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Abstract

The main result of this paper is non-vanishing of the image of the index map from the
G-equivariant K-homology of a proper G-compact G-manifold X to the K-theory of the C*-
algebra of the group G. Under the assumption that the Kronecker pairing of a K-homology
class with a low-dimensional cohomology class is non-zero, we prove that the image of this
class under the index map is non-zero. Neither discreteness of the locally compact group G
nor freeness of the action of G on X are required. The case of free actions of discrete groups
was considered earlier by B. Hanke and T. Schick.
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1 Introduction

The main result of this paper is the non-vanishing of the image of the index map, assuming that
the non-vanishing of the pairing with low dimensional cohomology. In this paper, actions of a
locally compact group G on X will be assumed proper and co-compact, but neither discreteness
of G nor the freeness of the action will be needed. First of all, let us recall the Strong Novikov
Conjecture and a result in the case of discrete groups.

Conjecture 1.1 (Strong Novikov Conjecture) LetT be a discrete group. The Baum-Connes
assembly map p: Ko(BI') = Ko(Cyp..(I)) is injective after tensoring Q.

Theorem 1.2 [HS, Theorem 1.2] Let I' be a discrete group. If a K-homology class h € Ko(BT)
satisfies the following condition; there exists a cohomology class ¢ € H*(BT';Q) generated by
classes of degree at most 2 such that (c,ch(h)) # 0. Then u(h) # 0.

Next, the statement of Baum-Connes conjecture for the proper actions is the following;

Conjecture 1.3 [BCH, (3.15)] Let G be a locally compact Hausdorff second countable group and
let EG be the universal example for proper actions of G defined in definition 2.9. Then

p: REG (EG) = Ko(C*(G))
18 an isomorphism.

This conjecture is true for such groups as, for instance, hyperbolic groups and Lie groups with
finitely many connected components.

In this paper, few such assumptions on groups will be required. For example, we allow the
semi-direct product of a compact group with a countable discrete group. Instead, we will set
some assumptions on the domain of the Baum Connes map like [Ma03] and [HS], and we focus
on the rational injectivity of this map.

Now let us fix our settings. Let X be a complete Riemannian manifold with H;(X;R) =0
and let G be a second countable locally compact Hausdorff unimodular group which act on X
properly and isometrically. Assume that X is G-compact.

Let pug: KK%(Co(X),C) — Ko(C*(G)) be the index map, and E = L' @...® LY be a finite
direct sum of smooth Hermitian G-line bundles each of which has vanishing first Chern class;
c1(L¥F) =0 € H2(X;R).
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Theorem A Let A be a properly supported G-invariant elliptic operator of order 0. If [A] €
KKY(Cy(X),C) satisfies that the Kronecker pairing ([E], [A]) is not equal to 0 € R for some E,
then ug([A]) # 0 € Ko(C*(G)).

The Kronecker pairing ([E], [A]); will be defined later in the definition 5.20. Instead of taking
the paring on the level of cohomology H*(X) and homology H.(X) as in [Ma03| and [HS], we
will consider it on the level of equivariant K-theory. In the case of free actions of discrete groups,
they coincide.

Remarks 1.4

(1) In this paper C*(G) is either reduced or maximal C*-algebra. So even if G is discrete,
theorem A is not covered by [HS, Theorem 1.2] since in [HS|, only the maximal group
C*-algebras are considered to use the universal property of them.

Since we have a natural projection map Cy,.(G) — Cr 4(G), it is sufficient to consider the
reduced one and prove that ug([A]) # 0 € Cr4(G).

(2) Tha assumption that ¢;(L) = 0 € H?(X;R) implies that such line bundle L over X is
topologically trivial, however, remark that it does not follow that L is trivial as a G-line
bundle.

One of the classical examples is as follows; let us consider the case of free action of a discrete
group, namely, let M be a closed Riemannian manifold, G be its fundamental group m (M),
and X be its universal cover M. The projection will be denoted by 7w: X — M. Moreover,
let f: M — BG be the classifying map, and consider a line bundle f*Lq obtained by the
pull back by f of any Hermitian line bundle Ly over BG. Then, let L be its lift 7" f* L.
Since f is lifted to f: X — EG and EG is contractible, we obtain ¢1 (L) = 0.

Similar argument also works in the case of proper actions. Let G be a locally compact group
acting properly on a complete Riemannian manifold X. Let £G be the universal example
of proper action of G, f: X — £G be a G equivariant map, and Ly be any Hermitian G-line
bundle over £G. Then, the pull back L := f*Lg is a Hermitian G-line bundle over X, whose
first Chern class vanishes since £G is contractible as a topological space.

Remark 1.5 In [HS], the problem on BT is reduced to the case of manifolds, using the following
lemma;

Lemma 1.6 [BHS, Theorem 6.2] For any h € Ko(BT'), there ezists a geometric K-cycle (M, E, ¢)
realizing h. Precisely there exists (M, E, ¢), where M is a spin®-manifold, E is a smooth Hermi-
tian vector bundle, and ¢: M — BI is a continuous map, such that

s ([E)®[M]) = h.

Unfortunately we do not have the corresponding result for G-equivariant K-homology of proper
G-spaces, so the general case of proper G-topological space including £G could not be reduced
to the case of G-manifolds.

As a corollary of Theorem A, we obtain the following Gromov-Lawson-Rosenberg conjecture for
low dimensional cohomology classes.

Corollary B Let X and G be as above and additionally we assume X is a spin manifold and
the scalar curvature of X is positive. Then for any Hermitian G-vectorbundle E satisfying the
conditions above, the following higher G-A-genus vanishes.

~

A(X:E) = /X o(2)A(TX) A ch(E) = 0,
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where ¢ € C.(X) denotes an arbitrary cut-off function.

The higher G—.:l—genus is defined later in Definition 5.23 using the L2-index formula; Theorem
5.22 [Wa, Proposition 6.11]. In the case of a free action a descrete group I', our higher G—./zl\—genus
of X coincides with the higher ,Z—genus of X/I" by I'-index theorem. This gives a generalization
of [Ma99, Corollary 1] to non-discrete groups.

Remark that the following Novikov conjecture for low dimensional cohomology classes does
not follow unless the acting group G is discrete and the action on X is free. This is because
we do not know, unfortunately, the homotopy equivalence of the (C*(G))-index of the signature
operator, ug([dX + 0%]) € Ko(C*(G)) in general cases.

Conjecture 1.7 Let G be a second countable locally compact Hausdorff group. Let X be a G-
compact proper complete G-Riemannian manifold. Let X' be another complete Riemannian G-
compact proper G-manifold and assume that there exists a G-equivariant orientation preserving
smooth homotopy equivalence h: X' — X. Let f: X — EG be a G-equivariant map. Then for
any smooth Hermitian G-vector bundle E over X given by L = f*Eqy for some G-vector bundle
Ey over £EG, the higher signature for Eg is homotopy invariant, that is,

/ c(2)L(X) A ch(E) = / (') L(X") A ch(h*E),
« ,

where ¢ € C.(X) denotes an arbitrary cut-off function and L(X) denotes the L-class of X.

2 Proper Actions

2.1 Proper Actions

Definition 2.1 Let G be a second countable locally compact Hausdorff group. Let X be a
complete Riemannian manifold.

(1) X is called a G-Riemannian manifold if G acts on X isometrically.

(2) The action of G on X is said to be proper or X is called a proper G-space if the following
continuous map is proper;

GxX—=>XxX, (v,2)— (yz, ).

(3) The action of G on X is said to be co-compact or X is called G-compact space if the quotient
space X/G is compact.

Definition 2.2 A compactly supported smooth function ¢ € C2°(X) is called a cut-off function
if ¢ > 0 is non-negative everwhere and it satisfies

/ c(y tr)dy =1
G
for any z € X .

Lemma 2.3 Any G-compact manifold with proper action admits a cut-off function.

Proof. Let ¢ € C°(X) be an arbitrary non-negative function whose support intersects every
orbit, namely, supp(c’) N G({x}) # 0. There actually exists such a function because X is G-
compact. Then consider the function ¢ by normalizing ¢’ on each orbit;
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This ¢ provides a cut-off function.
Note that since the action of G is proper, {7 eG } v~z € supp(c } C G is compact and hence
the value [, c(y ~12)dy is always finite for any r € X. []

-1

Definition 2.4 The action of G on X induces actions on T X and T*X given by

v: T X — T,.X and v X — T5,X
v (V) = & = () =0

The action on X(X) and Q*(X) is given by
W=V ad A= 67
fory € G,V € X(X) and w € Q*(X). Obviously, vjw A n] = y[w] A v[n] and d(y[w]) = y[dw].

Lemma 2.5 Let w € Q"(X) and n € Q" Y(X) be G-invariant differential forms, where n =
dim(X) and ¢ € CX(X) be a cut-off function. Then,

(1) fX x)w does not depend on the choice of a cut-off function.

(2) f x€ z)dn = 0.
Proof. Firstly, note that for any v € G, v: X — X is a diffeomorphism, so

/}(Cz/xv[d

holds for any compactly supported differential form ¢ € Q7 (X).
Let ¢ € C°(X) be another cut-off function and set a := [y c(x)w — [y ¢/(x)w. Then,

0 = /X Afe(w)] - /X V[ (@)

hence, / ady =
G

Therefore a = 0. As for the second part, set b := [ ¢(2)dn. Then,

- [ dela) n == [ videla) ol = - /X de(ra) Aalal = = [ dety™la) n.
hence, —/de'y:/Xd(/Gc('y1:1:)d7>/\77:/xd(1)/\77:0.

Therefore b = 0. []

Remark 2.6 In the case when G =T is a discrete group acting on X freely, if w € Q"(X) is a
[-invariant form on X, then the value [ + ¢(x)w is equal to Jmc - ¢(x)w for an arbitrary fundamental
domain F' C X. Therefore if w’ € Q(X/T) is a differential form covered by the I'-invariant form
w, we have [y c(z)w = fX/F W'
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Proposition 2.7 (Slice theorem) Let G be a second countable locally compact Hausdorff group
and act properly and isometrically on X. Then for any neighborhood O of any point x € X there
exists a compact subgroup K C G including the stabilizer at x, K D Gy :={y € G | yx = x} and
there exists a K-slice {x} C S C O.

Here S C X is called K-slice if the followings are satisfied;
e S is K-invariant; K(S) =S,
e the tubular subset G(S) C X is open,

e there exists a G-equivariant map ¢: G(S) — G/K satisfying ¥~ 1([e]) = S, called a slice
map.

We will give a proof later only in the case when G is a Lie group, in which case K can be taken as
G itself. The proof in the general case is found in [Ab, Theorem 3.3.] and [An, Theorem 3.6.].

Corollary 2.8 We additionally assume that X is G-compact. Then for any open covering X =
Uex Ou, there exists a sub-family of finitely many open subsets {Oy,, ... Oy} such that

U U 7(0%) = X.

yeGi=1

In particular, X is of bounded geometry, namely, the injective radius is bounded below and
the norm of Riemannian curvature is bounded.

Proof. Due to the slice theorem we have compact subgroups K, including the stabilizers G,
and K,-slice {z} C S; C O,. Since X/G is compact, and {[G(S;)]},cx is an open covering of
X/@G, one can take finite sub-cover X/G = Ufi 1lG(S%;)] and hence obtain a finite G-invariant
open cover X = [JY | G(S,,). On the other hand, obviously G(O,,) D G(Sy,) so it follows that
X =Ueq Uf\il V(Og,).

In order to prove the bounded geometry of X, take an arbitrary relatively compact neigh-
borhood {z} C O, C X for each z € X and find {Oy,,... Oz, } as above. Noting that each of
7(Oy,) is isometric to O, for every v € G, the lower bound of injective radius and the norm
of Riemannian curvature on whole X is determined only on O,, U...U O, , which is relatively
compact. Therefore they are bounded. []

Proof of the Proposition 2.7. Let G be a Lie group. Set K = G;. Due to the properness of the
action, G, is a compact sub-group. Besides every orbit set G{z} C X is a closed subset of X
since the orbit map G — X; 7+ ~x is proper. At the same time, G/G; — X; [y] — v is an
injective immersion. In particular, the orbit set G{z} C X is a sub-manifold in X differomorphic
to G/Gy.

Let N(G{x}) denote the normal bundle of G{z} C X, namely N,(G{z}) is the orthogonal
complement of Ty (G{x}) in T, X. Since the action of G on X is isometrically, the action on
N(G{z}) preserves the metric of the fibers.

Let N;G{x} := {v e N(G{z}) | ||v|| < r} for positive r € R. Choose a small § > 0 so that
the following restricted exponential map

exp,: N¥(G{z}) = X

is diffeomorphism onto its image and the image does not intersect with G{x} at any other points
than € G{z}. Then
exp: N°(G{z}) = X; (y,v) — exp, (v)
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is a diffeomorphism onto its image.

Now let S := exp,(NSG{z}), with & replaced by a smaller value so that S is contained in O
if needed. This S is obviously G -invariant. Moreover the tubular subset G(S) is equal to the
image of the exponential map

GS)= |J e, (N)G{z}) = exp(N°(G{a}))
yeG{z}
which is diffeomorphic to a disk bundle N°(G{z}) and hence open. One can take a slicing map
Y: G(S) = G/K as follows;

¥ G(S) = exp(N°(G{z})) 3%1 NO(G{a}) 2 Gla} = G/G,

exp, () — () —

The inverse image ¢! is actually equal to exp(N2(G{z})) = S. U

2.2 Universal Example for Proper Actions

We refer to [BCH, Section 1] in this section.

Definition 2.9 (Universal example for proper actions) Let G be a second countable lo-
cally compact Hausdorff group. A universal example for proper actions of G, denoted by £G, is a
proper G-space satisfying the following property; If X is any proper Gspace, then there exists a
G-equivariant map f: X — £G, and any such maps are G-homotopic, that is, homotopic through
G-equivariant maps.

Lemma 2.10
(1) There exists a universal example for proper actions of G, and it is unique up to G-homotopy.
(2) EG is contractive as a topological space.

Outline of Proof. The construction of £G is as follows; let
W= | ] ¢/H
HCG

compact subgroup

be the disjoint union of the homogeneous spaces G/H, over all compact subgroups of G. Then
take the join with itself infinitely many times;

EG=Wx+«W=x....

From this construction it follows that £G is contractive.

Moreover if we have two, EG and (£G)’, then we have G-maps f: (EG) — £G and f': EG —
(EG)’, each of which is unique up to G-homotopy. Moreover f o f’ is G-homotopic to idgg and
f' o f is G-homotopic to id(gqy respectively.

3 K-theoretical Preparation to Describe the Index Map

3.1 Tensor products, Group Algebras and Crossed Products

The index of G-equivariant K-homology class takes value in the K-homology of the group C*-
algebra. We will introduce some kinds of C*-algebras used to describe the index map.
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Definition 3.1 Let A and B be C*-algebras then let A ® B denote the algebraic tensor product
regarding A and B as vector spaces over C. A ® B is naturally equipped with a structure of
x-algebra;

(a1 ®@b1) - (a2 ®b2) = aias ® biby
(a1 ®@b1)* = a] ®0b].

In order to define the tensor products of C*-algebras A ® B, we need to introduce a C*-norm on
A ® B and take the completion.

Definition 3.2 (Maximal tensor products)

e Define a C*-norm ||-||yz,, on A ® B by
|| vaxe = sup {lzl,, | [I-]],, is a C*-seminorm on A ® B} .

The norm || ||y, is finite because every C*-seminorm |-||, on A ® B satisfies |ja ® ||, <
la|l 4 16]| 5. [We, Corollary T.6.2]

e Then define A nax B called maximal or universal tensor product as the completion of
A ® B under the norm ||z/y-

Definition 3.3 (Minimal tensor products) Let ps: A — L(Ha) and pp: B — L(Hp) be
representations of A and B on Hilbert spaces H 4 and Hp respectively. Assume that p4 and pp
are faithful. There exist such representations by the Gelfand - Naimark theorem.

e Define a representation pg © pp: A® B — L(HA ® Hp) by
(A © pB)(a®Db) :=paa) ® pp(b) € L(Ha)© L(Hp) C L(HA® Hp).
pA © pp is again a faithful representation. [We, Proposition T.5.1.]

e Define a C*-norm ||-||,,, on A ® B by

2l min = 1(pa © PB) (@) 234 s 02 for z€ A®OB.

This norm is independent of the choice of faithful representations p4 and pp. [We, Theorem
T.5.15]

e Define A®muin B called the spatial or minimal tensor product as a completion of the algebraic

tensor product A ® B under the norm ||-|| ;.-

Remark 3.4 In the case when both A = A°@A! and B = B'® B! are 7./27-graded, for instance
Co(V), where V = V0@V, is a graded vector bundle, it is natural to consider the graded tensor
product

A®B = ((A’®B% @ (A'®B")) & (A’2B") @ (A'®BY)).
The product of ARB is given by
(a1®b1)(az®bs) = (*Udeg(bl)deg(aQ)a1a2®b1b2
for homogeneous elements a1,as € A and by,bs € B.

Definition 3.5 A C*-algebra A is called nuclear if there is only one C*-norm on A ® B for any
each C*-algebra B. In such case, the tensor product of A and B will be denoted by simply A® B.
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Example 3.6 Every commutative C*-algebra is nuclear.[We, Theorem T.6.20]

In particular, for a locally compact Hausdorff space X and a C*-algebra B, Cy(X) ® B =
Co(X) ®@min B is naturally isomorphic to the C*-algebra Cy(X; B) consisting of all B-valued
continuous functions on X vanishing at infinity.[We, Proposition T.5.21]

Next, we define the two types of crossed product for covariant system, which are generaliza-
tions of group C*-algebra, namely, C}, . (G; B) called the maximal crossed product and C} (G B)
called the reduced crossed product.

Definition 3.7 Let G be a locally compact Hausdorff topological group. There exists an unique
left invariant Haar measure m on G up to constant. From now on, dm(y) is denoted by dv. G is
called unimodular if m is also right invariant. For instance, any compact groups and any discrete
groups are unimodular. Then it is satisfied that

d(ny) =d(yn)=dy  and  d(yTH) =97l dyyTi = dy
for any v, 11 € G.

Definition 3.8 (Group algebras C.(G; B)) Let B be an C*-algebra and 5: G — Aut(B) be a
continuous homomorphism. Aut(B) is equipped with the point-wise norm-convergence topology.
Such triple (B, G, B) is a called covariant system. We omit 5 when it is obvious and in such case,
B is called a G-C*-algebra or simply a G-algebra.

e Define C.(G; B) as an algebra consisting of all compactly supported continuous B-valued
functions on G equipped with the following convolution product;

(F*9)(n / Fm) - Bl ) dr = /szvf(%)‘ﬂ[w](g(vflv))dw

and with the involution f*(v) := B[] (f(v~1)).

e A pair (7, p) is called a covariant representation for the covariant system (B, G, ) if 7 and
p are representations of B and G on a same Hilbert space ‘H and satisfy that

p(rB)p(y)* = w(BN](B)  forbe B and y € G.

Lemma 3.9 If a covariant representation (m,p) for a covariant system (B,G,[) is given, we
obtain a representation o, , of the group algebra Cc(G; B) on H as follows;

O lf] = /G = (f(1)p(y) .

Proof. The functoriality is verified by the direct calculation as below;

/ {/ fn) - Blmlg (72))d71}p(7) dy
Y1v2=Y
- // T {f(1)} - ) {g(r2)} p(11) " - ply) dya dy
Y1Y2=Y

O(7,p) [f * g]

— /G{/Gﬁ(f('ﬂ))p(’h) d%} 7(g(72))p(y2) dy
() [ 10 (0 L9]-
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Definition 3.10 (Crossed Product C*(G; B))

e Define C5,.(G; B) called the maximal crossed product as the completion of C.(G; B) under
the the maximal norm |||y ax;

1 [\t == sup [lom o[£l
™

)

where sup, , is taken over all covariant representation for (B,G, ) and ||-||,, denotes the
operator norm on Hilbert spaces. C}.(G;B) is sometimes denoted by Cy..(G; B, 3) or
B X g Max G and Max is sometimes omitted.

e To define C 4(G; B) as the Consider the regular representation o of C.(G; B) on L?(G; B)
given by the formula;

(o[f19)(7) = / Bl (n) - g(re) d

Y1Y2="Y

for f € C.(G;B) and g € L?(G; B). Then define the reduced crossed product C* (G; B)
as the completion of C.(G; B) under the the operator norm of regular representation;

[ llzea == lloTf1llop -
Cr 4(G; B) is sometimes denoted by C? ,(G; B, 3) or B Xgyeq G.

Remarks 3.11

(1) The assumption that G is unimodular is not actually needed for these definitions. The
involution of a non-unimodular group G is replaced by f*(v) := S[v] (f(’yfl)*) A(y™H,
where A: G — U(1) denotes the modular function on G, which is equal to 1 everywhere if
G is unimodular.

