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Introduction

‘We consider non-characteristic Cauchy problem with meromorph-
ic data for a linear partial differential equation with holomor-
phic coefficients in the complex domain.

This problem, for the operator with constant multiple chara-
cteristics, has been investigated by Y. Hamada, J. Leray and C.
Wagshal [2] and others in bibliography of (21. This problemn,
for the operator with involutive characteristics, has been in-
vestigated by Y. Hamada and G. Nakamura[_B] , [7] and D. Shiltz
, J. Vaillant et C. Wagshal [9]) and T. Kobayashi [ 6] . The
author treated this problem for a certain class of operators
containing Tricomi operator in (103, [11] .

We shall treat the most general case but it will be very
difficult to solve the problem. In this paper, we treat the

i
limited class of{operators'originated from P, = gi - t23§ - ch

¢ is a constant), Our method to solve this problem, is to const-



ruct the formal solution as the series of the auxiliary func-

tions with the holomorphic coefficients . Those auxiliary

functions , described precisely in the appendix, are composed

mainly of hypergeometric functions , whose monodromy theory

makes the ramification of the solution around the characteris-

tic surfaces clear, and the convergence of the formal solut-

ion wvalid

The author wishes to express thanks to Professor S. Mizoha-

ta for his constant encouragement.



§ 1. Assumptions and results.

pt1 Jith the

Let SU be a neighbourhood of the origin of C
coordinates x=(x0,x1,"’,xn). By Lk(R), we mean the set of
all linear partial differential operators of order k of which
coefficients are holomorphic in SE. We shall be studying a
linear partial differential operator L(x,D) ¢ Lzm(Q) with the
principal symbol i(x,i) of the following form:

L(x.5) = P(x,5)% - x2Q(x,5)
.where §=(£,,5,,+--,5 ) and D=(Dy,D,,--*,D ), Di=-9§)_(i )
We shall impose on P(x,§) and Q(x,§5) the following conditions:

Assumptions
(P) (i) P(x,%) is a homogeneous polynomial in§ of degree m.

(ii) P(x,1,0,--+,0)}0.
(iii)The equation P(O,%O,1,O,'-'.O)=O has mutually distinct
m roots )ﬁ (B=1,--+,m).

(@) (i) Q(x,§) is a homogeneous polynomial in £ of degree 2m.



(ii) Q(O,A5,1,O,"',O)%O ’(ﬁ:1p"'pm)-

(B=1,-++,m)

-+

Then there exist 2m characteristic surfaces K

+
issuing from (n-1)-plane Xp= Xq% 0. KE are defined by the

+ +
equations ¥ 4 (x)=0. Here ?5_(x) are the solutions of the
' f
following eikonal equation:
0 t
L(X, ?% X(X))=O
+ +
- 1) = - = = L
fs7(0,x')=x; , and fg xO(O) A s (xt=(xg,ttx ).
+
( In § L, we shall study phase functions ?g(x) precisely.)
+
We write K = §=1K5 . And according to assumptions (P)(i),
(ii)and (iii) , P(x,}) is decomposed in the following,
m
P(x,3) = P(x,1,0,-,0) T]_ (5, - As(x,5")),
1.0 r
p=1
where Ap(x,g’) are holomorphic in (x,g')=(x,§1,"',§n) near
(x,3')=(0,1,05--+,0) and mutually distinct and satisfy )P(O,
1,0,"',O)=Aﬁ. We put Xp(x')=xp(0,x',1,0,--',0) and €%=(0,x',

)P(x')’1ron"'oo)-

Furthermore, we shall impose on the symbol Ls(x,g) of



Ls(x,D) which is the homogeneous part of order 2m-1 of L(x,D),

the following condition:

Assumption (L_) (1) {P(O’O)(e{,)jQ(eﬁ)J-1 [-ZLs(eﬂ)P(O)(ep)+
p(0:0) (¢ )p (eﬂ)*_jf._1)ﬁ x.){P(o,o)(e 1203 (e )220 (¢, )

(O J) e )}] =cg (cp is a constant depending only on ﬁ

where P(j)(x,§)=D§ P(x,%) and P(i’j)(x,g) Dg § P(x,5)
J
Note: We give below three simple examples of L(x,D) which

satisfy Assumptions (P),(Q) and (LS).

-cD ( ¢ is a constant. )

D 1

(Ex.0) L = D2 -

2 2
0 ~*o0"1

We call this operator Pc henceforth.

2 2

]
=
onN

(Ex.1) L
where b(0,x')=c (¢ is a constant.) ( & (Ls)(i) ).
(Ex.2) L = D5 -xoQ(x,D') +R(x,D),

where Q(x,D')= :E:n CH j(x)DiDj and q11(0)§0 ( & (Q)),

i,j=1 '
ln] i -r1(0,x')
R(x,D) = 5 r.(x)D, +s(x) and ———=—— =c

i=0 * 1 ,/q11(0,x')

(¢ is a constant. ) ( 4#’(LS)(i))



Now, we consider the non-characteristic Cauchy problem with

Singular data

L(x,D)u(x)=0
(1.1)
Dohu(O,x')=wH(x'> (h=0,--+,2m-1)

where at least one of wh(x') has poles along xo=x1=0.

To study this Cauchy problem, and its solution, namely its
singularities, we need the auxiliary functions xgg) and Yﬂj).

First we introduce the so-called wave forms fq(ﬁ) and k*(ﬁ):
-

f«(f’):ﬁaﬁm :

[[:(;g—y(log p - Y1)

ke((f)=—£(-f°<(f)=l

and

1
especially |d+1]/] (-1~ 1f for=-1,-2,---

d
=~ (X)
where1%(d) is di- r'function, namely g%=227— and &

is a complex parameter.

Next we introduce the fundamental auxiliary functions

U,(6,f,C,) and Vq(Q{F,C) as the solutions of the Cauchy problems

2 52
for the operator Pc= 39—9 3; -c%f (c is a complex paramenter)



respectively: P, Uy (8,pyc) =0
with initial data U (0, P.c)=ry(p)
U«S(O,f,c)=0
and P, Vy (Q,P,c) =0
with initial data V( 0, Pyc)=0
Vel O Lie)=f3 ()
We remark that the following explicit representation of Ug

and Vy are known:

o
Uu(e.pro) -l F (% 12, 1,0
_ .
V«(erf,c):r(eﬁ_-)l oF (“0(1 2%_0_, %9 Z)
+ +
where *y—=f’f%92 and z=1- -;f—-_ .

We define the auxiliary functions Xe((G,f,c) and Y,((B,f’,c):
X"((G.F,C) = %{Uu{(eyfrc.)’

DD(VO(_(G,)O,C) .

Yq((G,f.C)

Therefore X, satisfies the Cauchy problem PCXQ(=O with the

initial data X4(0,f,¢)=k,(P) and X,4(0,f,c)=0



And Y4 satisfies the Cauchy problem P, Y¢=0 with the initial
data Y« (0,f,c)=0 and Y (0,f,c)=ky(P)
We introduce the auxiliary functions Ui?)(ﬁ,f,c) and V&?)(B,fﬂc)

as the solutions of the Cauchy problem inductively (q=0,1,2,--+):
. (0) ~U(0 (0) -
First we set U'g (G,f,c)'%( ,f,c) and Vg (8,f,c)—¥$8,f,c)-
PCU&Q)(G,P,C)=U(‘1°<'”(&,f,c) (for q21)
with null initial datal U&q)(o,e,c)=o
Uo((eq)(O,G,c)=O.
Pc (q) (6,f.c)= V( (68 f c) (for g2 1)
with null initial data v(,f(i)(o,f,c)=o
(Q>(o .f.c)=0.
Finally we reach the definition of X(g)(e,f,c) and Y&?)(G,f,c)
which play important role in this paper.

For g=0, we set X(S)(B,f,c)=xd(§,f,c) and Y&S)(Qlf,c)=

Y (6,f,c). For q21, we define Xi?) and Ylg) as the solutions

of the Cauchy problems:



P8 (g,p,0)=x{T N 5,p,0) (for q2 1)
with null initial data) xi})(o,f,c)=o
lX ‘E(qe)(-orf)rc)zov
P Y2 (p,p,e)-v(0=V (g, pc) (for g2 1)
c ™ 2/ s P ’ /> gz
with null initial data Y{})(o,?,c)=o
ngﬁ(o,f,c)=o.
Therefore X(g)(0,f,c)=Q¥U€3)(6,f,c) and Yi?)(G,f,c)z
gdvif)(s,f,c) hold.
These auxiliary functions f_ , k,, U(q), V&g), XS?), Yﬁq)

o

satisfy the relations a%f =f, 4> aj)cglg‘,(:]gn<_1, ;ngg):Ujga’ ;%Vgg)
=Yj?%, ;%X&q)inﬁz, QinQ)zyiga ,respectively.

To describe the multi-valued functions Ugﬁ), V&?), Xig) and
Y(i) precisely, we need the following lemma.

LEMMA 1.1. We have the following explicit representations

of these multi-valued functions
v’ (8,p,0) =—1-7%,, (8,P,c)
% » ] CT'!"‘ c 0(+q 2} ’

v(a)(e.p,0) =T Vg (0:F5¢)

/0



(36, Pre) =3%, o (6.f10) =) 230, (6.p,0),

r(8)(6.9,0) =133 m(@,f,c) =% (0 Prc) -

Therefore U(q)—q1 Qq (Z+7) -¥-q, 1%3,;,zﬂ
ol T
vial.
via -1 gq[[’(e(+7)‘) 6 F(-«-gq, T’g ﬂ

_~tgq
- e o))
+

(a) (o) g
g)_ 1 ~a g 3tc 3 ]
Yo maT dedy i) & Fl-d-a,57,35,12)
Now we describe our theorem. We put X(g)(e,f,c X(q)(G )
and Y(q)(g f, cp) Y(q)(ﬁ'f)
THEOREM 1.1. Under Assumptions (P), (Q)& (LS), for r>0
sufficiently small, the Cauchy problem (1.1) has a unique
holomorphic solution on the universal covering space over D£\K
+
,where Dr:{xegﬁl%;(xﬁ< r} . More precisely speaking,the
solution u(x) is given in the following form:
o +00

(q) (q)
B=1 o==1 1 ngo{g( ’P(X)X*"'“P(GP(X)'% )

£ {90 9} (8, (), () vi?{g(x)YdE?iﬁ(ﬁﬁ(x).ﬁ;(x))

+ {60 y(q;(85<x).f3<x>)}

/1



swhere 1 is the highest order of poles of the initial data and

uc((??s(x) , gi?f)s(x) ’ v‘f??z(x} , hi?{z(X) » 0,(x) and fp(x) are holo-

+
morphic in D_, (as for 6k(x) and f%(x) such that ?é‘tx) =

Pp(x) + ;[@ﬁ(x)]z , see §4 ) .

For the proof of this theorem, we construct the formal
solution of the Cauchy problem (1,1) in the above form, and
then confirm the convergence of the formal solution . This
theorem shows that the singularities of the solution u(x) are
reduced to the singularities of the auxiliary functions Xi?%
and Yg?% which are to be studied in Appendix in detail. To
construct the formal solution, first we are to prepare some

caluculations and some properties of operator L(x,D) and the

auxiliary functions ,with which we start in the next section.

/2



8 2. Preliminary caluculation

To construct the formal solution of the Cauchy problem (1.1),
we substitute series of the formal solution in L(x,D)u(x) and
caluculate it. To do so, we need to represent %?;%jX&l) and

Qf B JY(l) in terms ofgf, X (1- q) &Dk 199}((1 q) and ka (1- q),

&ka'ueyo(l“q) respectively. So we employ the following formula:

2 ( ) iy rtk 2 (i-Xk)
(F13{‘ 9 ryld %; >z cs'i U,'3

STk o ~-2r+s
r-1 r+k
2r (j-k)
P 2 Yk U -2rists
rtk

2r+1,(j)_ < 2T (j-k)
39 Ud "éé% gg;k s,k Q<—2r+s

T r+k .
2r+1 (j-k)
+]§) s%k dS.k 98 Uo(—2r+s

where ”cstk and dstk are polynomials of c¢c and § with integer
’

coefficients, especially.

2r - 2r -2k 2r _ 2r-2 2r+1_., _2,2r-1
2%, kr Ci O » ¢q 07T Ty e, =Y
2r+1

de k= Ck BZr-Zk, d$r31=cr92r-2’ d125=2r(r-1)92r-3,

( rCc= E?T%43T7 ).

/3



In this formula, we may replace U by V, X, or Y.
Let K(x,%) be a homogeneous polynomial of degree t in = ($O

%1,“.’§n)' We shall write K(a)(x,§)=D§K(x,§).

. Y _(J
We define Kj(x,g,’Z)= %T l%j % K( )(x,’[_), where

T =Clor Tyr =m0l g)s V=000, 074, cery 0,), and

|| =3’0+5/_]+ .o +a;1. So, K(X’I'%’LS?):ZJ’_ZO Ki(x, r¥,s7)

=Zizorist'iKi(x,§ »{ Jholds, where r,séC1. We shall use

B i=9X ge'l'fx 310 (j-':oy"';n)) -a =(aoﬁs1;“’)an) and
i i
Diaj=@xix Jgfl +fx ix Jgf .
The relation K(x,9)=K(x, QXQG+fx9f)=2’iioKi(X,6x,}ox) éBi J/)t—i and
(F.1) lead to the following formula.

(F.2)

(1-X)

/
K(x,3)0} SAMCHT S bt

Ih
y

"z |
o W SR B PR

k=0 s=t-k
1y iy
(1) 2 2 t,3 (1-k)
K(X,g )QGU‘=< = kz=b ey Kk,s(x'a’f)uo(—S‘i“k*T

/%



<=3

[‘g] [tH] t 4 9 (1-k)
= s§k 0P stk

( [A]is a integer part of ‘A. )

,where Kg:l(x Qf)— [ j Zi(x,gx.fx)ﬁzi ,

[5] (59, .
0 & o 1(x 6,f)= 53_301@ 21+1(x’9x’fx)+ i%:?iz@h 1K21+1(x.9x,fx)’
t-1
K 2(x,0,f) = [g]K. (x,6,.F.)
o,t*+\ "7 =0 2i+1 " "VUx - ) x ’
t-1
Kg'tf‘.(X’B’f)zgﬂah_%ziﬂ(X’Qx'fo
t
]
+ [22_21(1 1)@2l 3K (x@ f) ,

i=2

%] i -
k to k(x b.f)=% 1%1( ;G pei Zszi(xﬁx.fx) ,
-1
= -
Ki:tfk(x’e'f) e AN P O 0 0 I
£
2(x,0 f’)—z Koupq(x,0,.P ) 05342
8 t31(x &’F) - lz_- CI& 21—1'(x’6x’Fx)
[t‘_l .
+ £ 21%0% K, (x,0,.P)

i=1

t
Ls]
KB:é(x,Q ’0)_ éo K i(x’&x’}ox) ’
t
0

Kplyty (0. P) = £ eaf %R, (6,00, )
’ 1=1 t41,

+ 2_221(1 1)921 3K21 1(X (9 )ox
i

/S



[ ] 21 2k
k t k(x 0,p)= jzlék i ke 1 i(x’ax'Px)

We shall sometimes use the following formula by chain rule:
(F.3)  X(x,D) [w()uOx),P(x)] = wk(x,2)w
+ 32 D600 0 0w + 2" o 6oaw

= o > Dy x

i, j=0 i=0
+ ( lower order term ).

Now using (F.2) and (F.3), we caluculate L(x,D)u( x)U(J) (B(x)

fi(x)) and L(x,n)g(x)9511055)(6()(),?(;()). We have,

(F.4) L(x,D)uU(J) ;Z A p¥,.(@ )(x D)U(J)

7]=0 !
Z2gn 1 v, | L) n 12(N(1,5)(, 3
&0 ¥! T' LL (x, B)J’Z’—J 02 (X.D)(Diaj)
+ L (x,9) +--° ]UD((J%
=P 2m-2k 1y (3-K) , 321 23-2k 2 (5-K)
) % L U
220750 (WD, =, oW FU I

m  2m-2k 4 3 -k)
o3z wx'® 190

h h 2m-2k-V
where LU,k: Lv’k(X,Gof!D) €L (ga) (h:1v2-3’[4—) and

3L, =0.

especially ~1.0

We see also the following relations from the above.

ré



'L k- > (b,)(x ‘9 )O ) mod. 2 ’
Vs Wj=2m-2k-yp
27 - £(¥) 2
Lu'k—1H=2§E2k 2k+1( 9 fx> mod. @0~ ,
(F.5) %L, \= m_szZk_ L G, PO moa. g2 (K2 1)
véiu = { DI AN )(x,é oL j mod. % ,
0 fl=2m-y
A’i = Z L(r)( d. 2 ,
Y, k B =202k -y 8 Fx) mod . g

where hLv x are the principal part of L,  *
» I‘S H4

\
‘More precisely for k=0 and V =2m or 2m-1, we have:

L = <
2m, 0 2:_ x’/'x
1=0
2 _-m=1¢ 2i
L2m,0 ‘%§OL21+1(x'ex’fx)9 ’
(F.6)
3 _ m-1°2 2i+2
Lom, 0% 2 Loisq(x:0,5 )0 ’
i=0
4 _m? i
Lzm,o‘ 1=OL2i(X’&X’fX)92 ’

! s (mV)
a L (x,6,P, D)= MR N _+R,
an 2n-1,0 X f 0 {ﬂ )= O‘j;ﬁx
2q(1,V)
¥ e%kxué S 1 k ’
(F.'?) 2L2m_1,o(X,G,F,D)= L+R1+NH+R5+%{£ 6’)()(}) (}S;V)

+)0 (#V)}

3 = Q2 (w,v)
Log-1,0(x:8:f10)= 6%+ g%, 5};: Brn, s

77

’



(A.V)}
* )OX)AXVS 1 +N('3 +R§ ’

A 1 n (1,
Lop-1,0(%: 8:f ,D)= MRQHN +R3+2{2—,V:0/>;xus 0
g(2,v)
* 8 Xl) 1 } ’
° (¥
where L= Zigi‘lLélL 9 P)GZI} ’
=10 1=1
-12(%) 231 .§
M=Z{m‘L.<x.(9. )0<1} p :
Fi=ig=0 21 77x F }
_ m-1 - 23
Ro= == Lg 2i(x’Gx’[x>9 ’
1=0
_ m=12 21
R‘1_%,201’3 21+1(x’8x’/0x)@ ’
© 2 4 2i-
Rp= T Log_1(x:050f ) 2(1-1) 621 ’
i=2
Ri= 5P 1. (x,0 Poy2i(i-1)-§%i3
2 2.—-’_ O x ’
1=2
- 2 2i-3
33-%’21,21 (5,0, ,P,)21(1-1) 6 ,
R S22 QRi-1
Ri= 70 Lo (x,6,,p,}21% 6 .
i=1
R I . ARi-2
N, = ey 2i(x"9x’fx)'cr9 ’
2i-2
Né %1 25 - 1(X5 f)Cl@l 3
L ST e 2i-4
Né—E1L2i1X@F)Cl1& ,
(}l’\))_ m‘1 (}{,V) .
S0 Tz FanT (x, 8,267 :
(A,V)_ n-1 (/ul‘}) i-2
ST T Painy (x, 8, ) 6

/&



We remark,in the above,next relations:
Ly(x,6_,F )=L(x, f) L.(x,8 ,P )=5" @ Low)(x f.) » and
0" ™" ¥x?* T x P S 17 x?/x ,520 Xy ) xt 7
I"Z(X"slx’f)x)= %E—OGX/&.&X))L(’M)})(X’})X) *
Moy~

We remark also that in these formulae (F.1), (F.2), (F.3) and

(F.4) obtained above , we may replace U by V, X and Y

/9
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8. 3 Construction of the formal solution.
Taking account of the principle of the superposition, we
have only to solve the following Cauchy problem with the speciél
initial data:
L(x,D)u(x)=0
Dgu(o,x‘)=wh(x")k_1 (x1) (h=0,+-+,2m-1)
where x"=(x2,"',xn) and wh(x") are holomorphic functions of
x" in the neighbourhood of oec?- T,
We seek the formal solution of the form in Theorem 1.1 .
Namely we determine the coefficients uj?g , gi?g ’ Yi?; ’

h(q) and the auxiliary phase functions @“ f? ,and show the

% B

convergence of this formal solution . First to determine

these coefficients and auxiliary phase functions , we substitute
this formal solution in L{x,D)u(x)=0 , and using the formulae
obtained in the preceeding section and the relations'%fX§?£

:Xi?%’P and %X£?2=Y§?%'P , we have,

G



o m 2m-2k
. : ' ] 1 (3+x)
L(x,D)u(x)= %Z[{kz 27 < L)/,k,P(UJiv,ﬁ )
J)
-1

n=1 J =0 y=-1
3 (j+k) L 2‘11"2k(2 (i+k)
TR ACI )% T 51?30 7o Ul p)
4 (5+k) () | & 2m2kiy (5+X)
Py x,p BdEy ))j‘)sxa(ir 1.2 2 ( Lyk,g (v ai]+v,p)
3 (j+k) . m  2m-2k .
+ L (h ) (j) - 2 (3+k)
VrEp ey, B )}Yez—hr; +{k§:0 y=0 ( L».k.p(vu3+v.{s)
4 (j+k) (i) | _
+ Lv’k’ﬁ(h‘*i)/ 5 ))j gGY“‘iP] =0 ,
where "L g hLy k(6 D) (01,2,3,4)  and
1 2 2
Lo1,x,6° Lv,m,p= Lo,x,p™0 -
£t . (j) (j) (3)
We se he coefficients of Xd—1 p R >6Xi ] R Yd-1 ﬁand

ngigg equal to zero . And especially we set 1L2m,0,@= L2m,0,p
=3L2m,0,ﬂ=4L2m,0,ﬁ=0 which are non-linear partial differential
equations of first order in éﬁ and ﬁ; », namely so-called eikonal
equations , so that we can determine these auxiliary phase
functions 6% and f; »( we shall study these non-linear partial
differential equations in the next section). Thus we have
reached the systems of the transport equations which determine
(q)

the coefficients ud.p R ga(’(5 ’

