is shown that, under Assumption [9.9(ii)| and the uniform volume
doubling (UVD) condition (see [28, Definition 1.1]), the associated processes and their local
times converge. The UVD condition implies the non-explosion condition, Assumption [9.9(iii)}
see [24, Remark 1.3(b)]. Moreover, it can be readily verified that the UVD condition implies
Assumption (9.9(iv)l Hence, Theorem applies to all the examples treated in [2§]. The
following is a list of such applicable examples.

(a) A sequence of scaled one-dimensional lattices converging to R.

(b) A sequence of graphs approximating a uniform finitely ramified fractal, such as the two-
dimensional Sierpiniski gasket (see [28, Section 6.2] for details).

(c) A (sub)sequence of graphical approximations of the two-dimensional Sierpiriski carpet (see
[28, Example 4.5(iv)] for details).

In particular, by applying Theorem to|(a)l we obtain the scaling limit of uniform collision
measures of two i.i.d. VSRWSs on Z, which provides a continuous analogue of Nguyen’s result [59]
(recall that Nguyen considered discrete-time random walks, see Remarks and .

We next state a version of Theorem [9.10] for random electrical networks. We use the same
notation as before, but now assume that the recurrent electrical network (V,, E,, ) is random,
so that (Vi,, Ry, pn,my,) is a random element of R,. We also assume that the scaling factors ay,
and b, are random variables defined on the same probability space as (V,, En, t,). (They may
be taken to be deterministic.) We write P, for the underlying complete probability measure for
the random electrical network (V,,, Ey, pin).

Assumption 9.12.
(i) Asn — oo, by, — oo in probability, i.e.,

lim liminf P, (b, > \) =

A—00 N—00

(ii) There exists a random element G = (F, R, p,m) of Me(Tr1) with the underlying complete
probability measure P such that

(Vir @ Ros, p 0 mn) S (FL Ry pym)  in Ma(7).-

(iii) For all A > 0,
Jim Tl P (" B (o Bt (pny anr)%) > ) =
(iv) For each r > 0 and € > 0, there exist deterministic constants oy ¢, By e, Cre > 0 such that,
for all sufficiently large n, with probability at least 1 — e, we have b, > e and

1
inf bil n B s Un > C’r‘ CVT,E’ v ’1 :
T 1B, 008) > G, ¥ (et
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(NB. By condition for all sufficiently large n, we have b, > e with probability at least
1—¢.)

Theorem 9.13. Suppose that Assumption is satisfied. Then the measure m328 belongs to
the local Kato class of X, P-a.s. Moreover, if we write II for the collision measure of X' and
X2 associated with m, then

(Vn,a;an,pn,bglmmﬁ(xmnn)) 4, <F, R,p,m,ﬁ(;(’n))

in Me(TA X TCM)-

Proof. 1t is sufficient to verify Assumption [9.7(iii)l The proof proceeds in the same way as that
of Theorem Fix r > 0 for the remainder of this proof. For each n > 1 and € > 0, define

n,

1 .
5r) .— ) (logbn)(loglog by )1 +Fre)” if bo > e,
: 0, if b, <e.

and ")
Chg s, € (6, 2,1),
vn’g(s) = {b—fs ve - )

If we write E,, . for the event that b, > e and

inf by 'mn (B, (z,ans)) > 07)(s), Vs e (0,1),
CEEBRn (,Dnaan'r')

then Assumption [9.12(iv)| implies that
liminf P, (E,:) > 1 —e¢. (9.9)

n—oo

Write By, (r) := Bpg,, (pn,anr). Using (9.7) and (9.8)), we obtain

1
< sup / / pn(t,ffby) pn(ta 352,3/) b;lmn(dy) dt) N 1]
21,22€Bn(r/2) J0 n(r/2)
< Pn(E7,)

3 [trfg jo(2t) V2 V2 .
r v — r)
( /O ( . + Cretrls, o2ty dt+ b trfs!,(887) | A1)(9.10)

Following the argument in the proof of Theorem [9.10, we obtain

/ (M) V2 dt — 0
0 t CT’EtrfBT’E/2(2t)OCT’S 60

bn trf5t o (205)) ﬁ 0.

E,

+E,

67“,5/2
Combining these with and (9.10)), we obtain

)
P / / Pa(t, 1, y) pult, w2, y) by ma(dy) dt | A1| < e.
z1,22€Bn(1r/2) JO n(r/2)

Letting ¢ — 0, we conclude that Assumption [9.7(iii)| holds. O

lim lim sup E,,
=0 n—oo

Example 9.14. In [61], it is shown that the volume condition[(iv)|of Assumption is satisfied
for many random graph models. In particular, all the examples considered in [6I, Section 8]
satisfy Assumption [9.12] and hence Theorem [9.13] applies to them, see the list below.

88



Convergence of space-time occupation measures and its application to collisions

a) A random recursive Sierpinski gasket (cf. [38]).

(
(b) Critical Galton-Watson trees (cf. [4, 6, 29]).

)
)
(¢) Uniform spanning trees on Z? with d = 2,3, and on high-dimensional tori (cf. [8, @, [IT]).
(d) The critical Erdés—Rényi random graph (cf. [2]).

)

(e) The critical configuration model (cf. [16]).

9.4 Scaling limits of collision measures of CSRWs

In this subsection, we provide versions of Theorems and for CSRWs on electrical
networks. In this case, verifying the assumptions for convergence of collision measures is more
difficult than in the VSRW case, which has been discussed in Section above. This is because
the canonical weighting measure (see Remark of i.i.d. CSRWs does not coincide with the
invariant measure of the walk. The main results of this subsection are Theorems and
below. In the following subsubsection, Section [9.4.1] we apply the results to critical Galton—
Watson trees conditioned on their size.

We clarify the setting for the main results. For each n > 1, let (V,,, E,, i) be a recurrent
electrical network. Write R, for the associated resistance metric. We identify u, with the
associated conductance measure on V,,, that is,

pn(A) = Z,un(a:), ACV,.
z€EA
More generally, for each ¢ > 0, we define the g-power conductance measure uj, on V,, by
1(A) =3 @), AC V.
€A

Let ay, b, > 0 be constants, serving as scaling factors for the metric and measure, respectively.
Let X! be the process associated with (a, 'Ry, b, ) and X2 be an independent copy of X!
In other words, X} and X2 are i.i.d. CSRWs on the electrical network, rescaled in time by the
factor anb,. We write X,, = (X}, X2) for their product process. Let II,, be the collision measure
of X} and X2 associated with b, 'n2, i.e.,

Hn(d$ dt) = bn Z 1{Xrlz(t):X721(t):y} (Sy(d.’l/‘) dt.
yeVy,

Below, we state the assumption for the convergence of II,,, which requires stronger volume
conditions than that of the VSRW case, Assumption In particular, we assume the precom-
pactness of the (1 + ¢)-power measures for suitable g > 1.

Assumption 9.15.
(i) There eists an element G = (F, R, p, p,v) € Me(757) such that
(Vis ' R, pps by i 07 12) — (FL R, py i v) i Ma(750).

