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L1 approach to the compressible viscous fluid flows in the 
half-space 

Jou-Chun Kuo Yoshihiro Shibata 

1 Introduction 

Let 1 < q < oo and -1 + N / q :S s < 1/ q, where N 2". 2 is the space dimension. In this paper, we 
use the L1-Bi!1 x Bg,1 maximal regularity framework to show the local well-posedness of the 
Navier-Stokes equations describing the isotropic motion of the compressible viscous fluid flows 
in the half-space. Let 

The equations considered in this paper read as 

{ 

Pt+ div(pv) = 0 

p(vt + v · Vv) - a~v - ,BV divv + V P(p) = 0 

vlaJRN = 0, (p, v) = (po, vo) 
+ 

in IR~ x (0, T), 

in IR~ x (0, T), 
· TTDN ln m.+. 

(1.1) 

Here, p and v = (vi,··· ,vN) are respective unkown density and velocity functions, while the 
initial datum (p0 , v 0) is assumed to be given. Moreover, a and ,6 denote respective the viscosity 
coefficients and the second viscosity coefficients satisfying the conditions 

a > 0, a + ,6 > 0, 

and P(p) is a smooth function defined on (0, oo) satisfying P'(p) > 0, that is, the barotropic 
fluid is considered. 

Since the 1950s, lots of mathematicians have contributed to the research on the local well­
posedness and global well-posedness of compressible viscous fluids. Regarding the local well­
posedness, Solonnikov [17] proved it in w,;•1 with N < q < oo, while Tani [20] proved it in 
the Holder spaces. Strohmer [18] applied the analytic semigroup approach and Enomoto and 
Shibata [8] proved it in the Lp-Lq maximal regularity class, where R boundedness of solution 
operators have been used. When the fluid domain is the whole space, the local well-posedness 
was proved by Charve and Danchin [4] in the L1 in time framework. 

As for the global well-posedness, Matsumura and Nishida [11, 12] proved it by energy esti­
mates in the three-dimensional whole space, the half space and exterior domains. After that, 
semigroup approach has been establised. Strohmer [19] proved the global well-posedness by 
the semigroup theory. He formulated the system in Lagrange coordinates. To this end, the 
convection term v · V p can be eliminated and the transformed system can be regarded as a 
pure parabolic type system. Therefore, the derivative loss from the mass conservation equa­
tion vanishes. This idea has also been applied to the maximal regularity approach. As for the 
maximal LP regularity (1 < p < oo ), Shibata [14] proved the global well-posedness in exterior 
domain, which is an improvement of Matsumra and Nishida ' s theory since he minimized the 
requirement of the regularity of initial data. On the other hand, for the endpoint case p = 1, 
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which is the maximal L1 regularity. R. Danchin and R. Tolksdorf [7] proved the local and global 

well-posedness of equations (1.1) in the L 1 in time and B[{q x B[{q-l in space maximal regu­
larity framework for some q E (2, min(4, 2N /(N - 2)), and the main assumption is that the fluid 
domain is bounded. Especially, they consider only the case where s = - l + N / q in our notation 
for thier local well-posedness theory. To obtain the L1 in time maximal regularity of solutions 
to the linearized compressible Navier-Stokes equations, in [7] they used their extended version of 
Da Prato and Grisvard theory [5], which was a first result concerning L1 maximal regularity for 
continuous analytic semigroups. In [7] , they assumed that the fluid domain is bounded, which 
seems to be necessary to obtain the linear theory for Lame equations cf. [7, Sect. 3] in their 
argument. However, our strategy of obtaining the L1 in time maximal regularity is completely 
different from [5] , and our analysis enable us to treat the unbounded domain. Our result here 
is in the half space, which is the model problem. 

1.1 Notation 

Let us summerize the symbols and functional spaces in this paper. Let Lq ( n), and W;' ( n) denote 
the standard Lebesgue space, and Sobolev space on a domain n in N dimensional Euclidean 
space lRN, while II· 11Lq(!1), and II· llwq(!1) denote their norms. For time interval I, Lq(I,X) and 

WJ(I, X) denote respective X-valued Lebesgue space and Sobolev space of order 1. W~(I, X) = 
(Lq(I, X), WJ(I, X))[a] for a E (0, 1). Here, the complex interpolation functiors are denoted by 
(·, ·)10] for 0 E (0, 1) and 1 :s; r :s; oo. For 1 :s; q < oo, we write 

For differentiation with respect to space variables X = ( X1, ... , X N), D 0 j := ag j = a1°1 j / axf 1 · · • 

ax°;" for multi-index 8 = (81, ... , 8N) with 181 = 81 + · · · + 8N. For the notational simplicity, we 
write "v f = { aff 1181 = 1 }, "v2 f = { aff 1181 = 2}, V f = (f, "v f), and V2 f = (f, "v f, "v2 f). For 
a Banach space X, .C(X) denotes the set of all bounded linear operators from X into itself and 
II · 11.c(X) denotes its norm. Let I denote the identity operator and II the N x N identity matrix. 
For any Banach space X with norm 11 · llx, XN = {f =(Ji, ... , fN) I Ji EX (i = 1, ... , N)} and 
llfllx = I:~1 llfillx- For a vector v and a matrix A, v T and AT denote respective the transpose 
of v and the transpose of A. The letter C denotes a generic constant and Ca,b,-·- = C(a, b, · · ·) 
denotes the constant depending on quantities a, b, · · ·. C, Ca,b,---, and C(a, b, · · ·) may change 
from line to line. 

