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Preface

As mathematical models of such physical phenomena that have
some random characters in their features, problems on partial differ-
ential equations with random coefficients have been studied by numer-
ous physicists and mathematicians in recent years. Especially the
equations of hyperbolic type have been extensively studied in con-
nection with problems of wave propagation in random media. Studies
on this subject have been mainly concerned with the equations whose
coefficients are assumed to be smooth, or to have other nice ﬁroper—
ties' from the viewpoint of mathematics.  However there are prob-
lems in physics ,or in engineerings where we can nct expect those
nice properties on the coefficients. For example, it is customary
for the engineers to think of the 'white noise" as a random dis-
turbance which enters into the observations of signals or some
physical quantities. Also in physics, there are problems where we
must take account of the effects of the Brownian motion as the
results of the thermodynamical phencmena. A part of these phenomena
may be represented by partial differential equations with the white

noise as their coefficients.

The purpose of this dissertation is to study the initial value
problems of partial differential equations of the first order with
the white noise as their coefficients, as interesting but extra-
ordinary cases of those in the theory of 'wave propagation in random
media". Our interests will be restricted to the problems of the

following two typical equations ;



(I), A partial differettial equation which has the white noise

as an external random force term.

(II), A partial differential equation which has a "diffusion

process" as its characteristic line.

As 'a preparation for studying these subjects, we shall intro-
duce the new types of stochastic integrals and will investigate

their properties in some detailes.

The author wishes that this dissertation will contribute to

the theory of wave propagation in random media as & mile-stone.

Shigeyoshi OGAWA

Kyoto, Japan

March 1975.
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CHAPTER I INTRODUCTION
1. 1, Problems in the Theory of Wave Propagation in Random Media.

The theory of wave propagatioen in random media which is con-
cerned with the wave motions in randem media, has its origin in
practical problems of radio wave propagation through %he atomosphere
and ionosphere, sound wave propagation in the ocean, light trans-
mission through the atomosphere, etc.. It is a rather fresh field
of applied mathematics and physics where the most of work has been
done only in the last two decades by numerous mathematicians and
physicists, such as L. A. Chernov ([ 3 1), U. Frisch ([ 9 J,[10]),
J. B. Keller ([24]1,[25]), V. I. Tatarski ([46]) and so on, (we can
obtain an almost complete survey and references on this subject in
U. Frisch [10] or in L. A. Chernov [31Y. From the viewpoint of
physics, problems in the theory are devided into the following two
typical cases ; (i) Problems on wave propagation in continuous
random media such as the turbulent fluids. (ii) Problems on scatter-
ing of waves by randomly distributed scatterers, (cf., Silver [36]).
In this dissertation, we are mainly concerned with the problems in

the former case.

In general, the wave motion in a continuous medium can be de-
seribed as a function of space and time which satisfies a linear
partial differential equation of hyperbolic type with variable co-
efficients, as a consequence of the physical laws governing the

wave motion. Thus in mathematical formulations, problems on wave



propagation in continuous random media are reduced to those on

linear partial differential equatigns with random functions as their
coefficients. Since a partial differential equation with random
coefficients is no more than a family of nonrandom differential
equations depending on a random parameter which assignes to each
equation its frequency of realization, it may seem that the theory

is properly included in the theory of nonrandom partial differential
equations with variable coefficients. However, as was pointed out
by many authors (U. Frisech [10], J. B. Keller [24]), we can expect
to find out more about random problem than that found merely from
individual nonrandom problems, beczuse the final purpose of the
random theory is éssentially different from that of nonrandom theory.
To explain this is to explain the reason why did the randomness be
introduced into the problems. The reasons are quite the same as
those for other theories of random phenomena; (i) In practical situa-
tions, we can not expect to have the complete knowledges about the
physical quantities in the phenomena, except the statistical charac-
ters of them. Therefore the problems must be anzlyzed in a statis-
tical manner. (ii) Even though we can get the complete knowledges
on them, it may be of no worth or impractical to solve the reduced
random equations, since in most cases(e.g., wave propagation in a
turbulent medium) the coefficients of equations may be too complicat-
ed to apply the nonrandom theory of partial differential equations.
In other words, the final purpose of the random theory is in the

determination of statistical characters of random wave motions and



not in a precise determinaticn of wave motioms.

The determination of statistical characters of a random wave
motion is difficult in most cases, because the wave motion depends
nonlinearly : on the coefficients that bring the ranécmness into
the equation. In order to get the equation which a specified moment
of the random wave must satisfy, the varicus appreximation technics
were introduced for this aim. These technics are not rigorous in
a mathemati&al sense but produce the results that compare well with
the experiments and are called ' dishonest methods ", cr " nearly
dishonest methods " following the terminologies of J. B. Keller and
U. Frisch. (The " honest method " is a direct method in which first
we solves the individual nonrandom equations andlé;ermines its
statistical quantities at the second step.) These dishonest methods
are the followings ; The diagram method which was introduced by
Bourret [1], and extended by U. Frisch [11], the random Taylor ex-
pansions, the method of smoothing which was introduced by Primas
[35] and Tatarski-Gertsenshtein [41], etc.. Nowadays, it is under-
stood that one of the most important problemsin the theory is to
justify these approximation technics or is to introduce a more con-

venient technic which will cover wider regions than these technies.

We have given a short sketch of the theory from the viewpoint
of applied mathematiecs. The random theory is alsd a fruitful and

interesting one from the viewpoint of physics. In fact there are



phenomena that can be understood well through the random theory such
as the energy transfer between the different wave modes of a random
wave (K. Hasselmann [14]), the stochastic acceleration in plasma
physies (P. A.‘Sturrock [39]), etc.. Since the theo?y is based
on the mathematical theory of stochastic partial differential equa-
tions, it can be applied to other physical problems that are also
reduced to the problems concerning stochastie equations. It is of

course a tediocus thing to explain each of these sujects, There-
fore we terminate this section only by noting that

the theory 1is considered to have a close cérrespondence with

the theory of non-equilibrium statistical mechaniecs, via the analog-

ies, both physical and mathematical, (ef., U. Frisch [10]).



1. 2, Problems in the Dissertation.

We have explained in the previous section an outline of the
theory of wave propagation in random media to find that problems in
the theory are reduced to those of partial differential equations
with random coefficients. We will consider in this dissertation
the partial differential equationswhich have the "white noise" as
their coefficients, and will study the initial value problems of
these equations from the viewpoint of the theory of wave propagaticn

in random media.

The equations that are treated in this dissertation are the

followings ;

CASE I), Bi u(t,x;w) + a(t,x) —ng-u{t,x;m)
= Alt,x)ult,x;w) + b(t,x)W(t,w)
3
CASE II), T u(t,x;w) + {a(t,x) + W{t,w)}—gg—-u(t,x;w)

At xdult,xiw) + B(t,x) .
where W(t,w) is a stochastic process that is called the

white nocise.

4
Speaking forma%y, each of these equations may represent respec-

tively a phenomencn of wave propagation in such a random medium that



is disturbed by the white noise which enters inte the transmission
medium as an external noise, and a phenomenon of wave propagation

in a random medium that fluctuates as a consequence of the instabili-
ty of the medium ivself, (due to a thermodynamical reason, for exam-
ple). However in such interpretations there must be some comments
on each case because they include the white noise which is an un-
reascnable quantity from the viewpoint of physics. Mathematically,
the white noise can be understood as a derivative of the Brownian
motion process in the sense of random distributions (ef., K. Ito [19]),
which dces not have an ofdinary function as its sample path.
Therefore, following this consideration, it may be possible to under-
stand these formal equations also in the sense of random distributiocn.
But we do not employ such a procedure because it may fail to conserve
the physical correspondence between the interpretations for each
equation stated above and the equations defined in such a procedure.
We wish to understand these equations as mathematical idezlizations
of those which have & precise meaning as usual stochastic partial
differential equations explained in the previous section and which

can be considerad to describe soie physical phenomena. In other

words, we wish: each of these equations\to understand as a limit

equation of the followings respectively.

3
CASE I)' ua(t,x;m) + al(t,x) &= uu(’t,x;w}

ot

= A(t,x}ua(t,x;m) + blt,x) EEE Za(t,w).



CASE II)® Bat u*(t,x30) + {alt,x) + - 2% (t,a)} Ea—x u¥(t,x;0)

d t
= At x)u(t,xw) + B(t,x)

where {22(t,w),t 30} is a family of zpproximation processes
o>
to the Brownian motion process Z(t,w), each of which has

some nice properties from the viewpoint of physics, (a.s.

smoothness, for example).

T

Thus in order to study the équations in CASE I and II keeping

some realities in discussions, it is necessary to set a natural def-

inition of solutions. Namely the first problem in this dissertation
is
B 1) & To set a natural definition under which the solution of

each equation in CASE I and II can be understood as a limit,
in a sense, of each corresponding solution of approximate

' t
equation in CASE I and IT .

It will turn out to be clear in later discussions that the above
problem is reduced to a problem of defining the new types of stochas-
tic integrals which can be characterized as a limit of a sequence

of the random Stieltjes integrals with respect to a family of approxi-

mation processes {Za(t,w), tao}a_l .

After setting a natural definition of solutions, we shall be

concerned with the next problem.



B 2)5 The existence and the uniqueness properties of sclutions

of the initial value problems of these equaticms.

~

Following the general schem in the theory of wave propagation
in random media, we shall investigate the statistical properties of
solutions . At this stage, we will treat the different types of

problems in each Case.

CASE I). The author studiesthe equation beeing stimulated by the
recent progresses in the statistical theory of communications or in
the theory of stochastic controls where it ssems to be customary to
postulate the " hypothesis of the additive noise " which-describes
that a signal transmitted is received as a sum of a certain noise.
The author wishes to check the.validity of this hypothesis and
investigate the statistics of the additive neoise, that is, the

third problem in this case is

P 3)(I)' To give a precise definition to the notion of the addi-
+tive noise and to study the statistical properties of it

in the linear system considered.

CASE IL). As an application of the theory of wave propagation

in random media to the theory of nonequilibrium statistical mechanies,
it was pointed out by many authors that there is a close analogy
between the random wave motion and the moticn of Brownian paricle
which is suspended in a heat bath, (ef., U. Frisch [10], Ford-Kac-

Mazur [8] ). The author expects the equation in this case to serve



as a mathematical description to this analogy, or in other words,
to stand for a transpertation equation of a certzin physical quan-
tity carried by a diffusion particle. So it is desirable to check

_the following

P: 3)(II) i Does the mean value of a solution satisfy a parabolic

equation ?

The dissertation is devoted to the discussions on these

problems .



1. 3 Qutline of the Dissertation .

In this dissertat%on we are concerned with the problems ex-
plained in the previous section. The dissertation consists of
gix chapters, conclusion and references. It can be devided
into two parts. The first half (Chapter II, III ) is concerned
with the theory of B-derivatives and the new types of stechastic
integrals of stochastic processes, which will provide us an answ-
er to the problem, P. I). The latter half (Chapter IV, V) is
concerned with problems in wave propagation in random media which

correspond to the problems, P.2), P.S)(T), P'aj(II)'

Herein we describe the outline of sach chapter.

In Chapter II, we shall introduce the notion of B-derivatives
of stochastic processes and discuss the properties of the deriva-
tives and B-differentiable processes. We shall shcw a conjugate
relation between the stochastic integration and the B-differentia-
tion, and establish assertions concerning the integral representa-
tions of B-differentiable processes. Throughout the discussiocns
in this dissertation, the results cobtained in this chapter will
serve as preliminaries.

In Chapter III, we shall introduce the new types of stochas-

+
tie integralsr{‘l?k(f), 0<k<1l}, which include the Ito's integral

.i_
as an example. Among them we restrict our attenticns to hﬂ 1 {5

/9



and show the relation between the integral and the limit of a
sequence of random Stieltjes integrals. We shall also compare the
integral with other types of stochastic integrals such as the integr-
al of Stratonovich and that of Stratomovich-Fisk., We will find in
later discussions (Chapters IV,V) that the theory developed in Chap-
ters II, III provides us an answer to the problem P.1).

In Chapter IV, we shall comsider an initial value problem of
the partial differential equation in CASE I, and establish the ex-
istence and the uniqueness theorems of solutions. On the basis of
these results, we shall consider the problem Pn3)(15 and introduce
a precise definition of the additive noise of a linear system.

After the discussion on the additive noise, we shall apply it to an
exemple and find that there is a situation where we can estimate the
values of variables of the transmission line by a practical observation
of the additive noise,

In Chapter V, we shall consider an initial walue problem of the
partial differential equation in CASE II. We shall show the existence
of solutions and verify that the averaged function of a solution con-
structed by the characteristic method becomes also a solution of an
initial value problem of a linear parabolic (heat) equaticn, (?.3)(113).

In Chapter VI, we shall discuss . the uniqueness question of
stochastic sclutions of the equation in CASE II. We will generalize
the equation to a system of equations of the same type, and will es-
tablish a theorem concerning the uniqueness of averaged functions.

The conclusion of this dissertation will be noted in Chapter VII

and references will be j¥ouhd-.ai. the end of this dissertatiom.

- 11 -



The context of Chapter II is mainly taken from the published
papers [33], [29] of the Proc. Japan Acad., and partly from the
published paper [31] of Z.Wahrscheinlichkeitstheorie, Chapter III
from the published paper [30] of Proc. Japan Acad., Chapter IV from
a paper in preparation [32], Chapter V from the published papers
[31] and [33], Chapter VI from a paper [34] which is to appear in

this year.

=19 .



1.4 Comments on Notations and Terminologies.

In this dissertation, we shall extensively be concerned with
discussions on stochastic processes, which will sometimes be called
"random processes'' or "randem functions'. When we consider a
stochastic process {Xt(m), t€I} (I is a certain interval in Rl),
it is always assumed to be Rl—valued and defined on a probability
space (2,7 ,P). For a notational convenience, we shall often
write -them as Xt(w), X(t,w) or X(t) when there may be no possibility
of confusions. Moreover, throughout the discussions, we shall use
the following terminoclogies

>

(1), Expectations; The notation E{(Xt(m))a} will stand for
the expectation of the quantity (Xt(m))& with respect to

a prescribed probability measure P.

(2), Equalities; It is meant by the equalities between
stochastic processes that relations are valid in the.sense
of the "stochastic equivalence'. Namely the notation
" X(t,w) = Y(t,w) " is equivalent to the statement

W P{X(t,w) = Y(t,w)} = 1, for each t. "

(3), Continuities; A stochastic process {Xt(m), t€I} will
be called "stochastically continuous on I" provided that
for an arbitrary positive number ¢, there exists a positive

number & such that,



P{|Xt(w) - Xs(w)| >¢e}<e forany t, s (|t -s|<s),

in the interval I

A stochastic process {Xt(w), t320} is also called
" continuous in L7(Q)-sense", or equivalently L?(9)-

continuous"when it posseses the property ; For an arbitra-

ry positive number e, there exists a positive number §

which assures the inequality E{Ixt(w) - Xs(w)[n} < e

for any t, s (|t -s| < 6) in I.

(8), Separabilities; Stochastic processes are assumed to
be separable in this dissertation, (ef., J. L. Doob [61]).
Especially, when we write an equality between stochastic
processes, we always understand it to hold between separ-

able versions of each stochastic process, 1f necessary.

{(5), Discontinuities; When we say that a stochastic process

{Xt(m),'té I } has no discontinuities of the second kind

on the interval I, we intend to mean by this that the
stochastic process Xt(w) has left, and right-hand limits
Xt_(w), Xt+(w) with probability one at each t in I.

For the other special concepts about stochastic processes,

such as '"the martingales", '"the Gaussian processes'",'"the Brownian

o Q=



motion process', etc., we should refer to some texts on probability

theory, (e.g., J. L. Doob [6], or X. Ito [21]).

- 15 -



CHAPTER II B-Derivatives of Stochastic Processes.

2. i I Introduction.

As the classical calculus of integration and differentiations:
did in the theory of Newtonian mechanics, the theory of stochastic
integrals and of stochastic differential equaticns may have a great
deal to do with problems on stochastic dynamical systems, especially
of those which have the Brownian motion as an element. In fact,
we can find its application fields in such stochastic theories that
are concerned with dynamical systems which possess the rancdomness in
their features (e.g., the theory of stochastic controls, H. Kushner
[26]), and in problems of statistical mechanics of particles that
are suspended in a heat bath, (cf., S. Chandrasekhar [2], A. Einstein
[7], Ornstein-Uhlenbeck [42]). However we can not be sure on the
realities of such theories that are developed on the base of the
Ito's theory of stochastic differential equations, while the theory
of Brownian motion was originated from the purely physical considera-
tions. The reasons which prevented the theory of Ito from the
vivid appliéations to physical problems, may be that the theory it-‘
self is in so far a state to admit any physical interpretations,
and that the theory is not convenient to work with for such practical
purposes. For example, there are not any nction ofs differentiation
which have a right to exist in itself in the theory of stochastic -
differential equations, though it is customary for us tc describe
a physical phenomenon using a notion of differentiaticon. (We should

remind ourselves that the differential formula in the theory of Ito



mean to say nothing more but symbolical abbreviations of stochastic

integral equations.)

In this chapter we will consider a differentiation of stochéstic
processes with respect to the Brownian motion as a first step to
make the Ito's theory to be applicable to the physical problems.
As for a differentiation of stochastic proeesses, the discussions
on it are very rare except those works of K. Ito [181, E. Nelson
[28] and D. Isaacson [15]. In his monograph, " Dynamical Theory
of Brownian Motion', E. Nelson introduced a notion of '"mean deriva-
tive" of stochastic processes which corresponds to @ usual notion
of velocity in Newtonian mechanics. D. Iszacson considered in his
paper [15], a derivative of a stochastic process with respect to a
martingale. He considered the differentiation only of such®a
stochastic process that is represented by a stochastic integral with
respect to a prescribed martingale, and verified that the differentia-
ticn cf a stochastic integral yields a stochastic process that is
the integrand of the integral. But he did not verify the complete
duality between these operations. That is , he éid not consider
"such a inverse problem; " Does the integration of the derivative

yield an original stochastic process ?"
Hereafter we will introduce a notion of B-derivatives of

stochastic processes, and will investigate in scme detailes the

properties of B-derivatives and B-differentiable prccesses in the .

- 17 -
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next secticn, 2.2. In section 2.3, we shall consider about the
duality between the stochastic integration and the B-differentiation.
As a consequence of the consideration on the guestion of duality of
these operations, we shall give two propositions which are.concerned

with the integral representations of B-differentiable processes.

The contents of this chapter are full expositions of those which
were included in the author's ealier publications S. Ogawa [291,.[31],
and will serve as preliminaries for the discussions in this disser-

tation.

- 18 -



2. 2 B-Derivatives of Stochastic Processes
1
Let {Z(t,w), t20} be an R -valued Brownian motion process
defined on (Q, F, P), a complete probability space, and let/Vi

be the smallest O-algebra generated by {Z(T,m)—Z(s,mj, s<T<t}.

