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Abstract

The main result of this paper is non-vanishing of the image of the index map from the
G-equivariant K-homology of a proper G-compact G-manifold X to the K-theory of the C∗-
algebra of the group G. Under the assumption that the Kronecker pairing of a K-homology
class with a low-dimensional cohomology class is non-zero, we prove that the image of this
class under the index map is non-zero. Neither discreteness of the locally compact group G
nor freeness of the action of G on X are required. The case of free actions of discrete groups
was considered earlier by B. Hanke and T. Schick.
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1 Introduction

The main result of this paper is the non-vanishing of the image of the index map, assuming that
the non-vanishing of the pairing with low dimensional cohomology. In this paper, actions of a
locally compact group G on X will be assumed proper and co-compact, but neither discreteness
of G nor the freeness of the action will be needed. First of all, let us recall the Strong Novikov
Conjecture and a result in the case of discrete groups.

Conjecture 1.1 (Strong Novikov Conjecture) Let Γ be a discrete group. The Baum-Connes
assembly map µ : K0(BΓ) → K0(C

∗
Max(Γ)) is injective after tensoring Q.

Theorem 1.2 [HS, Theorem 1.2] Let Γ be a discrete group. If a K-homology class h ∈ K0(BΓ)
satisfies the following condition; there exists a cohomology class c ∈ H∗(BΓ;Q) generated by
classes of degree at most 2 such that ⟨c, ch(h)⟩ ̸= 0. Then µ(h) ̸= 0.

Next, the statement of Baum-Connes conjecture for the proper actions is the following;

Conjecture 1.3 [BCH, (3.15)] Let G be a locally compact Hausdorff second countable group and
let EG be the universal example for proper actions of G defined in definition 2.9. Then

µ : RKG
0 (EG) → K0(C

∗(G))

is an isomorphism.

This conjecture is true for such groups as, for instance, hyperbolic groups and Lie groups with
finitely many connected components.

In this paper, few such assumptions on groups will be required. For example, we allow the
semi-direct product of a compact group with a countable discrete group. Instead, we will set
some assumptions on the domain of the Baum Connes map like [Ma03] and [HS], and we focus
on the rational injectivity of this map.

Now let us fix our settings. Let X be a complete Riemannian manifold with H1(X;R) = 0
and let G be a second countable locally compact Hausdorff unimodular group which act on X
properly and isometrically. Assume that X is G-compact.

Let µG : KKG(C0(X),C) → K0(C
∗(G)) be the index map, and E = L1 ⊕ . . .⊕LN be a finite

direct sum of smooth Hermitian G-line bundles each of which has vanishing first Chern class;
c1(L

k) = 0 ∈ H2(X;R).



Y. Fukumoto 3

Theorem A Let A be a properly supported G-invariant elliptic operator of order 0. If [A] ∈
KKG(C0(X),C) satisfies that the Kronecker pairing ⟨[E], [A]⟩G is not equal to 0 ∈ R for some E,
then µG([A]) ̸= 0 ∈ K0(C

∗(G)).

The Kronecker pairing ⟨[E], [A]⟩G will be defined later in the definition 5.20. Instead of taking
the paring on the level of cohomology H∗(X) and homology H∗(X) as in [Ma03] and [HS], we
will consider it on the level of equivariant K-theory. In the case of free actions of discrete groups,
they coincide.

Remarks 1.4

(1) In this paper C∗(G) is either reduced or maximal C∗-algebra. So even if G is discrete,
theorem A is not covered by [HS, Theorem 1.2] since in [HS], only the maximal group
C∗-algebras are considered to use the universal property of them.

Since we have a natural projection map C∗
Max(G) → C∗

red(G), it is sufficient to consider the
reduced one and prove that µG([A]) ̸= 0 ∈ C∗

red(G).

(2) Tha assumption that c1(L) = 0 ∈ H2(X;R) implies that such line bundle L over X is
topologically trivial, however, remark that it does not follow that L is trivial as a G-line
bundle.

One of the classical examples is as follows; let us consider the case of free action of a discrete
group, namely, letM be a closed Riemannian manifold, G be its fundamental group π1(M),

and X be its universal cover M̃ . The projection will be denoted by π : X →M . Moreover,
let f : M → BG be the classifying map, and consider a line bundle f∗L0 obtained by the
pull back by f of any Hermitian line bundle L0 over BG. Then, let L be its lift π∗f∗L0.
Since f is lifted to f̃ : X → EG and EG is contractible, we obtain c1(L) = 0.

Similar argument also works in the case of proper actions. Let G be a locally compact group
acting properly on a complete Riemannian manifold X. Let EG be the universal example
of proper action of G, f : X → EG be a G equivariant map, and L0 be any Hermitian G-line
bundle over EG. Then, the pull back L := f∗L0 is a Hermitian G-line bundle over X, whose
first Chern class vanishes since EG is contractible as a topological space.

Remark 1.5 In [HS], the problem on BΓ is reduced to the case of manifolds, using the following
lemma;

Lemma 1.6 [BHS, Theorem 6.2] For any h ∈ K0(BΓ), there exists a geometricK-cycle (M,E, ϕ)
realizing h. Precisely there exists (M,E, ϕ), where M is a spinc-manifold, E is a smooth Hermi-
tian vector bundle, and ϕ : M → BΓ is a continuous map, such that

ϕ∗
(
[E]⊗̂[M ]

)
= h.

Unfortunately we do not have the corresponding result for G-equivariant K-homology of proper
G-spaces, so the general case of proper G-topological space including EG could not be reduced
to the case of G-manifolds.

As a corollary of Theorem A, we obtain the following Gromov-Lawson-Rosenberg conjecture for
low dimensional cohomology classes.

Corollary B Let X and G be as above and additionally we assume X is a spin manifold and
the scalar curvature of X is positive. Then for any Hermitian G-vectorbundle E satisfying the
conditions above, the following higher G-Â-genus vanishes.

ÂG(X;E) :=

∫
X
c(x)Â(TX) ∧ ch(E) = 0,
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where c ∈ Cc(X) denotes an arbitrary cut-off function.

The higher G-Â-genus is defined later in Definition 5.23 using the L2-index formula; Theorem
5.22 [Wa, Proposition 6.11]. In the case of a free action a descrete group Γ, our higher G-Â-genus
of X coincides with the higher Â-genus of X/Γ by Γ-index theorem. This gives a generalization
of [Ma99, Corollary 1] to non-discrete groups.

Remark that the following Novikov conjecture for low dimensional cohomology classes does
not follow unless the acting group G is discrete and the action on X is free. This is because
we do not know, unfortunately, the homotopy equivalence of the (C∗(G))-index of the signature
operator, µG([d

X + δX ]) ∈ K0(C
∗(G)) in general cases.

Conjecture 1.7 Let G be a second countable locally compact Hausdorff group. Let X be a G-
compact proper complete G-Riemannian manifold. Let X ′ be another complete Riemannian G-
compact proper G-manifold and assume that there exists a G-equivariant orientation preserving
smooth homotopy equivalence h : X ′ → X. Let f : X → EG be a G-equivariant map. Then for
any smooth Hermitian G-vector bundle E over X given by L = f∗E0 for some G-vector bundle
E0 over EG, the higher signature for E0 is homotopy invariant, that is,∫

X
c(x)L(X) ∧ ch(E) =

∫
X′
c′(x′)L(X ′) ∧ ch(h∗E),

where c ∈ Cc(X) denotes an arbitrary cut-off function and L(X) denotes the L-class of X.

2 Proper Actions

2.1 Proper Actions

Definition 2.1 Let G be a second countable locally compact Hausdorff group. Let X be a
complete Riemannian manifold.

(1) X is called a G-Riemannian manifold if G acts on X isometrically.

(2) The action of G on X is said to be proper or X is called a proper G-space if the following
continuous map is proper;

G×X → X ×X, (γ, x) 7→ (γx, x).

(3) The action of G onX is said to be co-compact or X is called G-compact space if the quotient
space X/G is compact.

Definition 2.2 A compactly supported smooth function c ∈ C∞
c (X) is called a cut-off function

if c ≥ 0 is non-negative everwhere and it satisfies∫
G
c(γ−1x)dγ = 1

for any x ∈ X .

Lemma 2.3 Any G-compact manifold with proper action admits a cut-off function.

Proof. Let c′ ∈ C∞
c (X) be an arbitrary non-negative function whose support intersects every

orbit, namely, supp(c′) ∩ G({x}) ̸= ∅. There actually exists such a function because X is G-
compact. Then consider the function c by normalizing c′ on each orbit;

c(x) :=
c′(x)∫

G c
′(γ−1x)dγ

.
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This c provides a cut-off function.
Note that since the action of G is proper,

{
γ ∈ G

∣∣ γ−1x ∈ supp(c′)
}
⊂ G is compact and hence

the value
∫
G c

′(γ−1x)dγ is always finite for any x ∈ X.

Definition 2.4 The action of G on X induces actions on TX and T ∗X given by

γ : TxX → TγxX
v 7→ γ(v) := γ∗v

and
γ : T ∗

xX → T ∗
γxX

ξ 7→ γ(ξ) := (γ−1)∗ξ.

The action on X(X) and Ω∗(X) is given by

γ[V ] := γ∗V and γ[ω] := (γ−1)∗ω

for γ ∈ G, V ∈ X(X) and ω ∈ Ω∗(X). Obviously, γ[ω ∧ η] = γ[ω] ∧ γ[η] and d(γ[ω]) = γ[dω].

Lemma 2.5 Let ω ∈ Ωn(X) and η ∈ Ωn−1(X) be G-invariant differential forms, where n =
dim(X) and c ∈ C∞

c (X) be a cut-off function. Then,

(1)
∫
X c(x)ω does not depend on the choice of a cut-off function.

(2)
∫
X c(x)dη = 0.

Proof. Firstly, note that for any γ ∈ G, γ : X → X is a diffeomorphism, so∫
X
ζ =

∫
X
γ[ζ]

holds for any compactly supported differential form ζ ∈ Ωnc (X).
Let c′ ∈ C∞

c (X) be another cut-off function and set a :=
∫
X c(x)ω −

∫
X c

′(x)ω. Then,

a =

∫
X
γ[c(x)ω]−

∫
X
γ[c′(x)ω]

=

∫
X
c(γ−1x)γ[ω]−

∫
X
c′(γ−1x)γ[ω]

=

∫
X
c(γ−1x)ω −

∫
X
c′(γ−1x)ω

=

∫
X

(
c(γ−1x)− c′(γ−1x)

)
ω ,

hence,

∫
G
a dγ =

∫
X

(∫
G
c(γ−1x) dγ −

∫
G
c′(γ−1x) dγ

)
ω

=

∫
X
(1− 1)ω = 0.

Therefore a = 0. As for the second part, set b :=
∫
X c(x)dη. Then,

b = −
∫
X
dc(x) ∧ η = −

∫
X
γ [dc(x) ∧ η] = −

∫
X
dc(γ−1x) ∧ γ[η] = −

∫
X
dc(γ−1x) ∧ η ,

hence, −
∫
G
b dγ =

∫
X
d

(∫
G
c(γ−1x) dγ

)
∧ η =

∫
X
d(1) ∧ η = 0.

Therefore b = 0.

Remark 2.6 In the case when G = Γ is a discrete group acting on X freely, if ω ∈ Ωn(X) is a
Γ-invariant form on X, then the value

∫
X c(x)ω is equal to

∫
F c(x)ω for an arbitrary fundamental

domain F ⊂ X. Therefore if ω′ ∈ Ω(X/Γ) is a differential form covered by the Γ-invariant form
ω, we have

∫
X c(x)ω =

∫
X/Γ ω

′.
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Proposition 2.7 (Slice theorem) Let G be a second countable locally compact Hausdorff group
and act properly and isometrically on X. Then for any neighborhood O of any point x ∈ X there
exists a compact subgroup K ⊂ G including the stabilizer at x, K ⊃ Gx := {γ ∈ G | γx = x} and
there exists a K-slice {x} ⊂ S ⊂ O.

Here S ⊂ X is called K-slice if the followings are satisfied;

• S is K-invariant; K(S) = S,

• the tubular subset G(S) ⊂ X is open,

• there exists a G-equivariant map ψ : G(S) → G/K satisfying ψ−1([e]) = S, called a slice
map.

We will give a proof later only in the case when G is a Lie group, in which case K can be taken as
Gx itself. The proof in the general case is found in [Ab, Theorem 3.3.] and [An, Theorem 3.6.].

Corollary 2.8 We additionally assume that X is G-compact. Then for any open covering X =∪
x∈X Ox, there exists a sub-family of finitely many open subsets {Oxi , . . . OxN } such that

∪
γ∈G

N∪
i=1

γ(Oxi) = X.

In particular, X is of bounded geometry, namely, the injective radius is bounded below and
the norm of Riemannian curvature is bounded.

Proof. Due to the slice theorem we have compact subgroups Kx including the stabilizers Gx
and Kx-slice {x} ⊂ Sx ⊂ Ox. Since X/G is compact, and {[G(Sx)]}x∈X is an open covering of

X/G, one can take finite sub-cover X/G =
∪N
i=1[G(Sxi)] and hence obtain a finite G-invariant

open cover X =
∪N
i=1G(Sxi). On the other hand, obviously G(Oxi) ⊃ G(Sxi) so it follows that

X =
∪
γ∈G

∪N
i=1 γ(Oxi).

In order to prove the bounded geometry of X, take an arbitrary relatively compact neigh-
borhood {x} ⊂ Ox ⊂ X for each x ∈ X and find {Oxi , . . . OxN } as above. Noting that each of
γ(Oxi) is isometric to Oxi for every γ ∈ G, the lower bound of injective radius and the norm
of Riemannian curvature on whole X is determined only on Ox1 ∪ . . . ∪ OxN , which is relatively
compact. Therefore they are bounded.

Proof of the Proposition 2.7 . Let G be a Lie group. Set K = Gx. Due to the properness of the
action, Gx is a compact sub-group. Besides every orbit set G{x} ⊂ X is a closed subset of X
since the orbit map G→ X; γ 7→ γx is proper. At the same time, G/Gx → X; [γ] 7→ γx is an
injective immersion. In particular, the orbit set G{x} ⊂ X is a sub-manifold in X differomorphic
to G/Gx.

Let N(G{x}) denote the normal bundle of G{x} ⊂ X, namely Ny(G{x}) is the orthogonal
complement of Ty(G{x}) in TyX. Since the action of G on X is isometrically, the action on
N(G{x}) preserves the metric of the fibers.

Let N r
xG{x} := {v ∈ N(G{x}) | ∥v∥ < r} for positive r ∈ R. Choose a small δ > 0 so that

the following restricted exponential map

expx : N
4δ
x (G{x}) → X

is diffeomorphism onto its image and the image does not intersect with G{x} at any other points
than x ∈ G{x}. Then

exp: N δ(G{x}) → X; (y, v) 7→ expy(v)
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is a diffeomorphism onto its image.
Now let S := expx(N

δ
xG{x}), with δ replaced by a smaller value so that S is contained in O

if needed. This S is obviously Gx-invariant. Moreover the tubular subset G(S) is equal to the
image of the exponential map

G(S) =
∪

y∈G{x}

expy(N
δ
yG{x}) = exp(N δ(G{x}))

which is diffeomorphic to a disk bundle N δ(G{x}) and hence open. One can take a slicing map
ψ : G(S) → G/K as follows;

ψ : G(S) = exp(N δ(G{x})) exp−1

−−−−→∼=
N δ(G{x}) proj.−−−→ G{x} ∼= G/Gx

expy(v) 7−→ (y, v) 7−→ y.

The inverse image ψ−1 is actually equal to exp(N δ
x(G{x})) = S.

2.2 Universal Example for Proper Actions

We refer to [BCH, Section 1] in this section.

Definition 2.9 (Universal example for proper actions) Let G be a second countable lo-
cally compact Hausdorff group. A universal example for proper actions of G, denoted by EG, is a
proper G-space satisfying the following property; If X is any proper Gspace, then there exists a
G-equivariant map f : X → EG, and any such maps are G-homotopic, that is, homotopic through
G-equivariant maps.

Lemma 2.10

(1) There exists a universal example for proper actions of G, and it is unique up to G-homotopy.

(2) EG is contractive as a topological space.

Outline of Proof. The construction of EG is as follows; let

W :=
⊔
H⊂G

compact subgroup

G/H

be the disjoint union of the homogeneous spaces G/H, over all compact subgroups of G. Then
take the join with itself infinitely many times;

EG =W ∗W ∗ . . . .

From this construction it follows that EG is contractive.
Moreover if we have two, EG and (EG)′, then we have G-maps f : (EG)′ → EG and f ′ : EG→

(EG)′, each of which is unique up to G-homotopy. Moreover f ◦ f ′ is G-homotopic to idEG and
f ′ ◦ f is G-homotopic to id(EG)′ respectively.

3 K-theoretical Preparation to Describe the Index Map

3.1 Tensor products, Group Algebras and Crossed Products

The index of G-equivariant K-homology class takes value in the K-homology of the group C∗-
algebra. We will introduce some kinds of C∗-algebras used to describe the index map.
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Definition 3.1 Let A and B be C∗-algebras then let A⊙B denote the algebraic tensor product
regarding A and B as vector spaces over C. A ⊙ B is naturally equipped with a structure of
∗-algebra;

(a1 ⊗ b1) · (a2 ⊗ b2) := a1a2 ⊗ b1b2

(a1 ⊗ b1)
∗ := a∗1 ⊗ b∗1.

In order to define the tensor products of C∗-algebras A⊗B, we need to introduce a C∗-norm on
A⊙B and take the completion.

Definition 3.2 (Maximal tensor products)

• Define a C∗-norm ∥·∥Max on A⊙B by

∥x∥Max := sup {∥x∥α | ∥·∥α is a C∗-seminorm on A⊙B} .

The norm ∥x∥Max is finite because every C∗-seminorm ∥·∥α on A ⊙ B satisfies ∥a⊗ b∥α ≤
∥a∥A ∥b∥B. [We, Corollary T.6.2]

• Then define A ⊗Max B called maximal or universal tensor product as the completion of
A⊙B under the norm ∥x∥Max.

Definition 3.3 (Minimal tensor products) Let ρA : A → L(HA) and ρB : B → L(HB) be
representations of A and B on Hilbert spaces HA and HB respectively. Assume that ρA and ρB
are faithful. There exist such representations by the Gelfand - Naimark theorem.

• Define a representation ρA ⊙ ρB : A⊙B → L(HA ⊗HB) by

(ρA ⊙ ρB)(a⊗ b) := ρA(a)⊗ ρB(b) ∈ L(HA)⊙ L(HB) ⊂ L(HA ⊗HB).

ρA ⊙ ρB is again a faithful representation. [We, Proposition T.5.1.]

• Define a C∗-norm ∥·∥min on A⊙B by

∥x∥min := ∥(ρA ⊙ ρB)(x)∥L(HA⊗HB) for x ∈ A⊙B.

This norm is independent of the choice of faithful representations ρA and ρB. [We, Theorem
T.5.15]

• Define A⊗minB called the spatial or minimal tensor product as a completion of the algebraic
tensor product A⊙B under the norm ∥·∥min.

Remark 3.4 In the case when both A = A0⊕̂A1 and B = B0⊕̂B1 are Z/2Z-graded, for instance
C0(V), where V = V0⊕̂V, is a graded vector bundle, it is natural to consider the graded tensor
product

A⊗̂B =
(
(A0⊗B0)⊕ (A1⊗B1)

)
⊕̂
(
(A0⊗B1)⊕ (A1⊗B0)

)
.

The product of A⊗̂B is given by

(a1⊗̂b1)(a2⊗̂b2) = (−1)deg(b1) deg(a2)a1a2⊗̂b1b2

for homogeneous elements a1, a2 ∈ A and b1, b2 ∈ B.

Definition 3.5 A C∗-algebra A is called nuclear if there is only one C∗-norm on A⊙B for any
each C∗-algebra B. In such case, the tensor product of A and B will be denoted by simply A⊗B.
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Example 3.6 Every commutative C∗-algebra is nuclear.[We, Theorem T.6.20]
In particular, for a locally compact Hausdorff space X and a C∗-algebra B, C0(X) ⊗ B ∼=

C0(X) ⊗min B is naturally isomorphic to the C∗-algebra C0(X;B) consisting of all B-valued
continuous functions on X vanishing at infinity.[We, Proposition T.5.21]

Next, we define the two types of crossed product for covariant system, which are generaliza-
tions of group C∗-algebra, namely, C∗

Max(G;B) called the maximal crossed product and C∗
red(G;B)

called the reduced crossed product.

Definition 3.7 Let G be a locally compact Hausdorff topological group. There exists an unique
left invariant Haar measure m on G up to constant. From now on, dm(γ) is denoted by dγ. G is
called unimodular if m is also right invariant. For instance, any compact groups and any discrete
groups are unimodular. Then it is satisfied that

d(γ1γ) = d(γγ1) = dγ and d(γ−1) = γ−1 · dγ · γ−1 = dγ

for any γ, γ1 ∈ G.

Definition 3.8 (Group algebras Cc(G;B)) Let B be an C∗-algebra and β : G→ Aut(B) be a
continuous homomorphism. Aut(B) is equipped with the point-wise norm-convergence topology.
Such triple (B,G, β) is a called covariant system. We omit β when it is obvious and in such case,
B is called a G-C∗-algebra or simply a G-algebra.

• Define Cc(G;B) as an algebra consisting of all compactly supported continuous B-valued
functions on G equipped with the following convolution product;

(f ∗ g)(γ) :=
∫
G
f(γ1) · β[γ1](g(γ−1

1 γ)) dγ1 =

∫
γ1γ2=γ

f(γ1) · β[γ1](g(γ−1
1 γ)) dγ1

and with the involution f∗(γ) := β[γ]
(
f(γ−1)

∗)
.

• A pair (π, ρ) is called a covariant representation for the covariant system (B,G, β) if π and
ρ are representations of B and G on a same Hilbert space H and satisfy that

ρ(γ)π(b)ρ(γ)∗ = π(β[γ](b)) for b ∈ B and γ ∈ G.

Lemma 3.9 If a covariant representation (π, ρ) for a covariant system (B,G, β) is given, we
obtain a representation σ(π,ρ) of the group algebra Cc(G;B) on H as follows;

σ(π,ρ)[f ] :=

∫
G
π(f(γ))ρ(γ) dγ.

Proof. The functoriality is verified by the direct calculation as below;

σ(π,ρ)[f ∗ g] =

∫
G
π

{∫
γ1γ2=γ

f(γ1) · β[γ1]g(γ2)) dγ1
}
ρ(γ) dγ

=

∫
G

∫
γ1γ2=γ

π {f(γ1)} · ρ(γ1)π {g(γ2)} ρ(γ1)−1 · ρ(γ) dγ1 dγ

=

∫
G

{∫
G
π(f(γ1))ρ(γ1) dγ1

}
π(g(γ2))ρ(γ2) dγ

= σ(π,ρ)[f ]σ(π,ρ)[g].
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Definition 3.10 (Crossed Product C∗(G;B))

• Define C∗
Max(G;B) called the maximal crossed product as the completion of Cc(G;B) under

the the maximal norm ∥·∥Max;

∥f∥Max := sup
π,ρ

∥σπ,ρ[f ]∥op ,

where supπ,ρ is taken over all covariant representation for (B,G, β) and ∥·∥op denotes the
operator norm on Hilbert spaces. C∗

Max(G;B) is sometimes denoted by C∗
Max(G;B, β) or

B ⋉β,Max G and Max is sometimes omitted.

• To define C∗
red(G;B) as the Consider the regular representation σ of Cc(G;B) on L2(G;B)

given by the formula;

(σ[f ]g)(γ) :=

∫
γ1γ2=γ

β[γ−1](f(γ1)) · g(γ2) dγ1

for f ∈ Cc(G;B) and g ∈ L2(G;B). Then define the reduced crossed product C∗
red(G;B)

as the completion of Cc(G;B) under the the operator norm of regular representation;

∥f∥red := ∥σ[f ]∥op .

C∗
red(G;B) is sometimes denoted by C∗

red(G;B, β) or B ⋉β,red G.

Remarks 3.11

(1) The assumption that G is unimodular is not actually needed for these definitions. The
involution of a non-unimodular group G is replaced by f∗(γ) := β[γ]

(
f(γ−1)

∗)
∆(γ−1),

where ∆: G→ U(1) denotes the modular function on G, which is equal to 1 everywhere if
G is unimodular.

(2) In general C∗
red(G;B) is realized as a quotient of C∗

Max(G;B) and in particular there exists
a natural surjective homomorphism C∗

Max(G;B) → C∗
red(G;B).

(3) In the particular case of (B,G, β) = (C, G, 1), C∗
Max(G;C) and C∗

red(G;C) are denoted
by C∗

Max(G) and C∗
red(G) respectively and called maximal C∗-algebra of G and reduced

C∗-algebra of G.

(4) In the case when G acts trivially on B, namely when β = 1, there are natural isomorphisms
C∗
Max(G;B) ∼= C∗

Max(G)⊗Max B and C∗
red(G;B) ∼= C∗

red(G)⊗min B.

(5) In this paper basically C∗(-) denotes either of C∗
Max(-) or C

∗
red(-).

Definition 3.12 (Hilbert C∗(G;B)-module) Let (G,B, β) be a covariant system and E be a
Hilbert B-module. We do not consider the action of G on E . We will define a Hilbert C∗(G;B)-
module denoted by C∗(G; E). First, define on Cc(G; E) the structure of a pre-Hilbert module over
Cc(G;B) as follows.

• The action of Cc(G;B) from the right is given by the convolution product;

[s · f ](γ) :=
∫
γ1γ2=γ

s(γ1) · β[γ1](f(γ2)) dγ1 for s ∈ Cc(G; E), f ∈ Cc(G;B).

• The Cc(G;B)-valued scalar product is given by

⟨s1, s2⟩Cc(G;E) (γ) :=

∫
G
β[γ−1

1 ] ⟨s1(γ1), s2(γ1γ)⟩E dγ1 for s1, s2 ∈ Cc(G; E).
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• The completion of Cc(G; E) under the norm

√∥∥∥⟨s, s⟩Cc(G;E)

∥∥∥
C∗(G;B)

provides a Hilbert

C∗(G;B)-module, which is denoted by C∗(G; E).

Definition 3.13 (Canonical Trace) There exists the canonical trace on the group C∗-algebra
C∗(G), which is defined on its dense sub-algebra Cc(G) as follows;

tr : Cc(G) → C f 7→ f(e), where e denotes the identity element in G.

It induces a linear map tr∗ : K0(C
∗(G)) → R called the trace map in K-theory, by defining

tr ([f1 ⊗ p1]− [f2 ⊗ p2]) := tr(f1)Tr(p1)− tr(f2)Tr(p2)

for formal differences of matrices fi ⊗ pi ∈ Mn(C
∗(G)) with entries in C∗(G). Note that Tr(pi)

denote the usual traces for matrices pi ∈ Mn(C) with entries in C. We sometimes let tr∗ be
denoted simply by tr.

3.2 Equivariant KK-Theory

Let G be a locally compact Hausdorff group, and let A and B be G-algebras. Let us introduce
Kasparov equivariant KK-group denoted by KKG(A,B).

Roughly, this notion is a generalization both of K-homology and K-cohomology. For instance
consider first in the simplest and important case when A and B are of the form C0(Z). Let X
and Y be a complete G-Riemannian manifold. KKG(C, C0(X)) is isomorphic to KG

0 (C0(X)) ≃
K0
G(X) called G-equivariant K-cohomology of X, which is, roughly, an Abelian group consisting

of all isomorphic classes of Hermitian G-vector bundles over X.

On the other hand,KKG(C0(Y ),C) is isomorphic toK0
G(C0(Y )) ≃ KG

0 (Y ) calledG-equivariant
K-homology of Y , which is, roughly, an Abelian group consisting of all isomorphic classes of G-
invariant Dirac operator acting on L2 sections of a vector bundle over X.

KKG(C0(Y ), C0(X)) is, roughly, consisting of G-equivariant families of G-invariant Dirac
operators on Y parametrized by X.

More over it is important that there exists the following Kasparov intersection product

KKG(A,D)⊗KKG(D,B) → KKG(A,B).

3.2.1 Kasparov Modules

Definition 3.14 (Hilbert modules) Let B be a C∗-algebra.

(1) A Hilbert B-module is a C-vector space equipped with an associative left C-action, right
B-action and a complete B-valued scalar product ⟨·, ·⟩ satisfying the following conditions;

• ⟨·, ·⟩ is linear in the second variable; ⟨x, c1y1 + c2y2⟩ = c1 ⟨x, y1⟩+ c2 ⟨x, y2⟩.

• ⟨x, y · b⟩ = ⟨x, y⟩ b.

• ⟨y, x⟩ = ⟨x, y⟩∗.

• ⟨x, x⟩ ≥ 0. Moreover, ⟨x, x⟩ = 0 only if x = 0.

for x, y, yi ∈ E , ci ∈ C and b ∈ B. The completeness of the scalar product ⟨·, ·⟩ means that
the norm ∥x∥ :=

√
∥⟨x, x⟩∥B is complete.
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(2) Let G be a locally compact Hausdorff group, and in the case when B is a graded G-C∗-
algebra, the grading of E is given by the grading map ε : E → E with ε2 = 1 compatible
with the grading on B, that is,

ε(x · b) = ε(x) · ε(b) and ε(⟨x, y⟩) = ⟨ε(x), ε(y)⟩

hold for any b ∈ B and x, y ∈ E and here ε also denotes the grading of B.

If we consider an action of G on E , we always assume the unitarity, continuity of G×E → E
and compatibility with other structures of graded Hilbert B-module, that is,

γ(x · b) = γ(x) · γ(b), γ(⟨x, y⟩) = ⟨γ(x), γ(y)⟩ and ε(γ(x)) = γ(ε(x))

hold for any γ ∈ G, b ∈ B and x, y ∈ E .

Definition 3.15 (Notations L and K) Let B be a C∗-algebra and E be a countably generated
Hilbert B-module. We define the following notations;

• LB(E) is an algebra consisting of bounded B-linear operators T on E which have adjoint T ∗

satisfying ⟨Tx, y⟩ = ⟨x, T ∗y⟩ for every x, y ∈ E . LB(E) itself has a structure of C∗-algebra
with respect to the operator norm and the product given by the composition of maps.

Similarly, if E1 and E2 are countably generated Hilbert B-modules, LB(E1, E2) is an algebra
of bounded B-linear operators T : E1 → E2 which have adjoint T ∗ : E2 → E1.

• KB(E) is a closed ideal in LB(E) generated by operators whose B-rank are 1 namely, oper-
ators of the form

θξ,η(x) := ξ ⟨η, x⟩E
for fixed ξ, η ∈ E . Operators belonging to KB(E) is called a B-compact operators.

Similarly, KB(E1, E2) is a closed ideal in LB(E1, E2) generated by operators whose B-rank
are 1.

We may omit subscript B to avoid complication.

Definition 3.16 (Tensor products of Hilbert modules) Let E and F be Hilbert A-module
and B-module equipped with A and B-valued scalar product ⟨·, ·⟩E and ⟨·, ·⟩F respectively.

(1) (Exterior tensor products) Let A⊗B denote the minimal tensor product. Then let E⊙F
be the algebraic tensor product and regard it as a right A⊙B-module by the formula;

(x⊗ y)(a⊗ b) = xa⊗ yb for x ∈ E , y ∈ F , a ∈ A, b ∈ B.

The A⊗B-valued scalar product on E ⊙ F is given by

⟨x1⊗y1, x2⊗y2⟩E⊗F := ⟨x1, x2⟩E ⊗ ⟨y1, y2⟩F .

Then define E ⊗ F as the completion of E ⊙ F under the norm ∥z∥E⊗F :=
√∥∥⟨z, z⟩E⊗F

∥∥.
(2) (Interior tensor product) If a homomorphism φ : A → LB(F) is given, then let E ⊙ F

be the algebraic tensor product and consider a subspace N ⊂ E ⊙F generated by elements
of the form

xa⊗y − x⊗φ(a)y for x ∈ E1, y ∈ E2, a ∈ A.

Define a B-valued scalar product on E ⊙ F by the formula;

⟨x1⊗y1, x2⊗y2⟩E⊗F
:=
⟨
y1, φ

(
⟨x1, x2⟩E

)
y2

⟩
F

for x1, x2 ∈ E , y1, y2 ∈ F .

Note that ⟨z, z⟩E⊗F = 0 for any z ∈ N . Then define E⊗φF as the completion of (E ⊙ F)
/
N

under the norm ∥z∥E⊗F :=
√∥∥⟨z, z⟩E⊗F

∥∥.
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Examples 3.17

(1) A C∗-algebra B itself can be regarded as a Hilbert B-module with the B-valued scalar
product ⟨b1, b2⟩ := b∗1b2.

(2) [?, Definition 2] Let {Vi} be a countable family of finite dimensional unitary representation
spaces of G. We suppose that every isomorphism classes of unitary representation of G
occurs an infinitely many times in {Vi}. Let us construct the scalar product on Vi ⊗B by

⟨x1 ⊗ b1, x2 ⊗ b2⟩Vi⊗B := ⟨x1, x2⟩Vi b
∗
1b2 ∈ B.

The Hilbert space over B is defined by the direct sum HB :=
⊕
i∈N

(Vi ⊗B) completed under

the norm ∥{zi}∥ :=

√∑
i∈N

∥∥⟨zi, zi⟩Vi⊗B∥∥.
(3) Let G be a second countable locally compact Hausdorff group. Let X be a G-compact

proper complete G-Riemannian manifold. Then B = C0(X) is a G-algebra with the action

[γ · b](x) = b(γ−1x) for b ∈ C0(X).

Let E be a Z/2Z-graded Hermitian G-vector bundle over X. Then E = C0(E) is a Hilbert
B-module with the action of B = C0(X) given by the point-wise multiplication and the
B-valued scalar product given by the point-wise Hermitian scalar product of E, namely,

⟨s1, s2⟩ (x) := ⟨s1(x), s2(x)⟩E

for s1, s2 ∈ E = C0(E), x ∈ X. The grading on E comes from the grading on E, and the
G-action is given by

[γ · s](x) = γ(s(γ−1x)).

Note that E is not a Hilbert module over C since it does not have complete C-valued scalar
product.

Following theorem by Kasparov is useful.

Theorem 3.18 (Stabilization Theorem) [?, Theorem 2] Let E be a countably generated Hilbert
B-module. Then, E ⊕HB ≃ HB.

Definition 3.19 (G-continuous operators) An action of G on E induces an action on L(E)
given by

[γ(T )](x) = [γ ◦ T ◦ γ−1](x) = γ(T (γ−1x))

for T ∈ LB(E) and x ∈ E . An operator T ∈ LB(E) is said to be G-continuous if the map
G→ LB(E); γ 7→ γ(T ) is continuous.

Lemma 3.20 Suppose that E is a Hilbert B-module equipped with a continuous unitary action
of G.

(1) The sub-space consisting of G-continuous operators is a closed sub-algebra in L(E).

(2) The action of G restricted on K(E) is always continuous.
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Proof. Let {Ti} ⊂ L(E) be a sequence of G-continuous operators and T = lim
i→∞

Ti be the limit.

Choose any convergent sequence {γk} with limit γ = lim
k→∞

γk. For any ε > 0, there exists i ∈ N
such that ∥T − Ti∥ < ε/3. Since Ti is G-continuous, ∥γk(Ti)− γ(Ti)∥ < ε/3 for sufficiently large
k ∈ N. Then, we have

∥γk(T )− γ(T )∥ ≤ ∥γk(T − Ti)∥+ ∥γk(Ti)− γ(Ti)∥+ ∥γ(Ti − T )∥
= ∥T − Ti∥+ ∥γk(Ti)− γ(Ti)∥+ ∥Ti − T∥ < ε.

Therefore, T = lim
i→∞

Ti is G-continuous.

To verify the second statement, since we have (1), it is sufficient to consider only in the case of
rank one operators, which generate K(E). Take ξ, η ∈ E and consider an operator θξ,η = ξ ⟨η, ·⟩E ∈
K(E). Observe that

[γ(θξ,η)](x) = γ
(
ξ
⟨
η, γ−1x

⟩
E
)
= (γξ)

(
γ
⟨
η, γ−1x

⟩
E
)
= (γξ) ⟨γη, x⟩E = θγξ,γη(x).

Since θξ,η is continuous in ξ, η ∈ E , it follows that θξ,η is G-continuous.

Example 3.21 Note that the action of G on L(E) is not necessarily continuous. Consider the
case when G = R, B = C and E = L2(R) equipped with the usual L2-inner product . The action
of R on L2(R) is given by γ[f ](x) = f(x − γ) for f ∈ L2(R) and γ ∈ R. Let T ∈ L(L2(R)) be
such an operator that

T [f ](x) := χ(x)f(x), where χ(x) :=

{
1 x ≥ 0,
0 x < 0.

Then this T is not G-continuous. In fact, since we have

(γ(T ))[f ](x) = χ(x− γ)f(x) and (γ(T )− T )[f ](x) = {χ(x− γ)− χ(x)} f(x)

and since for each n ∈ N, there exist fn ∈ L2(R) such that ∥fn∥L2(R) = 1 and supp(fn) ⊂ [0, 1/n],
the operator norm ∥γ(T )− T∥op is always equal to 1. So {γ(T )− T}γ=1/n does not converge in
the operator norm as γ → 0 ∈ R.

Definition 3.22 If A is another graded C∗-algebra and supposed that a homomorphism φ : A→
LB(E) is given, E is also acted on by A through φ and is called a bi-module over (A,B). In addition
we define the following notations;

• QA(E) is a sub-algebra in LB(E) generated by operators T such that

[T, φ(a)] ∈ KB(E)

and that φ(a)T is G-continuous for any a ∈ A.

• IA(E) is the ideal in QA(E) generated by operators T ∈ LB(E) such that for any a ∈ A,

φ(a)T, Tφ(a) ∈ KB(E).

Note that two conditions φ(a)T ∈ KB(E) and Tφ(a) ∈ KB(E) are equivalent since T ∈
QA(E).

Note that the commutator [·, ·] is the graded commutator that is, [x, y] = xy− (−1)deg(x) deg(y)yx.
for homogeneous elements and note that the following equations hold.

• [x, y] + (−1)pq[y, x] = 0,
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• [x, yz] = [x, y]z + (−1)pqy[x, z],

• (−1)rp[[x, y], z] + (−1)pq[[y, z], x] + (−1)qr[[z, x], y] = 0,

where p = deg(x), q = deg(y) and r = deg(z).

Definition 3.23 (Kasparov modules) [K88, 2.2. Definition.] Let G be a locally compact
Hausdorff group, and let A and B be G-algebras. A Kasparov G-module over (A,B) is a triple
(E , φ, T ) such that

• E is a countably generated graded Hilbert B-module.

• φ : A→ LB(E) is a graded ∗-homomorphism.

• T ∈ QA(E) is an operator of degree 1 such that for any γ ∈ G,

T 2 − 1, T − T ∗ and γ(T )− T ∈ IA(E).

We sometimes omit φ when the action of A on E is canonical or clear by the context.

Definition 3.24 Let (E1, φ1, T1) and (E2, φ2, T2) be KasparovG-modules over (A,B). (E1, φ1, T1)
and (E2, φ2, T2) are said to be isomorphic if there exists a grading preserving unitary isomorphism
of Hilbert B-modules u : E1 → E2 compatible with the actions φi of A and the operators Ti that
is, u satisfies

φ2(a) = uφ1(a)u
−1 and T2 = uT1u

−1.

EG(A,B) is defined to be the set of all isomorphism classes of Kasparov G-modules over (A,B).

DG(A,B) ⊂ EG(A,B) is defined to be the subset consisting of Kasparov G-modules (E , φ, T )
over (A,B) satisfying

[T, φ(a)] = φ(a)(T 2 − 1) = φ(a)(T − T ∗) = φ(a)(γ(T )− T ) = 0 ∈ L(E).

Such elements in DG(A,B) are called degenerate Kasparov G-modules.

Definition 3.25 Two Kasparov G-modules (E0, φ0, T0) and (E1, φ1, T1) are said to be homotopic
if there exits a Kasparov G-module (E , φ, T ) ∈ E (A, C([0, 1];B)) such that

E⊗̂etB ≃ Et, φ(a)⊗̂et idB = φt(a) and T ⊗̂et idB = Tt for t = 0, 1,

where et : C([0, 1];B) → B is the evaluation map at t ∈ [0, 1]. (E , φ, T ) itself is called a homotopy
between (E0, φ0, T0) and (E1, φ1, T1). Note that C([0, 1];B) ≃ C([0, 1])⊗̂B and its grading is given
by the grading of B and the trivial grading of C([0, 1]).

Let IB denote C([0, 1];B) ≃ C([0, 1])⊗̂B, and if E is a Hilbert B-module, let IE denote the
Hilbert IB-module C([0, 1]; E) ≃ C([0, 1])⊗̂E .

Remark 3.26 If we have an operator homotopy Tt with (E , φ, Tt) ∈ EG(A,B) for any t ∈ [0, 1],
(E , φ, T0) and (E , φ, T1) are homotopic by the homotopy

(
IE , 1⊗̂φ, {Tt}t∈[0,1]

)
.

Lemma 3.27 Any degenerate Kasparov G-module (E , φ, T ) ∈ D(A,B) is homotopic to the zero
module (0, 0, 0).
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Proof. Take a Hilbert IB-module C0([0, 1); E) ≃ C0([0, 1))⊗̂E equipped with the grading coming
from E . C0([0, 1)), a Hilbert C([0, 1])-module, is equipped with the trivial G-action and the trivial
grading. Then a homotopy between (E , φ, T ) and (0, 0, 0) is given by(

C0([0, 1); E), 1⊗̂φ, 1⊗̂T
)
∈ D(A, IB) ⊂ E(A, IB).

In fact

C0([0, 1); E)⊗̂e0B ≃ E , (1⊗̂φ(a))⊗e0 idB = φ(a) and (1⊗̂T )⊗e0 idB = T

obviously hold.

Lemma 3.28 [?, Theorem 12] Let (E , φ, T0), (E , φ, T1) ∈ EG(A,B) be Kasparov G-modules over
(A,B). If φ(a)[T0, T1]φ(a

∗) ≤ 0 modulo K(E), then (E , φ, T0) and (E , φ, T1) are homotopic.

Proof. [T0, T1] belong toQA(E) and [T0, T1] ≥ 0 modulo IA(E) by the assumption. Write [T0, T1] =
P +K, where P ≥ 0 ∈ QA(E) and K ∈ IA(E). Put for t ∈ [0, 1],

Tt := (1 + 1
2
(sinπt)P )−

1
2 ((cos π

2
t)T0 + (sin π

2
t)T1) ∈ QA(E).

Since T 2
0 − 1, T 2

1 − 1 ∈ IA(E) and T0 and T1 are of degree 1, it follows that modulo IA(E),

[T0, P ] = [T0, [T0, T1]] = T0(T0T1 + T1T0)− (T0T1 + T1T0)T0 = (T 2
0 − 1)T1 − T1(T

2
0 − 1) = 0.

Similarly, it follows that [T1, P ] = 0 modulo IA(E). Therefore,

T 2
t − 1 = (1 + 1

2
(sinπt)P )−1 {(cos2 π

2
t)T 2

0 + (sin2 π
2
t)T 2

1 + 1
2
(sinπt)[T0, T1]

}
− 1

= (1 + 1
2
(sinπt)P )−1 {(cos2 π

2
t)(T 2

0 − 1) + (sin2 π
2
t)(T 2

1 − 1) + 1
2
(sinπt)([T0, T1]− P )

}
= 0 modulo IA(E),

which means that T 2
t − 1 ∈ IA(E). Similarly, we obtain Tt − T ∗

t ∈ IA(E) and γ(Tt)− Tt ∈ IA(E)
for any γ ∈ G. Then, Tt provides an operator homotopy between T0 and T1.

Definition 3.29 (Equivariant KK-group) Define KKG(A,B) as the quotient of EG(A,B) by
the equivalence relation of homotopy.

Lemma 3.30 KKG(A,B) has the structure of Abelian group with the addition defined by the
direct sum, that is,

(E1, φ1, T1)⊕ (E2, φ2, T2) := (E1⊕E2, φ1⊕φ2, T1⊕T2).

Proof. The identity element is the 0-module (0, 0, 0). Only the existence of the inverse element is
non-trivial. Let (E , φ, T ) ∈ E(A,B). Recalling that E is equipped with the Z/2Z-grading, define
−(E , φ, T ) = (E ′, φ′, T ′) as follows

• E ′ := −E denotes the same B-module equipped with opposite grading.

• φ′(a) := u ◦ φ(ε(a))u−1, where u : E → E is the identity map and ε : A → A denotes the
grading operator on A. Note that u reverses the grading.

• T ′ := −uTu−1.

Then
(
E⊕E ′, φ⊕φ′,

(
T 0
0 −uTu−1

))
is homotopic to a degenerate element

(
E⊕E ′, φ⊕φ′,

(
0 u−1

u 0

))
by the operator homotopy

(
(cos π2 t)T (sin π

2 t)u
−1

(sin π
2 t)u −(cos π2 t)uTu

−1

)
. Hence, (E , φ, T ) ⊕ (E ′, φ′, T ′) = 0 ∈

KKG(A,B).
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Definition 3.31 (Functorial properties)

(1) Let f : A1 → A2 be a homomorphism of graded G-algebras. Then it induces a homomor-
phism f∗ : KKG(A2, B) → KKG(A1, B) by the formula;

f∗ : (E , φ, T ) 7→ (E , φ◦f, T ) .

(2) Let h : B1 → B2 be a homomorphism of graded G-algebras. Then it induces a homomor-
phism h∗ : KK

G(A,B1) → KKG(A,B2) by the formula;

h∗ : (E , φ, T ) 7→
(
E⊗̂hB2, φ⊗̂1, T ⊗̂1

)
.

(3) LetD be a σ-unitalG-algebra. Then define the homomorphism τD : KKG(A,B) → KKG(A⊗̂D,B⊗̂D)
by the formula;

τD : (E , φ, T ) 7→
(
E⊗̂D, φ⊗̂1, T ⊗̂1

)
.

Lemma 3.32 Let A,A1, A2, B,B1 and B2 be graded G-algebras. If f0 and f1 : A1 → A2 are
homotopic, that is, there exists a family of homomorphisms ft : A1 → A2 for t ∈ [0, 1] between f0
and f1. Then (f0)

∗ = (f1)
∗ : KKG(A2, B) → KKG(A1, B). Similarly, if h0 and h1 : B1 → B2 are

homotopic, then (h0)∗ = (h1)∗ : KK
G(A,B1) → KKG(A,B2).

In particular, KKG(A,B) is homotopy invariant in A and B.

Proof. Let (E , φ, T ) ∈ EG(A2, B). Then there exists a homotopy
(
IE , {φ ◦ ft}, 1⊗̂T

)
∈ EG(A1, IB)

between (E , φ ◦ f0, T ) and (E , φ ◦ f1, T ) ∈ EG(A1, B).
Let (E , φ, T ) ∈ EG(A,B1). Then there exists a homotopy

(
E⊗̂{ht}IB2, {φ⊗̂ht1}, {T ⊗̂ht1}

)
∈

EG(A, IB2) between
(
E⊗̂h0B2, φ⊗̂h01, T ⊗̂h01

)
and

(
E⊗̂h1B2, φ⊗̂h11, T ⊗̂h11

)
∈ EG(A1, B).

3.2.2 Kasparov Product

We will construct the Kasprov product

⊗̂D : KKG(A,D)⊗KKG(D,B) → KKG(A,B).

Let (E1, φ1, T1) ∈ EG(A,D) and (E2, φ2, T2) ∈ EG(D,B), then we want to define (E , φ, T ) ∈
EG(A,B) so that E12 = E1⊗̂φ2E2, φ1⊗̂φ21 and T will be a suitable operator having the information
of T1 and T2 It is natural to consider T1⊗̂φ21 ∈ L(E12), on the other hand, 1⊗̂φ2T2 does not make
sense, that is, “

(
1⊗̂T2

) (
xd⊗̂y

)
” and “

(
1⊗̂T2

) (
x⊗̂φ2(d)y

)
” do not necessarily coincide unless

[T2, φ(d)] = 0 for any d ∈ D. We will need a suitable operator T12 ∈ L(E12) corresponding to
“1⊗̂T2”, called T2-connection.

Definition 3.33 (T2-connection) [?, A.1 Definition.][K88, 2.6. Definition.] Let E2 be a Hilbert
B-module, φ2 : D → LB(E2) be a left action of D, T2 ∈ LB(E2), like in the definition of EG(D,B),
and let E1 be a HilbertD-module. Set E12 := E1⊗̂φ2E2. T12 ∈ LB(E12) is said to be a T2-connection
for E1 on E12 if for any ξ ∈ E1,

θξT2 − (−1)deg ξ deg T2T12θξ ∈ KB(E2, E12)
and θξT

∗
2 − (−1)deg ξ deg T2T ∗

12θξ ∈ KB(E2, E12), (3.1)

where θξ ∈ LB(E2, E12) is defined by θξ(η) := ξ⊗̂η and its adjoint is given by θ∗ξ (x⊗̂y) :=

φ2

(
⟨ξ, x⟩E1

)
y.

Example 3.34 In the case of [T2, φ(d)] = 0 for any d ∈ D, as the simplest example, 1⊗̂T2 makes
sense and it provides a T2-connection on E12.
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Lemma 3.35 (Existence of T2-connection) [K88, 2.7. Lemma.] Assume (E2, φ2, T2) ∈ EG(D,B)
and let E1 be countably generated Hilbert D-module. Then there exists a T2-connection T12 on
E12 = E1⊗̂φ2E2.

Proof. Due to the stabilization theorem 3.18 by Kasparov, E1 can be regarded as a sub-module
in HD, in other words, there exists an operator V ∈ LD(E1,HD) of degree 1 such that V ∗V =
idE1 . Define T0 ∈ L(HD⊗̂φE2) ≃ L(H⊗̂E2) by T0 := idH⊗̂CT2. Since H⊗̂E2 is the exterior
tensor product unlike E1⊗̂φ2E2, T0 makes sense. Then T12 :=

(
V ∗⊗̂φ1

)
T0
(
V ⊗̂φ1

)
provides a

T2-connection.

Lemma 3.36 Let E2 be a Hilbert B-module, φ : D → LB(E2) be a left action of D, T2 ∈ LB(E2),
and let E1 be a Hilbert D-module. and T12 be a T2-connection on E12 = E1⊗̂φ2E2.

(1) T ∗
12 is a T ∗

2 -connection.

(2) Let T ′
2 ∈ LB(E2). If T ′

12 is a T ′
2-connection, then T12 + T ′

12 is a (T2 + T ′
2)-connection and

(3) T12T
′
12 is a (T2T

′
2)-connection.

(4) The space consisting of 0-connections on E12 is equal to

Ω :=
{
T ∈ LB(E12)

∣∣ T (K⊗̂1) and (K⊗̂1)T ∈ KB(E12) for any K ∈ KD(E1)
}
.

(5) The space consisting of T2-connections is affine space with the associated vector space Ω.

(6) Assume that T2 ∈ LB(E2) and T12 ∈ LB(E12) are normal elements. Let f be a continuous
function on the union of their spectra. Then, f(T12) is a f(T2)-connection

(7) For any K ∈ KD(E1),
[
T12, K⊗̂1

]
∈ KB(E12).

(8) Assume that φ(d)T2 and T2φ(d) are G-continuous for any d ∈ D. Then T12 ∈ QKD(E1)(E12).
If T2 ∈ ID(E2), then T12 ∈ IKD(E1)(E12).

Note that the algebra KD(E1) acts on E12 through KD(E1) → LB(E12); K 7→ K⊗̂1.

Proof. (1)-(3) The conditions corresponding to (3.1) for T ∗
2 are the same equations, so (1) is

obvious. Since (3.1) are linear, also (2) follows directly from the definition. (3) follows from

θξT2T
′
2 − (−1)deg ξ deg(T2T

′
2)T12T

′
12θξ

=
(
θξT2 − (−1)deg ξ deg T2T12θξ

)
T ′
2

+(−1)deg ξ deg T2T12

(
θξT

′
2 − (−1)deg ξ deg T

′
2T ′

12θξ

)
∈ KB(E2, E12)

and the similar equation corresponding to the second row in (3.1).