Finally, we shall give the definition of inhomogeneous Besov space B;,r. To this end, we need 
to introduce Littlewood-Paley decomposition. Let ¢ E S(JRN) with supp¢ = ff E ]RN I 2-1 :s; 
l~I :s; 2} such that I:kEZ ¢(2-k~) = 1 for all~ E JRN \ {0}. Then, define 

1/J = Fi1[1 - L¢(Tk~)]. 
kEN 

For 1 :s; p, q :s; oo and s E JR we denote 

if 1 :s; q < oo, 

if q = 00. 

Here, f * g means the convolution between f and g. Then inhomogeneous Besov spaces B;,q(JRN) 
are defined as the sets of all f E S'(JRN) such that IIJIIBs (JRN) < oo. 

p,q 
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Let s E JR, p E (1, oo ), and q E [1, oo]. Then the space B;,r(JR!;'.) is the collection of all 

f E D'(JR:';:) such that there exists a function g E B;,r(JRN) with glR~ = f, where D'(JR:';:) be 

the collection of all complex-valued distributions on JR!;:. Moreover, the norm off E B;,r(JR:';:) 
is given by 

llfllBZ,r(R~) = infllgllBZ,r(ffi.N), 

where the infimum is taken over all g E B;,r(JRN) such that its restriction glR~ coincides with 

f. 
Let fl E {JRN,JR:';:}. It is well-known that B;,q(fl) may be characterized by means of real 

interpolation. In fact, for -oo < so < s1 < oo, 1 < p < oo, 1 S: q S: oo, and O < 0 < 1, it follows 
that 

B0so+(l-0)s1 (fl) = (Hso (fl) Hsi (fl)) 
p,q p ' p 0,q' 

cf. [13, Theorem 8], [21, Theorem 2.4.2]. Here, the real interpolation functors are denoted by 
( ·, ·)0,q• 

1.2 Main theorem 

Our main result of this paper reads as follows. 

Theorem 1.1. Let N - 1 < q < 2N and -1 + N/q S: s < 1/q. Let p* be a positive constant 
describing the mass density of the reference body, and letijo E Ba1 (JR:';:). Setrio(x) = p*+iio(x). 
Assume that there exist two positive constants p1 < p2 such that 

Then, there exist small numbers T > 0 and CTo > 0 such that for any initial data po = p* + po 
with po E B;!1 (JR:';:) and vo E Bg,1 (JR;'.), problem (1.1) admits unique solutions p and v satisfying 
the regularity conditions: 

p- Po E L1((0, T), Bi!1(JR;'.)) n wf((O, T), Bg,1(JR;'.)), 

VE L1((0, T), Bi!2(JR;'.)N) n wf ((O, T), Bg,l (JR;'.)N) 

provided that IIPo - iiollBs+1(IRN) S: CTo. 
q,l + 

(1.3) 

Remark 1.1. The condition -1 + N/q S: s < 1/q requires that -1 + N/q < 1/q. Thus, the 
condition N - 1 < q is necessary for our argument. On the other hand, the requirement of 
s < 1/q comes from our linear theory. To use the Abidi-Paicu-Haspot theory for the Besov 
space estimate of the products of functions (cf. Lemma 2.4 in Sect. 2 below), we have to assume 
that -N/q < s < N/q when q;::: 2 and -N/q' < s < N/q when 1 < q < 2. Since -1 + N/q S: s 
when q;::: 2, we need to assume that -N/q' < -1 + N/q, which is fulfilled by 2N > q. When 
1 < q < 2, we need to assume that -N/q' < -1 + N/q, which is fulfilled by N > 1. Thus, 
N - 1 < q < 2N is necessary for our argument. 

1.3 Problem Reformulation 

To prove Theorem 1.1, it is advantageous to transfer equations (1.1) to equations in Lagrange 
coordinates. In fact, the convection term v · 'v p can be eliminated, the derivative loss from the 
mass conservation equation vanishes. 

Let u(x, t) be the velocity field in Lagrange coordinates: x = (x1 , ... , XN) and we consider 
Lagrange transformation: 

y = Xu(x, t) := x + lat u(x, r) dr, 
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where equations (1.1) are written in Euler coordinates: y = (y1, ... , YN ). If 

II {T v'u(·, T) dTII N :S: co lo Loo(IR+) 
(1.4) 

with some small constant co > 0, and then for each t E (0, T), the map: Xu(x, t) = y is a C 1 

diffeomorphism from JR~ onto <I>(JR~) under the assumption that u E £ 1 ((0, T), B;!2(JR~)N) 
with -l+N/q:::; s < 1/q (cf. Danchin et al [6]). Moreover, using an argument due to Strohmer 
[18], we have <I>(JR~) = JR~, and so as a conclusion, <I>(JR~) is a C1 diffeomorphism from JR~ 
onto JR~. 