, 1
Definition 2.1 Let xt(w), t>0 be an R -valued, B

[o,t]wg_

measurable stochastic process. If for z positive integer nogthere

¥
exists a stochastic process ﬁt(u) ((t,w)<€ [0,TIxQ) satisfying
the following conditions D.1l) ~ D.3), we shall call this 'the

+ ¢ i i 4 ¥
B -derivative of Xt(w) in the L_ -sense' and denote the relation

2n
by

+

¥ (0) = —2n o) .
0 %y
D. 1) ‘§t(w) is a%@,t] varg - measurable
D. 2) E{{i;(w)|2n} is bounded on [0,T]
D. 8)  Llim E {—— { X_(&) - X (0) - X_(uMZ_(w) - 2. ())}} =
s+t Ys=t S t St s - }

for any t in [0,T1.

s i s + - 5
And if Xt(w) has a B -derivative in L ,~sense, on a certain

2
interval [a,b], we will say that Xt(w) is B+(M2p)—differentiable

on the interval [a,bl.

- 19 -



For a &?t,T]x~/Vr¥ - measurable (0<T<+=) stochastic process
Yt(w) (0<t<T) its derivative with respect to the Ercwnian
motion Z(t,w) is defined in a similar way: If there exists a
stochastic process ?%(m) (0<e<ts<T) satisfying the following

conditions B.l) N B.S), we will call this the B -derivative of

Yt(w) in L2n—sense on an interval [€,T] (0<e<T),
Y e . T - ‘
D. 1) Yt(w) is qaaT]x’A[T - measufable for t < [e,T].
2 .
5. 2) E{|Yt(m)|2n} is bounded on [e,T].
~
B.a)  lim B{ — {¥_(u) - Y () - Y, (0)(Z () - Z ()} = 0.
stt Vt-s

~ 4
And the relation between Yt and YJC will be denoted in

~ B’
Y (w) = 3 2,

Yt(m)

The notation 2 is based on the following fact.
d Z
T

(S’X)(tgu) (t2s20) be the diffusion process

(Example 1). Let x
determined by the fellowing Tto's stochastic integral equation,

G

T
(2.1, xis’X)(m) - x = I£EKT,x§S’x)(w))dE +.Lkﬂrﬁx§s’x)(m)dzr(m),
(2.2) xés’x)(w) = X a. 8.,

= DO =



where a(t,x) and b(t,x) are such functions that are bounded and

continuous in t, Lipschitz-continuous in x.

. (syxd . S, &% .
The solution x_ (w) is ,th 5 ¥ measurable in (t,w)
for any fixed s, and is B+(M2n)—differentiablg on any finite inter-

val [s,u] with the following derivative, which is not difficult to

verify ;

+
‘E (S,X) =3 (S,X)
ﬁg:z; x (w) = b(t, X, (w)).

. . . (s,%) . s
W X -
Since the diffusion process X (w) 1s‘/Vrt dg[s,tj
measurable in (s,w) for any fixed t, we can also consider its
B -derivatives. By a slight computation, we will see that
it is B-(Mzn)—differentiable in s (n, a positive integer), and

that the derivative is given as the solution of the following

stochastic differential equation.

s
(2.3) X"(s,0) + b(t,x) = Sax<u,x<t°*‘”(u,w)) X (u,w)du
s
+ S-bx(u,x(t’x)(u,w)J Xt(u,w)dz(u,w)J
T

where Xt(S,w) =

- 2] =



The next proposition assures that these derivatives are well

defined.
s 0 K-{T B
Proposition 2. 1 If a @S[O,t]x/«t (@Et’ﬂ N "‘f)
measurable stochastic process Xt(m) is B+(B-)(Mgn)—differentiable
then its derivative ~:é:** X, (w) ( ry X (w)) is uniguely
>zt CE :

determined up to stochastic equivalence.

(Proof of Proposition 2. 1) Let Yi(u) and Yi(m) be B'-

derivatives of a stochastic process Xt(w) in sz—sense.

Then, from conditions D.1) and D.2) we have for any s>t the

next

1 2, 120, _ 1 2n
E{lYt(m) - Yt(mjl }

1 2
= o) 1! Ef‘yt(wJ - Yt(w)l

x Bl == (2(w) - 2 (@)W 1.

s-t

Applying the Schwarz's inequality., we get

<KE{ —2{ X -x -v(z -z )"
e St Ts
1 l,_ 2n
+ KE { s-t‘FXS - X, - Y02, - 230

» Where K is a positive constant.

Taking s sufficiently close to t in the above estimate, we

- P -



obtain E{(Yi(m) - Yi(m))zn} =

0 for any fixed t by virtue of
condition D.3). Tor the case of B -derivatives, we will obtain

the same concluSion in & similar way. And this completes the

proof of Proposition.

, R £ .. .
As for the degrees of moménta in B -differentiations, we

have the following

s . 0 N i
Proposition 2. 2 . (1) If a ag[O,tT’A(t(dg[t,TjaA(T)_
measurable stochastic process X, (w) is B+(M )y (B (M. ))-

T 2n 2n
differentiable for a certain positive integer n, at t, then the
stochastic process Xt(w) is also B+(M2m) (E_(Mgm))—differentiable
at t for m=1l, 2, ..., n-1, and derivatives coincide with each
other up to stochastic equivalence. (ii) If a stochastic prgcess

r + - . : ; ; :
Xt(w) is B (Mg) (B (MQ))—d;fferentlable at t, with the derivative

it(w) and if the following quantity

1 2n
E{ g_ths - Xt - Xt(zs - Zt)}} J
1 2n
( or E { — {XT - XS - Xt{zt - Zs)}} )

remains finite for any s2t (tzs), then the same result as (i)

holds for the process Xt(m}.

(Proof of Proposition 2. 2 ) It may suffice to verify the e

; . s ; + . .
assertions (i), (ii), in the case of B -derivatives.

- Gl =



Let us put

1

(2.8)  §(s,0) = === {(X_(0) = X, (@) - X (&) (Z_() - 2 _(0))}

S-T

. . - ki
for a fixed t and for an arbitrary point s(zt), where Xt(m)

. . g . . ’ v .
is the B -derivative, menticned in each assertion.

(1) By an application of the H8lder's inequality, we have
n_ n-2
E {f 5(s,t))2(n-l)} < [E {8 (s’t))2Cn—2)} a-2 4 n
z B
x [ B{(&(s,t)% 2 P
n-2 2

[ B S¢s,t)P1 ® [Eiléfs,t)ln}JH

I A

n-2 1
[ 840 Ble 2P ® % el St P

A

here we have used the Schwarz's inequality at the last step.
” 5 - e 5
The estimate above shows that if Xt(tﬁ is B (Mzn)_ differentiable

at t with the derivative Xt(m}, then it is also B (M )-

2(n-1)
differentiable with the same derivative. The assertion of (i)
follows from a successive usage of the estimate and from Proposition

2&1.

(ii) Since we have

1 i,

E{ | &(s,t)|n} < [E{( 5(s,t))2(n_l)} ?2 x [E{( é(sst))Q}ji-?

= Bl =



therefore from this estimate we get the following
n-1 n-2 1

E{C 60s,t)2 P 111 P g mi¢ 6(s, eI x R8s, e 1T .

The assertion (ii) is a direct consequence of this inequality and of

the result of Proposition 2.1. Qe B D

As for the computational rules in the B-differentiation,.we

have the following assertion which is easy to verify.

Proposition 2. 3 (i) If the functions ft(m) and gt(m) are E (or

B_)(Mgn)—differentiable, then the linear combination le+(w) + ngt(w)

(C.,,C.; constants) is also B+(B-)(Mzn)—differentiahle and their deriva-

1272
tives satisfy

+ %= +
3 = . _ 2 o : 3 5
(2.5), 5 {clrt(w)— + ngt(w)} = et rt(m) + Bl gth)
e Zt 3 Zt a Zt

2

(1) If the functions £ _(u), gt(mj are B+(B-)(qu)-differentiable,
then the product (£ g )(w) is B*{B“)(MZHJ-diffefentiable and the

derivatives satisfy the following

* * -~
3 . = 3 , d _
(2.6)- = (E g ) (@) = £ (05— g (v) + g ()5 F (w) .
] Z_t :} Zt 3 Zt

Now let us investigate the properties of B-differentiable pro-

cesses. The first thing that we can say is the following

Propositio 2. 4. If a stochastic process {Xt(m), t20} is B+(B_}
(Mzn)—differentiable (n31) on the interval [0,T], then the process
is stochastieally right (left)-continuous at any t in [0,T].

(Proof) We will give a proof only for the B'-differentizble case.
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From condition D.3), we know that for a fixed to(-E (0,71 )
and an arbitrary positive number € , there exists a positive

number & such that,

2n . ¢h
BE{ (X - X -X (-2, N7} 5 et -1y
0 0 0
a-i-
for any t in [ty, t, + 6] , where X () = e X (w ).
T
Therefore
. ) X 20 . _ n
(2.7) E{ (X =X )7 s exal)(t-1,),

0

where A = (2n -1)!! E{|X+| 2n} which is finite by virtue of
0
condition D.2).

0n the other hand, from the Tchebychev's inequality, we have

1 n ; r
P {] Xt - Xté > e }< 7 ( €+ A)( t - to) , for 6>t—t0> 0,

which states that Xt is stochastically right-continuous at t = t

The estimate '(2.7) seems to say that a stochastic process
which is B ( B“)GMQB)—differentiahle for nz 2, is almost surely
right-continuous(or left-continuous). However, it is hard to prove

that, because the constants in the estimate depend on the point to.

s 96 =



In order to yield a almost sure continuity of a B-differentiabl
stochastic process, it may be necessary to assume that the
expression (2.7) holds uniformly in to. That is, we are reached

to the fellowing.

Definition 2. 2 A 39[ x NS(B[’[ ] XN}“:)-measurable

. . - +
stochastic process Xt(m) is called uniformly - B (B )(Mén)-

0,tl

differentiable on the interval [0, T] if it satisfies D.l),

D.2) ( or’ﬁ.l), 512)) and the followings respectively

Dt 3)! lim sup E { : { X (w) - Xt(m) —.ﬁt(m)(zs(w) - Zt(m))}}2n=
hv0 O<s-t<h V-1 .
0<tst
i 1 ~ 2n
D, 3) lim sup E { { X (0) - X (w) - X (w)(Z () - Z_(w))}}
h+0  0<t-s<h V-5 g = - & =
Ostst

It is obvious that a uniformly, B+(B-)(Mzn)wdifferentiable
process is also BT(B_)(MZn)—differentiable with the same

derivatives.

Proposition 2. 5 A separable and uniformly B+(B_)(M2n)—

differentiable stochastic process (n>2) is almost surely continuous.
(Proof) Let Xt(w) be uniformly B+{M2n)—differentiable on

T
the intervald[0,T], with Xt(m)f its derivative. Then, from

P + . -
condition D.3)', we know that there exists a positive number §

i A



for any positive number e, such that
v 2n n
= - - < -t

;5 {(xs Xy xtizs zt)) } < els-t)
holds for any s>t, (s-t<é, 0<t<T).

Therefore we have
(2.8) B {(x~ %)} g (era)(s-t)”
for any s>t (s-t<§)

Since the uniformly B+(M2n)—differentiable process 1is
stochastically continuous by virtue of Proposition 2.4, and since a
measurable, stochastica%y continuous process ha:s no discontinuities
of the second kind, the stochastic process Xt(mJ has both

left-hand and right-hand limits at any point in [0,T1.

Let N(e) be the number of peints t at which |X
(ﬁ}

TR -Ol> o
{Ostin}<

holds. Let us consider a family of part%\ons { a
t(n)'( {t(n)ET}

S
5 Sees of the interval [0,T] which posseses the property

(n)

(n) (n)) = 0. and let N (e) be such that

lim max (t. PN

n+= 1<i<n

(n)

x™e) = #1s | xe®) - il » &}

(n)

Then it is clear that 1im N “(€) » N(e), and that

N+

< (O s



(n) _

(n), . _ ¢ (n)
ENU(e) = L P ARGty - %(e)] > e )

i=1

On the other hand, for a sufficiently large n that vields

max (tgn) - t?n) ) < &, we have from (2.8) the next
1<is<n 1+ all

(n) (n),| (eta) . (n) _(n) \m
(2.9) Plxte, 1) - X2y 2 e b s (£ -8 )

€

Therefore, we have

(n) ;
- ()R

(e+A)
(ti+l i

y (n) i B
lim EN (e) £ 1lim E
= 2n

pein n>® nsp €

=0

by virtue of condition D.2).

Hence, we know by the Fatou's lemma,

ja]

EN(e) < E lim N (e) < 1im an¢®)

19 el

(e) = 0.
That is, N(eg) = 0 with probability one for an arbitrary
positive number €. This completes the proof.

)-

T g —
The necessary and sufficient condition for a B (B )(MQ“1
L
2 ) 3 e =~ i ]
differentiable process to be a uniformly B (B ){Mzn)—dzrrerentlable
process 1§ unknown. But we can show a sufficient condition in

the next proposition whose result will perform a helpful role

throughout the discussions in this dissertation.

Proposition 2. 6 If an almost surely continucus stochastic

process Xt(w) is B+(M2n)-differeL:iable (nzl1l) on the interval

< 1P s



+
(0,T], and if its B (Mgn)—derivative is almost surely continuous

on [0,T], then Xt(m) is uniformly B+(M2n)-differentiable on
[&,T],
(Proof) Let us put &£(t,s) = E[(é(s,t))zn], where J(s,t) is

a quantity defined in(2.5).

Then the continuities of X, (w) and ft((o) yield that the

function &(t,s) is continuous in t (0<t<¢s) for a fixed s

and is continuous in s (t<s<¢T) for a fixed +t.

Therefore the next function E(t,s},

S &(t,s) for O0<t¢s<T
§(t,s) =

) 0 otherwise

is continuous in (t,s) on the rectangle, since we have
lim £(t,s) = O for any fixed t. 1In fact, if it is not a
Sit

continuous function, then its discontinuity must occur in

such a manner; g'to, such that | g(to-o,to) - g(to,to)\>8.(70)
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that is, we must have 1im e(t,t.) > a for some t. and a(>0).

0 0
t1 tD

On the other hand, for an arbtrary positive number el(<'a).

there exists a point t. <t_ such that Is(tl,t

1 0 } -:s(tO-O,tO)I <

0

e, by virtue of the continuity of e(t.,s) in t. That is,

we have > a- E..

+ E(tO—O,tO) > g(tl,to) > et 5 1

El O-O,to) - €
Since a 1is &a positive constant and since we have e(tl,tl) =0

this contradicts the assumption of continuity of e(t,s) in s.

Therefore &e(t,s) is a uniformly continuous functicn on [0,T]

[o,2].

Hence, for any positive number ¢ , there exists a positive

Pa

number ¢ such that

(2.10) ]E(tl,sl) - E(tz,se)l < g for any pairs (tl,sl),

(t ) such that |t, -t, | <& , |s; - s

1” % 1 - sl <8

2252

s}
Thus taking s, =%, = s. we obtain from (2.10) the follow-

ing relation;

w B =



e(tz,tl) = E(tZ'tl) < g for any 0 < tl - t2 < &,

and this completes the proof.

~
(Remark) The assumption of almost sure continuity of Xt(w)
may be too strong. In fact we have the following exemple.
Exemple Let. ft(m) be & random function such that

(1) ft(m) is &B[O,t] x ,Adfg- measurable,

T
o) [ sl n®r e <
0

Then it is clear that the following stochastic process

t
(2.11), F, (w) =.j £ (v) dz(s,u),
0

is B+(M2)-differentiable for almost every t in [0,T].
Moreover, we can see that if the function ft(m) is Le(g)_
continuous on [0,T], then the stochastic process Ft(m) is

uniformly B+(M2)—differentiable on [0,T].
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2. 3. Integral Representations of B -differentiable Processes.

In the previous section, we have investigated some properties
of B-derivatives and of B-differentiable stochastic prccesses.
Especially in the final example, we have checked that the
B _differentiation performs like a dual operation of the stochastic
integration. Here we are concerned with a further discussicn
on this duality, that is,we are interested in the fcllowing
inverse problem; '"Let Xt(m) be a uniformly E+(M2n)—differsntiable
stochastic process with E;(w) its B -derivative. Then does
the stochastic integration of Q;(m} with respect to the Brownian

motion process Z(t,w), yield the original process ¥_(w)?".
L

It is easy to propose counter examples to this conjecture,

however we have the following case.

Preposition 2. 7 If a square integrable mantingale

{Xt,/VQ} is uniformly B+(M2n)—differentiable on a interval [a,b]
for some n(al), then the stochastic process has & integral

representation as follows; 5]

t
- v
(2.12) Xt(m) - Xa(m) = S- Xs(w) dz(s,w). a.s. for each t in [a,b]. .
a
(Proof) It suffices to check that the relation

t
§(t) = E {(Xt(w) - Xa(w) - S §;(w) dZ(s,w))Q} =0

fu



holds for each t.

(n) a=t(n) < t(n) S t(n) = m_ be a family
1 2 n n=1

of partitions of the interval [a,t] +that satisfies the

(n) _ L)

Let {&

condition, lim max (t. y = 0. Now we have,

n+e 1<iz<n 141
E
Il w p)
(2,183) §(t) = E{( } (X £ ) - { X (w) dZ(s,»))"}
i n) (n) s
i=1 t. J
1+l 1 a
n )
. € 200§ e - kP S ¥ o ot
i=1 -
t
. + 2E {( g §S(w} dz(s,w) - E X(T(n)} 1(n) 7)?
121 i
a

( ) (n) ) - Z(t in),m).

where % = Z(t

It is obvious from the definition of stochastic integrals

(K. Ito [21]), that there exists a positive number n, for an
e

arbitrary positive number £, which yields

t
(2.314) E it g E;(w) dZ(s,w) -

d

n
P ™) a® 52 <
for all n>n

1

As for the remaining term in the above estimate, we have

-3 =

}

1 4



n .
B L Y ey - oxee™)y
$=7 171 1

e (n)
izl E {(x(ts )

i>j

x(*
, (X(t(n) )-

X(t

- E E {(X(t(n) y - XlZJL(H) ) -

) - X(tin) ) - \fit

(n)

B ORI B!

y - %@y,

B j B 3}

( (n) ) A( n) 7 )2}

i=l
+ 2 E E{{ X(t, &” ) - xﬁf By LX)y aim) g
i>3 ] ]
T ~ 70
x E {(X(t(n) ) - X(tin) ) - X(tgn} ) Ai“) z}[/{t(nj}]
]
n
= 3 By x@®y C Xy 2 202
i=1 i+l 1 i 9
since we have
(n) _(n) 0 _
B {x(t; X(t; )M{f“‘-) }
3
(n) (n) 0 - (q) - (n) 0
E {X(t ) 8.7z IJ(t ()3} = {x( } B (4 |)J- (n) )1ﬂ
= 0 5
by virtue the assumption, impésed on {Xt,ﬁfg}
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On the other hand, the uniform B+(M2n)—diffarentiability of

Xt(m) assures the existence of a positive number n,, such that
(n) (n) ¥, . (n)  ,(n) 2s . g lE)
(2.15) B A, 0 ) - X(e,77 ) = X(,77 ) a7 2 )7 < et ) -

for an avbitrary >0, and for all nzn, .

Hence, from (2.13), (2.14) and (2.15), we obtain the next taking

I

sufficiently large n>nl, 5

(2.16) §(t) < 2e (1 + (t-a)).

The arbitrariness of € in (2.16) yields the result.
Q. By By

(Remark) The #eormula (2.12) shows that the assertion of
(Proposition 2.5), which is concerned with the continuity of B+~
differentiagle processes, still remains valid for uniformly
B+(M2)—differentiable processes, provided that they are square
integrable mantingales, with respect to a family {A[g} I
In order te proceed a consideration to more general case,
it seems to be neccessary to  introduce the notion of '"mezn
derivatives of stochastic processes'" which was proposed by ®

E. Nelson in his manuscript [g]. Following E. Nelson, we

introduce {he

+m),

1

)3



- - - l 1 O
Definition An R -valued, BFO t]%ﬂf; - measurable

stochastic process {Xt(w), t<[0,T]} is calied H-differentiable,

if it satisfies the followings:

i
(M.1) Each X_(w) is in L (2) and t*xt(w) is continuous
XL
from [0,T] into L (Q).

(M.2) For each t in [0,T1,

Dfgud = T E{X(t+n,mz-x{t,w) ij(i }
h=>0+ :
; 5.5 4 1 ; y
exists as a limit in L (f) and t+DX{t,w) is continuous
1
from [0,T7] into L (R). And the random variable DX(t,w)

is called the "mean forward derivative of X(t,w)".
Heareafter we will shortly call DX(t,w) "the M-derivative
of Xt”. Since DX(t,w) is defined as above, it is of ‘course

’Afi - measurable for each t.

Proposition 2. 8 If a stochastic process {Xé(m), t20}

is uniformly B+(M2n)-differentiabla {nz1) &and M-differentiable

on a interval [a,b], with X(t,w), DX(s,w) its E+—, M-derivatives
respectivel&, and if DX(t,w), is Riemann integrable in LQ(Q)-
sense , then it has the integral representation of the following

type.

t : t
§2:17) X(t,w) - X(a,w) = g DX(s,w)ds + g E(s,u)dZ(s,m}

a a
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, almost surely for each t in [a,bl.

(Remark) Here it must be noticed that the integral of DX(t,w)
exists as a Riemann integral in Ll{ﬂ)—sense, since t-DX(t,uw)

2 s A 1
is continucus in L7 (R).

(Proof) Let us put
% ' t
i { 21
§(t) = E {(x(t,w) - X(a,w) - DX(s,w)ds - \5 X(s,w)dZ(s,w))” }
a a
for a fixed t in [a,b].
And let { A(n)} :=l be a family which wzs used above.
Then we have,
S (n) (n) v (a) | ,(n)
(2.18) 8t) = 28 {{ § (el ¥ - ey ) - e )oATUE
: i+l € 3 i
i=1
L(n)
i+l
- S DX(s,w)dZ }2}
t}n}
t n
v i
+ 28 {( S X(s,0az(s,0) - 1 ™y a2 )%,
i=1
a

From a similar consideration to the previous case, it will
turn out that 6(t) = 0. In fact, as for the first term on the

right hand side in (2,18), we have,

- BB =



(n)

(n} -

n
E {{ izl (x(riﬂi Yy ~ X(tin) ) - %(tl y 8.7 2
. (n)
rti+1
- 3 Dx(s,m>ds)}2}
)
n p
L B{ ) ) - xel®) ) - %My 4 5
i=
L (n)
e 40
= 3 © DX(s,w)ds )2 }
fn) )
i
n
Ln) oy (m) y _ ¥eelm) y o) o
+ 2 izj E {(X§Lj+l ) X(tj ) x(tj ) ;
{n)
Tsy1
- g D¥(s,w)ds )
£n)
y

(n)

N
x B{(X(ty)) () X(tin) ) Ain) 74

) - X\ti

(n)
ti+l
.f 0 1
DX(s,m}dsLﬁf (p);}.k,
£ 53
i

g
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1
_ (n) (n) (n)
5 izl E {(x(e. ] ) - ®(t,7 ) - X(e 7 ) 8.7 2
(“}
; 1+l
- ‘S D¥(s,w)ds 32}
(n)
i

the
since we know by virtue ofﬁ}emma stated later, that

E {(x(£%) ) - X(t(n) y = x(r‘ﬁ) y 2 g
(n)
. 'I‘rl
0
= S D¥(s,w)ds )L-",[ t(n)}
1,:Fn} 3
e B
= B e (el ) - ke ) 2™ ) g
(n)
1+_|_
i . ! !“r"":' 1 .10
_ S DX(s,w)ds | N () l (1)
(n) ti J
i
{n)
; 1+l
_ (n) (n)
= E {E {%(t. >y ) - X(ti ) - .S D¥(s,w)ds I)f ( )}JA (n
(n) ]

On the other hand, we have

.



Tl
(n) - (n) Y, (n) {n)
(2.19) izl E ARGy ) - x(e,7 ) = X(e,7 ) 4% 2

(n)

LN
7,
- S DX(s,w)ds )} }

¢ (n)

1

n
s 2 ) Etaa® ) o xa® ) oXal ) al) 23

1=1 vl R i 1
+(n)
-~ ditl
n ( 9
+2 Y E {( DX(s,w)ds )°}
gy t} (Il) [ad
e
i

Taking n suﬁﬁmhniiy 247%2“, we can make the terms of the
right hand side arbitrarily small by virtue cf the uniform B*(Mzn)_
differentiability of X(t,w) and the Riemann-integrability

of DX(t,w) in Lz(ﬂj-sense. By this reason, together with
estimates (2.18),(2.19) and the following lemma, we complete the

Proof.

(Lemma) (E. Nelson) Let {Xt(m), t>0} be an M-differentiable

stochastic process on an interval [a,b]. Then we have

‘ t
E {x(t,w) - X(a,wJLM’ 2} = E {.g DX(s,w)ds|)Jfg Fu

a

For the proof of Lemma, we can £ind it in E. Nelson [28].



We can find a similar result in E. Nelson's monograph ([2g8]).

The result that he obtained is as follows.

Proposition (E. Nelson) Let a M-differentiable stochastic
L
process {Xt(m), t20} satisfy

(2.20)* 62(t) = lim E
At=>0+

2
[X{t+ £)-X(£)] 0
{ - At I.#}V[ 't}

exists in Ll(Q) and is Ll(ﬁ)—contimuous in t and
such that Gg(t) > 0 for almost every t in [0,T1],
Then, the next relation holds for any t in [0,T].

s i

(2.21) X(t,w) - X(0,w) = \g DX(s,w)ds + S §(s)dZ(s,w).
0 0
Comparing this with ocur result, we get the following
assertion which states a sufficient condition for a M-differentiable

process to be uniformly B+(M2n)—differentiable on [0,)T7,

Proposition 2. ¢ Let {Xt(w}, t20} be M-differentiable
process,fdifferentiable on [0,T ). Then the stochastic process
{Xt(w), t>0} is uniformly B+(M2}—differentiable, if it satisfies
the Nelson's condition @.20).

the
In other wordqﬁproPDSition above tells us, that our result

-in Propesition 2. 8 is more general than that of E. Nelson.

w ol



2. 4. Concluding Remarks

" 1 .
We are restricted our attentions to R--valued stochastic
processes. The extensicns of discussions teo a multi-dimensiocnal
case may be carried directly. Let us try to set up the things

for a multi-dimensional case.

2 ;
Let X(t,w) = (X (t,w), Xo(t,0)s «vv, X(tsw)) be an R°-
valued stochastic process, and let Z(t,w) = (Zl(t,m), ZQCt,w),
m .m = e g PRRTETR Te T Al Ai" ';ﬁ.- .-]"\:Clh
vy Z(t,0)) be the R -valued Brownian moticn procssses, Lomdsients of &ne
ave independent of each other . We construct a o-field ,{ Q

T

m ; .
s
by jufg = _\é}Nril) , Where jﬁ t(l} is the smallest o-field
1=

L

generated by the sets {Z;(w), s¢t} . Then the direct analogy

to the one-dimensional case, will lead us to the next

o .0 " g
Definition . For a B[O,t]%ﬂft - measurable stochastic
process  {1¥X_(w), t>0}. if there exists a random martiu
L
b Vij 5 s -
Xt(w) = {Xij(w), tBO}i g each components of which satisfies

¥

following conditionS$.

Vi, v
(M.1) X0 (@) (i=1,2,....m, §51,2,..050) Is (3 t]x,*.;’g—measurable
¥isd 2
(M.2) E {]Xt’ (w)|“* is bounded on [0,T].
(M.3) For each t in [0,T], the next holds.

|
IS
[¥%)
|



nE =t -x - %)@ -z W r=0,
Syt =% s £ t s t Rn

=1

where {(xt)(zs - Zt )}i "y :

Y i3 3
‘E Xt (ZS - Z7 ) and

” Z H2 = E ]Zl|2 for any R"-valued vector Z.
n d
R i=1
cf eguivalently,
. 1,4 i T owig 9 3 42
(M.3) lim E {{ (€, =% - ¥ R (23 - 23 NYFY=0
s¥t Vs-t 3=1 &

for i=1, 2, ..., 0.

o T
Then the matrix (X,) = {xi]} is called the B+(M2)-

derivative of Xt(w), and the process {Xt(m), t20} 1is called
oo .
B -differentiable on [0,T].
To see that the definiticn is a natural one, we consider
the following.

Let Xt(w) be the solution of the following

(Example )
stochastic integral equation.
ok t
tr
(9,09 X (w) - X = S A(s, X (w))ds + S B(s, ¥ (w))dzZ (w) .
t 0 s s s
0 0

where XO is an Rn—vector, A(s, Xs(m)) = (Al(s, Xs(m)), Ces
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An(s, Xs(w))) and B(s, Xs(w)) is an nxm matrix { Bij(s, Xg(w))}lcisn

and szw) is the transposed vector of Z_(w). hejsh
&

Under the sufficient conditions on regularities of A and B,
we can see that Xt(w) is B+(M2)-differentiable with the following

: ; .Y
derivative matrix Xt(m),

o

(2.23) Y () = 8¢t x_(0)))
. ki Ty X W)L cien

1<i<m

In this case, we may be able to establish various assertions
as in cne-dimensional case. However it is not yet known whether
there are special phenomena which are inherent in such a multi-

dimensicnal case.

We may also be able to extend the discussions for cases of square
integrable martingales. The author expect that analogous consider-
ations on such cases, may produce various fruitful results such
as, the integral representations for a certain additive process
or a Markov process. But the investizations on them are still

in a "terra incognita'.
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CHAPTER III. The New Types of Stochastic Integrals.

3 1. Introduction.

In his famous articles [161], [17], Professor K. Ito introduced
the theory of stochastic integrals and originated the theory of
stochastic differential eguations which are now well known as the
Ito's theory of stochastic integrals and of stochastic equaticns.
Starting from his works, the theory of stochastic differential
equations has been developed and used in various directions, not
only by pure mathematicians but also by apllied mathematicians who
are Iinterested in the analyses of random phenomena. Especially
in some fields of technology such as steochastic controls, or
statistical theory of communications, the theory of Ito has been
extensively apllied to investigate the problems about stochastic

dynamical systems whose behaviors are characterized by the following

Langevin types'\\‘stochastic equations dF %

d

(% 1), ( — X(t) = £(t, X(t) ) + glt, X(£) IuW(tu) ,
‘1 X(0) = X

O 3

where W(t,w) is a random process, called the "white noise'" by

engineers.

In such fields of applied mathematics, it has been customary
to start discussions on the dynamical system , regarding that the
formal expression (¥ 1) is the symbolical notation of the following

stochastic integral equation ;

- 4p -



t t
=S f(s, X(s,w))ds + S g(s, X(s,w))dZ(s,uw) ,
0 0

(% 2) X(t,w) —

where {Z(t,w) , t > 0} is a Brownian motion process, and the
second term on the right hand side is the Ito's stochastic

integral.

Cnce the mathematical interpretation to the formal expression
(* 1) had been given as above, it was a direct application of the
Ito's theory to study the problems in random systems. Though the
theory of Ito was not introduced for the aim of representing the
physical phenomena, no one had been careful of the physical fidelity
of such mathematical treatment until 1963. Questicons on the
physical fidelity were first considered by the russian mathematician
R. L. Stratonovich in 1963 ([37]). His answer to the question was
that a stochastic differential egation (% 1), which was understcod
via the interpretation (%2), could be regarded as an approximative
expression to those corresponding random egquations which had so
nice properties from the viewpoint of physies, or engineerings
(#3)  —x(t) = E(r, X(0)) + glt, X(1) —0Z(r,0)
where {E(t,w) t >0} is a random process which is so meaningful
from the viewpoint of physics that the expression (% 3) can be
understood as a family of deterministic equations, and stands
as an approximation process to Z(t,w). And where F(t,x) is

a function which depends on f(t,x) and g(t,x) in (¥ 1).

= YT -



Moreover in 1966, he introduced a new type of stochastic
integral, called nowadays "the Stratcnovich's integral', by which
we can regard the equation (¥ 2) , understanding the stochastic

integral in the sense of Stratonovich, as an approximative expressicn

of the following

(% 4), —g-;%(t) = £(t, ¥(£)) + glt, X(t)) —%% 2(t,0)

when the quantities X(t), f(t.,x), g(t,x) and Z(t,) are assumed

to be Rl—valued functions.

On the other hand, the gquestion on the fideslity was also studied
by E. Wong and M. Zzkai independently. In 1964, they published a
series of papers [43], [44], where they considered the rslation
between the solution of Ito's differential eguation and that of the

family of random equations :

. d d

®5) S x®ew = g, X + gte, X0 -2,
{n=1, 2,

where {Z(n)(t,w), tz O}:_ is a family of stochastic processes

1

-

which converges to the Brownian motion process Z{t,w) as n tends
to infinity, and each of which has a piecewlse smccth szmple

function.

They studied the convergence of the sequence of stochastic

(n)

(==]
processes {X (tyw)., 0 £ t ¢ T}n and found that , under certain

=1

w B =

w)
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kind. of assumpticns on regularities of f(t,x), g(t,x), the sequence
converges in the mean to a limit {X%(t,w)., 0£tsT} which is stochas-
tically equivalent to the solution {%(t,w), 05tsT} of the following

Ito's integral egquation

L ¥
(% 5),  X(t,) =X, = S (£(s, X(s,0)) + = gg (5, Z(s,u))} ds
C
T
+ S gls, X(s,0)) az(s,0) .
0

The equation (* 6) is equivalent to the ecustion (% 2),
understand the stochastic integral in (% 2) in the sense of Stratonovich.
Thus their result suggests to us that the fidelity of mathematical
procedures in such randem problems, stated above, is assured as far

as we take the stochastic integrals in the sense of Stratonovich.

( Remark ) It must be noticed that the above statements on the
question of physical fidelity are valid only for the one-dimensional

cases, (ef., T. Nakamizo [271]).

As we have explained above, the stochastic integral of

y
cti-

h

Stratonovich serves as a nice tool for the understanding of pr

integral

1

cal problems. However it has been pointed out that th
of Stratonovich admits a so nfrrow class of intsorable functions
that it is hard to apply to many of interesting problems, (cf.,

G. Xallianpur- C. Striebel [22]). In fact, we will find it to

= B



.

be inapplicable to the problem treated in Coaoter V.

In 1870 the author published a paper on thiz subject (8. Ogaua
[30]), and there he succeeded to introduce the new-types of stochas-
tic integrals which improved away such disadvantage of the integral
of Stratonovich. This chapter is devoted to the introduction of
the author's new-types of stochastic integrals, which is a full
exposition of the paper [20], and a part of [31]. Ths discussiocns

are developed in thes following manner

integrals, starting from the consideraticns on the convergence of

a sequence of Riemann sums of é random function. Among thesé

integrals, we will extensively be interested in the integral of

index 1/2, since it admits such a remarkable property that it can

be understood as a limit of a certain sequence of random Stieltjes

integrals. The details. on this fact will be explained in Section

DD In Section 3.4, we shall compare our integral with the other

types of stochastic integrals, namely., the integral of Stratonovich,
the integral of Stratonovich - Fisk type which was. introduced

by Professors G. Kallianpur and C. Striebel in 1871, We shall state

some concluding remarks on this subjeect in the final section, 3.5.



3, 2 The New Types of Stochastic Integrals .

y 1 . .
Let {Z(t,w), t20} be an R -valued Brownian motion process and

let')f.i (tzs20) be the smallest o-algebra generated by the sets

{Z(u,w) — Z(s,w), sgust}. Let,Aﬁ be the class of random functions

f(t,w}; defined on [0,T]1xQ (0<T<w), satisfying the followings ;

L. 1), f£lt,w) is 03[0 t]XNS—measurable, where 53[

0, %] is
the Borel field on the interval [0,t].
T -
a(?- 27, E{ S fz(s,m)ds} < o
0
We call a family of partitions {A(n) 5 ostén)< tin)<-.. <tén)s T}

() _ )y
i i

on the interval [0,T], "canonical" if lim ma x n(t,

n -+ « (Jgisgn-1

and i AW o)

-

Let us begin with the consideration on the convergence of the

following sequence of Riemann sums of a function f(t,w) in the class

Py

(x) o (n) (n) (n)
(3.1) 3 (E)w) = izof(ti # ke Bt u) — 208 wl)

(n) (n) _ . (n)

where T, -~ = T, 15 and k is a nonnegative constant
i i+l i

such that 0 £k £ 1 .
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(I e
As for the convergence of the sequence {J )(f)} ..it is well
n n=1
known that if the constant k is equal to zero, the cecusnce
(0) o G T . .
{Jn (f)g_iconverges in the mean to the limit O(r} , which coincides

T

with the Ito's stochastic integral f f(t,w)dZ{t,w). However for

"
a general case(k# 0), it 1s hard to know whether the sequence convergss
or not unless an additional condition is supposzd on f(t,w). The
difficulty of the problem lies in the fact that each random variable

n n)y,. s . -
f(tg )+ kri ))(12 0, 1,*++, n-1) is not independent of the correspon-

(n)

ding increment (Z(ti*l’

W) —-Z(tin),m)) (i= 0, 1, *+, n-1). So it
seems to be necessary to set one more condition which describes the

way of dependence of £(t,w) on the process {Z(t,w), t20} .

Hence we are led to the following

Definitiecn . We will call that z randem function f(t,w) belongs
T+ - i - () 5 it
to the class_,<f (L0,T]1), if it belongs to the class_ znd satisfies

the next conditicn

,<§. 3), £(t,w) is uniformly Br(Mq)-diIferentiable on ti.» interval

. + . . . ’ . .
[0,T] and its B ~derivative £(t,w) i: Riemann-integrable

on [o,T] in LQ(Q)-sense.