(@) ,(a) g5 4(a)
A
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3 (j) 1 j)
(-L2m-1,0,ﬂ(gd+%m—1,p) ' L2m—1.0,P(ud£%m-1,p)
} m 2m-2k .
- 1 (j+k) 3 (k)4 \
2 A g P el
2m-2 .
N (j) 3 ()
) VZ;_1 { by,0, /s(ua(w p) ' LV,O.[S(gaeiv.p)J

(iX2 j)
( B P O O B AP IFWA CI LARP

m 2m-2k
- 2 (j+k)
k=1 JE% { L)hk ﬁ(ud+v p) + 4 z/k;p(gii:kg)j
2m-2 |2 (3) 4 (3)
- );2%1{ L)/,O.p(uo/iv,p) ¥ Ly.o.p(gdivfg ’
(T.E '3 (j) 1 (3)
L2n-1,0,p Pq+2m-1 P) P Lon-1,0,6 VwtZn-1,60
m 2m-2k
B 2 1 (j+k) 3L (j+k)
SRr A A LV e A L Vrd)
2m-2 )
=< ) 1 (j) 31 (j)
—yi::' { LVO.p «iv p) t Ly, o.ﬂ( c(iv '6 }

( 2, () 4 (3)
\.ll 2m 1,0 ﬁ( 4+%m 1,5) * L2m—1,0,ﬁ(hd+2m T,ﬁ)

m 2m-2k;
I 2 (.]+k) A -(J+k)
D22, () 4 (j)
- 21 o, F("div o) L%OP(ho/iv )

On the other hand, from the initial data we substitute the
formal solution u(x) in Dgu(x)L -0 and caluculate this ,using the
0
formulae. (F.4), (F.5) and (F.6) which are valid under the replace

-ment of L(x,D) by Dg , we have,

-



3-¢

. n n ~[%J h2 () ()
Do“(")'x =0 52 % 5; {z 27 My g F(u J )dev_1’ﬁ} +
LES NP ! J=0Lk=0 »=0 h+1Jh .
2 572 1 (J) x(3-%) h (J) (5-k)
=0 v%o M”'k'ls )98 o« = V’Phkémz "y, kﬁ( ) X v Pk
h
TS J j- R j
+Zkz:‘mJ:o "y » X, f(g )gxx -V, ﬁ {kz()vzo My x P(Vanﬁ) -1, (33
h-l ht1
‘LTJh;‘?k 2 h (J (.] k) Jh._72k 3 (J) (J k)
NSy vk AL TN 1?‘0 Joo1 vk ﬁ( ) Yy F‘&
(3] 02, (3)yy (310
+{k=0 ;0 M"’k ﬁ( ; )ngJv ﬁBx =0 ’

where pMp » ﬁ(p=1,2,3,4) is a linear ordinary -differential

RO N R .thap*(ﬁnyJ'”h1%““”)

and BM‘1'%'P:4Mh'%’P=O (as for Uﬁ(o,x'), see§4 )

These ordinary differential operators are determined only by

h and G ,}?3’ and have holomorphic coefficients in x'

h+]
m [==—Jh-2k
We have : Dgu(x) -0 = c S z P {1M h (u J)) +
X0~ < k=0 v=-1 ’

iat
M,k “Uﬂ [l

. ke
AMv,i,F(hiag )j] JBYQ(I iv ,9

Setting the coefficients of X(O) and 3& (0) equal to zero,

xo=0

23
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we obtain the following systems of linear equations:

125 h-2k|
: Ty Pl 3, h (k)
B=1 k=0 y=_1l ¥ Caiyer,p) * My,k»ﬁ(gu(+v+1.ﬂ )} ¥

h
[31 h-2k(, (k) L. h (k)
0 { M)-/r (V ) ¥ Myrk’ﬂ(h ﬁ)}

=0 V=0 k,ﬁ X +V,[H oAty , XO:O
Wh(X") for ol =-1+ h+1 s
0 otherwise R

1 ’ 0 » "% 1 ’ 0
b/1 ’ 1 » "% a/ ’ 1
D
X?m_‘] p(2m‘1)5$m—2 »y "% Zim_1 ,(2!11—1 )Eim—z

(25 =k, (0x) )
0
does not vanish if 5é(ﬁ=1,-~ ,M) are mutually distinct,
( ing¢ 4 we shall see Jb are mutually distinct )
From the remark described above, we can solve the system of

2m linear equations with respect to (ui?%m_1’ﬁ+ hé?%m_z’ﬁ)(o,xt)

(0) _ .
and vd+2m_2,ﬁ(0,x') (P-ﬁ,---,m) and then we obtain

2%



(0) (0) (0)

Lemma3-1(ud+2m_1,ﬁ+hd+2m_2'ﬁ)(0.x’) and V«+2m 5 p(O,x') are
represented in the following form :

m |(m 2m-2

1% (k) (k) 45 (%) (k)

2(5:;‘1[3 S w2 Merznetous )t Wi, p Bian2p,p)

3y (k) (k) 2y (k) (k)

ﬂ 2k ﬁ( d+2m-2—ﬁ,ﬁ)+ ﬂ 2k,ﬁ( X+2m-2-ﬂ,b)} +
2m-2

. (0),.(0) (0) 1% (0),(0)
;?;1 { M ﬁ(u¥+2m T-4, ﬁ+hq+2m-2-F,p) ¥ Nﬂ p +2m-1-p, ' f ¥
4y(0) , (0) 3,(0) _(0) 2y (0)_(0)

N,u,ﬁ, <t2m-2-p,p ¥ N/A,ﬁgo<+2m-2-/«'.p ¥ N/'*,/.s ¥t2m-2-4,8J)| X;=0

where h (kg are linear ordinary differential operators in
DO of order/L,and 3 (?g , i}k; and 43}?) are linear ordinary

differential operators in DO of order KX -1 . These linear
ordinary differential operators are determined only by Qﬂ(x)
and ,%(x) , and have holomorphic coefficients in x' .

We are to determine 62 and 65 from the so-called eikonal
equations that are to be studied in the next section , and these

coefficients from the transport equations that are to be studied

in §5 precisely.

25
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84. Phase functions and auxiliary phase functions.

In this section, we study eikonal equations

(4.1) h

Low,0,p% Cpx, 53,070 (0=1,2,3,4)
and some properties of ﬁk(x) and f%(x).

From the definition of L (F,6), we write again:

2m,0,p,
! 4 - 1 2i_
Lon,0,p “P2m,0p D Lo (s G Sp,) B2F=0
2 oo 2i
L2m,0,p ) izio L2i+1 (X'QBX’JI)SX)(% =0
3 2L

2
L2n,0,p =t9,5 y 2m,0,p 0

By the homogeneity of ﬁj (x,Y§,7)=yjfj(x,§ ,7) ,
the above equations lead to

3

25 (Xy ieﬁ 'Q@X » j)ﬂx)=o

!
Ms
o

2m,0,ﬁ =

=
I
=

O + . -—
2m,0,p = {Tp Ritd (x, _9ﬂ gﬁx’ fzx)_o :

8,

Adding these two equations and taking account of the relations

o 2m o 1 2
L(x,§+])= 20 L (x,5,7) and B0 = 5( (93 ),
J:

we obtain the ordinary eikonal equations.



1 2

2
o)
L2m,0,(5‘i Gﬁ' L2m,O,B =L (x, (fk : g )X>:O

Setting ?;(x)= };(x) : %( GP(X) )2 , we rewrite this equation

in the familiar form: f(x,?;;:) 0

0 t
First we solve this Cauchy problem L (x,?b:x)=0
1
with the initial data {, (0,x')=x, , and then we get
t 1
6%(x) and j;(x) by ?p(x)z )%(x)i 5 ﬁﬁ(x) y2 and
some properties of these functions.
‘Proposition 4.1
In a certain neighbourhood of 0Oe¢ Cn+1, there exist the

+
holomorphic solutions 97;(X) ({3=1,---,m) of the

Cauchy problem:

% i
1) = =
%G(O,x ) x4 and ?D % g (0) Aﬂ
t
Precisély speaking, 2e(x) are represented in the form

%;(x>= fatx) 2 30 G0 )2 .

=7



@ﬂ(x) and f%(x) are holomorphic functions in a neighbour-
hood of 0¢€ Cn+1, and satisfy (4.1) respectively.

Moreover Qk(x) are expressed as follows,

G- O 0 (Gaton- (g o ) 0)

And f%(x) are expressed as follows,
1

f;( )= X +xg AP(X + xg Yﬁ(x)

-1 n .
)= Hyp(i)
( Tglo,x")= =000, ) Pooleg )t 32 Ay (xR (eﬂ>} ).

i i

1 X (x) (x)
h f t d - .
We call ?% (x) phase functions an Q@ f%

auxiliary phase functions, respectively.



. h
§ 5 Some properties of Lv,k,ﬁ

For the construction of the formal solution, we have to

determine the coefficients u(q) , giq; , v(qg and hg by
» 14 I
solving systems of the transport equations (T.E.). In this

section we study transport operators hL2m_1 0,p (h=1,2,3,4)

which govern (T.E.), and other important operators, BLV 0,B and

1

L B First we recall the definition of the transport

2m-2,1,

operators hL2m_1 0,8 (h=1,2,3,4). We rewrite (F.7) again in

the following form

"Lop1,0,67 Mp *hmypx0) ,

Lop1.0,p L6 * mpp(x) '

2Lon1.0.8= 05 Lp * Brmgplx) + 65 -myp(x) :

“Lop-1.0, = Mp t G ’
where L :mZ:.{éo%éiil(x'epx'&x)@fi ¥ i

" mzdééﬁg)(x’@ﬂx’f;x)BﬁZi}DK

These transport operators have next properties which play



an important role in the determinations of the coefficients.

Noting ep = (O,x‘,Fﬂx(O,x')) , we have

(0 n .
Lemma 5.1 (i) La ,x I =2075(0,x )P )(eﬁ){jZ_OP(J)(eB)Djj ’
& lx = =

(ii) Mﬁ =xOPﬁ(x'){?OP(J)(e YD Jj+ :'(:S-M{'5 ,

(where P(x,)%x(x)thP'@) (x) and Plé(O,x')=Pﬁ(x') )

(111) mga(x') = 2{6’ (0,x')P 0)(93)} % o :

- Ay

. 1
(iv) Lzm-1.o,p ,x0=0 =

2m-1,

In this lemma , Assumptions (P) and (Q) guarantee that the
initial surface xo=0 is non-characteristic for Lﬁ, )and
Assumption (Ls) is (iv) itself. By this lemma we can express

transport operators in the following form:

1 ~

L2m_1’0"3 = Qﬂ-Mﬁ ’
L =L, + (x)
2w-1,0,0 g T B2p ’

3 _ 0.7

(T.0.) Lon-1.0,8 ~ 6:Ls '
(where ,EP=9P'L/8 + moﬁ(x') +1% mBI/g(X) )
4 A v
Lom-1,0,8 =0pM, .



5.3

On the other hangd, 1L2m—2,l,ﬁ are functions which play an

important role in the determination of the initial data of the

transport equations (T.E.). We know the next property of

1
Lopo2,1, 8 -

Lemma 5.2 1L2m-2,1,ﬁ XO=O = moﬂ(x') =P¥(O,x')P(O)(eP)]2§ 0.

In the estimation of the right hand sides of the transport
equations (T.E.) for the proof of the convergence of the formal

Ly 0.8 plays an important role. We see the follow-
s Yy

i

solution,

ing expression of 3Ly 0 ﬁ .

