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1 Grothendieck's anabelian geometry over arith-

metic fields 

In the 1980s, A. Grothendieck suggested a theory of arithmetic geometry called an-

abelian geometry ([G]). Roughly speaking, this theory focuses on the following ques-

tion: 

How much information about the geometry of a variety can be carried 

out group-theoretically from various versions of its algebraic fundamental 

group? 

The varieties that can be completely determined by their fundamental groups are 

called "anabelian varieties" by Grothendieck. To classify the anabelian varieties in 

all dimensions over all fields is called "anabelian dream" of him. In the particular 

case of dimension 1, he conjectured that smooth pointed stable curves (or hyperbolic 

curves) defined over certain fields are anabelian varieties. 
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1.1 

Let 

x• = (X,Dx) 
be a pointed stable curve of type (gx, nx) over a field k, where X denotes the un-
derlying curve which is a semi-stable curve over k, Dx denotes the (finite) set of 
marked points satisfying [K, Definition 1.1 (iv)], gx denotes the genus of X, and 

nx竺f#(Dx). Here, #(-) denotes the cardinality of(-). 
Suppose that x• is smooth over k. When k is an "arithmetic" field (e.g. a number 
field, a p-adic field, a finite field, etc.), Grothendieck's anabelian conjectures for curves 
(or the Grothendieck conjectures for short), roughly speaking, are formulated based 

on the following anabelian philosophy ([G]): 

Hom-version: The sets of dominant morphisms of smooth pointed sta-

ble curves can be determined group-theoretically from the sets of open 
continuous homomorphisms of their algebraic fundamental groups. 

In particular, Hom-version implies the following important versions: 

Isom-version: The sets of isomorphisms of smooth pointed stable curves 
can be determined group-theoretically from the sets of isomorphisms of 

their algebraic fundamental groups. 

Weak Isom-version: The isomorphism class of x• can be determined 
group-theoretically from the isomorphism class of its algebraic fundamen-

tal group. 

Note that we have "Hom-version'’⇒“Isom-version'’⇒“Weak Isom-version". 

1.2 

Grothendieck's anabelian conjectures have been proven in many cases. For instance, 

we have the following important results: 

When k is a number field, the conjecture was proved by H. Nakamura (weak 
Isom-version if gx = 0) ([NI], [N2]), A. Tamagawa (Isom-version if nx =/ 0) ([Tl]), 
and S. Mochizuki (Isom-version if nx = 0) ([Ml]). 
When k is a sub-rradic field (i.e. a subfield of a finitely generated field over 
Q砂 theHom-version of the Grothendieck conjecture has been completely solved by 
Mochizuki ([M2}) which is one of the highest achievements in the theory of anabelian 
geometry. 
When k is a finitely generated field over the finite field恥， theIsom-version of 
the Grothendieck conjecture was proved by Tamagawa ([Tl] if nxヂ0),and by 
Mochizuki ([M3] if nx = 0). 
All the proofs of the Grothendieck conjectures for curves over arithmetic fields 
mentioned above require the use of the non-trivial outer Galois representations in-

duced by the fundamental exact sequences of fundamental groups. 
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2 Beyond the arithmetic actions 

We maintain the notation introduced in 1. 1. Moreover, we assume that k is an 
algebraically closed field of characteristic p 2': 0. 

2.1 

By choosing a suitable base point X of xsm ¥ Dx, where xsm denotes the smooth 

locus of X, we have the admissible fundamental group吋dm(x・,x)of x・ (see [Y5, 
Section 2.1.5]). For simplicity, we shall write 

Ilx• 

for T「dm(x•, x), since we only focus on the isomorphism class of 1rfdm (x•, x). In 
particular, if x• is smooth over k, then Ilx• is naturally isomorphic to the tame 
fundamental group 吋 (X•).
If p = 0, since Ilx• is isomorphic to the profinite completion of the topological 
fundamental group of a Riemann surface of type (gx, nx), the anabelian geometry of 

curves does not exist in this situation since Ilx• depends only on the type (gx,nx). 
On the other hand, if p > 0, the situation is quite different from that in characteristic 
0. The admissible fundamental group Ilx• is very mysterious and its structure is no 
longer known. 

