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INTRODUCTION

This paper.deals with self—e*cited oscillations and forced oscillations
in a self;oscillatory system with two degrees of freedom, A gonside:able
number of papers have been published concerning the nonlinear systems with one
degree of dreedom [1, 6, 10, 18, 20, 35].* However, few investigations have
been reported on the nonlinear systems with two or more than two degrees of
freedom, Among them, the systems having nonlinear restoring forces have been
studied inAsome degree (2, 17, 29, 30, 33, 34, 36]; however, the beha;ior of
self-oscillatory systems under the influence of an external force haﬁe been
investigated very little [5, 21, 24].

The text consists of six chapters. In the first chapter the fundamental
equations are derived from an electrical circuit with two degrees of freedom,

- The self-excited oscillatlons in this. system-are treated in the following two
chapters, The last three chapters are concerned with forced oscillations in
the self-oscillatory system with two degrees of freedom,

In Chapter 1 fundamental equations are derived for a negative-resistance
oscillator having two resonant circuits., These circuits arelinductively cou-
pled and one of them is connected to a negative-resistance element. The driv-
ing source is applied to one of the resonant circuits. The system is described
by two second-order differential equatiéns, one of which contains a small non-
linear damping term, When the coupling between the two resonant circuits is
not small, the system has two distiact natural frequencies, In this case fun-

damental equations are transformed to the standard form by means of a linear

* Numbers in the brackets indicate references on pages 169 to 172,
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transformation of the variables,

The two chapters that follow are devoted to the study of self-excited
oscillations, The self-excited oscillations in a negative-resonance oscillg—
tor having two resonant circuits were treated first by van der Pol {25, 27].
There are a number of subsequent papers on the behavior of such systems [5, 7,
8, 11, 14, 19, 20, 22, 28], It has usuaily been assumed that the coupling
between the two resonant circuits is large and that there exist two distinct
natural frequencies, This paper is intended to discuss the oscillations of
the system not only for large coupling between the two resonant circuits but
also fof small coupling between them, In the latter case the entrainment of
the two frequenéies, that is, the internal resonance between them, occurs if
they are close each other [3, 16], More generally, the internal resonance of
the system occurs when the two frequencies have a certain relat}onship 9, 13,
2], ~ | .

Chapter 2 is concerned with the self-excited oscillations in the case’
where two distinct natural frequencies exist and the ratio df them is not in
the neighborhood of an integer or a fraction., In this case no 1nferna1 reso-
nance occurs., The solution is assumed in the form of a sinusoidal oscilla-
tion in which the amplitude and the phase angle vary slowly with time, By
using the averaging method the equations of the standard form are transformed
into an autonomous system [4, 5]. The amplitude characteristics of the oscil-
lations are obtained from the states of equilibrium of this autonomous system,
The stability of these oscillations is discussed by solving variational equa-
tions which characterize small deviations from tﬁe states of equilibrium, The
variational equations are linear differential equations with constant coeffi-

cients, Therefore, the stability conditions are obtained by making use of the
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Routh-Hurwitz criterion [15, 31], The results thus obtained secure the étabii-
ity of two types of periodic oscillations, each having one of the nétural
frequencies, On the other hand, the combination oscillation having both of
them, which is generally almost periodic, is unstable, The phgse~p1ane analy~
sis is applied to the study of the transient states of thg oscillations [10].
The coordinates of the phase plane are the time-varying amplitudes of the two
types of periodic oscillations, each having one of the natural frequencies.
The steady states of the oscillations are represented by singular points in
the phase plane. There exist the integral curves that divide the phase plane
into two domains of attraction, each containing a stable singular point, Hence
once the initial conditions of the system are given, the resulting response is
found,

In Chapter 3 two representative cases of the internal resonance in the
.self-excited oscillations are studied,. The first is the case in which the
ratio of the two natural frequencies is in the neighborhood of 1/3. The sec-
ond case deals with the internal resonance which occurs when the two natural
frequencies are clo#e each other,

In the former case, the entrainment occurs between the higher frequency
of the two natural-frequencies and the frequency which is threé times multiple
of the lower one, The response iszn1entraiﬁed periodic oscillation which has
the third-harmonic component predominantly, The harmonic and the higher-haf—
monic frequencies of the entrained oscil}ation are not equal to the natural -
frequencies but are in the neighborhood of them, To investigate this phenome—~
non, the unknown frequenéies of the entrainedhﬁscillation are introduced, By
using the averaging method, the steady-state solutions aré sought an& their

stability is discussed,.



The latter case occurs, as mentioned earlier, when the coupling between
the two resonant circuits of the oscillator is small and their natural frequen-
cies are close each other, Under this condition, the entrainment of the two
freqﬁencies occurs, The same method of analysis as mentioned above is used,
The frequency, amplitude, and phase characteristics of the entrained oscilia-
tion are calculated under varying frequencies of the resonant circuits, It is
found that only one type of periodic oscillation exists when the coupling is
very small,

Tﬁe last three chapters are devoted to a study of the oscillations which
occur when a periodic excitation is applied to the self-oscillatory system,

The phenomenon of frequency entrainment occurs when a periodic force is applied
to a self-oscillatory system with one degree of freedom, A typ%cal‘and impor-
tant case is the system governed by van der Pol's equation with an additional
term representing a periocdic excitation, .The behavior of such gyétems is
treated in a considerable number of papefs (6, 10, 26, 27, 35]. In this paper
the behavior of a self-oscillatory system with two degrees of freedom under

the influence of an external periodic force is discussed,

Chapter 4 treats forced oscillations in a self-oscillatory system in which
no internal resonance occurs [5, 12, 21, 23, 24], As mentioned in Chapter 2
this system produces two types of self-excited oscillations in the absence of
the external force, Under the impression of a periodic force, one of the
frequencies of the self-excited oscillations falls in synchronism with the
driving frequency within a certain band of freqﬁencies, that is, the external
resonance occurs, This phenomenon of frequency entrainment also occurs vwhen
the ratio of one of the natural frequencies and the driving frequency.is in

the neighborhood of an integer (different from unity) or a fraction. Under
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this cdndition, one of natural frequencies of the system is entrained by a
frequency which is an integral multiple or submultiple of the driving frequency.
In these cases, if the component having the other natural frequency does not
build up, the resulting oscillation becomes periodic. On the other hand, if
the component haviﬁg the other natural frequency builds up, the oscillation is
almost periodic. Moreove;, when the driving frequency is in the neighborhood
of a frequency which is a linear combination of the two natural frequencies, a
kind of resonance occurs, such thét the linear combination of the natural
frequencies is entrained by the driving frequency [12, 24), The entrained
oscillation contains three frequency components and is generally almost period-
ic. When no external resonance occurs, the system produces two types of oscil-
lations represented by a sum of the components having the driving frequency
and one of the natural fréquencies. These are generally almost periodiec,
‘ The averaging method is applied t;véhe sé&&tion of the fundamental equa-
tions of the standard form.. According to the types of external resonance,
autonomous systems of the equations are derived. The amplitude and phase
characteristics of the entrained oscillations are obtained from ﬁhese systems,
The stability of the oscillations is investigated by making uée of the Routh-
Hurwitz criterion, The regions in which différent types of entrained oscillaé
tions and almost periodic oscillations occur are sought under varying the
amplitude and frequency of the external force. |

Chapter 5 deals with the forced oscillations in a self-oscillatory system
in which the ratio‘ﬁetween the two natural frequencies is in the neighborhood
of an integer (different from unity) or a fraction (13, 36], In this case the
internal resonance occurs., If one of the two natural frequencies is in the

neighborhood of an integral multiple or submultiple of the driving frequency,
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so is the other natural frequency. Therefore, both of the two natural frequen-
cies are entrained by the frequencies which are integral multiples or submulti-
ples of the driving frequency., The entrained oscillations which consist of
three harmonic components are periodic, The same method of analysis as in the
preceding chapters is used for the investigation of the steady;state golutions
and their stability.

The last Chapter 6 is concernedbwith the forced oscillations in a self-
oscillatory system with the internal resonance‘which occurs when the two natu-
ral frequencies are close each other. The averaging method is applied to the
study of the entrained oscillations, The phenomenon of frequency entrainment
occurs at harmonic, higher-harmonic, or subharmonic.frequency of the external
force. As mentioned in Chapter 3, when the coupling betweeﬁ the two resonant
clircuits is very small, the system under consideration has onlyvone kind of
self-excited oscillation in the absencg of ;he external force, Therefore, the
amplitude characteristics of the entrained oscillations under this condition
are similar to those of van der Pol's equation with a forcing term. As the
coupling becomes a little larger, two types of self-exéited oscillations occur,
each of them being entrained by the driving frequency. A special attention is
directed to the transition of the behévior of the oscillatory system under
varying the coupling between the two resonant circuits.,

The text is supplemented by three appendixes., In Appendix I is given an
expanded form of the fundamental equations from which the autonomous systems are
derived by using the averaging method. In Appendix II is given the stability
condition derived from the Roﬁth-Hurwitz criterion, and is shown that .the char-
acteristic curve has a vertical tangent at the stability limiﬁ (10]. Appendix

III derives the conditions for self-excitation of the self-oscillatory system,
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CHAPTER 1
DERIVATION OF THE FUNDAMENTAL EQUATIONS OF

A SELF-OSCILLATORY SYSTEM WITH TWO DEGREES OF FREEDOM

1.1 Introduction

In this chapter we derive the differential equations which describe the .
self-excited oscillations and forced oscillations in a negative~resistance
oscillator having two resonant circuits. These circuits are inductively
coupled, and one of them is connected to a negative-resistance element. When
the coupling between the two resonant circuits is not so small, this system
has two distinct natural frequencies. In this case, it is convenient to
transform the differential equations into the standard form, The analysis of
these equations is performed in the following chapters.
1.2 Derivation of the Fundamental Equations

The schematic diagram illustrated in Fig. 1.1 shows a vacuum-tube oscil-
lator which contains two resonant circuits L .R.C. and L_R,C We assume that

1171 27272

the inductive coupling exists between L1 and L2, between L1 and L3, but no

coupling between L2 and L3, and that the external force is applied in series
with Ll' Using Kirchhoff's laws and neglecting the grid current of the vacuum

tube, we write the equations of the circuits as

di, di_ di
Ll-d—E-—+Rlil+el=ME—+NE—+ECOSwt
di, di, ,
Ly qt tRplp v ey =N (1.1)
1 1
17 ¢ f1,9t, ®2° ¢, figdt



Eliminating i, and i, in Eqs. (l.1), we obtain

1 2
d2e1 de, di_ d’e
L.C + C.R, — + e, =M —+ NC + E cos wt
171 dt2 171 dt 1 dt 2 dtz
(1.2)
dze2 de2 dze1 .
L.C + C.,R, — + e, = NC
272 dt2 272 dt 2 1 dt2
Setting
2.1 2.1 )
= =, = —
1 L1C1 2 L2C2 _
X -2 X, = L
?
1 LIC1 2 L2C2
we obtain
dze1 dze2 '2 2 'de dia :
2 -Xl 5 +nlel=n1(—C1Rla-€-+ME—+Ecosu)t)
dt dt
7 L IR - ".-
dze d7e de : (1.4)
zZ _ X 1 +n e n2C R 2
dt2 2 dt2 272 2722 dt

If we neglect the plate reaction and assume that the plate current-grid voltage

characteristic is a cubic, then

1 3
. 1.5)
i = S.e, - 3 S el (

where S1 and S3 are certain constants characterizing the vacuum tube. The
nonlinearity is introduced in Eqs. (1.4) owing to this nonlinear characteristic.

Introducing the dimentionless variables u and v defined by

(1.6)




and using Eq. (1.5), we rewrite Eqs. (1.4) in the form

. .. 2. 2
U - X,V +nu —;1n1(1 - u)du + n B cos wt
2 1.7
. .~ 2 2 . . )
V- Xi v = -p ny v
where
= (M - -
B = (M5, - C\RIn
C,R
8 - —22 (1.8)
1 11

The dots over u and v refer to differentiation with respect to t, Equations
(1.7) are the fundamental equations that describe the behavior of the system
of Fig. 1,1.

Setting B = O in Eqs. (1.7), we obtain the following fundamental equations

which describe the self-excited oscillations.

u - XIV + n%u —.Pnl(l - uz)ﬁ

2 (1.9)
.. . 2 o ..
v - qu + n,v = - M ;; ov

When N = 0, i,e., Xl = X2 = 0 in Eqgs. (1.9), the first equation of (1.9) is
reduced to van der Pol's equation, and the second equation describes a damped

oscillation in the L2R2C2-circuit. Since the system is self-oscillatory, M

must be positive. We assume hereafter that‘p is a small positive quantity.
Moreover we assume that the resistance R2 is as small as Mo therefore the

parameter d is not so large.



1.3 Transformation of the Fundamental Equatioms to‘the Standard Form

' (é) The Standard'Form of Equations Describing the Self-Excited Cscillations
Further modification of the differential equations (1.7) and (1.9) is

usefgl for the subsequent analysis. First, we consider the self-oscillatory

system (1.9). Neglecting the small term of order M in Egs. (1.9), we obtain

the so called GENERATING system:

. . 2 -
u—X1v+n1u—O

(1.10)
i}-xzﬁ+n§v=o

The general solution of this system, i.e,, the GENERATING solution takes the

form

u(t)

[

X

p cos (wlt + 91) + r

5 COS Guzt + 82)

(1.11)

1]

v(t) kT, cos Gult + 61) +~k2r2 cos Quzt f 62)

where L Gi (i =1, 2) are integration constants, w,; are the positive roots

of the following equation®

4 2 2,2 22
- - = 1.12
(1 Xlxz)w (nl + nz.)a) +amn, =0 ( )
and ki are given by

w%"“i 2w§
k, = = (1.13)

1 X W2 W’ - n?

11 i 2

(,t)i are called as the natural frequencies of the system.

* Without loss of generality we may assume that u)1<a)2. Then we obtain

. < < < :
the relations: u)l n1<u)2, u)1< n, u)2, k. <0 and k2>0.

1



From Eqs. (1.11) it follows that the generating system has a general
solution with two frequency componentsu)1 and(uz. Hence, for a small value
of M, we may assume that the solution of Eqs. (1.9) take a form similar to
Eqs. (1.11). Therefore we write

u=x+y

(1.14)

<
Y

klx + kzy

Substituting Eqs. (1.14) into Eqs. (1.9) leads to the standard form of equations

v 2 . .
X +U-)1x =}1F1(X, Ys Xy y)

9 (L.15)
y +UJ2y =}"G1(x’ pA) X, 9)
where
2.
.. ‘01 1 2. .. . Sk s SN
FL00 v 6 V) S5 Pill - G+ TG+ 9) + 80k +'k2y)}v
v - ' (1.16)
* . wz 1 2 . - . .
Gy (%, ¥, %, y) = ;;1' I‘;—:Tz- {klll - (x+ )7 I(x +y) +3(klx + kzy)}

Equations (1.15) are the standard form of the fundamental equations (1.9). It
is to be noted that, ifcol andu)2 are sufficiently close each other, one may
expect the interﬁal resonance, i.e;, the entrainment bétween these frequencies
éwing to the nonlinearity of the system. In this case the present analysis
ceases to be meaningful. Since the discriminant of Eg. (1.12) is given by

2

2,2 22 ~
(n1 - nz) + 4X1X2n1n2, this type of in;ernal resonance occurs when n, ¥,

and N = O [see Eqs. (1.3)]. This case will be discussed in Sec. 3.3.

(b) The Standard Form of Equations Describing the Forced Oscillations
We consider the fundamental equations (1.7) describing the forced oscilla-~

tions. The generating system of Egs. (1.7) is



nfB cos Wt

u -jXIU + nju

(1.17)

1

NN ~N

v —-Xzﬁ +nv=0

When the driving frequency W is not equal to the natural frequency 101 nor

(Uz, the general solution is given by

u(t) = r, cos Qult + 91) + r, cos Quzt + 92) + A, coswt

! 2 1 (1.18)

klrl cos Golt + 91) + k2r2 cos &dzt + 92) + Az cos wt

i}

v(t)

where T 91 (1 = 1, 2) are integration constants,u)i and ki are determined by

Eqs. (1.12) and (1.13), and A, are given by

'nf(ng -u.)z)
MU0 @ S E D
147 (W 1 2 )
| (1.19
- Zénid?~ .
Ay = 7 w3 2.8
(1 - X)W - W)@’ -wd)

Hence, proceeding in the same manner as in Eqs. (1.14) we assume the solution

of Egqs. (1.7) in the form®

[~
i

X +y+ A1 cos Wt

(1.20)

v = klx + kzy + A2 cos wt

Substituting Eqs. (1.20) into Eqs. (1.7) gives the standard form of equations.

* The term containing sin Wt is omitted in the solution for the first

approximation (1,20).



X +u)fx —-},IF (X, ¥ X, ¥, t)
(1.21)
+w2y= G (%, y, X, ¥y, t)
y 2 }‘ 2\ T L Yy
where
w? .
.o 1 1 2. . )
F(x, ¥y, X, ¥, t) = — ———— {k (1 - (x+y+A coswt)I(x +y - wA, sin wt)
2 1 k2 - kl 2 1 1
+ 0k )% + k3 - wA, sin we))
02 (1.22)
G, (%X, ¥y %y ¥, £) = =2 —L1 k(1 - (x+y+A coswt)?)(x +§ -wA, sinwt)
2 n, k1 - k2 1 1 1
+ é(klx + k2y -m)A2 sin wt)}

When the driving frequency w is in the neighborhcod of either u.)1 or u)z; one
may expect the external resonance, Namely, the natural frequency is entrained
by the driving frequency w. In fact, when the difference w - u)i" (i =1, 2) is
equal to zero, the ‘denominators of Al fmd "sz in Eqs. (1.19) become zero. In
this case the assumption of the solution in the form (1.20) is not valid.
Therefore, when w and one of the natural frequencies are sufficiently ciose,
the amplitude B of the driving force is of the order y, i.e.,

B = 1B, (1.23)

Then, the fundamental equations (1.7) are rewritten as

'ty L4 2 2 - 2
u - le + nju =)J[n1(1 - u)u + ﬂlB1 cos wt]

.2 (1.24)
v -Xzii-+n§v =-M ——Jv

The generating solution of Egs. (1.24) takes the same form as Egs, (1.11).

Introducing x and y defined by Eqs. (1.14), we obtain the standard form of

equations that describe the external resonance &)'—‘—-‘u)i.



o 2 . .

X +W0)x = UF,(x, ¥, X, ¥, t)

, o (1.25)
2

.}; + W,y =)JG3(X, Y, X, gh t)
where
2
%3( S ‘t) _(Bl 1 {k (1 - (x + )2](. )
3 Xy ¥y X3 Yy o n. k. -k 2 y X y
1 72 1
. L +
+ 6(k1x + kzy) kznlB1 coscdt} (1.26)
2 L]
.o W, 2. . .
G(X, Yy X, Yy t)=———'—:—-—[k[l~‘ (X+Y) ](X+Y)
3 1 kl k2 1

+ 5(k1x + kzy) + kl“IBI cos wt}

Obviously, putting B = B, = 0, i.e., Al = A2 = 0 in Egs. (1.21) and (1.25)
yields the standard form of self-oscillatory system (1.15), As mentioned before
in the paragraph of the self-oscillatory system, if two natural frequencies uﬁ
and(ﬂz are sufficiently close each other, the present transformation of the
fundamental equations to the standard form éé;;es to be meaningful.

In Chaps. 2 and 3, we discuss the self-excited oscillations based on Egs.
(1.9) and (1,15). In Chaps. 4, 5,and 6, we discuss the forced oscillations in

a self-oscillatory system based on Eqs. (1.7), (1.21),and (1.25).
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Fig., 1.1. Vacuum-tube oscillator with two resonant circuits

and an external force,



CHAPTER 2
SELF-EXCITED OSCILLATIONS IN A SYSTEM

WITH TWO DEGREES OF FREEDOM

2,1 Introduction

This chapter deals with self-excited oscillations in a negative-resistance
oscillator having two resonant circuits, The gpupling between the two resonant
circuits is assumed to be large. Under this condition, there exist two distinct
natural freQuencies. In this chapter, we also assume that the ratio of the
two natural frequencies is not in the neighborhood of an interger or a fraction,
that is, no internal resoﬁance occurs (5, 8, 11, 19, 20, 22, 25, 27].

By using the averaging method, an autonomous system is obtained from the
standard form of equations which are derived in Chapter 1. The‘steady state
of the oscillations and their stability are discussed. Particular attention

is directed to the investigations of the transient state of the oscillations

by applying the phase-plane analysis [5, 28].

2.2 Derivétion of an Autonomous System by Using the Averaging Method

First, the standard form of equations (1.,15) is transfarmeé to a form
suitable for the application of the averaging méthod. When)J = 0, the solution
of Eqs. (1.10) is given by Egs. (1.11). Bearing this in mind, we write for x

and y in Eqs. (1.15) as

x(t) = r,(t) cos (Wt + el(t)]

, (2.1)
y(t) = r,(t) cos w,t + E&(t)]
x(t) = - u)lrl(t) sin [d)lt + Bl(t)] (2.2)
y(t) = - W,r, () sin [wWyt + 92(1'.)]

9



We assume that, for small values of A, both the amplitudes
the phase angles Ql(t), ez(t) are slowly varying functions

Egs. (2.1) and (2.2) into Eqgs. (1.15) yields

r 0

1 sin (uﬁt + 91) + r

u
cos (Wt + 91) - 0] £ (ry Tos

171

* ~ B— .
r, sin Quzt + 62) + r292 cos (ubt + 92) "0 gl(rl, Tys

10

ri(t), r,(t) and

of t., Substituting

6, 8, ©
(2.3)
65 6,5 ©

where fl(rl’ s 91, 92, t) and gl(rl, T, 91, 92, t) in the right-hand sides

of Eqé. (2.3) are obtained by the substitution of Egs. (2.1) and (2.2) into

Eqs. (1.16).*% We obtain from Eqs. (2.1) and (2.2) that

ry; cos Wt + 91) - rlGI sin Wt + 91) =0
x, cos «92t + 62) - r265 sin Gﬂzt + 92) =0

- Y -

(2.4)

Solving Eqs. (2.3) and (2.4) for the derivatives il’ iz, él’ and 92 gives

ja]
[
|

)-‘o
1]
1

[al
<D
1
!
Sie B £ £

gl(rI’ r29 al’ 6

fl(rl, Ty 61, f.,, t) sin «Ult + 61)

g, (r5 Ty 91,'9 » t) sin W,t + 92)

(2.5)

fl(rl’ r2,_91, 92, t) cos Gult + 91)

t) cos «uzt + 92)

Equations (2,5) show that r, and ei (1 =1, 2) are both of the order cf}J;

therefore, as expected, r, and ei are slowly varying functions of t. Hence

upon application of the averaging method, Eqs. (2.5) can be transformed into

* Expansions of the functions fl and g, are shown in Appendix I.
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an autonomous system, i,e.,

T
. M (* 1
r = - %iﬁnT JO(UI El(rl, T,s 91, 92, t) sin Gult + el)dt
Y —-1'mErTl— ( r., 8., 6., t) sin (.t + B.)dt
Ty = TimT oW, 81 Ty Tor Vs Yy 2 2
(2.6)
é = - l'm‘E (* 1 £.( 6., 6 t) cos W, t + B, )de
i B SR O P 7 S A A M X 1 1
: H Ty )
r292 = - ’}imm'.f SO uTz gl(rl’ r29 919 92, t) cos (0)2'-: + ez)dt

The integration is to be performed with respect to the éxplicitly appearing t

in the integrants, . Performing the integration gives us

) ,
r =%E£l ——EZ——— e, - 2 - 2r2)r
1 8n1 k2'_ kl 1 1 2771
2 ;
r ___}l_w_g__k_l_.(e -°2r2¥-r2) '
2 % k, -k, 12 17 T2’% (2.7)
1 %17 %2 _
g, =0
8, =0
where
k) wf‘“i “g
P =4 +—=0)=04(1-—>——-=2§
1 k, W - o2 2
1 21
) ) o (2.8)
k W, - n n
¢ -4 +—280) =041 - 2—L_2§
2 k W2 - 02 o2
2 2 1
If we write r? = Ry (i =1, 2), the first two equations of (2.7) can be rewritten
as
2
}1(1)1 k2

Rl = Zn—l- W (?1 - Rl - 2R2)R1 = X(Rl’ R?_)
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. Aﬁﬁﬁ &y - (2.9)
2T T -k, (B - 2Ry - RYRy FYRG, Ry)

Equations (2.7) and (2.9) play a significant role in the following investiga4.
tion, since they serve as the fundamental equations in studying the trénsient
state as well as the steady state,

If there exists a certain relationship between the two frequenciesw1 and
W,, additional terms may appear in the right-hand sides of Eqs. (2.7). The
functions fl and 8, ih Eqs. (2,5) contain terms of several frequencies (see
Appendix I), and some of them which apparentlytlook different fromu)1 orw2
may coincide with these frgquencies. For instance, if 3uﬁ = W,, the frequéncy
componentsw2 - 20 and 3uﬁ which are contained in £

1 1 1
andloz, respectively. Therefore these terms do not vanish upon integration in

and 8; coincide with W

Eqs. (2.6). Similarly to the foregoing case,whereu)1 ® s the internal reso-

LY - * -

nance also occurs when 3uﬁ is in the neighborhood of uh. This type of internal

resonance will be discussed in Sec. 3.2.

2.3 Self-Excited Oscillations in the Steady State

(a) Steady-State Solutions

Let us consider the steady-state solutions of Eqs. (2.7) in which T, and

ei (i = 1, 2) are constant. The last two equations of (2.7) show that the phase

angles, 91 and 62 are constant., From Egs. (2.9), we have

(P} - Rjg = Ryg)Ry =
' (2.10)
p, - 2R )

10 ~ Rpp?Rg0 =

where RIO and R20 denote the steady-state values of R1 and RZ’ respectively,
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We see, from Egs. (2.10), that there are four different states of equilibrium,

i.e.,
(1) Ry =0, Ry =0
(2) Rjg =15 Ry =0
(2.11)
(3) Ri5 = 0, Ryo = P2
(B) R, =L (2p, - 9.), R, =% (20 - P)
10 73 4 T RT3 14N T

No self-excited oscillation exists in (1); while, in (2) and (3), the solu-

tions are periodic of frequency uﬁ and W,, respectively. Sinceu)1 andu)2 are

generally incommensurable, the solution in (4) is almost periodic.

(b) Stability Investigation

The steady-state solutions given by Egs. (2.11) are maintained only when
they are stable, The stability of the-solutions is tested by the behavior of.

small variations, £ and N, from the steady-state values, Rld and RZO’ respec-

tively; i.e.,

= = (2.12)
R1 Rlo + E, R R20 + 7

1f § and N approach zero with increase of time t, the steady-state solution is

stable. Substituting Egs. (2.12) into (2.9) gives*

= ap &t asn
(2.13)

N1 =298 * 35,1

where )
ax) YO ke

- S S - 2R, - 2R
o § (aR 0" % k, - k St} 10 20’

1 1

* Terms of degree higher than the first in & and N are neglected.
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12 R1 0 2n1 k2 k1 10
| 2 - (2.14)

= (2, - - My & - .

21 aRl 0 2n1 k1 - k2 20

2

.- <3Y ) R B! (p, - R - 2R )

22 aRz 0 4n1 kl - kz 2 10 20

The symbol ( )o denotes the insertion of the steady-state values, RlO and RZO’

-~

after differentiation. The characteristic equation of the system (2,13) is

given by
a pN a
11 . 12 -0
a1 32 ~ A
or
. where : : .o .  -
2. 2
b= - (o +a) -2 Mk (P, - 2R, = 2R, ) + 2 (p, - 2R, - 2R, )]
11 " 222 R A 10 200 Tk -k, 12 10 20
222 (2.16)
—a . a.-a.a. - B e S [P, - 2R, - 2R, )(P. - 2R. - 2R..)
9= 811872 T 8129 2 2 1\ 10 20° (P2 10 20
: 16 (k. - k.)
1 1~ %2
- ARloRzo]

The variations £ and N approach zero with the time t, provided that the real
parts of A's are negative, The stability conditions are given by the Routh-

Hurwitz criterion (see Appendix II); i.e.,

p=- (a11 + a22) >0 and >0 (2.17)

17 81%2 T 21279
Substituting Eqs. (2.16) into (2,17), we obtain the stability conditions for

the equilibrium states represented by Eqs, (2.11); i.e.,
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(1) For Rlo = R20 = 0, the conditions for stability are
Wk, w3k,
. ?1 + - K ?2 <0 and k1k2?1€2 <0

Since k1<: 0 and k2'>-0, the above inequalities lead to

p, <O and p, <0 (2.18)
(2) For Rig = F&, Ryg = 0, we obtain .

Pl >--;- P2 and Pl >0 (2.19)
(3) For R

10 = o, RZO = Iy, we obtain

P2 > % Pl and PZ >0 - (2.20)

1 =1 -
(4) For Rio = 3 (2?5 - Pl)’ Roo = 3 (291 ?2), we obtain

<o (2.21)

R1oR20
There exists no oscillation in case (1). Since both R10 and RZO are
positive, condition (2.21) is never fulfilled. Hence, in the steady state, the

oscillation is periodic with frequency W, [case (2)] or frequency W, (case (3)],

and no combination oscillation of the two frequencies is realized [7,14].

(¢) Numerical Examples

The coupling k between the two resonant circuits of Fig. 1.1 is given by

[(see Egqs. (1.3)]

k =JNZ/L1L2 =JX17(2 (2.22)

By solving Eqs. (1.12) for a given value of k, we obtainw/n1 as a function of
nz/nl. An example of such a frequency characteristic is shown in Fig. 2.1 where

k = 0,5. If we furthermore assume $ or (nz/nl)za in Eqs. (2.8), Pl and 92 are



16

calculated.* Then, by using Eqs. (2.11), the amplitude characteristic of the
self-excited oscillation is obtained. Calculated results are shown in Figs, 2.2
and 2,3.T Thé stability of the oscillation is tested by using conditions (2.18)
to (2.21), and the unstable portions of the characteristic curves are shown by
broken lines, In Fig. 2.2, stable solutions with amplitudes r

k o’ and

100 “1%1
frequency uﬁ are obtained for n2/n1 greater than the value of ¢, Stable solu-
tions with Tho? k2r20’ andw2 are also obtained for nz/n1 less than d. When
the value of nz/n1 increases, a discontinuous jump of the amplitude as well as
the frequency occurs at d in the direction of the arrows. With decreasing
nz/nl, a jump phenomenon occurs at ¢. Since the value of nz/n1 at d is greater
than that at ¢, a hysteresis phenomenon is exhibited. For nz/n1 lyiAg between
c and d, there are almost periodic solutions with two frequency gomponentstu1
and(uz. The state without the oscillation is unstable for any value of nz/nl.
In Fig., 2.3, two characteristic curves®are separated. No oscillation exists
for n2/n1 between a and b, The numerical examples described above are compéred

with the solution obtained by using an analog computer. Figure 2.4 shows the

block diagram of a computer setup for the solution of Egqs. (1.7). The symbols

* The coupling k and the parameters

MG (2)25~f_1 !
ey g i b -
L VDS, n, L, M5, - C R,

o’ 'M:S

N

are varied independently bybchanging the values of N, Cz,and RZ’ respectively.