(ii) It holds that

Jim liminf a," Ry (pn, Br, (pn, anr)) = oo.

(iii) For each r > 0, there exist constants a,,C, > 0 such that
inf b, pin(Bg, (x,a,5)) > C, 5%, Vs € (0,1)

xEBRy, (Pn,anT)
for each n > 1, and, for some q, € (1,00) with ¢, > .,

lim sup by, Lyt (Bg, (pn,anr)) < o0. (9.11)

n—o0
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Under Assumption m by Theorem we have (F, R, p,m) € R,. Let X! be the process
associated with (R, m) and X2 be an independent copy of X'. Write X = (X1, X?) for their
product process.

Theorem 9.16. Suppose that Assumption is satisfied. Then the measure 428 belongs to
the local Kato class of X. Moreover, if we write II for the collision measure of X' and X?
associated with v, then

(anaganapmbglﬂnabrzlﬂivﬁ(f(mﬂno - (F’ R, p v, 'C(X,H))

mn gﬁ.(TﬁQ X TCM)-

Proof. Tt is sufficient to verify that Assumption [9.5(iii)| holds. Denote by p, the heat kernel of
the scaled walk X! with respect to b, 'u,. Fix r > 0 for the remainder of this proof, and set

B, (r) == Bg, (pn,anr). Since g, > «, by Assumption [9.19(iii), we can find ~, € (0,1) such that

qr
< < — 9.12
qr +1 o O‘T(QT + 1) ( )

Following the argument that yields , with v( )( ) in (9.4) replaced by C, s7", we obtain

2 V2
sup  pa(t,z,y) <

vt € (0,1). 9.13
2.y€Bn(r) = T e (0,1) (9.13)

Let p, > 1 be such that p ! + ¢! = 1. By Hélder’s inequality, for any z1, 2o € B, (),

Pu(t, 21,y) pa(t, 22,y) by 12 (dy)

\

n("'

Bn(r)
/ n(t,21,9) Pt 22, y) i (y) by, i (dy)

1/pr
n(ts 21, Y) pu(t, 22,y )bﬁlun(dy)>
Bn(r)

1/qr
/B ( )pn(t,xl,y) Pn(t, 2, y) pn (y) o bglun(dy)>

pn(2t X1, .’,UQ) 1/pr S;lp( )pn(t Y, y Q/Qr {b 1 1+qT(BRn(pn7a/n7q))}l/qr, (914)
YyEbn

where we have used the Chapman—Kolmogorov equation (4.2) together with (9.5). Using (9.13)
and the monotonicity of its right-hand side in ¢, we deduce that

—1 —1
pr +2qr
2 V2
1/177" 2/‘17“
pn(2t, 21,y sup pp(t,y,y < +
”( ) yeBn(r) ”( ) = C, torr

9 NG I+gq !
g (tlfyr + Cr t&r’yr>

sup / ) s ) U2 )

21,22€Bn (1)
1+q !
1/qr 2 V2
< {07 1 (B (o ar) } (t to t)
IS

Combining this with (9.14]), we obtain
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Hence, by (9.11)), it suffices to show that

5 9 \/§ 14¢; !
lim ( + ) dt = 0. (9.15)
0

5—0 tl=r C, torr
Let ¢; > 0 be a constant such that
(a+ b)Hq;1 <c (alﬂ;1 + qu:l), Va,b > 0.

Then

tl=r Oy torr 1—y)(14q ) C&‘f‘q;ltar%(l-kqfl) '

-1
( 2 V2 )Hq” o a2t 127 70
~ 4

By (9.12)), we have
(1=~ ) (14 q;l) <1, a1+ q;l) < 1.

Hence (9.15)) follows, which completes the proof. O

When the conductance weights on vertices are uniformly bounded away from 0 and oo,
the proof of Theorem [9.10] can be applied, and hence the same volume condition as Assump-

tion [9.9(iv)| is sufficient, as shown below.

Proposition 9.17. In addition to Assumption[9.1]()| and[(ii)|, assume that the following con-
ditions hold.

(iv) For each r > 0,

lim inf inf pn(z) >0, lim sup sup pn () < 00. (9.16)
n—00 z€BR,, (pn,anT) n—00 gEBR, (pn,anT)

(v) Asn — oo, by, — 0.

(vi) For each r > 0, there exist constants o, B, C, > 0 such that, for eachn > 1,

1
inf b in(Br, (2, ans)) > Cps%, Vs € 1.
veBa gy 07 Fn(BRn (@ Gn8)) 2 Cr 877, Vs <<1ogbn><1oglogbn><1+ﬂr> )

Then the conclusion of Theorem holds.

Proof. We use the same notation as in the proof of Theorem Fix r > 0. By (9.16)), we can
find a constant M, € (0, 00) satisfying

M, > limsup sup tn ().

n—00  x€Bpg,, (pn,anT)

Using the Chapman—Kolmogorov equation, for all sufficiently large n, we obtain that, for any
w1, 22 € By(r),

/B ( )pn(t,xl,y)pn(t7x27y) byl (dy) < M, - )pn(t,xl,y)Pn(t, z2,Y) by, 't (dy)
< Mrpn(2t7x17x2)'

Thus, it suffices to show that

1
limlimsup  sup / pn(2t, 21, 22) dt = 0. (9.17)
(r)Jo

6—=0 n—oo z1,22€8,
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Henceforth, we consider only sufficiently large n for which b,, > e. Set

1
(log b, ) (log log by, ) 1+5)”

By (9.16]), we can find a constant m, € (0, 00) satisfying

6 =

m, < lim inf inf ().
n—=00 z€BR,, (pn,ant)

For each n, define

" m,b,t, s€ (0,5@).

Condition yields that, for all sufficiently large n,

@ )
T ra n 1 ’
’U(T)(S) — {C S CS (5 )

inf by mp(Bg, (z,a,5)) > 0 (s), Vs e (0,1).

z€BR,, (Pn,anT)

Therefore, by the same argument as in the proof of Theorem we obtain (9.17]). O

Example 9.18. The examples @ and listed in Example all have uniformly
bounded degrees. Hence, the preceding proposition applies. In particular, Theorem then
yields the scaling limits of the (uniform) collision measures of two i.i.d. CSRWs on these models.

We next provide a version of the above theorem for random electrical networks. Similarly
to Theorem we now assume that the recurrent electrical network (V,,, Ey, i) is random,
so that (Vi,, Ry, pn, pin) is a random element of R,. We also assume that the scaling factors ay,
and b, are random variables defined on the same probability space as (V,, En, tn). (They may
be taken to be deterministic.) We write P, for the underlying complete probability measure for
the random electrical network (V,,, Ep, tn).

Assumption 9.19.

(i) There exists a random element G = (F, R, p, i, v) of M (75 2) with the underlying complete
probability measure P such that

(Vias R, ps by i, b 4i2) 5 (FL R, pypa,v) in 9Ma(759).