Now we have

- . o o .
Thecrem 3. 1 . For a random function £(t,w) in .45 ([o,T1), the

R k), a1 ® B
sequence of Riemann sums {Jﬁ )(rJ}T_1 converges in the mean to



- + : . B R -
the limit bﬂ]i (£)(w), which satisfies the folleowing relatiorn,

. ’ ; T,
@2, Liaw 35y = JHeerw) = JEEw) + x J2ts,00es

where uﬂg{f)(w) is the Ite's integral of f(t,w} on [0,T]

and the second term.is the Rismarn integral of Z{t,uw) =

5 2
f(t,w) in L7(9)-sense.
3tz
t
( Proof of Theorem 3.1 ) Let us put
(%) (0) By )y, L (n)y,, (n)
§ fw) = I B e = I M Ma) = J Tler ) AEMA P
n n n i i i ik
i=0
I (n) (n) +.(n) _ M)y _ pp ), o (B)
where ﬁi AR Z(hi+l,m) —'Z\Li Lu) and &i,‘“ = A(._i P KT
(n
—Z(ti ),w).
From the definition of Jéx)(f)(m), we have
nelo ) (n) (n)y _ ¥, fn), (n) -, (n)
§ (w) = 10 £t e k) = e,y — B0, 007 07
n =g i 3 i i Tk i

Apllying the Schwarz's inequality, we cbtzin

n-1 a
2 o . 2 ) b 2
E62w)} s 0§ E{e s 1w Py L)y %35y,
n i=0 1 1 1 1 S
r (o1
X (L..Ln)z)bj
i
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In fact, we have

E{( Zf(t(n)){ 8Pz p M)y _ o (ndy g2 }
120 ik i i

n-1
_ V) yoge 2m),. . (n) (n)y2) /0 13
izo E{£ (£, E{( B = k) A (o1}

+
B3

i

(n) oo 8

+ 2 E E{f{t(nJ)f(t(n))( AJ Z Aj 2 =krs)

3, j g

,’i"\_"

m (n),,,(n) (n) 0
Bl(a; (2002 —la POV t(n)} }

Bk My ony (n),_ (n) (0).2, 0
= 420 E{£° (" )E{( Al N B S MY ! |
- S
n-1
= ¥ {I (*(nJ)}(k + k)t (n) . < (k *k)‘T nazx (t(r))
i=0 OSlSn-l

v
( ¥ = sup E{fz(t,w}} <o )

which means that the equality in (3.4) holds.

The assertion of Theorem is z direct consequence of equations

(3.3), (3.4) and the estimate below,

T ~ .
B{( 30wy ~ TN =k Ee,wat )7 ]
0



o) (3w 17}

() =

¢ apley D} + 3E{{ J':
h e Y n

Ti=
+ 3E{{ Ef('t
i=

(n) (n)Z n)

Dby

=
e o~

f(t,wddt} )

iy}

|

=
O =

Thus we have obtained the family of stochastic integrals

+
{gpk(f)(w) Og<k<l} for functicns lp,/ﬁ ([0,T]) . Hereafter we

+
will callggyk(f)(m) " the stochastic integral of Indzz k ".

It is clear how (3.2) yields tre definition of the stochastic intsz-
ral of index k over any subinterval [s.t] in [C,TI1. And it is also
clear that the stochastic integral of index k has the usual properties

as an integration. Namely. we have the following asgsertion which

is easy to verify.

Proposition 3. 1. Let £(t,w) and g(t,w) be functions in the

+ - i
class _xg ([o,T]). Then we have for any constants C., C, Tie next

1 72

+ )
5.5, J (e Qg)—clv, (® e f @,

and for any point u in [s,t] (C[0,T]).

t u t
@.6) [ f@wd®zw,0 = [ fv,w0a®zev,w ¢ [ £v,0a®zv,w
S s e
(x),,

, where the notation f d Z(v,w) means the stochastic integral

of index k.



For am arbitrary function f(t,w) in _,&?([Obijj, let us put

o B
(3.7) F(t,w)=5 £(s,)d

G

(k J (s,w), CE 8§ Th

Then our theorem tells us that the stochastic process {F(t,uw),
0stsT} is almost surely continuous in t and posseses the derivatives

+
DE(t,w),

E{t, 8] - Moreover, we kncy that the derivatives

9 Zt

satisfy the follwoing

3

'z e

(3.8), DE(t,w) = k

—
H
P
t
o
e
S

On the other hand, we can prove that the conditicn above
’

completely characterizes those stochastic processes that ars repra-

sented in the form of the stochastic integral of irndex x

Propesition 3. 2. If a stochastic process {X{t,w), 0gt; is -

differentisble and twice uniformly (W J-differentizila on an
interval [0,a]. And if the derivatives satisfy (S.8) for any t in

"
[0,a], then tere exists a stochastic process {X(t,u), 05t} =hich

# L
4T

belongs to the class (j ([9,T]) and satisfies the next

(3:9). X(t,w) — xX(0,w) = %(s,m)d(ka(s,w), 2. s. for eacn t.

O =t

thax

L

{ Proof of Proposition 3.2 ). Fer the proof, we notic
the assertion of Propecsition 2.8 alsc holds for such stochastic

. X - 3 ¢ 1
processes whose M-derivatives are Riemann intezrable in L7 (7 )-sense.

= §7 =



( In fact we did not make use of the continuity of M-derivatives
in the proof of Proposition 2.8, exceptfmrykkhn@the property that

the derivative is Riemann integrable in Ll(Q)usense.)

o F ; ~
Because X(t,w) belongs to A«f([ﬂ,'l‘]) and thus = X(t,w)
¢ Z

t

is Riemann integrable on [0,a] in Lz(ﬂ)—sense, the derivative
DX(t,w) is also Riemann integrable on [0,a] in Ll(Q)—sense by
virtue of (3.8). Hence we know from Proposition 2.8 and the
remark stated above, the validity of the following

(0)

X(t,w) — X(0,w) = D¥(s,w)ds + g(s,m)d Z(s,w)

o~~ct
O ~—~rt

rg(t,m)

This completes the proof, since we have DX(t,w)= k
9 Z,
T
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+
3. 8 The Stochastic Integral‘aﬂ 1 .
' /
2

In the previous section, we have obtained the family of
+
stochastic integrals {Jk(f), 0¢k<1} which includes -the Ito's
integral as its special case. Among these, we are extensively
interested in the stochastic integral of index 1/2 s Decause it
has a few nice properties from the viewpoint of applied mathematics,

as we shall see from now on.

Let { A(n)} be a canonical family of partitions on the

(n)

interval [0,T] and let {Z (t,w), OstsT} ‘be the family of

oo
n=1

stochastic processes defined in the follwoing manner :

(n)

P
(n) _ (n) a1 (n) (n) . (n)
(3.10) Z (t,w) = Z(ti Lw) + —-—Taj-(t -ti ) , for ti'sn%'ti+l’
i
(n) _(n) (n) (n), _ (n) L(n)
where P ti+l —-ti 5 Ai %= Z(ti+l SW) —-Z(u.i ,w)
and {tgn)}?_ < A(n) ;
i i=1
Then it is easy to verify that each stochastic process {Z(n)(t,m),

0<£t<T} has an almost surely piecewise smooth sample function and
that the sequence {Z(n)} converges in the mean, unifermly in t, to

the Brownian motion process Z. That is, we have

{3,211k lim sup E{{ Z(t,w) — Z{n)(t,w) )2} =i 0
n +w 0gtgT

-~ B8 -



(n) " o ’ "
Let {f ’t,w)§ be a family of rvandem rfunctions each o

=1
which is defined on @x [0,T] and satisfies the folleowing conditions
(n) O 2 | o (n)
£.1 £ T, W) 1s &7 -medsuraple, “here Ltl = T, ]
) (L: ) [O,\_J /"I [t] D |. .] i+t
(n) (0 =
when ti T <t s (1 =0, Ly 2, %, T=d)
F.2) There exists a function £(t,w) in _j3 ([D T1) ., such that
lim sup E{{(f(t,w) — f(n}(t,w))z} =
n >« 0<t<T
We may regard the stochastic process kz(p)(u,u)g 0£tgT} as

& physically meaningful modification of the Exownizn moticn procsss
{Z(t,w), t20} since we know that the family has a so nice properties
mentioned before. The random functions ares therefore understocd

as those which might be expected to appear in the stochastic onoblets
when we represent random phenomena using the stochastic process

{Z(n)

(t,w), 0<t<T} as a physically natural mecdificaticn of the Brown-

ian motion.

In this chapter, we are interested in the question of the
” . = : L)
convergence of the sequence of random Stieltjes integrals {3(f )}n-‘
ek

each of which is defined as follows ;

T
(3.12), S(f(n))(w) = | f(nj(t w)dZ n){ s W)
0
(n)
nHL A(n) ti+l (n)
- l - ) 5 by = (f,w)dt B
1= Ttn ,{n)
a: 'Ei

- B0 =



and we are also intervested in the relation betwszen the integral

=

Lﬂ l/z(f) and the limit of LS(-( j)} -1 if it exicts.

i 0
We will call that a family of randem functions {f(ﬂ)(t,w}}r_l

has the property @, if there exists a sequence of randewm functions

Y(n) w L. e e . .
153 (t,w)}n_l which satisfles the following coanditicns ;

0
Y(n 12 i
(a,l}, f )nu,m) is -'EG ] /V( £] -reasurahle
"\
(a,2), B{ (™ (e, u))*} , Bon sy Bz B
1 \ _ )
(2,3)y lim max s u 5] {f(nj(p‘) —-f(n)(p) —-%Ln)(p
=300 v i
= péacn)p’e [p,p(n)] p
{”1} Zr} =0
'5P
where p(n) is the nearest right point of p in &\n) and
; (n) (n) S{n)
By T p' —p, AP p =2V (ptiw) =2 (p,w)
Here we must notice that a sequence of such raandexn functions
{f(n)(t,w)}z;l may not be uniquely determined.  However the limit
2(n) 1 ;
of the sequence {f (p,w);n:l is determined uniquely for any fixz-
R - : | R . vin), \ "
ed p in A'™, if it exists. In fact, if we let {g " ’(p,w)} _y be

another sequence at point p, then we have

B0 ) = (“’<p,m>>} B (P05 — 0008
=



o l s i Wb " ’;‘l 5
s 22— (£ ptan — £ py — ¥ 5y, (g2
v T(n) E
P
;JU-L (1) o z
¢ =L (# My < 2%y — 300052057
/_(2) -
e
where T;n) = p{n) — p and A(E)Z = Z‘n)(p(n},u) —-Z(n)(p,w}-
From the estimate above and the condition (a,3), we concluds the
unigueness of the limit .
Thecrem 3,2 Let {f<n)(t,m‘)}:=1 be a fzmily of random Fusctions

satisfying cenditions f£.1), £.2) and tte following

. =(n) ; " ;
£.3) 3 The family {f " "(t,w)} has the propsrty o, and each

£
e | . B,
=

(n), »

(n)
[F
= Tin=l

component of random vectors { (p.uwd)s pe A

satisfies the relation ; lim max 2 {(£ (p,u) —
n o  (n)
DEh

+
\ “ -
f(p,uﬂ)z} = 0 , where f(p,w) = °+ £t w) ] end
d Zt t=p

f(t,w) is the function just described in ths conditien

£.2%.

Then we have

{4.18), l.i.m -S(f(n))(u) = J _/ ey,
2

n => o«

For the proof of this theorem, it is necessary to check the

following assertion.

— B2 =



Lemma ,

n-1 4Py téﬁi
Lim ] = ¥®aP) 2™ - 2™ e
n e i=0 T -

()
1 1

T ; 7
= 5 flt,y) dt
0

oo
where {f(n)(t,m)}n_l is a sequence of random functions mentioned

in F.8) .
( Proof of Lemma ) It is not difficult to check the following
n-1 T
(3.14),  L.im Fe™ na™n? = ( Fewar
n - i=0 + * 0
WV ¥
where f(t,n) = ry f(t,w)
0 Z
t
(n) (), (n) ﬂ§n>z (n)
Since g (t,w) — 2 B (t.rl W) = —— (t—t,7 ") for
- TCn) i
i
any t in [tin), tiii), we have
(n)
sy =L {——T——Ainjz B lnly "tiﬂ(z{“’ct w) — 2™ uyyar
& ) izor T i) (n) , -
L t.
1 . Gn) (n),.2
N f('ti )(di Z) }
n-1 v
= -%f— V) )y g (mdyy o (m)g)y2
P i i i
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Applying the Schwarz's inequality, we get

n-1

(s ()7} ¢ 2= T B{EM ™) —Fe)PenY
i=0 1 1 A
3 (Y, B5E a@), (), ¥, (n),.2,. (n)
g 4 n(max 7.°7) z ELCE (8 7) — £, 7)) k™,
Ogign-1 *  i=0 s - *

From this estimate, the relation (3.14) and the condition f£.3),

. we get the conclusion of Lemma.

( Proof of Theorem 3.2 ) Let us put
v(n),, (n)
_ (n) Bl ) (n),, (n) S
n (w) = S(£7) — _Zo(ai z){£ 31 }"""TW“_
s i
(n)
Fi+l
y S 2™ (t,0) — 2 £ Plunar
(n) -
t,
=i
(n)
(n), t.
n-1 A, °Z i+l
= 3 ‘_&TEE'S g™ (1) w-f(n)(tin)) —-?(n)(tin))
i=0 %) _(n)
1 e
1
x (2™ ge,u) — 20wy
Then we have,
1 t(n)
ni=1 5 i+l -
B )2 s = 1 e ({7 me™ ey - e - ¥ ™)
B i=0 t(n) =
i

d
e (2 ) — z(“)(tin),m))}*dtf
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For a sufficiently large n, we have the following estimate.

e (1) = £ ) - B @™ e,0) - 2™ )y

I - -'tin))'E(Tin)) >
for any fixed t in [tin), (n)), by virtue of condition . 2,
where e(+) is a nonnegative function such that lim e(ri ))= 0 .
T1-r<0
Hence,
1
(3.15) E{(n_ ()%} < 'z EORTACIS
n 320 i
1
n-1 3z
< n.max Tgn) z EQ(TFH))Tgn)
ngisn-1 + i=0 * =
On the other hand, we have the following
.
~
(3, 185 E{( S(f )-* Lﬁ (£) ***———S flt,w)dt )2}
0
< SE{(n_(w))?} + 3E(( 2 £ £y _J: NGRS
i=0
_(n)
(n) i
n-1 A, 2 - 1+l
+ 3E(( —l—(—T%J(n)(tgn))S (20w — 2™ ) gyyae
i=0 * (n) *
i T
i
Syl
v
—%g flt,w)dt )2}
0

The conclusion of the theorem follows from the estimate above, (3.16)

(3.15) and Lemma, since we have
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n-1
1m B § £ B
= . 1l
n - 1=0

(n)

+ ‘
f . P4
e B NG

n=L . -
€2 1im E{( § (f(n)(tin)) ~ st @)y 42

n o i=0 * -
med, ) oK
+ 2 lim E{( } f(t?n))zxgn)z - () )2}
- i = i i 0
n —e 1=0
= 0 5
by virtue of the conditicn f.2). Q.E.D
{ Remark). We have proved the assertion of the theorem under

the condition £.2). However the discussions in ths proof tells us

that the assertion also holds under a slight wesker condition =zs

follows
i L There exists a-function f{t,w) in 453+([C,T}), such that
n-1 X
vim § E(E™ ) - f(tin)) }Q}Tin) = i

n +x i=0
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3. 4, Comparisons with Other Types of Stocha:tic Integrals.

In the previous section, we have introduced a family of
1‘
stochastic integrals{‘ap k(f}, Oskgl} , and establizhad the thezorern

+
stating that the integral .vp 1, (£; can be understood as a linit

/2 .
of a seguence of random Stieltjes integrals. In this section, we

compare the integral of index ;/2 with other types of stochastic

integrals.

For a continuous function £(t,x) which has a continuous dariva-
tive fx(t,x), Stratonovich studied the converzgance of the ZTocllowing

Riemann sums ;

et (n) 1 (n) {n) (n)
(3.17) R (£) = Y fLt; 7, == (X(£}77) + x(t, 001482,
n 120 i 2 gl i+l i
(2= 1,2,+)
3 ce
where {A(n); Osf(n)< t(n)< --'<t(n’s T} _. is a family of
0 1 n n=_.
partitions on [0,T] providing limn a = (t§?3 —-tfnJ) = @,

n+e0gign-1
and where {X(t,w), t20} is a classical ciffusion process

defined by

(3.18), dX(t,w) = al(t, X(t,w))dt + b(t, X(t,w))dZ(t,w)

Theorem. {R. L. Stratonovich). If alt,xn) and o(c,x) are conzinu-

ous functions, and if £(t,x) admits the following condition



T
S E{fQ(t, x(t))b2(t, X(t)ldr < w s
0

then the sequence {Rn(f)} converges in the mean to the following
limit,
T

+ 1

(3.19).  LimRr (£ =f (£)+ _.;_.,S £ (t, X(£)Ib(t, x(e))at .
Il &+ a = 3

0

On the base of this fact, he introduced the new type of
stochastic integral which he called "a symmetrized integral",

in the following way ;

T
r o
{

T
(3.20), (S)-S Flt,X(t))dz(t,w) = {I)—Ji Fle,X(t))ézlt,uw)
0 0

T
i

+ —1;"5 fxit,}:(t))b{t,x(t))d-t

O \
( Remark ) The notations (S)-, (I)-, mean that the integrals

are taken in the sense of Stratonovich, or Ito respectively.

For a class of such random functions that are integrable in
the sense of Stratonovich, it is easy to check that they are also

integrable in our sense when they satisfy

(3.21),.,,  ELE(£,X(£))} <= (0gtsT)
(1)
(3.21)(ii), | £(t,x) — £(s,x)] s C(x)ls —{f‘y(@ 3_%_“) .
-T
where C(x) is such that l& E{CM(X(t))}dt < e,
0

- B8] =



Morecver we can see that for such a random function both intagrals
coincide with each other, since the random function £(t, #(t)) is
unifornly B+(Mu)-differentiable en [0,T] with £ (£,X(£))b(t,4(x))
its B+—derivative. In other weords, if we restrict cur attentions
to such random functions that are represented in the form S(t,X(t))
our integral has a less wide class of integrazble functions than
that of the Stratonovich: Howesver our integral is applicable to

a more general types of random functions than the Straton

vien'

Q
)

[th

Namely the integrable class of functions in cur case is not
restricted in the classical diffusion processes whils the Integrable

class is so in the Stratonovich's case.

After the author's publication on this subject, Professors
G. Kallianpur and C. Striebel propossd an analecgous idea of
defining the stochastic integrals, which was a direct applicaticn
of Fisk's results, (D. L. Fisk [12]). Let us give a shcrt sketch

of their integral following Kallianpur-Striebel [28] .

For continuous quasi-martingales {N(t)}, 5 }, {M(t),ﬁﬁt} ¢n
& probability space (2,7, P) ’({ji}t>0 is an increasing family of
o -fields each of which is included in ), D. L. Fisk studied the

convergence of the following limit ;

. 1 L oet ), (n)
(3.21), (F)- 5 N(t)aM(t) = —— p-lim PRECHSSIEE IS HESF:
. _ s 9eg i+l i
A
x ey —wePy)

= B8 =



and obtained the next

Theorem., (D. L. Fisk) The limit in (3,21) exists and satisfies

-
m

i
{3.28), (F)-Ag N(t)am(t) = (I)—.S N(t)dM{t)
0

0
4 n-1
+ —%—p—lim ) ﬁ\n}ﬂlégn}lj,
; 4. "k
n>* i=0
(n) (n) U &) (n) vy bt (n)
= — t i . = it S 6
where & 7Ny = Np(e; ) =Ny (e;77), 877y = Mydel0) — ¥, (£,

and Nl(t), Ml(t) are martingale-parts of the corresponding quasi-

martingales, (ef., D. L. Fisk [12]).