T One sees from Eqs. (1.3) and (2,22) that

: 2
Xl =JL/L, (nl/nz) k, 7(2 = JL,/L, (nZ/nl)Zk

To fix the values 2:1 ‘and X2 it is assumed, in this paper, that L. =L
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in the figure follow the conventional notation, By using this setup, some repre-

sentative waveforms of u(t) and v(t) are obtained in Fig., 2.5 for the parameters

P=0.1, k=% =%, =0.5, (n/n)? = 0.5, and ny/n, = 1.0
One sees that two kinds of periodic oscillations exist and that at the higher
natural frequency uh, u and v are approximately in phase with each other, while
at the lower natural frequency W, , they are nearly 180° out of phase. These

results show a satisfactory agreement with the dssumption of the solution given

by Eqs. (1.14) and (2.1), where k1 < 0 and k22>’0 (see the footnote of p.4).

2.4 Self-Excited Oscillations in the Transient State
(a) Singular Points Correlated with fhe Periodic And Almost Periodic Solutions
In the preceding sections we have discussed the steady-state oscillations
and their stability, As one sees in Fig, 2.2, two kinds of periodic oscilla-
tions are stably sustained for the valu;s ofvnz/n1 between‘c and d, It depends
on the initial conditions as regards which kind of oscillations occurs, This
problemAis made clear from the study of the solution in the transient state,
which, with the lapse of time, yields ultimately a periodic solution, For this

purpose it is useful to investigate the integral curves of the following equa-

tion derived from Eqs. (2.9), i.e.,

2

T U L T R TP

2 .
dR, = Y(R, R,) Wk, (Py - 2R, - R,R,

(2.23)

Steady-state solutions are correlated with Rl(t) =-constant, Rz(t) = constant
of Eqs. (2.9), i.e., with the singular points of Eq. (2.23) for which both

X(Rl’ RZ) and Y(Rl’ R2) vanish,
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The type of the singular point is classified according to the nature of

characteristic roots of Eqs. (2,15). From the conditions (2.18) to (2.21),

the boundaries of such a classification are given by the relations
= = ' 2,24
PL=0, P, =0 . - (2.28)

and

Pp - 2% =0, Pg -2 =0 (2.23)

~

By making use of Eqs. (2.8) and (1.12), Eqs. (2.24) and (2.25) may be written as

n n n
(2 - 3% - 11D+ a - ahHhHH

1 1 1
n

0 - D% J (- (2 2)212 (n2)2k2 (2.26)

1 1
2,24 M2 Moy 2 "2.2
2k (5;) - (;1—) J[(;—l-) +'2f%,,_ 1)(;1—1-) + 1]
n n
+3D%D? - 1) \/[1 -2 2)2]2 + 4D - (2.27)
1 1 1

It is not difficult to determine the type of the singular peint. according to
the values k, (nz/nl)%§and nz/nl. Figure 2.6 and Table 2.1 show the classifi-
cation of the singular points., When the values of (nz/nl)%5and nz/n1 are

chosen inside the regions I to VI in Fig., 2.6, the types of singular points O,
A, B, and C, which correspond to the steady-state solutions (1) to (4) of

Eqs. (2.11), respectively, are shown in Table 2.1 (see Fig. 2,7). The singular-
ities not shown in the table (marked by — ) means that the singular points

do not exist in the region R1 2 0 and R, > 0 of RIRZ plane,

2
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Table 2.1 Classification of singular points in the regions of Fig. 2.6

Singularity
0 A B c
Region
I Stable node
11 Saddle(unstable) —_— Stable node
I1X Unstable node Saddle(unstable) Stable node
v Unstable node  Stable node Stable node Saddle(unstable)
\' Unstable node Stable node Saddle(unstable)
Vi Saddle(unstable) Stable node

(b) Phase-Plane Analysis .

It is interesting to consider the integral curves of Eq. (2.23) for a
certain typical case. Figure 2.7 shews gn example of the phase-plane portrait
where nz/ﬁ1 = 1,05 and, as before, k = 0.5 and (nz/nl)%6= 0.5, Tﬁe stable
oscillations are represented by singular points A and B, whose amplitude are
given by J?i and JFE, respectively, . Singular point C represents an almost peri-
odic oscillation which has two frequency components W,y and u)z. If is, however,
unstable. The origin is also an unstable singularity. A representative point
on the integral curves moves in the direction of the arrbwé with increasing

time. The integral curves (thick line) that approach C divide the R plane

1R2
into two domains of attraction, in one of which all integral curves tend to the
singularity A and in the other to the singularity B. This particular integral
curve is reffered to as a separatrix,

From Eqs. (1.14), (2.1),and (2,2), we obtain

u(0) = rl(O) cos 91(0) + rz(O) cos 92(0)
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v(0) = k;r,(0) cos B,(0) + k,r,(0) cos 6,(0) (2.28)
u(0) = - w;r,(0) sin 91(0) - w,r,(0) sin 92(0) (2.29)
v(0) = - w k x (0) sin 6,(0) - W,k,r,(0) sin 62(0) :

where u(0), ..., 62(0) are the values of u(t), ..., Gz(t) at t = 0, Eliminating

(0) and B,(0) from Eqs. (2.28) and (2.29) yields
91 2

R, (0) = 1) (0)* = —2—— {(i,u(0) - v®1? + & [k,a(0) - v(0)1%]
(k, - k;) ~ w
21 1 (2.30)
2 1 2 1 . . 2
R,(0) = r_(0)" = (k,u(0) - v(0)]™ + = [k,u(0) - v(0)]
2 2 (k, - k)2 (e w2 1 }

2 1% : 2
By making use of these relations, the two domains of attraction in Fig. 2.7 are
reproduced in the uv plane. In Fig. 2.8, for simplicity, we considered the
case where u(0) = v(0) = 0. Then the regions become symmetric about the origin.
From these figures the relationship between the initial conditions and the
resulting oscillations is apparent: an oscillation started with any initial
conditions in the region containing the singulariéy A tends ultimately to the
singularity A, which corresponds to the periodic oscillation with the frequency
aﬁ, whereas an oscillation started from the region containing the singularity
B tends to the singularity B, which cofresponds to .the oscillation with the
frequency w, . It is also seen that the singularity C is s;tuated on the boun-

dary curve between these two regions,
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2.5 Concluding Remarks

Periodic and almost periodic oscillations which occur in a self-oscillatory
system with two'degrees of freedom have been investigated, The system is de-
scribed by two second-order differential equations, one of which contains a
nonlinear damping term. Assuming that a small parameter is assocliated with the
Aonlinear term, we derive an autonomous system by making use of the averaging
method, When the ratio between the two natural frequencies of the system is not
in the neighborhood of an integer or a fraction, two kinds of pefiodié oscilla-
tions, each having one of the natural frequencies, are stably sustained. On the
other hand, the combination oscillation which consists of two harmonic components
is unstable, The frequency and amplifude characteristics have been shown for
some vglues of the system parameters,

The transient states of the oscillations are also studied by making use of
the phase-plane analysis, From this anaiysis'the relationship between the

initial conditions and the resulting oscillations is made clear,
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Fig. 2.7.

Phase-plane portrait of Eq. (2.23), the system parameters

being k = 0.5, (ny/n)?8 = 0.5, and n,/n, = 1,05,
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Fig, 2.8,

Regions of initial conditions in the uv plane leading to the

two types of periodic oscillations {u(0) = 0 and v(Q) = o].




CHAPTER 3
INTERNAL RESONANCE IN A SELF-OSCILLATORY

SYSTEM WITH TWO DEGREES OF FREEDOM

3.1 Introauction

In the preceding chap;er, we treated the self-excited oscillations in a
system with two degrees of freedom, Iﬁ was shown that two types of periodic
oscillations having the.natural frequencyculiéndcuz, respectively, are stably
sustained, However, when we derived the autonomous system by using the aver-

aging method, we neglected the case in whichcu2 is equal to W, or 3aﬁ. When

1
such relationships were satisfied betweencu1 and(dz, we noticed that additional
terms appeéred in the averaged equations. This fact suggests us that some

special phenomena may occur when the ratio of the two natural frequencies is in

the neighborhood of unity or 1/3. In this chapter we discuss the self-excited

e
o -
o -

oscillations under these conditions,

It is well known that the phenomenon of frequency entrainment occurs when
a periodic driving force is applied to a self-oscillatory system with one degree
of freedom [6, 10, 26, 27, 35]. The self-oscillatory system uﬁder consideration
has two natural frequencies. Hence we may expect that the phenomenon of frequen-
cy entrainment. between the two natural frequencies, i,e., the internal resonance,
is likely to occur when the ratio between them is in the neighborhood of unity
or 1/3.

It is assumed that the frequency of the eptrained oscillations is not equal
to either of the two natural frequencies, but is in the neighborhood of them..
Autonomous systems are derived by using the averaging method. The steady-state

oscillations and their stgbility are discussed.

22
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3.2 1Internal Resbnance Which Occurs When 3&& 4 Q&

(a) Derivation of an Autonomous System by Using the Averaging Method

We consider the standard form of differential equations (1.15), i.e.,

2
w
o . : 2 . - . .
X + wfx = ):1 ———-——k2 i kl {kz[l - (x +y)7I(x +y) + S(klx + kzy)}

SPF, (X, ¥, X, ¥)
) : (3.1)
w
v 2 M

2 2 . . . .
y +(02y ;I i;—:—E; {kl[l - (x+y)lxFy) + 5(k1x + k2y)}

=G, (x, ¥, X, ¥)

As mentioned in Chapter 2, it is expected that the entrainment of frequency occurs

when 3&& is in the neighborhood of ub. To investigate this phenomenon, we make

use of the expansion

W) =W +pw, + -ee

(3.2)
Wy = Wy + Py, + -

The entrained oscillation consists of two components of frequencies uﬁ and aho,

0
which are in the neighborhood of(ul andcdz, respectively, and are related by

3“50 = a&o, as one sees afterwards.,

Substituting Eqs. (3.2) into Eqs. (3.1) yields

.o 2 . . 2
X +w10x =}1F10(x, Y, X, V) + O(}l )

'y +w20y =}JG10(X, Yy X Y) + O(P )
where
Flo(x, Yy Xy Y) = Fl(x, Yy Xy V) - 2u&0wllx
(3.4)

G1oXs ¥s X, ¥) = G (%, ¥, X, ¥) ~ 20, W,y
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We assume that the solution of Eqs. (3.3) takes the form

x(t) = rl(t) cos [&ﬁot + el(t)]
y(t) = r (t) cos (W, .t + O,(t)]
2 200 72 (3.5)
x(t) = - W) gr, (©) sin (Wt + 6 (1))
y(t) = = W,or, () sin (W, t + 6,(£)]
Hence the solution of Eqs. (1.9) is written as
u(t) = r,(£) cos (Wt + B ()] + r,(t) cos [W, ¢ + B,(¢)]
(3.6)
v(t) =

klrl(t)b cos [wloc + 91(1:)] + kzrz(t) cos [wzot + 62(;)]

Substituting Eqs. (3.5) into Eqs. (3.3) and using the averaging method as we

have done in Chap. 2, we obtain

T
. P3N A :

r, = ;i:oT . uﬁo flo(rl, s 61, 92, t) sin (uﬁot + Ol)dt

Y —-11m)—'l T—l- ( ., 0:, 6 t) sin (W,.t + 6.)dt

Tp T T-00T Jo oo 810'\T1 T2 Y Ypp U SIS, 2 ,

T 3.7)

T é = - lim}-i 1 f. (r., r B,, 6., t) cos (W, .t + 0.)dt

171 Tooel Jo @ 10771 T2 1> % 10 1

é=-nm}iT—1— (r,, 1., 0., 6., £) cos (W,.t + 6,)dt
T272 T 7 LTGT ) Wy 8107710 T20 Fp °% 20" T %2

where flO and 810 in the right-hand sides of Egs. (3.7) are obtained by substi-

tution of Eqs. (3.5) into Eqs. (3.4) (see Appendix I), The functions flO and

in Eqs. (3.7) contain terms of frequencies W) or Wogs 3W 4 W, uéo + 2“&0

and 2“50 + uﬁO‘, Therefore, if there exists the relationship(ﬂlo = a&o or

810 3

3u&0 = “EO’ some of these frequencies which apparently look different fromlﬂlo

or a&o coincide with them, The former case will be discussed in the next

section,
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" Performing the integrafions of Eqs. (3.7) under the condition 3“&0 = u&o

yields an autonamous system.

2
. P“ﬁ kz 2 2 2 '
LT Bny k- kg [Py - x)= 2))r) - xyx, cos (3G - 6))]
2
B,k 2 2 1 3
r2 = §-n—l- W [(Pz - 21‘1 - r2)_r2 "' 5 rl cos (391 - 62)]
rlel =}j[wllr1 + -B—q E_"‘—k_l- r1r2 sin (391 - 62)]
. “’3 ky 3
1,6, = plwyx, - Zhn; &y - K, U1 sin (36 - 6,))

(b) Steady-State Solutions

a

The steady-state solutions of Egs. (3.8) are obtained by equating fl = £2

= E& = 92 = 0. Denoting the steady-sfate values of these variables by r10* To0*

910, and 920, respectively, we obtain
2 2 2
(P) = Tio = 2rpg)Tyg = TipTyg 08 (38,5 - 6,) =0
2 2 1 3
(f’2 - i, - r20)r20 - 3 T} cos (3910 - 920) =0
' (3.9)
2
W1T10 ¥ ™ T ot Sin B30 - 6,0 =0
1 3 _
Wy1Tpo = 3 Wy¥pg sin (36, - 6,0) =0
where
0.)% kz (.03 k1
m, o= 2 m, = =t —— (3.10)
1 8n1 k2 - kl 2 8n1 kl k2

We see, from Egs. (3.9), that there are three different states of equilibrium

i.e.,
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(1) r

o, r =0

10 20

(3) Tio $ 0, LI % 0

The first and second cases are identical with those already discussed in (1) and
(3) of Egqs. (2.11), respectively. We are particularly interested in the third
case where the two frequency components are not “zero and are entrained mutualiy
by the relation 3&&0 = “50' As will be mentioned later, this state of equilib-

rium is stable. Thus the internal resonance occurs. We see from Eqs. (3.2) that

2
3w, - W, = 30+ W, - Wy - W) + 0G8)

PGy, - w,) + o) (3.12)

Eliminating 3910 - 6, from Egs. (3.9) gives us
5

2 2,2 T 2.2
(P, - *io = 2T30)T10 ~ 3(P, - 2r]g = T20)T20

2

.2 442 - 2] .2 (3.13)
lo = ¥ao)dT * (Gwyy - Wy) }

2 2 ‘
{[3m1(fﬁ - Xyg - 2Mg) (P, - T 20

m
2 2 2 .22
= (7 -
(3m 1o +3° T10) T10

Solving Eqs. (3.12) and (3.13) simultaneously gives the amplitudes ¥, and T,..

The phase difference 3910 - 920, and the frequencies aﬁl, Wy, may also be found

to be* '
r 3w - W,
- ~Tao 11 " %21
sin (364 - 6,) = 10 am a2 + Lo g2
1*20 7 3 M2"10

* The phase angles 910 and EEO are not determined, but only the phase
difference 3910 - 920 {s fixed. This result is natural since the fundamental

equations (1.9) are autonomous ones.
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2
cos (38, - 0,.) = ( -r 2r- )
17 %07 T 0t T o 20
3r :
_ T0 .2 2 (3.14)
=3 (§y - 21y - 150
Tio
Wy = mr)grag sin 365 - 6,,)
mzrfo
Why = - 3,y o (38, - 920)~

Hence, from Eqs. (3.2), the entrained frequencies wlo and wZO are determined.

(c) Stability Investigation
The stability of the equilibrium states as given by Eqs. (3.11) is studied

by solving the variational equations derived from Eqs. (3.8). By a procedure

like that used in Sec. 2.3b, we consider the small variations ‘§l, Ez, "ll, and )12
‘from the equilibrium state defined by-- + -
Ty =Tt 5y Ty =Tt EH
(3.15)
6 = o+ Ny 6, = B0 * My

Substituting Eqs. (3.15) into Egs. (3. 8) and neglecting terms of higher degree

than the first in & and '], we obtain the variational equations, i.e.,
517 a5t Ak e t

By = 85151 * 3595, * 255 * a0,
(3.16)
M = 83151 * 2355, * a3y * 2y,

T2 = 2151 + a4y%, + 33 + 2,1,
where - ‘
a =m[f’-3r2—2r2-2rr cos (30, . - 0,)]
11 MM T Tio T “Fa0 T “F10%20 10 ~ %20
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2

2 .
ajq = JPmrigrog sin (36,4 - 6,)

1
314 7 T3 214

[+
1]

2
21 = T HmyLAr Ty + T, cos (36, - 6)0)]

2 2 .
22 S MMy (£, - 2rj4 - 3r5)

oM
{

3
8y3 = pmyri sin (36, - 6,) |
= -1,

3 894

(3.17)
a3; = pm Ty, sin (36, - 6,,)

o)
I

32 T pmT), sin (36, - 6,)

833 = 3pm T 0Tpg cos (36,5 - 6,)
a, =-1
367 73 833 .
.2
10
a4y = - pm, = sin (3910 920)
20
3
-1 Y -
85 = 5 4m, r2 sin (3910 920)
20
3
10
43 T THT T 008 (305 - 650
0
- _1 ‘
A 3 343

The characteristic equation of the system (3.16) is given by

5 B P 213 814
81 8" N 8,4 34
a a a - N a =0
31 32 33 34
a1 442 a8y T A
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or .
'Rh + p)? + q)? + TN+ s =0 (3.18)
where
p= - (a11 +ay, + 834 + a44)
q = P10 %12 | % f13 | | T Pe | | %22 fa3| | P22 fas | | ®33 P34
431 422 331 @33 31 244 839 833 342 244 243 24
211 212 413 811 212 %14 811 213 14 82 323 394
r 31 2922 823 821 %22 224 7| 231 833 %34 T {232 833 334 (3.19)
841 832 833 241 242 344 841 843 344 342 243 44
211 212 13 914
s - 891 822 893 34

31 932 %33 %34
841 %42 %43 P44
Since there exist the relations a;4 = % 3314-Si =1, ..., &) in Eqs. (3.17),
s = 0 in Egs. (3.19). Therefore the characteristic equation (3.16) is reduced

to

AN + A+ gh+1) =0 : _ (3.20)

i.e., one of the characteristic roots is zero.* Then, the stability conditions

are given by the Routh-Hurwitz criterion (see Appendix II), i.e.,
p >0, r >0, pq - r >0 - (3.21)

The stability conditions for the first and the second cases of Eqs, (3.11) are

* This result corresponds to the fact that the fundamental equations (3.1)
are autonomous ones and that not the phase angle 91 but the phase difference

3910 - 920 is degermined by Eqs. (3.14).
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also identical with the conditions (2.18) and (2.20), respectively, The stabil-
ity of the entrained oscillation in which both Tio and r,o are not zero is tested
by making use of the conditions (3,21), and this type of oscillation is found to

be stable,

(d) Numerical Examples
As mentioned in Chap., 1 [see Eqs. (1.12)], the natural frequencies&)i/n1
(1 = 1, 2) are obtained as a function of the coupling k (= ’Xllé) and nz/nl.
We now seek the relationship which k and n2/n1 satisfy when
s&ﬁ = ue (3.22)
where s is an integer. Sincetoi andtﬂg are the roots of the quadratic equation

(1.12), we obtain

a’ + a2
w1-+u% =L 22
1 - k. -
22 (3.23)
wfwg - 2?.
1 -k
Eliminating(ﬂf and(vg from Eqs. (3.22) and (3.23) yields
2 2,2
2 s (n; +1y)

K=l - — (3.24)
(1 +s%) nn, _

By setting s = 1 in Eq. (3.24), we obtain k = 0 (N = 0) and n, = n,. This fact
has already been pointed out in Sec. 1,3, When s = 3, Eq. (3.24) becomes

2
2 g [1+ (“2/“1)2]

100 (“2/n1)2

(3.25)

Figure 3.1 shows the relationship between k and n2/n1 given by Eq. (3.25)., One

may expect the occurrence of the internal resonance if k and nz/n1 take the
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values near the curve in Fig. 3.1. Under this condition, the amplitudes o
and 50 of the entrained oscillation are calculated from Eqs. (3.13). Therefore
the actual existence of the internal resonance depends on the values of f& and

P, as well as 3w, -W,;. When P =0 or £, = 0, Eq. (2.26) is satisfied. This

1.
relationship between k and nz/n1 is also illustrated in Fig. 3.1 by broken lines

for (nz/n1)25 = 0.5.* Let us consider a case where
M= 0.1, k = 0.5, (n2/n1)25 = 0.5

When k = 0.5, we find, from the result in Fig. 3.1, that ub = 3“& provided

n

nz/n1 0.403  and nz/n1 = 2,48

By using Eqs. (3.12) and (3.13), the amplitudes r » and the entrained

10° F20
frequency(ulo are calculated. Real values of the amplitudes are: obtained only
for n2/n1‘¥ 2.48.7 Figure 3.2a shows the entrained frequency wlo/n1 as nz/nl

varies., For comparison's sake,wl/nl ;urve-calculated from Eq. (1.12) is also
shown in the figuré. Figures 3.2b and 3,2c éhow the amplitude characteristics
of the entrained oscillation,** We see that, when the entrainment occurs, the

amplitude k2r20 of the third harmonic component of the solution v(t) increases
predominantly. The pﬁase charactefistic of the entrained oscillation is shown

in Fig., 3.2d.

These results show that as nz/n1 takes the value far from 2.48, i,e., as

* As one sees from Eqs. (2.11), these lines are the boundaries of exist-
ence of periodic oscillations, when no internal resonance occurs.
+ When nz/n1 = 0,403, one sees from Fig. 3.1 that F1'< 0. For this reason,
Egs. (3.12) and (3.13) have no real roots.
#* To fix the values ofX1 and Xz, it is chosen that L1 = L2 (see the foot-

note of p.16).
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the difference |3uﬁ - u@l becomes larger, the amplitudes 0 and k2r20 o? the

third harmonic components decrease and the amplitudes Tio and klrlo of the
harmonic components tend to the values which are obtained in the case where no
internal resonance occurs (see Fig. 2.2). The entrained frequency(dlo also

tends to(Ul.

Next, we consider another case where
}} = 0.2, k = 0.8, (nz/nL)ZB = 0,5
In this case, from Eq. (3.25) we find that 3&& =W, provided
n2/n1 = 1,0

The frequency, amplitudes, and phase difference of the entrained oscillations
are shown in Fig. 3.3. The dotted portions of the characteristic curves repre-
sent unstable states. One sees in Fig. 3.3 that, when nz/n1 is in the nelighbor-
hood of unity, there exist three kind§ of"entrained oscillations, one of which
is stable., It is ﬁo be mentioned that the other kind of periodic oscillation of
the freqqency(u2 also exists, When two kinds of periodic oscillations exist, it
depends on the initial condition as regards which kind of oscillations occurs.
Figuré 3.4 shows the time-response curves of the entrained oscillation which is

obtained by analog-computer analysis (see Fig. 2.4).

3.3 Internal Resonance Which Occurs When aﬁ = u&
(a) Derivation of an Autonomous System by Using the Averaging Method

The entrainment of frequency also occurs when @ %'ub. As mentioned in Seec.

[

n

n, and k ¥ 0 (i.e., N ¥ 0).

In this case the transformation of the differential equations to the standard

1.3, this type of internal resonance occurs when'nl

form ceases to be meaningful., Therefore, we consider the fundamental equations
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(1.9). Let the entrained frequency be W, which is in the neighborhood of wl

and wz, i.e., n, and n,. Then the solution of Eqs. (1.9) is written as

u(t) = ru(t)' cos [a)ot + eu(t)] _

v(t) = rv(t) cos [a)ot + Gv(t)]

. ‘ (3.26)
u(t) = - wyr () sin Wyt + 6,(6)]

v(t) = - Wor, () sin (Wt + 6 (£)]

Substituting Eqs. (3.26) into Egqs. (1.9) and appiying the averaging method as

before, we obtain the autonomous system

) 1 ' 1.2 2_ )
T~ 2a)0(1 - Xll’z) [}lwonl(l T4 rq)ru + xanrv sin (eu ev)

- 2
n A
2
-}AUJOXI ;1-1- érv cos (Gu - Qv)]

LIC -

1 “g 2
v T 2&)0(1 - IIZZ) ['Fwo r—z-l- 5rv - inlru sin (eu - ev)

+)‘“’ox2“1(1 - 21: ri)ru cos (eu - ev)]

(3.27)
. 1 2 2
r,0y = 20,1 - X, %) {[“1 - @ - X A)0dx
2
26 sin @ -0.) + Xn2 6.}
+}‘on1 n1 rv sin u v ln2rv cos (eu - v)
. 1 2 _ 2
rvev - 20)0(1 - 2.’1/1'2) {[nz a Xlrz)wolrv'

U‘woxz“l(l - 21: rﬁ)ru sin (eu - ev) + Zanru cos (eu_ - av)}
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(b) Steady-State Solutions

The steady-state solutions of Eqs. (3.27) are obtained by equating i‘u = i.v

= = GV = 0. After some algebraic manipulation, we obtain

u
2 2 2
2 . YoM
uo - 02 - o2 a2
0 21
2 2
2 LW -y 2
vO X, ,,2 2 "ud -
1w0 - n, 5
’ ’ 3.2
wZ - n2 n2 r (
sin B - Oyo) = - oy o5 2 8 22
1T7'0W. - n 1 v0
0 2
2 2
Wo - 7 Tyo
cos (B . -0 )
u0 vO sz r 0
10
and
4 2 2.2 2 2 2 2
ta - Zlft’z)wo - (n1 + n’z)wo + “1“2] (wo - n,) |
nz . (3.29)
2 2,2 2.2
+ : $) Wy - apw =0

Equation (3.29) determines the entrained frequency wo. Substituting this value
into Eqs. (3.28) gives the amplitudes r.o® Yo and the phase difference
6u0 - evo of the entrained oscillat‘ion.v It is noted that the trivial solution
Yo~ Two =0 of Eqs. (3.27) always exists,

When the amplitude ro of the entrained oscillation is equal to zero, we

obtain from Eqs. (3.28)

(l)z—nzn2
1 - 0O L. 25 : (3.30)
0
w2 - a2 o2 _
0 2 1

Eliminating wo from Eqs. (3.29) and (3,30) yields
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X221 - 8)% - Bl - 022+ p2l(1 - O - (y/mp%)} =0 (3.3

Equation (3.31) gives the toe of the amplitude characteristics.*

(c) Stability Investigation

The stability of the steady-state solutions is tested as before. By a
- procedure analogous to that of the preceding section, we obtain the characteris- |

tic equation (3,20). After some algebraic manipulation, the coefficients of Eq.
(3.20) are found as

. 2 2

p = -}uqdnltz - 2(n2/n1) 6 - ruO]

2 2 22,2 222 2¢ 3 2
q = (2001 - X505 - (o) + 007" + Py {“ - (n,/n)%6 - 2 ruo’

x(1 - (n,/n)%6 - 3 220 + 201 - 4, 2)(n, /0 Y2652} (3.32)

1 2 2 2. 2 .2 2
r = EUHanl(wb ',“2)(1 - Xllz)ruo[z(l - 2&2&)w0 - (n1 + n2)

224 2.¢2, 2,2 2.2
f:p wbnz(n - nz)é /nl(wO - n2) ]

Then the stability conditions are given by the conditions (3,21). The stability

conditions of the state that o = Tvo = O are also obtained analogously (see

Appendix III).

(d) Numerical Example
We consider a system in which

— —3 2 -
P=0.1 k=004 and (n,/n)°6 = 0.5

%

This equation coincides with that which gives the stability limit of

the steady state u = v = O (see Appendix III).
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Since k is small, the mutual indectance N is also small [see Eq. (2.22)].
Therefore, when n x Nys the difference betweentdl andw2 Secomes small and
we may expect the internal resonance; Substituting these values of the parame-
ters into Eq. (3.29) gives the relation between n2/nl and(do/ﬁl. The result is
shown in Fig, 3.5a. The entrained frequency wo/n1 varies continuously as
indicated in the figure (cf. Fig. 2.2). The amplitude characteristic is calcu-
lated by using Eqs. (3.28) and shown in Fig, 3.5b, To fix the values of

Zl and Zi, it is chosen that.L1 = L2 (see the footnote of p.l6), The ampli-
tude .0 dips when n, & N, and ‘simultaneously an increase in the amplitude r

vO
results.* The phase characteristic of the entrained oscillation is shown in

Fig. 3.5c.

3.4 Concluding Remarks

Two typical cases of the internal résonance in a self-oscillatory system
have Seen discussed., When the ratio between two natural frequencies is in the
neighborhood of 1/3, the two natural frequency components are entrained mutually,
i.e., internal resonance occurs. The entrained oscillation is characterized by
the waveform which has the third-harmonic component predominantly.

When two natural frequencies are close each other, they are also entrained
mutually. This type of internal resonance occufs when the two resonant circuits
havé nearly equal resonant frequencies and are weakly coupled. The entrained
oscillation has a. single harmonic component. The entrained ffequency and
amplitude characteristics vary continuously with varying frequencies of the

resonant circuits, When the internal resonance occurs, the amplitude shows the

dip phenomenon,

* This phenomenon is used in the absorption-type frequency meter.
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CHAPTER 4
FORCED OSCILLATIONS IN A SELF-OSCILLATORY SYSTEM

WITHOUT INTERNAL RESONANCE

4,1 Introduction

In this chapter we study the behavior of a self-oscillatory system under
the influence of an external sinusoidal force.~ We assume that no internal reso-
nance occurs., .Forced oscillations in a self-oscillatory system with one degree
of freedom have been studied in a number of reports {6, 10, 26, 27, 35]. The
natural frequency of the self-oscillatory system is entrained by the driving
frequency provided that these two frequencies are not far different. 1If their
difference is large enough, an almost periodic oscillation occurs. The natural
frequency of the system is also entrained by a frequency which is an iﬁtegral
-multiple or submultiple of the driving-frequency when the ratio between the
natural frequency and the driving frequency is in the neighborhood of an integer
or a fraction, These phenomena of frequency entrainment, i,e., the external
resonances are called the harmonic, higher-harmonic, and subharmonic entrain-
ments, respectively [10].