¥

3 - 5 1 (5 D

L 5.3 L = el (xu 6 Jp )y

emma V,0,F oy =2m-y-1 P 1 P x flix 7!
+(operators of order 2m-V-2) mod. xg

3/



g.é Determination of ui?g > gé?; , vi?; and hi?g

In 8.3, we obtained the transport equations (T.E.), that is

(gq) g(q) L(a) and hla)

,the fi Lc
e first order system by which ud’ﬁ T Pa,p T Ta,p o, p

are determined. First we remark these first order system are
composed of the first order systems of the same form:

é)‘ﬁ'LBg + 9/3:1%911 = D(X)
(F.s.)
(L[5 + m2p)u +—@yMﬁg = E(x)
We note that for the solvability of this first order system

of u and g , the following condition is necessary:

D(x) XO:O =0

We shall use next notations.

R[r(x)] = —’I‘_o( £(x)-£(0,x) ) ,
Ro[£(x)] = m—v( £(x)-£(0,x") )= ———R[£(x)]
I 5%(x5 ’ Uﬁixj ’

1 = ] 1
S[f(x)]Z f(O,X ) N Sﬁ[f(x)] = W,—)-f(o,x ) .

Now we apply this necessary condition of the solvability of

the above first order system (F.S.) to the first order systen

NN



of the transport eguations (T.E.). Taking account of lemma
5.2 , we can write this necessary condition in the following

form:

. 2m-2k .
U§i£1> (0,x') = -S[jé% 5%’ 53 , (u£i+k)) +

m-2,f A =r Ry v, k,p Va3

Ly G T T o ) o geld)

n jzr:f:? 1LV’1,ﬁ(u££:1’é) ¥ BLV’]’O(giijz(jﬂ (32 0),
Voz(g;]zz,a(o’x') ) _Sﬂ[ éjg j%?k 1Ly,k,{3(vof§i}j3> *

BLp,k,a(hfii:l.{;) ¥ j%;? ]Lv,o,ﬂ("oz(iz,,s) t BLv,o,p<hoS£;)z,p)

' fzi:j ]Lv.1,/3(vo(!£:jz;) * BLv.l,g(hEzﬂmﬂ (32 0)

Under the necessary condition of the solvability of (F.S.)
, (F.S.) is reduced to the next ordinary Fuchsian system of
the first order:
( ’Eﬁg + Eku = RP[D(X)]
.1 (Lp+ mzé)u + 4§ﬁgg = E(x)
Taking account of the remarks described above, We can
reduce the systems of transport equations (T.E.) to the

following form.

O

N



1 ('+.k) ( 'fk)
: { Ly'k’ﬁ (uo(+;]),/3 ) + LVk ﬁ(gd+3’/3 )}
‘ ’ 3 (3)
[ 0. (udigzﬂ RN (goe+3.r3 )}] ’
) N (j)
u<><+2ﬁ]aj1,(3) + O Mi(egiz02q, )
2m-2k% .
< (j+k) i (j+k)
{ Ly, k,p 0 c(+§]z s )t Ly k,ﬁ(gq,w’ﬁ )}
' 4 (3)
VnO:B(udigz B )+ Ly o,s (Bysv ] y P )} ,
) Eﬁ(vwgézhﬁ )
2m-2Kk ) o)
Y =_1 {11’)/,1(,/5 ( 035-;]) » B ) # Ly k,ﬁ(h“f,’ﬁ )}
j 3 ()
u,O,/s( (32,‘3 ) + Lu,o,_@ qun'z],p } J
M (3)
0/+f(231 1, B) ¥ (9/5 /3( o(+2{31-1,(3)
m 2m-2k 2 (j+k) L (j+k) }
) i k%o y=0 { Lk, p (Vesv,p 0 % Lui,pPeny, )
2m-2
Yy =21 { Lyrovﬁ(v&‘*'{/)ﬁ ) LV.O.ﬂ (hOH‘V, & ) }
1.E ; (j) (j)
(T.E.) is a linear first order system of wu,,5 1 B i3l 1 e
()
’ VO(‘E’Z)—‘],ﬁ and ho{"r%m-‘l,{i



Initial data which we impose on this (T.E.) is obtained in lemma

3.1 for j=0, and for j21 is obtained ,as ,follows;

(I.D.) .

by oy [ 2 BT a0 )
2m-2

j -1 3 (3-1)
' Y =1 i ]LV,O,B (ud£%+v3ﬂ )+ Lv.o,ﬁ (gQ+1+v,p )}

“ncd j 3 (3) .
¥ v§E1 { 1LV,1,ﬁ (“«ﬁgiv,ﬁ )+ Ly.1,p (g¥+1+v'ﬂ2ﬂ(321>’
(3) (0,x')= é% %g:z {1L ( (3+4k-1) 43 (h(3+k 1))}
d+2m 1, k=2 V=1 v,k,p \Vat 14y p y’ JH14u,8
2m~2
! (3-1) 4,3 (j-1)
' 5231 { LV’Orﬁ(v“+%+’,p)+ Lv,o,p(hd+1+u p)%
2m-4 ) . -

1 (j 3 (j)
SR B AV )+7Ly, . (b |-
vl v, 1,8 d+1+x¢p V,],p d+1+v'ﬁ
We remark above problems take the same form
Eﬁg+Mﬁu: RB[D(xﬂ ,
(L5+m2B)u+ Gﬁ'Mﬁ g=E(x)
with the initial data u(O,x')=uO(x‘), where L,, Eo, Eﬁ and M)

have holomorphic coefficients and g D(x) and E(x), ug(x")

35



£ 5

are holomorphic in a neighbourhood of O 60n+1. It is known that

for this Cauchy problem there exist unigue holomorphic solutions

u(x) and g(x) in a neighbourhood of O echtl,
By this fact, holomorphic coefficients udfg), gdfg) 'Vd5ﬁ>
and ha(%> can be determined inductively.

First, we suppose all ué?g , g§?ﬁ y V ;?; and hé{ﬁ

(0¢p, B=1,2-+,m for ¥ <d+2m-2, and 0¢p<j-1 f=1-+'m ford =d+2m-1,)
are determined and then the right hand side of (T.E) are known.
For j=0., using lemma 3.1 and for j21, using (I.D.), we can solve

the Cauchy problem for (T.E) and thenwe can determine ugi;m_T p’

(j) (j) (i) : .
gd+2m_1’@r .Vd+2m-1,ﬁand hd+2m—1,ﬁ inductively.
We shall prove that these coefficients ug?g R gi?g , Vd(?% and
hgqé have a common existence domain and suitable estimates.

RYVA



. h
§.7 New coordinates and Ll/,k,f& .
To make (T.E.) easier in the treatment in the estimation of
the coefficients, we introduce the new coordinates yﬁ:(yO P,---,
yn,B) (B=1,--+,m), as follows.
We set J Yo p= Xq
vip=Fi 00 (i=1mnn)
,» Where -’fi ﬂ(x) are defined as the solutions of the Cauchy
203
problem: S7, p\d (eﬁ)D.y/. {5(){) =0
=1 I
. Shids 1y -
with the initial data }Zi’ﬁ(o,x ) X

Considering the transformation of the coordinates x into the

new coordinates Yo » We have

3 }/
( Dy = Dg,p* i% 1,/3XO(X)D1,{3
;- (x) (0 )
D = . D :1".'!
v i{j‘l l’pxbzx 1,(3 B
B 1) — 1
where Di,ﬁz Byi,p and 1/11'(3)((0,)( ) = /%X(O,X ) .

We are to see some properties of hL) Xk pin terms of the new

coordinates Bo- LP and Mﬁ are expressed as follows:

37



Lp = 6[%]D0p+'y0p{ ; apg b%leﬁ}+<¢[%] ,

2 [ & j
My, = b D + b, . D. + ¢!
& (5[3’(5] yO,(& O,{S yO,(g{lZ::O ﬁ,l[ypj i,p C(j[ypj
where ap s aﬁ,i , b/5 , bﬂ,i , c(3 and cé are holomorphic functions

of Ve in a neighourhood of the origin. And so we have the next

lemma with respect to the transport operators hL2m~1 0,8

h .
Lenma 7.1 L2m f O’ﬁare expressed,in termes of the new

coordinates yp ,@s follows.

2

(1) 1Lzm-1,0./3 = Yo,p0pl] Po,p * Yo,

p Eotp 000
+ yo,@°1,@[yp] ’
(i1) 2L2m-1.o,(3 ) ﬁ[ijo pt Yo, (s s o B 1[yr5]D1,(s 2.(5[3’,53 '
21-1.0,8 = gp[ypj[aé[y’ﬂj{yo’FDo'P+ 1} ty, /3}§ a i[ijDi,P
"3 plyp) j] ’
2 b, RN

i=

t
|

jos]

: 4 -
(iv) L2m—1,0,§ B yo,ﬁbpfyg]Do,ﬁ ' y0 p

* yO,gcA,p[ypj

2(p{% (e4))?05(0,x7) & © :

where aﬂ[yé}

aé[yp] = 2mgp (x') X0

np(0)
b/;[yp_] P (xHp (e (5> X 0

NS
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h

Among other operators hLV k,p we see "L, 0. A and BLV 1,8

Taking account of (F.5) and lemma 5.3 , we have,

Lemma 7.2 Exchanging x for Yo - we get the following represent-

. h _ 3
ations of ﬁ)} O,[}(h ‘112)394) s L

’

30
v,0,p and Lv,T,ﬁ

1

. . . o
(i) The principal part of LV,O,ﬁ[yF’DyﬂJ ,equal to

@)
4L>ﬁO,p[yp'DyP] , can be expressed in the form

2 2
Hly, »Dy JDg7p * yo,(sK(yﬁ’DyﬁjDO.ﬁ * ¥o,pTl% ’Dyp] .

o
(ii) The principal part of ZLV 0 p[yp,Dy ] and the principal
[ 4 4 p
part of BE [y D ] can be expressed in the forumo:
Yal,ptip”’ Ip
2
70,6403 'Dy;DO.p * ¥0,07 L5 2] '

o
(iii) The principal part of BLNAO,BBﬁ’Dyﬁj can be expressed
in the formo
2 3
yO,pK[yP’Dyp]DO,¢+ yO,pJ[&ﬁ’Dyﬁj .
. 3 -
L y D = 1 s D D + (operators of order
(iv) )CO’PBF yP} [yP ypj 0,p (opere
2m-)/—2 ) mod. XO ’
where I[yB'DYﬂ] is a linear partial differential operator

of order 2m-y-2 .



5.8 Convergence of the formal solution.

After the construction of the formal solution which has been
done in 8.3 and 8.7 , 1t remains for us to verify the convergence
of the formal solution. To do so , we studied how the holomorph-
ic coefficients were determined, that is , in .6 they were
determined succesively by solving the Cauchy problem for the
systems of the transport eguationg (ETEi) with the initial data
by (I.D.) or lemma 3.1 . Moreover we study the systems of the
transport eguations (ETE.) , especially, transport operators
precisely and other operators appearing in right hand sides of
the transport equations, in §.5 and B.7. In this section, we
are to prove the convergence of the formal solution by the maj-
ration method . To do so, we begin it with the introduction
of a family of the scale functions {%j(t,s)k .

We define ¢>j(t,s) as follows.