Kallianpur and Striebel applied this result to the following quasi-

martingales

(3.23), dm(t) = al(t)dt + b, (£)dZ(t), 4aN(t) = a, (t)dt + bz(t)dz{t} g

where ai(t), bi(t) (i=1, 2) are such that
T b

(3.24) ‘g E|ai(t)|dt " S E{bi(t)}dt'< R 0
0 0 3

and they reached the following

Theorem. (Kallianpur- Striebel)

T T 7
(3.25) (F)- g N(t)dM(t) = (I)—S N{t)am(t) + i bw(t}bz(t)dt .
J i i
0 e 0

o
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They called this the "Stratcrovich-Fisk integral®, and zppli-

ed it to a problem on nonlinear filterings of stochastie processes.
+
Let us compare this with our integral (! l/ (£).
2

—_

cr a convenience

of discussions, we consider the case where adM({(t) = dZ{t).

Then we have from (3.25), the following

T T T
(3.25)", (r)-S N(e)dz(e) = (D)- § Noazee) + 5 { byt
J 7y P
0 0 C

which coincides with our integral when b2(t) is continucus in LQ(Q)—
sense. Cn the other hand, it is obvious thet there is a stochastic
process which is Integrable in our sense but not in the sense of
Stratonovich-Fisk, because the uniformly B+(M4)—differentiable
processes do not necessarily have ths Ito's differential formula.

In other words, the integrable class is not restricted to guasi-
martingales in our case. As for the relation between the in-tegral
of Stratonovich and that of Stratonovich-Fisk, it is also clear

that they ceincide with each other when the random function £(t,X(t))
admits the Ito's differential formula, (i.e., the function is conti-

nuous in t and has a continuous derivative fxxit,x} ¥

Summing up the discussions in this section, we can say that
the degrees of usefulness of these three types of integrals depend

on the individual situations of problems to which they are applied.



3+ § Cencluding Remarks.

In this chapter we have introduced the new types of stochastic
integrals and investigated their properties in some details .
Among the assertions established here, Theorem 3.2 is the most
impertant one. The theory of stochastic differsntial eguations

has its own manner of considerations which is quite different from

[a

those in other deterministic theories such as the tizory of p;rtial
differential equations, of ordinary differential equaticns. The
author thinks that it is this difference which prevented those
x

deterministic theories from the direct application to the random
problems that are concerned with the Brownian motiocn, or in return,
prevented the theory of stochastic differential equaticns from the
vivid applications to the practical random preblems. At this
point , the author expects the theorem 3.2 te perform as a bridge
between the stochastic thecry and those deterministic ones, since
it establishes the relation between the stochastiec integral and the
sequence of random Stieltjes integrals each of which admits a
physical interpretation.

In the course of discussions, we have seen that the notion of
B -derivatives acted an important role. Following the same consider-
ations in this chapter, it is natural to expect that the notion of

B -derivatives will be used in the definition of the "time-reversed

integral”. We finish this chapter with a comment cn this subject.



. .\ it _ . s . 7
Let f(t,w) be an R -valued random function which is {[2[+ 7]
-

€

T
X ;A{T—measurable and satisfies )('E{f2
0

(t,w)idt < =,

Then the definition of the Ito's integral can not apply to .
such a random function. However it is not difficult to verify the
convergence in the mean of the sequence {Sg{f)}? each eslement of
which is given as follows ;

n

=+ (n),,(n)
s (£) = y B 08772, (n= 1, 2, oo0).
=0 :

i
We denote this limit as ;ﬂ 0(f) and call " the time-veversed integral'l,
because we can consider,with the definiticn of stochastic integral, the

stochastic equation

1 T
~X({t,w) + x = Ia(s,X{s,w))ds + f b(s,X{(s,w))d Z(s,w) ,
i t

which may represent a backward development in time of a diffusion
process.
-
As a modified form of the time-reversed integral 4 0(f), we

can define the integral Qﬂ’k(f) (0gks£l) ,as a limit in the mean of

the following Riemann sums,

k).« _ PRt () (n).,(n)
s, (£)= izo Bt g — kT A,

In faect it is not difficult to verify the convergence of the sequence
(k) 0 : " ; - - o

(Sn (f)}n_l when the function f{t,w) is uniformly B (Hu)—glfierent—

iable on [0,T] with a derivative which is Riemann integrable in

LQ(Q)-sensé. Follewing a similar consideration in this chapter

- 72



we may find that the limit of the sequence, :J k(f} setlsfies

the relation ;

£3 = T 5
S = J vk g‘%(t,m)dt , Flr,u) = S (00,

a"r‘
. £t

&

< T



CHAPTER IV Wave Propagation in Random Media (I).

" Wave Propagation in the presence of the White Noise. "

g, 1. Introduction.

In this chapter we are concerned with the statistiecal pro-
perties of random wave motions that propagate in transmission
media into which the "White noise" enters as an external dis-
turbance. The problem is stimulated by recent remarkable pro-
gresses in such theories of stochastic systems as the theory of
stochastic controls, the statistical theory of communications, ete.,
where it is desired to analyze behaviows of some practical systems
with random disturbances. The stochastic process "white noise”
may be one of the most popular mathematical concept which is employed
to represent external disturbances, especially in theories where
one works with the_concebt of "observations of signals in the presence
of noises™". When a stochastic process is introduced to represent
a. random external disturbace, it seems to be customary in thpse
theories to employ the following hypothesis as a convenient starting

point for discussions ;

Hypothesis of the additive noise : A signal (or any physical

guantity in a practical system,) ic observed as the sum of a certain

noise and the original signal which is transmitted.

Therefore it may be important, and interesting as well, to
investigate the statistical propertiss of a stochastic process which

is observed as an additional noise to the pure signal as a result of



the presence of the white noise in the transmission m=dium.
Prcblems of such kinds can be formulated as those cf wave propaga-
tion in random media. The wave motion in a randomly disturbed

3 ‘
medium is represented mathematically as the random function whigh
satisfies a partial differential equation with a random coefficient.
Hence in this chapter we are concerned with an initial value problem
of the partial differential equabtion with the white nolse as an
external force term. Moreover we will restrict our attentions

to an equation of the first order for the brevity of considerations,

Hereafter we will give a precise formulation of the problem in
the next section,i.2. In section 4.3, we will estaklish thecrems
of the existence and the uniqueness of sclutions. There we will
find that a unique solucion is given in an explicit form. And in
gection 4.4, we shall give a precise definition of "the additive
noise of a linear system" which may be different from that is employed.
in the usual theory of stochastic -communications but is a convenient
definition from the viewpoint of mathematics, and we will discuss
its statistical properties with an example. "The additive noise
of a linear system" is a stochastic process which Is inherent in the
linear system and propagates following the same law by which the pure
signal propagates and grows up to be a random wave motiocn. We
will finish discussions with some concluding remarks which will be

stated in the final section, 4.5.



4. 2 Formulation of The Problem.

Generally speaking, a transmission medium through which a signal
propagates is characterized mathematically by a partial differential
equation of hyperbalic type. Therefore the wave motion which pro-=
pagates in such a medium that is disturbed by the white noise, can
be represented as the random function that sztisfies a partial differ-
ential equation with the white noiss as an external force term.

For the brevity of considerations, we restrict curselves to the sto-
chastic partial differential eguation of the first order.

Hence our problem may be reduced to the initial value problem

of the following formal equation ;

(4. 1) u{t,x; w) + alt,x) u(t,x; w) = A(t,x)ult,x; w)
9t Ix
. d
+ blt,x) 2(t, w)
dt
, With the following initial data ‘
(4. 23, u(0,x; w) = uo(x) ,
where Z(t, w) is a standard Brownian moticn process and it Z(t, w)

stands for its formal derivative, namely, the so called "white

noise''.

Since the white nolse is such a stochastic process that does

not have ordinary functions as its sample path and therefore

< HT



must be understood in a sense of random distributions
(cf., K. Ito [19] or Gel'fand-Vilenkin [13]), the forma
equation (4.1) must be interpreted as the equation of
random distributions, while equations treated in the theroy

of wave propagation in random media, usualy have a precise

meaning for each fixed parameter.

On the other hand, when we use the white noise in problems of
applied mathematies, it is customary to recognize it as a mathe-
matical idealization for some physical guantities. Therefore
also at this time we wish to consider the squation as a mathe-
matical model for those phenomena which are to be »epresented

by the following type of equatioms;

o]

(u.3) ~—i—u(n)(t,x; w) + alt,x)

£ u(n)(t,x; w)

a
00X

= alt,x)u™ (t,x; w) + blt,x) 2%, o)

where {Z(n)(t,w), tzOf::l is a family of random functions
each element of which has some nice preperties from the
viewpoint of physics (e.g., the almost sure smoothness, etc.),
and converges in a certain sense to the Brownian motion

process Z(t,w) as n tends to infinity.

Hence for a setting of a matural definition of solutions

]

of equation (4.1), it may be desirable that solutions of (4.1)
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could be understoecd as a limit of those approximate randonm

u(n)

functicns (t,x3w) which satisfy equations like (4.3).

Keeping this in mind, we give the definition of solutions by the

following.
Definition A random function u(t,xj;w) which is defined
7
n x - " t - -
on G[O,T](GEO,T] is the slab {(t,x); te[0,T], x€R™} ), is

called the solution of the intial value problem (2.1), (2.2),

if it satsfies following conditions;

B 1) ult,x;w) is a function which is continucus in each
2

t and x with respect to the L (f)-norm, and is in the class
2

L 2 x .

loc( G[O,T])

That is, for any compact set M included in G[O T7? ult,x3w)

3

satisfies the next

E{ .g u?(t,x;m)dtdx} < o
M

8. 2) For any continuously differentiable function v(t,x)

which has a compact support in G ] ult,x;w) satisfies the

Lo,T

following equation with probability one,

S vL(u)dtdx = S {vt + (a\})X + Av} udtdx +
Geo,T) Cro,T]
+ ‘S vb dZ(t,w)dx + ( v(0,x)u. (x)dx = 0,
! 0
G 'JRl
[o,T1

= 9§ =



where the second term on the right hand side means

T
vbdZ(t,w)dx = _S dx S v(t,x)b(t,x) dz2(t,w)
1

R 0
[o0,T] T

G

and the integral S v(t,x) b(t,x) dZ(t,w) is the Wiener integral.
0

In the course of later discussicns it will turn out to be clear
that the definition is a natural extension of that of a weak solution

of an equation like (4.3).
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L, 3. The Existence and the Uniqueness of Sclutions

In this section, we are concerned with the problems of existence
and of uniqueness of solutions. Similary to these in initial value
problems of linear equations, the problem of uniqueness in our
case is also reduced to thesame problem for linear homogeneous
equations. However, as we have given the definition of solutions
in a somewhat implicit form, it is not an obviocus guestion

to establish the uniqueness property.

We begin with the next

Lemma 1 . If the funections a(t,x), A(t,x) and f(t,z;uw),

which are defined on the slab G[O 77 and on Q xG 12 satisfy
-]

[0,T

the following conditioms,

; . . s 2 :
(e.l), a(t,x) is continuous in t and is of C"-class in x.

. . : . 1 p
(e2), A(t,x) 1is continuous in t and is of C -class in x.
(2.38); f(t,x3w) is almost surely a smmoth function in (t,x)

and has a compact support in G[O 1’
?

Then, the next ¢§inal value problem

2 . 2 " . .
(4.4) >t v(t,x;w) 53 {a(u,x)v(t,x,m)} + A(t,x)v(t,xsw)

= Flt,x3w),

-



(4.5) v(T,x;w) = 0 ,

almost surely has a solution v(t,x;w) which has the same

property of f(t,x;w).

(Remark ) Since the function £(t,x;w) has the properties
mentioned in (C.3), we can regard the equation (4.4) as a family
of partial differential equations each of which is deterministic.
Thus by the word "a solution of (4.4)", we convince it to mean
such a random function that satisfies (4.4) in a usual sense

for each fixed random parameter.

(Proof of Lemma 4. 1) For the proof, it suffices to see
that the following function wv(t,x;w) has all the desired

properties.

T T
(4 80> vt xiw) = ‘g (s, X<t’X}(s);m) exp {- S A(r,x(t’X}(r))dr}ds,
t s

where A(t,x) = ax(t,x) + A(t,x) and X(t’XJ(s) (0<t<s<T) is

the solution of the following eguation.

s
(4.7) X(t’X)(s) - x = S. a(r, X(t’X)(r})dr,
t

which has a unique sclution by virtue of the condition imposed

i

on al(t,x).



With this preparetion, we can establish the next

Theorem 4. 1. (Uniqueness), If a(t,x) and A(t,x) are the

functions described in Lemma 1, and if there exists a solution to

the initial wvalue problem (4.1), (4.2), then it is ~ unigque LQ!OC

( 9x@ ])—solution.

[(0,T

(Proof of Theorem 4. 1) Let ul(t,x;m) and uz(t,x;w) be
N .

solutions of the problem, and let us put u(t.xjw) = ul(t,x;w)

- uz(t)x;m) .

N\
Then u(t,x;w) is a function that is continuocus in t and
% in the LZ(Q)-norm, and that satisfies the following ecuation with
probability one for any smooth function v(t,x) which has a

compact support in G[O 77
]

(4.8) S v{L(ul) - L(u2)} dtdx
®ro,T1

= S {Vt + (av)X + Av} U dtdx = 0.

0,13 o
Let us define
M
(+.9) Eﬂ (t,x30) = .S ph(t—s, x~y ) 4 (s,y;w) dsdy
€ro,T]

J where‘P£ is a two-dimensional meolifier with radius h,
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and 'EM(t,x;w) is a function that is defined for a compact o

set M(C G ) by the following

[0,T]

(4.10)3 an(t,x;m) ﬁ(t,x;m), for (t,x) in M

= 0 otherwise.

Then NM(t,x;w) is a function which is almost surely
Yn

smooth in (t,x) and has a compact support in G[-h T+n]-

Following the previous lemma, we know that there exists a

function vﬁ(t,xiw) which is almost surely smooth in (t,x),

has a compact support in G and satisfies the relation

(o,T}°
+ (avg)x o Avg ='E§ with probability one.

Now v(t,x) in (4,8) being arbitrary, we have

(4.8) ’ﬁl“f’f; dtdx = 0,

%l0,1]
I : i M
with probability one , by the substitution of W (t,x;w)
into v(t,x) in (3.5), regarding that v(t,x) is a reali-

M
(t,x3w)

zation of vh

_ 8y —



On the other hand, it is not diffiecult to see from the defini-

. NM . A M

tion of W that the relation 1lim ug (t,x3u) = uM(t,x;;) holds
h =20

with probability one for each fixed (t,x): From this fact, we

can obtain, with the help of the Fatou's lemma, the following

relation ;

; .
lin E[ J (W) % atax] = E[ j (@) % avax)
h—-0 G G

[0,T] [0,t]

o
[}

E[ sz awael .
M

And this ¢ompletes the proof.

In what follows, we are going to establish the existence

theorem of solutions. The idea for this aim is to apply the

characteristic method which is well known in the deterministic

theory of pertiasl differential equations. But in our case,

'
1

we must introduce a certain technic TDbecause the equation con-
tains the white noise which is not an coridinary random func-—

ticn.

« 85 =



In order to establish the existence theorem, we consider a
family of stochastic processes which approximetes the Brownian
motion process Z(t,w).

Given a family of partitions { A(n); OSt(n) < t(n)(_

1 2
-<t£n) < T} s of the intervall0, T) which has a property,
lim  max (tgni —.tgn) } = 0, we construct a family of stochastic
noe 1<ign-1 (l; .
processes {277/ (t,w), OstSTF::l in the following manner;
(n)
- T =
‘ (n) _ (n) (n) i
(4.11) VA (t,w) = Z('ti SWw) + ﬁi Z T 5
i
" (n) _(n)
for telt; ", t,) ]
(n), _ (n) (n) (n) _ _(n) (n)
,where Ai Z = Z(ti+l,w) - Z(‘ci SW ), Ty = ti+l - ti :

As for this family of stochastic processes, it is easy to
see that each element connverges in the mean to.the Brownian
motion process, as n tends to infinity and that the convergence
is uniform in t. Moresover, we can see that each element of the
family has such a nice property from the viewpoint of physics

as the almost sure piecewise-smoothness.
Lemma 4. 2 For a piecewise continuous function f£(t)

(t€[0,T]), the following sequence of the Stiltjes integrals

’ w
( £ 3 s z
isn(f}}n=l , the n-th term of which is defined by
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T

(4.12) s_(£) = S £(t) dZ(n){t,m)
0 +(0)
(n) i+l
-1 A g
Bl AT 4 £(t) dt ,
" (n)
=Ly 0
i
T
converges in the mean to the Wiener integral g £(t) dZ(t,w) :
0
T T
: -] (n) 2
(4.13) lim E { £(t) dZ2(t,w) - £lc) 27 "t )i = d.
n-+>e
0 0
(Remark) The result is a special case of the author's

proposition stated in S. Ogawa [30], if the function is piecewise

. n . l
Holder continuous with an exponent  which is greater than 5

(Proof of Lemma 4. 2) Let us estimate the following quantity.
_(n)
(n)y _ 5t o @) e ar_ )
(4.14) §(a ™y = ¥ L) - Fit) —e M, B
i=1 * ( TN T
g8 *
i
Since E{Agn)z g A§n) Z} =0 for 1 # i , we have
(n)
p () g poirl
£ (62 )y 2 B0 ] A S (£(e™) - £(t))ar)?
i=1 Ti tgn)
1
(n)
ti+l
ad 1 (n) 2
s:) —y ! (F(t.77 ) - £(£)) dt)
i=1 . -
i t(n)
i

- Q7 =



t(n)

- i+l
) ™)y e? at
=t (a) ’
= gl
1

Hence, we obtain lim E {62( ﬁ{n))} = 0 , by virtue of the
n+e <

piecewise continuity of f£(t).

This completes the proof because the Wiener integral of f£(t)

is defined in the fecllowing way,

T

gt ()

S f(t) dz(t,w) = lim Y f(s.) A2,
. i’ 1
n¥e 1=1

0

. (n) (n) ()

with s [t.7 5 t, 7 ]
» and is not affected by the choise of points sin)(i=l, 2y iy

n‘l)-,

Now let us consider the following initial value problem,

corresponding to the original problem (3.1), (3.2).