(ii) For all A >0,
lim lim inf Py, (a an(pn,BRn(pn,anr)c) > \) =

rT—00 N—00

(iii) For each r > 0 and e > 0, there exist deterministic constants o ¢, By, Cre > 0 such that,
for all sufficiently large n, with probability at least 1 — &,

inf by pin(Br, (2, an8)) > Cro 8%, Vs € (0,1),
zEBR,, (pn,anT)

for some ¢, > 1V oy,

lim sup lim sup P,, (b ! Hq”(BRn(pn,an’r)) > )\) =

A—00 n—o0

Theorem 9.20. Suppose that Assumptwn is satisfied. Then the measure v43& belongs to
the local Kato class ofX P-a.s. Moreover, if we write I1 for the collision measure of X' and
X? associated with v, then

(Vn,an Run, prs b i, b Mnﬂ(xn,nn)) N (F,R,p,u,u,z(XH))

in ZJJI.(TE&Q X TOM) -
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Proof. This is verified by following the arguments in the proof of Theorems and and
therefore we omit the proof. O

The next proposition is a counterpart of Proposition in the setting of random electrical
networks. As its proof follows the same idea as in Theorem we state the result without
proof.

Proposition 9.21. In addition to Assumption[9.1]()| and[(ii)|, assume that the following con-
ditions hold.

(vii) For each r > 0,

lim lim inf P inf z)>el| =1,
e—0 n—oo " <$€BRn (pn,anr) 'un( ) >

lim lim sup Pn< sup () > /\> =0.

A=00 n—o0 2E€BR,, (Pn,an)

(viii) As n — 00, b, — 00 in probability.

(ix) For each r >0 and € > 0, there exist deterministic constants oy, By e, Cre > 0 such that,
for all sufficiently large n, with probability at least 1 — e, we have b, > e and

1
inf b i (Br, (x, > O s, Vse 1.
i anr) PR (B2 0%)) 2 Cre ST, <(logbn)(loglogbn)”ﬁ“ )

Then the conclusion of Theorem [9.20 holds.

9.4.1 Critical Galton—Watson trees

In this subsubsection, as an application of Theorem [9.20, we establish the convergence of the
uniform collision measures of i.i.d. CSRWs on critical Galton—Watson trees conditioned on their
size, see Theorem below. For definitions and further details concerning trees, we follow [53].

Fix a probability measure m = (m)x>0 on Z4 such that >, -, k7, = 1, p1 < 1, and whose
variance is 02. We do not assume that 7 is aperiodic. Let d denote the period of 7, that is, the
greatest common divisor of the set {k > 1| 7, > 0}. Then d = 1 corresponds to the aperiodic
case, and when d > 2, all the statements below should be understood along the subsequence
n € dN. Let TSV be the Galton-Watson tree with offspring distribution 7 (see [53, Section 3]
for its definition). We write T}, for a random plane tree having the same distribution as T¢W
conditioned on having exactly n vertices, which is well defined for all sufficiently large n. We
denote by P, the underlying probability measure for T,,.

We begin by fixing some notation for T,. Let p, denote the root of T;,, and let d, denote
the graph metric on T),. For each x € T,,, we denote by deg(z) its degree, that is, the number
of vertices adjacent to x. We then define the degree measure u,, on 7T, by

pn(A) = Z deg(z), ACT,.
€A

More generally, for each ¢ > 1, we define the ¢g-th power degree measure p, on T}, by

pud(A) = Z deg(x)!, ACT,.
€A

The scaling limit of 7}, is the continuum random tree. To recall it, we define e = (e(t)):cpo,1)
to be the normalized Brownian excursion, built on a probability space with probability measure
P. We write (Te, de) for the real tree coded by e and pe : [0, 1] — T¢ for the canonical projection
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(see [53, Section 2]). The canonical Radon measure on T is given by pe = Lebo(pe) !,

where Leb stands for the one-dimensional Lebesgue measure. We define the root pe by setting
pe = Pe(0). It then holds that

o 1 .
(TTH ﬁdTw Pns n#n> — (Te’ d97 Pe; Me) m ﬁ' (TMﬁn)7

where we recall that £e(-) was introduced at the end of Section This is an immediate
consequence of [4, Theorem 23] and [I, Proposition 3.3]. See also [61, Corollary 8.7] for this
extension to offspring distribution with infinite variance.

In order to apply Theorem we need to prove the convergence of the squared degree
measures ,u%. As a first step, we establish their tightness. The following proposition in fact
provides a stronger statement.

Proposition 9.22. Fiz q > 1. Assume that the offspring distribution has a finite g-th moment,
i€, Y > ki, < oo. Then, for any ko > 0,

1 -
nlglgo ;En Z deg(x)? 1{deg(a:)>k0}] = Z (k+ 1) my.
€Ty k=ko
Proof. Let vg = pr,v1,...,v,—1 be the vertices of T}, in lexicographical order. Write &, ; for

the number of children of v;. Let (Y;)?2; be ii.d. random variables with distribution 7, with
underlying probability measure P. By [41, Lemma 17.1], the multiset {gm};fggl has the same
distribution as {Y;}, conditioned on Y ;" ; ¥; = n — 1. Thus, writing S, = > ; ¥;, we have

1 n—1 1 n
SEn | (G + 1)1 1{en,z-+1>ko}] = 2B _(Yi+ D' Yyiasko) [ Sn =1 = 1]
i=0 1=1

== E[(Yl + 1)(] 1{Y1+1Zk0} ‘ STL = n — 1] .
The last conditional expectation equals

E[(Yl + 1)q 1{Y1+1>k0}1{S :n—l}] P(Sn_l =n—1- k‘)
= n 1 q
P(S,=n—-1) kzk (k+ 1)t P(S,=n—-1)
=ko

where we used the Markov property of (S,)n>1. By the local central limit theorem,

2

sup v27702nP(S’n—n:l)—exp(— ) —0
ez 202n/| n—oo
(cf. [69, Chapter VII, Theorem 1]). It follows that
P(Sn_l =n-—1 —k‘)
sup su < 00,
oths0  P(Sp=n—1)
. P(Sn_lzn—l—k)
1 =1 > 0.
Hence, by the dominated convergence theorem,
1 n—1 00
lim ~B, Zg(gm 1) e, ik} | = ;k: (k + 1)y (9.18)
i= =ko
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Except for the root, the degree of a vertex equals its number of children plus one. Therefore,

n—1
1
Z deg(ﬁﬂ)q 1{deg(:c)2kg} n Z(én,i + 1)q 1{§n,i+12k0}] (9.19)
z€T), =0

1
= B[ (600 + 17— €10) Ligy iz

q _
~Ep (600 + 1) e, 11300} »

IN

where, for the last inequality, we used the elementary bound (z + 1)? — 27 < g(x + 1)4~! for all
xz > 0. By [41, Lemma 15.7],

Pn(gn,ozk):%kp(ylzk\snzn—l), Vk > 0.

Hence,

n oo

n (§n70 + 1)(171 1{£n,i+12k0}i| = o 1 Z (k? + 1)(171 kP(Yl = :IC ’ Sn =N — 1)
k=ko
n
< n 1 E[(Yl + 1)q1{y1+12k0} ‘ S, =n— 1] ,

which converges to the same limit as (9.18)), as n — co. Combining (9.18) and (9.19)) yields the
desired result. O

Combining the above proposition with the results of [63, Section 7], we obtain the convergence
of the squared degree measures as follows.