(2) In general C¥(G; B) is realized as a quotient of C};, . (G; B) and in particular there exists
a natural surjective homomorphism Cy, (G; B) — C} 4 (G; B).

(3) In the particular case of (B,G,3) = (C,G,1), C}..(G;C) and C} (G;C) are denoted
by Crx(G) and C} (G) respectively and called maximal C*-algebra of G and reduced
C*-algebra of G.

(4) In the case when G acts trivially on B, namely when = 1, there are natural isomorphisms
Clt/[ax(G; B) = Cf\k/lax(G) ®Max B and C:ed(G; B) = C:ed(G) ®min B.

(5) In this paper basically C*(-) denotes either of Cy,.(-) or C¥ 4(-).

Definition 3.12 (Hilbert C*(G; B)-module) Let (G, B, 3) be a covariant system and & be a
Hilbert B-module. We do not consider the action of G on £. We will define a Hilbert C*(G; B)-
module denoted by C*(G; E). First, define on C,(G; E) the structure of a pre-Hilbert module over
C.(G; B) as follows.

e The action of C.(G; B) from the right is given by the convolution product;
[s- f1(7) 32/ s(m) - BMml(f(r2))dn  for s € Cu(G;€), f € Ce(G; B).
T1Y2=7

e The C.(G; B)-valued scalar product is given by

(s1,82) 0 (ce) (V) ZI/GB[%_I] (si(m),s2(m))e dyn - for 51,82 € Ce(G5E).
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provides a Hilbert

e The completion of C.(G;&) under the norm \/H<S,8>CC(G;5)‘ (G

C*(G; B)-module, which is denoted by C*(G;E).

Definition 3.13 (Canonical Trace) There exists the canonical trace on the group C*-algebra
C*(@G), which is defined on its dense sub-algebra C.(G) as follows;

tr: C.(G) - C f— f(e), where e denotes the identity element in G.
It induces a linear map tr,: Ko(C*(G)) — R called the trace map in K-theory, by defining

tr ([f1 @ p1] — [f2 @ pa]) == tr(f1)Tr(p1) — tr(f2)Tr(p2)

for formal differences of matrices f; ® p; € M, (C*(G)) with entries in C*(G). Note that Tr(p;)
denote the usual traces for matrices p; € M, (C) with entries in C. We sometimes let tr, be
denoted simply by tr.

3.2 Equivariant KK-Theory

Let G be a locally compact Hausdorff group, and let A and B be G-algebras. Let us introduce
Kasparov equivariant KK -group denoted by KK%(A, B).

Roughly, this notion is a generalization both of K-homology and K-cohomology. For instance
consider first in the simplest and important case when A and B are of the form Cy(Z). Let X
and Y be a complete G-Riemannian manifold. KK (C,Cy(X)) is isomorphic to K§ (Co(X)) ~
K%(X ) called G-equivariant K-cohomology of X, which is, roughly, an Abelian group consisting
of all isomorphic classes of Hermitian G-vector bundles over X.

On the other hand, KK (Cy(Y'), C) is isomorphic to K2(Co(Y)) ~ K§ (V) called G-equivariant
K-homology of Y, which is, roughly, an Abelian group consisting of all isomorphic classes of G-
invariant Dirac operator acting on L? sections of a vector bundle over X.

KK%(Co(Y),Co(X)) is, roughly, consisting of G-equivariant families of G-invariant Dirac
operators on Y parametrized by X.

More over it is important that there exists the following Kasparov intersection product

KKY(A,D)® KKY(D,B) — KK%(A, B).

3.2.1 Kasparov Modules

Definition 3.14 (Hilbert modules) Let B be a C*-algebra.

(1) A Hilbert B-module is a C-vector space equipped with an associative left C-action, right
B-action and a complete B-valued scalar product (-,-) satisfying the following conditions;

e (-,-) is linear in the second variable; (x, c1y; + caya) = c1 (z,y1) + c2 (z,y2).

Y, x) = (2,9)"

(

o (z,y-b)=(z,y)b.
(

e (x,z) > 0. Moreover, (z,z) = 0 only if z = 0.

for z,y,y; € €, ¢; € C and b € B. The completeness of the scalar product (-,-) means that

the norm ||z|| := /||(z, )| 5 is complete.
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(2) Let G be a locally compact Hausdorff group, and in the case when B is a graded G-C*-

algebra, the grading of & is given by the grading map ¢: £ — &£ with €2 = 1 compatible
with the grading on B, that is,

e(x-b) =e(x)-ed) and  e((z,y)) = (e(x),e(y))
hold for any b € B and z,y € £ and here ¢ also denotes the grading of B.

If we consider an action of G on £, we always assume the unitarity, continuity of G x & — &€
and compatibility with other structures of graded Hilbert B-module, that is,

Y(@-b) =v(x) -v(0), y({z,9)=(v(2),7(y)  and  e(v(x)) =7(e(z))
hold for any vy € G, b€ B and x,y € £.

Definition 3.15 (Notations L. and K) Let B be a C*-algebra and £ be a countably generated
Hilbert B-module. We define the following notations;

e Lp(&) is an algebra consisting of bounded B-linear operators 7' on £ which have adjoint 7

satisfying (T'z,y) = (x, T*y) for every z,y € £. Lp(E) itself has a structure of C*-algebra
with respect to the operator norm and the product given by the composition of maps.

Similarly, if £&; and & are countably generated Hilbert B-modules, Lp(&1,&2) is an algebra
of bounded B-linear operators T': &, — £ which have adjoint T*: & — &.

Kp(€) is a closed ideal in Lp(€) generated by operators whose B-rank are 1 namely, oper-
ators of the form

Oc () =& (0, )¢
for fixed £,n € £. Operators belonging to Kg(&) is called a B-compact operators.

Similarly, Kp(&1,&2) is a closed ideal in Lp(&1, &) generated by operators whose B-rank
are 1.

We may omit subscript B to avoid complication.

Definition 3.16 (Tensor products of Hilbert modules) Let £ and F be Hilbert A-module
and B-module equipped with A and B-valued scalar product (-, -)¢ and (-, -) » respectively.

(1)

(Exterior tensor products) Let A® B denote the minimal tensor product. Then let E©F
be the algebraic tensor product and regard it as a right A ©® B-module by the formula;

(z2@y)(a®b) =za®yb for ze€& yeF,acA beB.
The A ® B-valued scalar product on £ ® F is given by
(x1®y1, $2®y2>g®f = (21, 22)s @ (Y1, Y2) 7 -

Then define £ ® F as the completion of £ ® F under the norm ||z[|go 7 := 1/||{z, 2)ge 7|-

(Interior tensor product) If a homomorphism ¢: A — Lp(F) is given, then let £ ©® F
be the algebraic tensor product and consider a subspace N' C £ ® F generated by elements
of the form

ra®y — xQp(a)y for xe€ Ey, y€ Ey, ac A

Define a B-valued scalar product on £ ® F by the formula;
(T10y1, 220Y2),_ . = <y17 o ((1‘1, 902>5)y2> for z1,22 €&, y1,y2 € F.
‘F

Note that (z,z)ggr = 0 for any z € N. Then define £®,F as the completion of (£ ©® F) /N

under the norm ||z(|g 7 = 1/||(z; 2) g7 |-
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Examples 3.17

(1)

(2)

A C*-algebra B itself can be regarded as a Hilbert B-module with the B-valued scalar
product (b1, ba) := bba.

[?, Definition 2] Let {V;} be a countable family of finite dimensional unitary representation
spaces of G. We suppose that every isomorphism classes of unitary representation of G
occurs an infinitely many times in {V;}. Let us construct the scalar product on V; ® B by

<$1 R b1, T2 ® b2>Vi®B = <x1,x2>vi bTbQ € B.

The Hilbert space over B is defined by the direct sum Hp := @(VZ ® B) completed under
1€EN

the norm ||{z;}|| := Z H(zi,zi>%®BH.

1€N

Let G be a second countable locally compact Hausdorff group. Let X be a G-compact
proper complete G-Riemannian manifold. Then B = Cy(X) is a G-algebra with the action

[y-b](z) = b(y ') for be Cp(X).

Let E be a Z/2Z-graded Hermitian G-vector bundle over X. Then £ = Cy(F) is a Hilbert
B-module with the action of B = Cy(X) given by the point-wise multiplication and the
B-valued scalar product given by the point-wise Hermitian scalar product of F, namely,

(s1,82) () := (s1(2), 52(2)) g

for s1,89 € £ = Cy(F), © € X. The grading on £ comes from the grading on F, and the
G-action is given by

[y - s](z) = v(s(v "))

Note that £ is not a Hilbert module over C since it does not have complete C-valued scalar
product.

Following theorem by Kasparov is useful.

Theorem 3.18 (Stabilization Theorem) [?, Theorem 2] Let £ be a countably generated Hilbert
B-module. Then, £ ® Hp ~ Hp.

Definition 3.19 (G-continuous operators) An action of G on &£ induces an action on L(E)
given by

(D)(z) =[yoT oy (z) =v(T(v 'z))

for T € Lp(€) and =z € €. An operator T € Lp(€) is said to be G-continuous if the map
G — Lp(€); v+~ ~(T) is continuous.

Lemma 3.20 Suppose that £ is a Hilbert B-module equipped with a continuous unitary action

of G.

(1)
(2)

The sub-space consisting of G-continuous operators is a closed sub-algebra in L(E).

The action of G restricted on K(E) is always continuous.
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Proof. Let {T;} C L(£) be a sequence of G-continuous operators and 7" = lim T; be the limit.
1—r 00
Choose any convergent sequence {v;} with limit v = klim ~vg. For any € > 0, there exists ¢ € N
— 00

such that |7 — T;|| < €/3. Since T; is G-continuous, ||vx(T;) — v(Ti)|| < €/3 for sufficiently large
k € N. Then, we have

I(T) =D < (T = Tl + [l (Te) = (Tl + [T = T
1T = Tl + [ (T3) = (T + ITi = T|| <e.

Therefore, T' = lim 7; is G-continuous.
1—00

To verify the second statement, since we have (1), it is sufficient to consider only in the case of
rank one operators, which generate K(£). Take &, n € £ and consider an operator 8¢, = £ (1, )¢ €
K(&). Observe that

Y (Oe)l(@) = (E(n v o)) = (¥E) (v (v ")) = (¥E) (v, @) g = Ore ().

Since 0¢ , is continuous in &, n € £, it follows that 0, is G-continuous. []

Example 3.21 Note that the action of G on L(£) is not necessarily continuous. Consider the
case when G = R, B = C and £ = L?(R) equipped with the usual L?-inner product . The action
of R on L%(R) is given by v[f](z) = f(x — ) for f € L?(R) and v € R. Let T € L(L*(R)) be
such an operator that

Tf(x) = x(@)f(x),  where  x(x) ::{cl) r20

Then this 7" is not G-continuous. In fact, since we have

(YD) = x(@ =y)f(x)  and  (Y(T) = T)[f](x) = {x(x =) = x(=)} f(2)

and since for each n € N, there exist f, € L?(R) such that I fall 2@y = 1 and supp(fn) C [0,1/n],
the operator norm [|v(T") — T, is always equal to 1. So {y(T) —T},_,, does not converge in
the operator norm as v — 0 € R.

Definition 3.22 If A is another graded C*-algebra and supposed that a homomorphism ¢: A —
Lp(€) is given, £ is also acted on by A through ¢ and is called a bi-module over (A, B). In addition
we define the following notations;

e Q4(€) is a sub-algebra in Lp(€) generated by operators T" such that
[T, p(a)] € Kp(€)
and that p(a)T is G-continuous for any a € A.
e [4(&) is the ideal in Q4 (&) generated by operators T' € Lp(€) such that for any a € A,
p(a)T, Tola) € Kp(E).

Note that two conditions ¢(a)T" € Kp(€) and Ty(a) € Kp(€) are equivalent since T' €
Qa(E).

Note that the commutator [-,-] is the graded commutator that is, [z, y] = 2y — (—1)d°&®@) dea®)yq
for homogeneous elements and note that the following equations hold.

d [x,y] + (_1)pq[y7x] =0,
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o [r,yz] = [x,y]z + (—1)Ply|x, 2],
o (—1)"P[[z,y], 2] + (=) [[y, 2], 2] + (=1)7[[z, z],y] = 0,

where p = deg(x), ¢ = deg(y) and r = deg(z2).

Definition 3.23 (Kasparov modules) [K88, 2.2. Definition.] Let G be a locally compact

Hausdorff group, and let A and B be G-algebras. A Kasparov G-module over (A, B) is a triple
(€,¢,T) such that

e & is a countably generated graded Hilbert B-module.
o v: A—Lp(€) is a graded *-homomorphism.
e T € Qa(€) is an operator of degree 1 such that for any v € G,

T2 -1, T-T* and ~(T)-T € 1I4(E).
We sometimes omit ¢ when the action of A on £ is canonical or clear by the context.

Definition 3.24 Let (&1, p1,T1) and (&2, p2, Tz) be Kasparov G-modules over (A, B). (€1, ¢1,11)
and (&, w2, To) are said to be isomorphic if there exists a grading preserving unitary isomorphism
of Hilbert B-modules u: & — & compatible with the actions ¢; of A and the operators T; that
is, u satisfies

©o(a) = up(a)u™? and Ty = uTiu™!

E%(A, B) is defined to be the set of all isomorphism classes of Kasparov G-modules over (A, B).
D% (A, B) C E¢(A, B) is defined to be the subset consisting of Kasparov G-modules (&, ¢, T)
over (A, B) satisfying

[T, p(a)] = p(a)(T? = 1) = p(a)(T = T*) = p(a)(((T) = T) = 0 € L(&).

Such elements in DY(A, B) are called degenerate Kasparov G-modules.

Definition 3.25 Two Kasparov G-modules (&, o, To) and (€1, ¢1,71) are said to be homotopic
if there exits a Kasparov G-module (£, ¢,T) € E(A, C([0,1]; B)) such that

ERe,B~&,  ¢(a)Reidp =¢i(a) and  T®idp =T, for t=0,1,

where e;: C([0,1]; B) — B is the evaluation map at ¢t € [0, 1]. (&£, ,T) itself is called a homotopy
between (&, ¢o, To) and (£1, ¢1,T1). Note that C([0,1]; B) ~ C(]0, 1])®B and its grading is given
by the grading of B and the trivial grading of C([0, 1]).

Let IB denote C([0,1]; B) ~ C([0 ,1])®B and if € is a Hilbert B-module, let I€ denote the
Hilbert I B-module C([ 1];€) ~ C([0,1))®E

Remark 3.26 If we have an operator homotopy T; with (£, ¢, T;) € E¢(A, B) for any t € [0, 1],
(€,¢,Tp) and (€, ¢, T1) are homotopic by the homotopy (I€, 1®p, {T }reo,n))-

Lemma 3.27 Any degenerate Kasparov G-module (€,¢,T) € D(A, B) is homotopic to the zero
module (0,0,0).
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Proof. Take a Hilbert IB-module Cy([0,1); ) ~ Co([0,1))RE equipped with the grading coming
from £. Cy([0,1)), a Hilbert C([0, 1])-module, is equipped with the trivial G-action and the trivial
grading. Then a homotopy between (£, ,T) and (0,0,0) is given by

(Co([0,1);€), 1®¢, 18T) € D(A,IB) C E(A,IB).
In fact
Co([0,1); )@, B~ &,  (18¢(a)) ®eyidp = p(a) and  (1&T) @, idg =T
obviously hold. []

Lemma 3.28 [?, Theorem 12] Let (€, ¢, Tp), (£,¢,T1) € E¢(A, B) be Kasparov G-modules over
(A, B). If p(a)[To, Th]e(a*) <0 modulo K(E), then (€, ¢,Ty) and (€, ¢, T1) are homotopic.

Proof. [Ty, T1] belong to Q4(€) and [T, T1] > 0 modulo 14 (&) by the assumption. Write [Ty, T3] =
P+ K, where P>0€ Qa(€) and K € I4(&). Put for t € [0,1],

T, = (1 + L(sinmt)P) "2 ((cos 2t)Tp + (sin 28)T1) € Q(&).
Since T§ — 1, T2 — 1 € I4(€) and Ty and T are of degree 1, it follows that modulo 14(&),
[T, P] = [Ty, [Ty, T1]] = To(ToTy + ThTy) — (ToTy + ThTo)To = (T — 1)Ty — Ty (T — 1) = 0.
Similarly, it follows that [T7, P] = 0 modulo I4(€). Therefore,

T2 -1 = (1+ L(sinmt)P)~? {(cos® 2t)T§ + (sin® 26) T + L(sin7t) [Ty, Ty]} — 1
= (1+ i(sinmt)P) "' {(cos® 2t)(T§ — 1) + (sin® 2¢)(Tf — 1) + L(sin7t) ([T, 1) — P)}
= 0 modulo I4(&),

which means that T2 — 1 € I4(€). Similarly, we obtain T} — T} € I4(€) and v(T}) — Ty € 1a(€)
for any v € G. Then, T; provides an operator homotopy between Ty and T7. []

Definition 3.29 (Equivariant KK-group) Define KK (A, B) as the quotient of E¢(A, B) by
the equivalence relation of homotopy.

Lemma 3.30 KKC(A, B) has the structure of Abelian group with the addition defined by the
direct sum, that 1s,

(&1,01,T1) @ (E2, 2, T2) = (E1DE2, p1Dp2, T1BTR).

Proof. The identity element is the 0-module (0,0, 0). Only the existence of the inverse element is
non-trivial. Let (£, p,T) € E(A, B). Recalling that £ is equipped with the Z/2Z-grading, define
—(&,0,T) = (E,¢,T) as follows

o & := —& denotes the same B-module equipped with opposite grading.

o V(a) == uop(e(a))u~t, where u: & — &£ is the identity map and : A — A denotes the
grading operator on A. Note that u reverses the grading.

o T/ := —uTu 1.

Then (5@5’, oDy, (g 7u79u_1>) is homotopic to a degenerate element (5@5/, B¢, (2 u; )
)T (sin Zt)u~!
b n (cos 3 5
by the operator homotopy <(sin %t)u —(cos gt)uTuA

). Hence, (£,9,T) & (£',¢',T") =0 €
KKC%(A, B). (]
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Definition 3.31 (Functorial properties)

(1) Let f: A; — As be a homomorphism of graded G-algebras. Then it induces a homomor-
phism f*: KK%(Ay, B) — KK%(Ay, B) by the formula;

79, T) = (€, wof, T).

(2) Let h: By — Bg be a homomorphism of graded G-algebras. Then it induces a homomor-
phism h,: KK%(A, By) — KK%(A, By) by the formula;

he: (E,0,T) — (5(§>th, ©®1, T@l) .

(3) Let D be a o-unital G-algebra. Then define the homomorphism 7p: KK (A, B) — KK (A®D, B®D)
by the formula;
™: (€0, T)— (ERD, pR1, T®1).

Lemma 3.32 Let A, A1, Ao, B, B1 and By be graded G-algebras. If fo and fi: A1 — As are
homotopic, that is, there exists a family of homomorphisms fi: A1 — Ay fort € [0,1] between fj
and fi. Then (fo)* = (f1)*: KK (Ay, B) — KK%(Ay, B). Similarly, if hg and hy: By — By are
homotopic, then (hg)x = (h1)x: KK%(A, By) = KK%(A, By).

In particular, KK (A, B) is homotopy invariant in A and B.

Proof. Let (£,¢,T) € E9(As, B). Then there exists a homotopy (I€,{po fi}, 1®T) € E9(A,IB)
between (€, o fo,T) and (€, p o0 f1,T) € E¢(Ay, B).

Let (£,0,T) € E(A, By). Then there exists a homotopy (5<§{ht}IBg, {o®@n, 1}, {T®p,1}) €
EY(A, IBs) between (E®p,Ba, p@n,1, T®n,1) and (ERp, Ba, p®p, 1, T®p, 1) € EY(A1, B).  []

3.2.2 Kasparov Product

We will construct the Kasprov product
®p: KK(A, D) ® KK(D, B) — KK®(A, B).

Let (&1,¢1,T1) € E¢(A, D) and (&, 92, Ty) € E¥(D, B), then we want to define (€,p,T) €
EG(A, B) so that &1 = & @)s&z &, 1 ®<Pz 1 and T will be a suitable operator having the information
of T7 and T5 It is natural to consider T1<§>¥,21 € L(&12), on the other hand, 1(/X\J¥,QT2 does not make
sense, that is, © (1(§>T2) (wd@y)” and “ (1(§>T2) (x@gog(d)y)” do not necessarily coincide unless
[T2,(d)] = 0 for any d € D. We will need a suitable operator T12 € L(€12) corresponding to
“1®T2”7 called Ts-connection.

