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ON THE EXISTENCE OF CONDENSER-TYPE MEASURES

WITH RESPECT TO FUNCTION-KERNELS

}g%ﬁﬁ?.iﬁé}ll‘i*j%“ (Hisako Watanabe)

§1. Introduction.

Let X be a locally compact Hausdorff space with a countable base,
G be a continuous function-kernel on X and N be a lower semicontinuous
function-kernel which is locally bounded outside the diagonal set.
Further, assume that each non-empty open set is not G-negligible and
not N-negligible. On this note we shall ask necessary and sufficient
conditions in order that for any pair <K, F> of disjoint compact sets
there exists a (G, N)-condenser-type measure o of each A ¢ M; of which .
NA is locally bounded on K, i.e., there exists a measure o = u_ - Hy

O

such that
supp(u, ) < K, supp(uy) < F,
Go = NA G-n.e. on K, Go = 0 (-n.e. on F,
0 < Go < N\ on X. . ' r
in case N = 1 (the constanf kernel) this problem has been solved
in [6], i.e., G satisfies the condenser principle if and only if, G is
non-degenerate and it satisfies the domination and the classical maxim%
principles.
In §3 we shall show that for any pair <K, F> of a non-G-negligible.
compact set K and a compact set F with A(K) n F = ¢, there exists a
(G, N)-condenser-type measure of each A ¢ Mg of which NA is bounded on
K if and only if, G satisfies the domination principle and the relativeh

domination principle with respect to N.
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It is Weli—known that in Dirichlet spaces there exists a condenser
measure for any pair <U, V> of a relatively compact open set U and an
open set V with U n V = ¢. Further, C. Berg has proved in [1] the
existence of the condenser measure for any above pair <U, V> with

respect to the kernel k = Jutdt, where (u is a transient convo-

t)t>0
lution semigroup on a locally compact abelian group.
In §4 we shall ask similar problems for any pair <K, F> of a

non-G-negligible compact set K and a closed set F with A(K) n F = @.

§2. Various domination principles.

Let X be a locally compact Hausdorff space with a countable
base. A lower semicontinuous function-kernel on X is a non-negative
lower semicontinuous function defined on X X X which is strictly
positive on the diagonal set A of X x X. A continuous function-kernel
is a lower semicontinuous kernel which is continuous in the extended
sense in X x X and finite-valued outside A. We use G and N for
dendting lower semicontinuous function-kernels ahd introduce various
domination principles.

Definition 1. We say that G satisfies the relative domination

principle with respect to N, if for p, v € Mg with JGudu < 4o
Gu < Nv on supp(u) dimplies Gu < Nv in X.
We use the symbol G—< N for this principle.

"G~ G" is said to be simply the domination principle.

" G=< 1" is said to be the classical maximum principle.

Further, we say that G satisfies the elementary relative domination

principle with respect to N if for u e‘ME with JGudu < +o and for X,

¢ Csupp(n)

Gu < Nex on supp(u) implies Gu < NeX on X.
o \ o



Jefinition 2. We say that G satisfies the tr

. + . .
principle with respect to N, if for p, v € MK w1thJGud =

Gu s Gv on supp(u) implies Nu < Nv in X. =
We use the symbol G [ N for this principle.

.Definition 3. We say that G satisfies the relative balays

principle with respect to N, if for every compact set K ani

¢ My such that Nu # +» on K there exists v e My such that

supp(v) < K, Gv = Nu G-n.e. on K, Gv sanu;?ik
Here "Gv = Nu G-n.e. on K" means that the set {x e K; Gu(x) # X
is a G-negligible set and a Borel measurable set A of X,is«calf‘
G-negligible ifrany measure A ¢ M§ with supp(i) < A and,[GXdk ;
is equal to 0. Such a measure v is called a relatively balayag
measure of p onto K with respect to (G, N). If G satisfies th
relative balayage principle with respect to G,‘we say that G ss

the balayage principle and a relatively balayaged measure with.