Assumptions 

In the remainder of the present survey, we assume that k is an algebraically closed 

field of characteristic p > 0 unless indicated otherwise. 

2.2 

After M. Raynaud and D. Harbater proved Abhyankar's conjecture, Harbater asked 
whether or not the geometric information of a curve over k can be carried out from its 

geometric fundamental groups ([H叫，［Ha2]).In the late 1990s, Tamagawa discovered 
surprisingly that the anabelian phenomena also exist for curves over algebraically 
closed fields of positive characteristic. In this situation, the arithmetic fundamental 
group coincides with the geometric fundamental group, thus there is a total absence 

of a Galois action of the base field. This kind of anabelian phenomenon is the reason 
why we do not have an explicit description of the geometric fundamental group of 

any pointed stable curve in positive characteristic. 

Let us explain this kind of anabelian phenomenon in detail. Let w• be a pointed 
stable curve over an algebraically closed field l. We shall call w•,min the minimal 
model of w• over lmin if lmin <::::: l is the minimal algebraically closed subfield of l such 
that there exists a pointed stable curve w•,min over lmin satisfying 

w· 竺 w•,min 刈min l. 
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Based on Grothendieck's anabelian philosophy mentioned in 1.1, we have the fol-
lowing important conjecture which was formulated by Tamagawa ([T4]) for smooth 
pointed stable curves, and by the author ([Y4]) for arbitrary pointed stable curves: 

Weak Isom-version Conjecture. Let x;, i E {1, 2}, be a pointed stable curve 
of type (gx;, nxJ over an algebraically closed field ki of characteristic p > 0. Then 
x;,min is Frobenius equivalent (/Y4, Definition 3.4]) to x;,min if and only if 

Ilxi竺 I1吋・

In particular, if x;, i E { 1, 2}, is smooth over ki, then we have 

x;,min ~ x;,min 

as schemes if and only if 

Ilxi竺 rr吋・

At present, the weak Isom-version conje~ture has only been proved in the following 
cases: If Xt, i E {1, 2}, is smooth over lFp, the weak Isom-version conjecture has 
been proved by Tamagawa ([T4]) when gx = 0, and by A. Sarashina ([S]) when 
(gx,nx) = (1,1) and p > 2. If Xt, i E {1,2}, is an arbitrary pointed stable 
curve, the weak Isom-version conjecture has been proved by the author ([Y4]) under 
certain assumptions concerning types of smooth pointed stable curves associated to 
irreducible components of Xt. 
On the other hand, Tamagawa ([T3]) also proposed the so-called "Isom-version 
conjecture" based on Grothendieck's anabelian philosophy mentioned in 1.1. How-
ever, there are no results on this conjecture yet. While the weak Isom-version conjec-
ture and the Isom-version conjecture are still wild open problems at present, Tama— 

gawa has nonetheless achieved an important result known as the "finiteness theorem": 

Over凡， onlyfinitely many isomorphism classes of smooth pointed stable 
curves have the same tame fundamental groups. 

This result was partially proved by Raynaud ([R]), F. Pop-Sai"di ([PS]), and was 
completely proved by Tamagawa ([T5]). Tamagawa's theorem is one of the highest 
achievements in the theory of anabelian geometry, and was included in the new edition 
of SGAJ as one of the most important results since Grothendieck's introduction of 
the theory of algebraic fundamental groups. 

3 Admissible fundamental groups as local moduli 

3.1 

In the 1990s, when Tamagawa tried to formulate a "Hom-version conjecture" for the 
tame fundamental groups of smooth pointed stable curves over algebraically closed 
fields of characteristic p based on Grothendieck's anabelian philosophy mentioned in 
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1.1, he noted that the following phenomenon exists in positive characteristic ([T3, 

Remark 1.34]): There are smooth pointed stable curves x;, x; of type (gx, nx) such 
that 

Homdom(x;,xり＝0but Hom闘（II心恥） ＃ 0 

hold. Here, Homdom(x;, x;) denotes the set of dominate morphisms of curves, and 

Hom闘(IIxi, Ilx2) denotes the set of open continuous homomorphisms of profinite 
groups. The above phenomenon means that 

3.2 

the "Hom-version" conjecture for curves over algebraically closed fields of 

characteristic p does not exist if we only consider anabelian philosophy 

suggested originally by Grothendieck mentioned in 1.1. 