(4.15) ',%?;— u(n)(t,x;w) + a(t,x).%?;—-u(n)(t,x;m)
= A(t,x) u(n)(t,x;w) + blt,x) :f;;— (n)(t,w),
(4.16) u(n)(b,x;w) = uo(x)
(0)(t,0) which is defimed in

Since' the stochastic process Z
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(4.11), almost surely has a piecewise smooth sample function, the
equation (4.15) almost surely has a meaning as a partial differential
eguation of the first order for each fixed random parameter w. Thus
wé can apply the theory of partial differential equations to the

present case, that is, we have the next

' Proposition 4. 1, If the functions a(t,x), b(t,x), A(t,x)

and uo(x) satisfy the following conditions,

(c.u) a(t,x) is continuous in t and lipschitz-continuous in
X on G[O,T]’
(€.8) A(t,x) and uo(x) are continuous functions on G[O 7>
>
(c.6) b(t,x) is continuous in t and piecewise continuous in
x on Gp. o4
[0,T]

Then there exists a unique solution of the problem (4.15),

(n)

(4.16) and the solution u  “(t,x;w) also satisfies the following

integral equation;

(4.17) u(n)(t,x;m) - uO(X(t’X)(O))

T
= g Als, X(t’X)(s))u(n){s,x(t°x)(s);w)ds
0

t
+.g b(s, KCt’X)(s)) dZ(n)(S,MJ
0
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T,X i . - g .
where X( : )(s) (0<s<t<T) is a solution of thé following

t
(4.18), X - X(t’x)CS) = g a(r, X(t’x)Cr)) dr .
s
(Remark) (i) By the terminology '"a solution of the problem',

we intend to mean such a random function u(n)(t,x;w) that is
almost surely continuous in (t,x) and that satisfies the following
relation with probability one for an arbitrary smooth functicn

v(t,x) which has a compact support in G[O 77°
2

(4.19) S vit,x) 1 ')y arax
o, 13
= { ('ﬂ}
VY t (av)x + Av} u dtdx
ro,11
+ v 87 ) e
G[O,T]
+ v(0.,x) u.(x) dx
1 Q0
R
=0 .
<
(ii) In order to yield only the existence of sclutions, we

can replace condition (C.4) by a weaker one, (cf., E. D. Conway

L& 304

The verification of the assertion is not difficult and is
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omitted here. However we must notice that the solution can be
written in an explicit form as follows;
T

5.20), ™ t,x50) = uy G (0)) expt S ate, 2 5%V e) dsl

0
E -

# S Bla, X' T (a)) espl S alw, ¥ E %y @ a2 (e ,u).
0

s

As for this solution, we have the next

Lemma 4. 3, For any fixed (t,x) in G[O 77 u(n){t,x;m)
- >
converges in the mean to a function u(t,x;w) , which is the
unique selution of the following integral equation.

(4.21) ult,xjw) - uO(X(t’X)(O)

t
) g A(s, X(t’X)(s)) u(s,x;w) ds
0

T
3 S s, X0%)(s)) a%(a,0)
0

where X(t°x)(s) (0<s<t<T) is the function mentioned

in (8.15)-
(Proof of Lemma 4. 3) Suppose that there exists a unique
) [

) n
solution u(t,x;w) of (4.21). Let us put ult,r,x;w) = ult,

X(P’X)(t);m) for any fixed r(2t). Then it is easy to see
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d g :
that the function ul(t,r,x;w) must be a solution of the

following equaticn, which is derived from (4.21) by the

substitution of X(P’X)(t) into =,
@21) B - o P 0))
E
= g A(s, X(r’x)(s)) &(s,r,x;w} ds
=0
E

+ S. b(s, X(r’x)(s)) dZ(s,w) .
= 0

On the other hand, it is easy to see that if equation (4.21)!'
has a solution E(t,r,x;m) which is continuocus in r(2t) in
LQ(Q)-sense, then the function wu(t,t,xj;w) satisfies the equation
(4.21). It is also not difficult to see that a solution of (4.21),
if it exists, is unique in the sense of LQ(Q) for each fixed
t and x. Therefore the question of the existence of z unique
solution of (4.21) is reduced to the question of the existence
of a solution u(t,r,xj;w) of equation (4.21)' which is continuous

in r(>t) in the sense of LQ(Q).

Applying the differential formula of Ito (K. Ite [201),

we have,

t
dt[ a(t,r,x;w) exp {- g A(s, X(r’x)(s)) ds } ]
- 0 '

i

t "
= exp {- S a(s, ¥ P%) (s))as) b(t, T b3y an(t,w).
' 0
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Thus we have,

T
alt,p,x;w) = uo(X(r’X)(O)) expd{ g als, X %) (g)) as}
0

. T t
+ S b(s, X(r’Z)(s)) exp{.g Alp, X(r’x)(p)) dp} dz(s,w)
0 s

Since -the function above is continuous in »{(zt) in the
2 . .
sense of L°(Q), we know that equation (4.21) has a unigue

solution which is given in an explicit form as follows

(4.22) u(t,x;w) =J¢iin&6t,r,x;m)
>t
. Ty
= uO(X(t’X)(O)J exp { g A(s, X(t’X](s)) ds}

; 0
& . E

+ g;b(s, X(t’x)(s)) exp{g A(p, X(t’X)(p)) dp} AZ0s 4 Yocwwies
0 s

Applying the result bf Lemma 4.2 to these functions (4.20),( 4.22),

we complete the proof ofrfhe proposition.
!

(Remark) Through®Ut the proof, we have used the fact that®
, . o (r,x) . 4

the Wiener integral b(s, X (s)) dZ(s,w) is continuous

in r in LQ(Q)-sense b ‘adh fixed t and x. The verification

of this fact is not difficult and is omitted here.

We are now in the position to state
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Theorem 2 , (Existence) Under the conditions (C.4) - (C.6),
the initial wvalue problem (4.1), (4.2) has a solution u(t,x;w)

and the solution satisfies the stochastic integral equation (4.21).

(Proof of Theorem 4. 2.) It may suffice to prove that the
solution of (4.21) satisfies the condition S.2). For the

solution of (4.21), we put

qg vL(n) dtdx = j; {vt + (av)X + Av} u dtdx
Sto, 11 €lo,1]
by _JP bv dZ(t,w) dx
®Lo,11
+ v(0,x) uo(x} dx
+=0

Then we have from (4.19), the following relation.

E{ S vL(u) dtdx }2 = E{ S %(u-u(n)) dtdx

G
Cro,m1 [0,71 .
+ dx (bv dZ - bv dZ

Rl 0

(nJ)}2

<

a
where v = v_ + (av)x + AV .
\

.t

Applying the Schwarz's inequality,
T

(x) ax | v

< zp(zl) I m(x) dx v

El 0

T T
+ ax E { | vb az - ‘g‘ v az{™))?

' 0
E 1 04

(n))2

E {(u-u } at
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where El is a set such that E = {x; v(t,x) # 0, for
some t in [0,T]} , U(El) is its Lebesgue measure and wv(x)

i1s a measure of the set {t; v(t,x) #0} for a fixed x in Rl.

1 T
E {g v dZ = S v azt®) 32

0 0
' (n)
t!
T " . Ain)z i+l ,
<2 { (vb)dt+E(E—(—T vb dt)“}
=L T.n
0 i G
g =
1

; @)
i=1 ;
0 i tEn)
i
I
2
< b4 (vb)"dt < =
0
Therefore we have,
1 T T
1im dx E { vb dz(t,w) - vb dzcn)(t,w))z =0
1+

1 0 ]

by virtues of Lemma 4.2. and the theorem of bounded
convergence. As for the remaining term, it iIs easy to see
with the help of Lemma 4.3, that it also tends to zero as

n tends to infinity.

Hence we have obtained,

¥
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2 3 5
E{ vL(u) dt dx}” = 0, for an arbitrary test function
B
£o,T1

v(t,x) , and this completes the proof.

It must be remarked that the same assertions of Theorem “l
and 2, also hold for the initial value problem of equaticn (4.1)
with such an initial data uo(x;m) that is continuous in the
sense of Lz(ﬂ), since considerations stated in this section

do not be affected by this medification.

Therefore we have the following assertion as a corellary

of Theorem 4.1 and Theorem 4.2.

Corollary Let a(t,x), b(t,x), A(t,x) and uo(x;w)

be such functions that satisfy the following conditions$

(et a(t,x) is continuous in t and of Cg—class in x with
such a derivative a(t,x)x which is bounded on the

slab G

% ¢
(o2} A(t,x) is continuous in t and is of cr-class in X,
1 Spo, 10
(¢c.3) b(t,x) is continuous in t and piecewise continuous
in %,
(c.u)! uo(x;w) is a stochastic process which is in the class
LleC(QXRl), moreover 1s continuous in the sense of
LQ(Q).
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Then the initial value problem of equation {(4.1) with

(4.23) u(0,x3w) = uo(x;m)

has a unique solution, which is expressed in an explicit form as

follows;
t
(4.24) ult,x;w) = uo(X(t’x)(O);m) exp{'g‘ A(s, X(t’X)(s)) ds}
0
t T
+ ‘g b(s, X(t’X)(S)) exp{ S Alp, X(t’xj(p)) dp}dZ(s,w).
0 s



L, 4. Statistical Properties of the Additive Noise

From now on, we are interested in statistical effects of a
presence of the white noise in such linear systems that are charac-
terized by equations like (4.1). In a practical sense, the problem

which has been treated in this paper may be interpreted as follows;

"Assume that a signal u, was transmitted at time zero
through a time-varying channel in which the signal travels
with a velocity a(t,x), with an atte-nuation rate A(t,x)
and is disturbed by the white noise that enters into the

system as an external disturbance. Then in what kind of

form does it be observed when 1t reaches to a receiver ?"

In the previous section we have proved that the initial value
problem (4.1), (4.2) has a unique solution and the solution can

be written in an explicit form;

e

u(t,xjw) = uO(X(t’X)(O)) expl g A(s, X{t’x)(s)) ds}
R !
T e
+ S b(s, X(#’X)(s)) exp{g A(r, X(t’X)(r)) dr}dZ(s,w).
0 8

Also in a practical sense, it may seem to be interpreted

as follows,

(i) The first term of the solution represents a signal
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form which the receiver might expect to observe when there are
no disturbances in the transmission line. (In fact, it is a
solution of thesame problem of the equation with b(t,x) = 0.)
(ii) The second term vepresents, therefore, a ncise that is
observed as a result of the presence of the white noise in the
transmission line, and may correspond‘to a quantity which is
called "the additive noise" in the statistical theory of commu-

nications.

However such interpretations are not faithful to the
practical situation, since we have u(0,x;w) = u (x), which
means that there are not any noises in the transmission line at
time zero, while in a practical system, we observe a signal and
a noise at any time and any place. Speaking rigorously, the,
problem that we have studied corresponds to a situation where the
system, together with an external noise, were at an absolutely
calm state when the original signal was set to travel at time
zero and all the things begin to move as soon as the signal

begins to travel.

As stated in 4. 1, we wish to treat the case where there
exists, and existed through whole of the past, an external noise
in the system. Following the condiderations explained above, it
may turn out to be clear that the correct form (in a practical
sense) of the observed signal is given as a solution of the
initial value problem of equation (4.1) with the following initial

data,
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(4.25) u(0,x;w) = uo(x;m) = uo(x) + N(0,x;w)

where N(0,x;w) is a noise observed at time zero and at
x in Rl.
By the qﬁantity N(0,x;w) we wish to represent a nogse which is
in the system as a cosequence of the constant existence of the
white noise, and we also wish to determine it as a special value

of a stochastic process {N(t,x;w), xeRl -® <t< «»} | each of

specified values of which repersents a noise observed at (t,x).
Hence we are led to the next

Definition , We shall call a stochastic process N(t,x;w)
(-» <t < o, xeRl) an "additive noise of the linear system L',

provided

N.1), N(t,%3w) is continuous in x in the sense of Lz(ﬂ),
for each fixed t.
2
N.2), s up, E {(N(t,x3w))"} <o
(t,x)eR

N.3)5 The next relation holds with probability one for each

t, s and x,
(4.26) N(t+s, x;w) = L(s) N(t,x;w) ,

where L(s) (s20) 1is a mapping defined by
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t+s

(4.27) L(s) N(t,x;w) = N(t, X(t+s’x)(t);w) expi S A(p, X(t+s’X)(p)J dp}
+
T+s t+s
¥ S bip, X TSNy, exp{& Alg, XF29%0aY) wq Jdnp,u) .
t P

L

It must be noticed that the mapping L(s) (s>0) has such a
property that L(t)uo(x) = u(t,x3;w) which is the solution of
our original initial value problem. We will call such a stochastic

process N(t,x;w) an "additive noise', because it satisfies the

next
Proposition 4. 2. Let {N(t,x;w), -w<t<e, xeRl} be an
additive noise. Then under the assumptions (C.1l)' - (C.u)'

on coefficients a(t,x), b(t.,x), A(t,x) and uo(x), the initial
value problem of equation (4.1) with the initial condition (4.25)

has a unique solution u(t,x;w), which can be written as follows;

ult,x3w) = L(t)(uo(x) + N(O,x3w)) = vo(t,x) + N(t,x3w)

(!
of

, where vo(t,x) is a solution of the following problem,

(4.28) (v ), + a(vo)x = Av

Y , with VO(O,x) = uo(x) é

0

(Proof of Proposition) Since N(t,x;w) 1is continucus in x,
in LQ(Q)—sense, the assertion is a direct consequence of the

previous corollary.
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As a convention to study the additive noise, we extend the
domain, on which a(t,x), b(t,x) and A(t,x) were defined, to R2

preserving the continuity properties that were imposed on them

in Corollary.

Proposition 4. 3 If the functions a(t,x), b(t,x) and

A(t,x) satisfy the following conditions,

A.1l) Al(t,x) <0 on R .
t E
A.2) sup bz(s, X(t’x)(s)) exp{2 A(p, X(t’x)(p)) dplds < =,
(t,x ¥R g g

in addition to those mentioned before.

Then there exists a unique additive noise and it is given
in the next

Tt -t
(4.29)  N(t,x30) = g bs, X %) (s)) expl S atp, x5 () aplazis,w).
= 5

a0

(Proof of Proposition 4. 3) From (4.26) and (%.27), we have

for any fixed s(s<t),

N(t,x;w) = L(t-s) N(s,x;w)

o
N(s, X(t’x)(s);w) exp{ Ap, X(t’x)(p)) dp}

S
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T T
+ g b(p, X(t’XJ(p)) exp{ g Alq, X(t’X)(q)} dq}dzZ(p,w).
5 P
Letting s*-®, we have the expression (4.29) as a cosequence

of assumptions (A.l), (A.2) and the condition(N.2).

On the other hand, it is easy to see that the stochastic
process N(t,x;w) given in (4.29) satisfies all the conditions

(N.1) - (N.3). Q. €. D
As for the statistical properties of the additive noise,
" we have the next proposition, which is a direct consequence

of the theory of Wiener integrals (cf. K. Ito, [20]).

Proposition 4. 4 The additive noise {N(t xjw), -«<t<e,

xeRl} which is derived above, is a Gaussian process in t for

each fixed x, that has the following quantities.
(i) E{N(t,x3w)} = 0 for each (t,x).

(ii) E{N(t,x;w) N(s,x;w)} = R(s,t;x)

min(s,t)
b(p, x5y bip, x %) (p))

-0

PR
X exp{g alq, x5 (q)) dq
P.

S
+ S Alg, Xx5%)(q)) dqldp.
P
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It may be of no use to investigate more about the statistical
properties of N(t,x;w), unless the practical situation where
a phenomenon occurs is specified. So we will finish the discussion

with the next

(Example), Let us consider the case where a(t,x), b(t,x)

and A(t,x) are such that,

(1) altyx) = a, (>0), (2) A(t,x) = A (<0),
(3) blt,x) = b0 for x<D (a constant)
=0 otherwise.

This example may correspond to a case where the signal

propagates with a constant velocity a. through an area disturbed

0
by the white noise. Since the functions described above satisfy
the conditions (A.l), (A.2) in Proposition 4. 3. and assumptions

in Corollary, we know that there exists a unique additive nocise

N(t,x3@w)} following Proposition 4. 3..

Applying the formula (4.29) to this case, we have the
expression of the additive noise as follows;
(D,x)

N(t,xjw) = exp ( —Ao(t,-s)) dZ(s,w),

=od

D-x

Y

where (D,x) = min (t, t+
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For each specified x, this represents a velocity of the
Ornstein-Uhlenbeck process. Hereafter we fix x = & (»D). The

covariance function of this specified process is
2
b

(8.30),  R(s,t) = —2
0

exp(QAO(Dii)/aO) exp{-Aon-t]).

Therefore it is a stationry Gaussian process with the

following power spectrum.

(= o]

(3.31)  S(A) = == | R(r) exp(-iAt) dr
2T
= —E; exp(24, . (D-%X)/a,) z
T 0 0 AO 5 Jt2 2

R(s,t)(|s=t|=1).

where R(T)

Since the covariance function R(t) tends to zero as T tends
to infinity, the additive noise at x=%, N(t,X;w), has an
ergodicity of the mixed type (cf. K. Ito [20]). Therefore it
is possible in a practical situation to estimate the variables
D, AO’ ays and b, by making the function R(t) in the following

manner,

T

[
R(t) = lim 5%— S N(t,Xjw) N(t+7,%X;w) 4t ,
-T

T—rco

using the observation datas of the noise.
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4, 5. Concluding Remarks

Starting from discussions on the initial value problem of
a linear stochastic partial differential equation with the white
noise as an external force term, we have reached to ; precise
notion of "the additive noise of a linear system'". As we have
explained in this paper, it means a noise which is inherent in
the linear system considered. Following the results in this paper,
we have something to refer to the statistical theory of communi-
cation. The first thing is about the hypothesis of the additive
noise. Considerations in 4.3 and 4.4, make us to say that in such
a linear system, the hypothesis must be slightly changed as

follows; 'transmitted signal u. is observed at (t,x) in the form,

0
Lo(uo) + N(t,x;w)", where Lo(uo) is a transformed signal, that
one might expect to receive when one assumes that there are no
external random disturbance in the transmission medium. However,
. as we have seen in Proposition 3, to know the transformation
mechanics uy > Lo(uo) exactly 1s to have the complete knowledges
on the statistical properties of the additive noise. Therefore
it seems to be somewhat impractical to employ the hypothesis.

But the example in 44, encourages us to say that there is a
situation where it is possible to estimate the transformation
law LO(-) by a practical observation of the additive noise. The

author thinks that at this point the "analysis of noises" has

its raison d'étre.
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The second thing is that the hypothesis of the additive
noise may be valid only for such linear systems that possess the
randomness as a result of the existence of an external random

disturbance.
For example, it may fail to be valid in such a linear

system where there is a fluctuation in a physical quantity which
is inherent in the medium, (cf. S. Ogawa [31]). In such cases,
the signal carries the noise whose statistical characters depend
closely on the wave form of the pure signal transmitted. This
may suggest us the necessity of an information theory where the

noises are supposed to be dependent on the signals.

When the author refered to practical problems or situations
in this paper, he considered of those in the statistical theory
of communications, especially the problems in the "satelite
communications". However, the analysis develcped here, may be
applicable to other random problems. For example, the analysis
of a network of electrical circuits (e.g., the electrical circuit
that is composed as a model of the 'merve axon'"), in which each
unit includes a resistence that generates a constant noise due
to the thermodynamical reasons, may offer us an interesting

problem related to the analysis in‘ﬁpis paper.