to (G, G) is called a G-balayaged measure, simply a balayaged,mé
If G satisfies the relative balayage principle with respect to.
constant kernel 1, we say that G satisfies the equilibrium priu\

Definition 4. We say that G satisfies the continuity p

+ . .
if for u « MK Gu is finite and continuous everywhere whenever
finite and continuous on supp(u).
We denote by«iﬁG) (resp.j%(G)) the set of measures p « M% &

that Gu are locally bounded (resp. Gu are finite and continuous)

Hereafter we shall assume that G is a continuous function-ker

on X and N is a lower semicontinuous function-kernel on X which ie

locally bounded outside the diagonal set A of X x X,




Lo
[

Proposition 1. Assume that each non-empty open set is not

&negligible and not N-negligible. If G [ N, then p e;C(G) implies

g e TN
Proof. Let u be a measure in F(G). Obviously the potential Nu

is 1oéa11y bounded outside supp(n). Let X, be an arbitrary point in
gupp(1) . Since G(XO, XO) > 0, we can find a compact neighborhood K of
%, and a constant ¢ such that c¢G(x, y) 2 1 on K x K. Denote by‘uO the
restriction of/u to K. Since Guo is also -locally bounded, there are
2 neighborhood K1 of X and a constant b such that K1 < K and Gpo <b

on K First, assume that X is an isolated point. Then {XO} is not

1
G-negligible and not N-negligible by the assumption/and we have

G(xX _, xo) < +ew and N(XO, XO) < +o, Denote by My the restriction of uo

(0]

to K Then Gpl < cheX on K. and hence Nul < cheX on X by G [ N.

1

1 (0] (0]

Since Nex and N(u - ul) are bounded on Kl’ Nu is also bounded on Kl.
o)
Secondly, we .consider the case where X, is not an isolated point. Take

X € Kl\{xo} and find a compact neighborhood K, of xolsatisfying K2 c

2
H and Xq ¢ K2. If we denote by Mo the restriction oi Mg to.Ké; we "have
Gis < bceGe on K, and hence Nu, < bcNe on X. Since Ng and
2 X : 2 2 X X
1 1 . 1
N(p - uz) are bounded on K2’ Nu is bounded on K2. Thus we obtain that

Nu is locally bounded.

Proposition 2. Assume that each non-empty open set is not G-

negligible and not N-negligible. If G satisfies the continuity prin-
ciple and G [ N, then é satisfies the relative balayage principle with
respect to ﬁ. Here é (resp. ﬁ) is the adjoint kernel of G. (resp. N).

Proof. Let K be a non-G-negligible compact set and p be a

v
leasure in Mg with Ny # 4+« on K. Put



S: = {u=Go - Gt; 0 € M;, T ¢ $(G), supp(T) < K}

and define for each f ¢ C(K)

p(f): = inf{JNodu - JNTdU; u=Go -Gt ¢« S, u>f on K}.
We remark that Nt is locally bounded by Proposition 1 and JNpo < 4o,
By the assumption we can find, for each f ¢ C(K), O, € f{G) satisfyhm
|f| = Go, on K. Then p(f) < JNGOdU < +o, Take u = Go - Gt ¢ S with
u > f on K and supp(t) < K. Then Gt < Go + GOO on K and G [ N, we hay,
Nt < No + Noo. 'Consequently p(f) = —JNOOdu > -, Since the mapping f
+ p(f) is sublinear on C(K), there exists a linear functional v on
C(K) such that

v(f) < p(f) for all f ¢ C(K).

If f < 0, it follows that v(f) < p(f) < 0. Hence v is a positive

+

measure on K. For each o ¢ MK’ we have

sup{Ifdu; 0 < f

il
A

IA

JGod\) Go on K, f ¢ C(K)}

IA

sup{p(f); 0 < f

IA
IA

Go on K, f ¢ C(K)} < JNodu.