Theorem 9.23. It holds that
o? 1 1
(Tna ﬁdna pna E/‘Lna nﬂ?‘[,) — (Tev d67 pev He, (02 + 4)#6) .

in Re (7'/%2).

Proof. Define a Radon measure i, on T,, x N by setting

Nn({l‘} X {k}) = l{deg(:v):k:}y reTy, kel

Define a probability measure @ = (7%)r>1 on N by setting 7}, = m,_; for each k > 1. By
following the proof of [63, Corollary 7.4], we deduce that

2
o 1 1. d -
(Tn7 mdn? pna ;Mna n,“n) — (Tea d87 pea /'L97 ,Lte ® Tl') (920)
in Re(TrMmg, X TMg, (Pid XRZO))' For each M € N, we define a Radon measure ,u% v on T, by

pnar({z}) = (deg(z) A M)

For any function f on 7,,, we have

F@) ) = 3 f@)eg(w) M = [ pla)lln MY oo db).

Tn x€T),

Thus, if we define a Radon measure pe ar on 7Tg by

fre,m (dz) = (Z(k A M)27~Tk> pre(dz),
k=1
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then we deduce from ({9.20)) that

2/

For any subset A C T,,, it holds that

0’2 1 1 2 d
Tna 7dn7 Pns ﬁﬂna E/‘%,M - (Tea dev Pe; He, ,U’e,M) . (921)

1 1
= 2 00 (A) = 2] £ S deg(@)? Legers ur- (9.22)
.’EGTn

Since
o o
Zk27~Tk = Z(k + 1)2pk =02 + 4,
k=1 k=0

we have that, for any Borel subset A of Tg,

(02 + D pte(A) — pre s (A)| < Y K . (9.23)
k>M
Now the result is immediate from Proposition [9.22} (9.21)), (9.22), and (9.23). O

We are ready to prove the main result, Theorem below. Let Y,! be the CSRW on T},
and Y,? be an independent copy of Y,!. For each i € {1,2}, we define the scaled walk X! by

Xi(t) =Y (207 %), t>0.
We write X,, = (X!, X2) for their product process. Define a collision measue II,, by

Hn(diﬂdt) =n Z 1{X}L(t)=X,2L(t):y} 5y(dl’) dt.
y€Tn

By [61, Corollary 8.11], (Te,de, pe; tte) € Re, P-a.s. Given a realization of (Te,de, pe, fte), We
write X! for the associated process and X2 for an independent copy of X!. We then set
X = (X!, X?) for their product process.

Theorem 9.24. Assume that the offspring distribution has a finite g-th moment for some q > 3.
Then ui““‘g belongs to the local Kato class of X, P-a.s. If we write 11 for the collision measure
of X' and X? associated with (0 + 4) e, then

o 1 1, 9
(Tn7 ﬁdn)pnv Eﬂna nﬂn7£()2n7nn)> — (Tev de»/»’ev,uea (U + 4)#67‘6()27]‘[)) .

in ﬁ.(TJ%lQ X TCM) -

Proof. By placing conductance 1 on each edge of T;,, we regard T,, as an electrical network.
Then the graph metric d,, coincides with the resistance metric on 7;, (see [48, Proposition 5.1]).
Thus, it is enough to verify that Assumption [9.19]is satisfied.

By Theorem Assumption [9.19(1)| holds. Moreover, the same theorem implies that the
diameters of the metric spaces (T, ﬁdn) converge in distribution to the diameter of (Te, de).
(This follows from the continuity of the diameter with respect to the Gromov—Hausdorff topol-
ogy; see [21] Exercise 7.3.14].) From this, one can verify Assumption [9.19(i1)l Furthermore, by
[61], Proposition 8.10], we deduce that for every ¢ > 0 there exists a constant ¢, > 0 such that

lim inf Pn< injf n Ly, (Bdn (x, 20_1\/ﬁr)) > Cqe rit e (0, 1)) >1—=.
ASY A%

n—oo

Combining this with Proposition we obtain Assumption [9.19(iii)l Therefore, the desired
result follows from Theorem [9.20] O
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Remark 9.25. The above theorem is proved under the finite (3 4+ €)-moment assumption,
but the convergence of the collision measures is in fact expected to hold under the weaker
assumption that the offspring distribution has finite variance. Indeed, in this case the squared
degree measures still converge to (62 + 4)ue by Theorem so the result should follow once
the heat-kernel condition (Assumption [7.15((ii)|) is verified. However, verifying this condition
appears to require finer heat-kernel estimates beyond the argument based on Holder’s inequality
and lower volume bounds used in Theorem [0.20] In the infinite-variance regime, by contrast, the
squared degree measures are expected to become singular with respect to the invariant measures,
suggesting that collisions would concentrate on vertices of exceptionally large degrees, which
would be an intriguing direction for future study.

A Omitted proofs and technical results

A.1 Proof of Proposition 4.6

Recall the setting of Section In particular, we consider a standard process X satisfying the
DAC condition (Assumption, with dual process X, reference measure m, and heat kernel
p. In this appendix, we prove Proposition [4.6] To this end, we recall several notions from the
potential theory of Markov processes.

Recall that, given a Borel measure v on S and a > 0, its a-potential is given by

R (z) = /Ta(x,y) v(dy), z=€S.

When v(dx) = f(x) m(dx) for some non-negative Borel measurable function f, we simply write
R f := R%. The mapping f — R*f is called the a-potential (or resolvent) operator.
A measurable function f: .S — [0,00) is said to be a-excessive if it satisfies

e BT f(X,)] < f(z), t>0,2€S8,

and
lime " E*[f(X)] = f(z), =€,

t—0

(see [18], Definition 2.1 in Chapter I11]). A o-finite Borel measure v on S is said to be a-ezcessive
if and only if it satisfies

/ e M E*[f(Xy)]| v(de) < / fx)v(dx), Vt=>0,
S S

for all non-negative Borel measurable functions f on S (see [18, Definition 1.10 in Chapter VI).
Let m’ be a Borel measure on S. A Borel subset A of S is called m’-polar if and only if

/Px(JA < oo)m/(dx) =0
S

(see [22, Definition A.2.12]).

Concepts corresponding to the dual process X are prefixed with “co-”; for example, a function
that is excessive for X is called a coezcessive function. We also attach the symbol © to the
corresponding notation; for instance, R® denotes the a-potential operator associated with X.

Proposition readily follows from the next proposition.

Proposition A.1. Let p be a Borel measure on S. If |R%ullcc < oo for some o > 0, then p
charges no m-copolar sets, i.e., u(E) = 0 for any m-copolar Borel set E.
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Proof. The claim follows by applying [I5, Theorem 3.4.1] to the shifted resolvent operators
{R*+B} 5.0 of the dual process X. Our argument below follows the proof of [I5, Theorem 3.4.2].

Let g: S — (0,1] be a Borel measurable function such that [ g(z)m(dz) < co, which exists
by the o-finiteness of m. Define Borel measures m’ and p/ on S by

m’ = (g-m)oR*, p o= o R

Here, R“ is regarded as an operator acting on measures, that is, for a Borel measure v on S,
the measure v o R is defined by

(v o RO)(f) = /S R (2) v(da)

for each Borel measurable function f: S — R>o. By duality, for each non-negative Borel
measurable function f on S we have

/ f() m (dar) = / R () () m(de) = / £ (4) R%g(y) m(dy),
/ f(@)  (d) = / R () p(d) = / £(5) RO () m(dy).

Hence,
m/(dz) = R%g(z) m(dz), W (dx) = R*u(z) m(dz).

Since R%g and R are a-excessive, both m’ and p/ are a-coexcessive (cf. [I8, Proposition 1.11
in Chapter VI]).

Noting that g(x) > 0 for all z € S, we have R%g(x) > 0 for all x € S, and hence m is
absolutely continuous with respect to m’. Let h = jr’s, denote the Radon—Nikodym derivative.
For each n € N, define a Borel subset E,, := {x € S | h(z) < n}, and let ), := p'|g,. Then, for

any Borel subset B C S,

1(B) < R tlloe m(En N B) = [R%]|oo / h(z) m (dx) < nl|R*ulloo ' (B).

E,.NB

By assumption, ||[R*ullcc < oo. Therefore, y' is m/-quasi bounded in the sense of [I5], p. 88].
By [15, Corollary 1.8.6 and Theorem 3.4.1], it follows that u(E) = 0 for any Borel set E that
is both m/-copolar and m-copolar. Since m/’ is absolutely continuous with respect to m, every
m-copolar set is also m/-copolar. Hence, we have u(E) = 0 for any m-copolar Borel set E, which
completes the proof. O

Proof of Proposition[4.6. By [18, Proposition 1.19 in Chapter VI], every polar set is copolar
(and hence m-copolar). Thus, the desired result immediately follows from Proposition O

A.2 Proof of Lemmas [5.22 and

Recall the setting of Section and in particular the maps PO and SO introduced in
Definitions and respectively. We provide the proofs of Lemmas and which are

recalled below for convenience.
Lemma A.2. Fizr § >0 and R > 1.
(i) The map PR is Borel measurable.

(ii) Fiz an arbitrary sequence (Gn,Vn,Mn)n>1 converging to (q,v,n) in the domain of POL)
Assume that

26
sup sup/ / an(u,y, 2) v (dz) du < . (A.1)
n>1yesJs Js

Then BOE) (g, vn,mn) converges to PO (q,v,n) in Cp(Rso, Rx).
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Lemma A.3. Fix 0 >0 and R > 1.
(i) The map &R is Borel measurable.

(i) Fiz an arbitrary sequence (Gn,Vn,Mn)n>1 converging to (q,v,n) in the domain of &R,
Assume that

20
sup sup/ /qn u, Y, 2 )(dz) du < 0. (A.2)
n>1yes

Then &R (g, vn,mn) converges to SO (q,v.n) in My in) (S X Rx0).
We first prove Lemma

Proof of Lemma[A.3. Since the argument is rather long and technical, we first give an outline.
We begin by constructing a family of continuous maps {6(6’R’r) brso0- Conditionis then verified
by showing that &) converges pointwise to &) as r — co. Furthermore, condition
follows from the fact that, under , the family &%) uniformly approximates &),

To define PO we use the cutoff function introduced in , that is,

() ::/ lgw(z)dv, z€S, r>1.
r—1

Recall that x(") is continuous. Moreover,
v A 1g  pointwise as r — oco. (A.3)
(6,R,r)

For each r > 1, we define a map &

GORI: O(Rog x S x S, R>0) x M(S) x Dyo(Rsg,S) — C4(Rsg, R>0)

1 00 20 ~
(q,v,m) — 6/0 1(m7t)(.)/s/5 X(T)(nt) q(u,me, ) duy(R)(dm) dt.

Using this map &%) we prove the results simultaneously. Fix an arbitrary sequence (qns Vn,
Nn), n > 1, converging to (¢,v,7) in the domain of &%) Fix a bounded continuous function
F on S x R>( whose support is contained in R>o x [0,7] for some T' € R>o. Write

6 = [ Pl //5 (10 (1)) gt (1) ) s 470 ()
¢ .1 / / / ? o, (1), z) du P (dz) dt,
Gpn = 5/ (nn(t //25% (w, mn (t )duu( ) (dz) dt,
= 5/0 F(n(t),t //26 (u,n(t), z) du '™ (dz) dt.

We first show that S(&7) is continuous for each 7 > 0. Fix r > 0. It suffices to show that

by

Gy —— G (A4)
By the convergence of ¢,, we have
sup {qn(u,y,z) ‘ we 6,2, ye ST, z e S(R)} < o0. (A.5)

n>1
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For each n > 1, define

26
ful) = 5// (0 (8), ) X7 (30(1)) @1ty (1), @) dudt, @ € 8.

Similarly, define

2
5/ / )X (1)) g(u,n(t), ) dudt, x € S.

By the dominated convergence theorem, one readily verifies that all the functions f,, and f are
continuous. By definition,

r)_/fn d:c ’")—/f 1) dw

Hence, it suffices to show that

Tim / Folz) 5 (da) / f(z) 0P (dx).

Since V7(L ) o) weakly, Lemma implies that the above convergence holds once we show
frn — f in the compact-convergence topology.

Let (zy)n>1 be a sequence converging to x in S, and fix an arbitrary subsequence (ny)k>1. By
the LP-convergence of 7, to n, we can find a further subsequence (ny))i>1 such that My (8) =
n(t) for Lebesgue-almost every ¢ > 0. For every such ¢, by the convergence of g, to ¢ and the
continuity of x("), we have that, for any u > 0,

X(T) (nnk(l) (t)) an(l) (U, Unk(l) (t)7 J;nk(l)) l—> X(T) (n(t)) q(“’ T’(S)7 $)

—00

This, together with (A.5)) and the dominated convergence theorem, yields
1 (T 2
fnk(l) (-Tnk(l)) = g /0 /5 F(T/nk(z) (t), t) X(T) (nnk(l) (t)) Any (U, M (t), ﬂfnk(l)) du dt

T r26
l—>—oo>(15/0 /5 Fn(6),t) X" (n(t)) a(u, n(t), x) du dt

Since the subsequence (ny)i>1 was arbitrary, we conclude that fy,(z,) — f(z), which implies
that f, — f in the compact-convergence topology. Therefore, the map &7 is continuous for
each r > 1.

By and the monotone convergence theorem, one readily verifies that

G —— @, (A.6)

7—00

which implies that

SR (g, v,m) —= SOR) (g v,m)  in M, in)(S X Rsg).

In particular, the map &%) is the pointwise limit of continuous maps, and hence we obtain
It remains to verify Assume that the above sequence (gn, Vn, n)n>1 satisfies (A.2), that
is,

20
= supsup/ /qn u, Y, 2 )(dz) du < 0.
n>1yes
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By definition,
XM (z) —1| < lg\se-n(z), Ve es, r>1

This yields

G -G

F o T 20 ~
< W [0 om0 )2 o )
< WMy (1 0,77 ey ¢ ),

By Lemma the last expression converges to 0 in the successive limits n — oo and then
r — 00, that is,
lim limsup |G — G,| = 0.

T—=00 n—oo

Combining this with and , we obtain that GG,, — G, which yields the conclusion of
O
Lemma is then readily verified by Lemma
Proof of Lemma[A.3 Define a map
T My (S x Rx0) 2 8 — (= (S x [0,1])) € LY (R>0, R>0).

It is readily verified that the map ¥ is measurable (in fact, continuous). By definition, we
have PO = T o G0H) Hence the map P@H) is measurable when its codomain is taken to
be LO(RZO,RZO). Moreover, as in Proposition the space C4(R>0,R>¢) is a Borel subset
of L°(R>0,R>¢). Therefore, P71 is Borel measurable with respect to its original codomain
Cr(R>0,R>).

Fix an arbitrary sequence (¢n,Vn,7n)n>1 converging to (q,v,n) in the domain of PO

Then, by Lemma we have

6(6’R) (Qny VUn, nn) _>—> 6(6’5{) (% v, 77) in M(*,ﬁn)(S X R20)~

By the same argument as in the proof of Proposition [2.25(1), we deduce that

SO (g, 1,10 (8 % [0,]) —— &CR (v, m)(S x [0,1]) in Cr(Rso,Rso),

n—oo

which completes the proof. O

A.3 The function trfgs

Here, we prove some technical results that are used in Section [9.3] For each 8 > 0, define a
bijective function trfg: (0,1/e) — (0,00) by setting

1
log(1/t) (loglog(1/t)) """

We write trf;lz (0,00) — (0,1/e) for its inverse.

trfﬁ (t) =

Lemma A.4. For each 8 > 0, the following statements hold.
(i) It holds that

1
trfg(t
lim/ s 4y _ o,
6—0 0 t
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(ii) For any o > 0,
0
1
lim —— g dt = 0.
%0 Jo (ts(0)”

rf 7! = ex ——1+0(1)
trfy " (t) p( t(log(l/t))H”B)'

(iii) Ast 10,

Proof. By the change of variables s = log(1/t),
3 trf o 1 5] 1
/ trip(t) 5(t) dt:/ B 75 ds = [— (logs) ﬁ] = 3
o t log(1/8) s(log s) B log(1/3)  B(loglog(1/8))

which yields the desired result.
Using the same substitution s = log(1/t),

0 1 / e a(1+8)
—  __dt= e % 5% (log s ds.
/0 (trfa(t)) log(1/6) (108 5

The integrand is dominated by the exponential factor e™®, hence the tail integral tends to 0 as
0 — 0, which yields the claim.
Define three bijective functions:

g1: (0,1/e) — (0,00), ¢+

1575 log(log(l/t)),

g2: (0700) - (0,00), UHueu’
1

Tt p )

© gy Lo g3 1. A direct computation gives

g3: (0700) — (0700)7

Then trfg = g3 0 g2 © g1, hence trfg1 = 91_1

_ . 1 B
o' () = exp(—eW), grl () = O,

The inverse of go is the Lambert W function, and as v — oo,
_ u
g3 () = log (1) +o(1)
(cf. [23, Equation (4.20)]). Therefore, as t | 0,

— log(trf[;l(t)) = exp((l + B) 92_1 (ggl(t))>

—1/(148) 1+5
log(1/t) (1 + 0(1))>

which proves the desired asymptotic. ]
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B An inverse version of the continuous mapping theorem

Let S1 and Ss be bcm spaces and let f: S; — S be a continuous map. By the continuous
mapping theorem, the pushforward map g + o f~! from M(S;) to M(Ss) is continuous.
When f is injective, the Lusin—Souslin theorem (Lemma ensures that f(B) is a Borel
subset of So for every Borel set B C S;. Hence, one can define the map in the inverse direction
v — vo f from M(Sz) to M(S7). Although this map is not continuous in general, its continuity
can be ensured under certain additional assumptions. Below, we provide a result on this point,
which is used in Proposition

Proposition B.1. Let S; and Sy be bcm spaces and let v: S1 — So be an injective Borel
measurable map such that its image 1(S1) is closed in Sy and its inverse is continuous. Let
(Xn)n>1 be a sequence of Radon measures on Sa. Assume that supp(X,) C ¢(S1) for alln > 1,
and that ¥, — X vaguely. Then X, ot — ¥ ot vaguely as measures on Si.

The idea of the proof is to show that the restrictions of the measures to ¢(S7) still converge
vaguely. Once this is obtained, the desired result follows from the continuous mapping theorem.
We use the following lemma to verify the convergence of such restrictions.

Lemma B.2. Let S be a bcm space, and let (£,),>1 be a sequence of Radon measures on S
converging vaguely to ¥. If a closed subset F of S satisfies supp(X,) C F for allm > 1, then
Yulr — X|F vaguely as measures on F.

Note that this is not a consequence of the standard fact that vague convergence is preserved
under restriction to continuity sets. Indeed, we allow that the limiting measure ¥ has positive
mass on the boundary of F.

Proof of Lemma[B.2 Fix a compactly supported continuous function f: F — R, and set K =
supp(f). Choose a continuous function x: S — [0, 1] with compact support such that x =1 on
K. Then x(z) X,(dz) — x(z) X(dz) weakly. By Lemma [2.9] it follows that

lim [ (@) x(@) Budn) = [ f(e) (@) Bl

n—00 F

Since f vanishes outside K and x =1 on K, we conclude that

im [ f() S (de) = /F () S (da).

n—oo F
This completes the proof. O
Now we can prove Proposition

Proof of Proposition[B.1. By Lemma we have X, [,s,) — X,(s,) vaguely as measures on
t(S1). Applying the continuous mapping theorem to the inverse t=1: ¢(S1) — S, we obtain

Ynot=3%uls)0t— Xl s)yor=201

vaguely as measures on S7. This completes the proof. 0

C Replacement of the L' topology by stronger topologies

Throughout this paper, we have primarily worked with the L° topology on path spaces of stochas-
tic processes, and most of our main results are formulated and proved under this topology. This
choice allows us to establish the results under minimal assumptions and to cover a wide range
of applications. In many concrete situations, however, the convergence of stochastic processes
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is known to hold under stronger topologies such as the compact—convergence topology, the J;-
Skorohod topology, or the M; topology. In this appendix, we provide a result which ensures
that whenever such stronger convergence holds, the L° topology appearing in the statements of
the main results can be replaced with the corresponding stronger topology.

Proposition C.1. Let X1, X2, and ) be Polish spaces. Assume that the following conditions
hold.

(i) The set X1 is a Borel subset of Xs.
(il) We have B(X1) ={BNX; | B € B(X2)}.
(iii) The inclusion map X1 — X2 is continuous.

Let (X,Y) and (X,,Yn), n > 1, be random elements of X1 X ), where each pair (X,,,Yy) and
(X,Y) is defined on its own probability space. If X, % X in X1 and (X, Ys) LN (X,Y)
n o0

n—oo

in Xy x 2, then (Xn,Yy) ﬁ (X,Y) in X1 x 9.

Proof. By the assumption, the family {(X,,,Y;)}n>1 is tight as random elements of X; x 2.
Assume that, along a subsequence (ny)i>1, the law of (X,,,Y,,) converges to a probability
measure P on X; X . By we can apply the continuous mapping theorem and deduce
that the law of (X, ,Y,,) also converges to P as probability measures on X2 x ). Then, by
the assumption, we deduce that P coincides with the law of (X,Y") as probability measure on
X2 x Q). Conditions |(i)| and yield that P coincides with the law of (X,Y") as probability
measures on X1 X ). This implies the uniqueness of the limit P, which completes the proof. [

Remark C.2. By the Lusin—Souslin theorem (Lemma , condition follows from the
continuity of the inclusion map in condition

We illustrate an application of Proposition Consider the setting of Section Suppose
that the standard process X satisfies the weak .Jj-continuity condition (Assumption SO
that the map Lx is continuous with respect to the weak topology induced by the J;-Skorohod
topology. Let A be a PCAF in the local Kato class. Then, by Theorem the map Ly 4 is
continuous with respect to the weak topology induced by the product of the L? topology and the
compact-convergence topology. Applying Proposition we see that this continuity remains
valid when the L° topology is replaced by the .J;-Skorohod topology.

D The product process of independent standard processes

In this appendix, we prove that the pair of two independent standard processes is again a
standard process.

Fix two locally compact separable metrizable topological spaces S; and So. For each i €
{1,2}, we write S; U {A} for the one-point compactification of S;. We fix, for each i € {1,2}, a
standard process on 5;, denoted by

X' = (i, My, (X])te(0,00] (PF)zesas (07)ie0,00])-

We first recall the product process of X! and X? from Section Let (S1 x S2) U {A} be
the one-point compactification of the product space S; x Sy. For each & = (x1,22) € S x S,
we define P* = P ® Py?, which is a probability measure on the product measurable space
(2, M) == (Q1 X Q2, My @ My). Also, we define P2 := P2 ® P2. For each w = (wy,ws) €  and
t > 0, we set
Rw) = {(Xé(wn,Xf(wz)), £< Culen) A Galw),
A, t > (1(w1) A Ga(w2),
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A~

where (; denotes the lifetime of X? for each i = 1,2. Finally, we define, for each w = (w1, ws) €
and t > 0,

Ou(w) = (0; (1), 07 (w2))-

The main result is the following.

Theorem D.1. In the above setting,

X = (Qa Ma (Xt)te[o,oo}> (Px)xe(Slxsz)U{A}7 (Qt)tE[O,oo])
s a standard process on S1 X So.

Let (?f(l’o)tzo be the filtration generated by X!, that is,
EFtXl’O =o(X}s <t).

We similarly define (3"5(2’0)1520 and (3'{(’0)1520 to be the filtrations generated by X2 and X,

respectively. Below, we state a basic result regarding (&"tX 1’0)t20. In the following lemma, for
sets A and B, and a subset C' C A x B, we write C|(, ) = {b € B | (a,b) € C} for eacha € A
and Cl(,p) = {a € A| (a,b) € C} for each b € B.

Lemma D.2. Fizt € [0,00) and A € H’f(’o, Al(siwn) € 3"tXl’0 for any wo € Qa, and Al 4 €
?txz’ofor any wy € .
Proof. By the m-X theorem, it is enough to consider the case where A = ();_, X S_kl(Ak), where

n €N, s € [0,t], and Ax € B((S1 x S2) U {A}) for each k. Fix wy € Q9 and write By =
Ak|(*’X3k (ws))> Which is a Borel subset of S. We then have that

A‘(*wz) = {wl €y | (Xslk(wl)angk(w2)) € Ay, Vk € {11 .- 7n}}
= {w1 e | X;k(wl) € By, Vk € {1,...,77,}}.

1
From the last expression, we see that Al .,) € 9’5( 0, Similarly, one can prove the second
assertion. O

We next verify that X is a Markov process. Recall that, given a filtration (Gt)>0, its right-
continous version (G )i>o is defined by Gy = (1,5, Gs.

Lemma D.3. The process X is a normal Markov process, and it has the Markov property with

respect to (?,fio)tzo.

Proof. Recall the definition of a normal Markov process from [32, p. 385]. We briefly check
conditions (M1)—(M5) in [32, p. 385]. All these conditions, except for (M4), are readily verified
since each X' and X? satisfies the corresponding conditions. To verify (M4), we show the
Markov property of X with respect to (?ffr’o)tzo.
Fix s,t € [0,00), = (z1,22) € S1 X Sa, E € B(S1 x S2), and A € ?gi’o. It suffices to show
that R
E*[15(Xgye) - 1a] = B*[PX(X, € E) - 1,]. (D.1)
We first consider the case where E = E; x Ej for some E; € B(S1) and Ey € B(S2). By
Lemma |D.2, we have Al .,) € S‘fil’o for each wy € Q. Thus, using the Markov property of X!

1
with respect to (Cﬂ)f +’O)u20, we deduce that, for each wy € Qo,

1y .
/ 15, (X0 (wi))1a(wr,wa) P (dwy) 2/ P (X! € Ey)la(wr, we) PP (dwn).
Ql Ql
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Similarly, for each wy € Q,

1w "
/ 15y (X4 (w2)) L (w1, ) P2 (deon) = / PXED (X2 € By) 1 (w1, wn) PE2 (duon).
QQ QQ

Therefore, using Fubini’s theorem, we deduce that

A~

E*[15(X,4t) - 14]

/Q /Q 1y (XL (00) Ly (X244 (w2)) 1 (w1, w2) PP (dor) P2 (dloon)

2

/ PM@(xT € B)PN @) (X2 € By)1p(wr, wa) PP (dwr) PY? (dws)
Q1 JQo

- / PR (X, € B)1a(wr,ws) PP (d(wn,wn))
Ql XQQ
— 7 [PN(X, € B) - 14].

Thus, (D.1) holds for E = FE; x Es. It is now a standard argument to extend the result to
general Borel subsets £ C S5 x Ss. ]

We next prove that X is a Borel right process (see [22, Definition A.1.17] for the defini-
tion). To this end, we introduce some notation for filtrations of Markov processes. Recall that

(?f(l’o)tzo denotes the natural filtration of X!, and set g0 = Us>o ff"tXl’O. Given a probability
measure 4 on S; U{A}, define

() = /S oy POl

which is a probability measure on (£, Sr"g(ol’o). We then let 3"3‘01 # denote the PH-completion of
9’501’0. Let A" be the collection of all P*-null sets in 5%21’“, and set fﬂxl’” = 0(3"5(1’0, NH)
for each t € [0,00). When p is the Dirac measure . at x, we simply write 3’"5(1’3‘” = 3’51’61,
t € [0,00]. The minimum augmented admissible filtration (F7* l)te[om] is then defined by

5= () F el
HEP(S1U{A})

The same notation applies to X2 and X.