The frequency entrainment also occurs in a system with two degrees of
freedom. Since the system under consideration has two natural frequencies, one
may expect the-oécurrence of the harmonic, higher-harmonic, and subﬁarmonic
entrainmentsvbetween the driving frequency and one of the two natural frequencies.
If a component having the other natural frequency also builds up, the resulting
oscillation becomes almost periodic; on the other hand, if it doesn't build up,
the resulting oscillation is periodic [5, 21], If there exists a certain rela-

tionship among the driving frequency and the two natural frequencies (24, 361,

37
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for instance, if the driving frequency is in the neighborhood of the half of the
sum of the two naturél frequencies, this mean frequency is entrained by the
driving frequency. The resulting oscillation containing three components of
frequencies is generally almost periodic.

The averaging method is applied to the analysis of the standard form of
equations (1.21) and (1.25). Depending on the types of the external resonance,
different forms of the autonomous systems are ?erived. The stability is tested

by using the Routh-Hurwitz criterion,

4.2 Derivation of Autonomous Systems by Using the Averaging Method

In this section we derive autonomous systems by using the averaging method,
If the driving frequency W is in the neighborhood of one of the two natural
frequencies uﬁ and(uz, one may expect that the natural.frequenci is entrained
by the driving frequency wW. In this case'the standard form of Eqs. (l.25) must
be considered., If not so, the standard form of Eqs. (1.21) must be considered

(see Sec., 1.3).

(a) Autonomous Systems Derived When @ % wi
To investigate the frequency entrainment, we make use of the expansion
Wy = Wyo + Py *+eee

4.1)
Wy = Wy + plyy + «=-

The frequencies(dlo and(uzo are in the neighborhood ofw1 and(dz, respecti&ely, and

one of them is equal to .* e assume that the entrained oscillation consists

* When u)e(Dl, for instance, we set aﬁo = W, Then it is shown that ueo

is equal to W, and(UZI,CUZZ,--- vanish (see Sec. 4.3.1).
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of two components of frequencies wlo and wzo [see Eqs., (4.7)]. Substituting

Eqs. (4.1) into Eqs. (1.25) gives

e 2 - . 2
X + W)X =}1F30(x, ¥y X, ¥y t) + 0(}1 )

. 2 . . 2
y +U)20y =}‘G30(X’. Y, ,x’ Y, t) + O(P )

where

FBO(X’ Vs X, §9 t) = F3(x, Y ;{9 }." t) - 2w W .x

~ 10711
wf 1 { 2. .
= — k[l-(x+y)](}.c+3})
ny ky -k 2 .
+ S(klx + kzy)+k2n1}31 cos wt} - 2w10w11x
G3O(x’ Y ;(’ §’ t) = G3(xs VLS ;‘a )"; t) - 2w20w21y
wg 1 2 . .
=—-l—<———_-—-l-<—{k (1 - (x+ )X +9)
151 " % V1

n,B, cos wt} - 2&)200)

+ é(klx + kzy)+ k,n B, b1y

The generating system obtained by putting)‘= O in Egqs. (4.2) is

LX) 2
X +w10x =0

2

y +W,y =0

The general solution of Eqs. (4.4) is

x(t) = r, cos (wlot + 91)
y(t) = r, cos (W, t + 62)

where T, r2’91’ and 92 are integration constants.

When U # 0, we write for x and y in Eqs. (4.2) as

x(t) = rl(t) cos (wlot + 91(*')]

(4.2)

(4.3)

(4.4)

4.5)
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y(t) = rzgt) cos [w, t + 6,(t)]

. (4.6)
x(t) = - W, r;(£) sin (Wt + 6, (v)]

() = - W,r,(t) sin (W, t + 6,()]

We assume that, for a small value of )i, both the amplitudes rl(t), rz(t),and
the phase angles Bl(t), 92(t) are slowly varying functions of t. By using Egs.

(1.14) and (4.6), the solution of Egs. (1.24) is written as

-

u(t)

rl(t) cos (Wt + Gl(t)] + rz(t) cos Uﬂzot + 62(t)]

4.7
v(t)

klrl(t) cos [wlot + Ql(t)] + kzrz(t) cos [u&ct + 92(t)]

Substituting Eqs. (4.6) into Eqs. (4.2) gives

r, sin (uﬁpt + 91) + rlel cos (aﬁot + 91) "W

"1—6 E3O(r1’ 1'2, 91', 62’ t)

(4.8)

. : UK
r, sin W, & + EE) + r292 cos (W, t + 92).—‘ iy g3o(rl, o 91, 92,.t)

where f3o(r1, ,s 9&, 92, t) and g3o(r1, Ty 91, 8., t) are the functions obtained
by substitution of Egs. (4,6) into FBO and G30 of Egqs. (4.3), respectively.
From Egs. (4.6) we obtain

r) cos (Wt + 6) -0, sin W+ 6 =o

(4.9)

r, cos (a&ot + 92) - r292 sin Gﬂzot + 92) =0

From Eqs. (4.8) and (4.9) we obtain the simultaneous differential equations

regarding T , T, 91, and 92 as :

. P |
17 "W, Eao(rys Too 6, 6, £) sin @t + o)

2]
1]

2 (020

[ )
i

g3o(r1,.r2, 91, 92, t) sin (a&ot + 92)



41

L | -
r191 = - (T);(; f3o(r1, Tys 91, 92, t) cos (wlot + 91)‘ (4.10)

2]
N
D
N
t

s |

Equations (4.10) show that r, and ei (i = 1, 2) are both of the order of }1;

i
therefore, as expected, T, and 9i are slowly varying functions of t., Hence, upon
application of the averaging method, Eqs. (4.10) can be transformed into autono-

mous differential equations, i.e.,

. Moot

¥y = - (7)—1; %imm,-r- o f30(r1, Tys 61, 92, t) sin (ﬁ)lot + 91)dt

r =——}-L11m}-Tg (r,, v,y 0., 6., t) sin (W, .t + 6,)dt

2 wZO T-va 0 30071 T2 Y1 Y2 20 2
.6, = - Wrg %i’“m’f L E3o(rys Ty 015 By €) cos @)ye + B)dae
ré=-—}-‘—limng (r., r.,, 8., 6 t)cos(o)£+6)dt
2Y2 Wy gae! Jo 530717 F22 1> 22 20 2

The integration is to be performed with respect to the explicitly appearing t
in the integrant.

Al:* When @ = W, ., performing the integration of Eqs., (4.11) yieldsT
10

. w% k2 2 2 4 0

L7 Bay ky -k (P - xp - 2)r) - gnyBysin 6,3 = by (), 7y, 0), 6))
wy X 2 2. . |

Ty T, kg -k, (P2 T 2R 71T, F (s np, 6, 6)

* The symbol corresponds to the classification of the type in Tables 4.1
to 4.4,

2
T We see from Egs. (4.1) that wl - = wl - (L)lo =)A(Un + 0()1 )
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’ w? k
N 1 2 - (4.12)
1,0, =pwr - 55 i - K, By cos 8)) = rihy(r), 1y, 6, 0,
Ty, =,z = w1y, 65 6))
where Pl and Pz are given by Eqs. (2.8).
A2: VWhen W = (4)20, we obtain
2
J T
. ) 2 2
r, = g— ——— (P, - r; - 2r )r
178 &, -k 1771 2’%1
2
WS ok
Y e I 2 2 4 .
r, = 8“1 k1 — kz [PZ - 2r) - rz)rz - @y Bsin 92]
(4.13)
1,6 = pwyr,
: w) K,
v =Py Ty - 55 i - Kk, 1 % 0,

The averaged equations (4.12) and (4.13) are derived under the assumption
that no internal resonance occurs, Thé}éfore, (520 is neither equal to wlo nor

30 . The internal resonance will be discussed in Chaps. 5 and 6.
10

(b) Autonomous Systems Derived When W Is Not near wi

We consider the standard form of Eqs, (1.21). When the ratio between the
driving frequency and one of the two natural frequencies wl and wz is in the
neighborhood of an integer (different from unity) or a fraction, one may expect
the occurrence of higher-harmonic or subharmonic entrainment, To investigate
this phenomenon, we assume that the entrained oscillation consists of a component

of the driving frequency W and two components of frequencies W, . and wzo, which

10
are slightly different from (:Jl and 0)2 {see Eqs. (4.16)].% We develop w, and UJ2

* The fréquency wio (i = 1, 2) may be equal to wi (see Sec. 4.3),



in power series of M, as shown in Egs, (4.1), Substituting Egs. (4.1) into

Egs. (1.21) gives

X +&)§OX=}1F20(Xa Y ;" }." t)
(4.14)

. 2 ‘ . -
Y +Wopy = 4G,y (%, ¥, X, ¥, )

where

on(x, Y, X, ¥, t) = F2(x, Y, X, ¥, t) - 2w10(£)11x
W
e {kz[l -(x+y+A

cos wt)z] (x +y -wA, sin wt)
LY S 1

1

+ S(klx + kzy —a)A2 sin wt)} - 20, . .x

10711 .
o (4.15)
Gool®s ¥5 X, ¥, ) = G,(x, vy, X, ¥, £) = 2w20w21y
wg 1 l 2 Lo
= n—l--lzl—_—l-(; {kl[l - (.x-+‘ y + A1 cos We)“)(x +y _-wAl sin wt)

©

+ 8(k1;{ + kzy} - WA, sin ult)} - 2W, W

2 207217

The generating solution of Eqs. (4.14) takes the same form as Eqgs. (4.5)., There-
fore, when B + O, we assume that the solution of Eqs. (4.14) also takes the same

form as Eqs. (4.6). From Eqs. (1.20) and (4.6), the solution of Eqs. (1.7) is

written as *

1]

u(t) rl(t) cos [wlot + el(t)] + rz(t) cos [wzot + 92(t)] + A1 cos wt

v(t) = klrl(t) cos [(dlot + Ql(t)] + kzrz(t) cos [a)20t + Gz(t)]+ A'2 cos Wt

(4.16)

As one sees from Eqs. (1.19), the amplitdde A1 of the harmonic oscilla-

tion becomes zero when W = n,. Therefore, when W is in the neighborhood of N,

the term containing sin Wt must be considered,
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Substituting Eqs. (4.6) into Egs. (4.14) and using the averaging method as
we have done in Eqs. (4.8) through Eqs, (4.11), we obtain an autonomous system

of the same form as Egs., (4.11); i.e.,

A 1 T ,
rl = - Q_)—— fzo(rl’ r2’ 61; 9 13 t) sin (wlot + Gl)dt
0 .
SIS
r, = a} —-g g20(r1, s 91, 92, t) sin Qﬂzot + ez)dt
) | | (4.17)

r é = - 2 lim 1 (r r., 8., 0., t) cos (W, t + B,)dt

11 Wio Toel 1* T20 Vy» Ypo °% Wio 1

. L T
r262 = (U —y gzo(rl, X5 91, 92, t) cos (a)zot + 92)dt

where f20(r1’ s 6., 92, t) and gzo(rl, r, 9 92, t) are the functions obtain-

ed by substitution of Egs. (4.6) into F,_ and G,. of Eqs. (4.15), respectively,

20 20
These functions f20 and 890 contain the terms having the following frequencies.*
Wigs Wygs 3Mygs 3oy Wy, 2 W, W), + 0y, O, 3w, .18)

2&)10iw, za)zo:ta), &)101-20), a)z ;t2a) &)m_w + w

When a certain relationship exists among(dlo,(uzo, and W, some of the
frequencies listed in (4,18) may coincide wiﬁh(dlo andtﬂzo. For instance, if
w= (a) + u&o)/2, the frequency components 2a)-(020 and 2 - Qﬁo coincide with
aﬁo and u&o, respectively, Therefore these terms do ﬁot vanish upon integration
of Eqs. (4.17). In this case, one may expect a kind of resonance, i;e., the
entrainment between W and (aﬁ +(02)/2. These relationships includingw= uﬁo
are summarized in Tables 4,1 to 4.4, The relationships listed in Table 4.1 are

the cases where no internal resonance occurs, i,e., the ratio between aﬁo and

* See the expanded form of f20 and 840 in Appendix I,
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wZO is not an integer or a fraction. Table 4,2 shows the cases where the inter-
nal resonance 3&&0 = Qéo occurs, The relationships in Table 4.2 are realized
when the driving frequency is applied to the self-oscillatory system discussed
in Sec. 3.2. Table 4,3 shows the internal resonance sa&o= u&o, where s is an
integer (différent from 1 and 3) or a fraction., If Qﬁo = u@o,'the de£ivation

of the standard form of Egs. (1.21) and (1.25) ceases to be meaningful (see Sec.
1.3). Therefore, the averaged equations (4.17) are of no use. Performing the
integration of Eqs. (4.17), howeQer, suggests.hs that the external resonances

as listed in Table 4.4 occur,

In this chapter we treat the cases listed in Table 4.1, The internal and
external resonances listed in Tables 4.2 and 4.3 will be discussed in Chap. 5.
The internal and éxternal resonances listed in Table 4.4 will be discussed in
Chap., 6. Figure 4.1 shows the relaﬁionships amonglvlo,(U§o, and W listed in
Tables 4.1 to 4.4, The coordinates in the figure are the ratios of the frequen-

cies, aﬁo/aland u&o/ur.* The symbols in the figure correspond to those. in Tables
4.1 to 4.4,

When no internal resonance occurs, performing the integration of Eqs. (4.17)

gives the following averaged equations,

* Since “’10 _g_ wZO’ we consider only the region &)lo/ws Q)zo/(u on the coor-

dinates plane (see the footnote of p. 4).

+ For k = 0.5 and nz/nl = 1,0, we obtain Q}I/wz = 0,577 (see Fig. 2.1).

Then we obtain the following relation between(vl/aland(dzﬁv,i.e.,

W /W= @ /W,)(@,/0) = 0.577W,/W

This linear relation is plotted on the figure by the dotted line (see Table 4.5).
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Table 4.1 Classification of the external resonance

(without internal resonance)

Type Relation among Frequencies which Frequencies which
W o0 Woq and W are equal to wm are equal to u)20

Al W = QIO ' ;

A2 w = (1.)20

A3 w = w10/3 30

A4 W= w,,/3 3w

A5 W= '3w10 w - 2w10

A6 W = 3(.020 - w - 20.)20

A7 W= (W, +w20)/2' 20 - W, 20 - W,

A8 W= (W, - u)lo)/z Wy, - 2W Wy + 2W

A9 | W=w,t 2, W= 2wy, W=t - th

Al0 W= 2w20 - wlO 2(1)20 - W “’10 - (4}20 + W

ALl 1w = 20, * Uy, W-wy -y W= 2, |

Al2 W=+ (2(1)10 - UJZO) Wy -quO + W Zwlo + W

Al3 Non-Resonant Case




Table 4.2 Classification of the external resonance

(internal resonance :

3&)10 = 0)20)

Type Relations among Frequencies which v Fre’quencieé which
W o> Whoo and W are equal to wm are equal to wzo :
Bl W-w =220 W, - 2w, W 3w
10" 73 20 ~ “Mo0 10
B2 w 30}10 = (1)20 l4)20 - 2(4)10 30.)10, W
w w.
10 20
B3 W= "= 5 Wy - 20, 3W 30,
2
B4 W= 205 = 3 Wy Wyo = 2Wgs 20 - Wy Wygs 20 =Wy,
BS W= 5w, = %“’20 Wyg = Wy 205 = W, Wyge W= 2W55
W -5 - Wy Wi = oo * W
7
B6 W=7, =3 Wy Wyo = Wy W - 2y, W60
| W - wlO - a)zo
B7 W= 9, = 3W,, W,y = W, W) g W= 2wy
B8 Non-Resonant Clase (1)20 - 20)10 3u)10




Table 4.3 Classification of the external resonance

(internal resonance : @
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= s(dlo where s $ 1, 3)

20
Type Relations among s = “@ Frequencies which Frequencies which
Wy 90 wzo, and W W) are equal to wlo are equal to wZO
w w
10 20 3
w T ee——— o e— -— - - y bt
Cl 5 3 ) W Wi g l—(dzo 3w, 20)10 w
W
2 w - w;o ) % % W, Wy - 20, W, + 20,
w-w10+w20 .2(()10-00
= = é W - 20w° ’
C3 W = 3(1)10 5 wZO 2 10 Wy = Why * ¥
2W, - W
20
w. W,
ct W= 29 _ 20 2 3w, W, .+
3 7 3 W o -W -w 10
20 10
cs O = 3&’10 _ % wzo 5 w - 2(010, 2 - (4)20, 2W - wlO’
Wo ~Wo =Y W + W
ce | W= _ =3w 7 W= W W+ 2w
10 7 20 10
W, - 20
20 .
c7 W= 3w, = u—)g-g 9 W - 2w, 3w
“10 3. 10

Table 4.4 Classification of the external resonance

(interf\al resonance : wlo = 0)20)
Type Relations among Frequencies which
Wy o> Whoo and W are equal to “’10 (= (Uzo)
D1 W=w =W, Wy Wyps W5
W) = Wygs 20y, - u)10
D2 W= 3, = 3, Wygs Whgs 20 = Wygs 20h, = W4
w - zwlo, W - 2w20, W - wlo - w?.o
Wo Wy W, 20 -W. ., 2 - W
D3 W= —— = — wlO’ 20? 10 20° 20 10?
3 3
3
D4 Non-Resonant Case “’10’ (.)20, 2[:.)10 - 0)20, 2u)20 - (;)10




A3: When W = /3, we obtain®
2
JLUAN
. %2 2 2 .2 1.3
178k, -k CPp - 28y - x] - 25507 - 3 A] cos §)
2
pw?
. 2 N 2 2 2
T Tk -k (B - 2A) - 2 - )
1517 %
) w% k,
10 =P )+ T A sin 6)
1 %2 7%
1,8, = W, x, -
A4: When W = w /3, we obtain
. }“" k, 2 2
L 8nk—k(P1-2A-rl 2r,)x
1 2 TN
. )‘w kg 2 2 2 1.3
278, Ky -k, L 7 2y - 2] - xp)r, - 5 Ap cos §)
0, = Ty .
: “’g ky 3
T8 = PWy Ty + g o A sin 6))
b TS L)
A5: VWhen W = 3&)10, we obtain
2
Y : 2 2 2 2
r, = 8n1 T‘;—’—i‘—l- [(Pl - 2A1 - - 2r2)rl - Alrl cos 391]
2
X —)&-‘EL— (f, - 242 - 2% - 2)r
T2 7 8. k. - Kk 2 1 1 2’2
| 117 %
. wf K, )
0 PO R o A oin 38D

172 1

r292 = Ty

49

(4.19)

(4.20)

(4.21)

14

We see from Eqs, (4.1) that wl - 30 = “’1 -

2
Wo =Hyy + OGL).



A6: When W = 3&)20, we obtain

50

2
. MK 2 2 2
T T -k (-2 - - 2r)r
1 <2 1
) }“" ky n2 L 2,2 2
e £ A
. (4.22)
0) = pw x,
. u)é ky 2
r292 = JWwy x, + 5y E;—_E; A ry sim 392)
A7: When W = (W + “’20)/2’ we obtain*
2
. MK 2 2 2 2
1‘1 = En—; 'E;-_—l—c-; [(Pl - 2A1 - rl - 21"2)1'1 - A1r2 cos (91 + 62)]
.2 : :
N 2 2 2 2
r, = Q—IW [(P2 - 2A1 - 2r1 - rZ)r2 - Alr1 cos (91 + 92)]
w2 (4.23)
; 1 ) 2 . .
0 = pl T | - & AT st (6, % 6,))
wg k, ) |
rz p =Wy, + gn, & - K, Ayr) sin (6, + 6,)]
A8: When W - (W, - W ;)/2, we obtain
) .
w
r }‘ —L ‘2 [(F -2 - 2r2)r - Azr cos (0, - 6,)]
1 - 8n1 1 2’51 152 1 2
2
. }1(02 k 2 2 2
T, = 8n1 k1 = k [(P - 2r1 - r2)r2 - Alr1 cos (91 - 92)]
) (6.24)
. w k
r191 -}x[w r, + -——-.E___...E.. A2 1 sin (9 92)]
. wg kl 2
r,0, = jlw,,r, L Ajry sin (6 - 0))]
N R 2
We see from Eqs. (4.1) that (a)1 +w2)/2 (U--}I((UH + (U21)/2 +0(p7).



A9:

2
ﬂ“’ ) 2 2 2 2
TR W [(P1 - 2A] - r] - 2rz)r1 - Ar, cos (91 + 292)]
. }MZ kl 2 2 2
r, = 8“1 W [(P2 - 2A] - 2r) - 1'2)1",Z - 2A\r;x, cos (61 + 292)]
» w% kZ' 2
r191 —}1[(1) + —; W Alr2 sin (61 + 292)]
. wg k, -
10, = LW, v, + 42 LK - ATy sin (0) + 26))]
Al0: When w = 2(020 = W4 We obtain
2
}1&) k
. 2 2 2 2 2
r, = 81’11 k—z_—kl [(Pl - 2A1 - - 2r2)r1 - Alr2 cos (91 - 292)]
2
}!(0 k . '
. 2 1 2 2 2
r, = Bn, K, - K, [(F2 - 2A7 - 2’r1 - 1'2)1'2 - 2A,1.7, cos (91
. w? K, )
)0 = plyy B, K, - & A7z sin (6 - 26
. : w% K,
Ty, = pluyx, - o] k- K, AjriTy sin (6 - 20)))
All When W = 2(010 + 0)20, we obtain
2
R T 2 2 2
r, = 8n1 k2 k1 [(Pl - 2A1 - - 21’2)r1 - 2/‘.11‘11‘2 cos (29l + 92)]
. }lwg kl 2 2 2 ' 2
T, = 8n1 'k—:—k-z- [(f)2 - 2A1 - IZrl - rz)r2 - Alr1 cos (291 + 92)]
X 2 K, :
r, 0, =}1[0)11r1 + Zn—l m At T, sin (29l + 92)]
. w? K, )
mafy =MWy g Ty Army stn (26, + 6,))

When @ = wlo +

2w

1

o ve obtain

1

2

-2%)]

51

(4.25)

(4.26)

(4.27)
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Al2: When W= (20)10 - 0)20), we obtain

i
. )xwl k2 2 2 2 :
r, = é_n_; E‘;—:Tl- [(Pl - 24 - ry - 2r2)r1 - 2Alr1r2 cos (29l - 92)]
2
. }10)2 k1 2 2 2 2 .
r2 = -ng; 'IT—_——I—{; [(PZ - 2Al - 2r1 - rz)rz - Alrl coSs (261 - 62)]
} 4,28
, 2o, (428
r191 =}1[w11r1 + Z-r-t_l- W Alrlr2 sin (291 - 62)]
: w;
r262 =}4[w21r2 - —-‘jq E-I—:—E; Alrl sin (291 - 92)]

Al3: When no external resonance occurs, we obtain

2
. Mo K 2 2 2
T E w2 - r) - 2ryr

1 %2 7% .

2

w:  k

. M s 2 2 2
T T ko -kl (fp - 2A) - 2r) - o

151 7 %9 LA
. (4.29)
e1 =}“‘)11
0, = jw,,

It is easily seen that some of the averaged equations (4.12), (4.13), and
(4.19) through (4.29), are derived from the rest of the equations by interchang-
ing some parameters. For instance, Eqs. (4.13) are derived from Egs. (4.12) by

interchanging w and @

10 and wZO’ w

and T, s 91 and 92 , kl and kz, Pl

11 21° T1

and PZ' Equations (4.24) are also derived from Eqs. (4.23) by interchanging (Un

and -W0s 91 and - 91. Therefore, we treat only the autonomous systems (4.12),

(4.19), (4.21), (4.23), (4.25), and (4.29) in the following analysis,
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4,3 Entrained Oscillations in a System without Internal Resonance

As mentioned above, six types of autonomous equations are obtained. Equa-
tions (4.12) are derived when W = aﬁ. One may expect the occurrence of harmwonic
éntfainment. Similarly,‘Eqs. (4.19) and (4.21) are derived when.a)g’gﬁ/B and
W= 3&&, respectively. In these cases one may expect the occurrence of higher-
harmonic and subharmonic entrainments. Eqﬁations (4.23) and (4.25) are the
autonomous systems when W % (wl +(02)/2 and alﬁcul + Zaﬁ. Under these condi-
tions a kind of -resonance among(dl,(dz, and W may occur. Equations (4, 29) are
the system without external resonance. In this section, we investigate the -

harmonic, higher-harmonic, subharmonic, and combination oscillations as caused

by frequency entrainment.

4,3.1 Harmonic Entrainment

We consider the entrainment of frequency, i.e., the external resonance

which occurs when w g(ul.

(a) Steady-State Solutions

The steady-state solutions of Eqs. (4.12) are obtained by equating }i =0

e

and Bi =0, i.e.,

, 2 2 4 ~
(P - Tl = 25590710 ~ u™Bysin 6y = 0
2 2
(F) - 2x)y =~ 1pg)Tyy = 0
2

w - (:,1_ .__k_z___ ..1. B s 9 =0 . (4.30)
117107 2 k, - k W 1°9% Y10 7
Wy1Tyo = O

where 00 Yoo and 910 denote the steady-~state values of T Too and 91, respec—

tively, We see, from Egs. (4.30), that there are two different types of steady
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states,i.e.,

(1) 16 0, Tog = 0
(4.31)

(2) L + 0, oo + 0

In the steady state (1), eliminating 610 leads to determination of the amplitude

o 28
4n B.\2 4n B \2
2.2 22_( 11)-_( L)
(R - oI =\ ) = U (4.32)
where )
G =§11_];EZ—_—EL(U
1 w2 k2 ;1
1
8n1 k2 - kl .
= — (uﬁ - W) : detuning (4.33)
yu) 2
1
and the phase angle 910 is given by .
: W .2
sin 910=lmlBl(Pl 10’710
(4.34)
cos 8 =-—EL—g-r
10 4n B.°1°10
11
In the steady state (2), eliminating 910 from Eqs. (4.30) gives
4n B\ 2 4n By 2
2 2.2 2.2 ("ME\4 /oYy
(A - 7o = 2ryg) +¢1]r10“( w ) “(}Aw)
(4.35)
2 2
B~ 20 " T~ O
2
Eliminating v, from Eqs. (4.35) gives
4n_B.\ 2
_ 2 .2 2 2»__( 11

By using Eqs. (4.35) and (4.36), the amplitudes_r10 and ¥ o are calculated.

Regarding the frequeﬁcies, from Eqs. (4.30) we obtainu}21 = 0. Therefore, from

Eqs. (4.1) we obtain
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Wy = W, ' (4.37)
The phase angle 910 may also be found to be =
. w -2 2
sin 610=lm 5 (P1 1 2r20)r10

171
(4.38)

I
10 4n181 1710

cos O

From the solution (4.7), we see that the stead? state (1) corresponds to
the periodic oscillation of frequency W, i.;., tﬁe harmonic entrainment. The
steady state (2) .corresponds to ﬁhe combination oscillation having the components
of frequencies u)andluz. This oscillation is generally almost periodic.

When the émplitude Bl of the external force tends to zero, we obtain from

Eqs. (4.32)

.. or . .l (4.39)

and from Eqs. (4.35)

2
T10=0 Ty =F W =0

or . (4.40)

, |
ray = Q2 - PP/, thg = 2P - PY/3, W, = o, T =0

Solutions (4.39) and (4.40) coincide with those of the self-excited oscillations
given by Eqs. (2.11).

When a)etuz, the solutions of Eqs. (4.13) are obtained by interchanging(ﬂlo

and abo, W, and Qél’ r, . and r and 0

10 20" 910 kl and kz, FE and P% in the

20°

results of this section,
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(b) Stability Investigation.
The steady-state solutions given by Eqs. (4.32) through (4.38) are maintained
only when they are stable, The stability of the solutions is tested by the behav-

"ior of small variations, EI,FEZ, Ql, and Qz, from the steady-state values, r

10°
oo 610, and 920, respectively, i.e.,*
] = To*t R Ty =Tt 5
(4.41)
6 = 00 + My 0, = 0y * T
If these variations tend to zero with increase of time t, the corresponding
solution is stable, Substituting Eqs. (4.41) into Egs. (4.12) gives the
following variational equations,
51 = annb tapS ATy tagh
82 7 82151 + 2355 * a5y * 2y,
(4.42)

M = 8318 * 83555 * agy’l) + ay,0,

T = 2,51+ 245 * a4s * AT,
where
2
‘Cﬁ) s’ BERPPS PR
11 r, /07 &n (k, - k) "1 710 20
~ 2
oh Mk,
812 7 (5?2")0 2n (k, - k) '10720
2
2h pois,
813 © (551'>o T T 2w (k, - k) O %6
() '
A4 = 59—2 0~ 9

* See Appendix II,
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22

I

A

The symbol ( )O denotes the insertion of the steady-~state values, r

23

2
w
» 2k1

= - r, .r
2n1(k1 - k2) 10720

2
Pk,

2
= — (P, - 2r
8 (k, - k,) 2 10

2
}lekl B
2&)(k1 -k

1
Y 2
10

2

2
}xwlkl Bl
2 W (k1 - kz) o

O s - e -

sin 91

- 3r2

cos 910

0
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(4.43)

10° T20°

610, and_sz after differentiation, The characteristic equation of the system

defined by Eqs. (4.42) is given by
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ap ~A 2, a3 A
421 a3 ~ AN k) SIA
_ - =0
833 432 833 434
A 42 %3 4 "N
or _
A% . p>\3 + q7\2 +rA+s=0 (4.44)
where
P == (agy *ayy *ag ta)
o =71 %12 211 %13 1% faa| [ %22 P23 {22 P24 | %33 %34
31 322 a3y 8134 351 %44 449 833 242 344 243 344
211 %12 %13 211 212 214 211 213 214 822 823 84
TS T %21 %22 %23 T[ P21 %22 %24 | 7| %31 #33 F34| 7| %32 933 %34 (4.45)
431 232 233 841 342 244 341 243 244 342 243 244
311 312 213 214 l
o = | %21 %22 %23 f2a
841 332 833 234
51 242 %43 244

The steady-state solution is stable, provided that the real parts of A's
are negative., The stability conditions are given by using the Routh-Hurwitz
criterion (see Appendix II), i.e.,

p>0, >0, s>0,
, , (4.46)
pqr - r -ps >0

As one sees from (4,43), a,, = 0 (i =1,..,4),i.e., s = O in Eqs. (4.45). There-
4i .

fore the characteristic equation (4,44) is reduced to

AN + pN 4 qh+ 1) =0 | (4.47)
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Thus, one of the characteristic root is zero.* Hence we see that the solution
is stable provided that -+
| p>0, r>0, pg~-r >0 (4.48)
. We consider the stability conditions for the two types of solutions in Egs.

(4.31).

(1) For Tio + 0, r, = 0, we obtain the following characteristic equation by

20
substituting Eqs. (4.43) into Eqs. (4.42) and using Eqs. (4.32) through (4.34),

-

i.e.,
2 2 2 2
AN = my(F) - 2rf DA - pm () - f{ IO - pim (B - 35200 + ) D} = 0

where . ' ‘ (4.49)
2 2 .

__ Wk I !
1 8n1(k2 - kl) 2 8n1(k1 -k

m

5)

From the condition that the real parts of the roots A's of Eqs. (4.49) are nega-

tive, we obtain ' ce e
2 1 2 1
0 77 F1o 0”35 |
2 (4.50)
2 - 2p)? 0"
10 371 1
+ >1
(% P)? (= p)2
371 3 /1
where 0y is given by Eq. (4.33).

(2) For LI + 0, LI + O, the stability conditions are given by (4.48). By

using Eqs. (4.43), (4.45), and (4.35) through (4.38), we obtain

* This result is due to the fact that the frequencyw2 does not entrained
by the driving frequency w in the system (4.12),
+ It is readily verified that the vertical tangency of the response curve

occurs at the stability limit r = O (see Appendix II),
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P = 2M {— mlfﬁ + (2m1 + mZ)fE - 2(m1 + mz)rfo}
2 2 2 2 2 2
q=pim (P - 26+ )P - 2F) + 3r) ) - apmm, () - 2r) )
5 2 (4.51)
X(P1 - ZPZ + 6r10) + (}lel)
3 2 2 2 2 2
r =2} m2r20[m1(fa - 2f§ + 3r10)(f1 - ZF; + 6r10) +6011]
The first two conditions of (4.48) may be rewritten as
r2<——1—-—-——-[(2m +m)P—mP‘]
10 2(m1 + m2) 1 2772 1’1
(4.52)
2 2 2 2 v
[rip =5 2/ - A)) . 0, 51
1 2 1 2
L 9 (ZfE - fi)] L T (Zfa - F&)]

(¢) Numerical Example

In this chapter a numerical analysis was carried out for the parameters as

given by*

~ 2
k= %%, = 0.5 (n,/n)°6 = 0.5 and n,/n, = 1.0

The amplitudes Ti0° Too0 and the phase angle eio are calculated by using Eqs.
(4.32) through (4.38). Figure 4.2 shows the response curves for the harmonic
and the combination oscillations. The harmonic oscillations corresponding

to the steady state (1) of Eqs. (4.31) are represented by thick lines. On the
other hand, the amplitudes Tio* Yoo and the phase angle 910 of the combination
oscillations are represented by fine lines. The stability of the oscillations

-is tested by using the conditions (4.50) and (4.48). The unstable portions of

v

When no driving force is applied, this system has two kinds of self-

excited oscillations, whose amplitudes are both jﬁi = J;g = [5-(see Sec. 2,3c).
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the characteristic curves are shown by broken lines. Figure 4.3 shows the

amplitude characteristics of the harmonic and the combination oscillations, The

relationship between(&nlB[pw)zand rio, rgo for several values of 01 is plotted.

In Fig, 4.4 are shown the regions of the harmonic entrainment and the com-
bination oscillations on the Bw plane, When B is small and @ is in the neigh-
borhood of aﬁ, both the harmonic oscillation and the combination oscillation

oceur,®

-

4,3,2 Combination Oscillations without External Resonance

We see in Fig. 4.2a that there is no stable harmonic oscillation at all if
the detuning 0} is sufficiently large compared with(&nlBpr)% In other words,
the self-excited oscillations are not entrained by the driving frequency W, if
the driving frequency is far from both of the natural frequeﬁcies. In this case

the solution is assumed as Eqs. (4.16). 1In this section we consider the case’

. o wdm T -
Al3 where no external resonance occurs. |

.

The steady-state solutions of Eqs. (4.29) are obtained by equating fl =T,

= 91 = 65 = 0. Denoting the steady-state values of these variables by Tio* Toor

) , and 3] , respectively, we obtain
10 20

2 2 2

(F - 28] - g - 25590715 = 0
2 2 2

(£ - 28 - 215 = T,0)1,, = 0

%

By considering the integral curves of the system (4.12), we can study

tﬁe regions of initial conditions which lead to the harmonic oscillation and

the combination oscillation, Such an analysis, however, is omitted in this study.
T 1If the frequencies(ﬁl,(dz, and W have a relationship shown in Table 4.1,

the external resonance occurs,
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- . (4.53)
Wit =9
Wy Ty = O

From the last two members of Eqs. (4.53) we obtainu)l'1 = 0 and uél = 0 when

1o 4+ 0 and 20 + 0. This result shows that the components of frequehcies uﬁo
»and kho of the combination oscillations (4.16) coincide with the natural frequen-
cies W, and(uz, respectively. We see, from Eqs. (4.53), that there are four

different states of -equilibrium, i.e.,

-~

(1) rig=0s Ty =0
2 2 _
(2) rip=F ~2A], 7y =0
(3 r,. =0, r2 =P -2’ (4.54)
10~ TpoT N 1 .
2 1 2
2 1 2
o © 3 (2P1 - Pz - 2A))

The entrained oscillation exists in 21); &hile, in (2), the solution has two
frequencj components(z)1 and W), In (3), the solution has two frequency compo-
nents Q& and W, The solution in (4) has three frequency components &&, a&, and
. Since uﬁ,tdz, and W are generally imcommensurable, the solutions in (2), (3),
and (4) are almost periodic.
Introducing small variations El and EZ defined by Egs. (4.41), we obtain the
variational equations of Egs. (4.29), i.e., |
él =pm LR - ZAi B 3"%0 - 2r§0) B - 4r10T05]
) ” ” ) (4.55)
By mpmpl = 8rygranhy + (F - 2A) - 2rpy - 3r)4)E,)
The stability conditions are obtained from the condition that the real parts of

the roots of the characteristic equation of the system (4.55) are negative.
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(1) Forr,.=r, = 0, we obtain

10 20
2 A 2.
Al >3 and Aj > o (4.56)
(2) For_r10 $ 0, ¥,y = 0, we obtain
P ?
A < —!- and Af< Pl - "2'2’ (4.57)
3) For.r10 = 0, oo + 0, we obtain
f - B
A < 5= 2 and A$< P2 - -il (4.58)
(4) For o $ 0, THo + 0, we obtain
2 2 . (4.59)

T10%20 <o
Since both rfo and rgo are positive, condition (4.59) is not fulfilled.
From conditions (4.56), one sees that the harmonic entrainment occurs at
any driving frequency provided the amplitude B of the external force is suffi-

.
LIS -

ciently large.

4.3.3 Higher-Harmonic Entrainment

We treat the case A3 in Table 4,1 which occurs when W& w1/3. The steady-

state solutions of Eqs. (4,19) are obtained by eqﬁating i'i = 0 and 91 = 0,

2 2 2 1,3
(Pl - 2] ro - 2r20)r - 3 A} cos 910
2 .2
(P, - 2AY - 2r )Jr,. =0
2 T %y 10 ~ 2o 20
) (4.60)
w? K
1 %2 3
“11%10 * Tm &, ok A o0 O
1527 %
Wa1¥20 = ©

We see, from (4.60), that there are two different states of equilibrium:

(1) r15=0, 1,5 =0



(2) Tt 0 1,y #0,

21 = O

In the steady state (1), eliminating 910 gives

2 2 .2 2, 2 1 3,2
[CR - 28 - 1" +03)r 5 = (54D
where
8n, k, - k 8n, k, - k
03 = _E.l: 2k 1 C‘Ju = -—-%- _Z_k_____l._ (a)l - 3@W) : detuning
Wy <2 pwi  *2 ‘ -
Then 910 is given by
30.r
3710
sin 6&0 = = A3

- 3 2 2
cos B, = 3 (A - 28] - ©ryg
Ay

In the steady state (2), eliminating 910 in Eqs, (4.60) gives

2 _ 2 2.2, 2,2 1,3,2
((f) - 28) - ¥jg = 2x39)" +03dryp = (54D |
o o 02 2

fa 2A1 2r10 o0 0

Eliminating rfo in Eqs, (4.64) gives

' 2 2 24 2 1 3.2
[(ﬂ-2%+2A1+3r10) +0-3]r10=( Al)

3
then ‘
2 2 2
Y20 = f - 2] - 2r),
X, 07
10~3
sin 910 = - 3 3
A
1
cos O, = 2. (p - 242 - 2 - 2r2 )r
10,37 1 1o 207710
1
Since (,«)21 = 0, the frequency 0)2

64
(4.61)

(4.62)

(4.63)

(4.64)

o 18 equal to W,. In the steady state (1), the

oscillation consists of two frequency components & and uﬁo (= 3w). The natural
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frequency w, is entrained by the third harmonic of driving frequency w. The

soiut:ion of the steady state (2) has the natural frequency

and 3¢, This oscillation is generally almost periodic. -

w, in addition to W

The stability of the oscillations is tested in the same manner as we have

done in See. 4.3.1b.
81
a

12

13

where

£

2
1

m

The coefficients of the variational equations (4,42) are

2 2 2
=}1m1(Pl - 2A1 - 3r10 - 2::20)
= - bpmr orog
-1 3
= 3)Am1A1 sin 910
=0
= = & pm,x, 0oy

2 .2 2
= pmy (£ - 2A) - 2r(, - 3r,0)
=3, =0 - .

23
= - l m -l- sin )
E ks W) 10
Tio
=0
23
S R cos O

3 MM 1o 10
=0
=0 (i = 1,..0, 4)

2
k
k) N T
2 7 2 8ny ky

"% k. - k. °
1 8n1k k

-k

2

(4.66)

The stability conditions are given by (4.48).* For the steady state (1), the

* It is seen that the vertical tangency of the response curve occurs at

the stability limit s

0 (see Appendix II),
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characteristic equation of the variational eqhations of Egs, (4.19) becomes
ra 2 2 2 '
Npmy(Fy = 28y = 26000 = NI {(ym, (7 - 2 - ¥ - N
X (F = 287 - x5 0) = A + (um 0302} = o | (4.67)
Hm i h 1~ "10 Fm103 T .
Hence, the stability conditions are given by
2 2
10 > (5 - 24])/2
2 ; 2
o > (A - 2AD/2
" (4.68)

(2 -2 - n2))? 2
10 "3 150 3 >1
2.2 2.2

=) &)

A numerical analysis of.the responsevcharacteristics for the higher-harmonic

Numerical Exsmple

and the combination oscillations was carried out for the same values of the

system parameters as those in Sec, 4.3.1c, i.e.,
k=05 (n,/n )25 = 0.5 and | n, /o = 1,0
e 2/™7 . 2/% % %

The response curves calculated by using Eqs. (4.62) through (4.65) are illustrated
in Figs. 4.5 and 4.6, The thick lines in the figures represent tﬁe'amplitude 1o
and the phase angle 610 of the higher-harmonic oscillation. The stability of the
solutions is tested by using conditions (4.48) and Eqs. (4.66). The broken lines
of the résponse curves show the unstable osciilations. The aﬁplitudes Tyo* Fogr
and thé phase angle 910 of the combination oscillation are represented by fine
lines in Figs., 4.5 and 4.6, It is seen that bbth the higher-harmonic oscillation

and the combination oscillation occur for small values of 03.



4.3.4 Subharmonic Entrainment

We treat the case A5 in Table 4.1 which occurs when W= 3w1.

state solutions of Eqs, (4,21) are obtained by setting fvi = 0 and éi

(ﬂ—2A2—r2-2r2)r --A::'2

1 10 20°T10 ~ 41710 ©08 36),

2 2 2
(Fy = 2] - 2x] = 150)Ty, = O
Wl K,
Y1%10 * Bn Ko - K

A 2 sin 3916 = 0
1 72 1

1"10

o,

b1%20 = O

Equations (4.69) give four different states of equilibrium,

(1) r,.. =0, x,. =0

10 20

(2) r.,4%0, r,. =0

10 20

(3) 11520, 1y #0, Wy-=0

(4) Tio $+ 0, oo % 0, W,, =0

In the steady state (2), eliminating 910 gives

67

The steady-

= 0, i,e.,

(4.69)

(4.70)

4.71)

2 2 2
(PI-ZA-r)+O'/3 Al*10
where
8n, k, - k 8n., k. - k
1 2 1 1 "2 1
=5 Wy = —5 ——= (W, - W/3) : detuni
1/3 w2 Kk 11 2 "k 1 ¢ detuning
W] 2 pui *2
- Then, :
a3
sin 36, = X':——L
1710
cos 3910 = A (P rfo).
1 10 ,

In the steady state (3), the amplitude r,. is given by

20
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(4.72)

From the relation u)21 = O, the frequency “’20 is found to be equal to u)z. In the

steady state (4), eliminating 910 gives

2 2 2 2 2 _ 22
(P - 28] - 1] = 2) * Ty/3 = ATy
| ‘ - (4.73)
2 2 2
-2 - 2rg =Ty =0
Eliminating rgo in Eqs. (4.73) gives i
2 2 .2 2 2.2
(P1 - 2P2 + 2A1 + 3r10) + 0“1/3 = AlT1o
Then
2 2 2
207 27 %" o 4.74)
1
sin 30, . = = —— (O~
10 ATy 1/3
1 2 -2 2
cos 38,4 = AT, (f] - 244 - xjg - 2ry5)

The stability conditions are derived from the characteristic equation 4.47).
The results are as follows.

(1) For ¥, = 0,

o~ Y2

A > and A >-§—2 - (4.75)

(2) For To + 0, Too = 0s

N

2 3 .2
Tio > 7 - Al’ 2 > > - Al’ and r10>P1 -3 Al‘ 4.76)
(3) For r;, =0, 71, $ 0,
2_ 6 2 A
A < £ - 4.77)
153 and A} < Pz 5

(4) For o $+ 0, 20 $ 0, the stability conditions are given by (4.48). By.

using Eqs, (4.74) it is shown that if r in Egs. (4.47) 1s positive, q becomes

.
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negativé. The stability conditions (4,48) are never fulfilled. Therefore, this
solution is unstable, |

In the steady state (1) the harmonic entrainment occurs, The steady state
(2) corresponds to the subharmonic entrainment, The self-excited osciilation
having the frequency uﬁ is entrained by a frequency whigh is one-third of the
driving frequency W, Therefore, the resulting oscillation consists of two frequen-
cy components () and(Ulo (= W/3). The steady state (3) corresponds to the éombi-
nation oscillation having the frequency components u7and(02. In the steady state
(4) the combination oscillation having the frequency components W, W/3, andw2
. occurs, The first and third caseé are identical with those already discussed in
(1) and (3) of Eqs. (4.54), respectively. Hence, the stability conditions given

by (4.75) and (4.77) are also identical with (4,56) and (4,58).

Numerical Example e e

A numeriéal analysis of the response characteristics for the subharmonic and
the combination oscillations corresponding respectively to (2) and (4) of Egs.
(4.70) was carried out by using the same values of parameters as in the preceding
sections, i,e.,

. 2
k = 0,5 (n2/n1) § = 0.5 and nz/n1 = 1,0

The response characteristics calculated by using Eqs. (4,71) and.(4.74) are

illustrated in Figs. 4.7 and 4.8, The regions of the harmonic and 1/3'har@onic
entrainments given by the conditions (4.75) and (4.76) have an overlapping area
on the Bw plane (see Sec. 4.4).* Therefore, if the driving frequency w is kept
constant and the smplitude B is varied, the response curves are subject to hys-

teresis as shown in Fig., 4.8.
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4,3,5 Frequency Entrainment Which Occurs When.ulg'(uﬁ + u&)/z

The frequency entrainment discussed in the preceding sections occurs between
the driving freqeency and one of the natural frequencies. The occurrence oi
these phenomena may be expected from the étudy of a system with one degree of
freedom, In a system with two degrees of freedom a kind of resonance occurs when
the driving frequency W is in the neighborhood of a linear combination of the '

two natural frequencies W and(dz. In this section we treat the case A7 where

1
WE W, +w)/2.

The steady-state oscillations of Eqs. (4.23) are obtained by equating %1

2 2 2 ' 2
(] - 28] - x]g = Q)T g ~ AjTyg cos (B +0y5) =0
2 2 2 2
(fy = 28] - 2x)4 = Tpp)Tyq = )Ty cos (B + 6y5) = O
2 ,
3 k : (4.78)
1 2 2 .
“1n¥10 * Ty K, - K A Tpp 81 (B4 + Byp) = 0
“’g Ky 2 ,
Wr1%20 * Bn] ¥, - K, AjTio sin (B +8,5) =0
We see, from Eqs. (4.78), that there are two types of steady states.
(1) ?10 = 0, Tho = o
(4.79)

(2) .rlo + 0, oo $ 0

In the steady state (1), the harmonic entrainment occurs, In the steady state

(2), the combination oécillation occurs, This oscillation has three frequency

* 1t depends on the initial condition as regards which kind of oscillations
occurs in this area, By considering the integral curves of Eqs, (4.21), we can
study the regions of initial conditions, Such an analysis, however, is omitted

in this study,
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components W, OJIO, and wzo, related by W = (.“’10 + u)zo)/z and is generally almost

periodic., Since both w, . and w,, are unknown, 1 and a)21 in Eqs., (4.78) are

10 1
also unknown; while the sum a)n + w21 is calculated from Eqs. (4.1), i.e.,
, 2 2
W +Wy) =0 - W0 + 0, = Wyn + OQT) =Wy + W, - 200+ O(K) . (4.80)

Eliminating cos (610 + 620) from the first two members of Eqs. (4,78) gives
2 2 2 '

2 2 2 2 .2 -
R 2r20)r10 - (P2 - 2A7 - 26, - rzo)rzo = 0 (4.81)

-

(PI-ZA

By using Eqs. (4.80) and eliminating 910 + 620 from Eqs. (4.78), we obtain

2 2 2 2 2 2 .2

(m) (F] = 28] - 1) = 2mp9) + my(f - 2A) - 2r) - 71,,)]
2 .4, 20 Y10 .2 (4.82)
+ (a) + w ) - A (m —_—m, — )
11+ Wy T T 2
where
2 2
S I T
- ’ -
17 B, K, - 2 " B, k] - K,

.o - ...1

Solving Eqs., (4.81) and Eqs. (4.82) simultaneously gives the amplitudes Yo and

T,o+ The phase angle 910 + 920 is given by

(@ +w,x) 700

sin (910 + 920) -

2, 2 2
A (mToe + M)
"10 2 2 2 |
cos (6, + 6,,) = F;— (F - 2A] - x5 - 2r,0) (4.83)
1720 :
T
) 20 2,2 _ 2
2. (f - 24 2r)0 " a0
1"10 :

The frequencies W, and w,, in Eqs. (4,1) are obtained by substituting Eqs. (4.83)

into the last two members of Egs., (4.78).

2 2
B e Ve TR w.. - 2%t %0 .
1" "2 z 21 2 ) (4.84)

1¥20 ¥ ™10 ™ * ™10




72

The frequencies “’10 and u)zo are determined from Eqs., (4.1), i.e.,

Wo =W - A,

(4.85)
Wyo = W, - pwy, »

The variational equations of Eqs. (4.23) are given by Eqs, (4,42). For the
steady state (2) of Eqs. (4.79) the coefficients of Eqs, (4.42) are as follows:

2 .2 2
11 TP (R - 28 - 3 - 2"20)

-};ml[érmrzo + A% cos (9 + 6 )]

1

’ 2
813 = 8y, =}"“‘1"‘1"20 sin (8, + 920)

22
ayy = -~ pmylar or,5 + 4] cos (0,4 + 6,,)]
a =m(P-2A -o2r? . 3r2)
22 TPl T10 20
8,3 7 8y, = fimyA 1 T1o Sin (B + 6,7)
2 T20 o (4.86)
84y = " pmAy 2 sin (O + 6,0)
10
Af .
a = pm, — sin (
32 1 rlO 20
a,, =a.,, = mAzzg-cos 0,. +6..)
33 7 834 }‘111—10 10 7 Y0
2 _
A
851 T MM ?'2'(')' sin (0}, * Byg)
)
89 = " pmaA 1 2 sin (6, + 0,,)
T20 ' ~

r10
343 = 844 = pmA) T cos (6, 920)
Since 83 = 85, (1 =1,.., 4), one of the characteristic roots is zero., The
stability conditions are also given by (4,48),

To investigate the stability of the steédy‘ state, Yio ™ 0, r, =0, we

20
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consider the small variations®:

= El cos (aﬁot + 91), y = E cos (a) ot * 6 ) (4.87)

If El and Ez approach zero with the lapse of time t, the solution Yo~ o,

Tho = 0 is stable. The amplitudes Ei and the phase angles 9i of Eqs. (4.87)

satisfy the averaged equations (4.23)., Replacing r, and r, in Eqs. (4.23) by El

and Ez, we obtain.

. 2
5 =}‘“’1[“01 - ZA1 )5

LA E cos (9 + 6 )

: 2 2
52 = pm,[(F, - 241)%, - AIEI cos (e1 + 6,2
JABUII Lt mlAIE2 sin (91 + 92)]
2
Ez A =}1&021§ + mzAIE1 sin (91 + 92)]
where
. 2 I PP
S S S S W
- ’ -
1 8 k2 k1 2 8n1 k1 k2
We iqtroduce new variables a)» bl’ 8,5 and b2 defined by
a = El cos 91, b, = El sin 91
a, = Ez cos 92, b, = Ez sin 92

Substituting Eqs. (4.89) into Eqs. (4.88) yields the variational equationé with

* The variational equations (4.42) of Eqs. (4.23) have the coefficients
containing l/rlo, l/rzo, and 910 + 920 as shown in Eqs. (4.86). In the steady
state (1), however, the amplitudes o and Ty 8re zero and 910 650 is unfixed.

Thereforé, the variational equations (4.42) are not applicable to the investiga-

tion of stability.



respect to a and bi (1 =1, 2).

74

Then, the characteristic equation becomes

pmy (£ = 287D -\ "}‘“’11‘ '}‘mlAf 0
P, | pm (- ZAf) - A 0 PmiAf.
-szAf 0 pm, € P2 - 2%y - ;)szl
° Pty Fay Py (6 - 24D - A
=[N - poy (B - 228 4 e, - 22%) + (W, - wy 1IN
+}J2[m.1m2(P - 2A2)(P 24’ Pt Wy ,8p, ~ mym A1]
+ pPatwy 2(F3 AD -y m (A - ZAf)]}
x{xz - plmy (A - ZAf) +my(fy - 2Af) - @y - @A
*)‘2[“‘1“‘2(?1 _ 2Af)(f’ 2A ) + W, - 4

) ) e g
TP my () - 2AD) - “)21“‘1(P1 - ZAI)]}

=0

(4.90)

where { = J:—i.

The conditions for stability are that the real parts of the characteristic roots
A's of Eq. (4.90) are negative., From Eq. (4.90) we obtain the stability condi-

*
tions for the steady state (1) of Eqs. (4.79) , i.e.,

* Let us consider a quadratic equation
X L+ 102+ m+ im* = O

where /, £', m, and m' are real and i = J- 1. After some algebraic manipulation,

it 1s shown that the real parts of the roots A's are negative provided that

£>0  and ,ﬂzm +'Q_e'm' - m'2>,0
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m (f - 2A§) +m(fF - 2Af)< o
and ‘ (4.91)
(my (P, = 240) + my(Fy = DVLC, = 24D(F, - 28D) - &)
2 2 ' 2 '
+ Wy + W) (P1 - 240)(F - 2A]) >0

L= n2), the conditions (4.91) are written as

A

z

Especially, when Fl = F2 (i.e., n

2
A1>
., 2~ ) (&)n +u)21 )2
() -3 7 i T
OV P >t
=2 (=)?
3 J3

As mentioned in Sec, 4.3.2, the stability conditions for the harmonic oscil-

and (l"o 92)

(

lation are given by (4.56), provided that w is not in the neighborhood of u)l and

ojz. The conditions (4.91) are, on the other hand, obtained when w % ((.z)l + (1)2)/2.

Therefore, one may expect that the region of harmonic entrainment on the Bw

plane contracts By the second condition of (4.91) when W & (a)l + o)2)/2 (Sec. 4.4).
We consider the relationship among .the system parameters when the combina-

tion oscillation disappears. The amplitudes r, . and r,. of the combination

10 20

oscillation are given by Eqs. (4.81) and (4.82). When %o ‘and Y50 tend to zero

in Eq. (4.81), we obtain

<r20>2 Pl - 2A
lim T =
r.,.-»0\"10 g - 2A

T10,%20 ,

(4.93)

- M= N

When both Yo and LI tend to zero, we obtain from Eqs, (4.82) and (4.93)
2 2..2 2 2, 4 o
(m (A - 2] + my(f, - 228D1°((F, - 28)(F, - 2a]) - A))

2 2 2
+ (W), +w,)) (Pl - 280)(f;, - 2A7) =0 (4.964)
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It is to be noted that Eq. (4.94) is identical with the stability limit which

is obtained from the second condition of (4.91).

Numerical Example

Let us consider the same system parameters as before, i.e.,
= 0.1 k = 0.5 (n,/n )28 = 0.5 and n,/n. =1.0
» ‘ ot 2771 y 2771 *

We introduce the detuning ¢§” defined by

~

wn + W 8n1(k2 - k)

21 _ 1
m +m 2 2
1 2 )J(a)lkz - wzkl)

o= ), +W, - 20) (4.95)

: 2 2
By using Eqs. (4.81) to (4,83), the relations between ¢ and Ti0° Y20° 910 + 920

are illustrated for several values of Af in Fig. 4,92 and b, The frequencies
W g and(vzo are calculated by using Eqs. (4.84) and (4,85) and plotted in Fig.
4.9c¢ for Af = 0,5 (thick line) and 0.7 (fine line). Response curves for varying

A (i.e., B) are shown in Fig. 4.10,

The four points A to D in Figs, 4.9 and 4,10 show the amplitudes, phase
2

angles, and frequencies of the four steady-state solutions for‘A1 = 0,7 and
G = 0.6. It is seen from Fig. 4.9 that the values of rfo, rgo,_and aﬁo tend to

2 - ZAf, O,'and(dl, respectively, in certain branches of the characteristic curves
as the defuning |o°| increases; while rfo, rgo, and a&o (= 2w - aio) tend to O,

2 - ZAi, and Qb, respectively, in the other branches, Therefore, the combination
oscillations discussed in this section tend to those of non-resonant case [(2)

and (3) of Eqs. (4.54)] as |o°| increases. These results mean that there are no
abrupt changes in the amplitudes aﬁd frequencies of combination oscillations
between those having three frequency components and those having two frequency

components,
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4.3,6 Frequency Entrainment Which Occurs When o %’wl + 2(1)2

We discuss the case A9 where w = (‘)10 + 2(4)20. The steady-state solutions of

Egs. (4.25) are obtained by equating i-l = i'z = 91 = 92 =0, i,e.,

(f - 2Af - ‘fo B 21'30)1’10 - Alrgo cos (G, + 26))) = 0
(Pz 2A§ - ero - rgo)rzo - 2AT, (T, cOS (610 + 2920) =0
w? k, , (4.96)
“11710 * 8] T - K, A1%20 310 (Gp * 26,0) = 0
Uk
a@lrzo + Z;I EI—:—EZ Alrlor20 sin (910 + 2920) = 0

From Eqs., (4.96), we consider the following three cases:

(1) Yo~ o, Yoo = 0
(2) r2 = P - 2A2 r..~=0, W, =0 - (4.97)
10 1 20 ’ 11 *

(3) Tio $+ 0, oo $0

The steady state (1) corresponds to the harmonic entrainment. The steady state
(2) corresponds to the combination oscillation having the frequencies @ and wl.
These cases have already been discussed in Sec., 4.3.2. The steady state (3) is

also the combination oscillation, which has three frequency components ), W

10°
and wzo, related by w = “)10 + 2@20. By using Eqs. (4.1), we have
P@y + 20 =0 -0+ 26 - 26+ o)
2
=W + 20, - W+ o) | (4.98)
Eliminating cos (610 + 2920) from the first two members of Eqs. (4.96) gives
2 2 2,2 2 2 2.2 :
2(F] - 2] - Tio - 25T - (F - 247 = 2rj - Tog)Tyn = O (4.99)

Eliminating 610 + 2920 from Eqs. (4.96) yields
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2 2 2 2 2 2 2
{[ml(P1 - 2A1 - Tl " 2r20) + 2m2(f",2 - 2A1 - 2r10 - r20)]
2] 2 2 2 2 .2
* Wy + 20) }rlo = Ajlamyrig + mTog) (4.100)
where ‘
2 : 2
S W S S U
- ] . -
1 8n1 kz kl 2 8r11 kl k2

Solving Eqs, (4.98), (4.99), and (4.,100) simultaneously gives the amplitudes Y10

and r,,. The phase angle 910 + 2920 is given by

- @), + 20,))r,,

sin (910 + 2920) =

2 2
Ay (4myTio + ™ T0)
. (4,101)
10 2 2 2
cos (8,5 + 204 = 2 (F] - 28] - g - 2r5)
1720
1 2 2 2
= o (P, - 2A7 - 2r] - x, ) -
2A1r10 2 | 10 20
The frequencies W6 and Wyq are determined from Eqs. (4.1), (4.96), and (4.101),
i.e-’ | 2 |
F20
Wy =W -pw, = a)l +Pm1A1 ‘!T(; sin (910»'*' 2920)

(4.102)
Wao = Wy =Py = Wy + JmA T, sin (6, + 20,,)
The stability conditions are given by (4,48), where the coefficients a1j

(i, j = 1,.., 4) of the variational equations (4.42) are as follows:

2

2 2
ayy = pm ([ - 28] - 3r)4 - 2ry,)

a5 = 2}xm1[2rmr20 + AT, cos (610+2920)]

=1 - 2 |
213 a1, = pmyA Xoq sin (8, + 26,,)

LN

a5 = = myl2r,,r, + AT, cos (B, +20,,)]

2 2 2
822 =}1m2[P2 - 2A1 - 2!'10 - 31‘20 - 2A11'10 coSs (610"‘ 2920)]
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1
8y3 = 3 8y, = myAT, (T sin (B4 + 20,,)

0 (4.103)
ay) = - pma; =5 sin (8,4 +20,)

by

10

20

aqy = pmA) 29 sin (0, +20,,)
, .
b o

1 20

84 =5 84, —}JmlAl 1o cos (910 + 2920)
a,, = %pmzAl sin (Blo + 2920) .
=0

1 .
8,5 =3 8 = 2}xm2A1r10 cos (9lo + 2920)

Numerical Example

The numerical analysis was carried out for the same values of the system

parameters as in the preceding sections, i.e.,

o 2 .
p =0 k = 0.5 (nz/nl) 0 = 0,5 and nz/nl = 1.0

The response characteristics of the combination oscillations which correspond-t:o
the steady state (3) of Eqs., (4.97) are calculated by using Eqs. (4.98) to (4.102)

and illustrated in Figs. 4,11 and 4.12, The detuning ¢~ is defined by
Wy, *+ 2(4)21 W, + 20, -w

= " +m, T R, + 2m) (4.104)

The hysteresis of the response curves is observed in Fig. 4,12, As the detuning
| 0| increases, the amplitudes rfo, rgo, and the frequency wzo tend to zero,
2 - 2Af, and wz, respectively. Therefore the combination oscillation having

three frequency components tends to that having two frequency components @ and

(02 (see Eqs. (4.54)],
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4,4 Regions of Frequency Entrainment

In the preceding sections, we have investigated the entrained oscillations,
i.e., the harmonic, higher-harmonic, subharmonic, and combination oscillations.
The response characteristics of the entrained oscillations are obtained, Tﬁe
stability of these oscillations has been investigated by making use of the
Routh-Hurwitz criterion, From the results obtained in the preceding sections,
the regions of the frequency entrainment are produced on the BW plane for

, -
M=0.1  k=0.5 (n2/n1)(5= 0.5 and nz/nl = 1,0

as.illustrated in Fig., 4.13.*% 1If the amplitude and the frequency of the exter-
nal force are given inside these regions, the harmonic, higher-hafmonic, subhar-
monic, or combination osclllatiqn occurs., The higher-harmonic, subharmonié,or
combination oscillation occurs within a narrow range of the driving frequency w,
_On the other hand, thg harmonic entrainment occurs at ahy driving frequency o

" provided the amplitude B of the externai force 1is sufficiently large.

From the results in the preceding sections, the stability conditions for

the harmonic oscillation are given by [condition (4.56)]'*

= 2
DI::-PI/Z-A1<0

- 2 (4.105)
D, = {’2/2-A1<0

* As mentioned before, the assumption of the solution (4,16) is not suffi-
cient when a)g'nz'(see the footnote of p.43 ). The region of the harmonic en-
trainment for W= n, are calculated from the results in Sec. 6.3 which are

obtained by assuming the solution as Eqs, (6.2).°

T 1In this chapter, we consider the case where n, =0, Therefore, Fa = f} .
[see Eqs. (2.8)] and D, = D2.
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provided that the driving frequency (W is not in the neighborhood of aﬁ,(ﬂz, and
(aé t aﬁ)/z. In Fig. 4.13,vone sees that the continuity of the boundary curve

D1 = D2 = 0 is disturbed by the intrusion of the region of the combination oscil-
lation at QJE‘(QE i(ul)/Z. On the other hand, the regions of the ha?monic.oscil-
lation and 1/3-harmonic oscillation have an overlapping a:ea.. In this area com-
mon to the two regioms, bothvthe harmonic and 1/3-harmonic oscillations are
stably sustained., The regions of the harmonic oscillation and the combination 08—
cillation which occurs when W & 2&)2 + u)l or 059-’ 26:.)1 + w2 have also an overlapping
area of this type. The boundary curve for ;he higher-harmonic entrainment is
obtained from the stability conditions (4.68)., This boundary curve tends to

that given by D1 = 0, as lcai becomes larger, It shoulé be noted that there are
no abrupt changes in the amplitudes of the harmonic and higher-harmonic compo-
nents.of an oscillation when B 1s varied across the regions ofdthe harmonic and
higher-harmonic entrainments [10].

As mentioned in Secs. 4,3.5 and 4,3,6, the combination oscillations having
three frequency components occur when () is in the neighborhood of Gﬂz itul)/2,
2&5 t aﬁ, and 2&& + &E.' There are no abrupt changes in the amplitudes of the
frequency components of the oscillation when W is varied across the region indi-
cated by broken lines (cf. Figs, 4.9 and 4.11),

As mentioned im Secs, 4.3.1 and 4.3.3 in the regions of the harmonic and
higher-harmonic entrainments, the combination oscillations may also occur for
small values of B (see Fig. 4.4). The regions in which such combination oscil-

lations occur are not illustrated in Fig. 4.13.
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4.5 . Concluding Remarks

The steady~-state oscillations in a self-oscillatory system under a periodic
force have beeﬁ discussed, The_auconomous systems which are derived by mak;ng
use of the avéraging method are classified according to the relationship among
the driving frequency and the two natural frequencies. Then, we have investi~
gated the phenomenon of frequency entrainment in the system without internal
resonance., The response characteristics of t?e entrained oscillations are
obtained,

From these ;esults the regions of the frequency entrainment are reproduced
on the Bw plane, If the amplitude and the frequency of the external force are
properly chosen in these regions, the entrainment occurs at the harmonic, higher-
harmonic,'or subharmonic frequency of the extefnal force. Moreover, if the
driving frequency is in the neighborhood of a frequency which is a linear combi-
- nation of two natural frequencies, this..linear combination of the natural frequen-
cies are entrained by the driving frequency. In tﬁis case the resulting oscil-
lation is an almost periodic and consists of three harmonic components. In tﬁe
region other than these regions of frequency entrainment, there are two kinds of
combination oscillations which consist of two simple harmonic components, one
with the driving frequency and the other with one of the two natural frequencies

(Sec. 4.4a).
| If the external force is prescribed close to the regions of eﬁtrainment,
the analysis in this chapter does not account for the almost periodic oscillation

very well., In this case, the waveform of the almost periodic oscillation differs

considerably from that obtained as a sum of two or three simple harmonic oscil-

lations. The almost perjodic oscillations of this type are omitted in this study.*
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By making use of the results in the preceding sections, the types of the
external resonances and the frequency components contained in the steady-~state
oscillations are summarized in Table 4.5. The symbols in Table 4.5 correspond

to those in Table 4.1,

* This almost periodic oscillation is considered to develop from the en-'
trained oscillation and may be expressed by a sum of the forced and free oscil~
lations, but the amplitude and phase of the free oscillation are allowed to vary
slowly with time. The phase~space analysis is aéplicable to the study of it,
However, this method becomes practically complicated, since the analysis is

compelled to resort to the graphical solution in a high-dimensional state space,
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Table 4.5 The frequency components contained in the steady-state solutioms

w is in the Steady states
i Pt PO T P Pl e
<20 Tplf = 0. 20" 20" 20 T20
A2 2w - G}, = 0.219n, w _ Wy W, | Wy Wy Wop|20)q=hy=wW
A3 w1/3 =0.27m | —— w, 3w _— W, 3w, W,
A Bl (W, - Cdl)/2=0.299n1 w —_ S Wy W) Wyo| g = Wy o= 20
A4 w2/3 = 0.471n, —_— | — W, 30 | W, 3w, W
Al W, = 0.817n,  — w — W, w,
AT W +w2)/2= 1.115n, w | T Wy, Wy Woq a)10+a)20=2a)
A2 Qb = 1.414n1 _ —— w W, aﬁ
Al0| 20}, - W, = 2.012n, w W, ) —_ W, W)gr Who|2Whg = W o= W
. %
AS 30, = 2.450n, w w, o3 W, w, | @, W3, W,
All| 26) + &, = 3.047n, w _— W, W, Wy @) s Wyol 26] o+ Gho =W
A9 a)l + 2(4)2 = 3.6&5n1 W w, o.)l S W, u)m, “’zo a}m+ 2a)20=o.)
%
A6 3w, = 4.243n, w w, W, w, W/3 | W, o3, a)1
%
Al3| Non-resonant Case w @, Wy w, a@ W, a&,cdz

Notes: The steady states marked by (*) are unstable.

The column marked by (——) means that the steady-state solution does not

exist,
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CHAPTER 5
INTERNAL RESONANCE UNDER LARGE COUPLING

BETWEEN TWO RESONANT CIRCUITS

5.1 Introduction

In the preceding chgpter, we have investigated the behavior of a forced
self-oscillatory System; however, we confined our discussion to the case where
no internal resonance occurs, In'this chapter, we treat the forced oscillations
in a self-oscillatory system in wﬁich the internal resonance occurs,

As mentioned in Section 3,2, the internal resonance in the self-oscillatory
system occurs if the ratio between the two natural frequencies is in the neigh-
borhood of i)B. . When an external force is applied to this system, the external
resonance may also occur, If one of the two natural frequencies is in the
;eighborhood of an integral multiple o;;;ﬁbmﬁgtlple of the driving frequency,
so is the other natural frequency. Therefore, one may expect that bqth the
two natural frequencies are entrained by the frequencies which are integral
multiples or submultiples of the driving frequency. The reéultiﬁg entrained
oscillation becomes periodic with two or three components of frequencies, The
amplitude characteristics Qf the entrained oscillations are obtained by using
the averaging method. The stability of the oscillations is tested by making
use of the Routh«Hprwitz criterion,

When the ratio between the two natural frequencies is in the neighborhood
of an integer or a fraction (different from Qnity and 1/3), the entrainment of
frequencies among the driving frequency and the two natural frequencies also .

occurs, This kind of entrainment is also discussed in this chapter.

When the coupling between the two resonant circuits of the oscillator is
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small and their resonant frequencies are close each other, the internal reso-

nance also occurs. The forced oscillations in this system will be discussed

in Chapter 6.

5.2 Derivation of Autonomous Systems by Using the Averaging ﬁethod

When the difference between the two natural frequencies of the system is
large enough, the standard form of equations (;.21) and (1,25) were obtained in
Chap. 1. By applying the averaging method for these equations, Egs. (4,11) and
(4.17) were derived in Chap. 4. Performing the integration in Eqs. (4.11) ana
(4,17) yields autonomous equations. The additional terms, however, appear in
the right-hand sides of these equationms, if there exists a certain relationship

among (W gy Wy s and W as listed in Tables 4.2 and 4,3, In this section we

derive the autonomous systems for these cases.

(a) Autonomous Systems Derived When Eaﬁ.zduz And W¥ Qﬁ

We consider the cases where the external resonance, W = Qﬁo (1=1, 2),

occurs besides the internsl resonance, 3&&0 - a&o. Performing the integration

in Eqs. (4.11) yields the following two autonomous systems,

Bl:* When W=, = u&o/a, we obtain

. Pwi ky 2 2 2 4
r, = 5;; i;—:—EI [(fi -‘r1 - 2r2)r1 - ¥,T, cos (391 - 92) - a3n181 sin 91]
2
po, kg 2 2 1
2=-8—n-1'k1-k2[(P2-2r1-r2)r2-5r

r 2 cos (391 - 92)]

* The symbol corresponds to the classification of the type in Tables 4.2

and 4.3.
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0 )
W k
A 1 2 2 4 (5.1)
0 = P{wuﬁ * Ba, k, - [r)r, sin 36, - 6,) -7 0B, cos 91]}
“)Z k) 3
= ply T, T %n k| -k, 1 sin (36, - 0,)]
B2: When W = 3&)10 = a)zo, we obtain
2
. Jup Ky 2 2
1'1 = -5-“—‘;- E;—"—T(.I [Pl -.rl - 21‘2 - rlrz cos (361 - 92)]r1
. }"" ky 1 3 4
r, = 8n k = [(P - r)r, - 3 Ty cos (391 - 92) - » ;B sin 92]
wi ) (5.2)
wall —-; E—:—q T, sin (391 - 92)]1:'1
2
W k
2 1 1 3 4

(b) Autonomous Systems Derived When'i}d)i = (Jz'And W Is Not near W,

We treat the case where the internal resonance 3(4)1

driving frequency w is not in the neighborhood

and @ In this case we consider Eqs. (4.17).

2.

Eqs. (4.17) yields the autonomous equations in

’=‘-’(1)2 occurs but the
of the natural frequencies u)l
Performing the integration of

what follows:

B3: When ® = wm/a = w20/9, we obtain
r —}:‘—u-i—k—z—[(P —2A2-r2-2r2)r - v’ cos. (36 -9)--—1-A3cos 8,]
"1‘8n1k2--k1 1 1 1 2’51 152 1 27 73" 1
) )“" k, 2 2 2 1 3
ry = snl'k——'z"[(f’z‘?“‘l’zrl'rz)rz”'irl cos (36, - 6,)]
2 (5.3)
ré {w T +&-§—-—[r2r sin (30 -9)+lA3sinG]}
11 M@ 115y 8n, k, -k 1172 1 "% T3 Y 1
2
) k
e 1 3 _
r9 = Pl Ty - S o -k T sin (36, - ;)]



BS5: When w = SOL)10

. }‘“’1 k2 2 2 .2 2
Wl e [(P 2A - - 2r2)1:'1 - I¥, cos (391
1 2 7 1
2
Ar; cos (91 - 292) - 2A11'-1r2 cos (291 + 92)]
pusy |
. 2 2 2 2 1 3
Ty = B n, K - k2 [(F2 - 2] - 2r - r,)r, - 3 ¥p cos (391
. ) _
- 2‘(\11:11:2 cos (91 - 292) - Alrl cos (291 + 62)]
; “’i ky
rlel }l{wurl Al e [r r, sin (36, - 6,)
1 2 1
) ‘
+ Ax; sin (91 - 292) + 2A1r1r2 sin (291 + 92)]}
w2 k

. 2
r,0, = }‘{“’21’2 "%, k)

+ 2A1.'r1r2 sin (

/3, we obtain

- B4: When W = 2&)10 = 20)20
2
) 2 2 2 2 :
r) = k—-—-—— [(P 2A - T - Zx'z)r1 - r,Tr, cos (391
ny ky -k |
- Azr cos (8, + 8,)]
152 1t 9%
2
. PEy Ky 2 2 2 13
r, =-8-T1-W l’_(F2 - 2A1 - 2r1 - 1:2)1:2 -3 ¥ cos (391
- Azr cos (8, + 6,)]
171 17 9
2
w> K
* 5 2
)‘{“)11 Yt o (rpTp sin (36 - 2
L
2
w: K
. 2 9 1 3 2
2L '}‘{“’21’2 R K-k, L3 s (30, - 8,) - Ayx

5w20/3, we obtain

1 3
- K, C 3 r) sin (391 - 92)
91 292) - Alri sin (29l + 02)]}

- 6,)

- 6,)

2

62) + A:;'r sin (91 + 62)3

-8,

-0,

88

(5.4)

|

| sin (8, + 6,

(5.5)
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B6: When @ = 7&)10 = 7&)20/3, we obtain

2
Y 2 2 2 2
r, = -é-r-l-; ﬁ [(P1 - 2A) -1 - 2r,)r, - ¥;T, CcOS (391 - 92)
- A x2(0, +20.)]
: 17271 2
2
W k
Y o P 2 .2 2 1.3
T2 7 Ba, K, - K, [(fy - 28] - 25] - x)r, - 3 ¥ cos (30, - 6))
- 2A,x;7, cos (91 + 292)] .
(5.6)
2 N
. (1)1 k2 2 ) 2 :
rlel )l{a)nrl B 1--———-k2 » kl [1.'11-2 sin (391 - 2) + Alr2 sin (91 + 262)]}
é = {w Y --(-u-z—f-l—-—[lpsin (30 -0.)-2Aarr, sin (O +29)]}
2% TP "Bk -k, S 3T 1~ Up) - AN, s 1 2
B7: When W = 9&)10 = 3&)20, we obtain
. V“F k) | 2 2 2
LT %a, K, - Kk (CF - 2A] - 7] = 2r) ~.xyx, cos (3 - 0))]r)
(d k
N 2 2 1 3
r, = 8n1 k]_ [(P - 2r - rz)r2 -3 ¥} cos (391 - 92)
~ A.x2 cos 30,
172 2
) (5.7)
(w,.x, + wl——lf-z—-rzr sin (30, - 6.)]
= ptvyn k. - k., f1%2 1”0
1 2 1
2
w k
_2 1 1 3 2
r,0, }J{w21r2 T ok - 3 F1 sin (3_91 - 62)+A1r2 sin 392]}

1 1 2

B8: When 3&)1(‘) = wzo and no external resonance occurs, we obtain
2

o G Y

1 8n1 k, - k 1

| pa) k, |
: w2 e o 13
27 B, k- K, ((fy - 28 - 2r] = ))r, - 3 7) cos (30 - 0,))

2 2 . '
-] - 2r, -, cos (361 - 92)]1'1
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2

rlel =.}1[(1)11 + g;l-l- "':2—-:'?1 T, sin (391 - 92)]1‘1
é=[wr-w§ K 3 sin (30, - 603
rb, = plu, v, 2%, & - &, 180 036 75

(¢) Autonomous Systems Derived When m(dl = na)2 (my n : positive integers)

Performing the integration in Eqs. (4.17) yields different types of auton-

omous equations as follows:

Cl: When ) = wlolz = w20/3, we obtain

2
’ }le k2 2 -2 2
rl = -8—nI- -l-(—z——:—k—l- [Pl - 2A1 - 1‘1 - 21‘2 - 2A1r2 cos (291 - 92)]1‘1
) .
. }""2 k1 2 2 2 1 .3
r, = EI'E'I——_—k—Z [(P2 - 2A1 - 21‘1 - 1:'2)1‘2 - '§A1 cos 62
- A.x? cos (20 -6.)]
171 1 2
. 0)1 k2 - :
rlel =}1[Q)11r1 + Z;; EZ-—T—k-l- Altl.'lr2 sin (291 - 92)]
2 .
. W k
Y% M1 a2 i}
10, ’}‘{“)21‘2 Yo, k- K, (5 4] sin B, - Ajx) sin (26 - 6))}

C2: When W = &)10/3 = &)20/5, we obtain

. P“’f ky 2 2 2 1 3 2
r = 5;-1-—————k2 == [(Pl - 2A] - x] - 2r2)r1'- 3 A] cos 91 - Ajr, cos (91 - 62)
- 2A,1)x, cos (291 - 62)]
2
. }sz kl 2 2 2 2
r, = gq——kl . k2 [(P2 - 2A1 - 2r1 - 1-2)1:'2 - Alr1 cos (91 - 92)
-Ar2 cos (28, - 0.,)]
11 1 Y
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2
. Wk
1 5 1.3 2 (5.10)
r, 6 ’}‘{wnrl * Bn, k, - I [34] sin 8 +Ax, sin (6, - 0,)
+ 2.1\11:1r2 sin (291 - 92)]}
A - {w ' __a_é;_lf.l__[Az sin (0. - 0.) + A. x> gin‘(ze -9 )]}
2% "M Y2 T & ky -k, 11 17 %7 "N 1772
C3: When W = 3&)10 = 3(4)20/2, we obtain
2
Y e T 2 2 2 2
r, = -8—;\_;-1-:_2—-7(_1. [(P1 - 2A1 - T - 21‘2)1"1 - Alrl cos 391
—Arzcos 0, - 26.)1
172 1 2
9
e T 2 2 2
r, = E W [(P2 - 2A1 - 2r1 - rz)r2 - 2A1r1r2 cos (91 - 292)]
) (5.11)
: Wy Kk 2 2 - :
”191 a}j{(:.)url + _8;; F;qu [Alr1 sin 391 + Alr2 sin (91 - 292)]}
. 2 e
rpby = plwy, - i, & - K, 71T S0 0 - 26))]
C4: When W = w10/3 = Cd20/7, we obtain
2
N 2 2 2 1.3
LTk, -k (A - 28] - 7p - 27 - 3 4] cos B
- 2A1,T, Cos (291 - 92)]
2
. Puy, K 2 2 2 2
r, = E;l—; 'Ei—'_-—k-z' [(@ - 2Al - 2'!'1 - 1‘2)1:'2 - Alrl cos (291 - 62)]
ré,{wr+ﬁ_ﬁ2__[lA3 in 0, + 24 in (20 6)]} e
Y1 =HYnn B, &, - & 3 A4 sin Uy 1515 sin (28] - G,
. | w§ K )
0 = FlyT - e ko ATy st (28] - 6)))

11 2
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C5: When W = W, = 3w20/5, we obtain

}xw k, .
A [( -2A
17 Bn, kz—kl 1

. 2 2
r - 2r2)r1v- Alrl cos 391

- Afr2 cos (61 + 92) - 2A1r1r2 cos (291 - 62)]

gl k
. 2 K 2 2 2 2_
27 %, k- % (Cfy - 28) - 2x] - x))r, - Ajx) cos (O] + 6,)
-Arzcos(29-9)] -
171 1 2
é,, wr+_[:)_1_lig__-[Ar2 in 30 +A2 in (8 + 8.)
9 }‘{11_1 gn k, -k 171 S 17 ATy sin o)+ 0,
+ 2A11:'1r2 sin (29l - 92)3}
“’§ k 2 2
r,8, }1{&)211'2 + —= 1 *kl = kz [Alrl sin (91 + 92) - Alrl sin (29l - 92)]} .
C6: When W = 3, = 3&)20/7, we obtain
2
W k
N e T 2 2 2 2
r, = 8“1 k2 = k1 [(fi - 2A1 - - 21'2)r1 - Alr1 cos 391

- Afr2 cos (61 - 92)]

otk
. 2 K 2 2 2 2
. “’i ky 2 2 | ©.14)
20 oy + g g Oy ain 98, + a2, etn () - 6,
wg ky 2
10, = pluy T, " Ba, k] - K, Ajry sin () - 0,)]

C7: When W= 3w = w20/3, we obtain

}“" k) 2 _ 2 .2
r, = 8“1 I(;—:_l?l- (f - 2A) - x] - 2r) - Ajr) cos 39_1)::1
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Pk
e B! 2 .2 2 1.3
27 %, K - K, ((F, - 28] - 2r] - x3)7, - 3 A] cos §,)
Op = pyy + ga iy ATy sin 36 |
1k~ Ky |
' W ¥y 4
)0, =p@yr, + Zhn; T - &, 01 517 6,

5.3 Entrained Oscillations in a System with Internal Resonance 3&& %'a5

In this section we consider the frequency entrainment which occurs in a

system with internal resonance 3&&0 = a&o.

The steady-state solutions of Eqs. (4.11) and (4.17) and their stability
are investigated in the same manner as we have done in the preceding chapters.

Hereafter, Y0 and 910 (i = 1, 2) denote the steady~-state values of r, and 91,

i
respectively,

(a) Entrained Oscillations Which Occur When W< W % aé/3

Let us consider the steady-state solutions of Eqs, (5.1) in which x, and B

are constant, From Eqs, (5.1), we have

4n
2 1
(A - 2‘ 0’10 = T1o%20 ©0% B0 - 050) - =5 B, sin B,
2 13
(f - 2xjg - r 0)T20 = Tio 08 (365 - 6,0 =0 |
Q) k, 4n (5.16)

1
“Wit1o * EN (k =k ["10 20 Sin (36,5 - 8,0) - == B, cos §,,] = 0

w§k1 3
@170 "_zzml(k1 - k) 10 sin (30, - 920) =0

From the second and the fourth members of Eqs. (5.16), we obtain
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3r

20 2 2
cos (3910 - 920) = =3 (FE -y - rzo)
ro .
10
' agrx
2720
sin (3910 - 920) = -—;g—-
10
(5.17)
where
8n. (k, - k)W 8n, (k, - k.)
0y = 11 5 2 21 11 2 (aé - 3W) : detuning

_ 2
Wok, Pk,

Substituting Eqs, (5,17) into the first and the third members of Eqs. (5.16)

yields
W 2 2 .2 2 2 .2
sin 0, = Gn B T (R - ¥lo = 2xyg)T)g = 3(f = 2ry = Tp0)T54]
W 2 2
cos 015 = zaB.r (%10 * 303%%0)
1°1%10
(5.18)
where
8n, (k, - k, ) 8n, (k. - k)
0 = 1 2 5 1 11,1 22 1 (uﬁ -W) : detuning
Wk, ks :
192 1°2 |
Eliminating 36&0 - 6&0 and 910 from Eqs, (5.17) and (5.18), we obtain,
2 2.2 2.2 1.6
() - 2r)g - m90)" *+ 031750 = 5 710
2 2,2 | 2 2.2 .2 (5.19)
CCA = Flo = 2¥0)¥ 0 - 3(F = 2r]g = Tg)Th]
: 4n B, \2
2 2 .2 1°1\* 2
+ 0T + 305750) ’( w ) 1o

Solving Eqs. (5.19) gives the amplitudes o and To0° By substituting these
values into Eqgs, (5.17) and (5.18), we obtain the phase angles 910 and 920.
From the form of the solution (4.7), and the relations &&0 = (), Q&O = 30,

we see that the entrained oscillation is periodic of the frequencies W and 3w,
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Stability Investigation

The stability of the solutions is tested by the behavior of the small vari-
ations from the steady-state values, The variational equations (4,42) are
sought from Eqs. (5.1). The stability conditions for this steady state are

given by (4.46), The coefficients aij of the variational equations (4.42) are
2

) .
a,, =}1m1[P1 - 3r)4 - 2K}y - 2r, ¥, cos (36, - 6,)]

2 .
815 = - pmlér)or, + ¥y cos (36, = 6,))]

| 2 4
813 = pmy [3r]grag sin (B0 - 65) - 5 By cos Gy

2
8)4 = = pmT] Ty sin (36, - 0,)

2 .
8g) = = pmplbr gryq + T)g cos (365 - 6,0
2 2
332 = Pmp(fy - 2rpg - 31y
3
833 = 7 38, = PmyTyg sin (364 - Oyg)
4n. B
171 (5.20)
a4, = }Jmlfrzo sin (3910 - 920) + —5—= cos 9103
wrlo
8y, = pmr, sin (36,5 - 0,
lmIB1
844 =}1m1[3r10r20 cos (3910 - 920) fwrm sin 910]
835, = = P T Ty c08 (30,5 - 6,)
2
) 4
- _10 -
a4y = - pmy T sin (36, - 6,)
20
3
1 10
8,7 = 3 ™y T3 8in (36, - 6,4)
Y20 :
3
= - - - 10
843 A ™2 20 cos (3910 - 620)

where
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1A
1 8n, (k

kz w

kl) 2 8nl(k

*

m

N N
= NN

k2)

Numerical Example

The speclal cases we consider are those stemming from use of the following

values* of the parameters, i.e.,

' 2
Case 1, M=0,1 k = 0,5 (nz/nl) 5 = 0.5
Case 2 = 0,2 k = 0,8 (n /n )26 = 0,5
. }/‘ . . 2 1 R °

In Case 1, as mentioned in Sec. 3.2, we found that 3&& = u&, provided
I
n2/n1 = 0,403 and nz/n1 = 2,484, The amplitudes r1o* Fo0° and the phase angles

910, 920 are calculated by using Eqs., (5.17), (5.18), and (5.19), Figures 5.1
and 5.2 show the response curves of the entrained oscillations when nz/n1 = 2,484,

The characteristic curve Tio of the harmonic component is similar to that of the

harmonic entrainment [see Fig. 4.3], but the third harmonic component r,  also

20
exists in this case. The stability of the solutions is tested by using the con-

ditions (4.46), Eqs. (4.45), and (5.20). The unstable portions of the character-

istic curves are shown by broken lines, In Fig. 5,3 the'amplitudes r. and r

, 10 20
are illustrated for nz/n1 = 0,403 andQan = 0,394 (014: Oé = 0). In this case,

* The characteristics of the self-excited oscillations for these wvalues

were treated in Chaps. 2 and 3,
+ It is to be noted that only the self-excited oscillation with the.

frequency wz is stably sustained for nZ/n1 = 0,403 because Pl < 0 and Pz >0

[see Eqs. (2,8) and Fig, 2.2], On the other hand, the entrained oscillation

which has the third harmonic component predominantly occurs for n2/n1 = 2,484

because Pl >0 and F2< O [see Fig, 3.2],
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since the self-excited oscillation having thev third harmonic compoﬁent predomi -~
nantly does not occur in the self-oscillatory system, only the higher-harmonic
entrainment between () and wzo occurs. We see that the amplitude characteristic
Y20 of the third harmonic component is similar to that shown in Fig, 44.63 ahd
that the amplitude Tio is approximately proportional to B. |

In Case 2, the relation 3w1 = a)z is satisfied provided r\z/n1 = 1,0.,* When

10 20
‘shown in Fig., 5.4. We see that there are nine different states of equilibrium,

wis equal to “’1’ the amplitude characteristics r,  and r,. are calculated and
two of which (a and e) are stable under certain intervals of B. Figure 5.5
shows the response curves for B = 0,02, i.e., the relationships between ) and
00 Tag? 910, 920, respectively, |

The solutions of the fundamental equations (1.7) are obtained by using an

analog computer. Typical waveforms of the entrained oscillation and their har-
. monic components are illustrated in Fig, 5.6,

(b) Entrained Oscillations Which Occur When W % 3&)1 B (")2

The steady-state solutions of Eqs, (5.2) are obtained by solving
(P - r2 - 2r2 -1 r. cos 30, . -0,))r,. =0
1 10 20 10720 10 20 10

' 2 2 1 3 4 A
[(R, - 2r)g = Tae)Tyo = 3 T1o 08 (305 = Oyp) -5 myBy sin 0,5 = 0

* By using these values of the system parameters, we obtain k1 = -1,
k, = 1, and VPI = Pz = 2 [‘see Eqs. (1,13) and (2.8)]. Hence, in the self-oscil-
latory system (B = 0), two kinds of periodic oscillations are stably sustained:
one is the harmonic oscillation with the frequency a)z, and the other has the

frequencies a)l. and 30)1 (= 0)2) [(see Fig. 3.3].
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W (5.21)

8nl(k

k
2
[aﬁl + =

NN

k) T10520 S0 (3910 = 0y9)xry5 = 0

w0k
M 13 4 ]
“1720 ~ Ba (K, - k) (5 7)o sin (36, - 6,)) - 7 mB) cos §,,1 = 0

We see, from Eqs. (5.21), that there are two types of steady states, i.e.,

¢) Tio ™ 0, LI %0

(5.22)
(2) 1o $0, r,y%0

-~

From the form of the solution (4.7) and the relations “ﬁo = w/3, &50 = (), We see
that the steady state (1).correspdnds to the periodic oscillation with the
frequency w, i.e., the harmonic entrainment, In the steady state (2), the natu-
ral Erequency'a& is entrained by the driving frequency W), and a& is entrained by
the frequency 1/3 times the driving.frequencycu. Hence the resulting oscilla-

tion 15 periodic with the frequencies W and w/3,

" (1) Steady statg o e 0, oo 0 - .
In the same manner as in the preceding paragraph, the amplitude 50 and
ﬁhe phase angle 920 of the steady state (1) are obtained by solving
fn B\ 2
2 2,2 11
((Fy - ry)" + 031y ( %) )
and
wr
20 2
sin 6, = 4n B, (f - ry)
8 W02 20 .23)
cos - -
20 4n181
where

8n, (k, - k, ) 8n, (k, - k.)
1'1 27721 v
2 .1 12 2. (wh - @) : detuning
Wak, Pk

0y <

This type of the solution is already discussed in Sec. 4.3.1,
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2) »Steady state : r, o $ 0, LI ¥ 0

We are particularly interested in the steady state (2), In the same man-

ner as before the amplitudes 10 and r,o &re obtained‘by solving

2 2.2 2 2.2
(] = 1o - 2r59)7 + 0] = ¥j4To0

1 2 2,2 2 2,2 .2
03 (F - ¥l = 2x3)T) = (F - 2x] = ¥5)7)0]

207720
: 07 2 2 2 (lmlBl 2 2

3 10 0w /-F20 (5.24)
where
8n,(k, - k), 8o ,(k, - k. ) '
gy, = L 2 L, 12 L W - wW/3) : detuning
0 i 2k 1
152 HWik,
and a0, is given by Eqs. (5.23). The phase angles 910 and 920 are given by
| W 1 2 2 .2 2 2 . 2
sin 0, = 4o B T, (-3 (f = 7o = 2ry)%)o + (f = 2r)5 = T50)750]
W 1 2 .2
cos B, = =~ 7= ( 5 0%y * 057,4)
20 & B v, - 30110 T 0%20” L
03 (5.25)
sin (36, . -0, = -
10 20 r10r20
1 2 2
cos (30, . -0, )= —— (P - x5 -2r.)
| 10 20 r10r20 1 10 20

Stability Investigation

The stability of the steady-state solutions is tested as before. The

variational equations (4.42) are sought from Eqs. (5.2). Thelr coefficients
aij are gliven by
- - 32 - 202 - : -
811 = pmy Ly - 3 7 Zryg - 2r)gT,0 cos (BB - 0,0))

. 2
8y, = -}1m1[4r10r20 + Ty €08 (3910 - 6&0)3

2
814 = = 3ay, = Jmr v sin (3910 - 920)
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2
8y, = -}sz[&rlorzo + 1o ©OS (3910 - 920)]
2
89y = pmy(f) - 1o - 3ry)
3
ayq = pm,ry, 8in (36, - 6,.)
a,, =uym,[- L3 sin 30,. -8,.) - % 0B, cos 6.3
24 T P 3 N10 10 - Y20’ T ™M1 20
g (5.26)
831 = p™ Ty Sin 36,4 - 0,9
83y = jmT)q 8in (364 - 6,,) )
834 = = 38,, = Jmx, v, cos (36, - 0,,)
2

10
31 T TP, 0 sin (30, e20

3

An B

10 "M
a,, = pm, [ 2 sin (3910 - 6 (0 —5— cos 920]

Y20 Y20

3

8,3 = = pm, 7 cos (3910 - 920)

3 010 hit o 0,

m [ —= cos (3 -0, + sin ]
F To0 20 a)rzo |
where
2 2
. Wik, i W3k,
— »
17 8k, - k) 2 = Bn 1k = k)

From Eqs. (5.26), we see that one of the characteristic roots A for the steady
state (1) is zero, because ayq = 0 (4 =1,..,, 4). Therefore, the stability

conditions are given by (4.48). For the steady state (2), the stability condi-

tions are given by (4.46),

Numerical Examples

Let us consider the cases in which the parameters of Eqs., (1.24) take the



101

same values as in the preceding section, i.e.,

= = | 2 = *

Case 1. p=0.1 k=05 (ny/n)0 =05 nyfn = 2,484
2

Case 2. H=0.2 k=08 (n/n) 6=0.5 m/n =10

The resﬁonse characteristics calculated by using Eqs. (5.23) to (5.25) are
illustrated in Figs, 5.7, 5.8, 5.9, and 5,10. In these figures, the thick
lines show the oscillation with the subharmonic component, The characteristics
of the hérmonlc entrainment are shown by fine-lines, The unstable portions

of the characteristic curves are shown by broken lines. We see that both the
steady states (1) and (2) of Egs. (5.22) are stable sustained.t The hysteresis
between these two steady states is observed as the amplitude B of the driving
frequency varies (Fig. 5.7). Typical waveforms of the entrained oscillations

obtained by using an analog computer and their harmonic components are i1lus-

trated in Fig. 5.11.

(c) Combination Oscillations without External Resonance

We treat the case where the internal resonance 3a50 = QEO exists but any

kind of external resonance does not occur,

* As mentioned in Sec. 3.2, the relations 3&& = wz is also satisfied when
the value of nz/nl'is decreased to 0.403 in Case 1, In this case, however, the
entrained oscillation with the subharmonic component does not occur because
fi<( 0 in Egs. (5.24). The characferistic of the harmonic entrainment is iden-
ﬁical with that which 1s obtained when no internal resonance occurs (see Sec.

4.3.1).

+ It depends on the initial condition as vegards which kind of oscilla-

tions occurs.
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The steady-state solutions of Eqs. (5.8) are obtained by solving

2

2 2
(A - 28] - x]y = 2xp5 = T)oT,, cos (38,5 - 0,50, = 0
2 2 2 1 3
((F - 2A] - 2rp = 1y0)T,y, = 3 Ty cos (36, - 6,5)] = 0
wi k, ) . : o (5.27)
W%y * 8, K, - k, 10720 sin (36, - 6,,) = 0
‘“: ky 3 |
WyyT90 ~ 24n, & - K, "10 sin (39, - 0)y) = ©

We see, from Eqs. (5.27), that there are three types of steady states, i.e.,

=0, r,.=0

1) x, 20
- 2 . p . oAt - (5.28)
(2) 7)5=0, 1=Ff -2, Wy = 0

(3) r;, 10, 1,,%0

From the form of the solution (4.16), we see that the steady-state solution is

periodic of frequency w in (1), In (2), since a)20 = (1)2

nation oscillation with two frequencies () and a)z. These two cases are ideﬁtical,

s, there exists a combi- .

with the first and the third cases of Eqs. (4.54). In the steady state (3), the -

solution is a combination oscillation having three frequency components a),-a)m,

and Wy (= me). Since @) and (‘)10 (= a)20/3) are generally incommensurable,

this solution is almost periodic.
Eliminating 3910 - 0,, in Eqs. (5.27) as before yields

2

2 _ 2 2 2 2 _
20

2 2
(Pl - 247 o~ 2r20)r10 - 3(P2 - 2A] - 2rj, - 2r )

10 20 0

- 282 _ 22 L 9y2 - 282 = 2¢2 - ¥2 332
{[Bml(Fl 28y L 2r20) +my(f 247 2874 = o))

m
- Camed, + 52 ©2 07 2

2
20 *3 T10) T10 ”

2
+ (3 - W) }r20 0

(5.29)

where
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2
i 0) k _ (.<)2k1
- ’ =
1 8n (k kl) 2 8n (kl 2)
From Eqs. (4.1), we see
)1(36)1 ) = - W, + O(}J) _ . - (5.30)

Solving Eqs. (5.29) simultaneously gives the amplitudes Yo and To0® .Then,

the phase difference 3910 - 920, and the frequencies 0)11, (:)21 are sought from

Eqgs. (5.27), namely,

3w 1 CU )r
sin (3910 - 920) = -
G2 + =2 22 )
| 1¥20 ¥ 3 *10’T10
cos (30, - 0y0) = T (F - 1 rio - 2’30)
10720
3r
20 2 2
=3 (f - 2a] - 25 - ¥Yg) (5.31)
by
10
W, = - ™r T sin (30, - 0,0
3 e
m2 r 9 9 -
Wy =3 ?;" sin (3 207

Hence, from Eqs, (4.1) and (5.31), the frequencies &)m and 0)20 are determined by
W =W - Hyy

Wy = W, = filyy

Stability Inveatigation

The stability of the steady states (5.28) is studied by solving the varia-
tional equations derived from Eqs. (5.8). Since the first and the second cases
of Eqs. .(5.28) are identical with the first and the third cases of Eqs. (4.54),
the stability conditions are also given by (4.56) and (4.58), respectively.

For the third case of Eqs. (5.28), the coefficients of the variational equations



(4.42) are

1

212

843

8

892

243

given by

=pm (F

=-3a

= pmy

= -3324=

= P™1T20
= F™Ti0

=-3a3

Y o I

- pmy [4r

- }jmz[lsr

4 = P™T6T00

50 2Q

2 2 2
- 2A1 - 3r10 - Zrzo

2
10F20 * T1o 08 (304

= 3}_‘m r sin (36

1or20
1,2
10

- 2A2 - 2r2 - 3r2

10720 *

)

1 10 20

3
LIS sin (3910 -

sin (36&0 )

920

sin (391 )

0'920

2

10

sin (39 -6,

| 3

Lin
3 )M T2

= - 3a

10
2
20

sin (39 )

20

3
ry

cos (39

- - pm, 22

- 2r_ r.. cos (36&0

cos (39lo

cos (3910

10" 20 - 920)]

= 6,503

20)

- 6,

-~

0,,)

20

- B,

0

20)
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(5.33)

Since 8y, = - a13/3 (i = 1,.., 4) in Eqs. (5.33) the characteristic equation
is reduced to the same form as Eq. (4.47) and the stability conditions are given

by (4.48),

Numerical Example

We consider the case in which

}4= 0.2

k = 0.8 (n2/n1)25 = 0.5 = 1.0

nZ/n1
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and we assume that anl = 0,4, The amplitudes ;o &nd a0 of the combination -
oscillations are calculated by using Eqs, (5.28) and (5.29), and are plotted
in Fig. 5.12, The fine and the thick lines show the combination oscillations

corresponding to (2) and (3) of Eqs. (5.27), respectively. Two kinds of almost

periodic oscillations are stably sustained,

(d) Entrained Oscillations Which Occur When w < aﬁ/3 ] u&/9

The steady-state solutions of Eqs. (5.3) ‘are obtained'by equating ii = éi

=0 ({1 =1, 2), Eliminating 910 as before leads to

: 2 2 2.2 2.2 1 6
(CR = 28] - 25 - x50)" + G)rp0 = 5 1y
2 2 2.2 2 2 2..2.2
(CA = 28] - 7] - 2rpp)T g - 3(F, - 2Ay - 21y = x,0)754]
2 2.2 1 .62
+ (oyryg *+ 30,059)" = 5 A1,
(5.34)
- where ol . e o
8n1(k2 - k1)“51 8n1(k2 - kl)
03 7 - 2 (W) - 3w
k,W; k) .
detunings .
8n, (k; = k)W, 8 (k, - k,)
k.o k0
1“2 1v2

Solving Eqs. (5.34) gives the amplitudes Yo and Tho° Then, the phase angles

910 and 920 are given by

3 2 2
sin 6 = - 3 (0,70 * 303%50)

b o

10
o, a2 _ 2 2.2 a2 .2 2.2

cos 0, FEa [Cf] - 28] - 1] - 2ry0)ry, = 3(F) - 2] - 2r] ) = x)p)x) )

10 -

(5.35)
30,50

sin (3910 - 92 ) = 3

10



106

3r20
cos (3610-920)= 3 (P2-2A -2r, ~-r

Y10

The periodic solution corresponds to the oscillation with three frequencies W,
30 (= a)lo), gnd 9w (= (1)20).

The établlity of the steady-state solutions is tested as before.

(e) Entrained Oscillations Which Occur When @ ¢ 2w, 2a§/3

By equating fi = Gi = 0 in Eqs. (5.4), we obtain two types of the steady

states, i,e.,

(1) r.. =0, r.,.=0

10 20

, (5.36)
(2) rlO + o, r20 + 0

In the first case, the solution (4.16) is periodic of the frequency . Hence
the harmonic entrainment occurs, In the second case, the solution (4.16) is
periodic of the fiequencies(u,(d/Z (= uﬁo), and 30/2 (= a&o).

" e

In the same manner as before, the amplitudes r,  and r,. are obtained by

10 20
solving
2 2 2.2 - 2 2 2 .2 .2
(CR - 28] - rjg = 2xyg)7]g = (f = 24) - 2r)4 - 1p)¥y)
oL g2 o2 2.4 6 2
4 ‘0110 ~ 0% 9 T10%20
2 2 2 .2 2 2 2 .2 .2
(CH - 28] - 1)y = 2ry0)7)4 = 3(F) = 28] - 21}, - x))x50)
1 2 2.2 42 2 : (5.37)
+ 3 (Ogryg + 30,ry)" = bAT ro
where )
8n, (k. - kW 8n. (k. - k.) v
2 1
0, - 1 ' 1711 _ 13 1(wl_w/2)
Wk, Mk,
8n. (K k)W 8n. (k k) detunings
n - n -
P s Wl S 3 e e U LA PRI
2 2 2 03
251 PWaky
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The phase angles 910 and 920 are given by

1 2 2
sin (0, + 6,) = - e o (03r)0 + 305750)
1¥10%20 :
1 2 2 2 .2
cos (6, + 8,,) = '2:2:_;" (3CF - 28) - 2r), - rzo)?zo
1¥10520
2_ 2 2,
- (f] - 2] - 1), - 2r50) 1o]
(5.38)
3 2 2
sin (39, - 6,4) = N (- 03710 *+ 0350)
10520
3 2 2
cos (3910 - 920) 2r3 [« Pl - 2A1 - Tig "~ 21:20)r10
10520 ~
2 2
- (Pz = 28y -2y - 20)1'20]

Stability Investigation

The stability of the steady state (2) is.tested as before, The coeffi-

cients of the variational equations are as follows:
2 2 2
ayy = pmylf - 2] - 3504 - 255, - 2r)r, ) cos (38, - 6,,))
2 2
a1 = - pmylar Ton + Tig 08 (305 = B,) + A} cos (6, + 6,,)]

2
= pm [3"10 20 510 (365 - 6,) + Ajx,, sin (8, + 0,)))

2
ayg = pmy - 10 20 8in 385 - 0,5) + Alr, ) sin (6,5 + 05003

= pmy U’rm 20 rf cos (38, - O,,) + Ai cos (8,5 + 0,4))

: 2 2
99 “}“‘2(@ - 2A1 - 2r - 3ry4)

3 _ _ .2
433 ='}““2[‘“10 sin (30 - 0,5) +Ajr), sin (6 + 9,))

8,55, = ™, (- 30 sin (39 920) + Airlo sin (910 + 920)].



2

ATa0
ay; = pmlr, sin (36, - 0,4 - ) sin (8, + 0,,))
10
Ai |
a32 =})m1[r10 sin (3910 - 920) + ;I; sin (910 + 20)]
| Airzo '
344 =}Am1[3r10r20 cos (3910 - 920) + " cos (6&0 + 920)]
Afrzo ,
834 = pmyL= TigTaqg 08 (B8 = Oy) + T 0 B * 0,0
) rio Af
20 20
3 2
r Alr
1 10 110
as, =‘pm2[‘§ —5= sin (3910 - 020) - =5 sin (910 + 920)]
"~ Tao Y20
rio Af’lo y
a3 =}4m2[- T cos (3910 - 920) + cos (910 + 920)]
20 - T20
3 @ 2
r Alr
1 10 110
844 = Pmpl 5 7 cos (30, - 0, + cos (B4 + 6,5))
20 20
where
2 2
wlkz ) wzkl
m m

= _ ’
1 8n1(k2 kl)

In this section (e) we are deal

2 8n,(k - k)
2

ing the case W = 2&&0'= 3 aéo;

108

(5.39)

Therefore we

obtain W = % (aﬁo + wzo). Under this condition the stability of the steady

state (1) [rlo =

and the stability conditions ar

Numerical Example

By use of Eqs. (5.37) the amplitude characteristics (rlo, T

calculated for

e given by (4.91).

20

o, Yoo = 0] is discussed in the same manner as in Sec. 4.3.5

vs B) are
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2
M= 0.2 | k = 0.8 (nz/nl) 6 = 0.5 nz/n1 = 1,0

and W = 1.491:11;(0‘1 = 0“2 = 0), The result is plotted in Fig, 5.13, The stabil-
ity of the stea&y.states is discussed és before. The dotted portions of the
charaéteristic curves represent the unstable states, We see, in the figures,
that two kinds of entrained oscillations (a and c) exist. It depends on the

initial condition as regards which kind of oscillations occurs.

(£) Entrained Oscillations Which Occur When &) % 56) 5u)i/3

The steady-state solutions of Egs. (5.5) are obtained by solving
- - e2 2 _ w2 -
(7 = 28y - xjp = 255907y = Figrag 08 (304 - 6,)

, |
- "flrzo cos (6, - 26,)) - 2A;r) v °°5‘(2910 * 0,5 =0

. 2 2 2 1 3
(f; - 2A.1 - 2r10 - r20)r20 - 3 T)p 08 (3910 - 920)

. - 2 «
- 2Alrmr20 cos (610 - 2920) - Alrlo cos (2910 + 920) =0
wikz . (5.40)
Wr * gn, (k, - k) (rioFao sin 36, - 0,,)
, .
+ Ao, sin (910 - 20,,) + 2,1, ¥, Bin (2910 + 6,01 =0
)
W,k
271 1 3
Wy1¥20 ~ 8n, (k- k,) [ 3 7)o sin B0, - 6y0)
2
+ 287, v, sin (910 - 2920) - Ajri, sin (2910 + 0,01 =0
From Eqs, (5.40) we see that there are two types of steady states
(1) Tig= 0 T,y=0
(5.41)

(2) Yo $ 0, oo +0

The first case is the harmonic entrainment which is already discussed in (c)
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and (d) of this section. The second case corresponds to the periodic oscilla-~
tion with three frequencies W, wW/5 (= &)10), and 3W/5 (= (;)20). In this case,

however, we cannot eliminate the phase angles 910 and 620 from Eqs. (5.40), _

because of the existence of Fhree frequency components 3910 - 920, 616 = 20,0s
and ?910 + 920. Solving Eqs. (5.40) simultaneously gives ¥i0° Y20 910, and

620. This prbcedure of solution, however, is not simple in practice. It is

convenient to introduce the rectangular co-ordinates a b, (1 =1, 2) instead

1’
of the polar co-ordinates Ts 91 of Eqs. (4.6), i.e.,

x(t) = 81(t) cos W, t + bl(t) sin w, t

1 1
(5.42)
y.(t) = az(t) cos a)2t+ bz(t) sin a)zt
By comparing Eqs. (5.42) with Eqs. (4,6), we obtain
al(t) = rl(t) cos Ql(t), bl(t) = - rl(t) sin Gl(t)“
(5.43)

az(t:) = rz(t) cos 92(t), °b2(t)_= - rz(t) sin Gz(t)
Using Eqs. (5.5) and (5.43), we obtain the averaged equations with respect to
a, and bi (i =1, 2), i,e,,

2
. JWiky 2 2 2 2 .2
5 8n (k, - k) ((f -2 - xy - 2ry)a; - (a) - bjla, - 2a;b;b,

2 .2
- ZAl(ala2 - blbz) - Al(az - bz)] +}1(u11b1
i .
. Pk, 2 2 2 2 .2
b= Bn, (i, - k) (CR - 2A) - xp - 2rpby - (a) - b)Ib, + 2a;b,a,

+ 2A1(a1b2 + blaz) - 2A1a2b2] - Jw, 8,

. 2k, 2 2 2 4 3 2
) Bn, (k| - k) ((F - 247 - 2r] - r)a, - 3 a] +rja;

2 2
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2
P oky

. 2 .2 2 4
b, = B, (k, - k) ((f - 28y - 2x) - x)b, + 3 b

3 2
1T P

+ 2A1(a1b2 - blaz) + 2Alalb1] - Py, 2,

where

2

2 2 2 2 2
rl = al + bl’ b o

g = 8y * Dy

Equating éi =b, =0 (1=1,2) in Eqs. (5.44) and solving them gives the

steady-state solutions where Tio # O and o0 + 0,

Stability Investigation

~ Since the first case of Eqs; (5.41)kis identical with that of Eqs. (4.54),
the stability conditions are alsqlgiven'by-(4.56). The stability of the second
case is tested by deriving the variational equations from Eqs. (5.44) and by
making use of the Routh-Hurwitz criterion, The conditions are given by the

same form as (4.46), where the coefficients of the variational equations are

v e RN

'as follows:

2 2 2 2
a)y = pm (P - 28] - 3a), - by - 215 - 28,48, = 2b) b, - 24a,.)

ayp = 2umy (= a;0by o+ bya3yg = 839Pyg * APy FHW,

2 2
8y = pm (- bajjas, - 8y + by = 288 5 = 24.a,,)
8y = pmy (= aygbig = 28 0byg + Ab g+ Arby L)

8y = Zpmy (= a,0by 5 = 8106y + bigAyg * A Pyg) =Py,
' 2 .2

2 2
a9y =)Jm1(fi.- 2A1 - ajy - 3b10 - 2r20 + 2a + 2b, b, . + 2A1a )

10%20 10°20 20

a5y = %pml(aloblo ~2b,  a.  + Alb

10220 LI%Y

10 ~ 41P20
a., =pm, (- a2 -4b,. b+ b2 + 2A. a8, -~ 2A.a.)
26 = P 3107 *P10°20 T P10 1210 1220

| 2 2
8y) =pmy (= ajy + by - baya,, - 288, - 24,8,0)
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83y = Mmy (- 28,00, = 8bjjayg + 241Dy - 2A1bzo) | (5.45)
8yy = pmy(f - 2‘\? l 2’%0 - Sago - by - 24,8 4)
By = = myayobyg + Alblo) * Py
8,y = Pmy(= 8 gy = 221055 F Ay t VA1bzo)
B = pmy (= afo * bf " 8D)gbyo * 28185 - 2A1ay)
a3 = = Zumy(ayeh 20 * A1P10) ~ pwy A
B = Py - 247 - 2r], - f‘go - 3bj, + 2h814)
where ) | )
™ % Bn (C:)clkE k. )® "2 7 8n, (wkai )
1lky = Ky 17k

Numerical Example

A numerical analysis of the response charicteristic for the entrained
oscillation is carried out by using the same parameters of the gystem as before,
i.eoy

p=0.2  k=o0.8 (n,/n )% = 0.5 n,/n, = 1.0

and we assume that (J = S0 = 5&5/3 = 3.727n1(01 =05 = 0). The response char-
acteristics calculated by using Eqs., (5.44) are illustrated in Fig, 5.14, We
see that there are two stable steady states and that the hystefesis.occurs as
B varies, |

- The theoretical results thus obtained are compared with the solutions
obtained by using an analog computer, Some representative waveforms u{t) and
v(t) are shown in Fig, 5.15a. By using Eqs. (1.,20) the waveforms of x(t) and

y(t) are obtained from u(t) and v(t), These waveforms are shown in Fig, 5.15b.
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We see that the waveforms of x and y are nearly sinusoidal, This fact shows
that the assumption of the solution (4,6) is permissive. The amplitude charac-
teristics (rlo, rzo) obtained from the waveforms of x and y are shown in Fig.
5.16, These characteristics agree well with the theoretical results of Fig.
5.14, 'The result concerning the hysteresis mentioned above is also confirmed

by an analog computer analysis (see Figs, 5.14 and 5,.16),

(g) Entrained Oscillations Which Occur When &= W 7a§/3

By equating }i = 91 = 0 in Eqs, (5.6), we obtain two types of the steady-

state solutions, i.e.,

=0, r,. =0

(1? r 20

10

(5.46)
(2) 1010, 1, %0

‘The first case is a harmonic oscillation and its stability conditions are alsé
identical with (4,56). In the second-case, the solution is a periodic oscilla-

tion with frequencies w, W/7 (= aﬁo), and 30/7 (= a&d). The amplitudes o

and ¥yo 8re obtained by solving

9 (o non2 2 2.2 2,2 2.2
55 (2(F] = 2A) - x4 = 2r50)x) = (f - 2A] = 2r) o - r)0)r) ]
9 2 _ 2.2 _ 62
* %9 L2071 - 05500 = 10700
1 2 2 2 .2 9 2 2.2.2
55 (A - 28y = ryg T W)y = 3(F, - 28] - 2r) - x0T )
1 2 2.2 22 4 (5.47)
* %9 (OF10 * 303700 = AjTioTyo
where
8n (k, - k)W 8ny(ky ~ k) >,
0"= = ((L)-—)
1 = =N 177
12 Pk,

detunings
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8n (k) - k)W, 8y (k) - k) 3
0 = 2 = 2 (@, - 34)
. Wik pw5k
2%1 251
The phase angles 910 and 920 are given by
' 3 2 2
sin (36, - 6,3 = - 3. (20;714 = 05Fp0)
10520
3 _ 2 _ 2 _ 2 2
cos (3910 - 820) = ——————-5 3 [2(?1 28] - 1), 2r20)r10
Ti0%20
2 2 2 .2
- (f - 24y - 2x)5 - T90)t50]
. (5.48)
sin (8, . + 28 )=-—----L--'-—(O’r2 +30‘r2)
10 20 Ay g2 1710 2%20
1¥10%20 | |
1 2 2 2 .2
cos (6, + 20,)) = - ho 22 (CA - 28] - x]g = 2ry0)7],
1¥10%20
2 2 2 .2
- 3(f, - 28] - 2x), - T, )T,]

The stability of the steady-state solutions is tested as before.

e - ® -

Numerical Example

We consider the same values of parameters as in the preceding sections,

i.e.,

)e
= 0.2 k=08 (n/n)0 =0.5 n/n, = 1.0

and we assume that = 7w, = 7a5/3 = 5.218n (i.e.0) = (5 = 0). The amplitude

characteristics (rlo, Tho V8 B) calculated by using Eqs. (5;47) are illustrated

in Fig. 5.17.

(h) Entrained Oscillations Which Occur When @ %90 ¥ 30,

Equating fi = 91 =0 (i =1, 2) in Egqs., (5.7) yields three types of steady

states for Eqs. (4.16), i.e.,

(1) Tip =0 Tyy=0
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(2) r,.=0, T, ¥ O (5.49)

10

3 Tio % 0, oo 40

The first and the second cases of Eqs. (5.49) show the harmonic and subharmonic

entrainments, respectively., In the second case the amplitude r.. and the phase

20
angle 920 are given by

2 2.2 2 22
(PZ -2 - T,0)" 40, = Alrzq
where |
8n. (k, - k, ) 8n, (k, - k,)
& - 1'71 2721 _ 1‘ 1 2 (W, - wW/f3) : detuning
ok, Mk, (5.50)
)
sin 30, = -
20 ATy,
: 1 2 2
cos 30, = (f) - 2A] - 159) {
20 AT,y 2 1 20~

By comparing Eqs. (5.50) with Eqs. (4,71), we see that the} are equivalent,
Therefore, the stability conditions for the first and the second cases of Egs,
(5.49) are analogous to those of (4.75) and (4.76).

The steady state (3) of Eqs. (5.49) is a periodic solution with three
frequencies W, W/3 (= a&o), and (J/9 (= u&o). The amplitudes r.. and r, . are

, 10 20
obtained by solving |

2 2 2.2 2 2 2
(f] - 28] - g - 2550 + 01 = 10520
2 2 2 .2 2 2 2 .2 .2
CCR - 28] - x]g = 2r9)7)g = 3(F, - 247 ~ 2] - r))r5 )
2 2 .2 2.6
+ (Gyryo * 30pTp)" = 94Ty, - (5.51)
' where
gn, (k. - k.)u 8n. (k. - k.)
0 = L 22 L, 1 22 1 (W - @/9) : detuning

wik, Wik,
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The phase angles 910 and 920 are given by

sin (385 = 6y0) = - 0371075

1 2 2 _2
cos (36, . - 0.) = (P - 285 - x5 - 2r°)
107 %0" T r 0 th 1~ %10 20 |
: [
1 ) 1 rz . rz ) | (5.52)
IR M1T10 * 02520
1520

sin 3920 = -

1 2 2 2 .2

cos 30,4 = 3 ((Fy - 28] - 25} - 5075
1520 - |

2

1 2
R

1 - ?.r2 )r2 ]

0 20’T10

The stabllity is tested as before,

Numerical Example

Let us consider the case where

M= 0.2 k= 0.8 (nz/n1)25 = 0.5 n,/n, = 1.0

and we assume that ) = 9&& = 3w2 = 6.708n1(i.e. o = Ué = 0). The amplitude
characteristics (rlo, Yoo VS B) calculated by using Egs. (5.51) are illustrated
in Fig. 5.18. For comparison's sake, the amplitude L of the 1/3 - harmonic

oscillation is calculated by uéing Eqs. (5.50) and shown in the figure by the

fine lines,

(i) Regions of Frequency Entrainment

From the results obtained in this section 5.3, the regions of frequency
entrainment are produced on the BW plane., Figure 5,19 shows the case in which

the system parameters are the same as before, i.e.,

2
M=0.2 k = 0,8 (nz/nl) 0 = 0.5 nz/n1 = 1,0

One sees that the harmonic entrainment occurs at any driving frequency w



provided that the amplitude B of the external force is sufficiently large.
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The

continuity of the boundary curve of the harmonic entrainment is disturbed by

the intrusion of the region of the frequency entrainment which occurs when

W = 2(4)1

= 2w2/3.

The frequency entrainment also occurs within a narrow range of the driving

frequency (W, when ) is in the neighborhood of 1/3, 2, 5, 7, or 9 times the nat-

ural frequency @) (= 6.)2/3). As mentioned before, more than two types of the

-~

Table 5.1 The frequency components containd in the steady-state

solutions
(internal resonance : 3&)10 = &)20)
Wis in the Steady states
Type neighborhood of r,.=0 r,.%0 r, =0 |: r, 0
(k=0.8, n/n =1.0) | & ol @,0 |3, 6 | @ r10+0
«8y My/my = L. 20 20 20 20
B3 | +w =L@ =o0.248n _ _— —_— w, 3w, 9w
3 Wy = g Wy = Y.280n s W
1, L __ L _
Bl W, = 3 W, = 0.745n, W, 3
B | 2w, = 2w, = 1.491n W S —_ W, to 2w
1 T3 s ey _ » QW 3
, 1
= = B — —_— w -_—
B2 | 3w, W, = 2.236n, W, 3
BS | 5w, =2 w, = 3.727n w S - W, X, 3w
173 W = 2Jdeiny » 5 g
B6 | 7w, =L, = 5.218n w —_— S W, 2w, 2w
1 -3 W T 2.eitny » 7Y T
B7 | 9w, =3, = 6.708n _— w, ol w e tw
e 2 T 0./ > 3 » 3% 9
. | .
B8 Non-Resonant Case w _— w, W, W, OJIO’ 3(t110(=&)20)

* Note : W

10

is the frequency of the self-excited oscillation,
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entrained oscillations may occur in these regions, The details of the regions
for each entrained oscillation are not shown in the figure. By making use of
the results in this section, the types of the internal and external resonances,
and the frequency components of the entrained oscillations in the steady state
- are summarized in Table 5.1. The steady state (4) in the Table corresponds to
the entrained oscillation by the existence of the internal resonance.

-~

5.4 Entrained Oscillations in a System with Internal Resonance mai = n&é

(m,.n : positive integers)

In this section we considériforced oscillations in a system whose two
natural frequencies have a relationship maﬁ = na&, where m and n are positive
integers (s = n/fm 4 1 or 3).* When the driving frequency W is chosen as list-
ed in Table 4,3, more than two types of the external resonance occurs in this
-system (see Sec. 4,3). Each naturai frequency -is entrained by the frequency
which is an integral multiple or submultiple of the driving frequency. Hence
the resulting oscillation is periodic with three freqhency components, We
discuss the steady-state solutions and their stability by‘the samé procedure

as in the preceding section,

(a) Entrained Oscillations Which Occur When ) = aﬁ/Z & UE/S

By equating ii =f =00 =1, 2) in Egs. (5.9), we see that there are

two types of the steady states, i.e,,

(L) Tio = 0 Ty $ 0

%

The internal resonance does not occur in this system if the external

force is absent (see Chap, 3).
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(5.53)
(2) Yo + 0, o0 0

The first case corresponds to the subharmonic entrainment which was discussed
in Sec, 4.3.4. In the second case, the solution (4.16) is periodic of the
frequencies ), 2uJ(=(ulo); and 3@ (= a&o). In the same manner as in. the pre-~

ceding section, the amplitudes r,. and r,. are obtained by solving

10 20
2 2 - .22 2 2.2
(A - 28] - 1] - 2r59)" + 0] = 4AjT,
2 2 2 .2 2 2
[(Pl T2y -yt 2rpgdri, - 2(@ - 24y - 2ri, - zo)rzo]
2 2.2 4. .62
0T + 205750)7 = 5 Ao,
(5.54)
where
8n (k - k)W 8n, (k. - k.)
o - 1 2111= 122 1(“’1""/2)
Wik, | pwlk, _,
Bny (k; = k), 8n () - k) detunings
a; = 2 = 2 Wy - 3u/2)
a)zk1 | )m)zkl.
The phase angles 910 and 920 are given by
3 2 2
sin 0, = - oa3e (G710 *+ 205%50)
1%20
3 2 2 2 2 2.2
cos f,5 = —5— [2(f3 - 2a) - 2r{ ) - ) ) 2o - - ZA 10 = 2T 1)
2A7r
1¥20
' | | 5.55
sin (26, . - 6. ) - % ( )
10 ~ Y0 2A1r20
1 2 2 2
gos 9 - 8 O) 2A1r20 (F; - 2A1 -t - 2r20)

Stability Investigation

The stability of the steady-state solutions is tested in the same manner

as before, The variational equations are sought from Egs, (5.9) [see Eqs.



4,42)].

where

Their coefficients aij are given by

2 2 2

‘ayy = pm (R - 28] - 3], - 2ry - 247, cos (26, - 6,))
aj, = = um[2r) vy + ATy, cos (26,5 - 6,,)]

8, = 4umAr v, sin (26, - 6,4)

]

- ymA;r, T, sin (29lo - 926)

44 1*1%10%20

n

ay, = - Z}sz[Zrmrzo + Alrlo cos (2919 - 920)]

2 2 2
822 = }sz(g - 2A1 - 2r10 - 3r20)

) |
2,5 = A, x, sin (20,5 - 6,,)

1.3 2
8, -}xmzt 5 A sin 920 - AT, sin (2910 - 920)]

a., =0

31

a3y = ZumA; sin (2910 = 920)
84y = GumA,x,, cos (2910 - 920)

a5, = - 2}JmlA1r20 cos (2910 - 920)

) A1r10
84, = - 2};(m2 sin (2910 - 920)
20
3 2
A A r
_ 171 _1710 -
8,y = pm,l = 3 =5 sin 0,5 + —— sin (20, - 6,)]
T 20
20. _
Alrio
8jq = - Z}Amz To cos (2910 - 920)
1 Ai A1"'%0 0 -
a,, = uym.[ & — cos f,. + —— cos (2 - 06,1
44 T PPt 3 Ty0 20 " Tr g 10 = Y20
2 2
Y _ Waky
= — ’ = -
1 81:\1(k2 kl) 2 8nl(k1 kz)

120

(5.56)
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Using these values of the coefficients, we obtain the stability. conditions

(4.46),

(b) Entrained Oscillations Which Occur When W) & Q)l/S o 6)2/5

| By equating i-i = éi =0 (i=1, 2) in Egs. (5.10), we obtain only one
steady state where o $+ 0, 50 + 0. In this case the solution (4.16) is peri-
odic of the frequencies W, 3W (= wlo)’ and 50 (= 0)20). We cannot eliminate

916 and 920 from the equ#ti'ons i‘i = 0 and éi = 0, Introducing new variables

a, and bi (i =1, 2) by Eqs. (5.43) as in Sec., 5.3(f), we obtain thebfollowing

autonomous equations:

2
. Hiky

2 2 2 1.3 .2
17 B (K, - k) (CA - 28] - x] - 2x))a; - 5 A] - Ala,
- 2A1(a1a2 + b1b2) + (71"1]
2
. Pk, 2 2 2 2
by = Fa - &y ((f] - 28]~ 1] -25)b, - ATD,
16 = &
+ 2A]_(alb2 - blaz) - Giall
- e
. 21 Coa2 .2 20 2
8, = gn, (k, - k) (CH - 28] - 2r] - r)da, Ajay
- A (a2 - b2 + 02b.] 5.57)
18 - by 2%2 5.
2
. HW kg 2 2 2 2 |
b, = gn, (k] - k,) (CH - 2A - 2r) - )b, = Apby - 2A5a1b) - 033,]
where . _
2 2 2 2 - 2 2
T = al + by r, = a, + b2
8n1(k2 - kl)&)u 8n1(k2 - kl) )
0 = — 2 = (bj - 3w

2
l:.)lk2 }J&)lkz detunings
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8n1(k1 - kz)mal 8n1(k1 - k2)
g, = o = > «dz - 5W)
w ok . Faékl

21
By equating éi = Bi =0 (1 =1, 2) in Eqs. (5.57) and solving them we obtain
the amplitudes a0 and bio' The stability of this steady-state solution is

tested as before.

(c) Entrained Oscillations Which Occur When W% 3w ¥ 3&5/2

By equating'i:i = 6i = 0 in Egs. (5.11), we find that there are three types
of steady states, i,e., |

(1) = 0]

=0, r

10 20

1

(2) Yo + 0, Too = O ' (5.58)
(3) 1o * 0, o0 0

In case (1) the harmonic entrainment occurs, while In case (2) the subharmonic
‘entrainment results, They were discusséd in (I) and (2) of Eqs. (4.70). 1In

case (3), the Qolution (4.16) is periodic of three frequencies W, W/3 (= aﬁo),
and 20/3 (= w&o). The amplitudes Y10 and oo of the solution (4.16) a?e obtain-

ed by solving

2 2 2.2 2 22
(fy - 28) = 2x]5 = ¥y0)" + 0, = 4T,
2 2 2.2 2 2 2 . 2.2
[2({1 = 2A) - Ty = 250)T g = () - 24T - 2] - xh0)T,,)
2 2 .2 2 6
+ (ZOirlo + aérzo) = hAlrlo
_ (5.59)
where '
Snl(k2 - kl)aal 8n1(k2 - kl) .
0y = ) = 2 W -3)
Wk Wk

172 12



_ - detunings
8nl(k1 . kz)a)21 8n1(k1 kz) 2
O.é = 2 = ((L) - "3" (l-))

7 2
Wok, pwoky

The phase angles 910 and 920 are given by
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- 1 2 2
sin 38, = - 5~ @arl, + Gryy)
1*10
1 2 2 2 .2 2 2 2 . 2
cos 36, = 3~ (2(f] - 28y = Tio "~ Helryg - (f - 2A] - 2r10 = Ta0)T0)
2A.r '
1710
07 . (5.60)
sin (0, - 28, ) = —="—
10 20° T 2A T o
1 2 2 2
cos (8, - 2920) oy (- 2A) = 2x0, - xy0)
110
Stability Investigation
The stability of the steady-state solution is tested as before, The coef-
ficlents of the variational equations are
2 2 .2 ..
a,, =}gm1(}91 - 28] - 3], - 2ry; 247r, o cos 3910)
aj, = = Z}xml[Zrlorzo + Alr20 cos (910 - 2920)]
' 2 2
a5 = }Aml[3Alrm sin 3910 + Alr20 sin (910 - 2920)]
2
) = - JmA xo, sin (0, - 26,)
831 = = Ymyl2r)ox,q + AT, cos (6 - 26,)]
a,, = pm [ P - 242 52 - 32~ oAy cos (B, - 20,1
22 T PMLio 1 10 20 1510 10 20
353 = umA T (Tog sin (0,4 - 26,0)
8y = = MmyA T Tog sin (B, - 26,.)
2

a5y = pm(4; sin 36, - 2 sin (0,4 - 20,,)1
10
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Ar
L 1720 )

ag, = pm ——— sin (6, - 20,,)

10

) A r20

8qq = pml[BAlrlo cos 3910 + ” cos (910 - 2920)]

A11'30
8y, = = 2pm) o cos (G, - 20,

10
a,, = - Z}xmzAl sin (910 - 2920)
342 0 -
a4 = - 2pm2A1rlq cos (910 - 2920)
8y = 4myA T cos (B4 - 20,5)
where.
2 2

LY I

- ’ - -

1 8n1(k2 kl) 2 8n1(k1 kz)
.Numerical Exammle . e
Let us consider the case in which
p=0.2 k=06 (n,/n)% =05

We find that 2 = (, provided nz/n1 = 1.0, Ve assume that = 3() - 3(;.)2/2
= 2.372n1(i,e, 0‘1 = 0‘2 = 0), The response characteristics calculated by using
Eqs. (5.59) are shown in Fig. 5.9 (thick lines). The characteristic of 1/3-
harmonic entrainment is also shown in the figure (fine lines). We see that
two kinds of entrained oscillations are stable (a and £). It depends on the

initial condition as regards which kind of the oscillations occurs.

(d) Entrained Oscillations Which Occur When W = w1/3 o w2/7

By equating i'i = 91 =0 (1=1, 2) in Eqs. (5.12), we obtain only one

steady state where o + 0, Y20 + 0. Therefore, the solution (4.16) is a peri-
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odic oscillation with three frequencies J, 3W (= aﬁo), and 70 (= w&o). The

amplitudes 1o and o0 of the solution (4.16) are obtained by solving

2 2 2.2 2.2 2.4
(CH - 2A] - 25 = 5, )" + gy1xp = AlT10
2 2 .2 2 2 2°.2 .2
[(’1 28y - xpg - 2mp0)T - 2(h - 2A1 = 267 = Tye)T50]
2 2.2 162
+(Ox)p + 20575907 = 5 AT
where )
8y (k, - kJwy,  8n(k, - k)
0 = 2 = 2 (@ - 30
Wk, puk,
gny (k; - k) 8n (k- k)
0‘ = = ((l) - 70))
2 w2k _ Pk 1"
251 MWy

The phase angles 910 and_920 are given by

(5.62)

2 4

(5.63)

3 2 2
stn 0,5 = - 3 (G710 2070
1¥10 -
.3 a2 _ 2,242 Coal U2 _ 2
cos 0, = 35— [(f 2A] - Tyg = 2g)Ty - 2(f) - 2A) 2rio = Taa)Ta0
Alr
1510
05%20

sin (28, - 0,,) = 2

1¥10

20 2 2 2
cos (2910 - 920) = 5 (fa - 247 - 2r10 - rzo)
. Alrlo

The stability of the steady-state solutiocns is tested as before.

(e) Entrained Oscillations Which Occur When 6} & 3w = 3&&/5

By equating r, = 0, =0 (i = 1, 2) in Eqs. (5.13), we obtain two types of
i .

i
the Steady states, 1i.e,,

() r,.=0, r,.=0

10 20
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(5.64)
(2) o % 0, %90 + 0

The first case is the harmonic entrainment, Since W = 3&&6 = 3“&0/5’ we obtain
W= «ulo + w&o)/Z. Therefore, the stability conditions of this entrained oscil-
lation is identical with (4,91), In the second case the solution (4,16) is
periodic of the frequencies W, W/3 (= uﬁo), and 50/3 (= a&o). In order to
obtain the amplitudes o and Y90 of the solution (4.16), it is convenient to
introduce the rectangular co-ordinates by the same procedure as used in Sec.

5.3(£), We obtain the following autonomous equations:

. 2 2 2 2 .2 2
a; =}1m1[(P1 - 2A1 - r] - 21:2)al - Al(al - bl) - Ala2
- 2A,(a;a, - byb,) + gyb,]
. 2 2 2 2
b, ==}m1[(P1 - 28] - 1) - 2r))b, + 2A.a/b, + ATD,
- 2A1(alb2 - blaz) - 01?13 )
. 2 .2 2,2 2 .2
a, = pmyl(fy - 2A] 2r) - xy)a, - Ajay - A(ay - bp) + b))
. 2 2 2 2,
by = pmyLCf - 28] - 2r) = x5)b) + Alby - 281a1b) - (pa,]
where S (5.65)
2 2. .2 2 2. .2
r, = a; + bl’ r, = a, + b2
2 2
I i Waky
t—1 _ » = —
17 8n (k, - k) 2 7 B, (k| - k)
W 8n. (k, - k,)
1 m1 w2k 1
Il
W,y 8n,(k, - k)
O ==2=_L1 1 2 « - sw3)
2 2
2 Wk,

'By‘equating éi = Bi =0 (i =1, 2) in Eqs. (5.65) and solving them, we obtain
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the amplitudes a9 and bio

The stability of this steady-state solution is tested as before.

(f) Entrained Oscillations Which Occur When @ = 3&& o 3&5/7

By equatiﬁg ii = 61 = 0 in Eqs. (5.14), we have two types of steady states.

(1) b o = 0, Y =

10 20

(5.66)
(2) r;#0, r,,+0

The first case is the harmonic entrainment, gince W= 3&&0 = 3&50/7, we obtain
W= (u&o - aﬁo)/z. The stability conditions of this entrained oscillation are
given by (4.91) where(ull must be replaced by -&ﬁl. In the second case the
solution (4,16) is perlodic of the frequencies W, W/3 (= aﬁo), and 70/3 (= aéo).

The amplitudes o and T,o are obtained by solving the following equations:

2 2 a5 2
((F - 24 - 2r )y - 7, )””zo A1T0
22,2 2
[(F) - 2A] - 14 - 2r5) 10 (P = r - 1'20”201
2 2.2 .26
+(Oirig + 0yT59) = AjTo
(5.67)
where
gn. (k. - k. )W 8n. (k. - k.)
P bl e s § Ui b Sl LRI
1 WPk w2k 1
152 Pwaky
8n, (k, - k)W 8n, (k k,) .
2 w2k w2k 2 -
2°1 Pk
The phase angles 910 and 920 are given by
sin 36, A r3 (gyr 10 * %rzo
1710
2 2 2.2 . 2 2 2
cos 36, = N r3 ((F = 2A] - r)q - 2rpp)x)p = (f - 2] - 2x], - rzo)rzo]

1710
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(5.68)
sin (8,.. - 6.) = 22229
10 ~ Y20’ T 2
' 1%10
T .o 2 2 2
cos (8, - b,4) = 3 (f - 28] - 2r) - 1))
A1T0

The stability of this steady-state solution is tested as before.

(g) Entrained Oscillations Which Occur When W 3&& % a&/z
By equating }i = 61,= O in Egqs. (5.13) wé see that there are two types of
the steady states,

(1) 15=0, Ty ? O

(5.69)
(2) 15 %0, Ty0%0

In the first case, the solution (4.16) is periodic of the frequencies W and 3w
(= w&o). The higher-harmonic entrainment of this type was discussed in Sec.
* 4,4(b). In the second case, the solution (4:;16) is periodic of the frequencies

W, W3 (= “ﬁo)’ and 3W (= abo). In the same manner as before the amplitudes

Ti0 and ¥, are given by solving
2 2 2,2 2 22
(F] - 28] = x)g = 2ry9)" + 0 = ATy
a2 _ 52 242 2. 2 1.6
((F, - 28] - 2r(g = Tye)” * Tolryn = 5 4
where (5.70)
8n, (k. - k W 8n, (k k.)
s S e S i R R o RVEY
Wik, Pk,
_ Bn (k) = ky) 5y 8n (k- k)
271 Pk,

The phase angles 910 and 920 are given by
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.
1
sin 30, = -
10 Alr10
1 2 2 2 .
cos 30 = = (f] - 28] - 1], - 2r5) _
1510 ,
g (5.71)
sin 0 = - 2 20
20 3
1
3r
_ 20 2 2 2
cos f,4 = .3 (f - 28] - 25} - 75p)
1

The stability of the steady-state solutions is tested as before.

(h) Entrained Oscillations And fheir Frequency Components

By using the results in this section, the relationéhips between the types
of the internal and external resonances, and the frequency components contained
in the steady-state solutions are summarized in Table 5.2, The steady state (4),
i,e., 0 + 0, Y50 # 0, in the table corresponds to theventrained oscillations

by the existence of the internal resonance saio = a&o (s+1, 3).
5.5 Concluding Remarks

The internal resonance in a self-oscillatory system with a foréing texm
is investigated by making use of the averaging method. When the ratio between
the two natural frequencies is in the neighborhood of a simple integer (differ-
ent from unity) or a fraction, both the two natural frequencies are entrained
by the frequencies which are integral multiples or submultiples of the driving
frequency. The entrained oscillations are characterized by their waveforms
which contain higher-harmonic or subharmonic components besides the harmonic
component, The amplitude and phase characteristics of some representative

cases are shown,
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Table 5.2 The frequency components contained in the steady-state solutions

(internal resonance : s 0= ‘*’20’ where s # 1 or 3)

1

Steady states

is in the 0)20 A
Type § = —— r,,=0 r,.+0 r,.=0 r..+ 0
neighborhood of Wio | (1) 10_0 (2)r10=0 (3)1'10:{:0 (4)1‘10
20 20 20 204 0
et | @ = —;— W, 3 — — W, 30 | W, 26, 3w
c2 -;-wl = -;-'wz % —_— —— —_— W, 36, 5w
3 1. 1 2,
Cc4 %wl = % &)2 % _ — —— W, 3w, 7w
3 ' 1 5
Cc5 36.)1==3-&)2 5 w —_— w,-3-w,3w
3 : 1 7
Ccé6 3(4)1=7&)2 7 w —_ w,3w,3w
c7 30, = =W 9 — T— W, 2w | w Lw 3w
1 372 3 >3
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(p=0.2, k = 0.8, (n,/n) d = 0.5, n,/n, = 1.0,

W/n, = 3.73, B = 2,0),
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Fig. 5.16. Response curves obtained by analog computer analysis

W= 5w, # 5u2/3).
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CHAPTER 6
INTERNAL RESONANCE UNDER SMALL COUPLING

BETWEEN TWO RESONANT CIRCULTS

.6.1 Introduction

The phenomenoq of internal resonance in a self-oscillatory system was inves-
tigated in Chapter 3. If the two natural frequencies of the system are suffi-
ciently close each other, the entrainment bet;een these frequencies occurs owing
to the nonlinearity of the system., The resulting oscillation is periodic one
having a single harmonic component. This phenomenon occurs when the two reso-
nant circuits whose resonant frequenciesvare close each other are coupled weakly,
In the present chapter we discuss the behavior of sucﬁ a self-oscillatory éystem
under the influence of an external sinusoidal force. Tﬁe freqﬁéncy of a self-
excited oscillation is entrained by the harmonic, higher-harmonic, and subhar-
monic frequencies of the external force. The amplitude and the phase charac~

teristics of the entrained oscillations are derived by using the averaging method.,

The stability conditions are giveh by making use of the Routh-Hurwitz criterion,

6.2 Derivation of Autonomous Systems by Using the Averaging Method
If n, G'nz, Xa %= 0, and 2% % 0 in Eqs. (1.7), then the two natural frequen-
cies(o1 and(u2 are sufficiently close each other. In this case, as mentioned in

Chap, 1, derivation of the standard form of Egs. (1.21) and (1.25) ceases to be

meaningful. Therefore, we consider the fundamental eqéationa (1.7), if.e.,

ve . 2 2.. 2

u - Ziv + n,u =}1n1(1 - uJu + nlB cos wt

.o . 2 . ng 6, (6ol)
v - Xéu + nyv = -)J HI v
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Let the frequency of the self-excited oscillation be wo which is in the neighbor-
hood of both col and wz. As mentioned in Sec. 4.2, we consider the four cases

according to the relationship between ¢ and u)o (see Table 4.4).

(a) Derivation of the Autonomous System When W% 0)0
1f the driving frequency W is in the neighborhood of wo, we may expect that

W, 1is entrained by W. Then the solution of Eqs. (6.1) is written as

u(t) = ru(t) cos (Wt + Ouét)]
v(t) = rv(t)‘ cos (Wt + 9v(t)]
: , (6.2)
u(t) = - wr (t) sin (Wt + Gu(t)]
v(t) = - wrv(t) sin (Wt + Bv(t)]

We assume that, for small values of P both the amplitudes ru(t), rv(t), and the

phase angles Bu(t), ev(t) are slowly varying functions of t, Substituting Egs.

(6.2) into Eqs. (6.1) and solving the.n; }or i.u" i‘v, Bu, and ev, .we obtain

ru = fl;(ru’ rV’ 6u9 eva t) sin (Wt + Gu)

v © gl&(ru’ R eu’ Gv, t) sin Wt + ev)

: o (6.3)
rueu = fl;(ru’ rV’ euy ev, t) cos (wt + eu)
r B, = 8,(rys Ty» Oy B,5 &) cos e +B)

where

| 1 1.2 | '
§Cp T O O O "Ga TR {}‘“’“1(1 -4 TWT, Sin We B

' 2
2 n
+[n, - 1 - Xlil’z?h)z]ru cos (@t + Qu) —}1&72’; ﬁ—i—arv sin @t + 06 )

2. 1 3 2
+ X n,x, cos Wt + 6,) - Fpwnr, sin (3w + 39u) - n;B cos u)t}
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| I 1.2 (6.4)
8,(ry> Ty 9u’ ev’ £) T w( - 2:1762){}“’)%2“1(1 4 ru)ru sin (e + 6,

2

» 2 )
+ X, T, cos (Qt + Gu) —}XCL);-; 6rv sin (Wt + Bv)

+ [ng - (1 - Xlﬂfz)wzlrv cos (Wt + OV) - %}lwl'znlra sin (3We + 38)

2
- ZznlB cos wt}

Upon application of the averaging method, Eqs. (6.3) can be transformed into an

autonomous system, i.e.,

T .
1 v
1im -,EI fa(ru, T, eu, ev’ t) sin Wt + Gu)dt

T 0
L [u)n(l--l-rz)r +,’Kn2r sin (B8 - 0)
(T - Z, %) P T TR AT u Oy
2 .
"2 2
-}la),t’l ;‘-1- Srv cos. (Qu - 9v) -,_nlB sin Bu]
\ )

1 i) 2
T - 4,.2,) [-}Alﬂ;—qérv - Znir, sin (B, -'-ev)

* PWx,n, (1 - -}; ri)ru cos (9u - Gv) -,’KznfB sin Ov]
) - (6.5)
: {[nz—u-z WPr, 4z, 20x stn @, - 0.)
Wl - 2,%,) 1 1% u }l ln 'y u v

2 2
+ Zlnzrv cos (Gu - 9v) - n;B cos Gu}

1 2 2 ' 1 2
2000 - %7, {[n2 - -2,%) TIx, +}lw,1’2nl(.1 "% T )T, 8in (Bu -0

v

+2,'2nfru cos (9u - Gv) -ZznfB cos Gv}
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(b) Autonomous System Derived When No External Resonance Occurs

When the difference between the frequency a)o of the self-excited oscilla-
tion and the driving frequency ( is large enough, the resulting oscillation may
approximately be considered as a combina;ion of two simple harmonic oscillations,
one with u)o, the other with ). Then the solution of Eqs. (6.1) is written in
the same form as Etlas. (4.16), i.e., A

u(t) = x (1) cos [Wyt + B ()] + A cos Wt

v(t) = rv(t) cos [o.)ot + ev(t)] + A2 cos Wt
. _ . (6.6)
u(t) = - woru(t) sin (Wt + Ou(t)] - WA, sin Wt
v(t) = - u)orv(t) sin [u)ot + Gv(t)] - a)A1 sin Wt
whére
nf(ng - o)
A = B
2-2 ve o '

- g ki 6.7)

AZ =

B
4 2 2,.2 2 2

Substituting Eqs. (6.6) into Eqs. (6.1) and using the averaging method as before,

we obtain
. 1 T |
ru = lim T g fS(ru) rV, ,eu’ 9v9 t) sin (Q)ot + Gu)dt
T+ 0
. 1 T
r, = ;imwf go&’s(ru, r,s O, B, ) sin @t + Gu)dt
| (6.8)
0 ("
r = lim =
uu T..wT gofs(ru, L) Gu’ Bv, t) cos (a)ot + eu)dt
. 1 T |
rvev = lim -'f gogs(l’u, rV, 9u9 ev, t) cos (wot + ev)dt
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where

1 1.2 1
(1)0(1 % /’t’ 3 {}onn (1 - -Z'Al % Ty )r sin (wot + Gu)

fs(ru, rV' GU’ 9v$ t) = u

+ [nf - - 212’2)03(2)]1'“ cos (a)ot + Gu)
9 ‘ _

n
2 2
- pwy -n—l ) r, sin (Ut +6 ) + Zn,r  cos @yt + ev)
: 2
1.2 1 2 )
+)Aa)[n1(1 -7 Al -3 ru)A1 - 2’1 - 5A2] sin Wt

Pt

-~

- 4}1(4) n r sin (30)01: + 39u) - %},(u)nlAi sin 3uWt
- /J(zcu FWIn ATy sin (W + e + 0]
- 2}4(2(&) - wo)nlAlru sin [(2W - a)o)t - Gu]

- 21;}1(2(00 + (&))rllAlrlz1 sin [(2(1)0 + Wt + 29\.\] -

7 Ja) - wim Ax? sin [(2t, -t + zeu]}

. (6.9)
1 1 2 1 2
2 | “§ '
+ inlru cos (Wyt + Gu) - Jw, ;—; 6rv sin (Wt + Bv)

+ [ng - - zlx?_)wg]rv cos (Wt + 6 )
2 .

-%rz)A ——-5A ,] sinwe
u N

2

+}xw[7cn (1 -- Ay

1 3 1 3

- AFwOZanru sin (3&)01: + 39u) - z.}“')zz"l‘ﬁ sin 3Wt
1

- z;}KZﬂHw YZ,n AT sin [0+ )t + 6]

--}T}j(zw-w )ZnA r, sin (2w - a) )t -9u]
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- 1 pGawy +)xn A r sin (24 + e + 26,
- 7 HQU) - DZn A x2 sin [0 - D)t + 20 )}

Performing the integration of Egqs. (6.8) yields

. 1 1,2 1 2 2 -
T T A0 - Zg) P 7 A TR ATy sin (G, - 6)
2
3
-}16()02’1 a—l- 6rv co's (eu - Gv)] )
2
. ' 1 2 . 2 :
Ty © 20,1 - %, %,) (- po, ?x'l' 5rv = Ay, sin (B - 6)
+)1a}ox2nl(1 - % Af - 'Z];' r2)r cos (Bu - 9v)]

u u
. ) (6.10)
8, - L tn? - @ - 22020 4y, 22 6 stn (B, - 0.)

ruu“za)o(l-xlxz) n 15 W T, * Pty n Ty 8 u Yy

2
1

+ 'Tlngrv cos (eu - ev)}

: 1 2 2
0, = 20,1 - % X,) {[“2 - (- 4 %)Ey)r,

1.2 1 2 . . 2 :
+}4a)02‘2n1(1 -3 Al "z ru)ru sin (Gu - ev) + inlru cos (Qu - OV)}

(c) Autonomous Systems Derived When &/ =C()O/3 or W= 30)0

| When the ratio between &)o and @ is in the neighborhood of an integer (dif-
ferent from unity) or a fraction, one may expect the higher-harmonic and subhar-
monic entrainments, As pointed out in Table 4.4 in Chap. 4, we consider the
cases where & is in the neighborhood of 0)0/3 or 30}0. Then, the entrained oscil-
lations of Eqs., (6.1) are written as

‘u(t) = r (t) cos [nut + Bu(t)J + A, costlt

1
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rv(t) cos [ntt + 9v(t)] + A, cos Wt

v(t) = »
.. L ' ' (6.11)
u(t) = - ndr, () sin [ndt + O (£)] - wA) sinue
{r(t) =' - nwrv(t) sig (nwt + Gv(t)] - (uA2 sin Wt
where
n=3 for w s 0)0/3

n=1/3 for W ¥ 30)

The averaged equations are obtained from Eqs, (6.8) by replacing &)0 by 3w
or /3, respectively. Performing the integration of Eqs. (6.8) yields the fol~

lowing autonomous systems. When W< &)0/3, we obtain

. 1 1 2 1 2 2
T °© 601 - 5{’/’1") [3}1wn a- -f 1”4 ru)ru + 7flnzl.v sin (eu - ev)
2
- yux, 2§ B, -0.) - Fuwn A cos 6 1
H 1 n, Ty €08 1, ev - k}jwnl 1 €98 Gy
2 - :

r = 1 [-‘3wi‘36 - Zn’r st (9'-6)
Ty ‘6(0(1 - 2’1,‘(2) )1 n, Ty 2™ Ty i u v

+ 3}&«) -4 :1! -11: rtzl)ru cos (9‘; - v : a}le’Zn A cos 9 ]
. n? (6.12)

_ru9u=6m_x172, {tn] - 901 - 2, 2)0%0x, + 3o, —-Sr sin (0, - 0,)

2 ‘ 1 3
+ Zlnzrv cos (Gu - Ov) + Z}ju)nlAl sin Gu}

: - 2 - 1,2 1 2
”vev’éw(l-xz){[ R R A E R S

Xsm(e -9)+2’nrucos (9 —0)+4}10)an sin@}

When W= 30)0, we obtain
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. 3 1 1,2 1.2 2 )
Tu T WA - X)) C3pun (1 -5 A - x)r, + fynpr, sin (B, - 6,)
n2. -.
1 2 1 2
- -_3-}1&)%1 x—\; §rv cos (Gu - Ov) - -l—z-)lwnlAlru cos 39u]
2
: 3 Liwt2s. _yq2 -
Ty T 20(1 - 2’12’2) (- 3)'“’) nl é‘rv "Xanru sin (eu ev)
1 1 2 1 2 . 1 2
+ 3}‘“)%2“1(1 -2 Al A ru)ru cos (Gu - ev) - .I—ZPCUZanAlru
X €08 (26u + ev)]
) (6.13)
" 3 .2 1 2. 1 )
Tulu 2wW(l - 2’12’2) {[nl "9 a- 2/122)‘0 ]ru * 5}‘(’)}{1 ;-1'51“’ sin (eu - ev)
2 ' 1 2
+ Zi“er cos (Gu - Qv) + TE}“““1A1ru sin 3Qu}

R W PO S AN S | 1,21
Wy = 2T - Z5) {“‘2 5 (1 - {20 ]r * FHOTR (L -5 Ay -5 x

. -

xr, sin (9u - Gv) + Zznfru cos (Ou - Bv)

2

1
+ -ﬁ-}waanAlru sin (29u + Bv)}

6.3 Harmonic Entrainment
(a) Steady-State Solutions

The steady states where T Ty Qu, and ev are constant are obtained by
equating iu = ivv= éu = év = 0 in Egs. (6.5). Denoting the steady-state values

of these variables by ¥ Tvo’ euO’ and 9v0’ respectively, we obtain

1 2 2
pun (U = 2x 0)r 0 = [nor g sin (9u0 - 9v )

2

ny 2
- pux; EI‘S ’fvo cos (05 = O,0) - 1)

0

B sin Guo = Q
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2
n2 6 2
}“‘JEI Tyo = XM Ty sin (B4 - 6,4
+ WY n_ (1 --!'-r2 Jr cos (B . -8 )-IznzB sin O = Q
}1 21 4 "u0” "ul ul vO 1 vO :

2 L2 “25
(ny - (= Z2)007Tx, o + YU, n, OTyo S (6,0 = 0y0)
' ) ) (6.14)
+ Zlnzrvo cos (Ouo - BVO) - ;B cos 9u0 = 0
2 1 2
[y = A - 221 PR QL - 7 T Tyo 1R - 6,0
+2'n2r cos (B . -8 )-,‘(nzB cos § . =0
2'17u0 u0 “wO 21 vO
Eliminating r_, eu‘O’ and Gvo from Eqs. (6.14) gives
-2
n
2 2 1 2 2 2 2.,2 2 2 1 2
{[}‘“’“1(“’ - -7 r) -}an—15(w e TR “’2“26(1 "% Two’
n4 .
2 2 2 2 421 2 4 2.2.2 7242 2 2,2,2
+ @ - nl)(a) - ny) - ZIZZ&)] }ruo - n,B [}J-OJ '—2-5 + (W - n,)"]" =0
, : n, (6.15)
.00 Oyor @d Gvo are given by*
2.4
2 _ AP 2
Tvo , n& Two
2 2.2 22 252
@ - n) + pwt =0
n
1 2
| P 21 2.2 Ro s 2
sin B4 XonlBr (A - g rodTgo — Xy E‘l'arvo]
2170 , o
1 2 2, 2 2 2, 2
cos Guo - ([ W" - nz)rvo ~ Zz(a) - nl)ruol (6.16)
421 B0
. u
* The phase difference is given as follows
2 2 2
- @" - n))rx unsfr
2’%vo iy I
cos (. -0 )= . sin (. -0 ) = - =522
u0 vOo® wzxzruo . uo0  “wo a);l{znlruo
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2
M 2 2 1 2 2 2. ™
sin 6vo = == [0 (@ -0 -7 r0) - @ =) E"ah'vo
WX n-B 1
2™
1 4 2 2., 2 2 222 1 2
cos B o = 5= ([ - W - )W - n)) - Pwnd - 7 xi DI
w Z&nlB .

Putting B = O in Eq3. (6.15) yields
2

n
) - 26w - ad) =0

2 2 1 2
}udnlﬂﬂ - nz)(l - T .

ul

(6.17)
Paledba - 3 20 ¢ @ - aDW - 8d) - 27,00 = 0

From Eqs, (6.17), we can derive the first member of Eqs. (3.28) and Eq. (3.29)

which give the amplitude and the frequency of the self-excited oscillaiion.

(b) Stability Investigation
The stability of the solutions is tested by the behavior of small variations

from the steady-state values, .0 rvo,,euo, ééd 9v0' In the same manner as in

the preceding chapters, we obtain the characteristic equation (4.44), where

2™ | 2 2
P = m [- 2 + 2(!12/111) 6 + ruO]

1 222 3 2 1 2 be2
LY PR {P Wl - Z rgd (L - g xye) * (ay/n))70
12

- 2(n2/n1)26(2 - 3&2&)(1 - % rﬁo)] +'[nf - (1 - 2115)@2]2

+ 02 - - 220007 + 207, a?n2}

‘ 12712
- 41 { 2226001 - 222301 - 122y < G jn )20 - L 22 )
e 1,7, Jm, 4 T’ T3 o /™ 2 uo
+ (,/n)HF - whH? + WPy 7,200 - D] (6.18)

1

-a-1 rio)[(ng -whH? s a)zl’lfl’z(an - mz)]}
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1 222 2 2,2 222 4¢b 3.2 _1 2
T et - 222 {}“" MLy =075 Pwla)(ny/n)7073A - 71,00 -7 7,0
172
2,22 4 1.2 2¢.2 2.2
+ W n25[20) 05 x g - 1)+ (nz/“l) 0@ n,)"]
2,2 2, 2,2 2 2.2
+ [ny(ny -07) -w (n) - W + X,07)] }
The stability conditions are given byb
’ 2 2
p>0, r >0, s>0, pgr = r -ps >0 (6.19)

-

(¢) Numericsl Examples

Equations (6.15) and (6.16) yield what we call the response curves for the
harmonic oscillation as illustrated in Figs. 6.1 and 6.2, We consider_the cases
in which the system parameters are given by

2 : '
H = 0.1 (nz/nl) § = 0.5  and n2/n1 =1,0

and the coupling factor k = Ji;i; is 0,04 aﬁd 0,08, Figures 6,1a and 6.2a show
the amplitude characteristics of the harmonic solution for different values of B.
Similarly, Figs. 6.1b and 6,2b show the phase angles of the solution. The stabil-
ity of the oscillations is tested by making use of conditions (6.19). The
unstable portions of the response curves are shown dashed in Figs., 6.1 and 6.2,
The fine lines in Figs, 6.la and 6.2a are the stability limits given by*

s = 0, pqr - r2 - sz =0 - (6.20)

It is readily verified that the vertical trangencies of the response curves occur

* As the results of numerical calculation, the curves obtained from these

two relations are found to be effective among those derived from the conditions

(6.19).
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at the stability limit s = O (see Appendix II). 1In Figs. 6.lc and 6.2c are shown
the regions of the harmonic entrainment on the Bw plane,

In Fig, 6.1, where k = 6.04, the self-oscillatory system has only one self-
excited oscillation of the frequency'wb (= nl). In this case,'the characteris-
tics of Fig. 6.1 are similar to those of the system with one degree of freedom
(10). In Fig. 6.2, where k = 0,08, tw§ different frequencies of the self-excited

oscillations exist and the characteristics have two separate closed curves for

small B.

6.4 Combination Oscillations without External Resonance
(a) Steady-State Solutions

When the difference between the driving Erequency.u') and the frequency wo
of the self-excited oscillation is large enough, the solution o% the system is

assumed as Eqs. (6.6). The steady-state solutions of the averaged equations

(6.10) are obtained by equating r, =T, = Gu = Gv =0, i.e.,

1.2 1 2 2
}on_nl(l T2 A1 - Z r\.‘0)""‘\.\0 + xanrvo sin (euO - 9v,'O)
kS
- Pty E'l"srvo cos (B = Oyp) = O
2
n
2 2
=~ Py n, 0,0 = Xpn 7o sin (B - 0,0
| 12 1 2 . |
+PWeL,n (L = 5 Ay - 7 T dr g cos (G, -0 ) =0
[nz-(l—Z'X)wz]r + Uw % n—2-5r sin (8 . -0..)
1 1727707 "u0 }'IOIn1 vO u0 vO
2
+ Zlnzrvo cos (Guo - Gvo) =0
2 . 1 2 1.2
(n, - 1 - xlzz)wcz)]rvo + pUgTon, (1 - 3 A) - 7w gdr g sin (G - 0 5)

2
+ 2'2“11'-u0 cos (euO - 9VO) =0
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We see, from Eqs. (6.21), that there are two types of the steady states,

ion’
(1) T = Tyo = ©

: (6.22)
(2) To $ 0, L + 0

The steady state (1) corresponds to the periodic oscillation of frequency w,
i.e,, the harmonic entrainment, In the steady state (2), the solution has the
two frequency components w and wo. Therefore, the combination oscillation occurs,

In this case, after some algebraic manipulation, we obtain the amplitudes T.0°

.0 and the phase difference Ouo - Gvo’ i.e.,
2 2
roo = (R - 24D
' (6.23)
where 2 2 2
R
Pum bt - 3—5 2 6)
, YoM o
and
2 2 2 .
2 5% 2 4y (1-La2_ 1.2,
vO X (0.)2 _ n2) ud ané w0 271 4 "u0
170 2 172
}‘ ngérvo }‘nl ruO 1,2 1 2
sin (. -0 )= -t S0 o W (] L 2 -5 r ) (6.24)
u0 vO wo n, r.0 (uoxl r,0 2°1 4 "uo v
2 2 2 2
Wy -my Ty Wy =1 T
cos (Guo -0.) =

vOI wZI _ruO wa 0
The frequency a)o is the root of the following equation which is obtained by elim-

inating r g, T _,, and 9uo - ng from Eqs. (6.21),

X : 2
4 2 2.2 22,2 2 "26 202 - 22y .
Q1 - Zilﬁ)wb - (n1 + “z)“b + “1“23“”0 - n2) + (}‘Efé) (u)o “1’“6 0 (6.25)

Equation (6.25) is identical with Eq. (3.29) in Chap. 3.
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(b) Stability Investigation
The stability of the steady-state solution (2) of Eqs., (6.22) is tested in

much the same way as before., The coefficients of the variational equations are

given by
1.2 3 2
ajy = Kuwgn, (1 -5 Ay - 7 x )
. =_K}‘w0x12_§_6rv0 |
12 X 1 Two
‘ 4 “352 iz 2 "\270
813=-814=-K-_2—-[(Pw03— ) -nz(wo-nz)];—
wol’z 1 uo
Pnz nz b o
1. ™ 2 2 1.2 3 2 vO
a., = K—=[ 40+ @ -n5)@ -2 A% -2 ) 2
21 Wg - m 0% 271 7% Two’t T
2 .
",
a,, = = Kl —6

™

K 1 2

2, 2 2,202 1,2 .
237 " %4 7 2 (-0 Wy -y D P 2001 - 347 - 7 x I,
. 0 -
2 2
2’ n, r
a.. =K ——- [ o 5)2 - n2@? - nz)] Y (6.26)
31 2Wo = M2l 3
(001’ r
u0
a. = - MO
32 To 3L
2 2
. SN " 5 o
Rk 844 Z, n = 2
Two.
K 222 1.2 3 2,2 2
Ba1 T2 (- p “’0“25(1 =28 m g T Wy - )
o u0
K . 222 1.2 1 2 2.2 2
%2 2 p ,“’0‘"2‘5(1 =28 T Ty - M@y -l g,
o .
Yy 2 2 1.2 1 2 2
a4 = 8, = K a';;- (Wy - )AL -5 A g+ “25]
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where

1

K =
2%(1 - »2’12’2)

Since a,, = - a4 (1 =1, .., 4), the characteristic equation is reduced to -
AOS + pX 4 qA+ 1) = 0 (6.27)

where p, q, and r are given by Eqs., (3.19). The stability conditions are as

follows:

-~

p >0, Q2>0, pqg-1r>0 (6.28)

The stability conditions for the steady state (1) ‘o_f Eqs. (6.22) cannot be
obtained by using Eqs. (6.26), since they contain r.0* Tvo in the denominater,
Let Eu and Ev be the small .amplitudes and Gu and ev be the phase angles of the
small variations from the solution u = v = 0 [cf. Eqs. (4.87)]. Replacing r,
and r, in Eqs. (6.10) by §u and Ev, respectively, and discarding the terms of

‘order higher than the first in Eu and 'Ev~,- we obtain the following equations,

= 1 1,2 2
Su T TG s g Pt - 7 ADE, T AR, sin 6, - 6)

2
n
2
- b, cos (6, - 6]
"

1 2 .
Ev = 2&)0(1 - XIZ’Z) [’}“"’o n, 55\7 - ’anlgu sin (eu - 6v)

v
2 (6.29)
. 1

+}1w02’2n1(1 - % Af)ftu cos (9u - 0.1
= {[nz-(l—l’l')a)zlg + N X 22-55. sin (6 -0 )
Fuby 2 (1 - 42 1M 14200515, + PapAy n, °% w " Yy

+ Zlngiv cos (Gu - Gv)}

1 2 2 1 .2
gvev - 2(4)0(1 - 2’12’2) »{[nZ - —__2’1’?2)&)0]5\! +}l(1)02’2n1(1 2 Al)gu sin (ou - ev)

+ 2k, cos (8, - 6,0}
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We introduce new variables 815 3, and bl' b2 defined by

a; = Eu cos Gu, a, = Ev cos Gv

, 6 (6.30)
b1=—§u sin Gu, b2=-§v sin v .

Substituting Eqs. (6.30) into Eqs. (6.29) yields the variational equations with

respect to a, and b, (1 =1, 2), Then, the characteristic equation is given by

2 2 2 2
i a -La2y -a i T s Yo - pxymy6 1%
2(1 - 7,%,) 2 "1 20 - 4,Z,) 20 - e, 240 - ZZ,)
2 2 2 2
ny - (1 - 42,0 pny a 12 - Xm, - px g6
2,1 - 4z, 20 - A A,) 2 1 20,1 - L L) 2(1 - 2 Zn,
2 2 2 2
Py 1,2, oy - pryd ny, - 4 - A%

—reee (1 - = -A
2(1 - zlzz) 271 2w0(1 - xlxz) 2(1 - ;t'lyzz)n1 2wo(1 - zlzz)

2 2 : 2
o, My - (=X -pnyb

2 .
- N oA y - -
1) .2w0(1 S % A R TSR AT

a-2%a
2 - LX) 2 - X 4) 2

L

= O + (p + 1p )N+ (g + 13 )IIN + (p) - 1PN + (q; - 13,)]

-0 ' (6.31)
where
i= J_- 1
2
pny 1.2 ™
R ey ¥ AN T -;55)
1 N
1 2 2 2
P, = - 2w0(1 - 7‘12’2) [nl + g, - 2(1 - 7(12’2)0)0] (6.32)

22
L M “28 P - a2y
9 16(1 - Z,%,) fu 1

}jnl(ng - wg)
2
16(00(1 - X12'2)

2
9, = (ff, - 24D
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The conditions for stability are that the real parts of characteristic roots
N's of Eqs. (6.31) are all negative. After some algebraic manipulation, these

conditions become™
. ) ) ,
p; >0, P19, * PPy, - a4, >0 | . (6.33)

Substituting Eqs. (6.32) into (6.33) yields

n.\2
1 --;-A% -(——2~> <o
s .
and (6.34)
1 2 [\ g 22 222 1 2
(1 -4 - (T) 017X Zyniny = Pugny bl - 11D - 5 AD)

1

2 2 2 (22
+ [((1 - A )(n -ny - 2’1120.)0) + 2'1.2'20)0 (q) 5]

2 2
X[Z’llzwo(l - A ) + (n -n, - .3(12'2(:)(2))(;‘— B]}O

6.5 Higher-Harmonic Entrainment
(a) Steady-State Solutions

The steady-state solutions of Eqs., (6.12) are obtained by equating r = T

- eu 0.
: 2
3}“’“1(1 - :1'2- Af - 71;‘ r‘zxo)ruo * xl“zrvo sin (guO - BVO)

2

2 1 3
- Jpwd; n Oryq cos (B4 - B,0) - ZHwWn)A] cos B4

=

2
2.
- 3pw 51' X)n ¥ sin (B, = 6,0)
1.2 1 2
+ 3)“"?2“1(1 -2 A] 7% Tuo)Tyo co8 (g - }‘wxz“lA1 cos B,q = 0

% See the footnote of p. 74.
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n
2 2 2
[n - 91 - 22,00 + 3}10);(1_ oy dr,, sin 8,, - 6

2

. 1 3 .
+ Xlnzrvo cos (Huo - evo) + a}anlAI sin Guo =0

2 2 1 .2
[“2 - 9(1 - 2’12’2)60 ]rvo + B}Au),gnl(l -5 A]
+2’n2r cos (8. -0 )+-l- (L)XnA3sin9 =

21740 u0 vO 4}1 211 vO

Eliminating LA Guo’ and Qvo from Eqs, (6.35)1 we obtain r

22

- A

222 1 2
{[9}16():11(1-2 1

vO
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(6.35)
)

1 2
"% Ty Tuo SIN (B Oy

0

ul by

2 .2 2 2.2, 2 2/M\ (2 2 2.2
ruo’_*(“l""“’””}“"(q)f’ + (2 - awhH?)

1.2

4 2 0 2ypn2 2 22 2¢. 1,2
- 1620 XX, [(n] - 9w )(n,; - 9w°) + 9w n25(1 -5 A] -7 To))
22
4 212 1 .2226..22M)\ 2 2 2.2
+ (81w ,1’12’2) }ruo - MW n1A1[9}1 W (;‘T>5 + (n2 -9W°)} =0 (6.36)
o0 Guo, and 9v0 are given by*
i 4,2
r2 ) 810 Zz - rz.
vOo n2 2 u0
2.2/ 2 2 2 2
op’w (;I)d + (a2 - oud)
sin § = S S— - (n2 - 902)1'2 + X (n2 - 9!02)r2 ]
ul }lwft’n A3r 21 u0 12 vO
27171 w0
0 = —2— 2,1 -La2-1.2,2 _ x(r-‘g)zérz ] (6.37)
cos u0. XABr 2 271 4 r\10 u0 1 nl vO
2 17u0 . .
sin f o = ———s ((n? - 90 (n2 - 0%
9}4&) ZanAl
222 1,2 1 2 4 ‘
+ 9N a) n25(1 -3 A1 - ruo) - Blw XIZZJrvo
* The phase difference is given by
2
b o n by
0 2 vO 2 2
sin (0. -0, ) =-==Xt2 2§ cos (f ~ ~0..) = - (n5 - 90°%)
u0 vO 3cu}t’zru0 nl u0 vO 9&)22, r 2

2 u0



cos 0

2
30 ZEAI

n,\2 ”
0 =——7l-‘—-3[<;3>5(nf -9’y -1 -La
1 .

2
1

S R G
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We see, from Eqs. (6.11), that the solution is periodic with components of

frequencies @ and 30,

(b) Stability Investigation

The stability conditions are the same as (6.19).

the variational equations (4.42) are given by .

1.2 3 2
811=3K}m)n1(1—-2'A1-Zru0)
2
e
alz=3K}ux) 2 Zérvo
1 1 ul
a5 = - Kr_ [n2-9(1-2’7()a)2]
13 1%
X r 2
_» 1 v0 2 2 2
PR [<3w)( - o) + 26
kel
2
321'-" }L [né (n -9(0)(1-% f""—
2
n26
859 = = Kuw =
n2-1-9co2
2. g ~ %W 1 2
o237 ml = 9¢? ”‘( )6(1'5 A
8y, = = K[n2 - 9(1 Zé)w ]rvo
2 2. 1
aq) = K[nl - 9(1 - Ziké)w ] ;—;
% “232 AP 2
oy =K D) +(53) @2 - oty
1 2 1 2
843 = 3Kuwn, (1 = 5 Ay -7 r )
2 2
Y n r
1 2 v0
or, = - Kpum, L 25550
34 pny AT

r
u0 T

The coefficients a

rvO

u0

)]

2

ruO)]r

vO

i of

(6.38)
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n
22 1,2 3 2., 1
84, = - xgp s(1 - 3 Al -7 ? ) +‘< ) (n - 907)) -
, uo
2 2. 1
342=K[n -9(1-2’1212)001;"
vO
}“‘ 1.2 1 2
8, = K 3w[( 9‘°’<1‘2A1‘Z )+n6]
n
2
_844 = - 3§H&);;'5
where
-1

K= -
6W(1 - 7(12’2)

(¢) Numerical Examples

"Numerical analyses of the response characteristics for the higher-harmonic
oscillation were carried out for the same values.of the system parameters as
those in Sec. 6.3c, i.e.,

= 0.1 (n,/n )25 = 0,5 n,/n, = 1,0 and k = 0,04, 0,08
K 2/™ 2/™

With these values of the parameters, the response characteristics of the ampli-

tudes r .00 and the phase angles Guo, f__ are calculated by using Eqs, (6.36)

uo’ vO
and (6.37), and illustrated in Figs., a and b of 6.3 and 6,4, The stability
limits are obtainéd from.(6.20) by using Eqs. (6.38). The vertical tangencies
of the response curves occur at the stability limit s = O, The dashed portions
of the response curves show the unstable oscillations. The regions of the
higher-harmonic¢ entrainment on the Bk plane are also shown in Figs., 6.3c and
6.4c, Hence, when the amplitude B and the frequency W of the external force

are given at any point inside these regions, the self-excited oscillation is

entrained by the frequency which is 3 times the driving frequency.
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6.6 Subharmonic Entrainment

(a) Steady-State Solutions

The steady-state solutions of Eqgs, (6.13) are obtained by equating iu =T,

= Gu = ev = 0. We can easily see that there are two types of steady-state

solutions, 1i,.e.,

(1) L 0, *,0 = 0
(6.39)
(2) x4 {0, L0 0

The solution is periodic of frequency W in (1). Therefore the harmonic en-
trainment occurs, In the stead& state (2), the solution is periodic of fre-
quencies W and W/3, Therefore the subharmonic entrainment occurs.

The harmonic entrainment hasvalready been discussed in Sec., 6.4, In the

steady state (2), after some algebraic manipulation, we obtain r . by

2 n 2
12220 1,2 1. _ol a1 pafa g2, (2 W02
O D S HE LI )..]ntgpw(nl)é r 2 -2
2 2
2_ 4 2, 2.2 1,2 _ 1.2 2 W 2 _w
"81“’2’17‘2[9}“"2“25(1"2“‘1 Z Tyo) * (0] -5 My -5 )]
n2 2 2
__ S S 2 2.2 2 1..2.2 2 2 2 W 2
+ ( 1'2’) ‘144}'“’“1“1%0[9}“"(:11)6 +(n2 5 )] (6.40)
Then, r_» GuO’ and Gvo are given by
b4n,2
2 wl 2
Tvo 22 Two
1 2 2 2 2 h)
81[9}1(1)2(“ )6 * (o -5 )2
' 2 2
2 2 W 2
sin 39u0 }“u -~ r (- .Z (n - 9 )ruo + Zi(nz "3 )rvol
1 uo :
’ n.\2
2 1 2 2 2 2
cos 39“0 ZA 3 [2’ (1 - 1 Zruo)ruo-xl(ﬁ_l-)érvol (6.41)
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. 2
r . n
3 vO 2
sin (9 - 6 ) = - ._H. —_— s 8
u0 v0~ w?(z ro™
’ T 2
9 v0 2 W
cos ( .~-0 ) =-———(n, - )
u0 vO w?.xz L 2 9

(b) Stability Investigation

The stability conditions for the steady state (1) of Eqs. (6.39) are the .
same as the conditions (6.34) which are obtained in Sec. 6.4b,

The stability conditions for the steady state (2) of Egs. (6.39) are given

by (6.19). The variational equations (4,42) are sought from Eqs. (6.13). Their

coefficients a,. are

ij
X, /n N2 T 2 .
K 2 (M2 vO 1.2 1 .2
311"3}‘“’“1“7{(‘11) 5<r ) = Q=5 A g )]
u0
n~ r
K 2 vO
a,, = -=Hw==§
12 3}1 n1 ruo
2 2 2
X r n, \2 X, r 2 2 2
2% Yo (™ 9 1 %0, 2 o ., 2 w 2
a,. = - K[ -——(-—5) + 2 20 f LY w2 iy b3y -y
13 FZ, 7 \n) 2Ty Ty 279 1273 w'™ "9
2 2
X r In, \2 2 n
1 %o 2 W 2 ¢\2
a =x————t(—)(n -y 4+ ¢ N1
14  Tgo L@/ "279 )‘nl
2 2
. g B w0 (“_2) 2 _ 2,2 2wy, _ 1,2, 12
821“3Kwr,u0[ ) 5(“1 g W) +mn, == -5 A +7x,4)]
°, .
K 2
2yp = " 3HOT0
2 .
9 .2 2 2 2 22¢. 1,2 12 2 2
853 = Kryol 55 (ny =5 )00y - G0 + 300 - 5 4) - 2 x ) - § 07
2
2 W
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. 2
1 2 XI <riq>2( n, 5)2 . iL’}_ <rv0>2 9 .2 > 2 W (6.42)
2

a,, = K— [} =~ - o (n, - ), +5—)
31 Tuo F Xy \tyo!/ "™ 2y \Two! ? ° 2
2
2 W
- (n1 -3 )]
X Tyo “g 2 I, c‘oz' |
a32=-K—-——i—[(}J—-é) + ("‘u-)">(n2-'§"‘)]
2r 1
u0
' 2 % rvoz“§5 1 2 1.2
a =Ku)[-—-—(—->-—-+n(1——A )]
33 = 3%, \T o/ T, 1 2"1 " % Two
2 -~
] =5Fw§(f_9>2325
34 3 Zl 0 nl‘
2,251 1 2 1 2 9 1 ,2 20
a,. = K[un (L-AT +5 1 )+ =—— (n, =5 ), - =)
41 }‘Zruo 2 TR0’ T 2 2 Ty 1" 9
2
2
29y
9 x5 172
= K -2 cnz--‘i’-z-u Y. %))
342 r 279 172
v0 .. -
Py 2 o 1 2 1 .2 2\, 2 2 2
843=3K-a—[ 3(2-5—)(1-'iAl-Zruo)+(;';)5(3n1~'fw )]
nz |
K 2
B = -3 pOSS0
where
3

K =
2W(1 - xlz’z)

(c) Numerical Examples

Numerical analyses of the response characteristics for the subharmonic
oscillation were carried out by using the same parametérs as in Secs., 6.3c and
6.5¢, i.e.,

nz 2 n2
}4 = 0,1 <;‘—> 5 = 0,5 a " 1,0 and k = 0,04, 0,08
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The response characteristics are calculated by using Eqs. (6,40) and (6.41),

and illustrated in Figs., 6.5 and 6,6, The stability of oscillation is tested

by using (6.19) and Eqs, (6.42), The unstable responses are shown dashed in
these figures. The regions of the subharmonic entrainment on the BwW plane are
shown in Figs. 6.5¢ and 6.6c. In Fig. 6.5¢, where k = 0,04, the regidn of
entrainment is closed one, On the other hand, with increasé of value of k, this
region seﬁarates into two closed regions as seen in Figs, 6.6c. When B and w

are given in these regions the subharmonic oscillation occurs.

6.7 Concluding Remarks

We have investigated the forced oscillations in a self-oscillatory system
' whose natural frequencies are close each other. The phenomenon of frequency
entrainment occurs at the harmonic (i.e., fundamental), higher-harmonie, or
subharmonic frequency of the external force., The amplitude and phase charac-
teristics of the entrained osélllation; are.obtained, and the regions qf entrain-
ment are shouwn, When the coqpling between two resonant circults is small, the
.regions of harmoniec, higher-ﬁarmonic, and subharmonicrentrainments are similar
to those in a system with one degree of freedom. As the coupling becomes larger,
these regions are devided into two parts,
The almost periodic oscillation which develops from the entrained oscil-
lation is correlated with a limit cycle in the phase space, This.type of oscil-

lation is not treated in this study.
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APPENDIX 1

EXPANDED FORMS OF THE FUNDAMENTAL EQUATIONS

in the text Qe derived the autonomous equations of the first approxima;
tion from the fundamental equations by using the averaging metﬁod. In oxder to
apply the averaging method, we introduced new variables L 61 (1 =1, 2) and
transformed the fundamental equations into those whose right-hand sides are
multiplied by a small parameter )A for instance, Egs. (2 5) and (4,10). This
appendix supplements the detailed forms of these equations,

We consider the following differential equations whose right-hand sides

are expanded into trigonometric sums,

.
rl == wlo fn(r1) r2’ 61, 62, t) sin (a)lot + 61)
2 .
QY k:z { 2 2 2
=3 W [P - 2A% —xT <-2r1r
8 nluﬁo 9~ 10771 1 1 2°71
8n W, W -k
+ 1 lg 11 Zk 1 r sin 293
w - -2
1
[fi - 2r? ]r cos 2¢
- 20 2c632¢
1071 T2 2
- 2&)10 1T oS 2(,0 |
- W, (P -2A2*r2)+(2(0 - W )rz]r cos (P + @)
20°'0 1 2 20071772 1 2
2 2, .2 - ‘
+ Wy(fg - 28] - 1)) - (2, + Wyg)Ty1ry cos (7 - )
-[l;u)(A +-5—.A)-w(A2+r2+2r2$A + 20, r]cos (P + P)
1 k2 2 1 1 2771 10 11 1 3
+ aWA) + S A - w(a? + 12+ 2528, - r2] cos (P, - )
k. 2 1 271 10 1 1 3

2
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- l'wlOAlrlrz cos (602 + 803)

- 4 AT T, cos (f, - Py

3
+ Wyor, cos (§) + 39F)

3
- W,or, cos (9 - 3902)
) ,
+ QW + Wy )T T, cos (3F + P)

. 2 ‘
+ (2, - a)zo)rlr2 cos (3901 - GPZ)

3
+WA] cos (P + 3%)

QwAg cos (Sol - 3303)

+ (2w, +a))A1rf cos (B‘P1 + ‘P3)

+ (2(1)10 -w)Alrf cos (3$‘71 - (Pg) |
W+ zu)zo)rlrg cos (2‘/’1 + 2‘;02)

o

. 2 X
+ (“’10 - 2(1)20)1'11‘2 cos (2¢1 - 2%)

+

2
t (W) + 2WAT) cos (24 + 29)

+ ((;,)10 - Zw)Afrl cos (2501 - 2%)

+

- 2
+ (cuzo 2(:))A1r2 cos (&

+ Wy - 2w)5ir2 cos (‘P1 ¥<P2 - 2‘%)

20) Ay

- (W, - 1Ty €08 (‘Pl1 =P+ 2‘103)
- