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An extention of Girsanov type formula

Kunio Nishioka (P [ B # )

Department of Mathematics
Tokyo Metropolitan University

§0. Introduction.

(A). In this note, we aim to solve the next initial wvalue
problem (0.1) by a stochastic method, which is an extention of the

Girsanov type formula emploved in [71:

~1}
&

d

(0.1,a) (t,x) = (A + BU(t,x), t >0, x e R,

@

t

(0.1,b) Wo,x) = fix).

Where

- ¢-1y9°1 d (d_ 129
A= (-1) p Zk=1(8xk)

with a natural number g9 and with a complex number @ such as

Re p > 0. And

b (x) (2%

B = Zla!§2q a d x

where ba(x) are complex valued functions in a certain class
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?O(Rd), in which an initial function f(x)> 1is also included, and a
_ . , . _ «d
= (al,...,ad) are multi indices, denoting lal = Zk=1 @, and
o X
(8/dx)" = nk<a/ax )y .

k

Let A-process be a “Harknv,process“ tied t

Q@

(0.2) QUct,x) = A ult,x, t >0, x<RY,
i.e., the density of the "transition probability"” for the process is
taken to be the fundamental solution of (0.2).

OUP policy is to study A-process as an analogue to the Brownian
motion, which was proposed by Gel’fand and Yaglom [3] first. But
on the way researching A-process in that direction, a great
difficuity arises from the fact thai its transition probability is
in general a signed measure even if o is positive ( c¢f. [4,5] ).
Namely if a natural measure of A-process should be realized in a
path space, then the measure would be of unbounded variation. This
is much different from the case of the Brouwnian motion.

In spite of that difficulty, some mathematicians studied
stochastic analysis of A-process from that point of view. UWhen d =
1, Krylov [5] proved the Feynman-Kac formula for A-process, and
Hochberg [4] accomplished systematic research including a deFinition
of "stochastic integrals’ of A-process. Basing on Hochberg’s
stochastic integrals, Berger and Sloan [1] obtained a Girsanov type
formula for constant coefficients, and Motoo [6] extended that
for variable coefficients in a class.

When d > 2, Berger and Sloan [2] alsao defined stachastic
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integrals by translating Hochberg’s ones into the multidimensional
case, and they proved Girsanov type formula for constant
coefficents. But their results are partial, becasue a variety of
their stochastic integrals is not sufficient if q 2 2 and d 2 2.
In [7], we present a different definition of stochastic integrals
from Berger and Sloan’s, where the former includes the latter,
Hochberg?’s, and the usual ones for the Brownian motion as special
cases, respectively. Basing on those stochastic integrals, we could
construct a Girsanov type formula for variable coefficients in a

certain class ?Q(Rd).

(B). Each stochastic integral in [7] has been chafacterized

d of the order under 29-1. Here

by a differential operator in R
we shall define '"singular stochastic integrals"”, to which the
differential operators of the orders under 2q correspond. If such
singular stuchéstic integrals were once established, then the
Girsanov type formula, employed in [7], will enable us to solve
(0.1).

We realize the above conjecture belong the following program:
With §2, we begin the consideration of g-process, that is a Markov

process tied to the next parabolic equation of the order higher than

(0.2):

d
k=1

IOJ

(0.3) Uet,x) = C(-DP 1 g s (-é-%—)zp + ATuCE, %),

k

(v 3]
~

t >0, x € RY,

where € is a positive number and p 1is a natural number such that
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P > q. We define the stochastic integrals of e-process in a same
way as in t?].

In 83, we let £ tend to zero for (0.3). Then, with a
suitable choice of integrands, the stochastic integrals of e-proces:
converge to the singular stochastic integrals of A-process, while
the differential bperafors of the orders under 2p-1 correspond to
those singular stochastic integrals. Where the sense of the
convergence is taken to be a little wider than “the weak sense’,
proposed in [73. |

The content of 8§84 is the Girsanov type formula. If the
corresponding differential operators to the singular stochastic
integrals are of the orders under 2q, and if the coefficients
b, (x> for lal = 29 are not "large" in comparison with Re @, ther
the Girsanov density with the singular stochastic integrals is
obtained by successive approximation. UWe assert that our Girsanov
type formula solves the "martingale problem'" for (A + B).

In §5, we specify the stochastic sdlution of (0.1), by using
the above-obtained Girsanov type formula. Uniqueness and regularity

of the stochastic saolution are known from this specific form.

§1. Description of notions.

d

Let A®RYD « 2 0 be the space of complex valued measures 4

d

on RY with lal = f<1 +1ED* dlal ) <= 7°(RY  are the space
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of all Fourier transformations f(x) = j exp{i<f,x>2 dﬂf(f) of #f

in d%x(Rd), here and an <f,x> 1is the inner product in Rd, and we

define IH'II)C = Hﬂfﬂx. J%x(Rd) are commutative Banach algebras witt
norms | "x under convolution. Define J[m(Rd) = r%>0ua”<Rd> and
?m(Rd) =N ?x(Rd), while the latter contains the Schwartz class

x20
4 » constants, sin X+ COS Xy and etc..

Certain "stochastic notions' of A-process and those of
e-process are defined in the same way as in [7]. We briefly state
them. The path space L[ 1is the set of all continuous functions

wis) = (wl(.),...,ud(.)): [Oy,=) - Rd. We say that a function f{w)

on ( 1is a tame function, if f(w) 1s a Borel function of a finite

number observations, that is

flw) = flwlt,), . oo,wlt)))

1 N

for a Borel function f on Rde. Moreover if § is of ?K(Rde)

( respectively polynomial ), then we say that f(w) 1is a Zf ( resp.

polynomial ) tame function. The Fourier transformation of the

fundamental solution pe(t,x) for (0.3) is
R 2p & 29
exp{ Zk(e Ek + p Ek Y t3,

and pa(t,x) is of the Schuwarz class ¥ in x for each positive

t. The expectatian Ei[?(u)] of a tame function f{(w) =

Flultd e, ult D) 0 <ty Sevng ty is defined by the next, if the

right hand side exists:



(1.1)  ESCFG0] = f...j ay Py ™M et —t Ly My 0Ty

x{(y(l),...,y(N)),

]

y(0)

where to = 0 and x« We enjoy the Markov property of

e-process, that is: For f in 30(RdXN), g in FO(Rde ), and O

<5y Leerg sy £ty SeeeS by

€
(1.2) Ex[F(U(sl),.-.,u(sN)) g(u(tl),...,w(th))]

= EiEF(u(sl),...,w(sN)) Ei Lt )y e en,wlty )10,

(sN 1

We say that a sequence of tame functions {fn} canverges in

, , £ . o
the £-weak sense, if 11mnﬁm Extfn gl exists for any -? tame

function g and any x.

J = (Jl,...,Jd) is a multi index of a stochastic integral if

J k =1,¢¢0,d are natural numbers such that

k

(1.3,1) 2p 2 1

S kgl’ kzl,o-o,d,

(1.3,i) IS E T 2 20(d - 1)+ 1,

k

For A-process, the expectation ExEF(w)], the Markov property,

the weak sense convergence, and etc. are also defined in the same

manner as just described ( see [7] ). The next simple remark states



the relation of the both processes: For a ?0 or 3 polynomial tame

function f(w), Ei[f(u)] = E [f(w].

]1m640

§2. The stochastic integrals of e-process.

(AYs We fix a positive number T throughout the article. For
a large natural number M, let &6 = T/M, Sy = mT/M m=0,1,¢ce¢,

M-1, and let
Guk(sm) = Uk(sm_'_l) - uk(sm), k = 1’000’d0

For a multi index J as in (1.3), we define

d-1 —d Iy

J
M-y Gu (s ) 7,

(2.1 (éu(sm)) = ()

1
5

where we set, for Jk 2p,

J

k
(duk(sm))

it

0P e 2pm 6.