The author considered the following the fundamental question: 

Does there exist anabelian explanation for Hom盟(IIxi,IIx2)?

Moreover, the author obtained the following insight: 

The admissible fundamental groups of pointed stable curves over alge-

braically closed fields of characteristic p can be regarded as an analogue 
of local moduli spaces of the curves. 

Roughly speaking, this means that for q, q'E見，narbitrary points and x;, x;, the 
curves corresponding to geometric points over q, q', respectively: 

1. We can group-theoretically detect, "up to Frobenius", whether or not x;, is a 

deformation of x; from Hom0P(IIx:,, Ilx;) -i.e. "up to Frobenius", q is a spe-

cialization (in the sense of moduli space) of q'if and only if Hom0P (IIx;,, Ilx;）ヂ
0. q 

2. The deformations of x; can be reconstructed group-theoretically from 

Hom呵―,Ilx;)

with certain addition conditions. 

In the remainder of the present survey, we explain some higher non-trivial results 

obtained by the author that provide strong evidence for the above insight. 

4 Moduli spaces of fundamental groups 

4.1 

In [HYZ], the author discovered a new kind of anabelian phenomenon that shows 

that the sets of open continuous homomorphisms of admissible fundamental groups 
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contains deformation information of curves. This phenomenon can be precisely cap— 

tured by the theory of "moduli spaces of fundamental groups" and its main conjecture 
"the homeomorphism conjecture" established by the author. 

Roughly speaking, in [Y6], the author introduced a topological space 

II g,n 

which we call the moduli space of admissible fundamental groups of type (g, n). The 

underlying set is the set of the isomorphism classes of admissible fundamental groups 

of curves of type (g, n) over algebraically closed fields of characteristic p, and the 
topology can be completely determined by the set of finite quotients of admissible 

fundamental groups. 
Let可g,n be the coarse moduli spaces of the moduli stack over IFP classifying 
pointed stable curves of type (g, n). By introducing the so-called‘、Frobeniusequiva-
lence ~ Je" on可g,n([Y4]), the author proved that there exists a continuous map 

吋炉：筑，n些兄，n／～fe→几，n, [q]→[II砂，

where [q] denotes the equivalence class of q E可，,n,IIq denotes the admissible funda-
mental group of a curve corresponding to a geometric point over q, and [II砂denotes
the isomorphic class of IIq. The main conjecture of the theory of moduli spaces of 
fundamental groups is the following: 

phi Homeomorphism conjecture: The continuous map吋杷：匹，n→Il9,n is a home-
omorphism. 

adm: Note that the weak Isom-version conjecture only says that 1r~'!,m is a bijection as sets. g,n 

This conjecture generalizes all the known conjectures concerning tame and admissi-

ble anabelian geometry of curves over algebraically closed fields of characteristic p. 

Furthermore, it supplies a viewpoint to consider anabelian geometry of curves over 
algebraically closed fields of characteristic p based on the following new anabelian 
philosophy: 

The anabelian properties concerning pointed stable curves over algebraically 

closed fields of characteristic p are equivalent to the topological properties 

of moduli spaces of admissible fundamental groups. 

The above philosophy tells us what are the anabelian phenomena that we can reason-

ably expect for pointed stable curves over algebraically closed fields of characteristic p. 

This means that the homeomorphism conjecture is a dictionary between the geome-

try of pointed stable curves (or moduli spaces of curves) and the anabelian properties 

of pointed stable curves. It has raised a host of new questions and new conjectures 

concerning anabelian phenomena in positive characteristic which cannot be seen if 
we only consider the weak Isom-version conjecture. 