We shall drive equations in Lagrange coordinates. Let Au is the Jacobi matrix of transfor­
mation: y = Xu(x, t) for each t 2: 0, that is 

ax ay ( 1t )-1 00 (1t )1 Au= -a= (-a )-1 = IT+ v'u(x,T) dT = L v'u(x,T) dT , 
y X O j=O 0 

which is well-defined under the smallness assumption (1.4), where IT denotes the N x N identity 
matrix. We have the following well-known formulas: 

v'y = AJv'x, divy( ·) = AJ: v'x( ·) = divx(Au( · )), 

v'ydivy( ·) = AJv'x((AJ -IT): v'x( · )) +AJv'xdivx( · ), 

fly(·)= divy v'y( ·) = divx(AuAJv'x( · )) = divx((AuAJ - IT)v'x(·)) + llx( · ). 

Then the system of equations (1.1) in Lagrange coordinates reads 

{ 
BtP + pdivu = F(p, u) 

p8tu - allu - (3v' div u + v' P(p) = G(p, u) 

ul 8IRN = 0, (p, u)lt=O = (Po, uo) 
+ 

Here, we have set 

F(p, u) = p((IT-Au) : v'u) 

in JR~ X (0, T), 

in JR~ X (0, T), 
• TrDN 
Ill-""'+. 

G(p, u) = (IT- (AJ)-1)(p8tu - allu) + a(AJ)-1 div((AuAJ - IT): v'u) 

+ /3v'((AJ - IT): v'u). 

(1.5) 

For equations (1.5), we shall prove the following theorem, which is (1.1) with the equations in 
Lagrange coordinates. 

Theorem 1.2. Let N - 1 < q < 2N and -1 + N/q :S: s < 1/q. Let p*, iio(x), and 7/o(x) be 
the same as in Theorem 1.1. Then, there exist constants ao > 0 and T > 0 such that for any 
initial data p0 E B;!1(JR~) and u0 E Bi,1(JR~)N, problem (1.5) admits unique solutions p and 
u satisfying the regularity conditions: 



128

2 Spectral Analysis and L1 Semigroup 

To prove Theorem 1.2, the key issue is the L1 maximal regularity theorem for the linearized 
equations of (1.5) at initial mass density TJo(x) = p* +iJo(x) with iJo(x) E B;!1(IR~), which read 
as 

{ 
BtII+TJo(x)divV=F 

TJo(x)8tV - o:~ V - ,BV divV + V(P'(TJo(x))II) = G 

VlaRN = 0, (II, V) lt=O = (Po, vo) 
+ 

in IR~ x (0, oo ), 

in IR~ x (0, oo ), 
. m,N 
lll.ll'I.+. 

We shall prove the following theorem, which will be used to prove Theorem 1.2. 

(2.1) 

Theorem 2.1. LetN-l < q < 2N, -l+N/q :S s < l/q, andT > 0. Letp*, i]0(x), and170(x) be 
the same as in Theorem 1.1. Then, there exist positive constants 1 > 0 and C > 0 such that for 
any initial data (po, vo) and right membes (F, G) such that (po, vo) E B;!1(IR~) x Bg,1 (IR~)N, 

e-'Ytp E L1(IR+, B;!1(IR:';:)), e-'YtG E L1(IR+, Bg,1(IR:';:)N), 

then the initial boundary problem (2.1) admits unique solutions (II, V) with 

e-,ytII E Wl(IR+, Ba1(IR:';:)), e-,ty E L1 (IR+, B;!2 (IR:';:)N) n Wl(IR+, B;,1 (IR:';:)N) 

possessing the estimate: 

Here and in the sequel, we set IR+= (0, oo), and 

In order to prove Theorem 2.1, we use the properties of solutions to the corresponding 
generalized resolvent problem: 

{ 
>..p + 110 div v = f 

1Jo(x)>..v - o:~v - ,BV div v + V(P'(11o)p) = g 

vlaRN = 0. 
+ 

. m,N 
ln -""'+, 
. m,N 
ln -""'+, (2.2) 

To state our main result for equations (2.2), we introduce a parabolic sector ~µ defined by 
setting 

~µ = {>.. E C \ {0} I I arg >..I :S 7r - µ }, 

whereµ E (0, 1r /2) and 1 > 0 . The set ~µ + 1 is defined by 

~µ+I={>.. +II A E ~µ}-

(2.3) 

Moreover, functional spaces 1i~,l (IR~) and D~,l (IR~) and their norms are defined by setting 

1i~,1(IR:';:) = {(f,g) E Ba1(IR:';:) x Bi,1(IR:';:)N}, 

vg,1 (IR:';:) = {(p, v) E B;!1(IR:';:) x B;!2 (IR:';:)N I vlaRf = O}, 

ll(f,g)ll11;,1cIRfl = IIJIIB;fcRfl + llgllBg,1CRfl' 

ll(f,g)llvg_1cRfl = IIJIIB;fcRfl + llgllB;:t2 cRfl" 

Then, we shall show the following theorem. 