Theorem 2.1, For M and t € [0,T1, let S = S(M,T) be an

integer such that ST/M <t < (S + DT/M. Let al(x), a (x) n =

1,+..,N be functions in ?m(Rd

J, and let J, J(n) n=1,...,N be
multi indices as in (1.3). Then the following sequences of tame

functions converge e-weakly for each ¢ > 0, as M > o
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S J
Zm=0 a(u(sm)) (éu(sm)) .
m, -1 m, -1
S 1 N-1 N Jn)
) XD SNNNPRO. S M _, a (w(s_ ) (Buls_ ) ).
ml—N 1 m2—N 2 mN—O n=1 "n m m.

Definition 2.2, We call the above weak limits the stochastic

integrals of e-process, and the next symbolical notations are used

respectively:

| e—[é alw(s)) (dwu(s))I,

))J(N)~

t 5 s
J) 1 J(2) N-1
6—j0(du(sl)) jo (du(sz)) "’JO (du(sN

xal(u(sl)) a2(w(52))...aN(u(sN)).

(B). We define an ordered partition g,’uhich divides the set

{1,+¢0,d} into two subsets (Ql,éz) = & such as:

I
vy
A

-

i

(2.2,1) ¢ =¢° if and only if @p

1,2.

(2.2,i) & may be empty for r =1 or 2.

The summation with respect to all such ¢’s is denoted by ZQ.

For a multi index J of a stochastic integral and an ordered

partition ¢, a constant 2(J,2) 1is defined by



( (2p)! (29!
(er¢1 Zp - Jk>!)(“ke@2 g - Jk)!)’
(2.3) ¥ (J,8) = 1 if J, <24 for ke o,
o, otherwise.

As in [7], the stochastic integrals of ege—-process correspond to

the differential operators in Rd.

Corollary 2.3. (i) Let g be a ?m tame function, that is

g = g(x(l),...,x(R)) with x(r) = u(ur) r=1,..+,R and 0= Ug
$u;p & e0 L UR LTy Then
Timg,o £ ESCee-[ 1" atuis)) (dwts)r g3
plé,l+qld,1+d &, 18,1
(55 20,0 -1 1 2 e b s % B8 atwity
2p—J 2q9-]
R 3 k R 8 k
x (Mg ER_oo —2) Ml g o —9—=) 3o 1,
1 ax 2 ax
k k
= < for upe_; £t Cupe,
ple, l+ql®, l+d 2,1 18,]
Tp 2L (-1 2 e b2
2p~] : 29-]
e 5 k 2 k,.
XELL atu(t) (Mg GO s, G5 }+1) g3,

(ii) The stochastic integrals of e-process are Markovian.



§3., The singular stochastic integrals.

(A>. From now on, we consider only multi indices a = (al,...,
«,) such as lel £ 29+ For a multi index a, we define a multi

index of the stochastic integral, J(a) = (Jl(a),...,Jd(a)), by
(301) Jk(a) = 2P - ak, k = 1,0Qo,do

We consider a new partiotion ¢, that is slightly different
from aforesaid ¢ in (2.2). ¢ is an ordered partition which

divides the set {1,...,d} into two subsets (¥,,0,) =¢ such as:

(i) ¢ =9¢° if and only if & =97 r=1,2.

(i1) @2 is not empty.

The summation with respect to all such ®¥'s 1is denoted by Zq.

=3

For each a and ¢, Tx,¥) 1is the set of multi indices a”

such that

(3.2) aL = a, for k € @1

R
=
1l

a, + 2(p - q) » for k € Qz.

In fact, T'(x,8) consists of a element, at most.

Let measures ua, indexed by a for |l < 29, be given in
JLO(RR),'and we define new measures u;eé of u%O(Rd), indexed by «
’

and B8, as follows:

-10-
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R

0 if 181 2 laxl and if 8 # «a,

(3.3 28) =< U@ ,d) " (- Prd if 8 =a,
a’B - a

d . -1 -

p(d+|®. |)+ql® | |® I
x(-1) 1 2 € 1 P 2 H;BS,J,
]

if 181 < lal.