Definition 3.33 (7:-connection) [?, A.1 Definition.][K88, 2.6. Definition.] Let & be a Hilbert
B-module, p3: D — Lp(E) be a left action of D, Ty € (&), like in the definition of E(D, B),
and let £ be a Hilbert D-module. Set E15 := & ®¢252- T1o € Lp(&12) is said to be a Th-connection
for & on &9 if for any € € &y,

9£T2_(_1)deg§degTzT129€ S KB(EQ,glz)
and 9£T2*_(_1>deg§degT2T1*29§ S KB(gg,glz), (3.1)
where 0 € Lp(&2,&12) is defined by 6¢(n) = £®n and its adjoint is given by Hg(m@)y) =
2 (<£7 $>51) Y.

Example 3.34 In the case of [T, ¢(d)] = 0 for any d € D, as the simplest example, 1&Th makes
sense and it provides a Th-connection on &is.
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Lemma 3.35 (Existence of Th-connection) [K88,2.7. Lemma.] Assume (£a,¢2,T2) € E¥(D, B)
and let £ be countably generated Hilbert D-module. Then there exists a Ts-connection Tio on
E12 = E1Q4p,E.

Proof. Due to the stabilization theorem 3.18 by Kasparov, £ can be regarded as a sub-module
in Hp, in other words, there exists an operator V € Lp(&1, Hp) of degree 1 such that V*V =
idg,. Define Ty € L(Hp®,&) ~ L(H®E) by Ty := idy@cTe. Since HRE is the exterior
tensor product unlike 51&5@25’2, To makes sense. Then Ti9 = (V*@wl) To (V(EA%I) provides a
Ts-connection. []

Lemma 3.36 Let & be a Hilbert B-module, ¢: D — L (&) be a left action of D, Ty € Lp(&),
and let &1 be a Hilbert D-module. and Tis be a Th-connection on E19 = 51@9252.

(1) Ty, is a Ty -connection.

(2) Let Ty € Lp(&2). If Ty is a Ty-connection, then Tia + Tys is a (Ta + T4)-connection and
(3) ThoTY, is a (ToTy)-connection.

(4) The space consisting of 0-connections on &2 is equal to

Q:={T € Lp(&p) | T(K®1) and (K®1)T € Kg(&12) for any K € Kp(&r)} .

(5) The space consisting of Ta-connections is affine space with the associated vector space §Q.

(6) Assume that Ty € Lp(&) and Ti2 € Lp(E12) are normal elements. Let f be a continuous
function on the union of their spectra. Then, f(T12) is a f(Ts)-connection

(7) For anyK S Kp(gl), [Tlg, K@l] S KB(glg).

(8) Assume that p(d)Ty and Tap(d) are G-continuous for any d € D. Then Tia € Qg (g,)(E12)-
[f T e ID(82), then Ty € IKD(El)(gIQ)'

Note that the algebra Kp(E1) acts on E12 through Kp(E1) — Lp(E12); K+ K&®1.

Proof. (1)-(3) The conditions corresponding to (3.1) for T3 are the same equations, so (1) is
obvious. Since (3.1) are linear, also (2) follows directly from the definition. (3) follows from

O ToTy — (—1)%e ¢ eIy, T 0,
= (0eTy — (—1)EE = 0 ) T

+(_1)deg5degT2T12 <9§Té B (_l)degfdegTéT{29£> c KB(827512)

and the similar equation corresponding to the second row in (3.1).

(4) Let T be a O-connection on €12 and &,n € & be arbitrary element. By (3.1), we have
Tobet; € KB(52,812)/\and 0c0, (x@y) = ER@pa(n, T) gy = (N, T)g, ®y, which means operators of
the form 0¢0; = 0 ;@1 generate Kp(€1) ® 1. (0 is defined in Definition 3.15.) Hence

To(K®1) € Kp(&ra) for any K € Kp(&1).
Since the second row of (3.1) is equivalent to

TQGZ . (_1)deg§degT202T12 € Kp(&12,&2), (3.2)
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it similarly follows that
(K&1)Ty € Kp(E12) for any K € Kp(&).

To conclude, we obtain that Ty € . Conversely, if T' € Q, then (T0¢)(T6¢)* € Kp(€12) and hence
T0: € Kp(&2,&12) for any £ € &;. Similarly, we have T*0¢ and to conclude, T" is a 0-connection.

(5)-(6) (5)follows from (2) and (4). (6) follows from (2) and (3).

(7) We may consider only the case of degT12 = deg T,. This is because the homogeneous part
of T19 of different degree from the degree of T3 is a 0-connection and hence belongs to the vector
space (2 so this part satisfies the claim. Since operators of the form 6¢0; generate Kp (&) ®1, it
is sufficient to verify in the case of K®1 = 0¢ty for §,m € &1. By (3.1),

[T12, 0:0;] = Tiabc0; — (—1)ldesstdeem deeTiog gup,

= (Tiafe — (1)t E g,y ) 0
_|_(_1)deg§degT20€ (TQG:; _ (_Udegndenge;Tm)
Kp(E12).

m

(8) By the definition of QKD(gl)(glg), what we have to verify is that [Tlg, K@l] € Kp(&12)
and that (K®1)T}s is G-continuous for any K € Kp(&;). The first statement is the consequence
of (7). To verify the second one, we may consider only the case of degTjs = degT, and it is
sufficient to verify them for K®1 = 0¢0; by the same reason as the case of (7).

Let € € & and {em}mem C D be an approximate unit of D. Then we have

0¢Ty = lim Oce,,, To = lim O¢ o o(em)Th,

TQQZ = hng@Zem = hgTQQO(e;kn) @) 95.

Hence 075 and TQ@E are G-continuous for any & € & by the assumption. Since any compact
operators are G-continuous by lemma 3.20, it follows from (3.2) that 0¢Thz is G-continuous.
Therefore 059;';T12 is G-continuous.

If T5 € Ip(&2), that is, if p(d)T> and Tog(d) are compact operators for any d € D, it follows
that 0¢15 and T: 292 are compact operators in the same way. Then we obtain T120; € K(&2, &12)
and Q;le S K(glz, 52) therefore, 959;T12 € Kp (512, 512) and T129§9;; € KB(512, 512), which imply
Tha € Ix ;) (E12)- [

Lemma 3.37 [K88, 2.8. Lemma] Let D be o-unital G-algebra. For any (€,¢,T) € E%(D, B),
there exists (£',¢',T') € E¢(D, B) homotopy equivalent to the initial one, where &' = DR,E and
o = idD@Oidg. In particular, ¢’ satisfies D@)@/S’ = (D@idDD) QA{)@E ~ DRE =E'.

Proof. Let D denote the unitalization of D. Set Z(D, D) := {f (0,1 — D ‘ f(1) e D}. It is an

ideal in ID and can be regarded as a Hilbert [ D-module. And consider the following Kasparov
module (g, m(EA@@l, T) € E%(D, IB) constructed as follows;

o £:=Z(D, 15)@1@5[8, where 3: D — Lp(€) denotes the unital extension of .

em:D — L5 (Z(D,f))) be the multiplication embedding D into ID as a constant func-

tions.

e Consider 1T € L;p(I€) and construct a (1&T)-connection T on E.
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The restriction to 1 € [0, 1] is (D@LPE , id D@Pidg, ﬁ) This gives the required form of Kasparov
G-module over (D, B) homotopic to the restriction to 0 € [0, 1].

Next, the restriction to 0 € [0, 1] is (ﬁ@gé’, z@)@l, f()), where i: D — D denotes the inclusion
and Ty denotes the restriction of 7. We claim that (5@55, z@@idg, TO) = (&,¢,T) as elements
in KK%(D, B). N N

Firstly, we have a canonical isomorphism D@@S & £ given by D@@S — &; dRx — o(d)x and
E— D@)gé’; z — 1®z. Under this identification, i@@idg = ¢ in fact, (i@gidg) (dezr)=dx =
1®p(d)x — ¢(d)x.

Moreover Tp can be regarded as a T-connection on 5@55 by its construction, and it implies
T —Tp € Kp(&). This follows from the definition 3.33 substituting & = D and £ =1 € D. So we
have an operator homotopy T+t (/TS — T) between T and ?0 and hence, (£, ¢, T) and (5 ) s ﬁ)
are homotopic in E¥(D, B). [l

Definition 3.38 (Intersection products) [?, A.3. Theorem.|[?, Definition. 10] (non-equivarant
case), [K88, 2.10. Definition.] (equivarant case) Let A, D, B be G-algebras, and (£1,¢1,T1) €
EC(A, D), (&, @2, Ts) € B9 (D, B). Then, (€12, @12, T12) is called a Kasparov product of (£, 1, T1)
and (&, @2, Th) if the followings are satisfied;

(a) &g := 51®¢252 and @19 1= cpl@x\)wl.
(b) (E12, 012, Th2) € E¥(A, B)
(¢) T € Lp(&12) is a Tar-connection on £19
(d) ¢12(a) [T1®e1, T1a] p12(a*) > 0 modulo Kg(E12) for any a € A.
Theorem 3.39 [?, A.3 Theorem.|[?, Theorem 12| (non-equivarant case), [K88, 2.11 Theorem]
(equivariant case) If A is separable, the Kasparov product of (£1,¢1,T1) € EF(A, D) and

(E9, 09, To) € EY(D, B) always exists and it is unique up to homotopy. In particular, it defines a
bilinear pairing ®p: KK%(A, D) @ KK%(D,B) — KK (A, B).

In order to verify the existence, we use the following technical lemma.

Lemma 3.40 [K88, 1.4 Theorem| Let J be a o-unital G-algebra, M(J) be the multiplier algebra
equipped with the norm topology. Let...

o 71 C M(J) be a o-unital sub-algebra which is a G-algebra,

e 7y be an arbitrary o-unital sub-algebra in M(J) without the group action,

e A C M(J) be a separable subset such that [z1,0] € Z1 for any z1 € Z1 and 6 € A, and
e : G — M(J) be a bounded function.

Assume that
2129, 219(7), Y(v)z1 € J

for any z1 € Z1, z0 € Zs and v € G.
Then, there exist G-continuous positive elements My, My € M(J) of degree 0 such that

o My+ My=1,
L Miziv [M’LaéL M2¢(7)7 w(V)sz V(Ml) _Mi € Jfo’)” any z; € Z’ia o€ Aa v E G (Z = 132)}
o two maps G — J; v+ Mah(y) and v +— () Ms are continuous.
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l

Proof of Theorem 3.39. Construction. Put £y := E180,,E and 1z = p1&,,1. Let Tia €
L(&12) be a Ty-connection of degree 1. By lemma 3.36, T2 € Qx,(¢,)(£12)- Let...

o J:=K(&p), then M(J) = L(E12),

o 71 :=K(&2)+ K(51)®17

e 75 be the minimal C*-sub-algebra generated by {ﬁg — Tl*Q, T122 -1, [ﬁg, T1®1] , [’fm, (,012(0,)} } R
ac

o A= {Tlé\@l, Tlg, (plg(a)}aeA C L(glg), and

° w: G — L(glg); Y=Y <’f12> — Tlg.

By Lemma 3.36, they satisfy the condition of Lemma 3.40. Apply it to them to obtain positive
and 0-degree operators My, My € L(E12). Put

Tyo == /My (T1®1) + /My T1s.

We claim that T} satisfies the conditions (b)-(d) of Definition 3.38.

(b). Notice that the positive elements v/M; and /My also satisfy the conclusion of Lemma
3.40 except for M;+M, = 1. This is because we can approximate the continuous function A — v/
on the interval [0, 1] by polynomials p-(\) due to Weierstrass approximation theorem. Considering
p-(A) — p:(0) instead, we may assume p.(A) are of the form Ag.()\). Then, for example, /M2
is approximated by p.(Mi)z1 = q-(M1)Mi2z; € K(E12) and hence, we obtain /Mjz1 € K(&12).
In addition, remark that M; and Ms commute since Ms = 1 — M;. Using these facts, it is easy
to verify that (12, p12,T12) satisfies the condition (b). For example one can check that, modulo

I4(&12),
T3, -1 = {Ml(T1<§>1)2 + MT + \/M“/MQ[T@LTH]} — (My + Ms,)
= M(T1®1)? - 1) + Mo(Th — 1)
= 0.

(¢). By (4) and (6) of Lemma 3.36, M; is, and hence y/M; is a O-connection. Since
[T1®1,M1] € K(&12), VM (T1®1) is also a O-connection. By (2) and (3) of Lemma 3.36, T} is
a Th-connection.

(d). Since [VAL, Ti81], [V, T181] and v, |[Ti81, Tia| € K(£12), we have
(&1 T = [1i1 V0] (1081) + (1)) b (161,781
+ [E1, VOB Top 4 (1) s 900/, [1381, T
= VM [11&1,T1&1]
= 2/My(T?®1) modulo K(&9)
and hence,

p1a(a) [T1®1, Tia] pra(a®) = 2p12(a)v/Mi (TP (a*)@1)
= 2p12(a)v Myp12(a*) >0 modulo K(&2).
Uniqueness. We first check that the Kasparov product is uniquely determined as a map

from E9(A, D) x E¢(D, B) to KK%(A, B). Let Ty and T}, € IL(E12) be operators satisfying the
definition of the intersection product of (€1, ¢1,7T1) and (&2, p2,Ts). Let...
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o J:=K(&p) and Z; := K(&£12) + K(&1)®1 be the same as above,

e 75 be the minimal C*-sub-algebra generated by {T12 —T7,, [T12,T1®1] ) [T{27T1®1] J }
o A:={Ti®1, Tiz, T}y, ¢12(a)},., C L(&12), and

o : G —L(&2); v (T2) — Tha.

We obtain M{ and My. Similarly to the construction, put

1 =/ MI(Ty®1) + /) M4Ths.

Then we have (£, ¢12,T75) € E9(A, B) and p12(a) [Tia, Ti5] p12(a*), @12(a) [T, T15] ¢12(a*) > 0
modulo K(&2) for any a € A. Due to Lemma3.28, (£, p12,T12), (€, p12,115) and (&, p12,T],) are
homotopic.

Homotopy Invariance.  Let (?1,71) € EG(A,ID) be a homotopy between (Sf,Tlo) and
(&1, T1) € E€(A, D) and let (&2, T») € EY(D, B). Let (£12,T12) € E®(A, IB) be the Kasparov
product of (?1,?1) and TC([0,1]) (EQ,TQ) < EG(ID,IB). Then, (312,712) S EG(A,IB) provides
a homotopy from the Kasparov product of (5?,T 10) and (&2,7T) to the Kasparov product of
(Sll,Tll) and (&2,Ty). Therefore, the Kasparov product is invariant under the homotopy of the
first factor. In the similar way, homotopy invariance in the second factor can be verified. []

Definition 3.41 [K88, 2.12. Definition.] Assume Ay and B are o-unital. Then,

®p: KK%(Ay, Bi®D) @ KKC(D®Ay, By) — KKC¢(A|®Ay, Bi®Bs)

is defined by TRy — (TA2 (x))@)(B@D@AQ) (TBI (y))
Examples 3.42 If a homomorphism f: D; — Ds is given, we can consider f := (Dq, f,0) €
EY (D1, Ds).

(1) For z € KK%(Dy, B), by lemma 3.37, we may choose (3, @2, Tz) € E¢(Dy, B) representing
z such that Dg@mé’z =~ & holds. Then T5 is a Ts-connection on Dg@m& = &. So
(&2, ¢ o f,Ts) is a Kasparov product of (Da, f,0) and (&2, p2,T%). Recall that (2, 0 f,T3)
represents f*(z) € KK%(Dy, B). To conclude, we have f®p,z = f*(x).

(2) For y € KKY%(A, D), choose (£1,¢1,T1) € EY(A, Dy) representing y. Then Ti®1 is a
0-connection on 51<§>ng. So (81<§>fD2,90®f1,T1®1) is a Kasparov product of (&1, ¢1,71)
and (Do, f,0). Recall that (81®fD2,g0<§>f1,T1<§>1) represents g.(y) € KK%(A, Dy). To
conclude, we have y®p, f = f.(y).

Proposition 3.43 (Functoriality of the Kasparov product) [?, Proposition 13], [K88, 2.14.
Theorem.] Assume that A, Ay and Ag are separable.

(1) Let f: Ay — Ag be a homomorphism. Then for any x € KK (A, D) andy € KK (D, B),
f*(@)®py = f*(z&py).

(2) Let g: D1 — Do be a homomorphism. Then for any x € KK%(A, D) andy € KK%(Ds, B),
9«()®p,y = 2@p, 9" ().

(3) Let h: By — By be a homomorphism. Then for any x € KK%(A,D) and y € KK¢(D, By),

2®pha(y) = he (2D py).
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Proof. (1) Let x and y be represented by (€1, 1, T1) € E¢(Ag, D) and (€2, 2, T2) € E¥(D, B),
and let their Kasparov product & py be represented by = (€12, 012, T12). Then, (€12, p120f, Th2),
which represents f*(z®py), is a Kasparov product of (£1,p10f,T1) and (&2, p2, T»), which rep-
resent f*(x) and y.

(2) Let x and y be represented by (£1,¢1,T1) € E¥(A, D) and (&, 2, Tz) € E¢(Dy, B).
Then, 2&p, g* (y) is represented by (51®¢20g82, ©1®1, T) for some Th-connection T for ;. Note
that there is a canonical isomorphism

gl®@20952 = (51®gD2) ®<p262-

Under this isomorphism, let 77 be denote the Th-connection for (51®9D2) corresponding to T
Then,

((51599172) BpsE2, (P1B1)B1, T')

is a Kasparov product of (5(§>gD2, ©1®1, Ty) and (&2, 2, Ty), which represent g.(z) and y.

(3) Let z and y be represented by (€1, p1,T1) € E¢(A, D) and (&, 2, T) € E¢(D, By), and
let their Kasparov product z& py be represented by = (€12, 912, T12). Then, (1281, B2, 91231, T12(§>1),
which represents h,(z®py), is a Kasparov product of (£1,¢1,T1) and (E38),Bs, p2®1, Th®1),
which represent = and h.(y). (]

Proposition 3.44 (Associativity of the Kasparov product) [?, Theorem 21], [K88, 2.14.
Theorem.] Assume that A and Dy are separable. For any x € KK%(A, Dy), y € KK (Dy, Dy)
and z € KK%(Ds, B),

(2®p,y) ®p,z = 2@p, (y®p,2) -

We need the following lemma for the proof.

Lemma 3.45 Let (51, (pl,Tl) S E(A, Dl), (52, ©v2, TQ) S E(Dl, Dg), (83, (pg,Tg) S E(DQ, B) Set
Eg = 51@)90252, Erg = 52®¢353 and E1o3 := 51&:\)902523 = 512@@353' Let T1o be a Th-connection
on E12 and Tys be a Tz-connection on Er3.

If Tio3 be a Tr3-connection on E1a3, then [T12®¢31, Ti23] is a [TQ(X\)%L T3]-connection on
&123.

Proof. We may assume that every operators are homogeneous due to Lemma 3.36. Let

Tios = Tos®Tigz € L(&23 & E123)
T = TodTH € L(gg b 512)
Fig3 = [To®1, Tos] @ [T12®1, Tie3] = [@@1, 7?1213] € L(&3 @ E123).

For ¢ € &, let évg = (00 005
13

K(Egg D 5123).

> € L(E @ &E123). It is sufficient to verify that [ﬁl\;& é}} €

(~1) | [T1281, Tias|, G| + (—1)70 [[Tias, O], @] + (-1)7" [[fe, Ta@1], Tias| =0

where p = deg(T}2), q = deg(fl\g/g) and r = deg(&). Since Tho3 and Tio are connections respec-
tively, both [1?12/3, 9}} and [92, @@1} belong to K(&3 @ £123), and consequently, the first term

Hﬁ}@m, TTQB} , e}] belongs to K(Es & E123). 0
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Pmof of Proposition 3.44. Let x, y and z be represented by (€1, p1,T1) € EF(A, D1), (&2, 02, Tp) €

EC(Dy, Dy) and (€3, 3, T3) € E¢ (D, B). We may assume that 77, To and T3 are self adjoint re-

placing T} by 3 (T} +T7) with their difference (7T} —T7) belonging to I4(&1), Ip, (€2) and Ip,(E3).