(2.4) 
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Theorem 2.2. Let l < q < 2N and -l + N/q S s < l/q. Let p., iio(x), and 11o(x) be the same 
as in Theorem 1.1. Then, the following three assertions hold. 

(1) There exist constants 1 > 0 and C such that for any >. E I;µ + 1 and (f, g) E Hg,1 (JR;'.), 
problem (2.2) admits a unique solution (p, v) E vg,1 (JR;'.) posssessing the estimate: 

II>-(p, v)IIH~,1 + ll(>-112V, V2)vllB;,1 s Cll(f, g)ll1i~,1(Rf) 

for every>. E I;µ+ 1 . 
(2) Let u > 0 be a small number such that -l + l/q < s- u < s + u < l/q. Then, there 

exist v1 and v2 such that Vi E B;!2(JR;'.) (i = 1, 2), v = v1 + v2, and there hold 

1/2 - - 2 " II(>., A v', v' )v1IIBs (RN) S Cl>-I- 2 llgllBs+"(RN)' 
q,1 + q,1 + 

1/2 - - 2 (1 ") II(\ A v', v' )8,\V1IIBs (RN) S Cl>-I- - 2 llgllBs-"(RN) 
q,1 + q,1 + 

for every>. EI;µ+ 1 and g E C0 (JR:1;'.), as well as 

1/2 - - 2 1 II(>-, A v', V )v2IIB;,1(Rf) s cI>-I- II(!, g)ll1i;,1(Rf)' 

II(>-, >-112v, V2)a,\v2IIBs (RN) s ci>-I-2II(!,g)llw (RN) 
q,1 + q,1 + 

for any A E I;µ+ 1 and (f, g) E Hg,1 (JR;'.). 
(3) There exist constants I and C such that for every >. E I;µ + 1 and (f, g) E Hg,1 (JR;'.), 

and there hold 
IIPIIB;fcRfJ s C1>-I-1ll(f,g)ll1i~.1cRfl' 

IIaAPIIB;fcRfJ s Cl>-I-2II(!, g)ll1i~_1cRfJ· 
In the statement of (1), (2) and (3), the constants I and C depend on P• and lliiollBs+1. q,1 

2.1 Spectral Analysis 

In this subsection, we shall prove Theorem 2.2 as a perturbation from Lame equations, which 
read as 

11o(x)>.v - a6.v - (:iv' divv = g in JR~, (2.5) 

for spectral parameter >. E I;µ + 1 with large enough 1 > 0. Thus, we start with the existence 
theorem for equations (2.5). 

Theorem 2.3. Let l < q < oo and -l + l/q < s < l/q. Let u be a small positive number such 

that -l + l/q < s - u < s < s + u < l/q. Let v = s ors± u. Assume that iio E B:,{q(JR!;'.). 
Moreover, 17o(x) and P• satisfy the assumptions (1.2). Then, there exist constants ,1 > 0 and 
C > 0 depending on s, u, and lliiollBN/q(RN) such that for any>. E I;µ+,1, problem (2.5) admits q,1 + 
a unique solution v E B~, 1 (JR~)N satisfying the estimate: 

1/2 - - 2 
II(>-, A v', v' )vllB~,1(Rf) S CllgllB~,1(Rf)' 

1/2 - - 2 1 II(>.,>. v', v' )8A vllB~,1 (Rf) S Cl>-I- llgllB~,1 (Rf)· 

Moreover, for any>. EI;µ+ ,1 and g E C0 (JR:1;'.)N, there holds 

1/2 - - 2 " II(>-, A v', v' )vllB;,1(Rf) S C(l + lliiollB;,1cRf))l>-l-2ilgllB;;t"(Rf) 

as well as 
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Remark 2.1. C0 (JRt) is dense in B~,1 (:JRt) provided that -1+1/q < v < 1/q and 1 < q < oo. 

We need the following lemma in this paper. 

Lemma 2.4. Let 1 < q < oo and v E JR. If the condition lvl < N/q for q ;::, 2 holds and 
the condition - N / q' < v < N / q for 1 < q < 2 holds, then for any u E B~,1 (JRt) and v E 

B{,/J (JRt) n Loo (JRt), there holds 

lluvl1B~, 1 (IR;'.) :S Cvllul1B~,1 (IR;'.)llvll 8 :,(q(IR;'.) 

for some constant C > 0 independent of u and v. 

Proof. For a proof, refer to [1, Cor. 2.5] and [9, Cor. 1]. □ 

By Theorem 2.3, we consider problem (2.2) of the Stokes system and prove Theorem 2.2. 
We insert the relation: p = >.-1(! -TJo divv) obtained from the first equation in (2.2) into the 
second equations. Then, we have 

TJo(x)>.v - a~v - /3"il divv - >.-1"v(P'(TJo)TJo divv) = h in JR~, (2.6) 

where we have set h = g - >.-1"v(P'(TJo)f). In what follows, restore the notation of lR:";1 like 
Bqs 1 (JRt), II . IIBs (!RN) etc. 

' q,1 + 
As a first step to analyze equations (2.6), we shall prove the following theorem. 