Where x(J(a),d) 1is given by (2.3) with &, 6 = {1,...,d> and &, =

1 2

¢. (3.3) is ueTl defined, because (3.2) demands that

1871 = 181 + 2(p = @), 2 |81 + 2(p - Q).
, (e) . 0,.d .
Let functiaons ba(x) and a, B(x) in #F°(R7) be the Fourier
?

transformations of the above-mentioned measures v, and u;sé
’

respectively, that is:

(3.4) b, (x) = j expCi<E®, x>) v (¢%)
(e) _ s (e),.B
aa,B(X) = J exp{i<€” ,x>3 dua,s(f Y,

where ¢%  and EB, points in Rd, are indexed by a« and 8.
(B, Now we let €& tend to zero for the stochastic integrals

-11-
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of e—-prcess.

Theorem 3.1. Let multi indices of stochastic integrals J(8)

(g) .
aa,ﬁ(X) be given by

be given by (3.1), and let ?O(Rd) functions

(3.4). Then, for a ?0 tame function g{w), the nexts converge as ¢

= 0
£ ESCee-[d alflcue)) (dus)? By gann,
2 T EiC{E—J;(du(sl))J(B(l))...fZN_l(dw(sN))J(B(N))
xa;ii)’ﬂ(l)(u(sl)) NN ;i&)’B(N)(u(SN))} g(w)J.
Moreover the convergences are of | "0 sense for each t.

Definition 3.2. We call the above limits the singular

stochastic integrals of A-process, which are the functionals over

the space of ?0 tame functions. Symbolical]y\Ue denote them by

[t I(ex)
s fO ba(u(s)) (dw(s)) ,

t (1) - (N
s—f (du(s oyl ") j N=1 qus oy i@ )

0 1 0 N

xb (1)(u(51)) e o oXb

(24 X

(N)(w(sN)),

where I(a) = (I, (alseee,]1 ()) 1is defined by

1 d

-12-
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Ik(a) =ZQ"ak k=1’oo,do

(C). UWe state the correspondence of the singular stochastic

integrals to the differential operators in Rd.

Corollary 3.3. (i) Let g(w) be a 7  tame function, that is

g =axP xRy Lith

(r) _ - =
X = w(ur) r =1,+.+4R and 0O = Ug

$uy £ eve Lup £ T Then
Timg,o 3 E,0¢s=[1*0 b wes)) (au(s) @y g

(E L b (w(t)) @, R 8%k gy (w1

X @ k *“r=R" 3 (r)
®Kk
= for up-_; £t < upe

E Cb (w(t)) (. =25 1) qu)3 for u, <t

| X« k axk R=2 "

(i1} The singular stochastic integbals of A-process are

Markovian.

Remark 3.4. The next statement follows from Corollary 3.3,

combined with Theorem 5.3 in [7]: Set J(a) = (Jl(a),...,Jd(a)) by

d

Jyla =29 -a k=1,..,d, and let b, be in 7 (R, Let

k
J ()

jé ba(w(s))(du(s)) be a stochastic integral defined in (7], for

-13-
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A-process. If lal £ 29 - 1, then that coincides with a singular

Iet) in the weak sense,

stochastic ihtegral s—fé ba(w(s))(dw(s))
except multiplication of a constant. On.the other hand, the latter
may exist for lal = 2q, while the former does not exist for the

case.

Remark 3.5. For the weak existence of the singular stochastic

integral, we need not assume that |al £ 29. Thus if we replace
that assumption by lal £ 2p-1, then we may define singular
stochastic integré]s, whose corresponding differential operators are
of the orders under 2p-1. But integrands ba and a tame function

g should be taken in 7 (RY and so, now.

§84. The Girsanov type formula with

the singular stochastic integrals.

(A). We define Girsanov density with the singular stochastic
integrals, in a different way from that in [7]. Our method is

successive approximation, proposed in [6]. Set

* =
b —Zla’=2q "Uauo (_Z;alzzq "bauo )’

ok -

Lemma 4.1. For any large number C,

-14-
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| (0 Sy (N)
IE.C{5 I 7y ION 1 Ia" ")

))
a(l)

(dw(s

t

xb (1)(u(sl))... b (N)

| (u(sN))} g(u(u))]ﬂo
P o
b* 1 N

SR 29
Slaglg (g5 +g) ©

exp{(C b**)zq T2q}.