Especially, JGede < JNeXdu and hence év(x) < ﬁu(x) for each x ¢ X.
For each 1 « }(G) with supp(t) < K, we have

J—GTdV < p(-G1) < J—NTdU.
Thus [évdT = JﬁHdT for each 1 ¢ %p(G) with supp(t1) < K. Since G
satisfies the.continuity principle by the assumption, it follows that

Gv = Nu G-n.e. on K.

§3. Condenser-type theorems for disjoint compact sets.

Hereafter we assume that G is a continuous function-kernel a@g_N

is a lower semicontinuous function-kernel which is locally bounded

Qutside A. Further, assume that each non-empty open set is not

G-negligible and not N-negligible.

For each x ¢ X and for a closed set K, we define
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Ax): = {y ¢ X; b > 0, G(z, y) = bG(z, x) for all
z ¢ X},
A(K); = v A(x).
x€éK

We shall consider the necessary and sufficient conditions in
srder that (G, N) haé the following property:

(b) Let K be a non-G-negligible compact set, F be a compact
set with A(K) n F = ¢ and A be a measure in M;'of which N)A is bounded
on K. Then there exists a (G, N)—condedsér—type measure o = U - Yy
of \ onto <K, F>, i.e., there exist u_ e [(G) and 1y e L(G) such
that ‘

by)  supp(u ) < K,  supp(uq) < F,
Gg = N) G-n.e. on K, Gog = O G-n.e. on F,

3) 0 < Gg < N) on X.

Theorem 1. Let N and G be continuous function-kernels. Then
the following assertions (1), (2) are equivalent:

(1) (G, N) has the property (b),

(2) G—<G and G ~<N.

Proof. (1) » (2): Let K be a non-G-negligible compact set and -

+
K

a (G, N)-condenser-type measure uo'— My of A onto <K, ¢> by the

A be a measure in M, such that NA is bounded on K. Then there exists
vassumption. Since Hy = 0, Mg is a relatively balayaged measure of A\
Nmto K with respect to (G, N). Using ghis, we can show that G
isatisfies the elementary relative domination principle (cf. Proof of
‘Iemma 2 in [3]). By Theorem 1 in [3], we have Gf( N. Next, we shall
show that G G. Assume that ép < égx on supp(p), where p « Mg with
Gudy < +wo and X ¢ C(supp(u)). If there is a point Xq e X\supp(u)
Such that ép(xl) > égx(xl), we can find a compact neighborhood K of

X, such that ép(y) > ng(y) for all y ¢ K. Remark that A(K) n supp(y)



S,

= &, By the aszsumption there exists a {G, Nl-condedser-type measurs
My ¥y of €, for 2 « supp(p) onto <K, supp(u)r. It is obvious that

i # 3. We obtain

3
[ R - fe 0 fx fo
0 = [(Gug, - Guyddu = Es;zagﬁ - }é;zé‘i;.sl > igcszxs;% |G yduy

" Ggg{x} - Gglix) = 0.

This is a contradiction. Thus we have 5% 4 égx on X. Since G~ §
implies that G satisfies the continuity principle (ef. {31).
Conseguently é satisfies the domination principle (ef. [ 5, Theorem
11.31) and G does {(cf. [21).

(2) » (1): BSince G< G, G satisfies the continuity principle.
Let K be a non-G-negligible compact set, F be a compact set with A(E:
n F = ¢ and 2 be a measure in ﬁg such that N} is bounded on K,
The assumption G- N implies 5 [ K. By Proposition 2, G satisfies
the relative balayage priaéiplévwith respect to N. If Vo ig a
relatively balayaged measure of A onto K with respect to (G, N}, éyﬁ
is bounded on K. Since there is a ¢ 9(G) satisfying Gv, < Ga, on

. Qwﬁ iz locally bounded. Further we can choose successively a

sequences {vn} of measures in iiG} with the following properties:

{13 gﬁ@§§vzg} « K, sag§€u2m*1} = F,
£ii Yome1 iz a G-balayvaged measure of Vom onto F,
{i1ii} Vomsn inm a G~-balayaged measure of Vemet onto K.
Then §$%§§ ie decreasing and ii@ Gegﬁ = lim §¥2m+1“ Since G4 G,

P .
» . w
we have G ~ G. Let ¢ be an arbitrary measure in $(G). Then we can

find o . £(G) and t . ;{@& zsatisfying

Y ¥ & hd .