Theorem 2.5. Let N - 1 < q < 2N and -1 + N/q :S s < 1/q. Let a> 0 be a small number 
such that -1 + 1 / q < s - a < s < s + a < 1 / q, and let v = s or s ±a. Let TJo ( x) = p* + iio( x) with 
ifo E Bif (JR:";1). Let 11 > 0 be the constant given in Theorem 2.3. Then, there exist 12 ;::, 11 
and an operator family S(>.) such that S(>.) E Hol (I:µ+ 12,.C(B;,1 (JRt), Ba2(JRt))), for any 

>.EI:µ +,2 and h E B~,1(:JR:";1) v = S(>.)h is a unique solution of equations (2.6), and there hold 

Moreover, there are two operator families Si(>.) E Hol (I:µ + ,2, .C(B~,l (JRt), B~,t2(JRt))) 
(i = 1, 2) such that S(>.) = S1 (>.) + S2 (>.), 

for any >. E I:µ + 12 and h E C0 (JR:";1), and 

for any >. E I:µ + 1 2 and h E B;,1 (JRt). 
Here, the constants 12 and C depend on p* and ll11oll 8 s+1. 

q,1 

We need the following lemma for the proof in this paper, which is the lemma for the Besov 
norm estimate of composite functions cf. [9, Proposition 2.4] and [3, Theorem 2.87]. 
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Lemma 2.6. Let 1 < q < oo. Let I be an open interval of JR. Let w > 0 and let w be the 
smallest integer such that w 2 w. Let F: J--+ JR satisfy F(O) = 0 and F' E BCw(I,JR). Assume 
that v E B~r has valued in J CC I. Then, F( v) E B~1 and there exists a constant C depending 
only on v, I, J, and N, such that 

Proof of Theorem 2.2. Recall the symbols defined in (2.4), which will be used below. 
Let v = S(.>.)(g - >.-1'v(P'(TJo)f)), and then v is a unique solution of equations (2.6) with 
h = g - >.-1'v(P'(TJo)f). Using the formula S(>.) = S 1 (>.) + S 2 (>.), we divide v as v = v 1 + v 2 , 

where 

Moreover, define p by p = >.-1(! - TJo divv). By using Lemmas 2.4 , 2.6 with the assumption: 
N / q :S s + 1 and the above theorems, we complete the proof of Theorem 2.2. □ 

2.2 £ 1 semigroup 

Let A be an operator defined by 

A(p, v) = (TJo divv, TJo(x)-1 (-a~v - ,B'v divv + 'v(P'(TJo(x)p))) 

for (p, u) E vg,1 (JRt). Then, problem (2.2) reads as 

(>.I+ A)(p, v) = (!, rJo(x)-1g). (2.7) 

Noticing that rJo(x)-1 = p-;;1 -ijo(x)(p*(p* +iio(x))-1 , we see that there exists a constant co> 0 
depending on p* and lliiollB•+i(IRN) such that 

q,l + 

for v = s or v = s±o-. Thus, Theorem 2.2 holds for the equations (2.7), which replaces equations 
(2.2). Therefore, A generates a continuous analytic semigroup {T(t)}t>O and solutions II and 
U of equations (2.1) are given by 

(II, V) = T(t)(po, vo) + lot T(t - s)(F(·, s), po(·)-1G(·, s)) ds. 

We now prove the L1 in time maximal regularity of {T(t)}t>O· The idea of our proof here 
is due to Shibata [15], cf also Kuo [10] and Shibata and Watanabe [16]. Let T1(t) and T2(t) 
denote the mass density part of T(t) and the velocity part of T(t). Namely, T(t)(p0 , v 0) = 
(T1(t)(po, vo), T2(t)(po, vo)) and p = T1(t)(po, vo) and v = T2(t)(po, vo) satisfy equations (2.1) 
with F = G = 0. 

Theorem 2.7. Let N - 1 < q < 2N and -1 + N/q :S s < 1/q. Let i/o(x) E Ba1(JRt) and 
TJo ( x) = p* + ij0 ( x) satisfies the assumption ( 1.2). Let 'Y > 0 be a constant given in Theorem 2. 2, 
which depends on p* and lliiollB•+l(JRN)• Then, there exists a constant C > 0 depending on p* 

q,l + 
and IITJollBi:1/(IRf) such that for any(!, g) E Hg,1 (JRt), there holds 

f 00 
e-1 \ll(8t, V2 )T2(t)(po, vo)IIB• (!RN)+ 11(1, Ot)T1(t)(po, vo)IIB•+l(IRN)) dt lo q,1 + q,1 + 

::::: CII (po, vo) 111-ls (!RN). 
q,l + 
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Proof of Theorem 2.1. Let Fo and Go be zero extension of F and G outside of (0, T) 
interval. Using {T(t)}t::,0, we can write 

(II, V)(t) = T(t)(po, vo) + lat T(t - s)(Fo(·, s), pO1(·)Go(·, s)) ds. 