- Owing to this lemma, we may assert that:

Theorem 4.2. For functions ba(x) in ?O(Rd), suppose
* = ) .

Then, for a ?0 tame function g,

. (1)
(4.2) % I ™)

N=0 =

) Z
<24 la ‘N1 <24

S
X oo oXjON_l(dU(S

t
EXE{s-jo(du(s )

Ia(l)l 1

. (N)
I (e )
)) b (1)(u(51)) R

24 «x

1)} g(w)]

N Ny (Wisy

converges in | "0 sense.

-Definition 4.3. We call the above weak limit Girsanov density

and denote it by Z{(t,w), that is

(4.2} = E [Z(t,w) 9w .

(C), We see the Markov property of Z{(t,w).

-15-
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Lemma 4.4. For functions f and g in F°RY,

EXEZ(t,w) flw(t)) Eu CZCu,w) glwlul))1]

(t)

= E [Z(t+u,w) FQW(L)) glw(t+u))d.

Next, we shall decide the corresponding differential operatdr
to Z(t,w). Let ?1’2q be the set of functions g(t,x), (t,x) €
[0,T1xRY, such that:

(4.3,1) g(t,x) € ?zq(Rd) for each t, and

limg_)t lg(s,.) - g(t,.)ﬂzq = 0.

(4.3,i1) For each t, there is a function gt(t,x) € FO(Rd) such as

Q(S,-) - g(t,o)“
s - t ‘0

Tim_,, la ¢ty o) - = 0,

Lemma 4.5. For a function g(t,x) in ?1’2q,

1

]imu4t Y EXEZ(u,u) glu,w(ul)) - Z(t,w) g(t,w(t)]

= £ 12¢t,w (G + A+ BYY) (t,u(t))]

-16-
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Remark 4.6. Lemma 4.5 and a little modification of Corollary

3.4 are sufficient to state that: Z(t,w) weakly solves the next
stochastic differential equation,

ZCt,w) = 1+ 2|, ¢0q s—Jé b, (W(s)) Z(s,w) (du(s)) 1@,

(C). Here we assert that the "martingale problem” for (A + B
is solved by a system aof the ekpectations {EXE.], X € Rd} =
{EXCZ(.,u) +J, X € Rd} on the space of 70 tame functions. For
functions f and g in ?O(Rd), define

t t
EXE(JO Flwi(s)) ds) gluwlu))l = !0 Extf(u(s)> g(wiu))d ds

t
(= JO EXEZ(S,U) flw(s)) g(wlul))l ds ).

This definition immediately follows from Definition 3.3, that is to
define jé f(uwis)) ds by the singular stochastic integral for
lal = 0 (see (2.1), or Remark 3.5 of this note and Remark 3.3 (i)
of [7D).

Theorem 4.7. Let f{w) ='f(u(t

PIeeeeswlty D) be an arbitrary
70 tame function and let t £t <u n=1,...,N for t, ue

[0,T1. Then, for any function g of 31,2q,

U
Ex[{gcu,u<u)> - Jo <%T + A + Blgl(s,uw(s)) ds} flw1l

t N N
= B [{gCt,u(t) - jo (%¥ + A+ B)g(s,w(s)) ds} F(w .

-17-
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. Let 720 be the set of all functions u(t,x) (t,x) e

EO,TJXRd such as:

(5.1,i)  ult,x) € 7°(RY)  for each t.

(5.1,i1) Tim fuct,.) - u(s,.)ﬂo =0 for each t.

st

Definition 5.1. A function W(t,x) of 7°'C is a wide sens
(n)

sglution of (0.1), if there is a sequence of sets {UW (t,x),

F00, 600 lal ¢ 293 in FERFPIRDx L xF2URY  such as

(i) For each n, u‘”’ is a classical solution of (0.1) with
_ on) _ . (n
f=f and b, = b, lal £ 24.
ar> £ s ¢ and b™ s b (lal ¢ 29) in I I, sense

as n ==, and (4.1) holds for each b;n).