As in the previous lemma, let 15 := 51®@252, 523 = 52®¢353 and &193 1= 51®¢2523( 512@)@353).
Let the Kasparov products ®p,y, y®p,2 and x&p, (y®D2 ) be represented by

(E12, p1®1, Tiz), (a3, @2®1, Ths) and (€123, ©1®1®1, Tig3) .

with every operators being self-adjoint. By the previous lemma, [T12<§)1, To3] is a [Tg@l, Tos)-
connection on 5123 By (1) and (6) of Lemma 3.36, [T12®1 Tio3]+ is a [Tg@l T3] +-connection,

where F := (F + VF*F ) denotes the positive part of the self adjoint operator F', and F_

denotes its negative part. Since po(dy)[To®1, Ths]pa(d}) > 0 modulo K(Ex3) for any di € Dy, it
follows that [T12®1, Tia3]_ is a O-connection for the action of &;. Let...

o J:=K(E23),

o 71 :=K(E123) + K(E12)®1 + K(&)®1&1,

e 75 be the minimal C*-sub-algebra generated by {[Tlgg, T12®1]_ , [T123, Ty@l@l]}
o A= {Tlgg, Tm@)l, T1®1®1, @1(@)@1@1}(1614 (- L((€123), and

o : G — L(E23); v v (T123) — Thas.

Apply Lemma 3.40 to obtain positive and 0-degree operators M;, Ma € L(E123). Put

T{QS = \/MI(T12®1) + \/ﬁQTlgg.

We can verify that (5123, P191®1, T{QS) represents (z®p,y)®p,2z in the similar argument in
the proof of Theorem 3.39 (Construction). For example, since /M (K®1) € K(Eja3) for any
K € K(&12) and /M; commutes with Tj93 and Tj2®1, we have that modulo K(&;23),

(Th23 — Tio3)(K®1) = —(T1281) /My (K&1) + Ti23 (1 + \ﬁ) (1— M) (K®1) =0

for any K € K(&12). Note that 1++/Mj is invertible in L(E123) since 1 < 1++/Ms < 2. Similarly,
we have that (K®1)(Tia3 — T}y3) € K(E123). These imply that (Tiaz — T{e3) is a 0-connection on
E123 for 2. Since Tha3 is a Tz-connection on g3 for g, so is T ys.

Besides, we can verify that (8123, 4,01@1@1, T1’23) is homotopic to (5123, <,01®1®1, T123).
This is because we have, modulo K(&123),

(p1(a)B181) [Ti23, Tias] (p1(a”)@181) = /M (p1(a)B1B1) [Tiez, T12®1] (p1(a”)B181)
+2\/7( a)@1801) Tiyy (p1(a*)®1R1) >0

for any a € A, noting that we have already had that T T23 satisfies the condition (d) of Definition
3.38. Then, (5123, g01®1®1 T123) also represents x®p, (y®p,z). To conclude, we obtain that
(x®D1 y)®D2Z = x®D1 (y®D2 ) U

4 Geometrical Preparation for Description of the Index Map

4.1 Hermitian G-Vector Bundles, Connections, and Characteristic Classes

Definition 4.1 (Hermitian G-vector bundles, G-invariant connections)
Let X be a proper G-Riemannian manifold.
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(1) A smooth G-vector bundle E is a smooth vector bundle over X on which G smoothly acts
and the action is compatibility with the the action on the base space X, and the action
induced on fibers are linear isomorphisms, that is,

m(yo) = ym(o)

holds for any o € E and v € G, where 7: E — X denotes the projection, and v: £, — E,,
is a linear isomorphism. If E = E°QE" is graded, the action of G is assumed to preserve
the gradings.

(2) Let C*°(E) denote the space consisting of all smooth sections s: X — E. G acts on C*(E)

by the formula;
1

Vls](@) =v(s(v™ 2)).
(3) A G-vector bundle is called Hermitian G-vector bundle if E is equipped with a G-invariant
smooth Hermitian metric A(-,-) = (-,-) g , that is, (701,702>Ew = (01,02)p, holds for any
01,09 € B, and v € G.

(4) A connection V on a Hermitian G-vector bundle is called a G-invariant connection if V is
compatible with the Hermitian metric and commutes with the action of G, that is,

d(s(z),t(x)) = (Vs(x), t(x)) + (s(x), Vi(z))  and  ~[Vs] = V(y[s])
hold for any s,t € C*°(F) and v € G.
Definition 4.2 A Hermitian G-vector bundle E over X defines the following element [E] in

KK-theory;
[E] = (Co(E),0) € KK“(Co(X), Co(X))

with the action of Cy(X) on Cy(E) being the point-wise multiplication.

Here, Cyp(X) denotes the C*-algebra consisting of all C-valued continuous functions on X
vanishing at infinity equipped with the sup-norm, and Cy(E) denotes the Hilbert Cp(X) module
consisting of all continuous sections of F vanishing at infinity equipped with the scalar product
given by the point wise Hermitian metric.

Lemma 4.3 Let G be a second countable locally compact Hausdorff group. Let X be a G-compact
proper complete G-Riemannian manifold.

(1) Any smooth G-vector bundle E over X admits a smooth G-invariant Hermitian metric.

(2) Any Hermitian G-vector bundle E over X admits a G-invariant connection.

Proof. Choose any cut-off function ¢ € C.(X). The only we have to do is to take the average
using c¢. For the first part, fix any smooth Hermitian metric A on E which is not necessarily
G-invariant. Then set

hg,(0o1,02) := / C(g_lm)hnglz (971,97 02) dg for 01,09 € E,.
G

Note that for any fixed z € X, supp{c('yila;)} C G is compact due to the properness of the action

so that the integral above makes sense. h is a desired metric. In fact for any fixed v € G,
he,,(o1,709) = /G clg~"va)hp, ., (971 vo1,97 y02) dg

= /C:C(g_lvw)hEglw (970197 y02) d(v'g)

= hg,(01,09).
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It is follows from ¢ > 0 that h is positive definite.

As for the second part, let £ be a Hermitian G-vector bundle over X and fix a connection
compatible with the Hermitian metric V: C*(E) — C*°(T"X ® E) which is not necessarily
commutes with the action of G. Then set

Vs(x) = /Gc(gla:)ngls(x) dg for se C™(F).

[

Note that the action of G on E and X induces the action on £ T*X. V is a desired connection.
In fact for any fixed v € G,

YVsl(z) = 4(Vs(y ')

'2)ygVgts(vz) dg

clg™'y™
c({vg} o) {vg}V{vg} tys(vtz) d{vg}

Viysi@) = [ elg™'2)gVglys(v'2) dg,

therefore  [Vs|(z) = V(v[s])(z).

The compatibility with the Hermitian metric follows from;

(Vsi(),52(2)) + (51(2), Voala) ) = /G (g7 (gVg " s1(@),s5(w)) + (51(2), gVg s (w)) dg
= [ el (T 1) sa(0)) + o1 (0).7 Vg ) g
= [ gl w1097 sal)) dg
= [ g tsa(o).sa(e)) dg
= d(s1(z), s2(x)) -

The Lipnitz rule follows from;

Vs)@) = [ el Vi ts(e) dg
G
= df ®/ c(g~'x)gg ' s(x) dg + f(w)/ (g~ x)gVg " s(x) dg
G _ G
= df @ s(z) + f(x)Vs(x).
Remark 4.4 Let E be a smooth Hermitian G-vector bundle, then G acts on End(E) by
y[T) =T~ for T € End(E),v € G.
Then, v(T'(0)) = v[T]|(yo) and 7[S oT] = v[S] oy[T] hold for any S,T € End(E), and ¢ € E,.

Definition 4.5 (Chern classes and Chern character) Let E be a smooth Hermitian G-vector
bundle over X. Choose a G-invariant connection V on E and let OV € C®(AX(T*X) @ u(E))
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denote the curvature 2-form. Then define the Chern classes cx(E,V) € ?*(X) and the Chern
character ch(E,V) € Q*(X) by the formula;

. v -V
> k(B V)N = det <M2® - idE> and  ch(E,V) = tr <exp (“;)) .
Y
k

™

We may omit V when it is clear from the conetxt. As usual, ¢x(E,V) and ch(E,V) are closed
form.

Remark 4.6 The following two lemmas are valid also for any other characteristic classes con-
structed using the Chern Weil theory.

Lemma 4.7 Let V be a G-invariant connection on E. Then OV, ci(E,V) and ch(E,V) are
G-invariant differential form.

Proof. Note that OV A s = dVdVs, where dV: C®(N*T*X @ E) — C®(N"™ T*X ® E) denotes
the exterior covariant derivative defined by

N(wes)=dw®s+ (—1)fFwA Vs for we QF(X),s e C>®(E),

which commutes with the action of G. Hence, OV is G-invariant and we can conclude that
cx(E,V) and ch(E, V) are G-invariant since they are expressed by polynomials in tr(0V), tr((©V)?),

tr((OV)?), . [

Lemma 4.8 Let E be a smooth Hermitian G-vector bundle over X. Let VY and V! be G-
invariant connections on E. Then there exist G-invariant differential forms of odd degree 0; €
Q2k=1(X) for each k and 0 € Q°44(X) such that

dby = cx(E,VY) — (B, V°)  and  df = ch(E, V") — ch(E, V).

In particular [y ¢(z)ch(E,V) and [y c(x)P(ci(E,V),c2(E,V),...), where P is an arbitrary
multi-variable polynomial, are independent of the choice of G-invariant connection V (and a
cut-off function ¢ ) due to the lemma 2.5.

Proof. Since (V! — VO)(fs) = f(V! —V%)s for f € C®(X) and s € C®(E), there exists
n e C®°(N\ T*X @ End(E)) such that

(VI =VOs=nAs.

Note that 7 is G-invariant since VY and V! are G-invariant connections. Consider a smooth
family of connections for ¢ € [0, 1]

vi= V0 +m.

We need a local expression of the curvature 2-forms. Fix a local trivialization E|y — U X cN
and express V? = d + w. Then we have

Vi=d4w+ty and  O(t) :=0Y =dw(t)+ w(t) Aw(t),

where w(t) = w + tn. Note that also ©(t) are G-invariant since V' are commute with the action
of G.
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We will omit the symbol A for the rest of the proof if there is no chance of leading to mis-
understandings. Due to the Bianchi identity for V!, that is, dO(t) = O(t)w(t) — w(t)O(t), we
have

NE

o = @(t)m’j<d@(t)>9(t)j’1

<.
Il
—

|
NE

()" (B(w(t) - w(H)O(t) Oty

<.
Il
-

o) I Hwt)e()y ! - i )" Jw(t)e(t)’
1 j=1

(0)"w(t) = w(®)e)™, (4.1)
In particular tr(©(t)™) are closed forms due to the symmetry of the trace;
dtr(0(t)™) = tr(dO(t)™) = tr {O(t)"w(t) — w(t)O(t)"} = 0. (4.2)

Due to (4.1), the symmetry of the trace and the fact that w and nO(¢)™ are of odd degree,

tr { (nw(t) +w(t)n)Ot)™}
= tr{nw() ()m no )" w(t)}
= tr{nA (wHO)™-6()"w(t))}

I
NE

.
Il

@

= —tr{nAdOt)™}. (4.3)
Using (4.3) and again the symmetry of the trace,

d d i /d

= (tr(@(t)k)) = tr <dt @(t)k> = tr {; O(t)— <dt ot ) o

(t) (t)“}
k

- >u{(fow)onr}

= ke { (an+ mo(t) + w(tin) O}

= ( {dn/\@ () }—tr {n/\d@(t)k_l})
- ktr{ (7]/\ o) )}
- (k‘tr (77 A O(t)F )) .

Then we obtain  tr(©(1)%) — tr(©(0)") = </m~ < / O (1)1 dt))
— ag, (4.4)

where (, = ktr (77 fol @(t)kildt) , which are G invariant since 1 and O(t) are globally defined

G-invariant differential forms.
Next, for LdlmT(X)J—VMiable polynomials P, let us introduce G-invariant differential forms

P (t) = P (tr(0(t)), tr(O(t)2), tr(O(1)%),...) .

And we claim that every P satisfies the following two conditions;
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(A) P (t) is a closed form; dP (t) = 0.
(B) There exists a G-invariant differential form (p € Q*(X) such that d(p = P (1) — P (0).

If this is true, we have finished the proof of the lemma 4.8 since ¢ (FE,V) and ch(E,V) are
expressed by polynomials in tr(@V), tr((OV)?),tr((OV)3), - -

Let us verify the claim. If two polynomials P and @ satisfy these conditions, obviously so
does aP + bQ). We will verify that so does the product PQ. In fact, we have

d(P () Q (1)) = dP () Q (t) + P (1) dQ (t) = 0,
so PQ satisfies the condition (A). Besides, we have
PMQ{M) - P0)Q(0) = (P(1)—P(0)Q 1)+ P(0) Q1) -Q0)
— 4¢rQ (1) + P0) dg
= d(¢pQ(1) + P (0) (o)
= d¢pg.

Since all of the (p,Q (1), P (0) and (g are G-invariant, so does (pg := (pQ (1) + P (0) (g, which
implies that PQ satisfies the condition (B).
Moreover, it follows from (4.2) and (4.4) that all of the monomial Py, of the form

P, (t(6(1)), tr(0(1)2), tr(0(t)?),....) = tr(O(1)"),
which generate all the polynomials, satisfy the two conditions above. Therefore we conclude that
every polynomial P satisfies (A) and (B). (]
4.2 Properly Supported G-Invariant Elliptic Operators

Let X be a proper G-Riemannian manifold, and VY, V! be Hermitian G-vector bundle. (Later
on, we will consider a Z/2Z-graded bundle V = V°3V!.) The goal of this subsection is to define
a K-homology classes determined by properly supported G-invariant elliptic operators. We refer
to [K, Section 3] and [H671].

Let m: T*"X — X be the projection. For a short while, we forget the action of G.

Definition 4.9

Pseudo Differential Operators. A pseudo-differential operator Ag: C°(VY) — C°(V1) is
given by a sum of an integral operator with a smooth kernel

Fs(z) = /X k(z,y)s(y) dy. for se C(Vy),

where k is a smooth section X x X — V! X (V%)*, and an operator of the following form:;

1 :
Aps(z) = - / e W @) q(y, (2,€))s(y) dy dé for seC*(Vy), (4.5)
(2m) XxTrX

where a: X x T*X — Hom(n*V? 7*V1!). Let m € R. A pseudo differential operator is of
order m if a satisfies the condition that for any compact subset K C X x X and multi indices
a=(a1,...,an),a =(a},...,a,)b=(b1,...,b,), where n = dim X, there exists a constant
Ca.a bk 1s a constant depending on K, a, a’ and b such that for any (z,y) € K, § € T, X,
gla'l glal plol m—|b|

‘ < Coawprx\LHIEIP (4.6)

Oy D0 €0 a(y, (v,€))
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a is assumed to vanish outside a neighborhood U of the diagonal of X x X so that a small
neighborhood of the image of the zero-section of T'X is diffeomorphic to U by (z,v) —
(x,exp,(v)) and that the phase function ® is defined on this neighborhood U.

Here @, called the phase function, is a C-valued function given by ®(y, (z,£)) = <§ ,expy ! (y)>
For instance if X =R, ®(y, (x,§)) = (£, y — ).

The space consisting of all pseudo-differential operators Ag: C2°(V°) — C*(V!) will be
denoted by Wpo™ (VY V1),

We used a coordinate-free presentation above, however, if in the usual way of definition of
pseudo-differential operator, firstly we define the operator on R™ by

TX"

1

Aps(x) = G

/ v q(y, (z,€))s(y)dyde
R xR™

with a(y, (z,&)) satisfying the same condition as (4.6). Then define Wpo™(R; VY V1) as
the space consisting of sum pf integral operator with smooth kernel and operators given
as above. For Riemannian manifold X, an operator Ay belongs to Wpo™(X;V? V1) if its
restriction to any open subset diffeomorphic to R™ belongs to Wpo™(R"™; VO, V1),

Distributional Kernels. The distributional kernel for Ag € ¥po™(V? V1) is a distributional
section K4,: X x X — VX (V%)* such that
Aps(x) = / Ka,(z,y)s(y) dy for s€ C°(Vy).
X

Formally, the kernel K 4, for an operator of the form (4.5) is given by the formula;

1
(2m)"

Kao(1,y) = /T 2T aly, (,6) de.

in the distributional sense and precisely, K 4, is determined by

1

K 4, (w) = (2m)"

| e agy, o )ule,y) dy de dg (4.7)
XXT*X

holds for any w € C2°((V})* K V?). The simplest example for distributional kernel is the
Dirac-delta distributional function for the identity operator Kiq(x,y) = 65,y

Properly supported Pseudo-differential Operators. Ay € ¥po™(V? V1) is said to be prop-
erly supported or has proper support if both of the maps p; and pa: supp(Ka4,) — X are
proper, where p; denotes the projection onto the i-th factor, in other words, both of the
subsets

(supp(K4,)) N (K x X) and (supp(K4,))N (X x K) C X x X

are compact for any compact subset K C X. The sub-space of ¥po™ (VY V1) consisting of
all properly supported pseudo-differential operators will be denoted by P-¥po™ (VY V1),

Symbol Functions. For m € R, we define Symb™(V?, V1) as the space consisting of all sections
o: T*X — Hom(m*V% 7*V!) satisfying that for any compact subset K C X and multi
indices a = (a1,...,an),b = (b1,...,b,), where n = dim X, there exists a constant C, p i is
a constant depending on K, a and b such that

dlal glbl

m—|b|
920 96 o(x,8)| < Caprc\/1+ €7 holds for any z € K, £ € T, X.  (4.8)
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An element o € Sym™ (V% V1) is called a symbol function of order m and o € [Symb™(V?, V1)] :=
Symb™ (VY V1) / Symb™ (V0 V1) is called a principal symbol. For example, every polyno-
mial function in ¢ of order m is an element of Symb™(V?, V1).

Principal Symbol of Pseudo-differential Operators. Let Ay € P-Upo™(V?, V1) be a prop-
erly supported pseudo-differential operator of order m. Take a sufficiently small Euclidean
neighborhood W and local co-ordinate ¢: W — R™. Then the symbol o4, of Ay €
P-WUpo(VY, V1) is defined by the formula

o, (z, &) = e HP@)E 41V @).0) for xeW, £ e R". (4.9)

o4, belongs to Symb™ (V0 V1) and 04, regarded as an element of [Symb™(V? V1)] is called
the principal symbol of Ag. We may abbreviate principal symbol as just symbol.

Remark 4.10

(1) Let us consider an operator on R™. If ¢: R™ — R™ is a diffeomorphism, then the principal
symbol of the operator (¢*)~!Agp* is

T(pr) 1 Ager (T, €) = 0.4 (p(2), 7 (€))  mod Symb™ (V0 V1),

This implies that the principal symbol o4, € [Symb™(V?, V1)] defined by (4.9) does not
depend on the choice of local co-ordinates.

(2) If Ay is given by (4.5), its principal symbol is calculated from a by
oa0(w,6) = a(x, (z,€)) € [Symb™ (VO V1],

Conversely a symbol function o € Symb™(V? V') has an amplitude
a: X x T*X — Hom(m*V°, 7*V!) defined by

a(y, (z,8)) = x(z,y)o(x,), (4.10)

where x: X x X — [0,1] is a smooth function satisfying that y(z,z) = 1 and x(z,y) =0
if dist(x,y) > r, where r is the injective radius of X, which is bounded below. We can
construct a pseudo differential operator by (4.5) whose principal symbol is equal to the
given o € [Symb™(V°, V1)].

(3) If Ap € Wpo™ (VY V1) and A; € Uno™ (V! V), then we have

OA1Ag = OA10 A mod Symmeerl*l(VO,VQ)
and oa; = (04,)" mod Symb™ (V0 v1).

(4) Let us start with a symbol o € [Symb™(V?, V!)]. When we construct an amplitude (4.10),
if we replace r by the minimum among the injective radius and 1 so that supp(x) is in
bounded distance from the diagonal in X x X, any pseudo-differential operator constructed
by the formula (4.10) and (4.5) from a given symbol is always properly supported. This is
because if w in (4.7) has a support outside the r-neighborhood of the diagonal in X x X,
a(y, (z,&))w(z,y) = 0 for any (z,y) € X x X therefore K4, has a support contained
in the r-neighborhood of the diagonal in X x X. So both (supp(K4,)) N (K x X) and
(supp(K 4,)) N (X x K) are contained in a 2r-neighborhood of K x K which is bounded.

(5) For any properly supported pseudo-differential operator Ay € ¥po™ (V% V1), the image of
C.(VY) is contained in C.(V'). For these reasons we basically assume that Ag is properly
supported.
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Definition 4.11 (Ellipticity) An operator Ag € P-¥po™ (V% V1) is called Elliptic if the prin-
cipal symbol o4(z,&) is invertible at infinity in £, more precisely, there exists a symbol 7 €
[Symb~™ (V! V%] such that

lim ||7(z,£)oa, (2, &) — idyol| = hm |oa, (2, )7 (2, &) —idy || =0 (4.11)

€ll—o0 [€ll—o00

uniformly in x € K for any compact subsets K C X.