The author believes that the theory of moduli spaces of fundamental groups and 

the homeomorphism conjecture offer an approach towards Grothendieck's anabelian 
dream for curves over algebraically closed fields of characteristic p > 0. 
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4.2 The homeomorphism conjecture for I-dimensional mod-

uli spaces 

At present, the author obtained the following result ([Y6], [Y7]): 

Theorem 4.1. Let [q] E醗，n be an arbitrary point. Suppose that [q] is closed, and 
that (g, n) is equal to either (0, n) or (1, 1) when p > 2. Then吋如([q])= [II砂is
closed in几，n・ In particular, the homeomorphism conjecture holds if (g, n) is equal 
to either (0, 4) or (1, 1) when p > 2. 

The above result is equivalent to the following result by using fundamental groups. 

Theorem 4.2. Let qi E恥，n,i E {1, 2}, be an arbitrary point. Suppose that q1 is 
closed, and that (g, n) is equal to either (0, n) or (1, 1) when p > 2. Then the set 

Hom悶(IIq1,II叫

is not empty if and only if q1 is Frobenius equivalent to q2. 

We maintain the notation introduced in Theorem 4.2. If qi E Mg,n, i E {1, 2}, the 
above results was proved in [HYZ]. If qi, i E {1, 2}, is an arbitrary point of刃い， the
proof of the above results are much more difficult than in the case where qi E Mg,n, 
and the main ingredients are two group-theoretical formulas concerning average and 

maximum generalized Hasse-Witt invariant of prime-to-p cyclic admissible coverings 

of pointed stable curves obtained by the author by using the theory of Raynaud-

Tamagawa theta divisor ([Y3], [Y5]). 

5 Group-theoretical specialization conjecture 

5.1 Combinatorial data, topological data, and geometric data 

Let Xt, i E {1,2}, be an arbitrary pointed stable curve of type (gx,nx) over ki of 

characteristic p > 0, I'x: the dual semi-graph of Xt ([Y8, Section 2.2.1]), and II沢
the admissible fundamental group of Xt. 
In [Y8], the author introduced the following sets 

Com(I'x:), Typ(Xり， Geo(Ilx;)

which we call the combinatorial data associated to r x:, the topological data associ-
ated to Xt, and the geometric data associated to IIx:, respectively (see [Y8, Section 
2.3 and Definition 2.5] for precise definitions). Roughly speaking, Com（恥） consists
of various sub-semi-graphs of r x_o which encodes the gluing data of various pointed 
stable sub-curves of x{, Typ(Xt) consists of the topol~gical types of various pointed 
stable sub-curves of Xt, and Geo(IIx7) consists of the closed subgroups of IIx7 which 
are isomorphic to the admissible fundamental groups of various pointed stable sub-

curves of Xt. 
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5.2 

Motivated by the homeomorphism conjecture, the author formulated the following 

conjecture (see [Y8, Section 3.1.3] for a more precise formulation): 

Group-theoretical Specialization Conjecture. Let¢ E Hom盟(IIxi, Ilx2) be an 
arbitrary open continuous homomorphism. Then we have 

¢(Geo(Ilxi))~ Geo(Ilx2). 

Let us explain the anabelian phenomena concerning the group-theoretical special-

ization conjecture. Let q1, q2 E M g,n be arbitrary points such thatゅiscontained in 
V(qリ， whereV (q1) denotes the topological closure of q1 in訂，，n. Then there exist 

1 a complete discrete valuation ring R and a morphism Spec R→ Mg,n →M9,n such 
that the image of the morphism is { q1,ゅ｝． Let可and百bea geometric generic point 
and a geometric closed point over the generic point and the closed point of Spec R, 
respectively. Write x• for the pointed stable curve over R determined by the mor-
phism SpecR→江，n,x; for the generic fiber, Xs• for the special fiber, x;, for q1 

x;竺均 Xn可， andx;2. for X；些 xs• x凡
By the general theories of log geometry and admissible fundamental groups, we 

obtain a specialization surjective homomorphism of admissible fundamental groups 
(=an open continuous homomorphism of admissible fundamental groups arising from 
scheme theory) 