- 107 -



CHAPTER V Wave Propagation in Random Media, { II )

Be i Introduction

Partial differential equations with random coefficients
and the related problems were proposed by many mathematicians
and physicists in connection with the analyses of random
phenomena. Among these, the random transpostation equations
were studied extensively by many authors, such as J. B. Keller
(24 1, U. Frisch [10], and so on, in order to establish powerful
tools for analysis of wave propagation in random media and

other related physical problems (see, for example, U. Frisch [101]).

In this article, we introduce the following equation as a
simple ultimate case of these random transportation equations,
)

(5.1) —5'{_'— u + {a(t,x) +

9
ax

Zt(m)} u = A(t,x)u + B(t,x),

d
dt
and discuss the Cauchy problem for this equation with the initial
data

(5.2) u(0,x;w) = uo(x) 5

2 1
where in the equation (5.1), {Zt(w), t>0} is the R -valued
. £ d S s .
Brownian motion process and ea;—-zt(m) is its formal derivative,

namely the so called "White noise™.
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The author thought of the egquation (5.1) as a limit case

of the following random equation

du
ax

(5.3) —%%— + n(t,x;w)

= ACt,x)u + B(t,x),
o

where the random process n(t,x;w) is taken to be somewhat regu-
lar, so that for each fixed random parameter w, the equation
has a definite meaning as a partial differential equation of
the first order. It is well known that an eguation of type
(5.3) represents a phenomenon of wave propagation in a random-
1y fluctuated medium, with nul(t,x;m) its index of reflaction.
However, since the white noise is a physically unreasonable
notion, the author does not know whether the same interpreta-
tion for the formal equation (5.1) is appropriate or not. The
author's motivation for such a problem is not in showing a
mathematical treatment for a problem of the wave propagation
in random medis. The author is motivated by the following
primitive guestion; "Is it possible to consider a partial
differential equation which has a diffusion process as its
characteristics ?", or in other words; "Is it possible to
construct the solution of a Cauchy problem of a linear para-

bolic equation by the characteristics method 2V In section

5.2, we will give the definition of the solution and show the
existence theorem, which i1s the main theorem in this chapter.
Moreover in section 5.3, we will derive the equation which
the averaged quantity of our solution, constructed in the

proof of the theorem, must satisfy. We will find in 5.2 that
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our definition of the solution is given as a limit formula of
the usual definition of the weak solution for eguations of

type (5.3). Unfortunately, the uniqueness problem remzins un-
solved. However, the results obtained in section 5.2.ensures
us to say that the equation (5.1) has a diffusion process as
its characteristic line in = sense and it is possible to con-
struct a solution of the Cauchy problem of a linear paraboliec
(heat) egquation by the characteristic method. These facts
may suggest. to us that a linear parabolic eguation and a linear
partial differential equation of the first order are not essen-
tially different from each other in a stochastic sense. The
situation will be more clarified when we rewrite the formal
random equation (5.1) into a stochastic partial differential
equation using a B-derivative of the random function u(t,x;u).
But we must notice that this is no more than a conjecture,
because we have not established the unigueness of solutions.
The detedls . about this fact will be explained in the final

section, 5. 4.
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5. 2. Definition of the solution and the Existence Theoren

Definition We will call the random function u(t,x;w)

which is defined on the slab G = {(t,x); telo,T], xeRl}

[0,T]
the solution of the Cauchy problem for the equation (5.1) with

initial data (5.2), if u(t,xj;w) satisfies the following condi-

tions;
u.l) For every fixed (t,w) (< [0,T] x @), u(t,x;w) is a

Borel measurable and locally bounded function of X.

. -

u,2) For any fixed x, u(t,x;w) belongs to the class_& .
u.3) For any continuously differentiable function n (t,x)

with compact support (supp nc:G[O T])’ the next relation

»
holds with probability one;
T
(5.4) S dx g {Tlt + ( na)x‘; u(t,x;w)dt
Rl 0
T
+ S dx g nult,x;w)dz, (w)
1 X t
R 0
T
+ g dx & {Au(t,x;w) + B} ndt = 0
R Jo

(Remark) Here the stochastic integral is taken in the sense
of uﬂ ;(f). Hereafter we will denote the above equation (5.1),

shortl% by
T

S dx L(u)dt = 0.
Lo Jp

R
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u.b4) uO(O,x;w) = uD(x) (with probability one).

We will see in the later discussions that the condition u.S)
is a natural extension of the definition of a weak solution for

the stochastic partial differential equation of type-(S.Bf.
We are now in the position to state our

Theorem . If the functions a(t,x), A(t,x), B(t,x) and
uO(x) satisfy the following conditions;

A.1) al(t,x), A(t,x) and B(t,x) are continucus on G{O,Tj'
A.2) a(t,x), A(t,x), B(t,x) and uo(x)'are twice continuousl}
differentiable in x, and all the derivatives of these
are bounded gn G[O,T]’
then the next system of stochastic integral equations has a
unigue solution with prcbability one and the soclution

u(t,x;w) is also a solution for the Cauchy problem (5.1) wv

(5.2),

(t,%) gt (t,%) b 56
0

(5.5) u(t,xjw) - uO(E (0) ) = {A(t,6 (t) ) ulr,& (1);w)

(t,x%)
+ B(t,& (t) )} ar,

By A
where £ (s) (0<s<t<T) is a soluticn of the following,
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(t,%) t (t,%)
(5.6) - £ (s) +x= S a(t,& (t) Jdr + Z(t,w) - Z(s,w).
s

The proof of this theorem is devided into two parts. In the
first part, we will show that the system of equations (5.5), (5.6)
has a unique solution and that the solution u(t,x;w) satisfies
conditions u.l), u,2), and u.4). In the second part we will show
the remaining assertion of Theorem. Before going to do that, we
must notice that we are solving (5.6) in s for a fixed t, (that
is, we are solving (5.6) backward). Therefore the process {E(E;§2
st} determined by (5.6) is the "time reversed process" of the

(t,x)
PR
diffusion process {§ (s), s>t} which is determined by

NCRI S (tx)
(B.B)" £ (s) -x= S a(t,€ (tr) )dr + Zs(w) = Zt(w)-
t

The theorem states that the original problem (5.1), (5.2)
is partly reduced to solving the integral equation (5.5) via the
solution of (5.6). The readers should notice about the close
analogy between our theorem and the usual theory of partial
differential equation of first order. In this sense we will call
the stochastic process {E(E;§3 s<t} the "characteristic line
through (t,x)" of the equation (5.1), though the equivalence

between the original Cauchy problem and the system of equaticns

(5.5) and (5.6) has not yet been established.

(Proof of Theorem (1) ) As for the existence and the uniqueness

of solutions of (5.5) and (5.6), there will be no need to demon-

- 118 -



strate the proof since it iIs a usual routine work using the method
of successive approximation. In the course of doing so, it will
(t,x) .
turn out to be clear that the process { & (s8). set} is/(it X
EBES t:}x BRJ’ - measurable in the triple (s,x,w) for each fixed
3

0
t, and therefore u(t,x;w) is‘,k{”t X aB[O tf( agRl—measurable in
2

(%)
(tyx,w ) since u(t,x; w) is a Baire function of the aggregatesi & (s) ,
s st} . We are now going to verify that u(t,x;w ) satisfies the
(t,x)
condition (u.2). It is easy to see that the stochastic process £ (s)

is uniformly B+(M4)—differentiable.on [s,t] for each fixed s and x,

and that tha derivative ;t(s) is given as the solution of the following

FE:
& Lta) &
(5.7), £(s)+ 1= —S a (1, £ (1) g (x)d t
. .
Solving this, we have
% £ (t,x)
(5.8) z (s) =—exp( —-S ax(r , £ (1) )at )
) =

In fact we have freom (5.6) and (5.7),

t

(t+h,x) (t,x) " (t+h,x) (t,x)
£ (s) =& (s)—¢ (s)(Zt+h—-Zt) = —-S {a( 1,8 (t) )—alt , £ (1))

5

(t. %) §
—ax( s £ {T) )% (T)(zt+h—zt)} drt
t+h (t+h,x)
—S a(T,g (t) Ydr 4 (Ay Q).
t
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Hence we get

% (t,x)

At(h,s)E = - g a, (7,8 (7) )8, (h,T)tat

s

1 L (t+h,x)
-——g a(t,& (t) )dr
vh
t
E (t+h,x) (t,%) (t,x)

1 h
- E S (E (1) - & (1) ){ax(nﬁ £ ft) )
]

(t,x)
- ax(T,E (t) )M,

where
2 (t+h,x)  (t,x) n _
At(h,s)E = ;iz 1€ (s) -8 (s) -12Z°(s) (Zt+h - Zt)} 3
and
h (t,x) (t,%) (t+h,x) (t,x)
8 (1) =& (t) +6(& (v) -¢&€(r) ) (0<821).

Taking the expectation of the forth power of both sides,

we obtain

T
(5.9) E{(at(h,x)g)“} < x{(a'T") g z{(at(h,r)s)“}m + F(W)},

s

where K is a positive constant and a = sup[ax(t,x)l which is

finite by virtue of the condition (A.2), and F(h) is such that,
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t+h

(t+h,x) %
F(h) = h S Efa(t,& (1) ) lar
i
T (t+h,x) (t,x) 1
+T3S p{ 8 - & (r) 48,2
" /h

n (%) (k) 8.3
x {E{ax(r,e gl 3 - aX(T,E (t) )}'} ar.

Since ax(t,x) is Lipschitz-continuous in x, and since
(t,x)
€ (1) (05rst) 1is almost surely continuous in t, we conclude

from above

(5.10) 1im F(h) = 0
h>0

Now applying the Gronwall-Bellman lemma (see Codington-

Levinson [ 5]) to the inegquality (5.9), we obtain
i 4.3
(5.11) E{(At(h,s)s) } ¢ KF(h) exp{ - Ka T (t-s)},

which yields with (5.10), lim E{(At(h,s)ﬁ)u} = 0 for any fixed
h-+0
s (st). Since the solution of (5.7) is almost surely continuous

in t, we see from above, together with the previous Proposition,2.
Gyl
6, that £ (eg) is uniformly B+(Mu)—differentiable on [s,T].

& (t,x)
Let us put u(r,t,x;w) = ulr,& (r) j;u) (Osrst).

Then we can rewrite (5.5) as

. (t,%) t (t,%)
(5.5)! u(t,t,x3w) - uO(E (0) ) = S {A(t,E (1) Julr,t,x3w)
0
(t,x)
+ B(1t,£ (1) )}dt
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By virtue of the uniqueness property of the solution of (5.8),

E(t,E(S’x)(t))

which implies the equality (q) = E(S>x)(q}

(almost surely for any 02qs<ts$s), we get the following

2 (s,%x) % (s,x)
(5.12), u(t,s,x;w) - uO(E (0)) = -S {807, € {13 Julr.s.x30)

0

(s,x)
+ B(t,€ (1) )Mt 2

(almost surely for s>t ).

Hence we have

= (s,x)

(5.13), uls,x3w) - ult,x3u) = g {A(T,E (1) Julr,s,x;0)
G

(s,x)
+ Blt4& (1) )idr

A A
+ u(t,s,x3w) - ult,t,x;w) .
The relation above shows that u(t,xj;w) is uniformly B+(M4)—
v
differentiable for any fixed x, if u(t,s,x;w) is uniformly

differentiable in s for any x and that the derivative is given by

(5.14)

u(t,x;w) =

9 Zt d ZS

L
ultyexpund |
5=T

Following an analogous consideration in the previous case,
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we know that the derivative is given as the solution of the next

(5.15) Wt,s,x;0) = u' o
. 585X = U, (& (0) Y™ (0)

t
(ng) v ’
+ S A(T,E (1) )u(T,s,x3w) dt

0
t (s,%) ,

% {Ax(T,E (T) Ju(t,s,x;w)
0

(s,x)
+ B_(t4E (r) )3gS (7 )ar,

where
d i u
u(t,s,x;3w) = u(t,s,x;w)
3 Z
't
and
d
T I —
Uy (&) IE uO(E) E

Since the solution W(t,s,x3w) of (5.15) is &lmost surely
continuous in t, s, we know from (5.14) and Proposition 2.6 that
u(t,x;w) is uniformly B+(M4)-differentiable on the interval

[0,T] for any fixed x.

Now we have checked the conditions u.l), u.2) and u.4) for
the solution wu(t,x;w) of (5.5) except the localy boundedness
in x. However it is obvious that u(t,x;w) is bounded in x.

We can see this by making an usual apriori estimate of u(t,x;w).

aQ
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In order to check the remaining condition u.3), we will prepare

some lemmas.

We consider the Cauchy problem for the following randoem

equation.
(5.18) -Eti-un(t,x; w + an(t,x;w) a—f-un(‘t,x; w)

= Alt,x) un(t,xguﬂ + B(t,x) ,
(5.17) un(o,x;uD = uo(x) a.8. , |
where a n(t,x;w) = alt,x) + E% Zin) Cwd and

{Zin)(m), t20} 1is the approximate process of Brownian motion
which was defined in (4.11). Since the stochastic process

E% Zin)(w) almost surely has a piecewise continous sample path,

the equation (5.15) has a definite meaning as a partial differential

equation for each fixed parameter u.
Now as for this problem we have the following

Lemma 5. 1. Under the same assumptions on a(t,x), A(t,x),

B(t,x) and uo(x),

(i) the following system of equations almost surely has a

unique solution.
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t

(t,x) (%) (t,x)
(5.18) un(t,x;w) - uO(En (0)) = g {A{T,En (T})un(f,in (1)iw)
0
(t,x)

+ B(T,ﬁn (t))}dr ,

(tgx) E ('t,x} (n) (ne
(5.19) - En (s) + x = S a{T,ﬁn (t))dr + Zt (w) - ZS w) ,
s
(0 £s<tz=<T), and
(ii) the solution un(t,x;m) is also a weak solution for

the Cauchy problem (5.16) ~~ (5.17), namely the next relation

holds with probability one,

1 B (n)
(5.20)5 g ldx g {nt + (na)x}undt + g ldx g nxundZt(w)
R 0 R 0
T
+g dxg{Au + B} dt = 0
1 - =
R 0

for an arbitrary function n(t,x) which is continuously differ-
entiable and has a finite support.

(n)
(Proof of Lemma 5. 1.) Since the approximate process Zt(w)
almost surely has a piecewise continuous sgmple function, it will
be obvious from the assumptions A.l), A.2) that the equations
(5.18), (5.19) almost surely has a unique solution. The remaining
assertion (ii) will be verified using the theorm of E. D. Conway

(Theorem 2 in E. D. Conway [%J). Q. E. D.
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Following the discussions of E. D. Conway ([ %]), we can
write the explieit form of the solution un(t,x;w) of (5.18);

(t,x) Y )
(5.21) un(t,x;w) = uo(in (0)) expl g A(T,En (t)) dr}

0
t (t,%) ¢ (t,%)
+ g B(S,En (s)) expl g A(T,En (7))dr }das.

0 s

As for this solution we have the next

Lemma 5. 2.

(1) The function (5.21) converges in quadratic mean to the
solution of (5.5) uniformly in t for each fixed x.
(ii) For each fixed x, the function u(t,x;w) and the family

{un(t,x;m)}nf satisfy the conditions £.1) ~ £.3) (in Chapter

1
IIT).:

(Remark) From the result (i), we know the explicit formula of

the solution wu(t,x;w) of (5.5); that is;

(t,%) o x)
(5.22) u(t,x;w) = uO(E (0)) exp{ S A(t,g (t))dr
0
T () ()
+ g B(t,£ (1)) expl g A(s,£ (s))ds}dr.
0 T
(Proof of Lemma 5. 2.) First we notice that for any fixed t

(2s) and x, the solution Eés’XJ(t) of (519 converges uniformly
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(s,x)

in s to the solution & (t) of (5.6), in quadratic mean. Let

us put

N (s,x)
ul(t,s,x;w) = u(t,& (t)jw),

i (s,x%)
un(t,s,x;m) = un(t,En(t);M) (s2t),

then we have

. (s,2) [ (s,
(5.23) un(t,s,x;m) - uD(En(O)) = g {A(T,EH(T) u (1,8,%5w)
0

(s,x)
+ B(T,En(r) )}t

For an arbitrarily fixed s (zt) we get from (5.12), (5.23)

and the assumptions A.1l), A.2) the following inequality;

B i (s,x)  (s,x%)
Iu(t,s,x;w) - un(t,s,x;w)l < Ul|E (0) - En(O) |

(s.,2} (3,%)
+ (AlU0 + Mo) g |E (T} = En(t) |at

0
t

- MO g |t(r,s,x;w) - ED(T,s,x;w)Idr
0]

where A, = sup]AX], Ul = sup]uél, M. = max(supfA|, sup|B|),

1 0

and UO is a constant such that UO 2 sup|un]for all n20, which

are all finite.
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Hence,

A , (s,%) (s,%)
ot [k, 8, sy} - un(t,s,x;w)|2} < aufz{ls 0) - ¢ (0 |

E
(s,x) (s,x) .
+ 3T(A U, + M )2 S E{|E (t) - & (1) lz}dr
10 0 n
0
£
+ 3M§T g IE{[E(T,s,x;m) - En(r,s,x;m)[z]dt
0

Applying the Gronwall-Belman's lemma, we obtain

ny 4
E{|u(t,s,x3w) - un(t,s,x;m)]z}

(s,x) (s,%)

< 3[Uiz{|£ (0) - zn<o)[2}+ T(4,0, + MO)2

T (s,x) (s,x) 2 5
X g E{|g (1) - En(T) | Ydr ] exp (SMOTt) .
0
Thus we have

1im  sup E{|ult,x;w) - u (t,x;w)Iz}
noe te[0,T] .

= lim sSup B{IE(‘L‘:{:X;N) - ﬁn(tatlxsm)|2} =0
n+« tetoaT]

for any fixed x.

(ii) It is sufficient to check the condition £.3).

Let ﬁ;(t,s,x;m) (s2t) be the soclution of the following
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t

(s,x%) = (s,x)
(5.24) u (tys,x;0) = wi(E (0) ) (0) + g A(T,EH(T))ﬁn(r,s,X;w)dr
0
§ (sy%) (s,2) ¢
+ S fa (t,€ (1) u (tys,x50) + B(1,8 (1) ) ) (r)dr,
0

where Ci(r) is the solution of the following

8

< (s,%x) .
(5.25), cn(r) + 1= - g ax(t,En(T) )cn(r)df
r

After a formidable computation we find that the sequence of
random functions {un(t,t,x;m)}n:l posseses the properties a.l)
v 0,3). Therefore the proof will be completed when we show the
next

{5:2Z6), lim max - E{|U(p,p,x;w) - Kh(p,p,x;m)|2} =@

e P.EA(n)

Since it is only a routine work to check (5.26) and is
omitted here. The reader can get the conclusion using the
Gronwall-Bellman's lemma, the boundedness of ci(t), Cs(t) and

the following fact;
, s s 2
lim sup {|Cn(t) -57(t)|°} = o,

n+e g2t

for any fixed t (s2t). @ B D
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Lemma 5.3 For any compact set G in Rl, the next holds.