S{’j(t,S) 92#’(%5)
where  P(t,s) = (J2(R-s) -pt)7 (P> .

Lc



We put R[f(t,s)] = t_1(f(t,s)-f(0,s)) . The follow-
ing proposition can be easily verified.

Proposition 6.1 {¢j(t,s)§ have following properties.

(1) 9t¢j 2% ft¢j+']
(2) 35t > PP :
5 22 5 i,

(1) (3D > agbs - RIQT . 359 :
(5) 8Pt #5735, o R[30P]
(6) 26:4,(0,5)735¢.(0,5)

(1) 43 py44(0,5)7 9$,(0,5)

1 X ] X i21, RSy,
(8) TR —s)TR"- t)at‘?gj £ ®R)(R-R) at?éj (JR",RBR

The majoration method applied to the proof of the conver-
gence of the formal solution is based on the next proposition.
Proposition 6.2 For the Cauchy problem

> .2
(XODO+1)g + ( ngodiDi+ XOB/‘])g +

n
(XbDO+ f%bxoﬁiDi+ Hz)u = T(x)



n
Dou + ( ;xoéiDi-k b/3>u +
i=0
n
with the initial data u(0,x!) = uo(xr) ,

where o/i » (35 bi R gi , S, T and uy are holomorphic functions

i
in a neighbourhood of the origin , there exist unique holomor-
phic solutions wu(x) and g(x) in a neighbourhood of the origin.
~ ~ -~ ™~ ~
Moreover, assuming di <<o(i y Bk By 0 Tk ¥i o §i<<gi , SK S
s T€ T and uO<<’1\fO , we can verify that u(x)& u(x) and

g(x)«g(x) , if W(x) and E(x) satisfy

(XODO+1)g > ( Z xoo(i+ XOb/‘]

e n g -~
Dou > ( Z_ X08i+ b’B Ju +
i=0
~ n ~ ~ —~ ~
xo(b’ODO+ onoﬁiDl+ b’A)g + T ,
W(0,x') > ug(x1) :

(for the proof see [10 | ).

From these propositions and lemmata obtained in the preceeding

¢

Co



0%

sections, we have reached the following proposition.
Proposition6.3 There exist positive constants A,B,C,D,E,F,

K,L,R and [ independent of &« and j , such that

: i
(1) uéf%« A?Q ﬁ/’wjﬂﬂ(yo'ﬁsyfg#) '

(2 g« By (g 530D
es,p < L Pt 54142 V0,87 ’

(3 )« —Qf ¢ ( )
Voo, b 79t Parj+1+2 0, ) ’

a<+1
o

(5) (u §°,Z . ;0% 5)(00x1) & EK“Q e gaaeg (0x70) '
() uldox) « FI 5£o<+3+1+1( 1) ,
where # f%; i,8 and x'#= f§1xi .

From this proposition, we know that holomorphic coefficients

ui % (j> ’ éJ% and hgj% have a common existence domain
that is a neighbourhood of O éCn+1 and the estimates lugjgl
&«
(j) ’ (j) l ~ koo :
’g , ]Vd,p , h“’ﬁ' < ¢ Y1¥+J+])‘Lj in this common

existence domain, where C,L and K are positive constants indep-

endent of & and j . On the other hand, in Appendix we have

“3



g

o, p

¢ opHey] 3 iop il ont
~_

on any compact set E in the universal covering space D\NK over
..‘:'- r -

the estimates ’X(j)l s
oLy 5

D\K , where 8>0 , and CK is a constant which depends only on

r
=
K. Thus choosing r >0 sufficiently small, we can prove the

N

convergence of the formal solution on D£\§ . Uniqueness of

the solution is due to the Cauchy- Kobalevskaya theorem. We
remark u(x) does not ramify on XO=OAX1¥O .
Correcti .

ceen In 8.6 of the author's preceeding paper [11 ],

we must replace ¢>(z {,y) by the new #>(z $,y)= # ,3+y,0),
(where #i of the right hand side of this identity is one

defined in 8.6 of [ 11]) . With this replacement of the old

#& by the new %« , we have only to replace [R'-(Z/B)J [R"-fz—y]
by [R‘ (2/3)( §+y][.R"-fg] in (5) of Proposition6.1 and

M(RT-(2/3)y; p) T (R"- yq - zy " )™ by M(R 2/3);: v, .p) )

. n_ -1 :
(R yO,ﬁ) , taking account of the fact that the principal

3P .
Lu'ﬂ is expressed in the form Yo pK[yB,Dyi}Dy +
»! ' f 0,p

1

part of

Vs



2 o
yO,gJ[yP 'Dy@jland that the principal part of hLV 3 (h=1,2,4)

are expressed in the form K , D D + J ,D ,
Y Lyﬁ yP] yO, yO,(}; [y(g yp]
(for the proof of this fact , see the proof of lemma 7.2 of

this paper).

<)

O



8.9  Proof.
Proof of Lemma 1.1 We differentiate by ¢ both sides of

PC(U )=0 q times and then we get the first relation inductively

X+q
We prove other relations in the simillar way.
Proof of Proposition 4.1 Consider the Cauchy problemn
. 2 2
X;‘}'X):P(X’SCX) - XOQ(X,?X):O

with the initial data  §(0,x')=x,

From this, we have the new Cauchy problen

with the initial data  £(0,x')=x,
Taking account of (P)(ii),(iii) and (Q)(ii), Cauchy-Kowalevskaya
theorem and implicit function theorem guarantee that this Cauchy
problem(*) has 2m solutions ?gi(x) which are holomorphic
Differentiating the eguation (*) by Xq and restricting it on

1 ] 3 i ] = 1 i ]
the initial surface, we have S%XO(O,X ) )ﬁ(x ) and %BXOXO(O,X )
n

[ (eﬁj +’Q ) - P e - Ef,kﬁx (x‘)P(i)(%g)} . Then we

i=1 "%

3



have Ig(x

B0 =

%ﬁ(x 1/2 =xUp (x)

Proof of Lemma 5.1

(i) s[L,]
= q(s(O,x
(ii) M{5 =

On the other hand by S[}(x,
P(x, fa )=xgP}(x)

s 13 1* [l
(iii) Note S[C;/3 L2m—1,0,ﬁ =3 BéNérﬁ+

N!
C,p

(]

M::u M

e
o
av}

3

o

LN

M

)

(¢}

1
o o
Y

O -
L21—1(X'6%x'i;x)cﬁ.l€

@(zx.ﬁgx)

, Where

We proved (ii).

2i-2

5

):%(?,:(X)Jrcf,e‘(xn:y fxpMp(x)+ %27, (%)

73 0,x'")

and

7-2

(0) -1
--[pt0 ﬂ]

2 o (1) o detes) |17
{Pxo(eﬂ)'l- i}g‘]);(&i(x )P 1 (eﬁ)j and 0?3(0,)( )—[gr%_)e_%_):]

°p

< o (
R %.L
i,3=0 i

mod.@g2

mod. ﬁ"42

mod . 5%2

mod. @%

On the other hand from the eikonal equation 2L

#7

2

2m,0,ﬂ -

@X)]:S[P(X.S‘};—;-)] =0, we can put



7-3

_ E1<x,eﬁx,fgx) + jZ: Loiyq (X, B > /OX>6,5 =0, we get
Li(x,6 . F ) =0 moa. g2 . Ry ,- izfoﬁ CHANY MES
S L0068, fy) 26, mod. G2 and Lo(x,6. ./ )-
%%:O @xi@xj§<i-i><x,@x> lead to (iii).
(iv) [1L2m—1,0,ﬁ]: S[ALzm-n,o,(S]
] PZJOUDX L6t ot b ool ) ¢ T o6,

X
i
n

’{%x)} :S[%i,z:j; O(/ﬁx x e 6 pﬁx 2 })(x,/; x)+€s(x'/2x)]

) = 0 . This is (LS)(j) itself.

Proof of Lemma 5.2
1 o ;
TONRPE TS B E P

1,] '

= mO,P(X') ¥ 0

Proof of Lemma5.3 (F.5) and (F.2) lead to Lemma 5.3 .

Proof of Lemma 7.2

. 10 A - O(«) D 2
(i) Ly o= Ty, g _nggi s Ly (x, @X,fDX)QT mod. X
_ 2
\a\=szm Y }OX‘*' mod- %o

6



7-4

On the other hand, by Leibniz's formula

L(d)(x,g) s _;E: —ﬁiT-P(ﬂ)(x,g)P(k)(x,%) mod. 2
|6+3) =2p- v P 1O
10

we get Ly o 7 the principal part of
> () f (") D’ 2
P (x,3) P (x,3%) mod. X
\B+U]=2m-¥f /p!if v f 0

the principal part of

2m-k f r
Z{Z P“"(x,wP—kf >0 Pm(xm%jmod. 2

k=0 { Ip) =k " U¥=2m-y-k *0

1§}

Therefore it suffices to prove that the principal part of the
operator obtained by exchanging x for s from

() X _r : :
2P (X’E)QT (g_h3x) is expressed in the form K(w3,Dw3)D

] =k Yo,P

+ yO,ﬁJ(x@’Dyﬁ) . On the other hand, P(x,§)=R(x,%)r(x,})

(r(x,§)='§0— Xﬂ(x,i') ) leads to

P(d)(x,i) = = JXl— R(g)(x,z)r(r)(xg ). So, we get

?r+$=‘=(?”él
[« =

= the principal part of

S by
{ =, R(g)(x'z)é%-éﬁﬁzg 'T(EU(XE)gT }
-J

SIEN

P (x3)
x X

And so, it is sufficient for us to prove that the principal

part of the operator obtained by exchanging x for Ya from

€7



19
_Zi r(d)(x,g)g% ( k=0,-++,m , § = ﬁg ) is expressed in

o} = x
the form KX(y,,D )D + J(y ,D_ ) . On the other
hand , r(x,f@x) = r(ep) mod . X .

For k=0, by r(e9)=0, we get r(x,f%x)=y0.pJ(yp).
~ (1)
For k=1, we get 2., T (eﬂ)D. =D .
i=0 * Y0,p
For k22, Euler's identity with respect to homogeneous
: (o) -
polynomials leads to r (ep) =0 .
We proved (i) and then we can prove (ii),(iii) and (iv) in
the similar way.
Proof of Proposition 6.3 We use M as a suitable positive
constant in this proof. Let all coefficients of hLv k,p
<< M(R '#) R”'nyO ﬁ) . We prove this proposition by

induction of o and j . Assume that these estimates are valid

for ®=-1+ 1, --.4+2p-2 and j20 . First we treat (5).

Lemma3.1 leads to S[ digé 1, p+ hdig;_z F] =
2m-2
y(0) (0) (0)
;?;1 ﬁ( «+20-1-k, p hd+2m-2—%,ﬁ) t (rest ) % =0

5t



) m
Making use of the fact that D. = S_(y. ,D )D + T , D!
= 0 B p Yp' Yo,p (B(y.@ yg)

where S(5 is a linear partial differential operator of order A -1

in D and Tp is a linear partial differential operator of
o)

order u in D! =(D ,***,D ) , we have
o Yq,0 Yn,s

(0)
S[D “x+2m 1-fap +hu/+2m—2—/-(,/3 )]:
(0) (0)

O 1
8(0,y4 ,Dyﬂ)DyO b( Jiome 1—/(,/3+ho/+2m—2—/1,/5 )(yﬂ> +
(0) (0)
To (3 Y M ugi2m-1-4,8 +hd+2m-2—/i,l;3 )(yﬁ)llx =0

To the former part of the right hand side of this identity, we
apply the estimates of (1),(4) of the assumption of the
induction, and to the latter part of the right hand side of this

identity , we apply the estimates of (5) of the assumption of

the induction. Then we have
(0) } o+2m-3
5 [uys 90 1,p Parzp-2, )] € K M(KDASBECADID By oy -

For (5), it suffices that the inequality
(1) EXZ > MKD+(A+B+C+D)M

is valid.