(4) Let T0 be a 0-connection on E12 and ξ, η ∈ E1 be arbitrary element. By (3.1), we have
T0θξθ

∗
η ∈ KB(E2, E12) and θξθ

∗
η(x⊗̂y) = ξ⊗̂φ2⟨η, x⟩E1y = ξ ⟨η, x⟩E1 ⊗̂y, which means operators of

the form θξθ
∗
η = θξ,η⊗̂1 generate KD(E1)⊗ 1. (θξ,η is defined in Definition 3.15.) Hence

T0(K⊗̂1) ∈ KB(E12) for any K ∈ KD(E1).

Since the second row of (3.1) is equivalent to

T2θ
∗
ξ − (−1)deg ξ deg T2θ∗ξT12 ∈ KB(E12, E2), (3.2)
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it similarly follows that

(K⊗̂1)T0 ∈ KB(E12) for any K ∈ KD(E1).

To conclude, we obtain that T0 ∈ Ω. Conversely, if T ∈ Ω, then (Tθξ)(Tθξ)
∗ ∈ KB(E12) and hence

Tθξ ∈ KB(E2, E12) for any ξ ∈ E1. Similarly, we have T ∗θξ and to conclude, T is a 0-connection.
(5)-(6) (5)follows from (2) and (4). (6) follows from (2) and (3).
(7) We may consider only the case of deg T12 = deg T2. This is because the homogeneous part

of T12 of different degree from the degree of T2 is a 0-connection and hence belongs to the vector
space Ω so this part satisfies the claim. Since operators of the form θξθ

∗
η generate KD(E1)⊗ 1, it

is sufficient to verify in the case of K⊗̂1 = θξθ
∗
η for ξ, η ∈ E1. By (3.1),[

T12, θξθ
∗
η

]
= T12θξθ

∗
η − (−1)(deg ξ+deg η) deg T12θξθ

∗
ηT12

=
(
T12θξ − (−1)deg ξ deg T2θξT2

)
θ∗η

+(−1)deg ξ deg T2θξ

(
T2θ

∗
η − (−1)deg η deg T2θ∗ηT12

)
∈ KB(E12).

(8) By the definition of QKD(E1)(E12), what we have to verify is that
[
T12,K⊗̂1

]
∈ KB(E12)

and that (K⊗̂1)T12 is G-continuous for any K ∈ KD(E1). The first statement is the consequence
of (7). To verify the second one, we may consider only the case of deg T12 = deg T2 and it is
sufficient to verify them for K⊗̂1 = θξθ

∗
η by the same reason as the case of (7).

Let ξ ∈ E1 and {em}m∈M ⊂ D be an approximate unit of D. Then we have

θξT2 = lim−→
m

θξemT2 = lim−→
m

θξ ◦ φ(em)T2,

T2θ
∗
ξ = lim−→

m

T2θ
∗
ξem = lim−→

m

T2φ(e
∗
m) ◦ θξ.

Hence θξT2 and T2θ
∗
ξ are G-continuous for any ξ ∈ E1 by the assumption. Since any compact

operators are G-continuous by lemma 3.20, it follows from (3.2) that θ∗ξT12 is G-continuous.
Therefore θξθ

∗
ηT12 is G-continuous.

If T2 ∈ ID(E2), that is, if φ(d)T2 and T2φ(d) are compact operators for any d ∈ D, it follows
that θξT2 and T2θ

∗
ξ are compact operators in the same way. Then we obtain T12θξ ∈ K(E2, E12)

and θ∗ηT12 ∈ K(E12, E2) therefore, θξθ∗ηT12 ∈ KB(E12, E12) and T12θξθ∗η ∈ KB(E12, E12), which imply
T12 ∈ IKD(E1)(E12).

Lemma 3.37 [K88, 2.8. Lemma] Let D be σ-unital G-algebra. For any (E , φ, T ) ∈ EG(D,B),
there exists (E ′, φ′, T ′) ∈ EG(D,B) homotopy equivalent to the initial one, where E ′ = D⊗̂φE and
φ′ = idD⊗̂φidE . In particular, φ′ satisfies D⊗̂φ′E ′ ∼=

(
D⊗̂idDD

)
⊗̂φE ∼= D⊗̂E = E ′.

Proof. Let D̃ denote the unitalization of D. Set Z(D, D̃) :=
{
f : [0, 1] → D̃

∣∣∣ f(1) ∈ D
}
. It is an

ideal in ID̃ and can be regarded as a Hilbert ID̃-module. And consider the following Kasparov

module
(
Ẽ , m⊗̂φ̃1, T̃

)
∈ EG(D, IB) constructed as follows;

• Ẽ := Z(D, D̃)⊗̂1⊗̂φ̃IE , where φ̃ : D̃ → LB(E) denotes the unital extension of φ.

• m : D → L
ID̃

(
Z(D, D̃)

)
be the multiplication embedding D into ID̃ as a constant func-

tions.

• Consider 1⊗̂T ∈ LIB(IE) and construct a (1⊗̂T )-connection T̃ on Ẽ .
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The restriction to 1 ∈ [0, 1] is
(
D⊗̂φE , idD⊗̂φidE , T̃1

)
. This gives the required form of Kasparov

G-module over (D,B) homotopic to the restriction to 0 ∈ [0, 1].

Next, the restriction to 0 ∈ [0, 1] is
(
D̃⊗̂φ̃E , i⊗̂φ̃1, T̃0

)
, where i : D → D̃ denotes the inclusion

and T̃0 denotes the restriction of T̃ . We claim that
(
D̃⊗̂φ̃E , i⊗̂φ̃idE , T̃0

)
= (E , φ, T ) as elements

in KKG(D,B).
Firstly, we have a canonical isomorphism D̃⊗̂φ̃E ∼= E given by D̃⊗̂φ̃E → E ; d⊗̂x 7→ φ̃(d)x and

E → D̃⊗̂φ̃E ; x 7→ 1⊗̂x. Under this identification, i⊗̂φ̃idE = φ in fact,
(
i⊗̂φ̃idE

)
(d⊗ x) = d⊗ x =

1⊗̂φ(d)x 7→ φ(d)x.

Moreover T̃0 can be regarded as a T -connection on D̃⊗̂φ̃E by its construction, and it implies

T − T̃0 ∈ KB(E). This follows from the definition 3.33 substituting E1 = D̃ and ξ = 1 ∈ D̃. So we

have an operator homotopy T + t
(
T̃0 − T

)
between T and T̃0 and hence, (E , φ, T ) and

(
E , φ, T̃0

)
are homotopic in EG(D,B).

Definition 3.38 (Intersection products) [?, A.3. Theorem.][?, Definition. 10] (non-equivarant
case), [K88, 2.10. Definition.] (equivarant case) Let A,D,B be G-algebras, and (E1, φ1, T1) ∈
EG(A,D), (E2, φ2, T2) ∈ EG(D,B). Then, (E12, φ12, T12) is called a Kasparov product of (E1, φ1, T1)
and (E2, φ2, T2) if the followings are satisfied;

(a) E12 := E1⊗̂φ2E2 and φ12 := φ1⊗̂φ21.

(b) (E12, φ12, T12) ∈ EG(A,B)

(c) T12 ∈ LB(E12) is a T2-connection on E12

(d) φ12(a)
[
T1⊗̂φ1, T12

]
φ12(a

∗) ≥ 0 modulo KB(E12) for any a ∈ A.

Theorem 3.39 [?, A.3 Theorem.][?, Theorem 12] (non-equivarant case), [K88, 2.11 Theorem]
(equivariant case) If A is separable, the Kasparov product of (E1, φ1, T1) ∈ EG(A,D) and
(E2, φ2, T2) ∈ EG(D,B) always exists and it is unique up to homotopy. In particular, it defines a
bilinear pairing ⊗̂D : KKG(A,D)⊗KKG(D,B) → KKG(A,B).

In order to verify the existence, we use the following technical lemma.

Lemma 3.40 [K88, 1.4 Theorem] Let J be a σ-unital G-algebra, M(J) be the multiplier algebra
equipped with the norm topology. Let...

• Z1 ⊂ M(J) be a σ-unital sub-algebra which is a G-algebra,

• Z2 be an arbitrary σ-unital sub-algebra in M(J) without the group action,

• ∆ ⊂ M(J) be a separable subset such that [z1, δ] ∈ Z1 for any z1 ∈ Z1 and δ ∈ ∆, and

• ψ : G→ M(J) be a bounded function.

Assume that
z1z2, z1ψ(γ), ψ(γ)z1 ∈ J

for any z1 ∈ Z1, z2 ∈ Z2 and γ ∈ G.
Then, there exist G-continuous positive elements M1,M2 ∈ M(J) of degree 0 such that

• M1 +M2 = 1,

• Mizi, [Mi, δ], M2ψ(γ), ψ(γ)M2, γ(Mi)−Mi ∈ J for any zi ∈ Zi, δ ∈ ∆, γ ∈ G (i = 1, 2),

• two maps G→ J ; γ 7→M2ψ(γ) and γ 7→ ψ(γ)M2 are continuous.
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Proof of Theorem 3.39. Construction. Put E12 := E1⊗̂φ2E2 and φ12 := φ1⊗̂φ21. Let T̃12 ∈
L(E12) be a T2-connection of degree 1. By lemma 3.36, T̃12 ∈ QKD(E1)(E12). Let...

• J := K(E12), then M(J) = L(E12),

• Z1 := K(E12) +K(E1)⊗̂1,

• Z2 be the minimal C∗-sub-algebra generated by
{
T̃12 − T̃ ∗

12, T̃
2
12 − 1,

[
T̃12, T1⊗̂1

]
,
[
T̃12, φ12(a)

]}
a∈A

,

• ∆ :=
{
T1⊗̂1, T̃12, φ12(a)

}
a∈A

⊂ L(E12), and

• ψ : G→ L(E12); γ 7→ γ
(
T̃12

)
− T̃12.

By Lemma 3.36, they satisfy the condition of Lemma 3.40. Apply it to them to obtain positive
and 0-degree operators M1,M2 ∈ L(E12). Put

T12 :=
√
M1(T1⊗̂1) +

√
M2T̃12.

We claim that T12 satisfies the conditions (b)-(d) of Definition 3.38.
(b). Notice that the positive elements

√
M1 and

√
M2 also satisfy the conclusion of Lemma

3.40 except forM1+M2 = 1. This is because we can approximate the continuous function λ 7→
√
λ

on the interval [0, 1] by polynomials pε(λ) due to Weierstrass approximation theorem. Considering
pε(λ) − pε(0) instead, we may assume pε(λ) are of the form λqε(λ). Then, for example,

√
M1z1

is approximated by pε(M1)z1 = qε(M1)M1z1 ∈ K(E12) and hence, we obtain
√
M1z1 ∈ K(E12).

In addition, remark that M1 and M2 commute since M2 = 1 −M1. Using these facts, it is easy
to verify that (E12, φ12, T12) satisfies the condition (b). For example one can check that, modulo
IA(E12),

T 2
12 − 1 =

{
M1(T1⊗̂1)2 +M2T̃

2
12 +

√
M1

√
M2[T1⊗̂1, T̃12]

}
− (M1 +M2)

= M1((T1⊗̂1)2 − 1) +M2(T̃
2
12 − 1)

= 0.

(c). By (4) and (6) of Lemma 3.36, M1 is, and hence
√
M1 is a 0-connection. Since[

T1⊗̂1,M1

]
∈ K(E12),

√
M1(T1⊗̂1) is also a 0-connection. By (2) and (3) of Lemma 3.36, T12 is

a T2-connection.

(d). Since
[√
M1, T1⊗̂1

]
,
[√
M2, T1⊗̂1

]
and

√
M2

[
T1⊗̂1, T̃12

]
∈ K(E12), we have[

T1⊗̂1, T12
]

=
[
T1⊗̂1,

√
M1

]
(T1⊗̂1) + (−1)deg(

√
M1) deg(T1)

√
M1

[
T1⊗̂1, T1⊗̂1

]
+
[
T1⊗̂1,

√
M2

]
T̃12 + (−1)deg(

√
M2) deg(T1)

√
M2

[
T1⊗̂1, T̃12

]
=

√
M1

[
T1⊗̂1, T1⊗̂1

]
= 2

√
M1(T

2
1 ⊗̂1) modulo K(E12)

and hence,

φ12(a)
[
T1⊗̂1, T12

]
φ12(a

∗) = 2φ12(a)
√
M1(T

2
1φ1(a

∗)⊗̂1)

= 2φ12(a)
√
M1φ12(a

∗) ≥ 0 modulo K(E12).

Uniqueness. We first check that the Kasparov product is uniquely determined as a map
from EG(A,D)× EG(D,B) to KKG(A,B). Let T12 and T ′

12 ∈ L(E12) be operators satisfying the
definition of the intersection product of (E1, φ1, T1) and (E2, φ2, T2). Let...
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• J := K(E12) and Z1 := K(E12) +K(E1)⊗̂1 be the same as above,

• Z2 be the minimal C∗-sub-algebra generated by
{
T12 − T ′

12,
[
T12, T1⊗̂1

]
,
[
T ′
12, T1⊗̂1

]
,
}

• ∆ :=
{
T1⊗̂1, T12, T

′
12, φ12(a)

}
a∈A ⊂ L(E12), and

• ψ : G→ L(E12); γ 7→ γ (T12)− T12.

We obtain M ′
1 and M ′

2. Similarly to the construction, put

T ′′
12 :=

√
M ′

1(T1⊗̂1) +
√
M ′

2T12.

Then we have (E , φ12, T
′′
12) ∈ EG(A,B) and φ12(a) [T12, T

′′
12]φ12(a

∗), φ12(a) [T
′
12, T

′′
12]φ12(a

∗) ≥ 0
modulo K(E12) for any a ∈ A. Due to Lemma3.28, (E , φ12, T12), (E , φ12, T

′′
12) and (E , φ12, T

′
12) are

homotopic.
Homotopy Invariance. Let

(
E1, T 1

)
∈ EG(A, ID) be a homotopy between

(
E0
1 , T

0
1

)
and(

E1
1 , T

1
1

)
∈ EG(A,D) and let (E2, T2) ∈ EG(D,B). Let

(
E12, T 12

)
∈ EG(A, IB) be the Kasparov

product of
(
E1, T 1

)
and τC([0,1]) (E2, T2) ∈ EG(ID, IB). Then,

(
E12, T 12

)
∈ EG(A, IB) provides

a homotopy from the Kasparov product of
(
E0
1 , T

0
1

)
and (E2, T2) to the Kasparov product of(

E1
1 , T

1
1

)
and (E2, T2). Therefore, the Kasparov product is invariant under the homotopy of the

first factor. In the similar way, homotopy invariance in the second factor can be verified.

Definition 3.41 [K88, 2.12. Definition.] Assume A2 and B1 are σ-unital. Then,

⊗̂D : KKG(A1, B1⊗̂D)⊗KKG(D⊗̂A2, B2) → KKG(A1⊗̂A2, B1⊗̂B2)

is defined by x⊗ y 7→
(
τA2(x)

)
⊗̂(B1⊗̂D⊗̂A2)

(
τB1(y)

)
.

Examples 3.42 If a homomorphism f : D1 → D2 is given, we can consider f := (D2, f, 0) ∈
EG(D1, D2).

(1) For x ∈ KKG(D2, B), by lemma 3.37, we may choose (E2, φ2, T2) ∈ EG(D2, B) representing
x such that D2⊗̂φ2E2 ∼= E2 holds. Then T2 is a T2-connection on D2⊗̂φ2E2 ∼= E2. So
(E2, φ ◦ f, T2) is a Kasparov product of (D2, f, 0) and (E2, φ2, T2). Recall that (E2, φ ◦ f, T2)
represents f∗(x) ∈ KKG(D1, B). To conclude, we have f⊗̂D2x = f∗(x).

(2) For y ∈ KKG(A,D1), choose (E1, φ1, T1) ∈ EG(A,D1) representing y. Then T1⊗̂1 is a
0-connection on E1⊗̂fD2. So

(
E1⊗̂fD2, φ⊗̂f1, T1⊗̂1

)
is a Kasparov product of (E1, φ1, T1)

and (D2, f, 0). Recall that
(
E1⊗̂fD2, φ⊗̂f1, T1⊗̂1

)
represents g∗(y) ∈ KKG(A,D2). To

conclude, we have y⊗̂D1f = f∗(y).

Proposition 3.43 (Functoriality of the Kasparov product) [?, Proposition 13], [K88, 2.14.
Theorem.] Assume that A, A1 and A2 are separable.

(1) Let f : A1 → A2 be a homomorphism. Then for any x ∈ KKG(A2, D) and y ∈ KKG(D,B),

f∗(x)⊗̂Dy = f∗(x⊗̂Dy).

(2) Let g : D1 → D2 be a homomorphism. Then for any x ∈ KKG(A,D1) and y ∈ KKG(D2, B),

g∗(x)⊗̂D2y = x⊗̂D1g
∗(y).

(3) Let h : B1 → B2 be a homomorphism. Then for any x ∈ KKG(A,D) and y ∈ KKG(D,B1),

x⊗̂Dh∗(y) = h∗(x⊗̂Dy).
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Proof. (1) Let x and y be represented by (E1, φ1, T1) ∈ EG(A2, D) and (E2, φ2, T2) ∈ EG(D,B),
and let their Kasparov product x⊗̂Dy be represented by = (E12, φ12, T12). Then, (E12, φ12◦f, T12),
which represents f∗(x⊗̂Dy), is a Kasparov product of (E1, φ1◦f, T1) and (E2, φ2, T2), which rep-
resent f∗(x) and y.

(2) Let x and y be represented by (E1, φ1, T1) ∈ EG(A,D1) and (E2, φ2, T2) ∈ EG(D2, B).
Then, x⊗̂D1g

∗(y) is represented by (E1⊗̂φ2◦gE2, φ1⊗̂1, T ) for some T2-connection T for E1. Note
that there is a canonical isomorphism

E1⊗̂φ2◦gE2 ∼=
(
E1⊗̂gD2

)
⊗̂φ2E2.

Under this isomorphism, let T ′ be denote the T2-connection for (E1⊗̂gD2) corresponding to T .
Then, ((

E1⊗̂gD2

)
⊗̂φ2E2, (φ1⊗̂1)⊗̂1, T ′)

is a Kasparov product of (E⊗̂gD2, φ1⊗̂1, T1) and (E2, φ2, T2), which represent g∗(x) and y.

(3) Let x and y be represented by (E1, φ1, T1) ∈ EG(A,D) and (E2, φ2, T2) ∈ EG(D,B1), and
let their Kasparov product x⊗̂Dy be represented by = (E12, φ12, T12). Then, (E12⊗̂hB2, φ12⊗̂1, T12⊗̂1),
which represents h∗(x⊗̂Dy), is a Kasparov product of (E1, φ1, T1) and (E2⊗̂hB2, φ2⊗̂1, T2⊗̂1),
which represent x and h∗(y).

Proposition 3.44 (Associativity of the Kasparov product) [?, Theorem 21], [K88, 2.14.
Theorem.] Assume that A and D1 are separable. For any x ∈ KKG(A,D1), y ∈ KKG(D1, D2)
and z ∈ KKG(D2, B), (

x⊗̂D1y
)
⊗̂D2z = x⊗̂D1

(
y⊗̂D2z

)
.

We need the following lemma for the proof.

Lemma 3.45 Let (E1, φ1, T1) ∈ E(A,D1), (E2, φ2, T2) ∈ E(D1, D2), (E3, φ3, T3) ∈ E(D2, B). Set
E12 := E1⊗̂φ2E2, E23 := E2⊗̂φ3E3 and E123 := E1⊗̂φ2E23 ∼= E12⊗̂φ3E3. Let T12 be a T2-connection
on E12 and T23 be a T3-connection on E23.

If T123 be a T23-connection on E123, then [T12⊗̂φ31, T123] is a [T2⊗̂φ31, T23]-connection on
E123.

Proof. We may assume that every operators are homogeneous due to Lemma 3.36. Let

T̃123 := T23 ⊕ T123 ∈ L(E23 ⊕ E123)
T̃12 := T2 ⊕ T12 ∈ L(E2 ⊕ E12)

F̃123 := [T2⊗̂1, T23]⊕ [T12⊗̂1, T123] =
[
T̃12⊗̂1, T̃123

]
∈ L(E23 ⊕ E123).

For ξ ∈ E1, let θ̃ξ :=

(
0 θ∗ξ
θξ 0

)
∈ L(E23 ⊕ E123). It is sufficient to verify that

[
F̃123, θ̃ξ

]
∈

K(E23 ⊕ E123).

(−1)rp
[[
T̃12⊗̂1, T̃123

]
, θ̃ξ

]
+ (−1)pq

[[
T̃123, θ̃ξ

]
, T̃12⊗̂1

]
+ (−1)qr

[[
θ̃ξ, T̃12⊗̂1

]
, T̃123

]
= 0

where p = deg(T̃12), q = deg(T̃123) and r = deg(ξ). Since T123 and T12 are connections respec-

tively, both
[
T̃123, θ̃ξ

]
and

[
θ̃ξ, T̃12⊗̂1

]
belong to K(E23 ⊕E123), and consequently, the first term[[

T̃12⊗̂1, T̃123

]
, θ̃ξ

]
belongs to K(E23 ⊕ E123).
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Proof of Proposition 3.44 . Let x, y and z be represented by (E1, φ1, T1) ∈ EG(A,D1), (E2, φ2, T2) ∈
EG(D1, D2) and (E3, φ3, T3) ∈ EG(D2, B). We may assume that T1, T2 and T3 are self adjoint re-
placing Tj by

1
2(Tj+T

∗
j ) with their difference 1

2(Tj−T
∗
j ) belonging to IA(E1), ID1(E2) and ID2(E3).

As in the previous lemma, let E12 := E1⊗̂φ2E2, E23 := E2⊗̂φ3E3 and E123 := E1⊗̂φ2E23(∼= E12⊗̂φ3E3).
Let the Kasparov products x⊗̂D1y, y⊗̂D2z and x⊗̂D1

(
y⊗̂D2z

)
be represented by(

E12, φ1⊗̂1, T12
)
,
(
E23, φ2⊗̂1, T23

)
and

(
E123, φ1⊗̂1⊗̂1, T123

)
.

with every operators being self-adjoint. By the previous lemma, [T12⊗̂1, T123] is a [T2⊗̂1, T23]-
connection on E123. By (1) and (6) of Lemma 3.36, [T12⊗̂1, T123]± is a [T2⊗̂1, T23]±-connection,

where F+ := 1
2

(
F +

√
F ∗F

)
denotes the positive part of the self adjoint operator F , and F−

denotes its negative part. Since φ2(d1)[T2⊗̂1, T23]φ2(d
∗
1) ≥ 0 modulo K(E23) for any d1 ∈ D1, it

follows that [T12⊗̂1, T123]− is a 0-connection for the action of E1. Let...

• J := K(E123),
• Z1 := K(E123) +K(E12)⊗̂1 +K(E1)⊗̂1⊗̂1,

• Z2 be the minimal C∗-sub-algebra generated by
{[
T123, T12⊗̂1

]
− ,

[
T123, T1⊗̂1⊗̂1

]}
• ∆ :=

{
T123, T12⊗̂1, T1⊗̂1⊗̂1, φ1(a)⊗̂1⊗̂1

}
a∈A ⊂ L(E123), and

• ψ : G→ L(E123); γ 7→ γ (T123)− T123.

Apply Lemma 3.40 to obtain positive and 0-degree operators M1,M2 ∈ L(E123). Put

T ′
123 :=

√
M1(T12⊗̂1) +

√
M2T123.

We can verify that
(
E123, φ1⊗̂1⊗̂1, T ′

123

)
represents (x⊗̂D1y)⊗̂D2z in the similar argument in

the proof of Theorem 3.39 (Construction). For example, since
√
M1(K⊗̂1) ∈ K(E123) for any

K ∈ K(E12) and
√
Mi commutes with T123 and T12⊗̂1, we have that modulo K(E123),

(T123 − T ′
123)(K⊗̂1) = −(T12⊗̂1)

√
M1(K⊗̂1) + T123

(
1 +

√
M2

)−1
(1−M2)(K⊗̂1) = 0

for any K ∈ K(E12). Note that 1+
√
M2 is invertible in L(E123) since 1 ≤ 1+

√
M2 ≤ 2. Similarly,

we have that (K⊗̂1)(T123 − T ′
123) ∈ K(E123). These imply that (T123 − T ′

123) is a 0-connection on
E123 for E12. Since T123 is a T3-connection on E123 for E12, so is T ′

123.
Besides, we can verify that

(
E123, φ1⊗̂1⊗̂1, T ′

123

)
is homotopic to

(
E123, φ1⊗̂1⊗̂1, T123

)
.

This is because we have, modulo K(E123),(
φ1(a)⊗̂1⊗̂1

) [
T123, T

′
123

] (
φ1(a

∗)⊗̂1⊗̂1
)

=
√
M1

(
φ1(a)⊗̂1⊗̂1

) [
T123, T12⊗̂1

] (
φ1(a

∗)⊗̂1⊗̂1
)

+2
√
M2

(
φ1(a)⊗̂1⊗̂1

)
T 2
123

(
φ1(a

∗)⊗̂1⊗̂1
)
≥ 0

for any a ∈ A, noting that we have already had that T123 satisfies the condition (d) of Definition
3.38. Then,

(
E123, φ1⊗̂1⊗̂1, T ′

123

)
also represents x⊗̂D1(y⊗̂D2z). To conclude, we obtain that

(x⊗̂D1y)⊗̂D2z = x⊗̂D1(y⊗̂D2z).

4 Geometrical Preparation for Description of the Index Map

4.1 Hermitian G-Vector Bundles, Connections, and Characteristic Classes

Definition 4.1 (Hermitian G-vector bundles, G-invariant connections)
Let X be a proper G-Riemannian manifold.
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(1) A smooth G-vector bundle E is a smooth vector bundle over X on which G smoothly acts
and the action is compatibility with the the action on the base space X, and the action
induced on fibers are linear isomorphisms, that is,

π(γσ) = γπ(σ)

holds for any σ ∈ E and γ ∈ G, where π : E → X denotes the projection, and γ : Ex → Eγx
is a linear isomorphism. If E = E0⊗̂E1 is graded, the action of G is assumed to preserve
the gradings.