Go » 61 = G Gen.e. on K, Ga - 1 = 0 G-n.e., on F,
o é{ L3 . .

G5 o - 61 ¢« GBE G-n.e. on X (cf. 181,

Remariing that ﬁﬁ?%{@Eﬁ} « K and $§§§€¥2§$1§ = F. we have



. . . N4 R v
Jllm Gv, dB = lim JGvadB = 1im JGedem = 1im J(Go - ér)dem

m-o m-> m- m--oo

J(lim szm)dc - J(lim Gv2m)dT

m-—>oo m-»oco

[(1im Gv2m+1)do - J(lierv2m+1)dT

m->co m->c
. p b4 _
= 1lim j(Go - GT)dV2m+l = 0.
m-—>co
consequently 1im szm = 0 G-n.e. on X and hence 1lim Gvn = 0 G-n.e.
m->o n->o

on X. Thus we see that the alternative series % (—l)nG\)n

‘n=0

converses G-n.e. on X. DPut

g: = .E (szm - Gv2m+1),

m=0- -

Since Gva - Gv2m+1 = 0 G-n.e. on F and GV2m+l - Gv2m+2 =0 G-n.e.
on K, we have

g = Gvo = NX G-n.e. on K, g =Q G-n.e. on F,
(3.1)

0 <

g < Gvo < NA on X

Further we can choose vy, § « i(é) satisfying

éy - éd > 1 G-n.e. on K, éy - éé =0 G-n.e. on F,
0 < éy - 66 G-n.e. on X. | |

For any natural number p, it follows that

p p v v R B v
E Jdv2m < E J(Gy - Gé)dvzm - E j(Gy - GG)dv2m+1
m=0 m=0 m=0
p p
=z J(szm‘ GVompddY - J(szm = GVonp4q)do
m=0 m=0
< Igdy = ijodY < Ao
and hence’ § Jdem < +o, Put M, = E Vom Then u, is a positive
m=0 m=0

measure supported by K. If we can choose Qa ¢ ﬁ(é) satisfyimg égo > 1

on F, we have

b ﬁi < ¥ ﬁés d = ¥ { Gv dB
=0 Vom+1 me0 ) O Vom+1 n=0Jg  2m+i 0
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<« ¥ ij ag_ = ¥ JGQ dv
m=0) M 0 =gl O

< pos,

om

o
Conseguently u,: = 1
1 b4

. Vom+1 is a positive measure supported by F,

0

Obvicusly it follows that ¥ Gvgm = GuQ, b Gv2m+1 = Gul and
m=0 m=0
g = G;g - Gyl on X. Since GpD < Gul + Gvo and Gul is a aontinuau&yaa

K, &am is bounded on K and hence it is locally bounded on X. Ugigg
ﬁa1 % Gaﬁ‘ Gpl iz also locally bounded on X. Therefore My = ¥y is
a {G, N)-condenser-type measure of ) onto <K, F>. Thus Theorem 1Aﬁ

has been proved.

Putting N = G in Theorem 1, we obtain the following corollary.
Corollary 1. G satisfies the domination principle if and only

if (6, G) has the property (b).

Definition 5. We say that G satisfies the condenser principle
if for each non-G-negligible compact set K and each compact set P wiik
K n F = ¢, there exists a measure o= My o= By (EQ < J(G), Pl e J(G))
such that

supp(u ) = K and gupp(ul) c F,
Ga = 1 G-n.e. on K, Gx = 0 G-n.e. on F,
0 < Ga = 1 on X.

If A(x) = {x} for any x « X, we say that G is non-degenerate.
Putting N = 1 {(the constant kernel) in Theorem 1, we have easily the
following well-known result (cf. [6]).

Lorollapy 2. Let G be non-degenerate. Then G satisfies the
condenser principle if and only if G- G and G-< 1.

Corollary 3. 1f G <G, G-~ N and G is non-degenerate, then

for any pair of a non-G-negligible compact set K and :



F with K n F = 0, there exists uniquely a measure o = po - pl (uo,
Hy e 7(G)) satisfying bl), b2), b3) in Theorem 1.

Proof. - Let K be a non-G-negligible compact set and F be a
compact Set.with KnF =¢. Since G is non-degenerate, we have

A(K) n F = ¢. By Theorem 1 there exists a measure o = My = Hy

(uo, Hy e Y(G)) satisfying bl), b2), bg). Let B = vQ - vy (vo,
V1 e £(G)) be another measure satisfying bl)’ b2), b3). Since G<X G
and G is non-degenerate, é—< E and é in also‘non—degenerate. By

v
Corollary 1 there exists, for each vy ¢ f(G), a measure § = 0 - T

(o, T ei(é)) such that

v v A4
GS = Gy G-n.e. on K, G§ = 0 G-n.e. on F,
0 < éé < éy on X.
Then we have
_ { v v . L' 4
Jéydpo J(Go - Gr)du, - [(Go - Gr)du,

= J(GHy = Gugddo - (G~ Guy)dr

(
J o,
]
= (G\)O - le)do - T(Gvo - le)dT
)4
G
e}

= (éo - ér)dv = j vdv
J O

Let f be a non-negative continuous cunction on X with compact support.

Since G is non-degenerate, we can find sequences {on}, {Tn} in £(5)

satisfying
v v v
0 < Go, - éTn < 6L on X for some A ¢ F(G),
lim (éa - Gt )y = f G-n.e. on X.
n—>oo n n
Consequently we have My = vo . If F is non-G-negligible, we have

My = Vq analogously. If F is G-negligible, it follows that Hy =

) 0. Thus we have My T Vg, and My TV

1 1

10
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§4. (G, N)-condenser-type theorem for a pair {&nglﬁng

compact set K and a closed set F.

We say that (G, N) has the property (b') if the following
property (b') is satisfied:
(b') Let K be a non-G-negligible compact set and F be a closed

set with A(K) n F = ¢. Then for each A ¢ L(N) there exists a measure

o = uo - ul satisfying
by)  supp(u,) < K, supp(uq) < F,
bj) JGuldB < +o for each B e J(G),

bé) uO(B) = ul(B) = 0 for each G-negligible set B,
bl) Goo = NA G-n.e. on K, Goo = 0 G-n.e. on F,
b') 0 < Ga < N\ on X if F is compact and 0 < Ga< NA G-n.e.

on X if F is not compact.

In this section we ask a necessary and sufficient condition in

order that (G, N) has the property (b').

Theorem 2. Assume that G—< G and f(N) # {0}. Then (G, N)
has the property (b') if and only if (G, N) has the following three
properties (c¢), (d), (e):

(¢) Let K be a non-G-negligible compact set. Thén for every
p ¢ £(N) there exists a measure v « M; such that.

supp(v) < K, Gv = Np G-n.e. on K, Gy < Ny on X.

(d) Any u €J(G) is balayable onto any closed set F, i.e.,
there exists a positive measure v such that

| Gv = Gup G-n.e. on F, Gv < Gu on X.