Let, and C be the constant given in Theorem 2.7. By Fubini's theorem, we have 

f 00 e-,t11v2 rt T2(t - £)(Fa, 17o1Go)(£) d£11Bs (!RN) dt 
lo lo q, 1 + 

:S f 00
{ !00 e-,t11v2T2(t- £)(Fa, 17o1Go)(£)11Bs (!RN) dt} d£ 

lo 1£ q,1 + 

= ! 00 e-,£{ ! 00 e-,t11v2T2(t)(Fo,11O1Go)(£)11Bs (!RN) dt} d£ 
lo lo q,i + 

:SC roo e-,£1l(Fo(·,£),11O1Go(·,£))11w (!RN) d£ h ~1 + 

:S Cll(F, G)IIL1((0,T),1-l~,1(IR;'.'))· 

Employing completely the same argument, we have 

f 00 
e-,t11 r T1(t - £)(Fa, Po1Go)(£) d£11Bs+l(JRN) dt :S CII (F, G) IIL ((0 T) 1i8 (!RN))· 

lo lo q,1 + 1 ' ' q,1 + 

Therefore, we have 

f 00 
e-,t(IIP(·, t)IIBs+l(IRN) + llv(·, t)IIBs+2(JRN)) dt lo q,1 + q,1 + 

:S C(II (po, vo) 111-l~,1 (IR;'.) + II (F, G) IIL1((0,T),1-l~,1 (IR;'.))), 

which implies that 

e-,T {T (llp(·, t) IIBs+l(IRN) + llv(•, t) 11Bs+2(IRN)) dt lo q,1 + q,1 + 

:S C(II (po, vo) 111-l~,1 (IR;'.) + II (F, G) 11£1 ((o,T),1-l~, 1 (IR;'.)J)-

Therefore, we have 

{T (IIP(·, t)ll 8 s+1(IRN) + llv(·, t)IIBs+2(IRN)) dt lo q,1 + q,1 + 

:S Ce'T(ll(Po, vo)ll1-l~,1(IR;'.) + ll(F, G)IIL1((0,T),1-l~,1(IR;'.))). 

Here,, and Care constants depending on p*, lliJoll 8 s+1(IRN)• q,1 + 
To show the estimate of time derivatives, we use the relations: 

8tII = -110 div v + F, 

8tV = (110)-1(0:~ V + /3'7 divV - '\l(P(11o)II) + G), 

and then, 

{T (ll8tII(•, t)IIBs+l(JRN) + ll8tV(•, t)IIBs (JRN)) dt lo q,1 + q,1 + 

:S C(p*, lliJo 11B;;\:1 )(laT (IIII( ·, t) 11B;;i/(IR;'.) + IIV( ·, t) IIB;;t2(IR;'.)) dt + II (F, G) IIL1((o,T),1-l~,1 (IR;'.))) 

:S C(p*, lliJoll 8 ;;t1)e'T(ll(Po, vo)ll1-l~,1(IR;'.') + ll(F, G)IIL1((0,T),1-l~,1(IR;'.'))). 

This completes the proof of Theorem 2.1. □ 
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3 Proof of Main Result 

In this section, first we shall prove Theorem 1.2, which is the local well-posedness for the Navier­
Stokes equations in Lagrange coordinates. Then, we convert the obtained solution back to 
Euler coordinates and prove the local well-posedness for the original compressible Navier-Stokes 
equations, which is Theorem 1.1. 

Let 'T/o(x) = p* +ifo(x) with fio(x) E Bi!1(JR~) and assume that 'T/o(x) satisfy the assumption 

(1.2). Let po(x) = p* + f>o(x) with f>o(x) E Bi!1(1R~)- Let w > 0 be a small number determined 
late and assume that 

(3.1) 

Let uo E B;,1 (JR~)N. We consider equations (1.5). By setting p = po + 0 we write equations 
(1.5) as follows: 

{ 

8t0 + 'T/O divu = ('T/o - po - 0) divu + F(0 + po, u) 
'T/o8tu - a~u - ,BV div u + V(P'('T/o)0) = -V P(po) + G(0 ~ po, u) 

+G(0, u) 

ulaJRN = 0, (0, u)lt=O = (0, uo) 
+ 

in lRf x (0, T), 

in lRf x (0, T), 
. m,N 
ln .11'!.+, 

where we have set G(0, u) ('T/o - po - 0)8tu - V(P(po + 0) - P(po) - P'('T/o)0). To prove 
Theorem 1.2, we use the Banach contraction mapping principle. To this end, we introduce an 
energy functional Er and the underlying space Sr,w defined by 

Er('T/, w) = ll('T/, 8t'T/)IILi((O,T),B~f(1R~)) + llwllL1 ((o,T),B~12 (JR~)) + ll8twllL1 ((0,T),B~, 1 (JR~)), 

Here, T > 0, w > 0 and c1 > 0 are small constants chosen later. In particular, c1 is chosen in 
such a way that 

II {T Vw(·,T) dTII N :SC {T IIVw(·,T)IIBN/q(JRN) :S Cci :S CO, lo Lco(lR+) lo q,l + 

where co is a constant appearing in (1.4). Thus, the constant c1 guarantees that the Lagrange 
map y = Xw(x, t) is C1 diffeomorphism from fl onto fl. 

Given (0, u) E Sr,w, let 'T/ and w be solutions to the system of linear equations: 

{ 

8t'T/ + 'f/odivw = ('T/o - Po - 0) divu + F(po + 0, u) 
'T/o8tw - a~w - ,BV divw + V(P'('T/o)'T/) = -~P(po) 

+G(po + 0, u) + G(0, u) 

wlaJRN = 0, ('T/, w)lt=O = (0, uo) 
+ 

Let T/a and Wa be solutions of the system of linear equations: 

{ 
8tT/a + T/0 div Wa = 0 

TJo8tWa - a~wa -,BVdivwa + V(P'(TJo)TJa) = -VP(po) 

walaJRN = 0, (TJa, Wa)lt=O = (0, uo) 
+ 

in lRf X (0, T), 

in lRf X (0, T), 
. m,N 
ln .11'!.+. 

in JRf x (0, oo), 

in JRf X (0, 00 ), 

. m,N 
ln .11'!.+. 

(3.2) 
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We will choose T > 0 small enough later, and so for a while we assume that 0 < T < 1. By 
Theorem 2.1, we know the unique existence of solutions 77a and Wa satisfying the regularity 
conditions: 

as well as the estimates: 

(3.3) 

Here, 'Y is a constant depending on p., lliiollBs+1(ffi.N) given in Theorem 2.1. Here and in the 
q,1 + 

following, C denotes a general constant depending at most on P• and lliiollBs+i(ffi.N)' which is 
q,1 + 

changed from line to line, but independent of w and T. 
In view of (3.3), 77a and Wa satisfy E1 (77a, wa) < oo, and so we choose TE (0, 1) small enough 

in such a way that 
Er(77a, Wa) :::; w/2. (3.4) 

Let p and v be solutions to the system of linear equations: 

in JRt x (0, T), 
{ 

OtP + 77odivv = (770 - po - 0)) divu + F(0 + po, u) 

7708tv- a~v - f3V divv + V(P'(77o)p) = G(0 + Po, u) + G-(0, u) 

vlaffi.N = 0, (p, v)lt=D = (0, 0) 

in JRt X (0, T), (3.5) 

+ 
· TrDN ln JNo.+. 

Applying Theorem 2.1, we see the existence of solutions p and v of equations (3.5) satisfying 
the regularity condition: 

as well as the estimate: 

Er(p, v) :::; Ce1T (II (770 - Po - 0) div u, F(0 + Po, u)l1Li((o,T),B;:\:1Cill-~)) 

+ ll(G(0 + Po, u), G-(0, u))ll£1((D,T),Bg,1(ffi.~)))-
(3.6) 

Here, we notice that 'Y and C depend on P• and lliiollBs+1(ffi.N) but is independent of wand T. 
q ,1 + 

Now, we shall show that there exist constants C > 0 and w > 0 such that 

11((770 - Po - 0) divu, F(0 + Po, u))IIL1((D,T),B;;t1cffi.~)) 
~ 2 3 

+ ll(G(0+po,u),G(0,u))IILi((o,T),Bg,1(ffi.~)):::; C(w +w ). 

If we show (3.7), then by (3.6) we have 

Er(P, v):::; Ce1T(w2 + w3). 

Choose w > 0 and T > 0 so small that Ce(w + w2 ) :::; 1/2 and "(T:::; 1. Then, we have 

Er(P, v) < w/2, 

(3.7) 

(3.8) 

which combined with (3.4), implies that 77 = 77a + p and w = Wa + v satisfy equations (3.2) and 
Er(77, w) < w. Especially, w is chosen so small that 
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As a consequence, (r,, w) E Sr,w• Thus, if we define the map <I> by <I>(0, u) = (r,, w), then <I> 

maps Sr,w into Sr,w • 

Now, we shall show (3.7). For notational simplicity, we omit JR~ below. Notice that B:,{q is 
a Banach algebra (cf. [9, Proposition 2.3]). By Lemma 2.4 and the assumption: N/q '.S s + l, 
we see that Bi!1 is also a Banach algebra. In fact, 

We first estimate (r,o - po - 0) div u and F(0 + po, u). By Lemma 2.4 and (3.1), we have 

Since Bi!1 is a Banach algebra, we have 

Since 0lt=O = 0, here and in the sequel we use the following estimate: 

Thus, we have 

110 div ullLi((O,T),B;fl :S Cll8t0IIL1((0,T),B;f i 11ullL1((0,T),B;;t2J· 

We next estimate F(po + 0, u) =(po+ 0)((ll - Au) : Vu). Recall that u satisfies 

rT IIVu(·, T)IIBN/q dT '.S c1. 
lo q,1 

Since B:,{q C £ 00 , we have 

sup II rt Vu(·,T) dTII :'SC rT IIVu(·,T)IIBN/q dT '.S Cc1. 
tE(O,T) lo L= lo q,1 

(3.10) 

Choosing c1 so small that Cc1 < 1. Let F(f!) be a C 00 function defined on li!I :<:::; Cc1 and 
rt oo · F(O) = 0, and lI - Au = F(Jo Vu d£). In fact, F(£) = - ~j=l £1 . Then, by Lemma 2.6 and 

(3.10), we have 

sup IIF( rt Vu <lT)IIB•+l :<:::; C rT IIVu(·,T)IIB•+l dT. 
tE(O,T) lo q,1 lo q,1 

Since Bi!1 is a Banach algebra, using (3.11) we have 

IIF(Po + 0, u) IIB;f :S C(IIPo IIB;f + 110( ·, t) IIB;f) llul1Li((O,TJ,B;12 l II Vu(·, t) IIB;f • 

Using (3.9), we have 

IIF(Po + 0, u)IIL1((0,T),B;11i :<:::; C(IIPollB;11 + ll0tllL1((0,T),B;fi)llu11Lcco,T),B;12r 

(3.11) 
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Summing up, we have proved that 

11(1'/o - Po - 0) divu, F(0 + Po, u)IILi((O,T),B;f) 

S C{ wllullL1((0,T),B;12) + ll8t0IIL1((0,T),B;f) llullL1((0,T),B;12) (3.12) 

+ (111'/ollB;f + l)llull~i((o,T),B;12) + ll8t0IIL1((0,T),B;f)llull~1cco,T),B;12)}. 

Here and in the following, we use the estimate: 

Next, we estimate G ( 0 +po, u) and G ( 0, u). These terms can be estimated in a similiar method, 
and so we omit the prove here. Therefore we have 

ll(G(0 + Po, u)IIL1((0,T),Bg,1) 

S C(llullL1((0,T),B;12/IIPollB;f + ll8t0IIL1((0,T),B;11)ll8tullL1((0,T),Bg,1) (3.13) 

+ llullL1((0,T),B;12)(1 + llullL1((0,T),B;12))llullL1((0,T),B;12), 

IIG(0, u)IIL1((0,T),Bg,1) S C(p*, lliiollB;fHw(ll8tullL1((0,T),Bg,1) + ll0IIL1((o,T),B;f)) 

+ ll8t0IIL1((o,T),B;11/ll0IIL1((o,T),B;f) + ll8tullL1((0,T),B;,1)H· 
Combining (3.12), (3.13), (3.14) and recalling that Er(0, u) S w, we have (3.7). And so, choosing 
w > 0 and T > 0 so small that Ce(w + w2 ) S 1/2 and 1T S 1, we have (3.8). Here, C and 1 
depend on p* and lli/ollBs+i, and so the smallness of wand T > 0 depends on p* and lli/ollBs+i, 

q,1 q,1 

(3.14) 

Therefore, we see that <:I? maps Sr,w into itself. 
We now prove that <:I? is contraction map from Sr,w into itself. To this end, pick up two 

elements (0i, ui) E Sr,w (i = 1, 2). Similiarly, we obtain 

Er(1'/1 -1')2, w1 - w2) S Ce1T(w + w2)Er(01 - 02, u1 - u2). 

Thus, choosing w > 0 and T > 0 so small that Ce(w + w2) S 1/2 and 1T S 1, we have 

which shows that <:I? is a contraction map from Sr,w into itself. Therefore, by the Banach fixed 
point theorem, <:I? has a unique fixed point (1'/, w) E Sr,w- In (3.2), setting (1'/, w) = (0, u) and 
recalling p =po+ 0 and G(0, u) = (1'/o - po - 0)8tu - 'v(P(po + 0) - P(po) - P'(1'/o)0), we see 
that 0 and u satisfy equations: 

! 8t0 + 1'/odivu = (1'/o - po - 0) divu + F(po + 0, u) 

1'/o8tu - o:~u - f3'v div u + V(P'(1'/o)0) = - ~ P(po) 

+G(po + 0, u) - G(0, u) 

ulaIB.N = 0, (1'/, u)lt=O = (0, uo) 
+ 

in IR:r x (0, T), 

in IR:r x (0, T), 
• TITJN 
ln m.+. 

(3.15) 

Thus, setting p =po+ 0, from (3.15) it follows that p and u satisfy equations (1.5). Moreover, 
(p, u) belongs to Sr,w, which completes the proof of Theorem 1.2. 

Next, y = Xu(x, t) is a C 1 diffeomorphism from n onto itself for any t E (0, T), because u E 

L1 ((0, T), B;!2(n)N). Let x = X;;1(y, t) be the inverse of Xu, For any function F E Bg,1 (IR~), 
1 < q < oo, s E IR, it follow from the chain rule that 
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with some constant C > 0 (cf. Amann [2, Theorem 2.1]). Let (p, v) 
Au = (VyXu)-1 . Let AJ = (Ajk)- There holds 

V v(P, v) = (AJV x(0, u)) o X,;-1, 

8yi8Ykv = LAic8y£(Akc'8y£,u)) oX,;-1 (j,k = 1, ... ,N). 
£,£' 

Hence, we rely on the relation: 

(0, u) 0 X~1 and 

concerning the time derivative of p and v. Therefore, by Theorem 1.2 and Lemma 2.4, we arrive 
at (1.3). This completes the proof of Theorem 1.1. 
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