(2) Let C∞(E) denote the space consisting of all smooth sections s : X → E. G acts on C∞(E)
by the formula;

γ[s](x) = γ(s(γ−1x)).

(3) A G-vector bundle is called Hermitian G-vector bundle if E is equipped with a G-invariant
smooth Hermitian metric h(·, ·) = ⟨·, ·⟩Ex

, that is, ⟨γσ1, γσ2⟩Eγx
= ⟨σ1, σ2⟩Ex

holds for any
σ1, σ2 ∈ Ex and γ ∈ G.

(4) A connection ∇ on a Hermitian G-vector bundle is called a G-invariant connection if ∇ is
compatible with the Hermitian metric and commutes with the action of G, that is,

d ⟨s(x), t(x)⟩ = ⟨∇s(x), t(x)⟩+ ⟨s(x),∇t(x)⟩ and γ[∇s] = ∇(γ[s])

hold for any s, t ∈ C∞(E) and γ ∈ G.

Definition 4.2 A Hermitian G-vector bundle E over X defines the following element [E] in
KK-theory;

[E] = (C0(E), 0) ∈ KKG(C0(X), C0(X))

with the action of C0(X) on C0(E) being the point-wise multiplication.
Here, C0(X) denotes the C∗-algebra consisting of all C-valued continuous functions on X

vanishing at infinity equipped with the sup-norm, and C0(E) denotes the Hilbert C0(X) module
consisting of all continuous sections of E vanishing at infinity equipped with the scalar product
given by the point wise Hermitian metric.

Lemma 4.3 Let G be a second countable locally compact Hausdorff group. Let X be a G-compact
proper complete G-Riemannian manifold.

(1) Any smooth G-vector bundle E over X admits a smooth G-invariant Hermitian metric.

(2) Any Hermitian G-vector bundle E over X admits a G-invariant connection.

Proof. Choose any cut-off function c ∈ Cc(X). The only we have to do is to take the average
using c. For the first part, fix any smooth Hermitian metric h on E which is not necessarily
G-invariant. Then set

h̃Ex(σ1, σ2) :=

∫
G
c(g−1x)hEg−1x

(
g−1σ1, g

−1σ2
)
dg for σ1, σ2 ∈ Ex.

Note that for any fixed x ∈ X, supp{c(γ−1x)} ⊂ G is compact due to the properness of the action
so that the integral above makes sense. h̃ is a desired metric. In fact for any fixed γ ∈ G,

h̃Eγx(γσ1, γσ2) =

∫
G
c(g−1γx)hEg−1γx

(
g−1γσ1, g

−1γσ2
)
dg

=

∫
G
c(g−1γx)hEg−1γx

(
g−1γσ1, g

−1γσ2
)
d(γ−1g)

= h̃Ex(σ1, σ2).
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It is follows from c ≥ 0 that h̃ is positive definite.

As for the second part, let E be a Hermitian G-vector bundle over X and fix a connection
compatible with the Hermitian metric ∇ : C∞(E) → C∞(T ∗X ⊗ E) which is not necessarily
commutes with the action of G. Then set

∇̃s(x) :=
∫
G
c(g−1x)g∇g−1s(x) dg for s ∈ C∞(E).

Note that the action of G on E and X induces the action on E⊗T ∗X. ∇̃ is a desired connection.
In fact for any fixed γ ∈ G,

γ[∇̃s](x) = γ(∇̃s(γ−1x))

=

∫
G
c(g−1γ−1x)γg∇g−1s(γ−1x) dg

=

∫
G
c({γg}−1x){γg}∇{γg}−1γs(γ−1x) d{γg}

∇̃(γ[s])(x) =

∫
G
c(g−1x)g∇g−1γs(γ−1x) dg,

therefore γ[∇̃s](x) = ∇̃(γ[s])(x).

The compatibility with the Hermitian metric follows from;⟨
∇̃s1(x), s2(x)

⟩
+
⟨
s1(x), ∇̃s2(x)

⟩
=

∫
G
c(g−1)

⟨
g∇g−1s1(x), s2(x)

⟩
+
⟨
s1(x), g∇g−1s2(x)

⟩
dg

=

∫
G
c(g−1)

⟨
∇g−1(s1(x), g

−1s2(x)
⟩
+
⟨
s1(x), g

−1∇g−1(s2(x)
⟩
dg

=

∫
G
c(g−1)d

⟨
g−1s1(x), g

−1s2(x)
⟩
dg

=

∫
G
c(g−1)d ⟨s1(x), s2(x)⟩ dg

= d ⟨s1(x), s2(x)⟩ .

The Lipnitz rule follows from;

∇̃(fs)(x) =

∫
G
c(g−1x)g∇fg−1s(x) dg

= df ⊗
∫
G
c(g−1x)gg−1s(x) dg + f(x)

∫
G
c(g−1x)g∇g−1s(x) dg

= df ⊗ s(x) + f(x)∇̃s(x).

Remark 4.4 Let E be a smooth Hermitian G-vector bundle, then G acts on End(E) by

γ[T ] = γTγ−1 for T ∈ End(E), γ ∈ G.

Then, γ(T (σ)) = γ[T ](γσ) and γ[S ◦T ] = γ[S] ◦γ[T ] hold for any S, T ∈ End(E)x and σ ∈ Ex.

Definition 4.5 (Chern classes and Chern character) Let E be a smooth HermitianG-vector
bundle over X. Choose a G-invariant connection ∇ on E and let Θ∇ ∈ C∞(

∧2(T ∗X) ⊗ u(E))
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denote the curvature 2-form. Then define the Chern classes ck(E,∇) ∈ Ω2k(X) and the Chern
character ch(E,∇) ∈ Ω∗(X) by the formula;

∑
k

ck(E,∇)λk = det

(
iλΘ∇

2π
− idE

)
and ch(E,∇) = tr

(
exp

(
iΘ∇

2π

))
.

We may omit ∇ when it is clear from the conetxt. As usual, ck(E,∇) and ch(E,∇) are closed
form.

Remark 4.6 The following two lemmas are valid also for any other characteristic classes con-
structed using the Chern Weil theory.

Lemma 4.7 Let ∇ be a G-invariant connection on E. Then Θ∇, ck(E,∇) and ch(E,∇) are
G-invariant differential form.

Proof. Note that Θ∇∧ s = d∇d∇s, where d∇ : C∞(
∧k T ∗X ⊗ E) → C∞(

∧k+1 T ∗X ⊗ E) denotes
the exterior covariant derivative defined by

d∇(ω ⊗ s) = dω ⊗ s+ (−1)kω ∧∇s for ω ∈ Ωk(X), s ∈ C∞(E),

which commutes with the action of G. Hence, Θ∇ is G-invariant and we can conclude that
ck(E,∇) and ch(E,∇) areG-invariant since they are expressed by polynomials in tr(Θ∇), tr((Θ∇)2),
tr((Θ∇)3), · · · .

Lemma 4.8 Let E be a smooth Hermitian G-vector bundle over X. Let ∇0 and ∇1 be G-
invariant connections on E. Then there exist G-invariant differential forms of odd degree θk ∈
Ω2k−1(X) for each k and θ ∈ Ωodd(X) such that

dθk = ck(E,∇1)− ck(E,∇0) and dθ = ch(E,∇1)− ch(E,∇0).

In particular
∫
X c(x)ch(E,∇) and

∫
X c(x)P (c1(E,∇), c2(E,∇), . . .), where P is an arbitrary

multi-variable polynomial, are independent of the choice of G-invariant connection ∇ (and a
cut-off function c ) due to the lemma 2.5.

Proof. Since (∇1 − ∇0)(fs) = f(∇1 − ∇0)s for f ∈ C∞(X) and s ∈ C∞(E), there exists
η ∈ C∞(

∧1 T ∗X ⊗ End(E)) such that

(∇1 −∇0)s = η ∧ s.

Note that η is G-invariant since ∇0 and ∇1 are G-invariant connections. Consider a smooth
family of connections for t ∈ [0, 1]

∇t := ∇0 + tη.

We need a local expression of the curvature 2-forms. Fix a local trivialization E|U → U × CN
and express ∇0 = d + ω. Then we have

∇t = d + ω + tη and Θ(t) := Θ∇t
= dω(t) + ω(t) ∧ ω(t),

where ω(t) = ω + tη. Note that also Θ(t) are G-invariant since ∇t are commute with the action
of G.
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We will omit the symbol ∧ for the rest of the proof if there is no chance of leading to mis-
understandings. Due to the Bianchi identity for ∇t, that is, dΘ(t) = Θ(t)ω(t) − ω(t)Θ(t), we
have

dΘ(t)m =

m∑
j=1

Θ(t)m−j
(
dΘ(t)

)
Θ(t)j−1

=
m∑
j=1

Θ(t)m−j
(
Θ(t)ω(t)− ω(t)Θ(t)

)
Θ(t)j−1

=
m∑
j=1

Θ(t)m−j+1ω(t)Θ(t)j−1 −
m∑
j=1

Θ(t)m−jω(t)Θ(t)j

= Θ(t)mω(t)− ω(t)Θ(t)m. (4.1)

In particular tr(Θ(t)m) are closed forms due to the symmetry of the trace;

dtr(Θ(t)m) = tr(dΘ(t)m) = tr {Θ(t)mω(t)− ω(t)Θ(t)m} = 0. (4.2)

Due to (4.1), the symmetry of the trace and the fact that ω and ηΘ(t)m are of odd degree,

tr
{(
ηω(t) + ω(t)η

)
Θ(t)m

}
= tr {ηω(t)Θ(t)m − ηΘ(t)mω(t)}
= tr

{
η ∧

(
ω(t)Θ(t)m−Θ(t)mω(t)

)}
= −tr {η ∧ dΘ(t)m} . (4.3)

Using (4.3) and again the symmetry of the trace,

d

dt

(
tr(Θ(t)k)

)
= tr

(
d

dt
Θ(t)k

)
= tr


k∑
j=1

Θ(t)k−j
(

d

dt
Θ(t)

)
Θ(t)j−1


=

k∑
j=1

tr

{(
d

dt
Θ(t)

)
Θ(t)k−1

}
= ktr

{(
dη + ηω(t) + ω(t)η

)
Θ(t)k−1

}
= k

(
tr
{
dη ∧Θ(t)k−1

}
− tr

{
η ∧ dΘ(t)k−1

})
= ktr

{
d
(
η ∧Θ(t)k−1

)}
= d

(
ktr
(
η ∧Θ(t)k−1

))
.

Then we obtain tr(Θ(1)k)− tr(Θ(0)k) = d

(
ktr

(
η

∫ 1

0
Θ(t)k−1 dt

))
= dζk, (4.4)

where ζk = ktr
(
η
∫ 1
0 Θ(t)k−1dt

)
, which are G invariant since η and Θ(t) are globally defined

G-invariant differential forms.
Next, for ⌊dim(X)

2 ⌋-variable polynomials P , let us introduce G-invariant differential forms

P ⟨t⟩ := P
(
tr(Θ(t)), tr(Θ(t)2), tr(Θ(t)3), . . .

)
.

And we claim that every P satisfies the following two conditions;
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(A) P ⟨t⟩ is a closed form; dP ⟨t⟩ = 0.

(B) There exists a G-invariant differential form ζP ∈ Ω∗(X) such that dζP = P ⟨1⟩ − P ⟨0⟩.

If this is true, we have finished the proof of the lemma 4.8 since ck(E,∇) and ch(E,∇) are
expressed by polynomials in tr(Θ∇), tr((Θ∇)2), tr((Θ∇)3), · · · .

Let us verify the claim. If two polynomials P and Q satisfy these conditions, obviously so
does aP + bQ. We will verify that so does the product PQ. In fact, we have

d(P ⟨t⟩Q ⟨t⟩) = dP ⟨t⟩Q ⟨t⟩+ P ⟨t⟩dQ ⟨t⟩ = 0,

so PQ satisfies the condition (A). Besides, we have

P ⟨1⟩Q ⟨1⟩ − P ⟨0⟩Q ⟨0⟩ = (P ⟨1⟩ − P ⟨0⟩)Q ⟨1⟩+ P ⟨0⟩ (Q ⟨1⟩ −Q ⟨0⟩)
= dζPQ ⟨1⟩+ P ⟨0⟩dζQ
= d (ζPQ ⟨1⟩+ P ⟨0⟩ ζQ)
= dζPQ.

Since all of the ζP , Q ⟨1⟩ , P ⟨0⟩ and ζQ are G-invariant, so does ζPQ := ζPQ ⟨1⟩+P ⟨0⟩ ζQ, which
implies that PQ satisfies the condition (B).

Moreover, it follows from (4.2) and (4.4) that all of the monomial Pk of the form

Pk
(
tr(Θ(t)), tr(Θ(t)2), tr(Θ(t)3), . . .

)
= tr(Θ(t)k),

which generate all the polynomials, satisfy the two conditions above. Therefore we conclude that
every polynomial P satisfies (A) and (B).

4.2 Properly Supported G-Invariant Elliptic Operators

Let X be a proper G-Riemannian manifold, and V0,V1 be Hermitian G-vector bundle. (Later
on, we will consider a Z/2Z-graded bundle V = V0⊕̂V1.) The goal of this subsection is to define
a K-homology classes determined by properly supported G-invariant elliptic operators. We refer
to [K, Section 3] and [Hö71].

Let π : T ∗X → X be the projection. For a short while, we forget the action of G.

Definition 4.9

Pseudo Differential Operators. A pseudo-differential operator A0 : C
∞
c (V0) → C∞(V1) is

given by a sum of an integral operator with a smooth kernel

Fs(x) =

∫
X
k(x, y)s(y) dy. for s ∈ C∞

c (V0),

where k is a smooth section X ×X → V1 ⊠ (V0)∗, and an operator of the following form;

A0s(x) =
1

(2π)n

∫
X×T ∗

xX
eiΦ(y,(x,ξ))a(y, (x, ξ))s(y) dy dξ for s ∈ C∞

c (V0), (4.5)

where a : X × T ∗X → Hom(π∗V0, π∗V1). Let m ∈ R. A pseudo differential operator is of
orderm if a satisfies the condition that for any compact subsetK ⊂ X×X and multi indices
a = (a1, . . . , an), a

′ = (a′1, . . . , a
′
n)b = (b1, . . . , bn), where n = dimX, there exists a constant

Ca,a′,b,K is a constant depending on K, a, a′ and b such that for any (x, y) ∈ K, ξ ∈ TxX,∥∥∥∥∥∂|a
′|

∂ya′
∂|a|

∂xa
∂|b|

∂ξb
a(y, (x, ξ))

∥∥∥∥∥ ≤ Ca,a′,b,K

√
1 + ∥ξ∥2

m−|b|
. (4.6)
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a is assumed to vanish outside a neighborhood U of the diagonal of X ×X so that a small
neighborhood of the image of the zero-section of TX is diffeomorphic to U by (x, v) 7→
(x, expx(v)) and that the phase function Φ is defined on this neighborhood U .

Here Φ, called the phase function, is a C-valued function given by Φ(y, (x, ξ)) =
⟨
ξ, exp−1

x (y)
⟩
T ∗
xX

.

For instance if X = R, Φ(y, (x, ξ)) = ⟨ξ, y − x⟩.
The space consisting of all pseudo-differential operators A0 : C

∞
c (V0) → C∞(V1) will be

denoted by ΨDOm(V0,V1).

We used a coordinate-free presentation above, however, if in the usual way of definition of
pseudo-differential operator, firstly we define the operator on Rn by

A0s(x) =
1

(2π)n

∫
Rn×Rn

ei⟨x−y,ξ⟩a(y, (x, ξ))s(y)dydξ

with a(y, (x, ξ)) satisfying the same condition as (4.6). Then define ΨDOm(R;V0,V1) as
the space consisting of sum pf integral operator with smooth kernel and operators given
as above. For Riemannian manifold X, an operator A0 belongs to ΨDOm(X;V0,V1) if its
restriction to any open subset diffeomorphic to Rn belongs to ΨDOm(Rn;V0,V1).

Distributional Kernels. The distributional kernel for A0 ∈ ΨDOm(V0,V1) is a distributional
section KA0 : X ×X → V1 ⊠ (V0)∗ such that

A0s(x) =

∫
X
KA0(x, y)s(y) dy for s ∈ C∞

c (V0).

Formally, the kernel KA0 for an operator of the form (4.5) is given by the formula;

KA0(x, y) =
1

(2π)n

∫
T ∗
xX

eiΦ(y,(x,ξ))a(y, (x, ξ)) dξ.

in the distributional sense and precisely, KA0 is determined by

KA0(w) =
1

(2π)n

∫
X×T ∗X

eiΦ(y,(x,ξ))a(y, (x, ξ))w(x, y) dy dx dξ (4.7)

holds for any w ∈ C∞
c ((V1)∗ ⊠ V0). The simplest example for distributional kernel is the

Dirac-delta distributional function for the identity operator Kid(x, y) = δx,y.

Properly supported Pseudo-differential Operators. A0 ∈ ΨDOm(V0,V1) is said to be prop-
erly supported or has proper support if both of the maps p1 and p2 : supp(KA0) → X are
proper, where pi denotes the projection onto the i-th factor, in other words, both of the
subsets

(supp(KA0)) ∩ (K ×X) and (supp(KA0)) ∩ (X ×K) ⊂ X ×X

are compact for any compact subset K ⊂ X. The sub-space of ΨDOm(V0,V1) consisting of
all properly supported pseudo-differential operators will be denoted by P-ΨDOm(V0,V1).

Symbol Functions. For m ∈ R, we define Symbm(V0,V1) as the space consisting of all sections
σ : T ∗X → Hom(π∗V0, π∗V1) satisfying that for any compact subset K ⊂ X and multi
indices a = (a1, . . . , an), b = (b1, . . . , bn), where n = dimX, there exists a constant Ca,b,K is
a constant depending on K, a and b such that∥∥∥∥∥ ∂|a|∂xa

∂|b|

∂ξb
σ(x, ξ)

∥∥∥∥∥ ≤ Ca,b,K

√
1 + ∥ξ∥2

m−|b|
holds for any x ∈ K, ξ ∈ TxX. (4.8)
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An element σ ∈ Symm(V0,V1) is called a symbol function of orderm and σ ∈ [Symbm(V0,V1)] :=
Symbm(V0,V1)

/
Symbm−1(V0,V1) is called a principal symbol. For example, every polyno-

mial function in ξ of order m is an element of Symbm(V0,V1).

Principal Symbol of Pseudo-differential Operators. Let A0 ∈ P-ΨDOm(V0,V1) be a prop-
erly supported pseudo-differential operator of order m. Take a sufficiently small Euclidean
neighborhood W and local co-ordinate ψ : W → Rn. Then the symbol σA0 of A0 ∈
P-ΨDO(V0,V1) is defined by the formula

σA0(x, ξ) = e−i⟨ψ(x),ξ⟩A0e
i⟨ψ(x),ξ⟩ for x ∈W, ξ ∈ Rn. (4.9)

σA0 belongs to Symbm(V0,V1), and σA0 regarded as an element of [Symbm(V0,V1)] is called
the principal symbol of A0. We may abbreviate principal symbol as just symbol.

Remark 4.10

(1) Let us consider an operator on Rn. If φ : Rn → Rn is a diffeomorphism, then the principal
symbol of the operator (φ∗)−1A0φ

∗ is

σ(φ∗)−1A0φ∗(x, ξ) = σA0(φ(x), φ
∗(ξ)) mod Symbm−1(V0,V1).

This implies that the principal symbol σA0 ∈ [Symbm(V0,V1)] defined by (4.9) does not
depend on the choice of local co-ordinates.

(2) If A0 is given by (4.5), its principal symbol is calculated from a by

σA0(x, ξ) = a(x, (x, ξ)) ∈ [Symbm(V0,V1)].

Conversely a symbol function σ ∈ Symbm(V0,V1) has an amplitude
a : X × T ∗X → Hom(π∗V0, π∗V1) defined by

a(y, (x, ξ)) := χ(x, y)σ(x, ξ), (4.10)

where χ : X ×X → [0, 1] is a smooth function satisfying that χ(x, x) = 1 and χ(x, y) = 0
if dist(x, y) > r, where r is the injective radius of X, which is bounded below. We can
construct a pseudo differential operator by (4.5) whose principal symbol is equal to the
given σ ∈ [Symbm(V0,V1)].

(3) If A0 ∈ ΨDOm0(V0,V1) and A1 ∈ ΨDOm1(V1,V2), then we have

σA1A0 = σA1σA0 mod Symbm0+m1−1(V0,V2)

and σA∗
0
= (σA0)

∗ mod Symbm0−1(V0,V1).

(4) Let us start with a symbol σ ∈ [Symbm(V0,V1)]. When we construct an amplitude (4.10),
if we replace r by the minimum among the injective radius and 1 so that supp(χ) is in
bounded distance from the diagonal in X ×X, any pseudo-differential operator constructed
by the formula (4.10) and (4.5) from a given symbol is always properly supported. This is
because if w in (4.7) has a support outside the r-neighborhood of the diagonal in X ×X,
a(y, (x, ξ))w(x, y) = 0 for any (x, y) ∈ X × X therefore KA0 has a support contained
in the r-neighborhood of the diagonal in X × X. So both (supp(KA0)) ∩ (K × X) and
(supp(KA0)) ∩ (X ×K) are contained in a 2r-neighborhood of K ×K which is bounded.

(5) For any properly supported pseudo-differential operator A0 ∈ ΨDOm(V0,V1), the image of
Cc(V0) is contained in Cc(V1). For these reasons we basically assume that A0 is properly
supported.
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Definition 4.11 (Ellipticity) An operator A0 ∈ P-ΨDOm(V0,V1) is called Elliptic if the prin-
cipal symbol σA(x, ξ) is invertible at infinity in ξ, more precisely, there exists a symbol τ ∈
[Symb−m(V1,V0)] such that

lim
∥ξ∥→∞

∥τ(x, ξ)σA0(x, ξ)− idV0∥ = lim
∥ξ∥→∞

∥σA0(x, ξ)τ(x, ξ)− idV1∥ = 0 (4.11)

uniformly in x ∈ K for any compact subsets K ⊂ X.

Remark 4.12

(1) Without loss of generality we may consider the case of elliptic operators of order 0 and
furthermore the condition (4.11) may be replaced by the condition that the principal symbol
is unitary at infinity, that is,

lim
∥ξ∥→∞

∥∥σ∗A0
(x, ξ)σA0(x, ξ)− idV0

∥∥ = lim
∥ξ∥→∞

∥∥σA0(x, ξ)σ
∗
A0

(x, ξ)− idV1

∥∥ = 0 (4.12)

uniformly in x ∈ K for any compact subsets K ⊂ X. This is because σA0 ∈ [Symb0(V0,V1)]
can be modified to

σ′ :=
(
σA0σ

∗
A0

)−1/2
σA0

at infinity so that σ′ satisfies the condition (4.12) through a homotopy by a family of symbols

{
(
σA0σ

∗
A0

)−t/2
σA0}t∈[0,1] which are invertible, at infinity in ξ.

(2) In the case of elliptic operators A on V = V0⊕̂V1 of the form A =

(
0 A∗

0

A0 0

)
, the require-

ment (4.12) will be replaced by lim
∥ξ∥→∞

∥∥σA(x, ξ)2 − idV
∥∥ = 0.

Let us recall the action of G.

Definition 4.13 (G-invariant operators) G acts on P-ΨDOm(V0,V1) by the formula;

γ[A0] = γA0γ
−1.

Let P-ΨDOmG (V0,V1) denote the subspace of P-ΨDOm(V0,V1) consisting of all G-invariant opera-
tors.

Remark 4.14 It directly follows that the action of G on the operators are compatible with the
action on the sections, that is, γ[A0s] = γ[A0] γ[s] for s ∈ C∞

c (V0).
Note that the action of G on V0⊕̂V1 induces the action on the bundle Hom(π∗V0, π∗V1)

over T ∗X. Any G-invariant operator A0 ∈ P-ΨDOmG (V0,V1) has the G-invariant principal symbol.
Conversely we have the following;

Lemma 4.15 If σ : T ∗X → Hom(π∗V0, π∗V1) is a G-invariant principal symbol of oder m, then
there exists a properly supported G-invariant operator A ∈ P-ΨDOmG (V0,V1) whose principal symbol
is σ.

Proof. When we take an amplitude a of σ by (4.10), choose χ : X × X → [0, 1] so that χ(x, y)
depends only on dist(x, y). More precisely, let χ̄ : R≥0 → [0, 1] be a smooth function such that
χ̄(t) = 1 for t ≤ r/4 and χ̄(t) = 0 for r ≥ r/2, where r is a constant less than the injec-
tive radius. and set χ(x, y) := χ̄(dist(x, y)). Since the action of G is isometric, the amplitude
a(y, (x, ξ)) constructed by (4.10) using this χ is G-invariant. Then the pseudo-differential opera-
tor A ∈ P-ΨDOm(V0,V1) constructed by the formula (4.5) is G-invariant. By the construction, it
is properly supported.



Y. Fukumoto 33

We will construct aK-homology classes [A] := (L2(V), A) ∈ KKG(C0(X),C) induced by properly
supported G-invariant elliptic operators. in the last of this subsection. In order to argue the L2

boundedness of elliptic operators, let us introduce the following theorem by Hömander;

Theorem 4.16 [Hö71, Theorem 2.2.1] Let P ∈ P-ΨDO0(V0,V1) be a properly supported pseudo-
differential operator of order 0. Suppose that for any compact subset K ⊂ X

lim sup
∥ξ∥→∞

∥σP (x, ξ)∥ < C for x ∈ K.

Then there exists a properly supported pseudo differential operator B ∈ P-ΨDO0(V0,V1) of order
0 and a self adjoint integral operator R with continuous and properly supported kernel such that

PP ∗ +BB∗ − C2 = R.

Moreover, if the support of the distributional kernel of P is compact in X ×X, then both B and
R will also have compactly supported distributional kernels.