(e) Let K be a non-G-negligible compact set and F be a closed

set with A(K) n F = ¢. Then there exist seguences{on}, {Tn} (dn, T

11
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v
éL(G)) satisfying

el) lim (Gcn - GTn) =0 G-n.e. on F,

1->%

lim (éo - Gt )y =1 G-n.e. on K,

oo n n

. v v v Vv
e2) 0 < 1lim (Gon - GTn) < Gn G-n.e. on X for some n « IKG),
n—>o

v Y Y Y '
63) Gon < Gon+1 and Grn < GTn+1 for each natural number n,
e,) liminf Jﬁonds < +o and 1imianﬁTndB < +® for each B8 ¢ L.(X).

n-> ’ n--oo

Proof. Suppose that (G, N) has the property (b'). First, we
shall show that (G, N) has the property (c¢). Let K be a non-G-negli-
gible set and W be a measure in i(N). Then there exists a (G, N)-
condenser-type measure o = My = My of p onto <K, ¢>. Since My = 0,
wve have

Guo = Nu G-n.e. on K, Guo < Nu on X,
Secondly, we shall show that any measure in f(G) is balayable onto
any closed set F. For this purpose it is sufficient to prove that

for each closed set F

(4.1) lim (éon - éxn) =0 G-n.e. on F implies lim (éon - éTn)=o
n-—-o n->o

G-n.e. on X, where{on}, {r } < 7.(6) satisfying
supp(o ) < F, supp(t ) < F,

v
0 < Go_ - Gt

IA

v v
Gy G-n.e. F for some y ¢€J(G),

n n
Go - Gt < éo - éT G-n.e. on F (cf. [8, Theorem lj)
n+1 n+l = n n T ’ ’ .
To show (4.1), we suppose that it does not hold that lim (éan - éTn)
n-—>co

=0 G-n.e. on X. Since 0 < éon - éTn on X, there exists a non-G-

v
negligible set contained in {x ¢ CF; 1lim (Gon(x) - éTn(X)) > 0}.
n—>o

We remark that A(K) n F = ¢. By the assumption there exists, for A

e Z(N) (A # 0), a measure By — Mg satisfying bi) ~ bé). Since X # 0,

12
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we have u_ ¢ 0. Consequently

¢
) = ,f{ i @ rl} q o § H - T
0 iiztgiﬁgg Guy)do, }iﬁbﬁ §h1}§%a§

{ - e W LW
= %iiﬁ (Ga, ~ Gr ddu, - iim (Go, ~ Gt dduy

‘?ﬁ”&’% . et

¢
§ 54 = & x i -
= i1im {éwa Gy ddu, > 0.
g’i R

This is a contradiction. Thus lim iégn - é%ﬂ) = (0 G-n.e. on F

implies lim {%%Q = ﬁﬁﬁ} = (1 Ge-n.e. on X, Finally, we shall show that

Fiopim
(G, N) has the property (e). Let €K§§ be an increasing sequence of
compact sets with bt Kﬁ = X. Suppose that K is a non-G-negligible
n=l
compact set and F be a closed set with A(Ky n F = ¢. Put Fﬂ: = F n gg:

£ o o A4
¥e can find 3@ « £{(GY satinfyving %iﬁ > 1 on K. Since G~ G, there

exists, by Corcllary 1, ég = a4, - Bo such that

supp(a ) < K, supp(8 ) < F_,

ééﬁ = &zg G-n.e. on K, §§n = 0 G-n.e. on F,

g < éég < éég on X.

s = o b i o
Since Go - GE < Go - n E o F_ o, it ¢ : G -
ince iziz{z G n i;"“g;ml ngml on K Fn it follows that 30 6”3%&

o W L

5 %gami - Géﬁml on L. %e remark that Gﬁn % Gﬁﬂ*l opn X. Ip fact,

there exists, for each n « L(G), a measure g - T, (o,, Tp ¢ J(GYY

satisfying

supp({o,) « K, supp(t_) = F .

@ﬁﬁ - §§§ = Gn G-n.e. on K, Sﬁﬁ - @zn = 0 G.n.e. 08 %
G = §§ﬁ - §§§ s On.
Then we have
{x . N
émg{i?z = gﬁé»—%ﬁ ,
£ {5 o 1 S iley - § w04 &
gigﬁ Gy _lda %{Qﬁ @@ﬁ}éw&
= hiéﬁg - G )do, - Eiéﬁ - g ydt
. - GA g = Ga ., - G dr
jiéan*i 0841797 JC pet ~ OBpan 19
= J(Ga - Gt )dan+1 - [(Go_ - GTn)dBn+1

13
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v
< JGndan+1 = JGan+1dn.