sp炉dm: IIx• → II 
q1 

x•. 
q2 

Since xs• is a reduction of x;, the deformation theory of admissible coverings of x• 
implies that 

sp亡(Geo(IIx;1))~ Geo(IIx;2), 
where Geo(IIx;J, i E {1, 2}, denotes the geometric data associated to Ilx;i. For 

instance, let II1 E Geo(IIx;1) be a closed subgroup of Ilx;1 associated to the pointed 

stable sub-curve xil determined by an irreducible component Xvi of X可＝心 (see
[Y8, Section 2.2.4] for況）． Thensp忙 (IIリisa closedsubgroup of IIx;2. associated 
to the pointed stable sub-curve determined by the degeneration (or reduction) of Xv1 
inふ＝ Xq2.This means that we have the following geometric phenomena: 

• The combinatorial data Com（国） andthe topological data Typ(X;2) can 
be controlled by the combinatorial data Com（国） andthe topological data 
Typ(X;J via the "deformation" x• of x;2。verR arising from scheme theory. 

• The geometric data Geo(IIx;2) of x;2 can be controlled by the geometric data 

Geo(IIx;1) of x;1 via an open continuous homomorphism sp炉 ofadmissible 
fundamental groups arising from scheme theory. 

On the other hand, the group-theoretical specialization conjecture mean that there 

should exist the following anabelian phenomena: 
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• The combinatorial data Com（国） andthe topological data Typ(X;J can 
be controlled by the combinatorial data Com（国） andthe topological data 
Typ(X;J via the "deformation:'Hom盟(IIx;1'駅） explainedin 3.2 which is 
arose from group theory. 

• The geometry data Geo(IIx;2) of x;2 can be controlled by the geometry data 
Geo(IIx;1) of x;1 via an arbitrary open continuous homomorphism ¢ of admis-
sible fundamental groups which is arose from group theory. 

5.3 

The group-theoretical specialization conjecture is highly non-trivial even in the sim-

pl est case where x;, i E { 1, 2}, is smooth over ki, Hom~~ (Ilxi, Ilx2) = Isom pg (Ilxi, Ilx2) 
(this condition is equivalent to Isompg(rr年 rrx；）ナ碍， and¢ E Isompg(rr? rrx;） is 
an isomorphism, where Isompg(Ilxi, Ilx2) denotes the set of isomorphisms of admis-
sible fundamental groups. In this special case, the group-theoretical specialization 

conjecture was proved by Tamagawa which are the main results of [T4] (see [T4, 
Theorem 0.1 and Theorem 5.2]). 

If we assume that 

Hom芦(Ilxi,Ilx2) = Isompg (Ilxi, Ilx2), 

and that ¢ E lsomgp(Ilxi, Ilx2) is an isomorphism, then the group-theoretical special-
ization conjecture is equivalent to the so-called "combinatorial Grothendieck conjec-

ture" which is the main conjecture in the theory of combinatorial anabelian geometry 

developed by Y. Hoshi and Mochizuki (e.g. [HMl], [HM2], [M4]) in characteristic 0, 
and by the author in characteristic p ([Yl], [Y2]). Thus, the group-theoretical special-

ization conjecture can be regarded as the ultimate generalization of the combinatorial 
Grothendieck conjecture in characteristic p. 
We have the following result was obtained by the author ([Y9]): 

Theorem 5.1. The group-theoretical specialization conjecture holds. 

5.4 Contribution to moduli spaces of fundamental groups 

Let f x• be the d叫 semi-graphof a pointed stable curve X・oftype (g, n) and 
Wx• : v(fx・） → ｛gv }vEv(r x•) defined as v→gv, where gv denotes the genus of 
smooth pointed stable curve associated to irreducible component corresponding to v. 

We put Cg(r, w)些 {qE訊，nI (rx;,wx;) = (r，叫｝． Thenthere is the so-called 
"combinatorial stratification of可g,n"defined as follows, which plays an important 
role in the comparation between moduli spaces of algebraic and tropical curves: 

町n= lJ C9(r, w), 
(r,w) 

and 

C,（几，吟）こ C9(f1, wi) 
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if and only if（い，吟） isa "degeneration" of (r 1, w1), where (-) denotes the topological 

closure of (-). We put tg(r, w)竺C9(f,w)/~te・ Then we have 

叫 n= LJ tg(r,w), 
(r,w) 

and Cg（い，吟）こ C紅 1,Wりifand only if (rぁ吟） isa "degeneration" of (r戸 1).
On the other hand, by the combinatorial Grothendieck conjecture in positive 

characteristic obtained by the author ([Yl], [Y2]), we can also define the combinatorial 
stratification for IT9,n in a group-theoretical way, namely, we have (as sets) 

几，n= LJ四(r,w),
(r,w) 

where "gp" means "group-theoretical". 

Then the group-theoretical specialization conjecture (i.e. Theorem 5.1) implies 
the following result: 

Corollary 5.2. We have that (t~P（応，心）こ四（「心1) if and only if (r 2，吟） is

a "degeneration" of (r 1, w1) 1, w1). Moreover, the continuous map 1r adm. g,n ．洲g,n → II g,n 
induces the following: 

吋肝図（r,w))＝四(r,w),

吋炉図（r,W)）＝四(r,w).

Namely，吋炉 preserves"combinatorial stratifications". 

6 Grothendieck's anabelian conjecture for curves 

over sub-p-adic fields 

Let R be a strict henselization of the ring of integers of a'[radic local field, K the 
quotient field of R, k the residue field of R, Kan algebraic closure of K, and GK the 
absolute Galois group of K. Letぷ， iE { 1, 2}, be a stable curve over R such that 

def 
the generic fiberぷ，n=ぷ XRK is smooth over K. We denote by 

叫心），町（心）， 7f戸（ぷ，s)

the etale fundamental group of the generic fiberぷ，ri,the etale fundamental group of 
def ― the geometric generic fiberぷ，可＝ぷ，riXK K, and the admissible fundamental group 

of the special fiber :¥:'. 
def 
i,s＝ぷ XRk. 

Note that we have the fundamental exact sequence of fundamental groups 

1 →町（ぷ，可）→町（心）四瓜→ 1.

Let <Pri E Isom(1r1（心），町（知）） bean arbitrary isomorphism such that pr2 o伽＝
pr1. Then伽 inducesa G wequivariant isomorphism伽：町（知）ぷ町（知）． In
[HY], we proved the following result: 
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Theorem 6.1. We maintain the notation introduced above. Moreover, we suppose 

that the following conditions are satisfied: 

• The isomorphism <p8 is induced by an k-isomorphismふ，S与ふ，s

• The diagram 

町（ふ，可） ： 7r戸（ふ，s)
叶 ¢s』
叫知）二 7r戸（ふs)

is commutative, where spi denotes the specialization homomorphism. 

Thenぷ，11is isomorphic toふ，11as K-schemes. 

By using certain techniques of anabelian geometry and geometry of curves, as 
a corollary, we obtain a completely new proof of the following Mochizuki's famous 

result ([M2]): 

Corollary 6.2. The Isom-version of Grothendieck's anabelian conjecture for smooth 
pointed stable curves over sub-p-adic fields holds. 

The method given in the proof of Theorem 6.1 is completely different from Mochizuki's 

approach (i.e., without using Faltings'p-adic Hodge theory), and depends mainly 
on the techniques of algebraic geometry in positive characteristic and fundamental 
groups of curves in positive characteristic. Roughly speaking, the main ingredients 

are the following: 

• Faltings-Chai-Lan's constructions about toroidal compactification of PEL-type 
Shimura varieties, (log) local Torelli for generalized semi-Prym schemes, Mumford-

Faltings-Chai's theory of degeneration of abelian varieties, Serre-Tate theory, 
Tate's theorem about extensions of p-divisible groups. 

• Raynaud-Tamagawa theta divisor, combinatorial anabelian geometry in posi-
tive characteristic, Tamagawa's theorem about Isom-verison of Grothendieck's 

anabelian conjecture for affine curves over finite fields. 
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