Lemma D.4. The process X is a Borel right process.

Proof. Fix a probability measure p on (S x S) U {A}. By Lemma and [32, Lemma A.2.2],

the filtration (F; *);>0 is right-continuous. Fix s > 0, an (F; )

By [22, Theorem A.1.18], it suffices to show that

_stopping time o, and A € Fo "

E‘N [1E(Xo+s) B 1{a<oo}} = E,u [PX" (XS € E) -1p - 1{0‘<OO}:| , VE € B(Sl X 52)

By the monotone class theorem, it is enough to prove the following: for any bounded and
continuous function f;: S; — [0,00), 7 € {1,2},

B (XA ) (X200 1a - Lpenny] = B¥ {EX"[fl(Xsl)h(Xf)] 1A Lfocoo} | -

From [I8, Chapter I, Exercise 4.14], for each i € {1,2} the map z — E¥[f;(X!)] is continuous
in the fine topology of X*. By [I8, Chapter II, Theorem 4.8], for any = € S; we then have that
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E;Xti [£:(X?1)] is right-continuous in ¢t > 0, P%-a.s. Using the independence of X! and X?, we
obtain . . 2
EXAX) LX) = By [A(X)] By [f2(X)],

and hence A
EXf1(X1 fo(X32)] is right-continuous in t > 0, PH-a.s. (D.2)
For each n > 1, define
_ [2"e] +1

Then o, is an (fﬂ)z’“)—stopping time, and op(w) | o(w) for all w € Q (see [55, Proof of
Lemma 2.2.5]). By the right-continuity of X and (D.2)),

EAW [fl(X;—&-s)f?(Xg—&—s) “1p- 1{U<oo}] = nhﬁr{olo EAW [fl(X;n-i—s)f?(Xgn—&-s) “1p - 1{Jn<oo}] ,

B ES (XD (X)) 1n - Lpangy] = Jim B | EX [f((XD LKD) 1a - Lgcon)] -

n—oo

Thus it suffices to prove that, for each fixed n,

BR[f1(X0 40 o(X2 1) Ta - U coy] = B [N (XD RO 1a 1, cy] - (D3)

Fix n > 1. By [32, Lemma A.2.3], there exist an (fffi’o

such that

)-stopping time o/, and A’ € F°

PH(o, #0') =0, EF|1x—1p] =0,
Nn{o, <theg 0 vi>o. (D.4)

Hence it suffices to prove (D.3]) with o, and A replaced by o], and A’ respectively. Since o},
takes values in {j27" | j € N},

EF [ F1(00 0 ) (X2 1) Ly - Lo o)

M

0 [fl (Xjpny ) F2(X g ) - 1{A/m{a;=j2—n}}}

.
Il
—

ffjg_”nﬂ :

o

B [1{A'm{a;:j2—n}}f‘7” [fl (Xiynp ) fa(XFpny)

<
Il
—

where we used (D.4]). Applying the Markov property of X with respect to ("ft)i’o) (Lemma [D.3]),
this equals

S B o —jr-ep B (XD fa(X2)]|
j=1

r ~X
= BB AKX LX) Ly - 1 ey
This completes the proof. ]
We can now conclude the proof of Theorem

Proof of Theorem [D1] Write ¢ for the lifetime of X. By the definition of the product process
X, we have

C=CG A, (D.5)
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where we recall that (; denotes the lifetime of X' for each i € {1,2}. By Lemma it
remains to show the quasi-left-continuity of X on (0,¢). We note that, by Lemma and [32,
Lemma A.2.2], the filtration (3’"5( )t>0 is right-continuous.

Fix x = & € S x S2, and an increasing sequence (0y,)p>1 of (&"fz)tzo—stopping times such
that o, (w) converges to o(w) € [0, ¢] for each w € . Note that o is also an (S"t)z)tzo—stopping

time thanks to the right-continuity of (F;¥);>. Using [32, Lemma A.2.3], we can find (S"t)(_;o)tzo-
stopping times 6,, n € N, and ¢ such that

P*(A)=1, where A:={o=a, and 6, =0y, for all n} € 3"5;. (D.6)
By the definition of ?gi, we have A € 3‘22”” Thus, we can find A/, A" € 9750’0 such that

NCACA'  PPA'\AN)=o. (D.7)
It follows from , , and Fubini’s theorem that

Pr(A) = /Q PE N |ray) P32 (de) = 1.
2

2
In particular, there exists a set Q9 € F% ¥ such that

Py () = 1, (D.8)
PPN () = 1, Vws € Q. (D.9)
The second property yields that
A (k,w2) € ?é(l’wl, Ywy € Qg (D.10)
Fix wo € Q3. We define
. A
5o () i 4 O @12, w1 € ,|<*,w2>7 (D.11)
0, w1 & AN (s n)-
Similarly, for each n € N, we define 6%2. We deduce from Lemma and (D.10)) that 62 is

an (?ﬁl’xl)tzo—stopping time. The same holds for 62 for each n € N. By the inclusion A’ C A

given in and the definition of A stated at (D.6), we have that 5%2(w;) 1 5*2(w:) for each
w € Q. Hence, by the quasi-left-continuity of X! on (0, (1), we obtain that

PP (Tim Xlo, = Xhoy, 32 < (1) = PPU(6* < G1), Ve € O3,
n—oo 9n

It then follows from and (D.11)) that
P ( lim X}

n—yoo  on(w2) T

X;(,’w), 5‘(-,&)2) < Cl) = Pfl(&(',wg) < Cl), VWQ € Qg

Integrating both sides of the above equation with respect to Py?(dws) and using , we obtain
that

Pw< lim X! =X} 6 < gl) = PG <q). (D.12)
n—o0
By the same argument, we also deduce that
Pm< lim X2 = X2, 5 < 42) = PG5 < ). (D.13)
n—+00 "

Therefore, we conclude from (D.5)), (D.6)), (D.12]), and (D.13)) that

Pw( Lim Xcrn = Xm o< C) = I:’w(a < C),

n—0o0

which implies the quasi-left-continuity of X on (0,¢). This completes the proof. O
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Remark D.5. By the same argument, one can verify that if both X' and X? are Hunt processes,
then so is X.

Below, we state that the DAC condition (Assumption 4.1)) is inherited by the product process.

Proposition D.6. In the setting of Them“em if, for each i € {1, 2} the process X' satisfies
Assumption with a reference measure m' and the heat kernel p*: Rsg X §; X §; — [0 oo]
then the product process X also satisfies Assumptzon H with the reference measure m' @ m?
and the heat kernel p given by

Bt (21, 72), (y1,92)) = p'(t, x1,91) P2 (t, 22, 42), >0, (21,91), (x2,92) € S1 X Sa,
where we use the convention 0 - oo = 0.

Proof. For each i € {1,2}, let Y* denote the dual process of X*. Then one can readily check
that the product process Y of Y! and Y2 is the dual process of X. Verifying the remaining
conditions regarding heat kernel is straightforward, so we omit the details. O
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