% v ~
consequently Gan < Gan+1 G-n.e. on X and hence Gun < éﬁn+1.
v v
gimilarily we have GB_ < GB,4q1 On X. Let A be an arbitrary measure
in Z(N). By the assumption we can find a = M, — Mg satisfying bi) ~

bé)‘ Then we have

v v v v v
4+ > A2 d > 1i - - i -
jG Jdu, = Jnii (Go GB,)du frllig (Go - GB, )duy
= iig{J(GUO - Guyida - j(GuO - Guy)ds }
- limJN)\da = 1im[1‘<1a ar.
n n

n-o n->-c

since GB = < éan_ on X and a_, B, e(f(é), we have, using (c),

v v - .
jNBndA < jNandA for all A < Z(N).

Consequently liminf ﬁBndx < 1lim jﬁundk < +oo,

n-co n-ro

Conversely, suppdse that (G, N) has the properties (¢), (d), (e).
Let K be a non-G-negligible compact set and F be:a closed set with
ACK) n F = ¢ and A be a measure in L(N). We denote by Vo é relatively
balayaged measure of A onto K with respect to (G, N). Since G has the
property (d), we can choose a sequence {vn} of positive measures
satisfying (i) ~ (iii) in Theorem 1, Obviously'{Gvn} is decreasing.
We shall show that lim Gvn = 0 G-n.e. on X, Let B8 be an arbitrary

n-o

measure in f(é) and b be a positive real number satisfying bés < 1

on K, Using the property (e), for u = lim &o , v = lim 6t in (e)
: n-wo© n n->o n

we have

1l

. pa — - )
lim JGdevn = lim JGvndop

p—)OO p—)oo

Iudv
n

liminf jN)\dop = liminf Jﬁopdx < 4.

P> P>

IA

Since the sequence {Judvn} is decreasing, it follows that

14
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i = 11 ‘ < +
lim judVZm lim dev2m+1 ©,
Moo m-ee
Analogously
lim jvdvgm = lim Jvdu2m+l < teo,
meeo mew

Using these relations, we obtain

{ [ v
b ilim Gy, d& = lim |[bGv, dB = lim JbGde

< 1im |1im (Go_ - Gt_)dv
M2 Jp&m p p

2m

'3

= lim udugm - 1im Jvdvzm

e 4 ni-seo

= 1im udv2m+1 - 1lim Jvdv2m+1
mee Hi>eo

* Mm Jlim (G - Grp)dvgp,, =

&

Consequently 1im Gvg
i m

lim Gv, = 0 G-n.e. on X and hence lim Gv_ = 0 G-n.e.

2m

e jika

dg = 0 for all B « £ (G). Thus we

have

on X.

Thus we see that the alternative series ¥ («1)nGvn converges

n=0
G-n.e. on X. Put

g: = ¥ (Gv,, - Gv

).
m=0 2m+1

Then g has the property (3.1). Next we shall show that

a positive measure. For any natural number g we have

¥ v is

m=0 2m

? la : [ 1im (& ér ) Y i (& Gt _)a
& 1 dv, = i Tim (Go - Gt _dv, -~ L itlim (Go - Gt _)dv,, .,
me=() H 4m m=) é p e B B 2m m=0 g?@m p P Deme]
14 % g{S & 3d
= lim v, —~ v, ., J4g
poe me0 2m Zm+] p
1i L g‘ﬁ G 1d
- tim Gy, - Ly 4 JERT
pos me0 2m m+l’ " p
£
s liminf %gd& < liminf [Nido_ < +=
4 b pee 3 p
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Consequently % Jdvz sjliminf jNAdO < 4+ and hence py _: =
m=0 m pre p o

o]

oV
m=0 2m

is a poéitive measure supported by K. Let f be a non-

negative continuous function on X with compact support and n be a

measure in‘?(é) with én > f on X. Then

r

v Y
dev2m+1 < JGndv2m+1 = JGv2m+1dn < JGv2mdn = JGndvzm.