Remark 4.12

(1) Without loss of generality we may consider the case of elliptic operators of order 0 and
furthermore the condition (4.11) may be replaced by the condition that the principal symbol
is unitary at infinity, that is,

lim Hazo(x,g)mo(:c,g)—idVoH:|hm loao (@, &)o%, (x,€) —idya|| =0 (4.12)

€ll—o0 |€]|—o00

uniformly in & € K for any compact subsets K C X. This is because o4, € [Symb®(V?, V1)]
can be modified to

)—1/2

/. *
g = (O'AOO'AO T Ay

at infinity so that o’ satisfies the condition (4.12) through a homotopy by a family of symbols

{(oa, azo) 2, Ao Jte[o,1] Which are invertible, at infinity in .

0 A

(2) In the case of elliptic operators A on V = VoGV of the form A = ( A 0
0

), the require-
ment (4.12) will be replaced by lim HaA(az,ﬁ)Z — idVH =0.

[[€]]—o0

Let us recall the action of G.

Definition 4.13 (G-invariant operators) G acts on P-Upo™(V° V') by the formula;

Aol = yApy "
Let P-Wpof} (VY V1) denote the subspace of P-Wpo™(V?, V1) consisting of all G-invariant opera-
tors.

Remark 4.14 It directly follows that the action of G on the operators are compatible with the
action on the sections, that is, y[Ags] = y[Ag] 7[s] for s € C(V?).

Note that the action of G on V°@V! induces the action on the bundle Hom(7*V?, 7*V1)
over T*"X. Any G-invariant operator Ay € P-Wpogt (V% V1) has the G-invariant principal symbol.
Conversely we have the following;

Lemma 4.15 If o: T*X — Hom(m*V? 7*V!) is a G-invariant principal symbol of oder m, then
there exists a properly supported G-invariant operator A € P-Wpogy (VO V1) whose principal symbol
18 0.

Proof. When we take an amplitude a of o by (4.10), choose x: X x X — [0,1] so that x(z,y)
depends only on dist(x,y). More precisely, let x: R>o — [0,1] be a smooth function such that
x(t) = 1for t < r/4 and x(t) = 0 for » > r/2, where r is a constant less than the injec-
tive radius. and set x(z,y) := x(dist(z,y)). Since the action of G is isometric, the amplitude
a(y, (z,€)) constructed by (4.10) using this x is G-invariant. Then the pseudo-differential opera-
tor A € P-Upo™(V°, V1) constructed by the formula (4.5) is G-invariant. By the construction, it
is properly supported. []
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We will construct a K-homology classes [A] := (L?(V), A) € KK%(Cy(X),C) induced by properly
supported G-invariant elliptic operators. in the last of this subsection. In order to argue the L?
boundedness of elliptic operators, let us introduce the following theorem by Homander;

Theorem 4.16 [H671, Theorem 2.2.1] Let P € P-Wpo®(V®, V1) be a properly supported pseudo-
differential operator of order 0. Suppose that for any compact subset K C X

limsup ||op(z,€)| < C for z € K.

€] =00

Then there exists a properly supported pseudo differential operator B € P-Wpo®(V°, V1) of order
0 and a self adjoint integral operator R with continuous and properly supported kernel such that

PP*+ BB*— C? = R.

Moreover, if the support of the distributional kernel of P is compact in X x X, then both B and
R will also have compactly supported distributional kernels. []

Lemma 4.17 Let P € L(L*(V°), L*(V!)) be a bounded opemtor with distributional kernel sup-
ported in a compact subset K x K C X x X. Then P:= va | dy is well defined as a bounded

operator in L(L*(V?), L2(V')) and the inequation HPH < Ck || P|ly, holds, where Ck is a con-
op
stant depending on K.

Proof. We will follow the proof of [CM, Lemma 1.4 - 1.5]. Fix an arbitrary smooth section with
compact support s € C°(V?) and let us consider F = F; € L? (G; L? (Vl)) given by

Fs(v) == P]s.

Note that for any v € G the distributional kernel of v[P] is contained in (K x v(K). This is
because for any s € C°(V?), supp(y[P]s) C v(K) and v[P]s = 0 whenever supp(s) Ny(K) = 0.
In particular, since the action of G on X is proper, F' has compact support in G and hence
F € L?(G;L*(V')). In addition, since the action of G on X is proper, v(K) N n(K) =
(K N~y In(K)) = 0 if y7n € G is outside some compact neighborhood Z C G in particu-
lar, (F(v), F'(1)) 2(y1y = 0 for such v and n € G. Remind that Z is determined only by K so
independent of s. Then,

2

/F(v)dv = F(y) dy / F(n) dn

G L2(v1) L2(v) L2(v)
<, / [P Py | dvan
< [ 1P ( [ D IE Oy )
<

1E | 2y X2l 26y 1 | L2
< |Z|Fll72(q)

where xz: G — [0,1] is the characteristic function of C, that is xz(y) = 1 for x € Z and
xz(y)=0forz ¢ Z.

On the other hand, take a compactly supported smooth function f € C°(X;[0,1]) such that
f(z)=1for z € K and f(z) = 0 if dist(z, K) > r. Since the support of the distributional kernel
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of P is contained in K x K and hence P = Pf, we have
2 2 —1_|2
1F72(c) :/G|F(7)||L2(V1) dy = /GH’YPJW 5HL2(V1) d
2 -1_/12
< /GHPHopr'Y SHLQ(VO) dy
2 — 2
< WP, [ [ 1F@F sl dedy
GJX
2 — 2
< WP, [ [ 16T DR @) ds dy
GJX
2 — 2
< 1P s ([ 1767 20F @) sl
zeX G

Since the action of G is proper, {y € G | v~z € supp(f)} C G is compact so the value [, |f(y ™ a)[*dy

is always finite for any fixed = € X. Besides, since X/G is compact, we have

—1 2 2
23§</G|f(7 )| dv) Se%?/c:</ f (v )] dv><oo

Remind that this value depends only on K and independent of s. We conclude that

’/GV[P]Sd’Y o) /GF(’Y) dy

where C' = su)[; (fG |f(v o) dy) < oo. U
BAS

2

2 ‘

< ‘Z‘ ||FH%2(G) < ’Z‘C ||PH(2)p HSH%Q(VO)7
L2(V1)

Lemma 4.18 If P € Upo™(V°, V1) with compact support, then P := Ja[P)dy € P-Upo (V0 V1),

Proof. 1t is clear that Pe \IJDOE(VO,Vl) for some n. Let the support of distributional kernel of
P is contained in K x K for some compact K C X. Let a be its amplitude. Then the ampli-
tude of y[P] is given by ~[a](y, (z,€)) = va(y~'y,7"'(,€)). Now we have [ v[al(y. (z,€))d,
which is the amplitude of ﬁ, satisfies the condition (4.6) since the integral is over a subset
{’y eG ‘ (v ta,yly) #£ 0} C G which is compact by the properness of the action. The distri-
butional kernel of v[P] is contained in v(K x K) and hence, the distributional kernel of P is
contained in G(K x K) so P is properly supported. M

Lemma 4.19 Let Ay € P—\I/DO%(VO,Vl) be an elliptic operator of order 0 which is properly
supported and G-invariant. If X/G is compact, then Ag is L?-bounded.

Proof. Ap satisfies the assumptions of theorem 4.16. Let ¢ € C2°(X) be an arbitrary cut-off
function. And let us consider P := cAy. it has the distributional kernel supported in a compact
subset (supp(c) x X)Nsupp(K4,) C X x X and still satisfies the assumptions of the proposition.
Then we have
0< PP*+BB*=C?+R.

And it follows that P is bounded since BB* is positive and C? + R is bounded.

Next, note that Ag = foy [cAg] dy = va | dy since Ay itself is G-invariant. Then by the
previous lemma 4.17, Ag is L? bounded. []
0 Aj 0
A0 € P-Upo/ (V) be a properly supported G-

0

invariant elliptic operator on V = V°3V!. Then for any f € Co(X), the multiplication operators
by f commutes with A modulo compact operators K(L?(V)), and f(1 — A?) is compact.

Lemma 4.20 [K, Lemma 3.7] Let A = <
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Proof. 1t is enough to prove when f has a compact support. The commutator Af — fA is a
pseudo-differential operator of negative order because the principal symbol of order 0 is

oAf-fA=0af = foa =0 € [Symb’(V)].
Also, the symbol of f(1 — A?) satisfies

0pa-a2)(r) = f(@)(1 =02 (2,6)) =0 as  [[£]] = oo

Let P be Af — fA or f(1— A?). Then P has the compactly supported distributional kernel and
satisfies the assumption of theorem 4.16 for any small constant C > 0. We obtain

PP*+BB*=R

with R having the compactly supported distributional kernel. Hence R is a compact operator,
which implies that so is P. []

0 y .
Remark 4.21 Note that the symbol o4 = <J 080> of a properly supported G-invariant
A

elliptic operator A of order 0 induces a map o4: 7*V — 7*V, where 7: T*X — X denotes
the projection. Additionally, note that the space of Cy(T*X)-compact operators on Co(7*V) is
Co(End(7*V)) and that Cy(X) acts on Co(7*V) by the point-wise multiplication. Hence, for
any f € Co(X), both o4f — foa(=0) and f(0% — 1) are compact as an operator on a Hilbert
Co(T7X )-module.

Definition 4.22 (The K-homology classes determined by elliptic operators)

(1) Let A= (2 /(1)0> € P-Upo% (V) be a properly supported G-invariant elliptic operator of
0

order 0 on a graded Hermitian G-vector bundle V = V°&V! over X. Due to the lemma
4.19 and 4.20, we can define a K-cohomology class

[A] = (L*(V), A) € KK%(Co(X),C)

with the action of Cy(X) on L?(V) being the point-wise multiplication.

(2) Its symbol o4 = <JO 0610> determines the following element in KK-theory;
A

[o4] := (Co(7*V), 04) € KK (Cy(X), Co(T*X)).

5 Index Map

Let G be a second countable locally compact Hausdorff group. Let X be a G-compact proper
complete G-Riemannian manifold. Let V be a smooth (finite dimensional) Hermitian G-vector
bundle over X. We summarize the notations;

e (C°(V) denotes the space of compactly supported smooth sections s: X — V.

e (y(V) denotes the C*-algebra consisting of continuous sections s: X — V vanishing at
infinity equipped with the sup-norm.

e L2(V) denotes the Hilbert Cy(V)-module consisting of L2-sections s: X — V. Cy(V) acts
by point-wise multiplication.
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5.1 The Topological Index Map
Let A
_ (0 A\ . ;2 2
A_<A0 0>.L(V)—>L(V)

be a properly supported G-invariant elliptic operator of order 0 on a graded Hermitian G-vector
bundle V = VO&V!. Then as in definition 4.22, A defines the K-cohomology class

(4] = (LA(V),m, 4) € KK%(Cy(X), ),

where the action m of Cy(X) on L?(V) is ordinary point-wise multiplication. We will define the
index map

pa: KK9(Cy(X),C) = Ko(C*(Q)).

Definition 5.1 Let G be a second countable locally compact Hausdorff group, A and B be G-
algebras and (£,¢,T) € E¢(A, B) be a Kasparov G-module over (A, B). We will introduce the
following notations;

(1) T is defined to be an operator on C*(G; ) given by
T[e]l(v) = T(e(v)) for €€ C.(G;¢).

(2) The action @ of C*(G; A) on C*(G;€) is given by the following convolution product;

plaj(e): v — o@m))mye))dyn  for aeC.(G;A), €ecC.(G;E).
Y1Y2=Y

Lemma 5.2 [K88, Theorem 3.11] Let G be a second countable locally compact Hausdorff group.
For any G-algebras A and B there exists a natural homomorphism

% KK%(A, B) — KK (C*(G; A),C*(G; B))
constructed as follows; If x = (£,¢,T) € KK%(A, B),
@) = (C*(6:6),8.T).
Furthermore if © € KK(A, B) and y € KK%(B, D), then ¢ (28py) = jG(:E)®C*(G;B)jG(y). (]

Lemma 5.3 Using a cut-off function ¢ € C.(X), one can define an idempotent p € C.(G; Cp(X))
by the formula;

é)(x) = Ve(z)e(y~x).
In particular it defines an element of K-homology denoted by [c] € Ko(C*(G;Co(X))). Moreover

the element of K-homology [c] € Ko(C*(G;Cy(X))) does not depend on the choice of cut-off
functions.

Proof. 1t is verified by the direct calculation that ¢ is an idempotent;

e+ ()(x) = / 1) (@) - lp(r2))(x)dn
Y1y2="

= [ Vet apetr ety 07 )dn
Y1Y2=Y
— Ve [ e a)dn

) :
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As for the independence of the choice of cut-off function, it is followed from the fact that the
subset in C¢(X) of all cut-off functions on X is convex. Precisely, if we have two cut-off functions
co and c1, ¢ := (1 — t)cp + tey provides a family of cut-off functions for ¢ € [0,1]. ¢ provides a
homotopy by idempotents connecting ¢y and ¢j. []

Definition 5.4 (Topological Index) Define
pa: KKC(Cy(X),C) = Ko(C*(@))
as the composition of
e j¢: KK%(Cy(X),C) = KK(C*(G;Cy(X)),C*(@)) with
o [J&: KK(C*(G;Co(X)),C*(G)) = KK(C,C*(G)) = Ko(C*(G)).

In other words,

~

ne(-) = [d®c@.coxni® () € Ko(CH(@)).

5.2 Reduction to the Dirac Operators

[K, Remark 4.4.] One can reduce the general case of elliptic operators to the case of Dirac
operators when calculating the index. In this subsection, we will see that any K-homology class
[A] € KKE(Cy(X),C), where A is a properly supported G-equivariant elliptic operator of order
0 can be realized as a Dirac operator D on a larger manifold Y obtained by a fiber bundle over
X. To be more specific, we will obtain [A] = (7#)*[D] with the map (7%)*: KK%(Co(Y),C) —
KK%(Cy(X),C) induced by 7¥: Co(X) — Co(Y). If this has been done, it is sufficient to consider
the case when D is a Dirac operator on a Clifford bundle V over Y and [D] = <L2 (V), %) €

1+
KK%(Co(Y),C).

Lemma 5.5 Let D be a G-invariant first order Dirac type operator on a spin manifold Y on a

bundle V. Put T := \/% and H = L*(V). Consider the action of Co(Y) on H by point-wise

multiplication. Then f(1 —T?) and fT —Tf are compact operators on H for any f € Co(Y).
In particular we can define the following K-homology class determined by D;

[D] == (H, T) € KK%(Cy(Y),C).

Proof. 1t is sufficient to consider the case when f € C°(Y). Noting that 1 — 72 = (1+ DQ)_l
and using the Rellich lemma, f(1 — 72) € K(H). As for fT — T f, we use the formula;

2 [tee D
= — ——=dA.
T w/o 1+ A2 4 D2

This integral converges in the strong topology, not in the operator norm. Then we have

“+oo
-t = 2 <f b ___ D f)d)\
0

1+X2+D2 1+X+D

T

2 e 1 2 2 2 2 1
-2 m[(mm +D*)fD—Df(1+ A +D)}mdA
= 2/+001[(1+>\2)(fDDf)D(fDDf)D]1d)\
oo 1+X24+D2 1+X2+D

2 [T V14 A2 V14 A2
= / #(fp_pf)#d/\

mJo 14+XN+D? 1+ A2+ D2

2 [tee D D
—= —————— (fD-Df) ————= dA\.
w/o 1+/\2+D2(f f)1+/\2+D2dA
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Note that (fD — Df) is a multiplication operator by a compactly supported function df due to

the Leibniz rule. Therefore
(fD—DJ)il and (D=Df) =77
14+ A2 4+ D? 14+ A2+ D?

are compact operators by the Rellich lemma. Moreover, since we have

V14 X2 oL d D <1
an ,
1+ X +D2|| = /14 N2 1+ A24+D2|| = 1+ 22
the last two integrals converge in the operator norm topology and are compact operators. []

Definition 5.6 Let BX C 7" X be the unit closed disk bundle in the cotangent bundle, whose
boundary is the sphere bundle 0BX = SX. Then construct

YX = BX Ugy BX

gluing two copies of BX together along SX. The zero in the second BX will be denoted by oc.
In order to avoid the confusion, let us distinguish the notations of projections mp: T* X — X
and myn: XX — X.

The action of G on X induces the proper co-compact action on ¥ X because the action is isometric
and each fiber of 7y, is compact. This action commutes with the projection 7y;. Let 7T§: 1 Co(X) —
Co(XX) be the homomorphism induced by the projection .

In addition, note that 3 X is of a structure of smooth almost complex manifold.

Definition 5.7 Let Dyx be the Dolbeault operator on X X. It determines the following K-
homology class;

[Dsx]| = L2</\0’*T*(ZX)),D¢ e KK%(Cy(2X),C).

\/1+Diy

Now let A = ( XO ‘%8) € P—\IIDO%(V) be a properly supported elliptic operator of order 0 on

a graded Hermitian G-vector bundle V = VO3V!. Without loss of generality we may assume its
symbol o4 satisfies

o4(z, &) =1 for ||&]| >1 and lo4]| <1 everywhere. (5.1)
In particular oalsx: (77V)gy — (77V)gy is invertible then it provides a gluing map from
(7V) gy to (m7V) 5. From now on, we will abbreviate o4 = < 0 UAO) to o = <0 UO) in

OAg 0 (s} 0
order to avoid the complication.

Definition 5.8
e Let us construct a new bundle V(o) over ¥ X by gluing (W}VO) py and (W}Vl) px together;
V(o) := (77V)px Ug|sx (mpV)Bx.
Remark that the gluing map o reverses the gradings, V(o) has the grading

V(o) = V(o)° & V(o)t
3 (5.2)

= (13V0)Bx Ugglsy (T7V)Bx (Tr V) Bx Ugglsx (T2V0)Bx.
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e In addition consider another bundle just given by the pull-back s, (V1) over £LX. Remark
that 75(V!) 2 V(0)® on the second BX C XX.

These G-vector bundles V(0)? and 7% (V') determine elements in KK-theory;

V()] = (Co(V(e)"), 0)
and  [r5(VD)] = (Co(m5(Vh), 0) € KK%(Co(2X), Co(EX)).

e Define an element of KK-group denoted by [[0]] € KK (Cy(X),Co(XX)) as

o)l = ()" [V(0)* & m&(V)]
= (Co(V(0)? & 7&(VY)), 0) € KKY(Co(X), Co(EX)).
Remark that we can define such class because each fiber of ¥ X is compact, in other words,

Ty is a proper map. We cannot define a KK-theory class in KK (Co(X), Co(T*X)) of the
same form.

Our main claim in this subsection is the following;

Proposition 5.9
[0 ®cnmx)[Pex] = [4] € KK(Co(X), C).

In particular, let D, be a Dirac operator obtained by the twisting the canonical Dolbeault operator
Dsx by the Z/2Z-graded bundle V(0)? & 7&(VY). Then it is a realization of initial A through
7t KKG(Co(XX),C) — KK (Cy(X),C), in other words,

()" (ID5]) = [4] € KE(Co(X),C).
To verify this, we need theorem 5.11 by G. Kasparov stated below.

Firstly, let us introduce the K-cohomology class of T*X determined by the Dolbeault operator.
Since the manifold T*X has the canonical structure of an almost complex manifold in particular,
Spin“-structure.

Definition 5.10 Let Dp«x be the canonical Dirac operator on T*X called the Dolbeault operator
acting on L2 (/\O TTHTX )) It determines the following K-homology class;

Dr+x

Drex] = | 12 (/\0 THTX)), € KKC(Cy(T"X),C).

1+ D2,
Theorem 5.11 [K, Theorem 4.2]
[A] = [0)@cy(r+x) [Prx] € KK%(Co(X), C).

Recall that [0] € KK&(Cy(X), Co(T*X)) is the KK -theory class given by [0] = (Co(7*V), o) as in
definition 4.22. In particular, the K-homology class of a G-invariant elliptic operator and hence
its the index depend only on its symbol. []

To obtain proposition 5.9, we should rephrase theorem 5.11 in terms of XX instead of T*X.
Let us regard T*X as a subset of XX by

T°X = BXUgx (T"X \int(BX))
~ BX Ugx (BX \ {0-section}) = XX \ {(z,00;)} — £ X. (5.3)
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Noting that the identification 7*X \ int(BX) — BX \ {0-section}; (x,§) — (ac, ﬁ) is G-
equivariant since the action of G’ does not change the length of co-tangent vectors, we will consider
the following G-equivariant inclusion map;

L Co(T*X) — CD(EX).

Lemma 5.12 Consider v,.: KK(Cy(X),Co(T*X)) — KK(Cy(X),Co(XX)). Then, t(lo]) =
[[o]].

Proof. Remark that
V(0)" = (TV°)Bx Ugglsy (T5V")x
eVt = (73 VY)px Uid|g x (73V') Bx.