\Y4

=



Secondly we treat (6). We restrict the transport eguation

(0) - (v, (0)

x+2m—2.ﬂ)- —Mﬂ v‘=<+2m—2.ﬂ) ¥ Rﬁ[." J on the initial

~
Lﬁ(h

surface , and then we have

n (0) (0,x') « Kd+2m'2{

7
«+2m-2,p 0% Pyramin * R(‘é+2m+1] K
1

! R[st%d+2m+l-1]} )x0=0

(0) ) [ (0) (0) ]
On the other hand , S[ud+2m—1,ﬂ1_ S ud+2m—1,p + hd+2m—2,ﬁ

- S[pdig;_ziﬁ . To the former part of the right hand side
of this identity, we apply the estimates of (5) and to the latter
part of the right hand side of this identity , we apply the
estimates obtained above. For (6), it suffices that the
inequality

(ii) F > (E+D)M

is valid.

Thirdly for (1) and (2) , by (T.E.) it is known, it suffices

that the following system of the inequalities (iii) is wvalid.

(iii) S,‘B(‘l- %)K > M(A+B) + —H(A+B)

~£



~0N

\A(w- % )Y M%B n i%(A+B)

Lastly we treat (3) and (4) lead to

(0) o«+21 ¥
Vat2g-1,p 00X &L EK 9t¢d+2m—1+2+l(O,X' )
For (3) and (4),it suffices that the following system of the

inequalities (iv) is valid

M

(iv) pD(1 - %)K > M(C+D) + 7x(C+D)
c(1 - g) > M%D + —H(C+D)
C 7 E
For j21 , we treat them in the simillar way , but lemma 3.1

is to be replaced by (I.D.) . So the. fellowing system of

inequalities must be satisfied.

1 1

(v) A > M(K=2p+K " 'B+1"1B)

2 1

¢ > M(k “c+k™ 'p+L" D)
Our problem is reduced to the problem of the existence of

pcsitive constants A,B,C,D,E,F,K,L,R and P which satisfy the

system of inequalities (i),(ii),(iii),(iv) and(v) . In fact,
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In fact, making}D,Ku and L sufficiently large and R is suffi-
ciently small, we can make these constant satisfy the system of

inequalities (i) (ii)(iii)(iv) and (v).

%



Appendix

In this appendix, we
iarity of the auxiliary
X&j) and Yaf) which are

We use as independent

study the multi-valuedness or the singu-

functions U, , V,, Uij), VA
the analytic functions of £,9 ,o and c.

variables, (t,x) eC2 instead of (@J?)e C2

in this appendix and treat these auxiliary functions in the

more general form.

To be precise, we put

Y-
Pe = at B

Newly we introduce Uy and Vg,

(b)O 1s an integer
- C'tb_]a ’ )

2b~N2
779 x _

X

as the solutions of the following

Cauchy problems respectively
P U = (35 - +2%92 - ct® 19 )u,= 0
with the initial data Ud(O,X) = fd(x)
Udt(O,x) =0
PV, = (35 - +7%92 - et® Ty v = 0
with the initial data f v, (0,x) =0



AL
2

W (0,3) = £,()

We denote "2—(—-5%—,]—}— by A%

The following explicit representation are known, (see [ 1] ).

d
Uy(t,x) = FT%:TTF(~d,b*+c*,2b*,z)
3 7o
: - L p(d,broc¥,20%,2)
HETE) , , . ,

«
T757%7F(-d,c*-b*+1,1+2*,z)
_ %y .
= T%—WF(-O(,1—b“-C‘,1+2*,;),

n

Vx(t,x)

where % = x - E%Ttb+1 and 7= x t E%Ttb+1 are so-called

. . . .. - +
characteristic coordinates wused instead of ? and ¢

respectively in this appendix and 2z = 1 - ET
Now we define U(i)(t,x) and V(i)(t,x) as the solutions of

the following Cauchy problems respectively:

For j=0 , we set U(S)(t,x) = Ud(t,x) and V(S)(t,x) = Vd(t,x).

> (j) _ ,b-1.(j-1)
For j=1, PcUx =t U°<
with the null initial data U&j)(o,x) -0
(3) _
U:{t(o’x) = 0 ,



(i) _ ,b=-1,(j-1)
and P Vgd) = 1PNy
with the null initial data vif)(o,x) - 0
V(j%(O,x) -0
ﬂ

And then we define X, (t,x), ¥, (t,x), ng)(t,x) and ng)(t,x)

as follows.

[ Xalt0) = 3060 and X (00 = 4ol e,x.

1 Ty (t,x) = 3,V (t,x) and Y(j)(t,x) = 9, v )(t,%).

Therefore X 4 and Y 4 satisfy the following Cauchy problem

respectively.

P Xd =0 , Xd(O,x) = ky(x) and th(O,x) =0

i
o

kd(x)

1 P Y« =0 , Y%(O,x) and Ydt(O,x)

x4J) ana (3} satisfy the following Cauchy problem

o o
respectively for jZT
chXS) :1;F1X9-1>' x9‘1Ho,x)= XQ‘{NO,x)= 0
l_Pcyij) = 12y (3 (0,5 - (J Dio,x) =0

£

-



Remark that these auxiliary functions depend on ¢ analyti-
cally but we omit ¢ for brevity. For example we write
U,(t,x) instead of Uy(t,x,c) in this appendix.

The explicit representations of U, and V, lead to the expl-

icit representations of Uij), Vij), Xif) and Yi;),as follows.

Lemma A.1

(3) 113 14 3

J - 18] _ 1y s }
Ute’(t,x)= j!;)CUD(Jrj(t,x)- j!Jc{TT§73777F( of-j,b¥+c* ,2b%,z) ,

(j) RS _ o Anj) 3% % . .
VI (t,x)= ?ngd+j(t,x)— ?pg{ﬂm}?(—(—g,c*—b +1,1+2*,z)} ,

X 0= Tadx, (0= 1 x5 (4x)

Y
__l '] 3 = 3 * 2 ’
j!acgd{rq-{.j.*.‘] F("’(_th +c*,2b ;Z)

-
7T ys 5 (thx)= 770 dutwtj (tox)

0}

|l
O/

[
4

Y(dj)(t,x)

Lemmaa.1 shows that U3/, viJ), 30 ang v(3) weing

represented as the derivatives by o and c of Uy and V,

, first we must study the auxiliary functions Ud and Vd .

A-Y



Since Uy and V, have hypergeometric functions as important
factors respectively, the study of the multi-valuedness and the
singularities of these auxiliary functions are reduced to those
of hypergeometric functions. The next lemma about the analy-
tic continuation, that is the monodromy theory of hypergeo-
metric functions, plays a fundamental role in the study of the
behaviour of these auxiliary functions around the branching
surfaces.

Lemma A.2 Let S be the Riemann sphere. Put D:S\{O,1,oo} .

Set F=F(A,B,C,z) and %;21‘CF(A—C+1,B—C+1,2—C,z) which consti-

tute a fundamental system of solutions for the hypergeometric
d2

ordinary differential equation &(1—2)——2 +{C—(A+B+1)z}
dz

&
[NEFeY

Aé}u(z)= o . Now. the monodromy representation 4F of the
hypergeometric differential ordinary equation with respect to
the fundamental system {F, %} is defined in the following way:

Denote by 1 1 laarespectively ) a loop which encircles

O ( 1’



the point 0 ( 1, ocorespectively ) once in the positive sense .

We denote by the same letter 1 11, qu respectively ) a hom=

)
otopy class containing 1, ( 1,» 1 respectively ). Let JU=

TUD) be the fundamental group of D. Then we can define a hom-
omorphism P of the group ju onto the group GC GL(2,C) which is
called the monodromy representation of the hypergeometric diff-

erential equation with respect to the fundamental system{»F,‘}J

, where G is the sub-group of GL(2,C), generated by go and g4 »

1, 0
f(lo) - 80 T (O e—2ﬁ10)
1 0
-1,-1 '
P =g = DC ( . 2mi(c-B_A)> CD
y e
where o-2miA _ -2wiC ’ e—ZIi(C—B)(e—2KiA - 1)
Cc = e_ZRiB - , - e—ZKi(C~B) )
el (c-B) .
D ( F(CT ’
Ca-c+)l(1-) mi(C+A-B-1)

0 - [(2-C)

Le

A-6



AT

_ -2ri(C-B) | . o-2miB

1
c'1 -

ICI | o-271(C-B)(y _ -2Tihy o-2TiA o -21iC

’

-2rlA e"2MiCy (1 | o-2mi(C-B-A),

IC} = e 1 -
Namely , if {F, %} is continued analyticajly along lO ( l1

v 1o respectively) ,then

F F F F
f/ goes to go(,f g1(§> ’ gaa( respectively .

(Correction: In Lemma 2.1 of the author's preceeding paper [1OJ
D of the above lemma was dropped . )
We apply this lemma to the study of Ug and Vg . In our case
, F is F(«;3,7)=F(-&,b*+c*,2b%,z) and so %/is %Yd;i,l)z
z1_2b*F(—X—2b*+1,c*—b*+1,2—2b*,z) . To explain the multi-valu-
edness of Uy and V, in termes of the monodromy theory of hyper-

geometric functions , we introduce the new functions U((t,x)

and V&(t,x)

!
Uy (t,x) = FT%iTTF(d;g'Q)

£/



o
= rm%zsz(—d+2* ,c¥-Db*+1, 142% ,z)

Vo (t,x)= Fé%yz“z*F(-d_zﬁ,c*+b*,2b*,z) .

Let D_ = {(g,'{); %0, 1%0,2 %7 ,B3l<r, 1< rj . Let P be
any point belonging to Dr and keep P fixed. We consider any
loop 1 starting and terminating at P in the domain Dr . Espec-
ially we denote by 1(P) the terminating point in order to dist-
inguish the terminating point from the starting point P . We
denote by the same letter 1 the homotopy class containing 1 ,
too. LetK=T\,(Dr,P) be the fundamental group of D_ with the
base point P. Denote by .looéﬁ_,( 11(-7(, , 1051_()respectively ) a
loop which encircles £ =0 (1 =0, % = 7 respectively ) once in
the positive sense , where by " in the positive sense " we mean
that the loop which is transformed by the mapping 2z =1 - %

encircles the corresponding point in the positive sense in

z-plane. We note that this mapping 2z = 1 - —— transforms

$=0 ,1=0,3 ="Z to z=w, 1 , O respectively and 1,, 1,, 1 to

¢3

/‘_.