Lemma 4.17 Let P ∈ L(L2(V0), L2(V1)) be a bounded operator with distributional kernel sup-
ported in a compact subset K ×K ⊂ X ×X. Then P̃ :=

∫
G γ[P ] dγ is well defined as a bounded

operator in L(L2(V0), L2(V1)) and the inequation
∥∥∥P̃∥∥∥

op
≤ CK ∥P∥op holds, where CK is a con-

stant depending on K.

Proof. We will follow the proof of [CM, Lemma 1.4 - 1.5]. Fix an arbitrary smooth section with
compact support s ∈ C∞

c (V0) and let us consider F = Fs ∈ L2
(
G;L2(V1)

)
given by

Fs(γ) := γ[P ]s.

Note that for any γ ∈ G the distributional kernel of γ[P ] is contained in γ(K) × γ(K). This is
because for any s ∈ C∞

c (V0), supp(γ[P ]s) ⊂ γ(K) and γ[P ]s = 0 whenever supp(s) ∩ γ(K) = ∅.
In particular, since the action of G on X is proper, F has compact support in G and hence
F ∈ L2

(
G;L2(V1)

)
. In addition, since the action of G on X is proper, γ(K) ∩ η(K) =

γ(K ∩ γ−1η(K)) = ∅ if γ−1η ∈ G is outside some compact neighborhood Z ⊂ G in particu-
lar, ⟨F (γ), F (η)⟩L2(V1) = 0 for such γ and η ∈ G. Remind that Z is determined only by K so
independent of s. Then,∥∥∥∥∫

G
F (γ) dγ

∥∥∥∥2
L2(V1)

=

∥∥∥∥∫
G
F (γ) dγ

∥∥∥∥
L2(V1)

∥∥∥∥∫
G
F (η) dη

∥∥∥∥
L2(V1)

≤
∫
G

∫
G

∣∣∣ ⟨F (γ), F (η)⟩L2(V1)

∣∣∣ dγ dη

≤
∫
G
∥F (γ)∥L2(V1)

(∫
G
χZ(γ

−1η) ∥F (η)∥L2(V1) dη

)
dγ

≤ ∥F∥L2(G) ∥χZ∥L2(G) ∥F∥L2(G)

≤ |Z| ∥F∥2L2(G) ,

where χZ : G → [0, 1] is the characteristic function of C, that is χZ(γ) = 1 for x ∈ Z and
χZ(γ) = 0 for x /∈ Z.

On the other hand, take a compactly supported smooth function f ∈ C∞
c (X; [0, 1]) such that

f(x) = 1 for x ∈ K and f(x) = 0 if dist(x,K) > r. Since the support of the distributional kernel
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of P is contained in K ×K and hence P = Pf , we have

∥F∥2L2(G) =

∫
G
∥F (γ)∥2L2(V1) dγ =

∫
G

∥∥γPfγ−1s
∥∥2
L2(V1)

dγ

≤
∫
G
∥P∥2op

∥∥fγ−1s
∥∥2
L2(V0)

dγ

≤ ∥P∥2op
∫
G

∫
X
|f(x)|2

∥∥γ−1s(x)
∥∥2
V0 dx dγ

≤ ∥P∥2op
∫
G

∫
X
|f(γ−1x)|2 ∥s(x)∥2V0 dx dγ

≤ ∥P∥2op sup
x∈X

(∫
G
|f(γ−1x)|2 dγ

)
∥s∥2L2(V0) .

Since the action ofG is proper,
{
γ ∈ G

∣∣ γ−1x ∈ supp(f)
}
⊂ G is compact so the value

∫
G |f(γ−1x)|2dγ

is always finite for any fixed x ∈ X. Besides, since X/G is compact, we have

sup
x∈X

(∫
G
|f(γ−1x)|2 dγ

)
= sup

[x]∈X/G

(∫
G
|f(γ−1x)|2 dγ

)
<∞

Remind that this value depends only on K and independent of s. We conclude that∥∥∥∥∫
G
γ[P ]s dγ

∥∥∥∥2
L2(V1)

=

∥∥∥∥∫
G
F (γ) dγ

∥∥∥∥2
L2(V1)

≤ |Z| ∥F∥2L2(G) ≤ |Z|C · ∥P∥2op ∥s∥
2
L2(V0) ,

where C = sup
x∈X

(∫
G |f(γ−1x)|2 dγ

)
<∞.

Lemma 4.18 If P ∈ ΨDOm(V0,V1) with compact support, then P̃ :=
∫
G γ[P ]dγ ∈ P-ΨDOmG (V0,V1).

Proof. It is clear that P̃ ∈ ΨDOnG(V0,V1) for some n. Let the support of distributional kernel of
P is contained in K × K for some compact K ⊂ X. Let a be its amplitude. Then the ampli-
tude of γ[P ] is given by γ[a](y, (x, ξ)) = γa(γ−1y, γ−1(x, ξ)). Now we have

∫
G γ[a](y, (x, ξ))dγ,

which is the amplitude of P̃ , satisfies the condition (4.6) since the integral is over a subset{
γ ∈ G

∣∣ (γ−1x, γ−1y) ̸= 0
}
⊂ G which is compact by the properness of the action. The distri-

butional kernel of γ[P ] is contained in γ(K × K) and hence, the distributional kernel of P̃ is
contained in G(K ×K) so P̃ is properly supported.

Lemma 4.19 Let A0 ∈ P-ΨDO0
G(V0,V1) be an elliptic operator of order 0 which is properly

supported and G-invariant. If X/G is compact, then A0 is L2-bounded.

Proof. A0 satisfies the assumptions of theorem 4.16. Let c ∈ C∞
c (X) be an arbitrary cut-off

function. And let us consider P := cA0. it has the distributional kernel supported in a compact
subset (supp(c)×X)∩ supp(KA0) ⊂ X×X and still satisfies the assumptions of the proposition.
Then we have

0 ≤ PP ∗ +BB∗ = C2 +R.

And it follows that P is bounded since BB∗ is positive and C2 +R is bounded.
Next, note that A0 =

∫
G γ[cA0] dγ =

∫
G γ[P ] dγ since A0 itself is G-invariant. Then by the

previous lemma 4.17, A0 is L2 bounded.

Lemma 4.20 [K, Lemma 3.7] Let A =

(
0 A∗

0

A0 0

)
∈ P-ΨDO0

G(V) be a properly supported G-

invariant elliptic operator on V = V0⊕̂V1. Then for any f ∈ C0(X), the multiplication operators
by f commutes with A modulo compact operators K(L2(V)), and f(1−A2) is compact.
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Proof. It is enough to prove when f has a compact support. The commutator Af − fA is a
pseudo-differential operator of negative order because the principal symbol of order 0 is

σAf−fA = σAf − fσA = 0 ∈ [Symb0(V)].

Also, the symbol of f(1−A2) satisfies

σf(1−A2)(x) = f(x)(1− σA2(x, ξ)) → 0 as ∥ξ∥ → ∞.

Let P be Af − fA or f(1−A2). Then P has the compactly supported distributional kernel and
satisfies the assumption of theorem 4.16 for any small constant C > 0. We obtain

PP ∗ +BB∗ = R

with R having the compactly supported distributional kernel. Hence R is a compact operator,
which implies that so is P .

Remark 4.21 Note that the symbol σA =

(
0 σ∗A0

σA 0

)
of a properly supported G-invariant

elliptic operator A of order 0 induces a map σA : π
∗V → π∗V, where π : T ∗X → X denotes

the projection. Additionally, note that the space of C0(T
∗X)-compact operators on C0(π

∗V) is
C0(End(π

∗V)) and that C0(X) acts on C0(π
∗V) by the point-wise multiplication. Hence, for

any f ∈ C0(X), both σAf − fσA(= 0) and f(σ2A − 1) are compact as an operator on a Hilbert
C0(T

∗X)-module.

Definition 4.22 (The K-homology classes determined by elliptic operators)

(1) Let A =

(
0 A∗

0

A0 0

)
∈ P-ΨDO0

G(V) be a properly supported G-invariant elliptic operator of

order 0 on a graded Hermitian G-vector bundle V = V0⊕̂V1 over X. Due to the lemma
4.19 and 4.20, we can define a K-cohomology class

[A] := (L2(V), A) ∈ KKG(C0(X),C)

with the action of C0(X) on L2(V) being the point-wise multiplication.

(2) Its symbol σA =

(
0 σ∗A0

σA 0

)
determines the following element in KK-theory;

[σA] := (C0(π
∗V), σA) ∈ KKG(C0(X), C0(T

∗X)).

5 Index Map

Let G be a second countable locally compact Hausdorff group. Let X be a G-compact proper
complete G-Riemannian manifold. Let V be a smooth (finite dimensional) Hermitian G-vector
bundle over X. We summarize the notations;

• C∞
c (V) denotes the space of compactly supported smooth sections s : X → V.

• C0(V) denotes the C∗-algebra consisting of continuous sections s : X → V vanishing at
infinity equipped with the sup-norm.

• L2(V) denotes the Hilbert C0(V)-module consisting of L2-sections s : X → V. C0(V) acts
by point-wise multiplication.
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5.1 The Topological Index Map

Let

A =

(
0 A∗

0

A0 0

)
: L2(V) → L2(V)

be a properly supported G-invariant elliptic operator of order 0 on a graded Hermitian G-vector
bundle V = V0⊕̂V1. Then as in definition 4.22, A defines the K-cohomology class

[A] =
(
L2(V),m,A

)
∈ KKG(C0(X),C),

where the action m of C0(X) on L2(V) is ordinary point-wise multiplication. We will define the
index map

µG : KKG(C0(X),C) → K0(C
∗(G)).

Definition 5.1 Let G be a second countable locally compact Hausdorff group, A and B be G-
algebras and (E , φ, T ) ∈ EG(A,B) be a Kasparov G-module over (A,B). We will introduce the
following notations;

(1) T̂ is defined to be an operator on C∗(G; E) given by

T̂ [ê](γ) = T (ê(γ)) for ê ∈ Cc(G; E).

(2) The action φ̂ of C∗(G;A) on C∗(G; E) is given by the following convolution product;

φ̂[â](ê) : γ 7→
∫
γ1γ2=γ

φ(â(γ1))γ1(ê(γ2))dγ1 for â ∈ Cc(G;A), ê ∈ Cc(G; E).

Lemma 5.2 [K88, Theorem 3.11] Let G be a second countable locally compact Hausdorff group.
For any G-algebras A and B there exists a natural homomorphism

jG : KKG(A,B) → KK(C∗(G;A), C∗(G;B))

constructed as follows; If x = (E , φ, T ) ∈ KKG(A,B),

jG(x) =
(
C∗(G; E), φ̂, T̂

)
.

Furthermore if x ∈ KKG(A,B) and y ∈ KKG(B,D), then jG(x⊗̂By) = jG(x)⊗̂C∗(G;B)j
G(y).

Lemma 5.3 Using a cut-off function c ∈ Cc(X), one can define an idempotent p ∈ Cc(G;C0(X))
by the formula;

č(γ)(x) =
√
c(x)c(γ−1x).

In particular it defines an element of K-homology denoted by [c] ∈ K0(C
∗(G;C0(X))). Moreover

the element of K-homology [c] ∈ K0(C
∗(G;C0(X))) does not depend on the choice of cut-off

functions.

Proof. It is verified by the direct calculation that č is an idempotent;

(č ∗ č)(γ)(x) =

∫
γ1γ2=γ

č(γ1)(x) · γ1[p(γ2)](x)dγ1

=

∫
γ1γ2=γ

√
c(x)c(γ−1

1 x)

√
c(γ−1

1 x)c(γ−1
2 (γ−1

1 x))dγ1

=
√
c(x)c(γ−1x)

∫
γ1γ2=γ

c(γ−1
1 x)dγ1

= č(γ)(x).
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As for the independence of the choice of cut-off function, it is followed from the fact that the
subset in Cc(X) of all cut-off functions on X is convex. Precisely, if we have two cut-off functions
c0 and c1, ct := (1 − t)c0 + tc1 provides a family of cut-off functions for t ∈ [0, 1]. čt provides a
homotopy by idempotents connecting č0 and č1.

Definition 5.4 (Topological Index) Define

µG : KKG(C0(X),C) → K0(C
∗(G))

as the composition of

• jG : KKG(C0(X),C) → KK(C∗(G;C0(X)), C∗(G)) with

• [c]⊗̂ : KK(C∗(G;C0(X)), C∗(G)) → KK(C, C∗(G)) ≃ K0(C
∗(G)).

In other words,

µG(-) := [c]⊗̂C∗(G;C0(X))j
G(-) ∈ K0(C

∗(G)).

5.2 Reduction to the Dirac Operators

[K, Remark 4.4.] One can reduce the general case of elliptic operators to the case of Dirac
operators when calculating the index. In this subsection, we will see that any K-homology class
[A] ∈ KKG(C0(X),C), where A is a properly supported G-equivariant elliptic operator of order
0 can be realized as a Dirac operator D on a larger manifold Y obtained by a fiber bundle over
X. To be more specific, we will obtain [A] = (π♯)∗[D] with the map (π♯)∗ : KKG(C0(Y ),C) →
KKG(C0(X),C) induced by π♯ : C0(X) → C0(Y ). If this has been done, it is sufficient to consider

the case when D is a Dirac operator on a Clifford bundle V over Y and [D] =
(
L2(V), D√

1+D2

)
∈

KKG(C0(Y ),C).

Lemma 5.5 Let D be a G-invariant first order Dirac type operator on a spin manifold Y on a
bundle V. Put T := D√

1+D2
and H := L2(V). Consider the action of C0(Y ) on H by point-wise

multiplication. Then f(1− T 2) and fT − T f are compact operators on H for any f ∈ C0(Y ).
In particular we can define the following K-homology class determined by D;

[D] := (H, T ) ∈ KKG(C0(Y ),C).

Proof. It is sufficient to consider the case when f ∈ C∞
c (Y ). Noting that 1 − T 2 =

(
1 +D2

)−1

and using the Rellich lemma, f(1− T 2) ∈ K(H). As for fT − T f , we use the formula;

T =
2

π

∫ +∞

0

D
1 + λ2 +D2

dλ.

This integral converges in the strong topology, not in the operator norm. Then we have

fT − T f =
2

π

∫ +∞

0

(
f

D
1 + λ2 +D2

− D
1 + λ2 +D

f

)
dλ

=
2

π

∫ +∞

0

1

1 + λ2 +D2

[
(1 + λ2 +D2)fD −Df(1 + λ2 +D2)

] 1

1 + λ2 +D2
dλ

=
2

π

∫ +∞

0

1

1 + λ2 +D2

[
(1 + λ2) (fD −Df)−D (fD −Df)D

] 1

1 + λ2 +D
dλ

=
2

π

∫ +∞

0

√
1 + λ2

1 + λ2 +D2
(fD −Df)

√
1 + λ2

1 + λ2 +D2
dλ

− 2

π

∫ +∞

0

D
1 + λ2 +D2

(fD −Df) D
1 + λ2 +D2

dλ.
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Note that (fD −Df) is a multiplication operator by a compactly supported function df due to
the Leibniz rule. Therefore

(fD −Df) 1

1 + λ2 +D2
and (fD −Df) D

1 + λ2 +D2

are compact operators by the Rellich lemma. Moreover, since we have∥∥∥∥∥
√
1 + λ2

1 + λ2 +D2

∥∥∥∥∥ ≤ 1√
1 + λ2

and

∥∥∥∥ D
1 + λ2 +D2

∥∥∥∥ ≤ 1√
1 + λ2

,

the last two integrals converge in the operator norm topology and are compact operators.

Definition 5.6 Let BX ⊂ T ∗X be the unit closed disk bundle in the cotangent bundle, whose
boundary is the sphere bundle ∂BX = SX. Then construct

ΣX = BX ∪SX BX

gluing two copies of BX together along SX. The zero in the second BX will be denoted by ∞.
In order to avoid the confusion, let us distinguish the notations of projections πT : T

∗X → X
and πΣ : ΣX → X.

The action of G on X induces the proper co-compact action on ΣX because the action is isometric
and each fiber of πΣ is compact. This action commutes with the projection πΣ. Let π

♯
Σ : C0(X) →

C0(ΣX) be the homomorphism induced by the projection πΣ.
In addition, note that ΣX is of a structure of smooth almost complex manifold.

Definition 5.7 Let DΣX be the Dolbeault operator on ΣX. It determines the following K-
homology class;

[DΣX ] :=

L2
(∧0,∗

T ∗(ΣX)
)
,

DΣX√
1 +D2

ΣX

 ∈ KKG(C0(ΣX),C).

Now let A =
(

0 A∗
0

A0 0

)
∈ P-ΨDO0

G(V) be a properly supported elliptic operator of order 0 on

a graded Hermitian G-vector bundle V = V0⊕̂V1. Without loss of generality we may assume its
symbol σA satisfies

σ2A(x, ξ) = 1 for ∥ξ∥ ≥ 1 and
∥∥σ2A∥∥ ≤ 1 everywhere. (5.1)

In particular σA|SX : (π∗TV)SX → (π∗TV)SX is invertible then it provides a gluing map from

(π∗TV)BX to (π∗TV)BX . From now on, we will abbreviate σA =

(
0 σ∗A0

σA0 0

)
to σ =

(
0 σ∗0
σ0 0

)
in

order to avoid the complication.

Definition 5.8

• Let us construct a new bundle V(σ) over ΣX by gluing
(
π∗TV0

)
BX

and
(
π∗TV1

)
BX

together;

V(σ) := (π∗TV)BX ∪σ|SX
(π∗TV)BX .

Remark that the gluing map σ reverses the gradings, V(σ) has the grading

V(σ) = V(σ)0 ⊕̂ V(σ)1
:= (π∗TV0)BX ∪σ0|SX

(π∗TV1)BX ⊕̂ (π∗TV1)BX ∪σ∗
0 |SX

(π∗TV0)BX .
(5.2)
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• In addition consider another bundle just given by the pull-back π∗Σ(V1) over ΣX. Remark
that π∗Σ(V1) ∼= V(σ)0 on the second BX ⊂ ΣX.

These G-vector bundles V(σ)0 and π∗Σ(V1) determine elements in KK-theory;

[V(σ)0] =
(
C0(V(σ)0), 0

)
and [π∗Σ(V1)] =

(
C0(π

∗
Σ(V1)), 0

)
∈ KKG(C0(ΣX), C0(ΣX)).

• Define an element of KK-group denoted by [[σ]] ∈ KKG(C0(X), C0(ΣX)) as

[[σ]] := (π♯Σ)
∗ [V(σ)0 ⊕̂ π∗Σ(V1)

]
=

(
C0(V(σ)0 ⊕̂ π∗Σ(V1)), 0

)
∈ KKG(C0(X), C0(ΣX)).

Remark that we can define such class because each fiber of ΣX is compact, in other words,
πΣ is a proper map. We cannot define a KK-theory class in KKG(C0(X), C0(T

∗X)) of the
same form.

Our main claim in this subsection is the following;

Proposition 5.9
[[σ]]⊗̂C0(ΣX)[DΣX ] = [A] ∈ KKG(C0(X),C).

In particular, let Dσ be a Dirac operator obtained by the twisting the canonical Dolbeault operator
DΣX by the Z/2Z-graded bundle V(σ)0 ⊕̂ π∗Σ(V1). Then it is a realization of initial A through
π∗ : KK

G(C0(ΣX),C) → KKG(C0(X),C), in other words,

(π♯Σ)
∗([Dσ]) = [A] ∈ KKG(C0(X),C).

To verify this, we need theorem 5.11 by G. Kasparov stated below.

Firstly, let us introduce theK-cohomology class of T ∗X determined by the Dolbeault operator.
Since the manifold T ∗X has the canonical structure of an almost complex manifold in particular,
Spinc-structure.

Definition 5.10 Let DT ∗X be the canonical Dirac operator on T ∗X called the Dolbeault operator

acting on L2
(∧0,∗ T ∗(T ∗X)

)
. It determines the following K-homology class;

[DT ∗X ] :=

L2
(∧0,∗

T ∗(T ∗X)
)
,

DT ∗X√
1 +D2

T ∗X

 ∈ KKG(C0(T
∗X),C).

Theorem 5.11 [K, Theorem 4.2]

[A] = [σ]⊗̂C0(T ∗X)[DT ∗X ] ∈ KKG(C0(X),C).

Recall that [σ] ∈ KKG(C0(X), C0(T
∗X)) is the KK-theory class given by [σ] = (C0(π

∗V), σ) as in
definition 4.22. In particular, the K-homology class of a G-invariant elliptic operator and hence
its the index depend only on its symbol.

To obtain proposition 5.9, we should rephrase theorem 5.11 in terms of ΣX instead of T ∗X.
Let us regard T ∗X as a subset of ΣX by

T ∗X = BX ∪SX (T ∗X \ int(BX))
∼= BX ∪SX (BX \ {0-section}) = ΣX \ {(x,∞x)} ↪→ ΣX. (5.3)
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Noting that the identification T ∗X \ int(BX) → BX \ {0-section}; (x, ξ) 7→
(
x, ξ

∥ξ∥2

)
is G-

equivariant since the action of G does not change the length of co-tangent vectors, we will consider
the following G-equivariant inclusion map;

ι : C0(T
∗X) → C0(ΣX).

Lemma 5.12 Consider ι∗ : KK(C0(X), C0(T
∗X)) → KK(C0(X), C0(ΣX)). Then, ι∗([σ]) =

[[σ]].

Proof. Remark that

V(σ)0 = (π∗TV0)BX ∪σ0|SX
(π∗TV1)BX

π∗ΣV1 = (π∗TV1)BX ∪id|SX
(π∗TV1)BX .

Let VT (σ)0 denote the restriction of V(σ)0 on T ∗X ⊂ ΣX using (5.3). Firstly we have

[σ] =

(
C0 (π

∗
TV) ,

(
0 σ∗0
σ0 0

))
=

(
C0

(
VT (σ)0 ⊕̂ π∗TV1

)
,

(
0 σ∗0
σ0 0

)
∪SX

(
0 1
1 0

))
∈ KKG(C0(X), C0(T

∗X)).

This is due to the unitary isomorphism

(
1 0
0 1

)
∪SX

(
σ0 0
0 1

)
: π∗TV → VT (σ)0 ⊕̂ π∗TV1.

Then, ι∗ : KK(C0(X), C0(T
∗X)) → KK(C0(X), C0(ΣX)) maps [σ] to the class(

Z ,

(
0 σ∗0
σ0 0

)
∪SX

(
0 1
1 0

))
∈ KK(C0(X), C0(ΣX)),

where
Z :=

{
s ∈ C0

(
V(σ)0 ⊕̂ π∗ΣV1

) ∣∣ s(x,∞) = 0 for any x ∈ X.
}
.

This K-theory class is equal to the class(
C0

(
V(σ)0 ⊕̂ π∗ΣV1

)
,

(
0 σ∗0
σ0 0

)
∪SX

(
0 1
1 0

))
∈ KK(C0(X), C0(ΣX))

by the homotopy given by the following IC0(ΣX)-module;{
f ∈ IC0

(
V(σ)0 ⊕̂ π∗ΣV1

) ∣∣ f(1)(x,∞) = 0 for any x ∈ X.
}
.

Finally, it is equal to

[[σ]] =
(
C0(V(σ)0 ⊕̂ π∗Σ(V1)), 0

)
∈ KKG(C0(X), C0(ΣX)).

by the operator homotopy

(
0 tσ∗0
tσ0 0

)
∪SX

(
0 t
t 0

)
.

Lemma 5.13 Consider ι∗ : KKG(C0(ΣX),C) → KKG(C0(T
∗X),C). Then, ι∗([DΣX ]) = [DT ∗X ].

Proof. ι∗([DΣX ]) is represented by the classL2
(∧0,∗

T ∗(ΣX)
)
,

DΣX√
1 +D2

ΣX

 ∈ KKG(C0(T
∗X),C)
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with the point-wise multiplication action by C0(T
∗X) via ι.

For a while, let ι denote also the inclusion of the spaces ι : T ∗X ↪→ ΣX. For each k = 0, 1, . . . ,
we can find a smooth function fk : T

∗X → R>0 so that the following maps are isometric on each
fiber; ∧0,k T ∗(ΣX) →

∧0,k T ∗(T ∗X)
ω 7→ fk · ι∗ω.

Assembling these maps, we obtain the fiber-wise isometry

φ̂ :=
⊕
k

fk·ι∗ :
∧0,∗

T ∗(ΣX) →
∧0,∗

T ∗(T ∗X).

Next, let h denote the Radon-Nikodym derivative volΣX
volT∗X

so that ι induces the isomorphism
between measure spaces;

(ΣX, volΣX) ∼= (T ∗X, h·volT ∗X) .

Using φ̂ and h, L2
(∧0,∗ T ∗(ΣX)

)
can be identified with L2

(∧0,∗ T ∗(T ∗X)
)
by

L2
(∧0,∗ T ∗(ΣX)

)
→ L2

(∧0,∗ T ∗(T ∗X)
)

s 7→
√
h·φ̂(s).

This isomorphism will be denoted by φ :=
√
h·φ̂. Under this unitary equivalence, we have

φ ◦DT ∗X ◦ φ−1 = DΣX .

Besides, since the functional calculus commutes with the unitary conjugation, we obtain

φ ◦ DT ∗X√
1 +D2

T ∗X

◦ φ−1 =
DΣX√
1 +D2

ΣX

.

Note that this unitary equivalent map is compatible with the action of C0(T
∗X). Therefore, as

elements in KK(C0(T
∗X),C),

ι∗([DΣX ]) =

L2
(∧0,∗

T ∗(ΣX)
)
,

DΣX√
1 +D2

ΣX


=

L2
(∧0,∗

T ∗(ΣX)
)
, φ ◦ DT ∗X√

1 +D2
T ∗X

◦ φ−1


=

φL2
(∧0,∗

T ∗(ΣX)
)
,

DT ∗X√
1 +D2

T ∗X


=

L2
(∧0,∗

T ∗(T ∗X)
)
,

DT ∗X√
1 +D2

T ∗X


= [DT ∗X ]
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Proof of Proposition 5.9. Due to theorem 5.11, lemma 5.12 and lemma 5.13, we obtain

[A] = [σ]⊗̂C0(TX)[DT ∗X ]

= [σ]⊗̂C0(TX)ι
∗([DΣX ])

= ι∗([σ])⊗̂C0(ΣX)[DΣX ]

= [[σ]] ⊗̂C0(ΣX)[DΣX ].