Let V7(0)? denote the restriction of V(0)? on T*X C XX using (5.3). Firstly we have

ol = (cotmv. (o F))

_ (co (Vo(0)? & V1) <;’0 %O> Usx <(1) é)) € KKS(Cy(X), Co(T™X)).

0 1
Then, t,: KK (Cy(X),Co(T*X)) — KK (Cy(X),Co(XX)) maps [o] to the class

(2. (o D)usx (o)) € KECGox).Cofz0)),

g0

This is due to the unitary isomorphism <(1) (1)) Usx (UO O> sV o— VT(U)O & W}Vl.

where
Z:={seC (V(J)O @WEVI) | s(z,00) =0 for any z € X. }.

This K-theory class is equal to the class

(co (V(0)° & V1) , (Of’ %0> Usx <(1) é)) € KK (Cy(X), Co(EX))
0
by the homotopy given by the following ICy(XX )-module;
{feIC (V(J)O EABWEVI) ‘ f(1)(w,00) =0 for any z € X. }.
Finally, it is equal to

[lo]] = (Co(V(0)° & 75(V1)), 0) € KK (Co(X), Co(EX)).
by the operator homotopy (tgo tgé) Usx <0 t>. []

Lemma 5.13 Consider 1*: KK%(Cy(XX),C) — KK%(Co(T*X),C). Then, *([Dsx]) = [Dr«x]-

Proof. *([Dsx]) is represented by the class

L2 (/\0 T*(ZX)), _ Pex ) ¢ krC(Cy(T7X),C)

\/1+ D4y
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with the point-wise multiplication action by Cp(T7X) via ¢.
For a while, let ¢ denote also the inclusion of the spaces ¢: T*X — ¥ X. Foreach k =0,1,...,

we can find a smooth function fi: T%X — R<¢ so that the following maps are isometric on each
fiber;

NrErasx) - NFTH(TrX)
w — fr - fw.

Assembling these maps, we obtain the fiber-wise isometry
0,% 0,%
o= fir: N\ THEX) = N\ THTX).
k

Next, let h denote the Radon-Nikodym derivative V"Ooll% so that ¢ induces the isomorphism
between measure spaces;

(XX, volgx) = (T*X, h-volp«x).
Using % and h, L? (/\0* T*(EX)) can be identified with L2 (/\0* T*(T*X)) by
12 (/\07* T*(ZX)) L2 (/\07* T*(T*X))
s — Vh-3(s).
This isomorphism will be denoted by ¢ := v/h-@. Under this unitary equivalence, we have
¢o Dr«x o' = Dyx.
Besides, since the functional calculus commutes with the unitary conjugation, we obtain
Drsx 1_ _ Dsx

¢0720S0 72.
1+ Drex 1+ D5

Note that this unitary equivalent map is compatible with the action of Cy(7T*X). Therefore, as
elements in KK (Cy(T*X),C),

H([Dex]) = | L2 </\0’*T*(ZX))7 _ DPex
VLD
= L2</\0’*T*(2X)),¢ODT7*X a

op
\/1+Di.y

0,* D *
— | pr? (/\ T*(EX)), X

1+ Dy

= (N T r), Drex

1+ Dhux

= [Dr«x]
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Proof of Proposition 5.9. Due to theorem 5.11, lemma 5.12 and lemma 5.13, we obtain

[A] = [o]
= o]
=

It implies the second part as

~

[A] = [[o]] ®cyzx)[Pex] = (7

=
Q
)
D)
3
M *
<
&)
)
™
s’
)
[\l
>,

[

Corollary 5.14 Let L be a Hermitian G-line bundle over X. Consider the induced bundle m5,L
over ©X , which determines the KK -theory element [t5 L] = (Co(m%L),0) € KK%(Co(2X), Co(2X)).
Then,

na([L)8[A]) = ne (S LIB[Dy)) -
Proof. As we will not consider the projection from T*X, 7y, will be abbreviated to 7. The map be-
tween the algebras of continuous functions induced by 7 will be denoted by 7#: Co(X) — Co(XX)
and it will also regarded as a KK-theory class 7 € KK%(Cy(X),Co(XX)). Note that j¢(r¥) €
KK (C*(G; Cy(X)),C*(G; Cp(XX))) represents a natural map C*(G;Co(X)) — C*(G; Cp(XX))
given by f — f(v)(z,&) :== f()(w(2,8)) = f(7)(2).

Let ¢ € C.(X) be an arbitrary cut-off function. Then 7fc = com € C.(XX) is a cut-off function
for the action of G on ¥X. They determine a K-homology classes [c] € KK (C,C*(G;Cy(X)))
and [co 7] € KK(C,C*(G;Cp(XX))) as in lemma 5.3, and they are related by the formula
[€]@5(n*) = [co].

Using the proposition and noting that [7*L] is an element in KK (Cy(2X),Co(XX)) and
(7)) *[7* L] = (7%).[L] € KK (Co(X), Co(XX)), we obtain

pa((LIBIA]) = pe (ILIB() D))

5.3 Expression of ug([4])

Let A be a G-invariant elliptic operator of oder 0 with proper support or a Dirac type operator
and let [A] = (L*(V),A) € KK%(Cy(X),C). To see more specific expression of the image of s,
let us first introduce a Hilbert C*(G)-module £ by taking the completion of C.(V). which will
be used to represent ug([A]) € KK(C,C*(Q)).

First we define on C,(V) the structure of a pre-Hilbert module over C.(G) using the action
of G on C.(V) given by g[s](z) = g(s(¢g~ 1)) for g € G.
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e The action of C.(G) on C.(V) from the right is given by
seb= [ glsl-bg™)dg € C(V) (5.4)
for s € C.(V) and b € C.(G). Let p“ denote this right action.
e The scalar product valued in C.(G) is given by

(s1,52)gc (9) = (s1,9[s2]) r2v) (5.5)
for s; € C.(V).

Definition 5.15 Define £ as the completion of C.(V) under the norm , /|| (s, $)llex(c)-

In order to realize £¢ as a submodule of C*(G, Cy(X)) for convenience, we define the map
i%: Cu(V) = Cu(G; L2(V)) and q%: C.(G; L2(V)) — C.(V) by the formula;

) = Vel
6 = [ Vet
G

for s € C.(V) and 5 € C.(G; L?(V)), where ¢ € C.(X) denotes a cut-off function.
i¥ preserves the right G-action and scalar product, here C.(G; L?(V)) is equipped with the

following C*(G)-valued inner product (51,52) (g, z2(v)) (9) = fg1gz=g (51(91),52(92)) r2(v) g1
¢“ is the adjoint of i¢ that is, <iG(s),§>C*(G.L2(V)) = <5,qG(§)>gg. Then, i¢ determines the
inclusion £¢ — C*(G; L2(V)) and ¢© determines the projection C*(G; L*(V)) — £¢. Recall that

[c]® is given by the left action by the idempotent &(y)(z) = \/c(z)c(y1z) € C.(G; Cy(X)). For
5 € C.(G; LA(V)),

cx3s(y) = /G vy )ldn = Ve /G Vrldmsty ty)ldn
- Ve /G s [Ves(hz )] dos

= i%"5(v).

Now j%([A]) is represented by (C*(G;L*(V)), A%) here, the operator AY: C*(G;L*(V)) —
C*(G; L*(V)) is given by
AT (v) = A[B(7)]
for 5 € C,(G; L*(V)) as in definition 5.1. Hence, uc([A]) = []®5([4]) is given by (¢“C*(G; L3(V)), ¢©A%i%).
And we have for s € C.(V),

AGs:=q9A% % = ¢ (WHAﬁ'Y[S])=/G\/'Y[Ch [AVey™'[s]] dy
= [ Iveaver sl ay = [ 2 [Veave sdy
G G

Theorem 5.16 [K, Theorem 5.6] ug([4]) € KK(C,C*(G)) is represented by <5G,F), where
AG = qCAGC: EC — £ and This operator is equal to

AG:/GV[\@A\@] d.

AG defines a bounded operator both on L2(V) and Y [K, Proposition 5.1].
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5.4 The Analytical Index Map

Let A be a properly supported G-invariant elliptic operator of order 0. We will define the
analytical index of A using £C. introduced in the section 5.3.

Lemma 5.17 [K, Proposition 5.5] Let A be a properly supported G-invariant elliptic operator of
order 0. If the symbol o4 of A is bounded at infinity in the cotangent direction, that is,

sup limsup [|op (2, §)|| < C,
7€X ||gl| o0

then A determines the operator in IL(E) and || Al )k < C. In particular if C = 0, which
means that the symbol vanishes at infinity, A € K(E). []

Definition 5.18 (Analytical Index) Let G be a second countable locally compact Hausdorff
group. Let X be a G-compact proper complete G-Riemannian manifold. Let A be a properly
supported G-invariant elliptic operator of order 0.

indg(A) == (€9, A) € C*(G).
The previous lemma implies that (EG, A) is a Kasparov module. Moreover, we have
Theorem 5.19 [K, Theorem 5.6]

inde (4) = p([4]).

5.5 Kronecker Pairing and its Formula

Now we can define the Kronecker pairing ([E],[A]); € R for [A] € KK%(Cy(X),R) and [E] =
(Co(E),0) € KK (Co(X),Co(X)) in Theorem A.

Definition 5.20
([E], [N = tre o ne([EIB[A]) € R,

where tr¢ is the canonical trace on C*(G) in the definition 3.13.

Remark 5.21 We will see that this definition is compatible with the case of [HS], that is, the
case when a discrete group I' acts on X freely and X/I' is compact. In such case, one has

K (Co(X)) =~ K°(C*(I'; Co(X))) ~ K°(C(X/T))
and C'(X/I") is unital, one also has a map
K°C(X/T)) — K°(C) ~ Z

induced by the inclusion of C into C(X/I') as constant functions. Let A be a I'-invariant Dirac
type operator on X, and E be a I'-Hermitian vector bundle over X. Then they defines a Dirac
type operator on X/T" denoted by A" and a Hermitian vector bundle E’ over X/T". Let A’ denote
the Dirac type operator twisted by E’. The composition K2(Co(X)) — Z maps [E]®[A] to the
ordinary index of Dirac type operator A%, on X/I', which will be denoted by ind(A%,). And it
is equal to the usual K-theoretical pairing ([E'],[A]) for [E'] € K°(X/T) and [A'] € Ko(X/T)
Therefore, it is equal to the pairing between ordinary cohomology and homology (ch(E’), ch(A’)),
which appears in [HS].
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On the other hand our definition of the Kronecker pairing is defined by the composition of
ua and trg
trg o pa: KP(Co(X)) = Ko(CH(T)) = R.

Due to Atiyah’s L?-index theorem [At], they coincide with each other, namely, ([E], [A])p =
ind(AE).

We need a formula of Kronecker pairing in the term of the integration of cohomology classes.

Theorem 5.22 [Wa, Proposition 6.11.] Let X be a complete Riemannian manifold, where a
second countable locally compact Hausdorff then the L?-index of A is given by the formula

freyindy(A) = /T @) TA(TeX) A (o), (5.6)

where trg is the canonical trace on C*(G), o4 denotes the symbol of A, and unimodular group
G acts properly, co-compactly and isometrically. If A is a properly supported G-invariant elliptic
operator of order 0, ¢ € Co(X) is any cut-off function.

Also we obtain a formula of the Kronecker pairing ([E], [A]).; using the cohomology. Choose
an arbitrary G-invariant connection V on E and apply the theorem to the Dirac type operator
Ap twisted by (E, V) to obtain

(E],[A)e = trauc([EI®[A]) = trgindg(Ag)
= /TX c(x)Td(Tc X ) Ach(oa) Ach(E, V).

This value is independent of the choice of the G-invariant connection on E according to the lemma
4.8.
Using this formula, we can define higher G-A-genus in corollary B.

Definition 5.23 Let E be a smooth Hermitian G-vector bundle over X. Then we define

~

Ac(X;E) = /X c(z) A(TX) A ch(E) € R.

This is the spacial case of (5.6) when A is the Dirac operator on the canonical spinor bundle over
X twisted by E.

In theA case of a free action of a discrete group I' on X, by remark 2.6, ng(X ; E) is equal to
fX/F A(T(X/T)) A ch(E), namely, the higher A-genus on X/T", so this definition 5.23 is one of

generalizations of the higher ﬁ—genus to the case of proper actions of non-discrete groups.

6 Construction of Almost Flat Bundles and their Indices

Observing that for E of the form E = L'@...® LY, where LF are G-line bundles, ug([E]®[A]) =
pa([LN®[A]) + ... + uc([LN]®[A]) and ch(E) = ch(L') + ...+ ch(LN), it is sufficient to consider
the case that F is a single smooth G-line bundle L. Our strategy to prove the Theorem A is that
firstly, construct a family of almost flat bundles L; over X for ¢ € [0, 1] using L, and calculate
the index of twisted Dirac operators Ay,. In order to do this, we introduce a U(1)-cocycle
a € C?(G;U(1)) coming from the G-line bundle L following [Ma99] and [Ma03]. And we will
consider the central extension using a.
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6.1 Central Extension
We would like to construct line bundles L; over X for ¢ € [0, 1] whose curvature have the norm
decreasing to zero. However L; are not G-line bundles despite L is G-line bundle. We will

introduce U(1)-cocycle o € C%(G;U(1)) coming from C?(G;R) o), C?*(G;U(1)) and central
U(1)-extensions G, and construct each of L; as a G,:-line bundle over X.

Definition 6.1 Chose an arbitrary G-invariant connection V on L and let iw € Q(X;R) denote
the curvature of (L, V). Then its first Chern class is equal to ¢1(L; V) = 52w € Q(X;R). Fix a
base point zg € X. For any v € G, we will construct a R-valued smooth function 1, € C*°(X)
which will be used to define a U(1)-cocycle a € C%(G;U(1)).

e Since [¢1(L)] = 0 € H*(X;R), in particular [w] = 0 € H3z (X;R), there exists n € Q' (X;R)
such that dn = w.

e Since w is G-invariant, we have d(y*n—n) = v*w —w = 0. The assumption of H;(X;Z) =0
implies that there exists 1, € C*°(X;R) satisfying di, = v*n —n for each v € G. We may
assume for every v € G, ¢, (x0) = 0 for a fixed base point z¢ € X.

Lemma 6.2 ¢.(x) =0 for every x € X, where e denotes the identity element in G.
Moreover for any v1 and v € G,

1/}71 (72*77) + w"/z (*73) - w"{l’h (:U)

is independent of v € X

Proof. Since dip. = 0, it follows that ¥ (x) = 1e(xg) = 0 for every x € X. In addition

d (¥, (722) 4 Vs (2) = Y140 (@)) [vin —n] (v2x) + [vam — 0] (z) — [(172)"n — 0] (2)
[vavin —vanl (z) + [van — 0l (x) — [evin —n) (z)
= 0.
Then the second statement follows. []
Lemma 6.3 Set
0-(717 ’72) = w'Yl (’YQ‘T) + 1/}’72 ($) - 1/}’7172 (x)
= ¥y (72%0)-

Then o defines a R-valued 2-cocycle o € Z*(G;R). In particular o := exp[—io] is a U(1)-valued
2-cocycle a € Z2(G;U(1)).

Proof. We have to check

o(y,e) =oc(e,y) = 0 and
o(v1,72) +o(v172,73) = o(71,7273) + o(72,73)-

The first equation follows directly from t.(x) = 0 and v (z9) = 0 for every z € X and v € G.
The second equation follows from direct calculation. Due to the previous lemma,

Vo (7273%0) + Vs (1370) — Yryyms (v30) = (o (v2zo) + Py (z0) — Vo1, (20)
= %1 ('72330)'



Y. Fukumoto 47

Then we obtain

o(y1,72) + o(1172,73) = ¥y (12T0) + Payins (V370)

Py (V20) + {4, (V27370) + Y, (V3T0) — 14, (v220) }
Vo (1273%0) + ¥, (V320)

= o(m,7%27) + (12,73)-

[]

Lemma 6.4 If we choose another G-invariant connection V' on L, then the resulting o/ €
Z2(G;U(1)) is cohomologous to a.. In particular at the U(1)-cohomology level, « € H*(G;U(1))
is independent of the choice of G-invariant connection V and n used in the definition of a.

Proof. If we let iw’ € Q?(X;iR) denote the curvature of (L,V’). Then its first Chern class
c1(L, V') is equal to ;—ﬂ%w’ € Q%(X;R). According to the lemma 4.8, there exists a G-invariant
1-form 6 € Q'(X) satisfying w’ —w = df. As in definition 6.1, since [w'] € H3g(X;R), there exists
n" € Q1(X) such that dn’ = '. Since d/ — dn = W’ — w = df, there exists h € C*°(X) which
satisfies dh = ' —n — 6. We may assume h(xg) = 0 for the fixed base point 2o € X. Similarly,
define ' € C*°(X) for each v € G by dy, = v*n' —n and ¥ (z¢) = 0. Now since 7*0 = 0, we
obtain

AW, =) = "0 =n)— (0" —n)
= Y -n-0)—-0n-n-0)

= d(v"h—h)
and 47 (z0) = Py(x0) = h(z0) = 0,
which imply @ZJ:/ -1y = Y*h—h—~"h(z) .

Therefore the U(1)-cocycle defined using w’ is

o' (y1,72) = exp [—ithh (yawo)]
= exp [~y (Y270)] exp [—i (v7 h(r220) — h(7270) — 77 M (20))]
= a(v1,72)88(1,72) ",

where 8 € C1(G;U(1)) is a U(1)-cocycle defined by S(y) = exp [—ih(yzo)] and recall that the
derivative 0: C1(G;U(1)) — C%(G;U(1)) is given by the formula

(38)(71,72) = B(m)B(12)B(1172)

To conclude, o/ € Z?(G;U(1)) is cohomologous to . (]

Definition 6.5 For each t € [0, 1], take a U(1)-cocycle a! = exp|—ito]. Let G, be the central
U(1)-extension of G determined by the 2-cocycle o € Z2(G;U(1)). In other words G is G xU(1)
as a topological measure space and equipped with the following product;

(71, u1) (2, u2) = (1172 5 (71, 72) wauz).
Suppose that the Haar measure of U(1) is normalized so that fU(I) du = 1.

Since there is a one to one correspondence between the isomorphism classes of central U(1)-
extension of G and H?(G;U(1)) when G acts on U(1) trivially, G is determined uniquely up to
isomorphism.
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6.2 Almost Flat G,-Line Bundles

Definition 6.6 For each t € [0, 1] we will construct a G:-line bundle L; over X whose curvature
is equal to itw.

e [, is topologically equal to a trivial bundle X x C.

e The connection of L; is given by V! = d 4+ it.
Since L; is a line bundle, its curvature is given by d(itn) + (itn) A (itn) = d(itn) = itw.
Lemma 6.7

(1) Gue acts on Ly given by the formula;
(v, u)(z, 2) = (yx , exp[—ityy(z)|uz) for (v,u) € Gy, x € X, z€ C = (Ly),.

(2) YV is a Gi-invariant connection, that is, the action of G and the connection V! on Ly
commute with each other. In particular let Ar, denote the twisted Dirac operator acting on
the sections of VOL;. Then Ar, is Gt -equivariant.

Proof. This actually determines the action of G,:. In fact,
(vi,u) {(2,u2) (@, 2)} = (mv2z, exp [—ity)s, (v22)] exp [—itthy, (v)] urug2)

= (M72m, exp [~itthy, (2)] (71, 72) urunz)
= {(n,u)(2,u2)} (2, 2).

Remark that the action of Gt on C*°(L;) is given by the formula;

(v, u)[s](x) = (v, u) (s(v~"2)) = exp [—itepy (v )] u - y[s](x)

As for the second statement, we will proof in the case of ¢ = 1. The claim for general ¢ € [0, 1]
follows if we replace 1 and 1 by tn and ti) respectively. Let s € C°°(L) be an arbitrary smooth
section of L. To restate our claim, (v, u)[Vs] = V ((v, u)[s]).

The left hand side is equal to

(v, w) [(d +in)s] = wexp [—igy (v~ 2)] v [(d + in)s] . (6.1)
The right hand side is equal to
(d+in) (v, u)[s]) = w(d+in) (exp [=ivy, (v '2)] v[s])
= wexp [—iv, (v )] {d(y[s]) +idyy (v x) - [s] +in - yls]} . (6.2)
After deviding by uexp [—id)fy('y_lx)],

(6.1)
wexp [—ith, (v 1))

= dy[s]—i(v") n-Als]
— s i (14 Ay () ol (63

6.2) d([s]) — idin (7 2) - 1[s] + i - 78] (6.4)

wexp [~y (v 1z)]

Then we conclude that

(6.3) — (6.4) = i {dy,-1(z) + dvpy (v ")} y[s] = i {dye(2)} y[s] = 0.
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6.3 Indices of Almost Flat Bundles

Now we can apply the theorem 5.22 to each Ay, to obtain

Proposition 6.8

tr6,h6, (LIBIA) = trg, indg (41,) = |

[ c@Td(TeX) A chlo) A exp (;@) . (6.5)

Later on we will regard it as a polynomial in .