3 -



the corresponding loops in Lemma A.Z2

Using Lemma A.2 , we have

F(el31,(P))\ _ F(«;P) F;1.(P))) _ F(«;P)

~ 0 - g0<"‘ ’ ~ 1 - g1 ~ )
F(;1,(P)) F(d ;P) FX;1,(P)) F(d;P)

(F(O(;loéP))) . (F(d ;P))
ol =
;P)

'f(oz;loo(P))

Generally we have

F(ol;2(P))
F(«;1(P))

Therefore we have

i
o
[
—
=03
Q0 Pl

Yoo
N

' Uc,((lO(P))> i (U<(P)
~ - go ~

( Uy (14(P)) U (P)
Ud(l1(P))) (U@P) >
~ TB1| o

(Uo((l.l(P)) Uy (P)

(mdléP)v )
Ta(1 4P))

|
N
At
gl
8
L
=P =
R R
d d
c~—

We introduce the new monodromy representation /3* with respe-

ct to the pair {Ud,’ﬁq} as a homomorphism /0* of the group 7T

£3



onto the group G*c GL(2,C), where G¥* is the sub-group of GL(2,C)

2iid
generated by o » B4 and gé)= e <"t 8y
f’*(lo) = gp , P*(Ly) = g, , P*(1_ ) = g% .
Then generally we have
Ux (1(P)) U (P)
Uy (1(P)) Uy (P)

Remark. we need only Ud(l(P)) , but we do not need U,(1(P)).
For the study of the multi-valuedness of U,(1(P)), we have to

study P *(1) namely Ep » 87 » BY » Coand D . Seeing that

both g0 and D are diagonal matrices , they are commutative each

1

other, and so = D~ D . on the other hand and g*
go go g'} g(D

1 1

are also in the form D™ 'GD, that is, gq = D" 'E.D and g%, =

1

D-1EOOD . Therefore, /O*(l) = D_1f3#(l)D holds where jo#(l)

is a homomorphism TJ{, onto G#C.GL(Z,C), the sub-group of GL(2,C)
generated by g, , E; and E_ . f)#(l), the principal part of

f)*(l), is to be investigated precisely.

{4

v



-1 -1

00 1 &p and E1 generating G#

with the simple matrix gp ¢

we have only to examine E, and E -1

1 1
C , C { /C .-C
Put C =<’ L 12 ) and then we have C = 7ET 22 12
Coq » Cop G210 Oy
/1 0 S
Put G = C C .where G = E1 or E1 , and then we
0 , k
have
oo 1 C11Cop - KCpeCqp  » (1-K)C, 505,
iCl
(K-1)Cq4Cyy » KCyqCop - C5qeCyqp
) Ict + (1-K)C,5C, » (1-K)Cy5C,5
BT
-(1_k)c11c21 , IC| - (1-K)Cﬂc22 )
where X = e2ni(C-B-A) in the case G = E1
o~2mi(C-B-4) . 1o case G = E.7

So, it is possible that G has the singularity on

] = em2Rih(q_~2wily o-2ri(C-B-4),

1- =0

We choose b such that Re b>0 and keep fixed , so that we

e-2mic%0

have 1- . There is possibility that G has the sing-

e-2ﬂi(C—B-A)

ularities on 1 - =0 .

£y



e-2ni(C—B—A)

"
t

= %(1—{) in the case G

il
=

(1-k) in the case G

G G

1
Put G = WET

11 7 712

G

) and then from the above , every
G

21 7 722

component Gij of G has the factor 1-K. Trerefore, the singul-
arity on 1 - e—2ni(C—B—A) = 0 of G is removable . So we see
E1 and E1_1 are entire functions of ¢ and o
Lemma A.3 f)#(l) is a entire function of ¢ and «

£ #(1) is a periodic function of & with period |

LI
and P (1) is a periodic function of ¢ with period

2(b+1) , too

# #
; Piv 0 Paz d; » 0
Put f(1)= y y and D =
f 21 foz 0 dy
Then we have Fﬁ1 a —1d2 f)ﬁz

P - -1 pd ok :
didy,” Poq o a2
U (1(P)) N U, (P)
By ( ) "(1)( «

T (1)) Uy (P)

, we have reached the next

£



formula which links Ux on the universal covering space with
Uy and U, on the base space.

(F.8) U (1(R)) = pH (1)u (p) +

l”(cN7<A-C+1)P(1-A)exi(c+A-B-1) P#

FUBIP(C-BIF(2-C) 12010 (P)

Note (1) Putting A=-¥, B=c*-b*+1, (C=1+2%, instead of A=-d,B=b*
tc*, C=2b*, we have the formula of V_,(1(P))
Note (2) In this formula , | -factor of the right hand side
has no pole 1if ® is a positive integer .

Secondly after expressing Uy (V, ) on the universal cover-
ing space with U, and %L( ( V, and Vg ) on the base space
we invetigate U, and'ﬁ; ( Vu andAvq ) on the base space with
means of the connection formulae of the hypergeometric functio-

ns which is described below

C(a+B-c)°(0) (|, yC-A-B

(c.¥.) (1) F(4,B,Cr2) = =511 )7(8)

I"(c)(c-a-B)
(C-A)T(C-B)

. 7
Ji-z ) 4 F(A,B,A+B-C+1,1-2)  in 41_Z|:\__N<1 .

3

_ -l (o)
T 7(C-A)T7(B)

(1-2) " F(A,C-B,A-B+1,——)

(2) F(A)B’CPZ> ’1_Z

(7

F(C-A,C-B,C-A-B+1,

LD



>

.3

ki

"(4a-B)(C) -B 1 : 1
e FaT(1-2) TF(B,C-A,B-AtT.s1s)  in |-

<1

Using these connection formulae by the help of Kummer's trans-

~

formations , we list up the representations of Uc(, Ua( , VK and

o ) < < . .
V, in 1?1 = 1 and }%—' = 1 respectively. These following

formulae (F.B) are fundamental formulae by which we describe

the singularities of Ud, Uij) s Vyo Vi'j), X o X‘(XJ), YD( and
(j)
TR

(F.B) ( Uu{,fﬁd, vy,?‘x on the base space )

n ZO( n b¥_c*

= 3/1(0(,C)F1(0(.C.‘§—')W(?>
o
+ 0 ,(ed,e)F, (q,c,g—>ﬁ§m in ]%S 1
3, =
Th )FZOH"];
.30 gyt

+ b/.l(O(,—C)F.](O(,—C,T)W(T) in }",_ng 1

~ 1, 1% mabreet
Uu = XB(O(’C)F1(O<’C’§_>|”(O<_+15(§—)

= 3/2(0(.-0)F2(0(,-

y &

T 3 . )<
+ 5’ X C)F ;"i—)m in ?—/: 1
RS TN SV R
AR R G I e
°< 3t *
% % % b¥+c
' a’B(x"C)FNd"C’T)ro(H (T, in[_%_}é 1

Ly

/5



o q qERE o brec
3(0{+2*,C)F1 (0(+2“,C,—Z-)F—(m(?>
+D/A(°( +2‘,C)F2(°(+2‘,C,—§‘)l—wyx
Ly (o L 3 e
—3'4@\+2 .-C)Fz(d+2 .—c,ﬁf)ngiqu
o+ 2% b4
od42%  _ ¥ _pa 2 % _%_
+O/3( +2%, C)F1(°{+2 , C,,l )W(Q) K
~ ) T R
V, = T ele2n.e) R (el+2 ““E"%WQ7TTG?J
1, 5%
+b/z(d'l'z*.C)Fz(O(‘f’Q"‘,C,’E—)IT(F‘]—)"K
_ N . g )'(.d‘{“z%
= 6/2(034‘2 ,—C)F2<Ol+2",—c,"l—)r—(mK

oL+ 2% b*+c*
3.2 @) .

Vy = ¥ K

K

+ W 42%, —e) Py (X427 —e 5o )y

;v Tegepriex)(2b%)
,where 81(°\’C) = r(_d)rfb%.g.c»x-)

_ [etepx_cx)l (2bx)
'Fz(“*c) - FKq+2b*§r(b*_c*)

CC(s-praex) T(142%)
a’B(b{,C) = r’(_o(+2*)]’c~(c*—b*+‘}7

 T(atpr-cn)(1+2%)
6/4(0(;0) = r(o(Jfﬂr(b*—C*“*z*)

P}(&.c,z) = F({+2b%,b*-c*.d+1+b%-c*,32)
Fo(X,c,z) = F(-o,b*+c¥,-d+c*-b¥+1,2)
1
b+1

and K = (-4*5

Thus we have seen the multivaluedness of Ud and VD<

in

in

in

in



For the proof of the convergence of the formal solution, we need
the estimates of U, and V, on the universal covering space,
which are reduced to the estimates of Uy and V, on the base
space . By (F.B), those are reduced to the estimates of the
hypergeometric series F1(d,c,z) and Fz(d,c,z), which are based
on the following lemmata. Let b be a real positive number and
keep fixed henceforth.

Lemma A.4 F1(U,c,z)=F(d+2b*,b*—c*.d+b*—c*+1,z)

KF(¥+2b%,b%+ |Re c*|+E] In c*|.¥+1+b*+|Re c* +€[In c*|,2)

where K is a constant depending only on ¢ .
Lemma A.5 Fz(d,c,z)=F(—N,b*+c*.—@—b*+c*+1,z)
o [Ire cx1] lp(«,b*+ |Re c*|+¢ [Tmex|.q+1-b*+ |Re c¥* +¢|In c¥| ,2)
forizo, x>0,
where T is a constant depending only on ¢ and b , and independ-

ent of X .



Remark: the proof of LemmaA.. is easy, but the proof of LemmaA.>5
is done with only tedious calculations. So we omit them. The
result about the exceptional values of parameters of the hypergeo-
metric series are to be described later

Thirdly we are to study U(j), v x ) yfj) By Lemma

A.1, we need to diferentiate U, and V, by ¢ several times and
byo/ at most once. By (F.A), the differentiations of U, and V4
are reduced mainly to the differentiations of the lvpergeometric
series. And so we need the following lemma about the differ-
entiation of the product of [ -functions.

Lemma A.6 Let H(c) be an infinitely differentiable function

and put E%H(C)=H‘(C)=H(C)#(C). Then we have the next for-

q.n
mula about (EE) H(c)

n

| Y s ‘s g
(E%) H(c)=H(n)(C):(S 2{? ] )§7TT¥fE;T(TT) 1(;%) 2 .(%%) n

where (51,' ',sn) varies in Pn’ that is, the set of all (51,-'-

A

n 0 . (see l8].)

n
7
,s_) such that > ks, = n and s,=0,--*,s
n k=1 k 1

7/



we explain how to use this lemma. For exanple, in the case

r( c+p)
[(cta)

r(c+p)(r‘(c+o) r‘(c+q

)y
[(ctg) ' [leip) = Tlctq) )=H(c)¥(c)

H(c)= , we put H'(c)=
~ / .
Namely'7(0)5¥(c+p)-y(c+q), where Y of the right hand side
of this identity 1s di—r}unction. Taking account of the fact
that the formula about the poly-|function V(%) (z+1)= ¥ () 4

n n! N . ca s o
(-1) —Siﬁ»holas except the nonpositive integer z , Wwe are able

to estimate 7f(n)(c+p)- ?(n>(c+q) for n21

The next lemma about ithe cardinal number of Pp, which we den-
ote by p(n), are to be used for the estimation of derivatives

of F1 and F2

Lemma A.7 p(n) is called the partition number of n The

following estimates of p(n) are known.

_ 1 eZIE < 1 ezf?E

Hr p(n) < Kn~
, where H and K are absoluie conslantes. (See [4].)

To see Xig)(P) and Y(i)(P) on the base space, we have only to

see Qi;LF1(d»C»Z) and Qi;LFz(d,C,z) in lz)§ 1 We put



A1

D Ma420%+n) [ (b*-cr i) (H4pxocri1) g7 1P ?
F.l(d;C,Z) O‘(O(.;zb )"I}'( b¥-c*)J (;l+b" C"+‘]$n) er!: I%OHD(C);ZIT .

+ oo n ‘1[ . 1 e
91 = 5: Hp ( C)[~O&°<+2b rr d+b*-c*+1+r}ﬁ ‘

0
+00 n-1 n
1 ! - 1
nzo%n ( - <b‘*—c*+r - o(+b*—c*+1+r})i“>;o{0(+2b%+r -

+b';&—C*+1+T)+ Hn(c) Z - . x - 2:{ —2(b+1) F

Differentiating by ¢ this identity several times and apply-
ing Lemma A.6 to the coefficients of these power series, we

are Lo see gi)xﬂ and Di‘JdFZ inductively and to estimate then

by the help of Lemma A.7. In fact, for example, put 77Ln(c)=
n-1

Z{b*—l*h" - o(+b*ic*+‘l+r% and then we have”ln(c)<c and piyn(c)]
r=0

< l!Cl,where & is a non-negative integer- As for gi}df‘z yWe
can treat it in the similar way. By the above lemmata and

the formulae with respect to poly-rfunctions, we have

+¢Im o*| ,d+14b%+ |[Re c¥| +

31 OuF, & BLICTKF (d+2b% ,b¥+[Re c*
¢ lIm c*i, z) for ¥ 20, £Z1 and

9 DF2<< B1!C K + [fRe C*” 1 (o(,b*+\Re c*l +€llm c*l )

73



/\\—20

o« +1-b*+|Re c¥| +¢|In c*|,z) rforoyo0, ¢ 20,

where B,C and K are suitable constants independent of of and 1

To estimate the hypergeometric series in the convergent cir-
cle , we need the following lemnma.

Lemmma A.8 If A,B,C and C-B-A are positive, we have

)W (c-p-a)

F(4,B,C,2) = F(4,B,C.1) = =(eTm*(c-8) in lz| T 1

, (see [10]) .

Therefore we have the following estimates of 3i&F1 and aiLFZ

in lz\§ 1.

1 ~ 1, [F(2+1+4b*+ Re e + tl1n e* DT (1-2b%)| in|2] 1
IQCJQFN%C»Z)]— BLUCTR S (1-b7 % [Re c¥l 45| In c¥]) #

pi éjz(d,c,z)k B1rcig¥t [ IRe c* ) +1

M +1-b*+|Re c*|+8]Tm ex)I1-2b%) . 2] <1
F(d+1-26%)7 (1-b%+ |Ke c*|+¢[1m c*]) ~7 12~

for >0 and £ ¢ 1 .

These estimates lead to the estimates of X(i)(P), Y(i)(P), and

then it remains to estimate X(i) and Y({j on the universal

- Ve
With respect to Y’ﬁz gxggg%é_g;%%zgé)Al in

covering space.
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(F.A) , we rewrite as follows;

_ o) (—o-2p*
(ﬁ# - 55(d,c) = PEEE+Z*§r%b§?C:%ﬁ;glzii) in the case U,(1(p)),

¥, (o, c) = L(2=200) [ -d-142b65) P (14a)
6 F(1-b*+c* )7 (1-b*-c*)[7(2b%) in the case V (1(P)).

(Note:bé and 36 have the meaning in the case b*+c* or b*-c*
is an integer.)

Applying Lemma A.6 and A.7 to the estimations of Ji(d,c) (i=1,

-+,6) , we have
) * 5
\Dizhka(d,c)\g B1!C [P(;iq+b“22*§r(b*+c*7]r%(1+y+bw+'c*])l ,
[313.), (4, )] € B1rct \b’ (o0, || ¥ (t4b54 7)) | ,
)giQQFB(&,c)lg Bl!C ;?§I$5;2€;§7%P:+CK bxj“#'1+d+b*+[°*|)l )

]Di})b,B’A(o(,c)l < piict Wl(‘* JOF @ aprtiex])] :
1329, Vs (. o)l = Brrct [y (e, c)] ,
L3, ()| = BrIct [y, (s e)]

Using these estimates, we obtain the following estimates of

1 1 1
QiQJUd, Dcadqi’ ZQCZLvd and i}c;uyd on the base space.

P)‘ < gt #lire exlJiig 1e2,4 1!}(?%:3;;"3* Dy
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Max ( \3/1 (o/.c)\, ,72(“',0)\ )rd+l—(Re C*-)-'*(log r)lH

in (3|¢£r and 1 £ ,

197 < o+ | Re c*]+1,,142.4 2f(c>(+1+b%+\c»xl)
.DCQD(Uo((P)l- K BCT 1t X

'Max(\b/B(o(,c)z.m’A(ﬁ’(,c)) )roHlJf(Re c*)+(:Log r)t

in |3 $r and Il < r ,

1 < XH+2%+|Re c*¥|+1,.142.4  H(X+2%+14b%+ [c*])
“)CJJVO((P)S— K BCT1% 11 S T2

Max(b’1 (01+2*,C)},]B/2(0(+2*,c)) )TG(+2*+J.—(R€ C*)A;.(log r>l+1

in [3|< r and ]'“ < r ,
18 Y _ o ¥#2%+ [Re ex| 4114204 o (o425 14b% 4 fex])
pcgdvd(p)]_ K Bcl*<14 11 e s X

Max(D’B(oHZ*,c)],h’A(O(+2*.c)l )rd+2%+l+(Re cﬂ)’(log r)lﬂ
in |3}¢<r and Mml< r ,
where (Re A)+ = Max( 0, &)
Taking account of the fact that fﬁ‘] are entire functions
of « and ¢ and periodic functions of o with period 1 , we have

reached , by the help of all estimates obtained above,

(5) < o 43540+ i+b%+ fexl +1)
(E.X) Xo< (1(P)) = c(1(P))K "¢ MCEIEED X

7t



wax([f, (443, 0)] o g ol Po@sg, o)y, Eg,el,

[rg (e 43, ) 1, (43, 0)] )x i~ IRe Hl1og r)It]

for l§'<r and 1< r , and

(3) < %+ '#ﬁ1+2*+;+b*+l #l 49
(E.Y) ‘Yj (l(P))’ = c(1(p))x "dcd V(OQU_H)C ) %

MaX()?f1 (ol+2%4 3 ,C)>.\32(%/+2*+j .c) .155 (V +2%+j .C)YB(& 12*43,c),
\35(¥+2*+j,c)ﬁl(d+2*+j,c)‘)r&+2*+j_\Re c*[(log r)j+1

for )%'(r andpu< T ,
where C(1(P)) is a constant depending only on 1(P) and o +j
is a non-negative integer.

Lastly we obtain the following estimates, by Stirling's
formula and the other formulae with respect to [ifunction.
< Ok #%g;%%%% Cd+jrd+j(log )

on any compact set K of the universal covering space over

REREE

Dr\{§=0,7,:0.§=1 }, where & +j is a positive integer and Cy is
a constant which depends only on K , and D_ ={(t,x):|%kr,PU<r}

, and C 1is a constant independent of¢ ,j and r



A-2y

Remark:

The above treatment and estimates of hypergeometric series,
that is, U,, V,, U7, V7, o Y{£> on the base space,
are not valid in the case c¢ is an exceptional value of para-

meters of hypergeometric series. To be precise, as to Uy s

in two following cases,

Ny . LY
Case I c¥%-b* = peé 7 ( in ¥§TI= 1)
Case II c*+b¥ = neZ ( in Jé%\é 1)

A

n
Case I c*-b%*-2%= melZ ( in L?%
, as to V,
S 3 > 13 2 <

Case IT c*+b*+2%= ne 2 ( dn |5 =1 )

, (F.B), especially (C.F.) have troubles .
We explain how to overcome these difficulties, getting an exam-
ple in Case II. Put c*+b%*=n. We rewrite the following conne-
ction formula

Pl opx o
F('q’nlz.b*rz):\\j;((gg%e(g?’%r%(1"Z) F(—d72b*'n!‘°('n+1 )'1_1—2) +

"l opx
TE%E%;?I)I)F(’:(ZZ)T(1‘2)—nF(nr2b*+“(,n+d+1 ."1_1'5) in ‘_’%’

HA
—

7§



when n is positive , into the form,

Sin,—(<n+d)F(—0(’n72b%rZ): ]_7( 2b%);%;§35;%252b%) (]-Z)d F#(Z)

X M 2b*)[ (1-2b%-o/)

2o -m )Py (1720 F5(e) in |
+ 00 Xk
, where F¥(z)= 2> (1-2)" [kzFM+o(—k)r<1+n-2b*-k)r(-a_n+1+k)] -1
LR
+
& F%(z)= O’O(1—2)-kr(n+k)[k!r(1—2b*-<=(-k)r(n+o(+k+1)] -1
S

and when n 1s non-positive, into the formn

sinm(ntd)pe oo o Ly TP +OT(14n-20%) S

e Yﬁ(2b*+g)r(ﬂ) (1-2) F§(Z)
V(2p%)[7(1-2b% o) (1-n) 3

-No, ) %) <
P(Zb*-n)r<‘47 (1-2) nFA(z) ln}ﬁ+ =

+

t oo Xk
, where F%(z)=27 (1-2)7 [T +e(=3) (1 4n-k-2b%)[ (1~ -ntk)]
k=0
+ 0o

& Fi(z)= 2, (T-Z)_k[k!r(1-n—k)r(1-2b*-o(-k)r(1+n+o(+k)J‘1
k=0
;

jt j+1
After operating Dc and QC )& to the both sides of this

new connection formula, we set b¥+c¥*=n to be an integer

and we can know and estimate adggF(—d,n,2b*,z) in};%,g 1

inductively. We can treat other cases in the similar way.

Remark:

The initial surface t=0 is corresponded to 2—'l=0. The



=

characteristic roots of hypergeometric ordinary differential

1

operator at z=0 are 0 and 1-C= T+T1- On the other hand,

7-§ = E%T tb+1. Therefore the initial surface t=0 is not a

branching surface.

We need the results in Appendix in the case b=1 for this
paper, and in the case b=3 for the author's preceeding papers
[10]) ana [117] .

We finish this paper with the following example.

(Example)
I,=:9§ - t2b92 - ctb_1gx —atP] ( a is a constant )
We consider the following Cauchy problems with the singular
data.
(1) Lu(t,x) =0

with the initial data} u(0,x)= ky(x)

1ut(0,x)= 0
+
u(t,x)= 2%) akxif)(t,x) .
k=0

2



(2) Lv(t,x) =0

fl
(@)

with the initial data[ v{(0,x)

1.vt(0,x) = kd(x)
+ 00

vit,x)= = akYif)(t,x)
k=0

u(t,x) ( v(t,x) ) is a unique holomorphic solution of the

Cauchy problem (1) ( (2) ) on the universal covering space

over Dr\{% :O,’l=0}

Depertment of Engineering,

Doshisha University.
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