It implies the second part as

[A] = [[σ]] ⊗̂C0(ΣX)[DΣX ] = (π♯Σ)
∗ ([V(σ)0 ⊕̂ π∗ΣV1]

)
⊗̂C0(ΣX)[DΣX ]

= (π♯Σ)
∗ ([V(σ)0 ⊕̂ π∗ΣV1] ⊗̂C0(ΣX)[DΣX ]

)
= (π♯Σ)

∗([Dσ]).

Corollary 5.14 Let L be a Hermitian G-line bundle over X. Consider the induced bundle π∗ΣL
over ΣX, which determines the KK-theory element [π∗ΣL] = (C0(π

∗
ΣL), 0) ∈ KKG(C0(ΣX), C0(ΣX)).

Then,
µG([L]⊗̂[A]) = µG

(
[π∗ΣL]⊗̂[Dσ]

)
.

Proof. As we will not consider the projection from T ∗X, πΣ will be abbreviated to π. The map be-
tween the algebras of continuous functions induced by π will be denoted by π♯ : C0(X) → C0(ΣX)
and it will also regarded as a KK-theory class π♯ ∈ KKG(C0(X), C0(ΣX)). Note that jG(π♯) ∈
KK(C∗(G;C0(X)), C∗(G;C0(ΣX))) represents a natural map C∗(G;C0(X)) → C∗(G;C0(ΣX))
given by f 7→ f̄(γ)(x, ξ) := f(γ)(π(x, ξ)) = f(γ)(x).

Let c ∈ Cc(X) be an arbitrary cut-off function. Then π♯c = c◦π ∈ Cc(ΣX) is a cut-off function
for the action of G on ΣX. They determine a K-homology classes [c] ∈ KK(C, C∗(G;C0(X)))
and [c ◦ π] ∈ KK(C, C∗(G;C0(ΣX))) as in lemma 5.3, and they are related by the formula
[c]⊗̂jG(π♯) = [c ◦ π].

Using the proposition and noting that [π∗L] is an element in KKG(C0(ΣX), C0(ΣX)) and
(π♯)∗[π∗L] = (π♯)∗[L] ∈ KKG(C0(X), C0(ΣX)), we obtain

µG([L]⊗̂[A]) = µG

(
[L]⊗̂(π♯)∗[Dσ]

)
= [c]⊗̂jG

(
(π♯)∗[L]⊗̂[Dσ]

)
= [c]⊗̂jG

(
(π♯)∗[π∗L]⊗̂[Dσ]

)
= [c]⊗̂jG(π♯)⊗̂jG

(
[π∗L]⊗̂[Dσ]

)
= [c ◦ π]⊗̂jG

(
[π∗L]⊗̂[Dσ]

)
= µG

(
[π∗L]⊗̂[Dσ]

)
.

5.3 Expression of µG([A])

Let A be a G-invariant elliptic operator of oder 0 with proper support or a Dirac type operator
and let [A] =

(
L2(V), A

)
∈ KKG(C0(X),C). To see more specific expression of the image of µ,

let us first introduce a Hilbert C∗(G)-module EG by taking the completion of Cc(V). which will
be used to represent µG([A]) ∈ KK(C, C∗(G)).

First we define on Cc(V) the structure of a pre-Hilbert module over Cc(G) using the action
of G on Cc(V) given by g[s](x) = g(s(g−1x)) for g ∈ G.
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• The action of Cc(G) on Cc(V) from the right is given by

s · b =
∫
G
g[s] · b(g−1)dg ∈ Cc(V) (5.4)

for s ∈ Cc(V) and b ∈ Cc(G). Let ρ
G denote this right action.

• The scalar product valued in Cc(G) is given by

⟨s1, s2⟩EG (g) = ⟨s1, g[s2]⟩L2(V) (5.5)

for si ∈ Cc(V).

Definition 5.15 Define EG as the completion of Cc(V) under the norm
√

∥⟨s, s⟩∥C∗(G).

In order to realize EG as a submodule of C∗(G,C0(X)) for convenience, we define the map
iG : Cc(V) → Cc(G;L

2(V)) and qG : Cc(G;L
2(V)) → Cc(V) by the formula;

iG[s](γ) =
√
cγ[s]

qG[ŝ] =

∫
G
γ
[√
cŝ(γ−1)

]
dγ

for s ∈ Cc(V) and ŝ ∈ Cc(G;L
2(V)), where c ∈ Cc(X) denotes a cut-off function.

iG preserves the right G-action and scalar product, here Cc(G;L
2(V)) is equipped with the

following C∗(G)-valued inner product ⟨ŝ1, ŝ2⟩C∗(G;L2(V)) (g) =
∫
g1g2=g

⟨ŝ1(g1), ŝ2(g2)⟩L2(V) dg1.

qG is the adjoint of iG that is,
⟨
iG(s), ŝ

⟩
C∗(G;L2(V)) =

⟨
s, qG(ŝ)

⟩
EG . Then, iG determines the

inclusion EG → C∗(G;L2(V)) and qG determines the projection C∗(G;L2(V)) → EG. Recall that
[c]⊗̂ is given by the left action by the idempotent č(γ)(x) =

√
c(x)c(γ−1x) ∈ Cc(G;C0(X)). For

ŝ ∈ Cc(G;L
2(V)),

č ∗ ŝ(γ) =

∫
G
č(γ1)γ1[ŝ(γ

−1
1 γ)]dγ1 =

√
c

∫
G

√
γ1[c]γ1[ŝ(γ

−1
1 γ)]dγ1

=
√
c

∫
G
γγ2

[√
cŝ(γ−1

2 )
]
dγ2

= iGqGŝ(γ).

Now jG([A]) is represented by
(
C∗(G;L2(V)), AG

)
here, the operator AG : C∗(G;L2(V)) →

C∗(G;L2(V)) is given by
AG[ŝ](γ) = A[ŝ(γ)]

for ŝ ∈ Cc(G;L
2(V)) as in definition 5.1. Hence, µG([A]) = [c]⊗̂jG([A]) is given by

(
qGC∗(G;L2(V)), qGAGiG

)
.

And we have for s ∈ Cc(V),

AGs := qGAGiGs = qG
(
γ 7→ A

√
cγ[s]

)
=

∫
G

√
γ[c]γ

[
A
√
cγ−1[s]

]
dγ

=

∫
G
γ
[√
cA

√
cγ−1[s]

]
dγ =

∫
G
γ
[√
cA

√
c
]
sdγ

Theorem 5.16 [K, Theorem 5.6] µG([A]) ∈ KK(C, C∗(G)) is represented by
(
EG, AG

)
, where

AG = qGAGiG : EG → EG and This operator is equal to

AG =

∫
G
γ[
√
cA

√
c] dγ.

AG defines a bounded operator both on L2(V) and EG [K, Proposition 5.1].
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5.4 The Analytical Index Map

Let A be a properly supported G-invariant elliptic operator of order 0. We will define the
analytical index of A using EG. introduced in the section 5.3.

Lemma 5.17 [K, Proposition 5.5] Let A be a properly supported G-invariant elliptic operator of
order 0. If the symbol σA of A is bounded at infinity in the cotangent direction, that is,

sup
x∈X

lim sup
∥ξ∥→∞

∥σP (x, ξ)∥ < C,

then A determines the operator in L(E) and ∥A∥L(E)/K(E) ≤ C. In particular if C = 0, which
means that the symbol vanishes at infinity, A ∈ K(E).

Definition 5.18 (Analytical Index) Let G be a second countable locally compact Hausdorff
group. Let X be a G-compact proper complete G-Riemannian manifold. Let A be a properly
supported G-invariant elliptic operator of order 0.

indG(A) :=
(
EG, A

)
∈ C∗(G).

The previous lemma implies that
(
EG, A

)
is a Kasparov module. Moreover, we have

Theorem 5.19 [K, Theorem 5.6]

indG(A) = µG([A]).

5.5 Kronecker Pairing and its Formula

Now we can define the Kronecker pairing ⟨[E], [A]⟩G ∈ R for [A] ∈ KKG(C0(X),R) and [E] =
(C0(E), 0) ∈ KKG(C0(X), C0(X)) in Theorem A.

Definition 5.20
⟨[E], [A]⟩G := trG ◦ µG([E]⊗̂[A]) ∈ R,

where trG is the canonical trace on C∗(G) in the definition 3.13.

Remark 5.21 We will see that this definition is compatible with the case of [HS], that is, the
case when a discrete group Γ acts on X freely and X/Γ is compact. In such case, one has

K0
Γ(C0(X)) ≃ K0(C∗(Γ;C0(X))) ≃ K0(C(X/Γ))

and C(X/Γ) is unital, one also has a map

K0(C(X/Γ)) → K0(C) ≃ Z

induced by the inclusion of C into C(X/Γ) as constant functions. Let A be a Γ-invariant Dirac
type operator on X, and E be a Γ-Hermitian vector bundle over X. Then they defines a Dirac
type operator on X/Γ denoted by A′ and a Hermitian vector bundle E′ over X/Γ. Let A′

E′ denote
the Dirac type operator twisted by E′. The composition K0

Γ(C0(X)) → Z maps [E]⊗̂[A] to the
ordinary index of Dirac type operator A′

E′ on X/Γ, which will be denoted by ind(A′
E′). And it

is equal to the usual K-theoretical pairing ⟨[E′], [A′]⟩ for [E′] ∈ K0(X/Γ) and [A′] ∈ K0(X/Γ)
Therefore, it is equal to the pairing between ordinary cohomology and homology ⟨ch(E′), ch(A′)⟩,
which appears in [HS].
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On the other hand our definition of the Kronecker pairing is defined by the composition of
µG and trG

trG ◦ µG : K0
Γ(C0(X)) → K0(C

∗(Γ)) → R.

Due to Atiyah’s L2-index theorem [At], they coincide with each other, namely, ⟨[E], [A]⟩Γ =
ind(AE).

We need a formula of Kronecker pairing in the term of the integration of cohomology classes.

Theorem 5.22 [Wa, Proposition 6.11.] Let X be a complete Riemannian manifold, where a
second countable locally compact Hausdorff then the L2-index of A is given by the formula

trG indG(A) =

∫
TX

c(x)Td(TCX) ∧ ch(σA), (5.6)

where trG is the canonical trace on C∗(G), σA denotes the symbol of A, and unimodular group
G acts properly, co-compactly and isometrically. If A is a properly supported G-invariant elliptic
operator of order 0, c ∈ C0(X) is any cut-off function.

Also we obtain a formula of the Kronecker pairing ⟨[E], [A]⟩G using the cohomology. Choose
an arbitrary G-invariant connection ∇ on E and apply the theorem to the Dirac type operator
AE twisted by (E,∇) to obtain

⟨[E], [A]⟩G = trGµG([E]⊗̂[A]) = trG indG(AE)

=

∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ ch(E,∇).

This value is independent of the choice of the G-invariant connection on E according to the lemma
4.8.

Using this formula, we can define higher G-Â-genus in corollary B.

Definition 5.23 Let E be a smooth Hermitian G-vector bundle over X. Then we define

ÂG(X;E) =

∫
X
c(x)Â(TX) ∧ ch(E) ∈ R.

This is the spacial case of (5.6) when A is the Dirac operator on the canonical spinor bundle over
X twisted by E.

In the case of a free action of a discrete group Γ on X, by remark 2.6, ÂG(X;E) is equal to∫
X/Γ Â(T (X/Γ)) ∧ ch(E), namely, the higher Â-genus on X/Γ, so this definition 5.23 is one of

generalizations of the higher Â-genus to the case of proper actions of non-discrete groups.

6 Construction of Almost Flat Bundles and their Indices

Observing that for E of the form E = L1⊕ . . .⊕LN , where Lk are G-line bundles, µG([E]⊗̂[A]) =
µG([L

1]⊗̂[A])+ . . .+µG([L
N ]⊗̂[A]) and ch(E) = ch(L1)+ . . .+ch(LN ), it is sufficient to consider

the case that E is a single smooth G-line bundle L. Our strategy to prove the Theorem A is that
firstly, construct a family of almost flat bundles Lt over X for t ∈ [0, 1] using L, and calculate
the index of twisted Dirac operators ALt . In order to do this, we introduce a U(1)-cocycle
α ∈ C2(G;U(1)) coming from the G-line bundle L following [Ma99] and [Ma03]. And we will
consider the central extension using α.
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6.1 Central Extension

We would like to construct line bundles Lt over X for t ∈ [0, 1] whose curvature have the norm
decreasing to zero. However Lt are not G-line bundles despite L is G-line bundle. We will

introduce U(1)-cocycle α ∈ C2(G;U(1)) coming from C2(G;R) exp(iθ)−−−−→ C2(G;U(1)) and central
U(1)-extensions Gαt , and construct each of Lt as a Gαt-line bundle over X.

Definition 6.1 Chose an arbitrary G-invariant connection ∇ on L and let iω ∈ Ω(X; iR) denote
the curvature of (L,∇). Then its first Chern class is equal to c1(L;∇) = −1

2π ω ∈ Ω(X;R). Fix a
base point x0 ∈ X. For any γ ∈ G, we will construct a R-valued smooth function ψγ ∈ C∞(X)
which will be used to define a U(1)-cocycle α ∈ C2(G;U(1)).

• Since [c1(L)] = 0 ∈ H2(X;R), in particular [ω] = 0 ∈ H2
dR(X;R), there exists η ∈ Ω1(X;R)

such that dη = ω.

• Since ω is G-invariant, we have d(γ∗η−η) = γ∗ω−ω = 0. The assumption of H1(X;Z) = 0
implies that there exists ψγ ∈ C∞(X;R) satisfying dψγ = γ∗η− η for each γ ∈ G. We may
assume for every γ ∈ G, ψγ(x0) = 0 for a fixed base point x0 ∈ X.

Lemma 6.2 ψe(x) = 0 for every x ∈ X, where e denotes the identity element in G.

Moreover for any γ1 and γ2 ∈ G,

ψγ1(γ2x) + ψγ2(x)− ψγ1γ2(x)

is independent of x ∈ X

Proof. Since dψe = 0, it follows that ψe(x) = ψe(x0) = 0 for every x ∈ X. In addition

d (ψγ1(γ2x) + ψγ2(x)− ψγ1γ2(x)) = [γ∗1η − η] (γ2x) + [γ∗2η − η] (x)− [(γ1γ2)
∗η − η] (x)

= [γ∗2γ
∗
1η − γ∗2η] (x) + [γ∗2η − η] (x)− [γ∗2γ

∗
1η − η] (x)

= 0.

Then the second statement follows.

Lemma 6.3 Set

σ(γ1, γ2) := ψγ1(γ2x) + ψγ2(x)− ψγ1γ2(x)

= ψγ1(γ2x0).

Then σ defines a R-valued 2-cocycle σ ∈ Z2(G;R). In particular α := exp[−iσ] is a U(1)-valued
2-cocycle α ∈ Z2(G;U(1)).

Proof. We have to check

σ(γ, e) = σ(e, γ) = 0 and

σ(γ1, γ2) + σ(γ1γ2, γ3) = σ(γ1, γ2γ3) + σ(γ2, γ3).

The first equation follows directly from ψe(x) = 0 and ψγ(x0) = 0 for every x ∈ X and γ ∈ G.
The second equation follows from direct calculation. Due to the previous lemma,

ψγ1(γ2γ3x0) + ψγ2(γ3x0)− ψγ1γ2(γ3x0) = ψγ1(γ2x0) + ψγ2(x0)− ψγ1γ2(x0)

= ψγ1(γ2x0).
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Then we obtain

σ(γ1, γ2) + σ(γ1γ2, γ3) = ψγ1(γ2x0) + ψγ1γ2(γ3x0)

= ψγ1(γ2x0) + {ψγ1(γ2γ3x0) + ψγ2(γ3x0)− ψγ1(γ2x0)}
= ψγ1(γ2γ3x0) + ψγ2(γ3x0)

= σ(γ1, γ2γ3) + σ(γ2, γ3).

Lemma 6.4 If we choose another G-invariant connection ∇′ on L, then the resulting α′ ∈
Z2(G;U(1)) is cohomologous to α. In particular at the U(1)-cohomology level, α ∈ H2(G;U(1))
is independent of the choice of G-invariant connection ∇ and η used in the definition of α.

Proof. If we let iω′ ∈ Ω2(X; iR) denote the curvature of (L,∇′). Then its first Chern class
c1(L,∇′) is equal to −1

2π ω
′ ∈ Ω2(X;R). According to the lemma 4.8, there exists a G-invariant

1-form θ ∈ Ω1(X) satisfying ω′−ω = dθ. As in definition 6.1, since [ω′] ∈ H2
dR(X;R), there exists

η′ ∈ Ω1(X) such that dη′ = ω′. Since dη′ − dη = ω′ − ω = dθ, there exists h ∈ C∞(X) which
satisfies dh = η′ − η − θ. We may assume h(x0) = 0 for the fixed base point x0 ∈ X. Similarly,
define ψ′ ∈ C∞(X) for each γ ∈ G by dψ′

γ = γ∗η′ − η′ and ψ′
γ(x0) = 0. Now since γ∗θ = θ, we

obtain

d(ψ′
γ − ψγ) = γ∗(η′ − η)− (η′ − η)

= γ∗(η′ − η − θ)− (η′ − η − θ)

= d(γ∗h− h)

and ψ′
γ(x0) = ψγ(x0) = h(x0) = 0 ,

which imply ψ′
γ − ψγ = γ∗h− h− γ∗h(x0) .

Therefore the U(1)-cocycle defined using ω′ is

α′(γ1, γ2) = exp
[
−iψ′

γ1(γ2x0)
]

= exp [−iψγ1(γ2x0)] exp [−i (γ∗1h(γ2x0)− h(γ2x0)− γ∗1h(x0))]

= α(γ1, γ2)δβ(γ1, γ2)
−1,

where β ∈ C1(G;U(1)) is a U(1)-cocycle defined by β(γ) = exp [−ih(γx0)] and recall that the
derivative δ : C1(G;U(1)) → C2(G;U(1)) is given by the formula

(δβ)(γ1, γ2) = β(γ1)β(γ2)β(γ1γ2)
−1.

To conclude, α′ ∈ Z2(G;U(1)) is cohomologous to α.

Definition 6.5 For each t ∈ [0, 1], take a U(1)-cocycle αt = exp[−itσ]. Let Gαt be the central
U(1)-extension of G determined by the 2-cocycle αt ∈ Z2(G;U(1)). In other words Gαt is G×U(1)
as a topological measure space and equipped with the following product;

(γ1, u1)(γ2, u2) = (γ1γ2 , α(γ1, γ2)
tu1u2).

Suppose that the Haar measure of U(1) is normalized so that
∫
U(1) du = 1.

Since there is a one to one correspondence between the isomorphism classes of central U(1)-
extension of G and H2(G;U(1)) when G acts on U(1) trivially, Gαt is determined uniquely up to
isomorphism.
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6.2 Almost Flat Gα-Line Bundles

Definition 6.6 For each t ∈ [0, 1] we will construct a Gαt-line bundle Lt over X whose curvature
is equal to itω.

• Lt is topologically equal to a trivial bundle X × C.

• The connection of Lt is given by ∇t = d + itη.

Since Lt is a line bundle, its curvature is given by d(itη) + (itη) ∧ (itη) = d(itη) = itω.

Lemma 6.7

(1) Gαt acts on Lt given by the formula;

(γ, u)(x, z) = (γx , exp[−itψγ(x)]uz) for (γ, u) ∈ Gαt , x ∈ X, z ∈ C = (Lt)x.

(2) ∇t is a Gαt-invariant connection, that is, the action of Gαt and the connection ∇t on Lt
commute with each other. In particular let ALt denote the twisted Dirac operator acting on
the sections of V⊗̂Lt. Then ALt is Gαt-equivariant.

Proof. This actually determines the action of Gαt . In fact,

(γ1, u1) {(γ2, u2)(x, z)} = (γ1γ2x, exp [−itψγ1(γ2x)] exp [−itψγ2(x)]u1u2z)
=

(
γ1γ2x, exp [−itψγ1γ2(x)]α(γ1, γ2)tu1u2z

)
= {(γ1, u1)(γ2, u2)} (x, z).

Remark that the action of Gαt on C∞(Lt) is given by the formula;

(γ, u)[s](x) = (γ, u)
(
s(γ−1x)

)
= exp

[
−itψγ(γ−1x)

]
u · γ[s](x)

As for the second statement, we will proof in the case of t = 1. The claim for general t ∈ [0, 1]
follows if we replace η and ψ by tη and tψ respectively. Let s ∈ C∞(L) be an arbitrary smooth
section of L. To restate our claim, (γ, u) [∇s] = ∇ ((γ, u)[s]).

The left hand side is equal to

(γ, u) [(d + iη)s] = u exp
[
−iψγ(γ−1x)

]
γ [(d + iη)s] . (6.1)

The right hand side is equal to

(d + iη) ((γ, u)[s]) = u(d + iη)
(
exp

[
−iψγ(γ−1x)

]
γ[s]

)
= u exp

[
−iψγ(γ−1x)

] {
d(γ[s]) + idψγ(γ

−1x) · γ[s] + iη · γ[s]
}
. (6.2)

After deviding by u exp
[
−iψγ(γ−1x)

]
,

(6.1)

u exp [−iψγ(γ−1x)]
= dγ[s]− i

(
γ−1

)∗
η · γ[s]

= dγ[s] + i
(
η + dψγ−1(x)

)
· γ[s], (6.3)

(6.2)

u exp [−iψγ(γ−1x)]
= d(γ[s])− idψγ(γ

−1x) · γ[s] + iη · γ[s]. (6.4)

Then we conclude that

(6.3)− (6.4) = i
{
dψγ−1(x) + dψγ(γ

−1x)
}
γ[s] = i {dψe(x)} γ[s] = 0.
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6.3 Indices of Almost Flat Bundles

Now we can apply the theorem 5.22 to each ALt to obtain

Proposition 6.8

trGαtµGαt ([Lt]⊗̂[A]) = trGαt indGαt (ALt) =

∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ exp

(
−t
2π
ω

)
. (6.5)

Later on we will regard it as a polynomial in t.

6.4 The Index Map µGα

We will compare two index maps µG and µGα . It is convenient to introduce the following natural
homomorphisms.

Definition 6.9 Let B be a G-algebra, in particular B = C or C0(X). Define

• λ : C∗(G;B) → C∗(Gα;B) given by

λ[f ](γ, u) := f(γ) for f ∈ Cc(G;B), and

• θ : C∗(Gα;B) → C∗(G;B) is given by

θ [b] (γ) :=

∫
U(1)

b(γ, u) du for b ∈ Cc(Gα;B).

Both of the operators are bounded with respect to the C∗-norms ∥·∥C∗(G;B) and ∥·∥C∗(Gα;B), so
they define the homomorphisms between C∗(G;B) and C∗(Gα;B).

In fact, for any covariant representation (π, ρ) for (B,G) and for f ∈ Cc(G),

σπ,ρ̃[λ[f ]] =

∫
Gα

π(λ[f ](γ, u))ρ̃(γ, u) dγdu =

∫
G
π(f(γ))ρ′(γ) dγ = σπ,ρ′ [f ],

where ρ′(γ) is a representation of G given by ρ′(γ) :=
∫
U(1) ρ̃(γ, u) du is a representation on G.

Moreover for any covariant representation (π, ρ̃) for (B,Gα) and for b ∈ Cc(Gα),

σπ,ρ [θ [b]] =

∫
G
π(θ [b] (γ))ρ(γ) dγ =

∫
Gα

π(b(γ, u))ρ̄(γ, u) dudγ = σπ,ρ̄ [b] ,

where ρ̄(γ, u) is a representation of Gα given by ρ̄(γ, u) := ρ(γ).

Remark 6.10 It follows immediately that θ ◦ λ = id. Note that b ∈ Cc(Gα;B) is constant in
(1, u) ∈ U(1) ⊂ Gα if and only if λ ◦ θ [b] = b holds.

The main purpose of this subsection is to verify the following proposition;

Proposition 6.11 Let A be a properly supported G-invariant elliptic operator on V over X of
order 0. Consider K-homology class [A] ∈ KKG(C0(X),C) and apply µG : KKG(C0(X),C) →
K0(C

∗(G)) to it. One can regard also [A] as a K-homology class in KKGα(C0(X),C) and apply
µGα : KK

Gα(C0(X),C) → K0(C
∗(Gα)) to it. Then,

λ∗µG([A]) = µGα([A]), and θ∗µGα([A]) = µG([A]).
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Now we will use the expression of µG′([A]) in the subsection 5.3; µG′([A]) =
(
EG′

, AG′
)

for

G′ = G or Gα and compare them.

Lemma 6.12 If we regard EG as a module over C∗(Gα) through θ : C∗(Gα) → C∗(G) equipped
with the C∗(Gα)-valued scalar product λ ⟨·, ·⟩EG, then it is isomorphic to EGα.

Similarly, if we regard EGα as a module over C∗(G) through λ : C∗(G) → C∗(Gα) equipped
with the C∗(G)-valued scalar product θ ⟨·, ·⟩EGα , then it is isomorphic to EG. In other words,(

EGα ; ⟨·, ·⟩EGα

)
≃

(
EG;λ ⟨·, ·⟩EG

)
as C∗(Gα)-modules

and
(
EG; ⟨·, ·⟩EG

)
≃

(
EGα ; θ ⟨·, ·⟩EGα

)
as C∗(G)-modules. (6.6)

Proof. Consider the structure of Hilbert C∗(Gα)-module (5.4) and (5.5) on EGα . We will let the
right action of G′ = G or Gα on Cc(V) be denoted by ·

G′
when we have to distinguish them. An

important observation is that the action of U(1) ⊂ Gα on V is trivial. Therefore the action ρGα

of Cc(Gα) on Cc(V) factors through the action of Cc(G), that is, for s ∈ Cc(V) and b ∈ Cc(Gα),

s ·
Gα

b =

∫
Gα

(γ, u)[s] · b((γ, u)−1)dγdu

=

∫
G
γ[s] ·

(∫
U(1)

b(γ, α(γ, γ−1)−1u−1)du

)
dγ

=

∫
G
γ[s] · θ [b] (γ−1)dγ

= s ·
G
θ [b] .

Replacing b by λ[f ] for an arbitrary f ∈ Cc(G), we also obtain s ·
Gα

λ[f ] = s ·
G
f.

In addition the scalar product ⟨·, ·⟩EGα on Cc(V) is constant in (1, u) ∈ U(1) ⊂ Gα, in the
other words,

⟨·, ·⟩EGα = λ (⟨·, ·⟩EG) and θ (⟨·, ·⟩EGα ) = ⟨·, ·⟩EG on Cc(V).

They imply the two norms ∥s∥EG :=
√

∥⟨s, s⟩EG∥C∗(G) and ∥s∥EGα :=
√

∥⟨s, s⟩EGα∥C∗(Gα)
on

Cc(V) are equivalent because both λ and θ are bounded. In particular EG ≃ EGα .

Proof of the Proposition 6.11 . λ∗µG([A]) is represented by(
EG⊗̂λC

∗(Gα), AG⊗̂1
)
.

We will compare it with
(
EGα , AGα

)
, which represents µGα([A]).

Consider a map φ : EG⊗̂λC
∗(Gα) → EGα given by φ(s⊗̂b) := s ·

Gα

b. Notice that the right hand

side is equal to s ·
G
θ[b] and that EG and EGα are identified with each other.

The well-defined-ness follows from

φ

(
(s ·
G
f)⊗̂b

)
=

(
s ·
G
f

)
·
G
θ[b] = s ·

G

(
f ∗
G
θ[b]

)
and

φ

(
s⊗̂(λ[f ]∗

Gα

b)

)
= s ·

G
θ

[
λ[f ]∗

Gα

b

]
= s ·

G

(
θλ[f ]∗

G
θ[b]

)
= s ·

G

(
f ∗
G
θ[b]

)
,

where ∗
G′

denotes the comvolution product of C∗(G′). From the previous lemma, it is obvious

that φ is compatible with the right action of C∗(Gα).
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Next we will check that φ is isometric. For s1, s2 ∈ EG and b1, b2 ∈ C∗(Gα),

⟨s1⊗b1, s2⊗b2⟩ = b∗1 ∗ λ (⟨s1, s2⟩EG) ∗ b2
= b∗1 ∗ ⟨s1, s2⟩EGα ∗ b2

=

⟨
s1 ·
Gα

b1, s2 ·
Gα

b2

⟩
EGα

= ⟨φ(s1⊗b1), φ(s2⊗b2)⟩EGα ,

which implies that φ preserves the scalar products and hence it is continuous and injective.
Using an approximating unit {em}m∈M for C∗(Gα), the subset of all elements of the following

form is dense in EG.

lim−→
m∈M

φ(s⊗em) = lim−→
m∈M

s · em = lim−→
m∈M

qGα(iGα(s) ∗ em) = qGα(iGα(s)) = s

for any s ∈ Cc(V). Therefore φ is an isomorphism.
Finally, since the sub group U(1) ↪→ Gα acts trivially on V, we have that

AGα =

∫
Gα

(γ, u)[
√
cA

√
c] dγdu

=

∫
Gα

γ[
√
cA

√
c] dγdu

=

∫
G
γ[
√
cA

√
c] dγ

∫
U(1)

du = AG.

Now we have that φ◦
(
AG⊗̂1

)
(s⊗̂b) = AG◦φ(s⊗̂b) = AGα◦φ(s⊗̂b) for s ∈ Cc(V) and b ∈ Cc(Gα),

and it means that φ is compatible with the operators.

As a conclusion,
(
EG⊗̂λC

∗(Gα), AG⊗̂1
)
. and

(
EGα , AGα

)
are ismorphic by φ and hence

λ∗µG([A]) = µGα([A]).
Since θλ = idC∗(G), the second statement of the proposition is implied from the first one.

7 The Index Twisted by Product Bundles

From now on, let Gαt be denoted by Gt for t ∈ [0, 1].

7.1 Infinite Product of C∗-algebras

Definition 7.1 Let Bk be a sequence of C∗-algebras.

• Define
∏
k∈N

Bk as the C∗-algebra consisting of norm-bounded sequences

∏
k∈N

Bk :=

{
{b1, b2, . . .}

∣∣∣∣ bk ∈ Bk, sup
k
{∥bk∥Bk

} <∞
}
.

The norm of Bk is given by ∥{b1, b2, . . .}∥∏Bk
:= supk{∥bk∥Bk

}.

• Let
⊕
k∈N

Bk a closed two-sided ideal in
∏
k∈NBk consisting of sequences vanishing at infinity

⊕
k∈N

Bk :=

{
{b1, b2, . . .}

∣∣∣∣ bk ∈ Bk, lim
k→∞

∥bk∥ = 0

}
.

In other words,
⊕

k∈NBk is a closure of the sub-space consisting of sequences {b1, b2, . . . , 0, 0, . . .}
whose entries are zero except for finitely many of them, in

∏
k∈NBk.
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• Define Q
k∈N

Bk as the quotient algebra given by

Q
k∈N

Bk :=
(∏

Bk

)/(⊕
Bk

)
.

The norm of QBk is given by ∥{b1, b2, . . .}∥QBk
:= lim sup

k→∞
∥bk∥Bk

.

• If Ek are Hilbert Bk-modules, one can define, in the similar way,
∏

Ek as a Hilbert
∏
Bk-

modue consisting of bounded sequences

∏
k∈N

Ek :=
{
{s1, s2, . . .}

∣∣∣∣ sk ∈ Ek, sup
k
{∥sk∥Ek} <∞

}
.

The action of
∏
Bk and

∏
Bk-valued sacalar product is defined as follows;

{sk} · {bk} := {sk · bk} ∈
∏

Ek for {sk} ∈
∏

Ek, {bk} ∈
∏

Bk,⟨
{s1k}, {s2k}

⟩∏
Ek

:=
{⟨
s1k, s

2
k

⟩
Ek

}
∈
∏

Bk for {s1k}, {s2k} ∈
∏

Ek.

One can define similraly

⊕
k∈N

Ek :=
{
{s1, s2, . . .}

∣∣∣∣ sk ∈ Ek, lim
k→∞

∥sk∥Ek = 0

}

as a Hilbert
∏
Bk-module, and define

Q
k∈N

Ek :=
(∏

Ek
)
⊗̂π (QBk) =

(∏
Ek
)/(⊕

Ek
)

as a Hilbert QBk-module, where π :
∏
Bk → QBk denotes the projection.

Example 7.2 Let all of Bk be C. Then,
∏

C = ℓ∞(N) and
⊕

C = C0(N).

7.2 Infinite Product of C∗-algebras with Uniformly Compact Supports

Definition 7.3 Let Bk be C or C0(X) regarded as G1/k-algebras.

• Define
∏′C∗(G1/k;Bk) be the sub C∗-algebra of

∏
C∗(G1/k;Bk) given by the completion

of the following sub-space;

∏
′Cc(G

1/k;Bk) :=

{bk}

∣∣∣∣∣∣∣∣∣∣
bk ∈ Cc(G

1/k;Bk),
there exsists a compact subset Z ⊂ G× U(1)
such that supp(bk) ⊂ Z for all k,
and ∥bk(γ, u)∥Bk

is uniformly bounded in k

for all (γ, u) ∈ G1/k.


Note that each G1/k is identified with G× U(1) as topological spaces.

Moreover if Bk = C0(X), every elements {bk} ∈ Cc(G
1/k;C0(X)) are required to satisfy that

there exists a compact subset Y ⊂ X such that bk(γ, u) ∈ Cc(X) and supp(bk(γ, u)) ⊂ Y
for all (γ, u) ∈ G× U(1) and k as an additional condition.
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• Let Ek be L2(V) regarded as G1/k-Hilbert C-modules, or C0(Ek) regarded as G1/k-Hilbert
C0(X)-modules for some Hermitian G1/k-vector bundles Ek.

One can define, in a similar way,
∏′C∗(G1/k; Ek) as a Hilbert

∏′C∗(G1/k;Bk)-modue given
by the closure of the following sub-space;

∏
′Cc(G

1/k; Ek) :=


{sk}

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

sk ∈ Cc(G
1/k; Ek),

there exsists a compact subset Z ⊂ G× U(1)
and a compact subset Y ⊂ X
such that supp(sk) ⊂ Z for all k,
and supp(sk(γ, u)) ⊂ Y for all (γ, u) ∈ G× U(1),
and ∥sk(γ, u)∥Ek is uniformly bounded in k

for all (γ, u) ∈ G1/k.


Note that the subspace consisting of compactly supported sections of V or Ek are dense in
L2(V) or C0(Ek).

The right
∏′Cc(G

1/k;Bk)-action and
∏′Cc(G

1/k;Bk)-valued scalar product are given by

{sk} · {bk} :=

{
sk ·

G1/k
bk

}
=

{
g 7→

∫
G1/k

sk(g1) · g1[bk(g−1
1 g)]dg1

}
⟨
{s1k}, {s2k}

⟩
:=

{⟨
s1k, s

2
k

⟩
C∗(G1/k;Ek)

}
=

{
g 7→

∫
G1/k

g−1
1

⟨
s1k(g1), s

2
k(g1g)

⟩
Ek

dg1

}
for {sk}, {s1k}, {s2k} ∈

∏′Cc(G
1/k; Ek) and {bk} ∈

∏′Cc(G
1/k;Bk).

Remarks 7.4

(1) Let {bk} ∈
∏′Cc(G

1/k;C0(X)). Since the supports of bk are contained in a compact subset
Z ⊂ G × U(1) independednt of k, the condition that the support of bk(γ, u) is unifomly
compact is equivalent to the condition that

∪
(γ,u)∈G×U(1)

supp(bk(γ, u)) ⊂ Y for some com-

pact subset Y ⊂ X independent of k. Similarly for {sk} ∈
∏′Cc(G

1/k; Ek), it is implied
that there exists a compact subset Y ⊂ X such that

∪
(γ,u)∈G×U(1)

supp(sk(γ, u)) ⊂ Y .

(2) For b1, b2 ∈ Cc(G
1/k;Bk), we have that supp(b

1∗b2) ⊂ supp(b1)· supp(b2) and that supp(b1∗
b2(g)) ⊂

∪
g1∈G×U(1)

supp(b1(g1)) when Bk = Cc(X). These imply that
∏′Cc(G

1/k;Bk) is

closed under the product.

(3) The fact that
∏′Cc(G

1/k; Ek) is closed under the right
∏′Cc(G

1/k;Bk)-action can be verified
in the similar way.

(4) Since supp
(⟨
s1k, s

2
k

⟩)
⊂ supp(s1k)

−1 supp(s2k), it follows that
⟨
{s1k}, {s2k}

⟩
∈
∏′Cc(G

1/k;Bk)
when Bk = C. When Bk = C0(X), it follows from supp

(⟨
s1k, s

2
k

⟩
(g)
)
⊂ supp(s1k)

−1 ·∪
g1∈G×U(1)

supp(s1k(g1)).

Remarks 7.5

(1)
⊕
C∗(G1/k;Bk) is still an ideal in

∏′C∗(G1/k;Bk). This is because elements in
⊕
C∗(G1/k;Bk)

is always approximated by elements of the form {bk} with bk ∈ Cc(G
1/k;Bk) and bk = 0 for

all but finitely many k.

(2)
∏′C∗(G;Bk) and

∏′C∗(G; Ek) are defined in the similar way.
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Definition 7.6 Let Q′C∗(G1/k;Bk) be the quotient algebra given by

Q′C∗(G1/k;Bk) :=
(∏

′C∗(G1/k;Bk)
)/(⊕

C∗(G1/k;Bk)
)
.

Similarly, one can define

Q′ Ek :=
(∏

′C∗(G1/k; Ek)
)
⊗̂π

(
Q′C∗(G1/k;Bk)

)
=
(∏

′C∗(G1/k; Ek)
)/(⊕

C∗(G1/k; Ek)
)

as a Hilbert Q′C∗(G1/k;Bk)-module, where π :
∏′C∗(G1/k;Bk) → Q′C∗(G1/k;Bk) denotes the

projection.

Same as 6.9, we introduce the following maps

Definition 7.7 Let B be a G-algebra, in particular B = C or C0(X). Define

• λt : C∗(G;B) → C∗(Gt;B) given by λt[b](γ, u) := b(γ) for b ∈ Cc(G;B).

• θt : C∗(Gt;B) → C∗(G;B) is given by θt [b] (γ) :=
∫
U(1) b(γ, u) du for b ∈ Cc(G

t;B).

Lemma 7.8
{
λ1/k

}
and

{
θ1/k

}
determine homomorphisms

∏′C∗(G;Bk) →
∏′C∗(G1/k;Bk)

and
∏′C∗(G1/k;Bk) →

∏′C∗(G;Bk).

Proof. Since the operator norm of λ1/k and θ1/k are uniformly bounded in k by 1,
{
λ1/k

}
and{

θ1/k
}

determine homomorphisms
∏′C∗(G;Bk) →

∏
C∗(G1/k;Bk) and

∏′C∗(G1/k;Bk) →∏
C∗(G;Bk). Moreover, if {bk} ∈

∏′Cc(G;Bk) and the support of bk ∈ Cc(G;Bk) are con-
tained in a compact subset Z ⊂ G uniformly in k, the support of λ1/k[bk] are contained in
Z × U(1) ⊂ G × U(1) and hence,

{
λ1/k[bk]

}
∈
∏′C∗(G1/k;Bk). If Bk = C0(X), the additional

condition follows from supp(λ1/k[bk](γ, u)) = supp(bk(γ)). Similarly, one can verify that
{
θ1/k

}
maps

∏′C∗(G1/k;Bk) to
∏′C∗(G;Bk).

7.3 Assembling µG1/k([A])

In order to gather the information of index of A twisted by the bundle L1/k, we will make use of
the specific expression in the section 5.3.

Recall that µGt([Lt]⊗̂[A]) ∈ KK(C, C∗(Gt)) is represented by the class
(
EGt

Lt
, ALt

Gt)
, where

EGt

Lt
is given by the completion of Cc(Lt⊗V) and the right action of Cc(G

t) and the Cc(G
t)-valued

scalar product are given by

s · b =
∫
Gt

g[s] · b(g−1)dg ∈ Cc(Lt ⊗ V) and ⟨s1, s2⟩EGt (g) = ⟨s1, g[s2]⟩L2(Lt⊗V)

for s, s1, s2 ∈ Cc(Lt ⊗ V) and b ∈ Cc(G
t). The operator is defined by the formula;

ALt

Gt

=

∫
Gt

g[
√
cALt

√
c]dg.

Firstly let us consider the class inKK
(
C,
∏′C∗(G1/k)

)
gathering the informations of µG1/n([A])

consisting of a constant family before considering the information coming from L1/k.

Definition 7.9 Consider the space

Cc

(∏
V
)
:=

{sk}k∈N

∣∣∣∣∣∣ sk ∈ Cc(V),
there exists a compact subset Y ⊂ X
such that supp(sk) ⊂ Y for every k.
and ∥sk∥C0(V) are uniformly bounded in k.


In the similar way to the subsection 5.3, we define the structure of a pre-Hilbert module over∏′Cc(G

1/k) as follows;
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• The action of
∏′Cc(G

1/k) on Cc (
∏

V) from the right is given by

{sk} · {bk} :=

{
sk ·

G1/k
bk

}
=

{∫
G1/k

g[sk] · bk(g−1)dg

}
∈ Cc

(∏
V
)

for {sk} ∈ Cc (
∏

V) and {bk} ∈
∏′Cc(G). Note that supp(sk · bk) ⊂ supp(bk) (supp(sk))

implies that {sk · bk} belongs to Cc (
∏

V).

• The
∏′C∗(G1/k)-valued scalar product is given by⟨

{s1k}, {s2k}
⟩∏′ EG1/k :=

{⟨
s1k, s

2
k

⟩
EG1/k

}
=

{
gk 7→

⟨
s1k, gk[s

2
k]
⟩
L2(V)

}
for {s1k}, {s2k} ∈ Cc

(∏
V
)
.

Note that since the action of G on X is proper, each function g 7→
⟨
s1k, g[s

2
k]
⟩
L2(V) has a

comact support in G × U(1) depending only on the support of s1k and s2k and hence this
sequence belongs to

∏′C∗(G1/k)

Then,
∏′ EG1/k

is defined as the completion of this pre-Hilbert module.

Similarly, we define
∏′ EG as a Hilbert

∏′C∗(G)-module.

Lemma 7.10

(1)
∏′ EG is considered as a

∏′C∗(G1/k)-module with the right action of
∏′C∗(G1/k) via{

θ1/k
}
:
∏′C∗(G1/k) →

∏′C∗(G) and the scalar product
{
λ1/k

}
⟨-, -⟩. Under this iso-

morphism,
∏′ EG ≃

∏′ EG1/k
.

(2)
(∏′ EG

)
⊗̂{λ1/k}

∏′C∗(G1/k) ∼=
∏′ EG1/k

.

Proof. By the same calculation as the proof of Lemma 6.6, we have that {sk} · {bk} = {sk} ·
{θ1/kbk}, for {sk} ∈ Cc (

∏
V) and {bk} ∈

∏′C∗(G1/k).
Besides, the image of the

∏′C∗(G1/k)-valued scalr product of Cc (
∏

V) is constant in all the
U(1)-component. In the other words,

{λ1/k} ⟨-, -⟩∏′ EG = ⟨-, -⟩∏′ EG1/k and {θ1/k} ⟨-, -⟩∏′ EG1/k = ⟨-, -⟩∏′ EG

hold on Cc (
∏

V). Therefore
∏′ EG1/k

and
∏′ EG are isomorphic by the identity map on Cc (

∏
V)),

both as Hilbert
∏′C∗(G)-modules and as

∏′C∗(G1/k)-modules.
Now define a map

φ :
(∏

′ EG
)
⊗̂{λ1/k}

∏
′C∗(G1/k) →

∏
′ EG1/k

by φ
(
{sk}⊗̂{bk}

)
:=

{
sk ·

G1/k
bk

}
.

{sk} ∈
∏′ EG is also regarded as an element in

∏′ EG1/k
using the identification

∏′ EG ∼=
∏′ EG1/k

.

Let φk : EG⊗̂λ1/kC
∗(G1/k) → EG1/k

be the isomorphisms used in the proof of Proposition 6.11
replacing α by α1/k. Then φ is written as {φk}. Since each of φk preserves the scalar products, so
does φ. In addition, let

{
umk ∈ Cc(G

1/k)
}
m∈M be approximating unit for C∗(G1/k) convrging to

the delta function at the identity element. We may assume that for eachm, supp(umk ) is contained
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in some compact subset Z ⊂ G×U(1) uniformly in k. Then, {umk }k∈N belong to
∏′C∗(G1/k) for

each m. For {sk} ∈ Cc (
∏

V), we have that

lim−→
m

φ
(
{sk}⊗̂{umk }

)
= lim−→

m

{
φk
(
sk⊗̂umk

)}
= {sk},

which implies that the image of φ is dense in
∏′ EG1/k

and hence it is an isomorphism.

Definition 7.11 Let the operator

{
A
G1/k

}
acting diagonally on

∏
EG1/k

be given by the family

A
G1/k

=

∫
G1/k

g[
√
cA

√
c]dg

acting on the k-th component EG1/k
.

Similarly, we define
{
A
G
}

acting on
∏

EG.

Lemma 7.12

{
A
G1/k

}
determines the element of L

(∏′ EG1/k
)
. Similarly,

{
A
G
}

determines

the element of L
(∏′ EG

)
.

Proof. We will prove only for

{
A
G1/k

}
. Since the operator norm

∥∥∥∥AG1/k
∥∥∥∥
EG1/k

is uniformly

bounded in k, they determines an element in L
(∏′ EG1/k

;
∏

EG1/k
)

with the operator norm

given by

(
sup
k

∥∥∥∥AG1/k
∥∥∥∥
EG1/k

)
. Let sk ∈ Cc(V) with supp(sk) contained in a compact subset

Y ⊂ X uniformly in k.

A
G1/k

(sk) =

∫
G1/k

g
[√
cA

√
c(g−1[sk])

]
dg

Remark that g 7→
√
cg−1[sk] ∈ Cc(V) has a compact support Z ⊂ G × U(1) depending on the

supp(c) and Y . Therefore, the support of A
G1/k

(sk) is contained in Z· supp(c) and it depends

only on supp(c) and Y and independent of k. As a conclusion,

{
A
G1/k

(sk)

}
∈
∏′ EG1/k

and{
A
G1/k

}
∈ L

(∏′ EG1/k
)
with the operator norm given by

(
sup
k

∥∥∥∥AG1/k
∥∥∥∥
EG1/k

)
.

Lemma 7.13
{
A
G
}2

− 1 ∈ K
(∏′ EG

)
and

{
A
G1/k

}2

− 1 ∈ K
(∏′ EG1/k

)
.

Proof. Let T :=
(
A
G
)2

−1 ∈ L(EG). From the fact that
(
EG, AG

)
is an element of E (C, C∗(G))

which represents µG([A]), for any ε > 0, there exists a finite rank operator F ε =
∑

m:finite

sm ⟨sm, -⟩

such that ∥T − F ε∥ < ε, where sm ∈ EG. Then, take an operator of constant family {F ε} =∑
m:finite

{sm} ⟨{sm}, -⟩ Then this is an operator of finite rank and ∥{T} − {F ε}∥ < ε, which implies

{T} =
{
A
G
}2

− 1 belongs to L
(∏′ EG

)
.

Besides, note that the U(1) ⊂ G1/k acts on the operator
√
cA

√
c trivially, in the other words,

(γ, u)[
√
cA

√
c] = γ[

√
cA

√
c] for any (γ, u) ∈ G1/k. Therefore it follows that

{
A
G1/k

}
is, in fact, a
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constant family
{∫

G γ[
√
cA

√
c]dγ

}
, which is the same operaotr as

{
A
G
}
under the identification∏′ EG1/k ≃

∏′ EG. Then
{
A
G1/k

}2

− 1 is also a compact operator.

Definition 7.14

[[A]] :=

(∏
′ EG1/k

,

{
A
G1/k

})
∈ E

(
C,
∏

′C∗(G1/k)
)
.

Similarly we also define

[[A]]c :=
(∏

′ EG,
{
A
G
})

∈ E
(
C,
∏

′C∗(G)
)
.

By the previous lemma, they actually determine elements in each Kasparov modules since the
other conditions are obviously satisfied.

Lemma 7.15 [[A]] = {λ1/k}∗ [[A]]c ∈ KK(C,
∏′C∗(G1/k)).

Proof. {λ1/k}∗ [[A]]c is represented by((∏
′ EG

)
⊗̂{λ1/k}

∏
′C∗(G1/k),

{
A
G
}
⊗̂1
)
.

By Lemma 7.10,
(∏′ EG

)
⊗̂{λ1/k}

∏′C∗(G1/k) ≃
∏′ EG1/k

. In addition, under this isomorphism,{
A
G
}
⊗̂1 =

{∫
G γ[

√
cA

√
c]dγ

}
=

{
A
G1/k

}
. To conclude, {λ1/k}∗ [[A]]c is also represented by(∏′ EG1/k

,

{
A
G1/k

})
= [[A]] .

7.4 Assembling µG1/k([L1/k]⊗̂[A])

Similarly, we define a pair[[
A∏

L1/k

]]
:=

(∏
′ EG1/k

L1/k
,

{
AL1/k

G1/k
})

.

∏′ EG1/k

L1/k
is obtained as the completion of

Cc

(∏
L1/k ⊗ V

)
:=

{sk}k∈N

∣∣∣∣∣∣∣∣
sk ∈ Cc(L1/k ⊗ V),
there exists a compact subset Y ⊂ X
such that supp(sk) ⊂ Y for every k
and ∥sk∥C0(L1/k⊗V) are uniformly bounded in k.

 ,

We have that

{
AL1/k

G1/k
}

∈ L
(∏′ EG1/k

L1/k

)
similarly to Lemma 7.12.

Note that
[[
A∏

L1/k

]]
may not be contained in E

(
C,
∏′C∗(G1/k)

)
for general family of

vector bundles since the sequence of indices µG1/k([L1/k]⊗̂[A]) may not be bounded. However it

follows from the almost flat-ness of L1/k that
[[
A∏

L1/k

]]
∈ E

(
C,
∏′C∗(G1/k)

)
, as proved later.
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7.5 The Limit of the Almost Flat Bundles

Remark 7.16
⊕

EG1/k

L1/k
is a submodule of

∏′ EG1/k

L1/k
because it is given by the completion of the

space consisting of the bounded sequences {sk} ∈
∏
Cc(L1/k⊗̂V) with sk = 0 for all but finitely

many k, which is contained in
∏′ EG1/k

L1/k
.

Definition 7.17 Let the quotient
(∏′ EG1/k

L1/k

)/(⊕
EG1/k

L1/k

)
be denoted by Q′ EG1/k

L1/k
.

It is a Hilbert Q′C∗(G1/k)-module and naturally isomorphic to
(∏′ EG1/k

L1/k

)
⊗̂πQ′C∗(G1/k) where

π :
∏′C∗(G1/k) ↠ Q′C∗(G1/k) denotes the projection.

(∏′ EG1/k

L1/k

)
⊗̂πQ′C∗(G1/k) →(∏′ EG1/k

L1/k

)/(⊕
EG1/k

L1/k

)
is given by {sk}⊗̂{bk} 7→

{
sk ·

G1/k
bk

}
. In addition, since the oper-

ators AL1/k

G1/k

have uniformly bounded norm in k, they determines an operator

{
AL1/k

G1/k
}

acting on
⊕

EG1/k

L1/k
. Hence, it also determines the operator in L

(
Q′ EG1/k

L1/k

)
.

Definition 7.18[[
AQL1/k

]]
:=

((∏
′ EG1/k

L1/k

)/(⊕
EG1/k

L1/k

)
,

{
AL1/k

G1/k
})

.

In order to obtain the information we introduce the module given by the fiber of L1/k at the base
point.

Definition 7.19 Let x0 ∈ X be the base point. Let Wt denote the fiber Lt|x0 on x0.

• For w ∈Wt, define Φw as the bounded continuous section of Lt given by

Φw(x) := (x,w) for x ∈ X

under the identification Lt = (X × C, d+ itη). In the other words, Φw is given by the
parallel transport along the path from x0 to x with respect to the flat connection d on
X × C, that is, Φw(x) = Φdx0;x(w).

• Define the action ρ of Gt on Wt by the formula;

ρ[(γ, u)](w) := exp[−itψγ(γx0)]uw for (γ, u) ∈ Gt, w ∈Wt.

In other words, this action is given by the composition of the action on Lt and the parallel
transport along the path from γx0 to x0 with respect to the flat connection d, that is,
ρ[(γ, u)]w = Φdγx0;x0((γ, u)(x0, w)).

Since the flat connection d does not commute with the action of Gt, the map w 7→ Φw is not
Gt-equivariant in general.

Lemma 7.20 For any compact subset Z ⊂ Gt and compact subset Y ⊂ X, there exists a constant
M depending on Z and Y satisfying that

∥g[Φw](x)− Φ(ρ[g](w))(x)∥ ≤ t·M ∥w∥

for any g ∈ Z and x ∈ Y .
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Proof. Let g = (γ, u) and let Wt and Lt be identified with C and X ×C respectively. Recall that
the action of Gt on C0(Lt) is given by (γ, u)[s](x) = exp [−itψγ(x)]u · γ[s](γ−1x).

∥g[Φw](x)− Φ(ρ[g](w))(x)∥ ≤
∥∥exp [−itψγ(γ−1x)

]
u · w − exp [−itψγ(γx0)]u · w

∥∥
≤

(∥∥exp [−itψγ(γ−1x)
]
u− 1

∥∥+ ∥exp [−itψγ(γx0)]u− 1∥
)
∥w∥

≤ t
(
e|ψγ(γ−1x)| + e|ψγ(γx0)|

)
∥w∥ (t ∈ [0, 1])

≤ t·M ∥w∥ ,

where M is the maximum of the continuous function ((γ, u), x) 7→ e|ψγ(γ−1x)| + e|ψγ(γx0)| on the
compact subset Z × Y .

Definition 7.21

[[W ]] :=
(
Q′C∗(G1/k;W1/k), 0

)
∈ E

(∏
′C∗(G1/k), Q′C∗(G1/k)

)
.

∏′C∗(G1/k) acts from the left on Q′C∗(G1/k;W1/k) as

{bk} ∗ {wk} :=

{
gk 7→

∫
G1/k

bk(h) · ρ[h]wk
(
h−1gk

)
dh

}
.

Remark 7.22 For {bk} ∈
∏′C∗(G1/k), take {1bk} ∈ Q′C∗(G1/k;W1/k), here 1 ∈ C ≃ W1/k

Then we have that {bk} ∗ (1− 02) = {1bk} · ⟨{1bk}, -⟩ and it is a operator of rank 1, which implies
that [[W ]] is actually an element of E

(∏′C∗(G1/k), Q′C∗(G1/k)
)
since the other conditions are

obviously satisfied.

Proposition 7.23 [[
AQL1/k

]]
= [[A]] ⊗̂∏′ C∗(G1/k)

[[W ]] .

as pairs of Q′C∗(G1/k)-modules and operators. More precisely, the pair
[[
AQL1/k

]]
on the left

hand side represents the Kasparov product given by the right hand side.

Proof. [[A]] ⊗̂∏′ C∗(G1/k)
[[W ]] is represented by

(∏
′ EG1/k ⊗̂∏′ C∗(G1/k)

Q′C∗(G1/k;W1/k),

{
A
G1/k

}
⊗̂1

)
.

Consider the following map;

φ :
(
Cc

(∏
V
))

⊗̂
(∏

′Cc(G
1/k;W1/k)

)
→

(∏
′ EG1/k

L1/k

)/(⊕
EG1/k

L1/k

)
{sk}⊗̂{wk} 7→

{∫
G1/k

g
[
Φ(wk(g

−1))
]
⊗ g[sk] dg

}
.

Even though g
[
Φ(wk(g

−1))
]
is contained in Cbdd(L1/k) but not in Cc(L1/k), the element g[sk]⊗

g
[
Φ(wk(g

−1))
]
will be considered as an element of Cc(L1/k⊗̂) in the sence of the section

x 7→ g
[
Φ(wk(g

−1))
]
(x)⊗ g[sk](x) ∈ (L1/k ⊗ V)x.
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First of all, we must check the well defined-ness. Let {bk} ∈
∏′C∗(G1/k).

φ
(
({sk}·{bk}) ⊗̂{wk}

)
=

{∫
G1/k

∫
G1/k

g
[
Φ(wk(g

−1))
]
⊗ g

[
g0[sk] · bk(g−1

0 )
]
dg0dg

}
=

{∫
G1/k

∫
G1/k

g
[
Φ(wk(g

−1))
]
⊗ gg0[sk] · bk(g−1

0 ) dg0dg

}
.

On the other hand,

φ
(
{sk}⊗̂ ({bk}∗{wk})

)
=

{∫
G1/k

∫
G1/k

g
[
Φ
(
bk(g1) · ρ[g1]wk(g−1

1 g−1)
)]

⊗ g[sk] dg1dg

}
=

{∫
G1/k

∫
G1/k

hh0
[
Φ
(
bk(h

−1
0 ) · ρ[h−1

0 ]wk(h0h
−1
0 h−1)

)]
⊗ hh0[sk] dh0dh

}
=

{∫
G1/k

∫
G1/k

hh0
[
Φ
(
ρ[h−1

0 ]wk(h
−1)
)]

⊗ hh0[sk] · bk(h−1
0 ) dh0dh

}
.

Let Z ⊂ G × U(1) and Y ⊂ X be compact subsets such that supp(bk), supp(wk) ⊂ Z for all k
and supp(sk) ⊂ Y for all k and g ∈ G × U(1). We may assume that Z−1 = Z. Due to Lemma
7.20,

∥∥φ (({sk}·{bk}) ⊗̂{wk}
)
− φ

(
{sk}⊗̂ ({bk}∗{wk})

)∥∥
≤ lim sup

k→∞

(
vol(Z · Z)2 sup

g,g0∈Z
sup

x∈Z·Z·Y

∥∥Φ(wk(g−1))(x)− g0
[
Φ(ρ[g−1

0 ]wk(g
−1))

]
(x)
∥∥)

· sup
k,g0

{
∥sk∥C0(V) |bk(g

−1
0 )|

}
≤ C{sk},{bk} · lim sup

k→∞

(
sup
g∈Z

1

k

∥∥wk(g−1)
∥∥)

≤ C{sk},{bk} ∥{wk}∥ · lim sup
k→∞

1

k
= 0,

where C{sk},{bk} is a constant depending on {sk} and {bk} but not on k. Besides, the image of

(Cc (
∏

V)) ⊗̂
(⊕

Cc(G
1/k;W1/k)

)
by φ is obviously contained in

⊕
EG1/k

L1/k
and hence 0, this map

induces a map from (Cc (
∏

V)) ⊗̂
(
Q′Cc(G

1/k;W1/k)
)
.

Compatibility of φ with the right action of Q′C∗(G1/k) can be verified similarly.
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Next we will check that φ is isometric. Let {s1k}, {s2k} ∈ Cc (
∏

V) and {w1
k}, {w2

k} ∈ Q′Cc(G
1/k;W1/k)

⟨
φ
(
{s1k}⊗̂{w1

k}
)
, φ

(
{s2k}⊗̂{w2

k}
)⟩

Q′ EG1/k

L1/k

({gk})

=

{⟨∫
G1/k

g
[
Φ(w1

k(g
−1))

]
⊗ g[s1k] dg, gk

[∫
G1/k

h
[
Φ(w2

k(g
−1))

]
⊗ h[s2k] dh

]⟩
L2(L1/k⊗V)

}

=

{∫
G1/k

∫
G1/k

∫
X

⟨
Φ(w1

k(g
−1))(x), g−1gkh

[
Φ(w2

k(h
−1))

]
(x)
⟩
(L1/k)x

·
⟨
s1k(x), g

−1gkh[s
2
k](x)

⟩
Vx

dvol(x)dgdh
}

=
(†)

{∫
G1/k

∫
G1/k

∫
X

⟨
Φ(w1

k(g
−1))(x), Φ(ρ[g−1gkh]w

2
k(h

−1))(x)
⟩
(L1/k)x

·
⟨
s1k(x), g

−1gkh[s
2
k](x)

⟩
Vx

dvol(x)dgdh
}

=
(††)

{∫
G1/k

∫
G1/k

⟨
w1
k(g

−1), ρ[g−1gkh]w
2
k(h

−1)
⟩
W1/k

·
⟨
s1k, g

−1gkh[s
2
k]
⟩
L2(V) dgdh

}
.

The equation (†) follows from that the supports of s1k and s2k are contained in some compact sub-
space uniformly and there exists a compact subset Z ⊂ G×U(1) such that

⟨
s1k(x), g

−1gkh[s
2
k](x)

⟩
Vx

=

0 for g−1gkh outside of Z. Then one can apply Lemma 7.20 and obain that the difference is con-
tained in

⊕
C∗(G1/k). The equation (††) follows from that Φ preserves the hermitian metric of

each fiber by the definition. On the other hand,

⟨
{s1k}⊗̂{w1

k}, {s2k}⊗̂{w2
k}
⟩
({gk})

=
⟨
{w1

k},
(⟨

{s1k}, {s2k}
⟩∏

EG1/k

)
∗{w2

k}
⟩
Q′ C∗(G1/k;W1/k)

({gk})

=

⟨
{w1

k},
{∫

G1/k

⟨
s1k, h0[s

2
k]
⟩
L2(V) ρ[h0]w

2
k(h

−1
0 gk)dh0

}⟩
=

⟨
{w1

k},
{∫

G1/k

⟨
s1k, gkh[s

2
k]
⟩
L2(V) ρ[gkh]w

2
k(h

−1)dh

}⟩
=

{∫
G1/k

∫
G1/k

⟨
w1
k(g

−1),

⟨
s1k, g

−1gkh[s
2
k]
⟩
L2(V) ρ[g

−1gkh]w
2
k(h

−1)
⟩
W1/k

dgdh

}
=

{∫
G1/k

∫
G1/k

⟨
w1
k(g

−1), ρ[g−1gkh]w
2
k(h

−1)
⟩
W1/k

⟨
s1k, g

−1gkh[s
2
k]
⟩
L2(V) dgdh

}
.

As a conclusion, φ preserves the scalar product and hence it is extended to the map from∏′ EG1/k⊗̂Q′C∗(G1/k;W1/k) and it is injective.

As for the surjectivity, consider an approximating unit
{
umk ∈ Cc(G

1/k)
}
m∈M for C∗(G1/k),

converging to the delta functions at the identity element, and set wmk (g) := 1umk (g), here 1 ∈ C ∼=
W1/k. Since for each m, we may assume that umk is supported in some compact subset in G×U(1)

uniformly in k, they determnine the elements {wmk } ∈ Q′C∗(G1/k;W1/k) for any m ∈ M. Then
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for {sk} ∈ Cc (
∏′V),

lim−→
m

φ
(
{sk}⊗̂{wmk }

)
= lim−→

m

{∫
G1/k

g
[
Φ(wmk (g−1))

]
⊗ g[sk] dg

}
= lim−→

m

{∫
G1/k

g [Φ(1)]umk (g
−1)⊗ g[sk] dg

}
= lim−→

m

{∫
G1/k

g [Φ(1)⊗ sk]u
m
k (g

−1) dg

}
= lim−→

m

{
(Φ(1)⊗ sk) ·

G1/k
umk

}
= {Φ(1)⊗ sk} .

Since the sections of the form {Φ(1)⊗ sk} for {sk} ∈ Cc (
∏′V) generate the space Cc

(∏
L1/k ⊗ V

)
,

it follows that the image of φ is dence and hence φ is an isomorphism.

Finally we will check the compatibility with the operators. Let L1/k be identified with X×C.

Then φ◦
({

A
G1/k

}
⊗̂1

)
=

{
AL0

G1/k
}
◦φ. Let {rk} ∈ C∞

c

(∏
L1/k ⊗ V

)
with supp(rk) contained

in a compact subset Y ⊂ X uniformly in k and let c ∈ C∞
c (X) be a cut-off function. We may

assume that Y contains the support of c. There exists a compact subset Z = Z−1 ⊂ G × U(1)
such that

√
c·g−1[rk] = 0 for g outside of Z.∥∥∥∥AL1/k

G1/k

(rk)−AL0

G1/k

(rk)

∥∥∥∥
=

∥∥∥∥∫
G1/k

g
[√

c
(
AL1/k

−AL0

)√
c
(
g−1[rk]

)]
dg

∥∥∥∥
≤ vol(Z)vol(Z·Y ) · sup

g∈Z
sup
x∈Z·Y

∥∥∥(AL1/k
−AL0

)√
c
(
g−1[rk]

)
(x)
∥∥∥

≤ vol(Z)vol(Z·Y ) · sup
g∈Z

sup
x∈Z·Y

∥∥√c (g−1[rk]
)
(x)
∥∥ ∥∥∥∥1kη(x)

∥∥∥∥→ 0 (k → ∞).

This implies that

{
AL1/k

G1/k
}
{rk} =

{
AL0

G1/k
}
{rk} as elements of Q′ EG1/k

L1/k
for any {rk} ∈

Q′ EG1/k

L1/k
. Therefore φ ◦

({
A
G1/k

}
⊗̂1

)
=

{
AL1/k

G1/k
}
◦ φ.

Corollary 7.24 [[
AQL1/k

]]
∈ E

(
C, Q′C∗(G1/k)

)
.

Proposition 7.25 [[
A∏

L1/k

]]
∈ E

(
C,
∏

′C∗(G1/k)
)
.

Proof. Put T :=

{
AL1/k

G1/k
}

∈ L
(∏′ EG1/k

L1/k

)
. What is non-trivial is that T 2−1 ∈ K

(∏′ EG1/k

L1/k

)
.

Since each of

(
EG1/k

L1/k
, AL1/k

G1/k
)

is in E
(
C, C∗(G1/k)

)
, for any ε, there exists a sequence of

operators of finite rank F εk ∈ K
(
EG1/k

L1/k

)
such that

∥∥∥∥∥
(
AL1/k

G1/k
)2

− 1− F εk

∥∥∥∥∥ < ε. Note that

{F εk} ∈ L
(∏′ EG1/k

L1/k

)
may not have finite rannk since the rank of F εk may not be uniformly
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bounded in k. By Corollary 7.24, there exists a finite rank operator FQ ∈ K
(
Q′ EG1/k

L1/k

)
such

that
∥∥T 2 − 1− F

∥∥
L
(
Q′ EG1/k

L1/k

) < ε. Take some lift F̃ of FQ of finite rank. Let Pn ∈ L
(∏′ EG1/k

L1/k

)
be the projection onto

∏
k≥n

′EG1/k

L1/k
. Then there exists n0 ∈ N such that for any n ≥ n0,

∥∥∥Pn (T 2 − 1− F̃
)
Pn

∥∥∥
L
(∏′ EG1/k

L1/k

) < 2ε.

Then put F := {F εk}k<n0 + Pn0F̃Pn0 . Then its rank does not exceed max
k<n0

{rk(F εk )}+ rk(F̃ ).

Moreover∥∥T 2 − 1− F
∥∥ ≤

∥∥∥(Pn0 − 1)
(
T 2 − 1− F̃

)
(Pn0 − 1)

∥∥∥+ ∥∥∥Pn0

(
T 2 − 1− F̃

)
Pn0

∥∥∥
≤ max

k<n0

∥∥∥∥AL1/k

G1/k

− F εk

∥∥∥∥+ ∥∥∥Pn0

(
T 2 − 1− F̃

)
Pn0

∥∥∥ < 3ε,

which implies that T 2 − 1 is a compact operator.

7.6 Calculation of the Index

Lemma 7.26

(1) Let n ∈ N and pn :
∏′C∗(G1/k) → C∗(G1/n) be the projection. Then, (pn)∗

[[
A∏

L1/k

]]
=

µG1/n([L1/n]⊗̂[A]) ∈ KK(C, C∗(G1/n)).

(2) Let π :
∏′C∗(G1/k) → Q′C∗(G1/k) be the projection. Then, π∗

[[
A∏

L1/k

]]
=
[[
AQL1/k

]]
∈

KK
(
C,Q′C∗(G1/k)

)
.

They follow from the constructions. (pn)∗

[[
A∏

L1/k

]]
is represented by(∏

′ EG1/k

L1/k
⊗̂pnC

∗(G1/n),

{
AL1/k

G1/k
}
⊗̂id

)
≃
(
EG1/n

L1/n
, AL1/n

G1/n
)
,

which represents µG1/n([L1/n]⊗̂[A]). Next, π∗

[[
A∏

L1/k

]]
is represented by((∏

′ EG1/k

L1/k

)
⊗̂π

(
Q′C∗(G1/k)

)
,

{
AL1/k

G1/k
}
⊗̂id

)
≃

((∏
′ EG1/k

L1/k

)/(⊕
EG1/k

L1/k

)
,

{
AL1/k

G1/k
})

,

which represents
[[
AQL1/k

]]
.

Lemma 7.27 Assume that µG([A]) = 0 ∈ KK(C, C∗(G)). Then,
[[
AQL1/k

]]
= 0 ∈ KK

(
C, Q′C∗(G1/k)

)
.

Proof. Due to Proposition 7.23 and [[A]] =
{
λ1/k

}
([[A]]c), it is sufficient to prove that [[A]]c =

0 ∈ KK(C,
∏′C∗(G)).

Since we assume that µG([A]) =
(
EG, AG

)
= 0 ∈ KK(C, C∗(G)), by the definition, it is homo-

topic to ({0}, 0) ∈ E(C, C∗(G)). Precisely, there exists a Kasparov module (E , T ) ∈ E(C, IC∗(G))
satisfying

E⊗̂e1C
∗(G) ∼= EG, T ⊗̂e1 id = A

G
and E⊗̂e0C

∗(G) = {0},
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where IC∗(G) = C([0, 1];C∗(G)) and et : IC
∗(G) → C∗(G) denotes the evaluation map at t ∈

[0, 1].
Let E̊ be a dense submodule in E given by

E̊ :=

{
ξ ∈ E

∣∣∣∣ ξ⊗̂e1b ∈ Cc(V) for any b ∈ Cc(G),
under the isomorphism E⊗̂e1C

∗(G) ∼= EG.

}
.

Consider

∏
′ E̊ :=

{ξk} ∈
∏

E̊

∣∣∣∣∣∣
{
ξk⊗̂e1bk

}
∈ Cc (

∏
V) for any {bk} ∈

∏′Cc(G),
{⟨ξk, ξk⟩E (t)} ∈

∏′C∗(G) for any t ∈ [0, 1] and
t 7→ {⟨ξk, ξk⟩E (t)} is continuous.

 .

Remark that for {ξk}, {νk} ∈
∏′ E̊ , then {⟨ξk, νk⟩ (t)} ∈

∏′C∗(G) and t 7→ {⟨ξk, νk⟩ (t)} is
continuous since

⟨ξ, ν⟩ = 1

4
(⟨ξ + ν, ξ + ν⟩ − ⟨ξ − ν, ξ − ν⟩+ i ⟨ξ + iν, ξ + iν⟩ − i ⟨ξ − iν, ξ − iν⟩) .

Define the right action of C ([0, 1];
∏′Cc(G)) and the scalar product on

∏′ E̊ by

{ξk} · {fk} := {ξk · fk} for {fk} ∈ C
(
[0, 1];

∏
′Cc(G)

)
⟨{ξk}, {νk}⟩ := {⟨ξk, νk⟩} ∈ C

(
[0, 1];

∏
′C∗(G)

)
.

Let {ξk} ∈
∏′ E̊ and {fk} ∈ C ([0, 1];

∏′Cc(G)). Then we have that

{⟨ξk·fk, ξk·fk⟩ (t)} = {f∗k (t) ∗ ⟨ξk, ξk⟩ (t) ∗ fk(t)}

and it is contained in
∏′C∗(G) for any t ∈ [0, 1] and continuous in t. Therefore it follows that

{ξk} · {fk} ∈
∏′ E̊ and hence that

∏′ E̊ is a pre-Hilbert C ([0, 1];
∏′Cc(G))-module.

Let
∏′ E be the Hilbert C ([0, 1];

∏′C∗(G))-module given by the completion of
∏′ E̊ . By the

construction,
∏′ E⊗̂e1

∏′C∗(G) ∼=
∏′ EG and

∏′ E⊗̂e1

∏′C∗(G) = {0}.
Note that

∏′ E can be regardsd as a Hilbert
∏
IC∗(G)-module. Let i :

∏′ E ↪→
∏

E be the
inclusion map and p :

∏
E ↠

∏′ E be the orthogonal projection. Let {T} ∈ L (
∏

E) be an

oeprator given by the constant family and put T ′ := p{T}i ∈ L (
∏′ E). Then T ′⊗̂e1 id =

{
A
G
}
.

As a conclusion, [[A]]c = 0 ∈ KK (C,
∏′C∗(G)), and hence

[[
AQL1/k

]]
= [[A]] ⊗̂ [[W ]] ={

λ1/k
}
([[A]]c) ⊗̂ [[W ]] = 0.

8 Proof of the Main Theorem

Let us restate the settings and the claim.
Let X be a complete Riemannian manifold with H1(X;R) and let G be a second countable

locally compact Hausdorf unimodular group which is acting on X properly and isometrically.
Assume X is G-compact. Let µG : KKG(C0(X),C) → K0(C

∗(G)) be the index map, and E =
L1 ⊕ . . . ⊕ LN be a finite direct sum of smooth Hermitian G-line bundles each of which has the
vanishing first Chern class; c1(L

k) = 0 ∈ H2(X;R). Let A be a G-invariant elliptic operator of
oder 0 with proper support or a Dirac type operator.

Theorem A If [A] ∈ KKG(C0(X),C) satisfies that

⟨[E], [A]⟩G := trGµG([E]⊗̂[A]) ̸= 0 ∈ R,

then µG([A]) ̸= 0 ∈ K0(C
∗(G)).
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Corollary B Let X and G be as above and additionally we assume that X is a spin manifold
and the scalar curvature of X is positive. Then for any Hermitian G-vectorbundle E satisfying
the conditions above, the following higher G-Â-genus vanishes.

ÂG(X;E) :=

∫
X
c(x)Â(TX) ∧ ch(E) = 0,

where c ∈ Cc(X) denotes an arbitrary cut-off function.

Proof of the Theorem A. As subsection 5.2, we may assume that A is a Dirac type operator. In
this case,

⟨[E], [A]⟩G =

∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ ch(E).

Since ch(L1 ⊕ . . . ⊕ LN ) = ch(L1) + . . . + ch(LN ), it is sufficient to prove when E is a single
Hermitian G-line bundle L. Fix a G-invariant connection and let iω denote its curvature. Assume
the converse; µG[A] = 0.

Firstly consider the following exact sequence;

0 →
⊕

C∗(G1/k)
ι−−−→
∏

′C∗(G1/k)
π−−−→ Q′C∗(G1/k) → 0.

Now we have the exact sequence of K-groups

K0

(⊕
C∗(G1/k)

)
ι∗−−−→ K0

(∏
′C∗(G1/k)

)
π∗−−−→ K0

(
Q′C∗(G1/k)

)
.

Let us start with
[[
A∏

L1/k

]]
∈ K0

(
C∗(G̃α)⊗ (

∏
C)
)
.

Due to Lemma 7.26 and Lemma 7.27,

π∗

[[
A∏

L1/k

]]
=
[[
AQL1/k

]]
= 0.

The exactness implies that there exists ζ ∈ K0

(⊕
C∗(G1/k)

)
such that

ι∗(ζ) =
[[
A∏

L1/k

]]
.

In addition, there is a natural isomorphism K0

(⊕
C∗(G1/k)

)
≃
⊕
K0

(
C∗(G1/k)

)
[HR, 4.1.15

Proposition, 4.2.3 Remark], with the last
⊕

meaning the algebraic direct sum. Then we can
consider the following diagram;

K0

(⊕
C∗(G1/k)

) ι∗−−−−→ K0

(∏′C∗(G1/k)
) π∗−−−−→ K0

(
Q′C∗(G1/k)

)
{(pk)∗}

y∼= {(pk)∗}
y⊕

K0

(
C∗(G1/k)

)
−−−−−→
inclusion

∏
K0

(
C∗(G1/k)

)
.

Since pk = ιpk, this diagram commutes. Note that both
⊕

and
∏

in the bottom row are in the
algebraic sense. By Lemma 7.26, we obtain that{

µG1/k

([
L1/k

]
⊗̂[A]

)}
k∈N = {(pk)∗}

([[
A∏

L1/k

]])
= {(pk)∗} (ι∗(ζ))

= {(pk)∗}(ζ) ∈
⊕

K0

(
C∗(G1/k)

)
.

This implies that all of µG1/n

([
L1/n

]
⊗̂[A]

)
∈ K0

(
C∗(G1/n)

)
are equal to zero except for finitely

many n ∈ N.
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Then apply the trace trG1/n to each n-th component to obtain

trG1/nµG1/n

([
L1/n

]
⊗̂[A]

)
=

∫
TX

c(x)Td(TCX) ∧ ch ∧ (σA) exp

(
−1

2πn
ω

)
.

Scince all but finitely many these values are zero,∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ exp

(
−t
2π
ω

)
= 0

as a polynomial in t in particular∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ exp

(
−1

2π
ω

)
=

∫
TX

c(x)Td(TCX) ∧ ch(σA) ∧ (ch(L)) = 0.

This contradicts to the assumption.

Proof of the Corollary B . Let the scalar curvature on X be denoted by Sc, which is assumed to
be positive everywhere. Note that by the bounded geometry of X (corollary 2.8), it is uniformly
positive, namely, inf

x∈X
Sc(x) > 0. Let D be the canonical Dirac operator on the spinor bundle S

over X. Then we have

D∗D = ∇∗∇+
1

4
Sc

and since inf
x∈X

Sc(x) > 0, the operator A :=
D√

1 +D2
is a positive operator. In particular

µG([A]) = 0. Then due to the theorem A, we to obtain

0 = ⟨[E], [A]⟩G =

∫
X
c(x)Â(TX) ∧ ch(E) = ÂG(X;E).
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