(nd

(iii) ]imn SuptGEO,T]'"u (t,.) - U(t,.)"o = 0.

We define a stochastic solution W(t,x) of (0.1) for ba(x) =

J exp{i<§a,x>} dva(fa) 'and fix) = j exp{i<€,x>3 duF(C) by
(5.2) Wit,x) = EXEZ(t,u) flw(td))]

- . _ , 29
= JdMF(C) exp{i<€,x> e Zk Ck ty +

-18-
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(1) (ND

a
Yoo jdu (N)(E )
x

+ 30 (= ves S fdu (C)’Jdu (£
N=1 (1) & (N £ %1

t Sy (1) (N) |
xj dsl... f N 1ds exp{i<g+£&* R X2

0 0 N
aln

N d . k _ 29 _
xC oy Moy G H () exp{- # (H (n)"" (s _,~ s )} 1]

d _ 29
XEHk=1 exp{—- ¢ (Hk(N+1)) SN}] ),

n-1 ca'’ 0
where H (n) =¢ + 5 _, ¢ with the convention such as 2 _,{ 3

= 0,

Theorem 5.2. If b, and f are in 79R%), and if 4.1

holds, then (5.2) is well-defined and W(t,x) 1is a wide sense
solution of (0.1). Moreover, a solution of (0.1) is unique in the

class of wide sense solutions.

Remark 5.3. (4.1) is a sufficient condition, under which

(A + B) 1is a strongly elliptic operator.

(B). The’regularity of the stochastic solution is derived from

the explicit form (5.2):

Corollary 5.4. Assume that (4.1) holds. If ba and f are

in ?E(Rd), then W(t,x) 1is of ?K(Rd) in x for each t.

Moreover if x = 2q, then W(t,x) 1is a classical solution of (0.1).

_19_
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et 7 be a number such that 0 < 7 < 1, and define

1
e(l - 7)

Q) = o177 (-7l 4 o7,

. : . . ’ . - *
By a simple computation, we easily see that mlnogegl Q(8) = Q™)

> 1, where O < 8% < vVe/(Ve+1) 1is a non-negative solution of

N PP
1 =78 - 77 =55 (4 -8 0.

7 82

Corollary 5.5. Let b (x)*s and f(x) be in 7°rY), and

let 7 be a fixed number such that 0 <7 < 1.

(i) Assume that

w
2l =2q Ibalo Q(6%) < Re 0.

Then W, D (= for any t > O.

d

297

(i1) If all ba(x)’s are of ?6(R ) for a positive number &,

and if

*
Z|ai=2q "baué @(8™) < Re e,

then Hw(t, Ol {® far any t > O.

2q97+6
(iii) If the assumption of (i) holds for & 2 29(1 - 7), then

W(t,x) 1is a classical solution of (0.1).

-20-



13:
References.

1] Berger, M. and Sloan, A., Explicit solutions of partial
differential equations, Nonstahda}d Analysis— Recent Development,
Lecture Notes in Math. No.983, 1-14, Springer-Verlag, Berlin, 1983.
(21 ___and ______, Characteristics method for multidimentional
evolution equations, Georgia Institute of Technology, preprint,
1983.

" [31 Gel’fand, I. M. and Yaglom, A. M., Integrals in functional
spaces and its applications in quantum physics, J. Math. Phys., 1
(1960), 48-69.

{43 Hochberg, K. J., A signed measure on path space related to
Wiener measure, Ann. of Prob., 6 (1978), 433-458.

[5] Krylov, Y. Yu., Some properties of the distribution

2qu/8x2q

corresponding to the equation du/dt = (—1)q+1 3 s Soviet
Math. Dokl., 1 (1960), 760-763.

61 Motoo, M., An analogue to the stochastic integral for a4/8t =
—82, to appear in Advances in Prob., Vol. 7.

[7]1 Nishioka, K., Stochastic calculus for a class of evolution

equations, submitted.

Fukasawa, Setagaya

Tokyo, 158 Japan

-21-