6.4 The Index Map ¢,

We will compare two index maps pg and pg, . It is convenient to introduce the following natural
homomorphisms.

Definition 6.9 Let B be a G-algebra, in particular B = C or Cy(X). Define
e \: C*(G; B) — C*(Gy; B) given by

ALf(vsw) = f(v) for f € C.(G; B), and
e 0: C*(G,; B) — C*(G; B) is given by

0[] (v) := /U(l) b(~y,u) du for b € Co(Gy; B).

Both of the operators are bounded with respect to the C*-norms ||-|
they define the homomorphisms between C*(G; B) and C*(Gq; B).
In fact, for any covariant representation (7, p) for (B, G) and for f € C.(G),

o+e:p) ad [[llox (g, m)s SO

7ralS) = |

Ga

T(ALf](y, w)) p(y, u) dydu = / m(f())p' () dy = on p[f],

G

where p/(7) is a representation of G given by p/(vy) := fU(l) p(y,u) du is a representation on G.
Moreover for any covariant representation (w, p) for (B, Gy) and for b € C.(G,),

Orp [010]] = /G w(8[6] (7)p(y) dy = / 7 (b(y,1))p(7, ) dudry = o5 [8],

[e3

where p(vy,u) is a representation of G,, given by p(vy,u) := p(v).

Remark 6.10 It follows immediately that 6 o A = id. Note that b € C.(Gq; B) is constant in
(1,u) € U(1) C G, if and only if Ao 6 [b] = b holds.

The main purpose of this subsection is to verify the following proposition;

Proposition 6.11 Let A be a properly supported G-invariant elliptic operator on V over X of
order 0. Consider K-homology class [A] € KK (Cy(X),C) and apply uc: KK%(Co(X),C) —
Ko(C*(@)) to it. One can regard also [A] as a K-homology class in KK (Cy(X),C) and apply
pa,: KKG(Co(X),C) — Ko(C*(Gy)) to it. Then,

Mg ([A]) = pe, ([A)), and  O.pc, ([4]) = pe([A]).
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Now we will use the expression of pg([A]) in the subsection 5.3; ugr([A]) = (EG/,F) for

G' = G or G and compare them.

Lemma 6.12 If we regard ¢ as a module over C*(Gy) through 6: C*(Gy) — C*(G) equipped
with the C*(Gy)-valued scalar product X (-, -)¢c, then it is isomorphic to £%.
Similarly, if we regard £ as a module over C*(G) through \: C*(G) — C*(G4) equipped
with the C*(G)-valued scalar product 0 (-, ) cca, then it is isomorphic to EC. In other words,
(EGQ; (-, ‘>gca) ~ (EG; A ~>5G) as C*(Gy)-modules
and (EG; (-, Vec) =~ (EG“; 0 () eca) as C*(G)-modules. (6.6)
Proof. Consider the structure of Hilbert C*(G,,)-module (5.4) and (5.5) on £%. We will let the
right action of G’ = G or G, on C.(V) be denoted by o when we have to distinguish them. An

important observation is that the action of U(1) C G, on V is trivial. Therefore the action p&e
of C.(Gq) on C.(V) factors through the action of C.(G), that is, for s € C.(V) and b € C.(G,),

b = [ el b

@

= /7[8}'(/ b(%a(%vl)lul)dU> dy
a U(1)

— / 28] 018 (v )y
G

= s-0[b.
G

Replacing b by A[f] for an arbitrary f € C.(G), we also obtain sG~)\[f] = séf.

In addition the scalar product (:,-)cc, on Cc(V) is constant in (1,u) € U(1) C Ga, in the
other words,

(goa = A((5ge)  and O((s)gea) = ()ge on Ce(V).

They imply the two norms ||s||¢c := ||<S,S>5G||C*(G) and |[|s||gc. = \/||<S,S>5GQHC*(Ga) on
C,(V) are equivalent because both A and 6 are bounded. In particular £¢ ~ £%. ]

Proof of the Proposition 6.11. A.uc([A]) is represented by
(gG@c*(Ga), F@n).

We will compare it with <€G‘l, AGa>, which represents ug,, ([A]).
Consider a map ¢: EC@,\C*(Gy) — EC given by p(s@b) := séb. Notice that the right hand
side is equal to sée[b] and that £ and £% are identified with each other.

The well-defined-ness follows from
© ((sé f)@b) = <sé f) =5, < féﬂ[b]) and
o (sB00120) = .0 Nt| = (or0r1200) =, (720m).

where & denotes the comvolution product of C*(G’). From the previous lemma, it is obvious

that ¢ is compatible with the right action of C*(Gy).
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Next we will check that ¢ is isometric. For sq,s0 € €9 and by, by € C*(Ga),

(51®b1, 52@b2) = b] *x A((s1, S2)gc) * b2
= bT * <81, 32>5Ga * bQ

= <81 - b1, S2- b2> = (p(51®b1), ©(52@b2))caa ;
G G £Ga

@ [e3

which implies that ¢ preserves the scalar products and hence it is continuous and injective.
Using an approximating unit {e,, }menr for C*(G,), the subset of all elements of the following
form is dense in £C.

lim (s0em) = lim s-em = Ty g% (19 (s) * ) = 4% (1% (5)) = s
meM meM meM

for any s € C.(V). Therefore ¢ is an isomorphism.
Finally, since the sub group U(1) — G, acts trivially on V, we have that

A% = [ qulveave dydu

«

= /G av[ﬁA\/E] dydu
_ /Gy[ﬁAﬁ] dy/ du = AC.

u(1)

Now we have that po <F®1) (s@b) = AGop(s@b) = AGaop(s@b) for s € Co(V) and b € Co(Gy),
and it means that ¢ is compatible with the operators.
As a conclusion, (8G(§>>\C*(Ga), F@l) . and <€G&, AG0> are ismorphic by ¢ and hence

ApG([A]) = paa ([A])-
Since OA = idg+ (@), the second statement of the proposition is implied from the first one. []

7 The Index Twisted by Product Bundles

From now on, let G+ be denoted by G! for ¢ € [0, 1].

7.1 Infinite Product of C*-algebras
Definition 7.1 Let By be a sequence of C*-algebras.

e Define [] By as the C*-algebra consisting of norm-bounded sequences
keN

II B = {{bl,bQ, ) ‘ bk € By, sup{|[bxl s, } < oo}.
keN k

The norm of By, is given by [[{b1,b2,.. .} 5, = sup{llbxll5, }-

o Let @ By a closed two-sided ideal in [ ], oy By consisting of sequences vanishing at infinity

keN
P B = {{bl,bg,...} by € By, lim ||by| = 0}.
k—oo
keN
In other words, ;. Br is a closure of the sub-space consisting of sequences {b1, b2, ...,0,0,...

whose entries are zero except for finitely many of them, in [, oy Bk-



52 On the Strong Novikov Conjecture of Locally Compact Groups for Low Degree Cohomology Classes

e Define Q By as the quotient algebra given by

keN
0 By:= ([15:)/ (DB
keN
The norm of Q By, is given by [[{b1,b2, ...} p, := limsup ||| 5, -
k—ro0

o If & are Hilbert Bi-modules, one can define, in the similar way, [[ & as a Hilbert [] Bg-
modue consisting of bounded sequences

1 {{51,32,...}

keN

ok € & suplinll,} < oo}.

The action of [ By and [] Bg-valued sacalar product is defined as follows;

{s} - {bx} {se-teye[[&  for {se}e[[& {ou} €[] B
({skh {5ths, = {(h shg fellBe  for {sihisthe[[ &

One can define similraly

P = {{81,32,...}

keN

€ € i [y, = 0}

as a Hilbert [] Bp-module, and define

0 &= ([T&) 8- (280 = ([T&) / (B &)

keN

as a Hilbert Q Bi-module, where 7: [[ By, — Q By, denotes the projection.

Example 7.2 Let all of By be C. Then, [[C = ¢*°(N) and @ C = Cy(N).

7.2 Infinite Product of C*-algebras with Uniformly Compact Supports
Definition 7.3 Let By be C or Co(X) regarded as G'/*-algebras.

e Define []' C*(GY*; By) be the sub C*-algebra of [] C*(G/*; By) given by the completion
of the following sub-space;

b € Co(GVE; By),

there exsists a compact subset Z C G x U(1)
H’ CC(Gl/k; By) := < {bx} | such that supp(by) C Z for all k,

and ||bx (7, u)| g, is uniformly bounded in k

for all (y,u) € GV/*.

Note that each G/* is identified with G' x U(1) as topological spaces.

Moreover if B, = Co(X), every elements {by} € C.(G'/*; Cy(X)) are required to satisfy that
there exists a compact subset Y C X such that bg(y,u) € C.(X) and supp(bx(y,u)) C Y
for all (y,u) € G x U(1) and k as an additional condition.
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o Let & be L?(V) regarded as GY/*-Hilbert C-modules, or Co(E},) regarded as G'/*-Hilbert
Co(X)-modules for some Hermitian G'/*-vector bundles Ej.
One can define, in a similar way, [[' C*(G/*; &) as a Hilbert []' C*(GY/*; By)-modue given
by the closure of the following sub-space;

s, € Co(GYE: &),

there exsists a compact subset Z C G x U(1)
and a compact subset Y C X

H’ Co(GYF: &) := { {si} | such that supp(sg) C Z for all k,

and supp(sg(y,u)) C Y for all (y,u) € G x U(1),
and [[sg(7,u)||g, is uniformly bounded in &

for all (vy,u) € GV/*.

Note that the subspace consisting of compactly supported sections of V or Ej are dense in

LZ(V) or Co(Ek)
The right []’ C.(GY/*; By)-action and []' C.(G'*; By)-valued scalar product are given by

{o omp={om [ sslon - oilbutor ol |
(Goth 651 = (s Bemguman} = {9 [, o (b 010, don )

for {sg}, {st}, {57} € [I' Co(GV*; &) and {b} € [T’ C.(GV*; By,).

{sk} - {bx}

Remarks 7.4

(1) Let {by} € [T Co(GY*;Cy(X)). Since the supports of by, are contained in a compact subset
Z C G x U(1) independednt of k, the condition that the support of by (7, u) is unifomly

compact is equivalent to the condition that U supp(bg(v,u)) C Y for some com-
(yw)EGXU(1)

pact subset Y C X independent of k. Similarly for {sx} € []' C.(GY*; &), it is implied

that there exists a compact subset Y C X such that U supp(sk(v,u)) C Y.
(v,u)eGxU(1)

(2) Forbl, b € C.(GY*; B}), we have that supp(b'%b?) C supp(b')- supp(b?) and that supp(b'

v%(g)) C U  supp(bl(g1)) when By = C.(X). These imply that [ C.(GY*; By) is
g1EGXU(1)
closed under the product.

(3) The fact that []' C.(G'/*; &) is closed under the right []’ C.(G'/*; By,)-action can be verified
in the similar way.

(4) Since supp (<s,1€, si>) C supp(s,lc)_1 supp(si), it follows that <{s,1€}, {s%}> e[l Cc(Gl/k; By)
when By = C. When B, = Co(X), it follows from supp ({st, s3)(g)) C supp(sy)~ ' -
U supp(sp(gr))-
g1EGXU(1)
Remarks 7.5

(1) @ C*(GY*; By) is still an ideal in [’ C*(GY/*; By,). This is because elements in @ C*(GY*; By,)
is always approximated by elements of the form {b;} with b, € C.(G'/*; B},) and by, = 0 for
all but finitely many k.

(2) T C*(G; Bg) and []' C*(G; &) are defined in the similar way.
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Definition 7.6 Let Q' C*(G'Y*; B;) be the quotient algebra given by
Q (V% By = ([T €(G%BY) | (P (G Br)

Similarly, one can define

Q&= ([T (G e) @r (@G By) = (IT (@5 80) | (D (G &)

as a Hilbert @' C*(G'Y*; By)-module, where 7: [/ C*(GY*; By) — Q@ C*(GY*; By) denotes the
projection.

Same as 6.9, we introduce the following maps

Definition 7.7 Let B be a G-algebra, in particular B = C or Cy(X). Define
e \': C*(G; B) — C*(G%; B) given by A\[b](v,u) := b(y) for b € C.(G; B).
e 0': C*(G'; B) — C*(G; B) is given by 0 [b] (v) := Juy (v, u) du for b € C.(G%; B).

Lemma 7.8 {\*} and {0Y*} determine homomorphisms [[' C*(G; By) — [I' C*(GY*; By)
and [ C*(GY*; By) — [T C*(G; By,).

Proof. Since the operator norm of A% and 6'/% are uniformly bounded in k by 1, {)\1/ k} and
{Hl/k} determine homomorphisms [[' C*(G; By) — [[C*(GY*;By) and []' C*(GY*;By) —
[1C*(G; By). Moreover, if {bx} € []' Ce(G; By) and the support of by, € C.(G; By) are con-
tained in a compact subset Z C G uniformly in k, the support of A/ k[bk] are contained in
Z x U(1) C G x U(1) and hence, {\Y*[bg]} € [T C*(GY*; By,). If By, = Cy(X), the additional
condition follows from supp(AY*[by](v,u)) = supp(bg(7)). Similarly, one can verify that {6'/*}
maps [[' C*(GY*; By) to []' C*(G; By). (]

7.3 Assembling pc1/x([A])

In order to gather the information of index of A twisted by the bundle L ;,, we will make use of
the specific expression in the section 5.3.

Recall that g ([Li]®[A]) € KK(C,C*(G")) is represented by the class (SLG:, AiLth), where

SLG: is given by the completion of C,.(L;®V) and the right action of C,(G") and the C.(G")-valued
scalar product are given by

s b= /Gt gls]-b(g™")dg € Ce(Le @ V) and  (s1,82) g6t (9) = (51, 9[52]) £2(1,0)
for s, 81,82 € Co.(Ly ® V) and b € C.(G"). The operator is defined by the formula;

Grt
1% = [ alveds i

Firstly let us consider the class in KK (C, []’ C*(Gl/k)) gathering the informations of 1/ ([A])
consisting of a constant family before considering the information coming from L /3.

Definition 7.9 Consider the space

there exists a compact subset Y C X
C. (H V) = < {si}ren | sk € Co(V), such that supp(s;) C Y for every k.
and [|s||c, (v) are uniformly bounded in k.

In the similar way to the subsection 5.3, we define the structure of a pre-Hilbert module over
[T C.(G'*) as follows;
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e The action of [[' C.(G'/*) on C. (][ V) from the right is given by
{se}-{br} = {Sk i bk}
— _ -1
_ {/Gl/kg[sk] bilg )dg} e (I]v)

for {sx} € C.(J]V) and {b} € [[' Ce(G). Note that supp(sg - bx) C supp(bg) (supp(sg))
implies that {sy - bx} belongs to C. ([]V).

e The [] C*(G'/*)-valued scalar product is given by

<{311c}7 {Si}>H,5G1/k = {<s]1€,sz>gcl/k}
— {gk: = sk, gk[SiDLQ(V)} for {sj},{s?} e C. (HV) ‘

Note that since the action of G on X is proper, each function g — <3,1€, g[si]> L2(v) has a

comact support in G x U(1) depending only on the support of 3,{; and s% and hence this
sequence belongs to [ C*(G'/*)

Then, [’ EGY* is defined as the completion of this pre-Hilbert module.

Similarly, we define [[' £ as a Hilbert [[' C*(G)-module.

Lemma 7.10

(1) [T'EC is considered as a [[' C*(GY*)-module with the right action of [[' C*(GY*) wia
{oVFY T C*(GY*) — TI' C*(G) and the scalar product {\Y*} (-,-). Under this iso-
morphism, [/ €% ~ ' gavr,

(2) (IT'€%) Sy IT C*(GYR) = T €977
Proof. By the same calculation as the proof of Lemma 6.6, we have that {s;} - {bx} = {si} -
{6Y/%p,}, for {s;} € C.([]V) and {b} € [ C*(GY/*).
Besides, the image of the []' C*(G'/¥)-valued scalr product of C.. (J]V) is constant in all the
U(1)-component. In the other words,

{Al/k} <-, —>H/ £G = <'7 ‘>l—[, gcl/k and {Ol/k} <-7 —>H, gcl/k = <‘, ‘>H/ £G

hold on C.. (] V). Therefore [[' € G* and [T £C are isomorphic by the identity map on C.. (J[]V)),
both as Hilbert [] C*(G)-modules and as [’ C*(G'/*)-modules.
Now define a map

(Y2 (H/ gG) (/X\){)\l/k} H/ C*(Gl/k) - H/ SGl/k
b o (Bm) = g e

{sc} € [T €F is also regarded as an element in []' €¢""" using the identification [ £¢ = [’ €¢""".
Let ¢y : 5G®/\1/k0*(Gl/k) — &G be the isomorphisms used in the proof of Proposition 6.11
replacing a by a'/*. Then ¢ is written as {¢r}. Since each of ¢ preserves the scalar products, so
does . In addition, let {UZL € C’C(Gl/k)}meM be approximating unit for C*(Gl/k) convrging to
the delta function at the identity element. We may assume that for each m, supp(u}") is contained
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in some compact subset Z C G x U(1) uniformly in k. Then, {u}"}xen belong to []' C*(G'/*) for
each m. For {s;} € C.([[V), we have that

lim o ({sr}&{ui’}) = lim {or (sk@ufl") } = {su},

gGl/k

which implies that the image of ¢ is dense in []’ and hence it is an isomorphism. []

1/k
Definition 7.11 Let the operator {A } acting diagonally on [] G be given by the family

—QGl/k
A —

= / glvVcAV/ddg
G1l/k

acting on the k-th component gavr,

Similarly, we define {ZG} acting on JJ&C.

—/k _
Lemma 7.12 {AGI } determines the element of L (H’ SGl/k>. Similarly, {AG} determines
the element of L ([T’ ).

Gl/k —_qgl/k
A

is uniformly

Proof. We will prove only for {A
gal/k

}. Since the operator norm H

bounded in k, they determines an element in L (H' EGl/k; HSGl/k> with the operator norm

A

'Gl/k

given by <sup
k
Y C X uniformly in k.

/k). Let si € C.(V) with supp(sy) contained in a compact subset
g6t

A" (s) = / g [VeAVelg\[sx])] dg
ai/k

Remark that g — /cg~![si] € C.(V) has a compact support Z C G x U(1) depending on the
_/k
supp(c) and Y. Therefore, the support of a° (si) is contained in Z-supp(c) and it depends

—(1/k
only on supp(c) and Y and independent of k. As a conclusion, ¢ (Sk)} e[l £GY" and

56‘1/’“>' U
—QGl/k

Lemma 7.13 {ZG}Q —1eK([T€EY) and {A }2 —-1eK (H’ EGl/k>.

_/k
{AG } el (H/Scl/k> with the operator norm given by <sup A
k

’GI/k

— a2 _
Proof. Let T := (AG> —1 € L(EY). From the fact that <5G, AG> is an element of E (C, C*(G))

which represents ug([A]), for any € > 0, there exists a finite rank operator F© = > ™ (s™, -)

m:finite
such that |7 — F¢|| < &, where s™ € £%. Then, take an operator of constant family {F°} =
> {s™}({s™}, -) Then this is an operator of finite rank and |[{T'} — {F°}| < e, which implies

m:finite
2
{T} = {AG} — 1 belongs to L ([]' £9).
Besides, note that the U(1) € G'/* acts on the operator y/cA+/c trivially, in the other words,
—G1/
u)|v/cAy/c] = cAy/c| for an u) € G'/*. Therefore it follows that AG1 ' is, in fact, a
(v, wveAye = ~[ve y (7, , ,
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constant family { fG 'y[\ﬁA\/adv}, which is the same operaotr as {ZG} under the identification

2
_/k
IT GV [T £F. Then {AG } — 1 is also a compact operator. (]

Definition 7.14
—G1/
HAH — <H/8G1/k, {AGI k}) cE (C, H/ C*(Gl/k)) )
Similarly we also define

[A]], = (H’SG, {ZG}) cE (c, IT C*(G)).

By the previous lemma, they actually determine elements in each Kasparov modules since the
other conditions are obviously satisfied.