5

T T
2
lim g E{g u(t,x;“’)dzt(ru) - g un(t,x;m)dz_inew}} dx = 0
n =% G 0 0

where u(t,x;w) and un(t,x;w) are the functions just mentioned in

Lemma 5.2.

( Proof of Lemma 5.3 ) We notice that the convergence of the

following

lim max 8 u p E{—l——{ u (p',x;w) —u_(p,x; w)
R (n) ny ¢ B
p< 4 'p'elp,p(n)] T

)

-—u (pyxw )( Z(n (n))}}L: 0
P’ % ’

is uniform in x, since the convergence of the following limit is also

uniform in x for any fixed s ($p),

(p',x) (p,x)
lim max s u p E{ En (s) — E’n (s) — p(s)(z(n) (n))}J

n > pea( )pe[p p(n)] v"-rp:n)

Therefore for an arbitrary positive number £, there exists a positive

integer n, such that for any integer m( Zno), the next holds for any

(n)

pair (p,p') (pe A p'€ [p, p(m)] ),

(5.27) E {—>

(m)_ ,(m) *
fu_(p',x30) —u_(p,x;0) —X (Raxs0) (2], P“‘ 3 < £

o
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T

2
Let us make an estimate of the quantity N( un) =B {S un(t,x;w)d£2)} .

0
We have
(5 t(n)
n-1 ﬁi Z- i+l 2
(5.28) N(wu_ )=E{] =) g (n)un(t,x;m) at}
i=0 il ti
t(n)
n-1 ain)z g ¢ onl 2
= E{izo (—“;-75;)) ( un(t,x;w) at ) }-
3 .t(nJ
i
t(n)
n-1 a@g 40y I -
J L . _ T
+ 2E {izj ( - (ﬂ))('~r (n))( g (un(t,x,m) un(tj cXaw)dt )
3 il tgn)
J
(n)
L
x ( g (un(t,x;w) -un(t§HBX;w))dt ) }
()
1
n-1 n-1
¢ J et Loy L2
gapg & i>§_/'§ %rj :
i 1
x { (rin))s g B( u_(tyxw) —u (t%xp) ) e ¥
¢l
=l
t(n}

j+l P
(n).3 I (n)_, syl 1%
x{ (t e ‘g BCu (6,5 @) —u (£.75%; W) dt }
£{n)
j
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, where dn = s up Iun(t,x;w)|

(t,x)éﬁo T

Taking sufficiently large n, which assures the inequality (5.27)

for an arbitrarily fixed positive number e , we have

(t— t
( Tgn)
1

(n) 4
)

(n)
5 }

sx;0)} * 2 {8 e(t— in))Z + 24

E{u(txw)—u(t
)

(1% P M

(n), (n)

for any t,” 'in A and t in [t(n) (n) )

1+l
Thus we obtain from (5.28),

n-1
N(u)sdr+2 Toame )
n 1l J 1 ]
l>j
= 8 24 v
where din): {T—'I' —'—'—'—E( |un( gnzi‘{, I )}

On the other hand we know from equations (5.18), (5.24) and the

assumption A,2) that the families of random functions {un(t,x;m)}mn:l

and {‘ﬁn(t,x;w)}m are uniformly bounded on G[O ] for any fixed o .
2

n=1

Hence from the inequality above we know that the quantity N( u_ )

n

is uniformly bounded in x. Since the same fact is true for the

. T 5 |

quantity N(u) = E{S‘u(t,x;w) dZ(t,w)} , we get the conclusion
0

by the theorem of bounded convergence and the result (ii) of Lemma 5.2.

g By Ds
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Let us complete the proof of our theorem.

( Procof of Theorem, II ) By virtue of the previous Lemma 5.1,
we have the next

T

(5.29)5 g chcg nLn( u )dt = 0 (with probability one),
Rl 0
where L (u_ ) = u o+ o u_ —Au_—3B
n' n 3¢ D n,, 0 n
Hence,
T 2 T o
E { {g dxg L( u)dt| } ¢ 3E{ | dxg (w—u )(n_ + (ﬂa)x)dtl 1
il 1 )
R 0 R 0
T
(n) 2
+ 3E{ |S dxg ( wdz, (w) —u_az. "’ (w)]| }
1 t n t ;
R 0
= 2
+ 38{ |\ ax g ACu —u )at| }
i n
R 0
T
< 3ue) g xn(x)dx S E{A2(u — un)z} dt
-G 0

T T "
+ \ ax g mdz_(w) —g nundzf:n)(w)} 1
G 0 0

Iy . . . _
where A = ne t (na)X + nA, which is bounded on G[O,T] by virtue
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of the assumption A,2), and G = { x; n{t,x) # 0 for some t in [0,T]}
u(G) is its Lebesgue measure and xn(x) is the Lebesgue measure of
the set {t; n(t,x) # 0} for a fixed x in Rl ., Since the result of

Lemma 5.3 is not violated by replacing u and u by nu and n

respectively, we get from the estimate above and the preceeding

Lemma 5.3 and 5.2

& 2
E{ | dxgnL(u)dﬂ b= 6
il

R 0

This completes the proof of our theorem.
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B 3% The Equation for the -Averaged Sclution .

A
Let us put u(t,x) = E {u(t,x;w)} , where u(t,x;w) is the
solution just constructed in our theorem. The aim in this section
= . ) . - . "
is to derive the equation which the averaged quantity u(t,x) must

satisfy.

For the brevity of considerations, hereafter we suppose that
" . 2 . N "
u(t,x) is of C =class in x for each t and ux(t,x), uxx(t,x) are
bounded on G[O,T]

Then we have

1 = s 1 5 - & (t+h,x)
'EF'[ u(tth,x) —ult,x) 1 = _E"E{ u(t+h,x) —ult, £ (t) )}

(t+h,x) (t+h,x)
+ S B{U(t, & (1) ) —u(t, £ (exh))]

, for 0g£ t< t+hs T .
It is easy to verify that the first term on the right hand side

tends to A(t,x)ﬁ(t;x) + B(t,x) as h tends to zero. As for the

second term, we have by the Taylor expansicn,

1 B (t+h,x) 5 (t+h,x)
— Efult, £ (t) ) —ult, & (t+h) )}
i N (t+h,x) (t+h,x)
= —Efi (1,00 (£) - & (x)))]
x L
. ‘ (t+h,x) (t+h,x) ,
+ = EB{ 54 _(r, 0.8)( & () — & (th) )7}
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(t+h,x)
where ehi =x+0(& (t) —=x) (05 05 1).

Since Hx(t,x) and &xx(t,x) are bounded, we get by taking the

limit h -0,

(t+h,x) (t+h,x)
’ 1 2 > . ’
lim =——E{ U(t, £ (t) ) —ult, £ (t+h) )} = —ale, )0, + = .
h R 2 Tmm
h =0
Thus we have reached the following
Proposition . Under the prescribed assumptions, a(t,x) becomes

~

a solution of the following Cauchy problem

2
Wy u
u + A(t,x)u + B(t,x) ,

ny
u + a(t,x) u =

(5.30) =

a v 1l d
2

)
ot sz

(5.31)  u(0,x) = u, (%)

From this result we know that what we have done is an interpreta-
tion for the Cauchy problem of a linear parabolic equation from the
viewpoint of that of a partial differential equation of the first

order, via the notion of a stochastic characteristic . In the

present case we used as a stochastic characteristic through a point
(Bym)

(t,x), the stochastic process { &(s) , s< t} which is the timeé-

reversed process of the diffusion process determined by (5.6)' .

In this sense we may say that a parabolic equation like (5.30) has

a diffusion process as its characteristic line.
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5. 4, Concluding Remarks.

In this chapter we have treated the problem using the notion

of B-derivateves and the new type of stochastic integral. The
ks =]

Decessity of these tools is based on the definition of our problem
which was given as an analogy., in a stochastic sense, to the
usual definition of the weak solution of a partial differential
equation. The author thinks that there may be ancther way of
consideration for such a problem.  However he thinks that our
approach is a natural one as far as we consider the equation (5.1)
to be an ultimate case of these equations of type (5.3). At the
first moment the author wished to establish the equivalence between
a linear parabolic equation of type (5.30) and a stochastic linear
partial differential equation (5.1) which is an equation of the
first order in its form. But it remains as a conjecture, since
we do not know the unigqueness of the soluticn. However, we have

found that it is possible to construct a solution of a linear

parabolic equation by the characteristic method and that an equation

of type (5.1) is the equation which has a diffusion process as its

characteristic line.

We finish the discussion with a comment, which will give us a

light to the question of understanding a linear parabolic equation

in a sense of partial differential equations of the first order.
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Let us consider the same problem for the following eguation :
<

3 = dz 3
ot dt ax N *

(5.31)

Then, following our Theorem, we have the sclution which ecan be

written as follows ;

(t,%) £ (t,%)
S A(

(5.32) u(t,x;w) = uG( £ (0) Jexp { v, £ {t) Jdr )
0
(t,%)
where & (1) = x + Z(v,w) — 2(t,w) , (T st).
Computing the B+—derivative of this solution, we find that

u(t,x;w) satisfies the following

+

u(t,=x;w) + . u(t,x;w) = 0 .

8+Zt ax

(5.33).

This is a partial differential equation of the first order
and has a definite meaning. The previous propeosition tells us

" s
that the .function u(t,x) = E {u(t,x;w)} is a solution of the next;

2
vl 9 u A -
ol el 332 u + A(t,x)u, u(0,x) = uo(x)

(5.34)
The equation (5.33) suggests to us that a linear parabolic

egquation can really be reduced to a partial differential equation

of the first order by replacing the time scale dt by dZ{t,w).
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However it also states that the time scale dZ(t,w) is too
large to catch u(t,x;w) precisely, while the scale dt is too small,
Because we know that the equation (5.33) with initial data uo(x)
does not have a unique solution. In fact it is easy to check that

()
the function u(t,x;w) = uo( £ (0) ) is also a solution for the
same problem. It will be of interest in its self to investigate
additional conditions which will yield the uniqueness of a solution

of such stochastic partial differential equation. All the problems

are postponed to the next occasion.
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CHAPTER VI  Uniqueness of Solutions of Brownian

Particle Equations.

6. 1. Introduction

In chapter V, we have introduced a stochastic partial differential

equation, that we want to call :

'a. brownian particle equation"
following [33] and [34], and we have considered the Cauchy

problem of this type of equation

(5.1) 3w+ lalt,x) + 5 2 (2= u = ACt,x)u + B(t,x),
(5.2) u(0,x,w) = uy(x).

We have established a theorem for existence of sclutions by con-
structing one following the method of characteristics. But

we have left the uniqueness problem unsolved, which 4s still
difficult to give a rigorous answer because of the implicite-

ness of the definition of solutions.

However, one of the important purposes of our theory is
to kneow a certain equivalence between equatioﬁs of parabolic
type and those of the first order, a special case of hyper-
bolic eguations. For equations like (5.1), this aim is
achieved by taking the expectation of the stochastic solution
constructed in Theorem(Chap.V). In other words, it is not
necessary to give a uniqueness theorem in a rigorous sens,
but it may be sufficiant for the present aim to assure the

unigqueness of the expectations of solutions. The essential

= 135 =~



jdes in what follows is to introduce a class of solutions
called "characteristie", which really characterizes the sto-
chastic solutions of (5.1)-(5.2) whose expectations solve a
parabolic eguation. In other words, the problem of unique~
ness in this senseis reduced to the same problem of solutions

of corresponding parabolic equations.

In the following, we consider the Cauchy problem of a
[s]

system of brownian particle egquations ;

. - - _a_ BT
(6:.1) ST w ot [a” (t,x) + 4. 3% Zt(m)] 5y U
N ; g
=1 Aij(t,x)uJ + B (t,x),
J= L
(6.2) ul(O,x,w) = ui(x) (t,x,0) € [O,TlleKQ

where di(i =1,2,..,N) are real constants.

N "
Definition A random function u = (u%...,u ) is called a

solution of the problem (6.1)-(6.2) provided that each element

u-  of u satisfies the conditions (u,1),(u,2) in Chaptex V,
and that
(w,3)' . For any continuously differentiable function ¥ =

(vl,..,vN) with compact support, such that v (T,x) =0 (i =1,.

N), the function u satisfies the next relation with proba-

bility one

. .. . I\ PR o
(6.3): z. [J dxj { viul + (alvl) ut o+ (zi. A._VJ)ul+ By
j=1

i=1



Vi(O,x)ué(x)dx ] = o.

6.2. Characteristiec Solutions.

In the last section of Chapter V, we have remarked
that the solution of (5.1)-(5.2), constructed by the charac-
teristic method, satisfies the relation (5.33). Conversely
we can use this relation to characterise a class of solutions
whose expectations become solutions of corresponding para-

bolic equations.

Definition 6.2. A solution u of the problem (6.1)-(6.2)

is called characteristic, if it satisfies the following

wi i .
(6.L); E[ I {va - d, v u }dtdx] =0 (1 =1,..,N)
'[O:T]
vi ] 3. . . .
where u = a7 U eand v 1s an arbitrary test function.
t
Now we héve
Theorem 6.1; (i) The expectation w(t,x) = E u(t,x,w) of

a characteristiec solution w of (6.1)-(6.2) solves the follow-

ing problem

. d 2 .
3 i i 3 i i 3 i
—— W + a (t,x)—— w = - W
9t ax 2 Bxd
N .
(6.5): ¥ L Aﬁij ® Bl
j=1

I
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l wilo,w) = ué(x) (i =1,...N).

(ii) Conversely if a solution u of (6.1)-(6.2) is such
that the expectation ¥ = Eu soives the problem (6.5),

then 1w must be characteristic.

Proof. (i) Taking the expectation of both sides in (6.3),

we find
g . i i ii, i X . G 5
(6.3)"; L [j1dx§ {vtw + (alv)wt + { S a_v))wt + EvPlat
i=1 J.1 . * =y o1 J
R 0 J
44 7 Sl f 5 §
* de[ vowodt + v (O,x]uo(x)dx] = 0.

Rl Rt

Since the funection wu is characteristic, the relation above

with the condition (6.L) yields the coneclusion.
(ii) Comparing the equation in (6.5) with (6.3)', we get
the coneclusion. @. E. D.

As for the existence of such solutions, we have

Theorem 6.2. If the functions al(t,x), Aij(t,x), B (%,x)

and ug(x)(i,j=l,..,m) satisfy the same conditions stated in
(A.1) and (A.2) of Thecrem in Chapter V. Then there exist
a characteristiec solution of (6.1)-(6.2) and its expectation
is the unigue solution of (6.5).

The proof of this theorem is given in the same way as

that of Theorem in Chapter V. ©
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6. 3. Comments ; (i) Theorem 6.1 does not deny the exist-
ence of a solution of (6.1)-(6.2) which is not characteristic
but solves the Cauchy problem of another system of parabolic
equations. Therefore it is interesting and important to

study the following

Problem; Does there exist & solution non-charscteristic of

the problem (6.1)-(6.2).

To study the problem above is to ask if the characteristic con-
dition is independent of the system of equations (6.1). For
the moment, the author does not have a good answer for it but
he thinks that the existence of non-characteristic solutions

is very little probable. However the answer may be, we céan
speak of the equivalence between two types of equations,
limitting the class of stochastiec solutions te be characteris-
tie.

(ii) Because the white noise Z is a randonm distribution, it
may be more convenient to treat brownian particle equations

as equations of random distributions. In fact., the definition
of solutions or the characteristic condition suggest & neces-
sity of the study in this direction. However, one of the main
difficulties of this idea is that we must treat the product of
two random distributions like uxé. The author is sure to

overcome this point with the help of the theory of distributions

and of the theory of B-derivatives.
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CHAPTER VII. CONCLUSION

We have studied the problems P.l), P.2) and P.3) .3)

P
(D™ (11)
in this dissertation and obtained almost complete answers to them.

In this chapter, we summarize the main results.

In Chapter II, we have considered the differentiabilities of
stochastic processes with respect to the Brownian motion process,
and established some properties about B-differentiable processes,
such as the almost sure (or, stochastic) continuities of the pro-
cesses. We have also considered the integral representations of
B'-differentiable processes and cbtained a similar result to that
obtained by E. Nelson. Our result states that the E+-differenti-
ation and the stochastic integration are the dual operaticns to each
other; Given the M- and B -derivatives of a square integrable sto-
chastic process Xt, we can reconstructthis process by the integra-
tions of these derivatives.

In Chapyer III, we have introduced the new types of stochastic
integrals which are connected with the Ito's integral,(the rela-
tion (3.2)). Among those integrals, we have investigated the pro-
perties of the integral Lyif(f) in some details : and found the re-

~
lation between this integral and the limit of a sequence of random
Stieltjes integrals. We have also refered to other types of sto-
chastic integrals, namely the integral of Stratonovich and that of
Stratonovich-Fisk, and we have compared them with our integral of
index‘ '4  to find that these integrals coincide with each other

for a class of random functions. Moreover we have found that our
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integral is applicable to such . . functions that do not admit the
differential representation of TIto, while the other integrals are not
so.

In Chapter IV, we have studied the initial value problem of the

|
partial differential equation with the white ncise as an external
random force. The existence and the uniqueness of solutions were
established, moreover the explicit form of this solution was obtained.
Based on these results, we have considered the question on the validi-
ty of the hypothesis of the additive noise in those stochastic theories
such as the theory of stochastic controls, the statistical theory of
communications, etc.. As a result of considerations on the practical
meaning of the unique solution, we have reached to give a precise
definition of the additive noise and investigated its statistical pro-
perties. Applying the result to an example which correspondsto a
simple situation in a communication system, we havé found that there is
a situation where we can estimate the wvariables of the transmission
medium by the observation of the pure noise, “

In Chapter V, we have studied the initial wvalue problem of the
partial differential equation including the white noise as its co-
efficient (the Brownian particle equation) and shown the existence
of solutions by constructing ome . with - the characteristic method.
We have found that the average of this constructed solution satisfies. o
parabolic equation and that the solution represents a figure of a

heat flow rather than that cf a wave, while the solution of the pre-

vious problem (Chapter IV) still conserves the figure of a wave.

- 141 -



As a consequence, we have found that a parabolic equation has a
diffusion process as its characteristic line.

In Chapter VI, we have given an answer to the question of unique~-
ness of solutions of a system of Brownian particle equations. Our
results state that all the characteristic solutions of the problem
have the same average which satifies a parabolic equation. In other
words, we can assure the uniqueness of the average of solutiong limit-

ting ourselves to the class of characteristic solutioms.

Throughout the discussions, we have restricted our attentions to
the one-dimensional cases, The author thinks that the extension of
discussions to multi-dimensional cases may not be carried in the di-
rect ways. Moreover he thinks that the extensions to a more general

case will offer us new problems and will produce fruitful results.

We have considered the problems in Chapters IV,V and VI as those
of wave propagation in random media. However, as we have explained
8]
in the first chapter, the results obtained in this dissertation may be
applicable to other physical problems. As for the applications of
our theory, we have numerous ideas to imagine but not so much of re-
sults to express. Because the theory of stochastic partial differen-

tial equations with the white noise as their coefficients have been

just settled at its starting point.
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