Hence

o (v
)X dev < 3 Gndem,< +oo ,

This implies that the positive linear functional: f ~ § dev2m+1
m=0

on thé space of continuous functions on X with compact.support

is a positive measure Hy supported by F. Obviously b GVZm = Guo
m=0
© v .
- and E Gv2m+1 = Gul. For any B ¢ f(G) we obtain
m=0
JGuldB = E JGv2m+1d6 < E JGvadB < E JGde2m < 4o,
m=0 m=0 m=0

Thus both Gul and Gpo are finite on G-n.e. on X and it follows that
g = Guo - Gul G-n.e. on X. We remark that g = Guo - Gul on X if F
is compact. Therefore My — Hy is a (G, N)-condenser-type measure of

A onto <K, F>. Thus Theorem 2 has been proved.

We define
{ _ . v . P4 v <é d < +
u = lim Go_ ; o e, Go < Go .4, |u 8

n—>oo

S(é):

for all B ¢ P(G)}.

Putting G = N, we have easily the following corollary.

Corollary 4. Assume that G=<G. Then (G, G) has the property

(b') if and only if G has the following properties (d), (e'):
| (d) Any yu ELI(G) is balayable onto any closed set F,
(e') Let K be a non-G-negligible compact set and F be a closed

set with A(K) n F = ¢. Then there exist u, v « S(é) such that

16
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Proposition 3. Assume that G 1s non-degenerate and G< G

Further assume that G has the following property (f)i’
(f) For any A « 3&6), for any € > 0 and for ahchompact’Séx

v
there exist u, v ¢ S(G) and a compact set K' such that

v = 1lim éT ) supp(Tn) < K',
n-—>o n

(4.2) u-v<e G-n.e. onK, u-v = éA G-n.e. on CK‘
O <u-v G-n.e. on X. |
Then (G, G) has the property (b').
Proof. First we remark that we can choose u, v € S(é) in-
satisfying (4.2) and
W -v==C\ G-n.e. on CK', 0<u-v<0G\ Gn.e. ongX
In fact, since (u - v) A G = u & (ék + v) - v and u A (ék + v)
S(é), we can take (u - v) A ék instead of u - v. By Propositio
(8] any u ¢ £(G) is balayable to any closed set. Further, let K
a non-G-negligible compact set and F be a closed set with K n F
Choose AO € }(é) satisfying éko > 2 on K. By the assumption (f)'
there exist u, v ¢ S(G) and a compact set K' with K ¢ K' such tH 
u - v = éAO G-n.e. on CK', u ~-v<s1 G-n.e. on K,
0O <u~-v =< éAO G-n.e. on X.

Then we obtain, putting Lo éko + v - u,

Wy 2 1 G-n.e. on K, Wy = 0O G-n.e. on CK',

0 < wy = éxo G-n.e. on X.

Since (F n K') n K = ¢ and é-< é, it follows from Corollar

v

v
there exists Wy = Ga - GB (a, B e.ﬂ(é)) such that

17
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|

obtain

Thus (

(1]

(21

[3]

(41

- [5]1

(6]

(7]

(81

107

W, = % =21 G-n.e. on K, wo = 0 G-n.e. on F n K',

2 o 2
0 c1é e X
< —_— —
S Wy S 5 o n.e. on X.
write Wy AWy = Uy - U (ul, Uy € S(G)) G-n.e. on X and
u; - u2 >1 G-n.e. on K, u1 - u2 =0 G-n.e. on F,
1 v
0 < u; - ug < 5 Gxo G-n.e. on X.

G, G) has the property (b') by Corollary 4.
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