Lemma 7.15 [[A]] = {\'/*},[[4]], € KK (C, [ C*(GY*)).
Proof. {\'F1,[[A]], is represented by
((TT'€%) B IT € (@0, {a%} &),

By Lemma 7.10, (J]' £%) @Ai){/\l/k} [T C*(GY*) ~ [T €F"". In addition, under this isomorphism,
_ ~ —Gg1/
{AG} ®1 = { [ v[VcA/ddy} = {AGI k} To conclude, {A\/¥}, [[A]], is also represented by

(e, {a"}) =an. 0

7.4  Assembling jig([Ly1]®[A])

Similarly, we define a pair

HAHLl/kH = (ngLGf//:, {ALl/kcl/kD :

/ Gl/k . . .
Ire Ly, 18 obtained as the completion of

sk € Ce(Lyyp @ V),
there exists a compact subset Y C X
Ce (H Ly @ V) = | skbren such that supp(sg) C Y for every k ’

and |[skll¢( Ly V) e uniformly bounded in k.

7Gl/k , Gl/k L.
We have that § Ar, , el (H ng/k ) similarly to Lemma 7.12.

Note that HAH Ll/k” may not be contained in E ((C, IT C*(Gl/k)) for general family of
vector bundles since the sequence of indices p1o1/x ([ L1 /k]®[A]) may not be bounded. However it

follows from the almost flat-ness of L, /; that HAH L1/k” eE(C, [T C’*(Gl/k))7 as proved later.
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7.5 The Limit of the Almost Flat Bundles

Remark 7.16 &© Sfll//: is a submodule of []’ Sfll//: because it is given by the completion of the
space consisting of the bounded sequences {sx} € [[ Cc(Ly/4®V) with s = 0 for all but finitely

. . . . 1/k
many k, which is contained in [’ Sgl//k .

Definition 7.17 Let the quotient (H’ 5?;;:) / (@ ELGII//:) be denoted by Q’ SLGII//:.

~

It is a Hilbert @’ C*(G'/*)-module and naturally isomorphic to (H' 5511//:) ®r @ C*(GV/*) where

7: [ C*(GY*) = Q' C*(GY*) denotes the projection. (H' 855:) & Q C*(GVF) —

(H’ 5?;;:) / <ED 5?;;:) is given by {s.}@{b} {sk i bk}. In addition, since the oper-

R v 1/k
ators Ar, /kG have uniformly bounded norm in k, they determines an operator {AL1 /kG }

. 1/k . . . 1/k
acting on € Sfl/k . Hence, it also determines the operator in L (Q/ SLGl/k )

Definition 7.18

HAQLl/kH = ((H’ gff/f) / (@ 5511//:>, {ALWGW}) .

In order to obtain the information we introduce the module given by the fiber of L, ;. at the base
point.

Definition 7.19 Let zp € X be the base point. Let W; denote the fiber L;|,, on xg.

e For w € W;, define ®w as the bounded continuous section of L; given by
dw(z) = (z,w) for ze X

under the identification Ly = (X x C, d+itn). In the other words, ®w is given by the
parallel transport along the path from zg to x with respect to the flat connection d on
X x C, that is, dw(z) = B4 ., (w).

e Define the action p of G* on W; by the formula;
pl(y, w)](w) = exp[—it), (yzo)|uw for (vy,u) € G, we W,

In other words, this action is given by the composition of the action on L; and the parallel
transport along the path from ~zy to xg with respect to the flat connection d, that is,

,0[(’77 u)]w = q)idyxo;xo ((77 u) (1}0, U)))

Since the flat connection d does not commute with the action of G*, the map w ~ ®w is not
G'-equivariant in general.

Lemma 7.20 For any compact subset Z C G* and compact subset Y C X, there exists a constant
M depending on Z and'Y satisfying that

lg[®w](z) — @(plgl(w)) ()] < t-M [lw]]

foranyge Z andzx €Y.
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Proof. Let g = (,u) and let W; and L; be identified with C and X x C respectively. Recall that

the action of G' on Cp(Ly) is given by (v, u)[s](z) = exp [—ity,(z)] u - y[s] (v z).

lg[@w](x) = @(plg)(w))(@)|| < [lexp [—ite, (v 2)] u - w — exp [itehy (o) u - w)|
< (flexp [=itn (v )] w — 1| + llexp [=itapn (yao)] w — 1]) [Jw]
< ¢ <elww('y‘1x)\ i elww(wo)\) ] (t € [0,1))
< M lw,

where M is the maximum of the continuous function ((7,u),z) — el "2l 4 e¥~(20)l on the
compact subset Z x Y. (]

Definition 7.21
W) = (2 @ Wap), 0) e B ([T 1G5, @ ¢ (6'H)).

[T C*(G'*) acts from the left on Q' C*(G/*; Wi) as

{or} = {wi} = {gk = /

Gl/k

b (h) - plhwy, (h ™" g) dh} :

Remark 7.22 For {b,} € []' C*(G'/*), take {1by} € Q’C*(Gl/k;Wl/k), here 1 € C =~ Wy,
Then we have that {by} * (1 —0%) = {1b;} - ({1b},-) and it is a operator of rank 1, which implies
that [[IW]] is actually an element of E (I C*(G*/*), Q' C*(G'/*)) since the other conditions are
obviously satisfied.

Proposition 7.23

~

[on]] =t 2 (w1

as pairs of Q' C*(Gl/k)—modules and operators. More precisely, the pair HAQLU’“H on the left
hand side represents the Kasparov product given by the right hand side.

~

Proof. [[A]] [[W]] is represented by

&
H/ C*(Gl/k)

<HI gGl/k @ Q/ C*(Gl/k, W]_/]g); {AGl/k} ®1> .

[T C*(G/F)
Consider the following map;
o (c(IIV)) @ (Il cc™miw) —  (TT8r) /(D)
(5w} o { [ o (et @ sl

Even though g [®(wy(g97"))] is contained in Cpaa(L1 ) but not in Ce(Ly ), the element g[s] @
g [®(wi(g7"))] will be considered as an element of Cc(Ll/k®) in the sence of the section

v g [P(wi(g™")] () @ glsi](@) € (L @ V)
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First of all, we must check the well defined-ness. Let {b;} € [/ C*(G'/*).

({Skz} {bx}) ®{wk})
/ ®(wi(g™"))] © g [golsk] - br(gp )] dgodg}

/Gw Gl/k ®(wi(9™")] ® ggolse] - blgp ") dgodg} _

Q
=
~
=
Q
=
~
B

¥
On the other hand,

k®
/Gl/k /Gl/kg (@ (bi(91) - plor]wi(gr 'g™))] © glsi] dg1dg}
/Gl/k /G hho [® (be(hg ') - plhg we(hohg "h™1))] @ hhos] dhodh}

/Gl/k /Gl/k hhqo [(b (p[hal]wk(h_l))] ® hholsk] - bk(h ) dhodh}

Let Z C G x U(1) and Y C X be compact subsets such that supp(by), supp(wg) C Z for all k
and supp(sy) C Y for all k and g € G x U(1). We may assume that Z~! = Z. Due to Lemma
7.20,

e (({si}-{br}) @{wi}) — ¢ ({s1}® ({bwe{w})) |

< limsup (VOI(Z -Z)% sup  sup H@(wk(g_l))(x) — g0 [®(plgg Twi(g™))] (@H)
k—o0 9,90€Z x€Z-Z-Y

sup { el o oy )1 }

k,g0

< Clo b} - hmsup (Sgg”wk 1)”)

. 1
< Csetioey H{wi}| - limsup - = 0,
k—o0 k

where C,,y (5, 18 a constant depending on {s;} and {b;} but not on k. Besides, the image of
(C.(IIV) ® (B C(GV*; W, /i) by ¢ is obviously contained in @ELGll//: and hence 0, this map
induces a map from (C. ([TV)) ® (Q Co(GY*; Wy 1)).

Compatibility of ¢ with the right action of Q' C*(GI/ k) can be verified similarly.
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Next we will check that ¢ is isometric. Let {st}, {s?} € C. ([[V) and {w}}, {w?} € Q' C.(G'/¥; Wik)

e ({sitefwi}) s o ({5} {wi})) g porn ({9e})

Li/k

Gl/k ®(wi(971)] ® glsil dg. g UGW h[®(wi(g™"))] @ hlsi] th

(

{ /Gl/k /GW / (@(wi(g™ (@), g~ gh [2(wi(h™)] @)y, .
i

i i

L2(Ly;,®V) }

sp(x), g~ gkh[sk](:):)> dvol(z)dgdh

(5 }
Lo o [ @tk e, 26l st @),
}

(si(@), 97 ghsi](x))y, dvol(x)dgdh

-1 1 2,7 -1 1 -1 2
oo o G, pla o), 5k 07 0uhlED) g At

The equation (}) follows from that the supports of s,lf and si are contained in some compact sub-

space uniformly and there exists a compact subset Z C GxU(1) such that (s;(z), g~ gph[s7] (95)>V =

0 for g~'g,h outside of Z. Then one can apply Lemma 7.20 and obain that the difference is con-
tained in @ C*(GY*). The equation (1) follows from that ® preserves the hermitian metric of
each fiber by the definition. On the other hand,

({spy@{wi}, {siyo{wi}) ({gr})
= ({whh, (({sth At e ) <lud}) (o)

Q' C* Gl/k W1

win { [ <si,ho[si1>L2(v>p[ho]wi<halgk>dho}>
{0

(
- (wi { [,
{/Gl/k /Gl/k

(shoa {5} g bl h1), - dach )
1

1, —1 —1 2,7 -1 1 1 9
— {/Gl/k /Gl/k (wp(g™h), plg™ grhlwi(h )>W1/k (st-9 gk;h[sk]>L2(V) dgdh},

si,gkh[siwmp[gkh}w,%<h—1>dh}>

As a conclusion, ¢ preserves the scalar product and hence it is extended to the map from
[T ® Q C*(GV*F; W) and it is injective.

As for the surjectivity, consider an approximating unit {uf"* € C.(GY/ k)}m em for C*(GYR),
converging to the delta functions at the identity element, and set w}"(g) := 1u}'(g), here 1 € C =
W1k Since for each m, we may assume that uy" is supported in some compact subset in G x U (1)
uniformly in k, they determnine the elements {w}'} € Q' C*(GYk; W,y /i) for any m € M. Then
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for {sx} € C.([T'V),

lim g ({s}B(uf}) = 1

Since the sections of the form {®(1) ® s} for {s;,} € C. (]’ V) generate the space Ce. ([T Ly, ® V),
it follows that the image of ¢ is dence and hence ¢ is an isomorphism.
Finally we will check the compatibility with the operators. Let L, /;, be identified with X x C.

g/ ~ /
Then po <{AG1 k} ®1> = {ALOG1 k}ogp. Let {ry} € C° (T[] L1/, ® V) with supp(ry) contained

in a compact subset Y C X uniformly in k£ and let ¢ € C2°(X) be a cut-off function. We may
assume that Y contains the support of c¢. There exists a compact subset Z = Z=! ¢ G x U(1)
such that \/c-g~![ry] = 0 for g outside of Z.

Gl/k Gl/k
HAMM () - A" (r)

o[V (= ) et ]

vol(Z)vol(Z-Y) - Slelg leépy H (ALl/k - AL0> Ve (g~ rl) (x)H

IN

—0 (k — o0).

_ 1
< vol(Z)vol(Z'Y) - Zggzzgpy Hﬁ(g l[rk]) (x)H Hkn(m)

. . —G/k GU/k ) Gk
This implies that ¢ A, , {re} = { AL, {rr} as elements of Q ng/k for any {r;} €
—_ql/k ) ~ 1/k
Q SLGll//:. Therefore ¢ o <{AG } ®1> = {ALl/kG } o . []

Corollary 7.24

[401,,.]] B (C, @ @),

Proposition 7.25

412, ]| €E(C [T e @),

1/k
Proof. Put T := {ALl/kG } clL (H/ gLGll//:)_ What is non-trivial is that 72—1 € K (H/ SLGll//:)'

1/k
Since each of (5?11//:, ALl/kG ) is in E (C,C’*(Gl/k)), for any e, there exists a sequence of

2
Gl/k
() m

Fe) e L([T 6" may not have finite rannk since the rank of F; may not be uniformly
k Lok k

operators of finite rank F; € K (Sfll//:> such that < e. Note that
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bounded in k. By Corollary 7.24, there exists a finite rank operator F€ € K (Q’ Egll/k) such

that HT2 —-1- FH e < €. Take some lift F of FQ of finite rank. Let P, € L (H’ 5fl/k>
(Q’ gGl/k ) 1/k
be the projection onto H’ . Then there exists ng € N such that for any n > ny,
k>n

n<T2—1—f>Pn

< 2¢e.
, eql/k
L(H gfl/k)

Then put F = {F} }ren, + P, FP,,. Then its rank does not exceed max {rk(F§)} + rk(F).
k<ng

Moreover

|72 =1=F|| < [P = D) (T2 = 1= F) (P = 1)|| +|

Py, (T2 1o ﬁ) Py,

Gl/k 6 2 ~
< max||A © — Ff » (T —1—F)Pn0
k<ng
which implies that 72 — 1 is a compact operator. []

7.6 Calculation of the Index
Lemma 7.26
(1) Let n € N and p,: [ C*(GY*) — C*(G™) be the projection. Then, (p,)« HAHLl/kH B
#Gl/n([L1/n]®[A]) € KK (C, C*(Gl/n))'

(2) Letm: [] C*(Gl/k) — Q' C*(GY*) be the projection. Then, ., HAHLl/kH = HAQLuk” S
KK (C,Q C*(GY*)).

They follow from the constructions. (py)« HAH Ll/k:|:| is represented by
(H 52;11//:/\ Gl/n)7 {ALl/kGl/k} @id) - <5LGll//:7 AL1/nG1/n> 7
which represents MGl/n([Ll/n]@)[A]). Next, T, HAH L1/k” 1s represented by
((H’ gff//:) Br (Q’ o Gl/k)> {ALl e k} @m)
<<H/ ggll//:) g11//: {ALl/kGI/k}>

which represents HAQ L1/k” .

Lemma 7.27 Assume that pg([A]) =0 € KK(C,C*(Q)). Then, HAQL”’“” =0¢€ KK (C, @ C*(GV*)).

Proof. Due to Proposition 7.23 and [[A]] = {\Y*} ([[4]],), it is sufficient to prove that [[A]], =
0 e KK(C,[]' C*(Q)).

Since we assume that pug([A]) = (SG, ZG> =0 € KK(C,C*(Q)), by the definition, it is homo-
topic to ({0},0) € E(C,C*(G)). Precisely, there exists a Kasparov module (£,T) € E(C, IC*(G))
satisfying

EBe,CH(G) = EC, TH,id=A° and  E8.,C*(G) = {0},
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where IC*(G) = C([0,1]; C*(G)) and e;: IC*(G) — C*(G) denotes the evaluation map at ¢t €
[0,1].
Let £ be a dense submodule in £ given by

é—lcce {Beyb € Ce(V) for any b € Co(G),
o under the isomorphism £&.,C*(G) = £F. [~

Consider

) | {&®ebi} € Co(TTV) for any {bi} € [T Ce(G),
IT€ =& e]]€]| {& & ®)} €Il C*(G) for any ¢ € [0,1] and

t = {(&k, &) (t)} is continuous.

Remark that for {&}, {vx} € [T'&, then {(&h, i) (1)} € [T C*(G) and ¢t — {(&, ) (1)} is
continuous since

(€,v) =i(<£+u, E4+v)—{(E—v, E—v)+ill+iv, E+iv) —i (€ —iv, E—iv)).
Define the right action of C ([0,1]; []' C+(G)) and the scalar product on []' € by
G} {ht = {&-f)  for {Arec (0. ] c@)
Heh () == (& mre ¢ (10,1 [T C7(@).
Let {¢€.} € [T'€ and {f} € C ([0,1]; []' Ce(G)). Then we have that
{(&hfio & fi) (O} = {fi (1) % €k, &) () * fr(t)}

and it is contained in [ C*(G) for any ¢ € [0,1] and continuous in ¢. Therefore it follows that
{&} - {fx} € [T'€ and hence that []' € is a pre-Hilbert C ([0,1]; []' Ce(G))-module.

Let [ € be the Hilbert C ([0,1]; [] C*(G))-module given by the completion of [ €. By the
construction, []' ERe, [/ C*(G) Z [[' Y and [’ £&, [ C*(G) = {0}.

Note that [[' € can be regardsd as a Hilbert [[ IC*(G)-module. Let i: [['E < [ € be the
inclusion map and p: [[€ — []'€ be the orthogonal projection. Let {T'} € L(J][€) be an

oeprator given by the constant family and put 7" := p{T}i € L (]’ £). Then T'®,,id = {ZG}.
As a conclusion, [[4]]. = 0 € KK (C,]]' C*(G)), and hence HAQL”’“H = [AI@[W]] =

~

Je
MY (AN @ ] = o. .

8 Proof of the Main Theorem

Let us restate the settings and the claim.

Let X be a complete Riemannian manifold with H;(X;R) and let G be a second countable
locally compact Hausdorf unimodular group which is acting on X properly and isometrically.
Assume X is G-compact. Let pg: KK%(Co(X),C) — Ko(C*(G)) be the index map, and F =
L'@®...® LY be a finite direct sum of smooth Hermitian G-line bundles each of which has the
vanishing first Chern class; ¢;(L¥F) = 0 € H*(X;R). Let A be a G-invariant elliptic operator of
oder 0 with proper support or a Dirac type operator.

Theorem A If [A] € KKY%(Cy(X),C) satisfies that
([E], [A])g = trana([E][A]) # 0 € R,
then pa([4]) # 0 € Ko(C*(Q)).
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Corollary B Let X and G be as above and additionally we assume that X is a spin manifold
and the scalar curvature of X is positive. Then for any Hermitian G-vectorbundle E satisfying
the conditions above, the following higher G-A-genus vanishes.

~

A(X:E) = /X o(@)A(TX) A ch(E) = 0,

where ¢ € C.(X) denotes an arbitrary cut-off function.

Proof of the Theorem A. As subsection 5.2, we may assume that A is a Dirac type operator. In
this case,

(B, [A]) g = /T @) TA(TeX) A ch(o) A ch(E).

Since ch(L' @ ... @ LY) = ch(L') + ... + ch(L¥), it is sufficient to prove when E is a single
Hermitian G-line bundle L. Fix a G-invariant connection and let iw denote its curvature. Assume
the converse; pg[A] = 0.

Firstly consider the following exact sequence;

0 P == IJ ¢ @*) = g c(G*) —o.
Now we have the exact sequence of K-groups
K, (@ C*(Gl/k)) Lx K, (H/ C*(Gl/k)> Tx K, (Q/ C*(Gl/k)) ]

Let us start with HAHLl/kH € Ko (C*(G,) ® (ITC)).
Due to Lemma 7.26 and Lemma 7.27,

. [Fana] = o] =0

The exactness implies that there exists ¢ € Ko (@ C*(G'/*)) such that

Q) = [[Ane,,.] ] -

In addition, there is a natural isomorphism Ko (€D C*(Gl/k)) ~ P K (C’*(Gl/k)) [HR, 4.1.15
Proposition, 4.2.3 Remark], with the last € meaning the algebraic direct sum. Then we can
consider the following diagram;

Ko (@ C*(Gl/k)) L_*> Ko (H/ C*(Gl/k)) L Ko (Q/ C*(Gl/k))
()} = (- |
@ Ko (C*(GV*)) ——— [I Ko (C*(GYH)).

inclusion

Since pg = tp, this diagram commutes. Note that both € and [] in the bottom row are in the
algebraic sense. By Lemma 7.26, we obtain that

{ien ([Lipd 814D oy = 100} ([[Ane,]])
= {(pr)s} (1(Q)
= {30 e@Ko(CrG).

This implies that all of j151/n ([Ll/n] @[A]) € Ko (C* (Gl/”)) are equal to zero except for finitely
many n € N.
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Then apply the trace tr;i/» to each n-th component to obtain

trgumpcn ([L1ym] ®[A]) = /

c(x)Td(TeX) Ach A (04) exp <_1w> .
TX

2mn

Scince all but finitely many these values are zero,

/T _ (@) TA(TeX) Ach(oa) A exp (;w> 0

as a polynomial in ¢ in particular

—1

/TX c(x)Td(TcX) Ach(oa) Aexp <27rw> = /TX c(x)Td(Tc X ) Ach(oa) A (ch(L)) = 0.

This contradicts to the assumption. []

Proof of the Corollary B. Let the scalar curvature on X be denoted by Sc, which is assumed to

be positive everywhere. Note that by the bounded geometry of X (corollary 2.8), it is uniformly

positive, namely, in)f( Sc(xz) > 0. Let D be the canonical Dirac operator on the spinor bundle S
HAS

over X. Then we have 1

and since in)f( Sc(x) > 0, the operator A := is a positive operator. In particular
BAS

D
V1+D?
uc([A4]) = 0. Then due to the theorem A, we to obtain

0= (B} [A)g = | o) ATX) A ch(E) = A (X B),
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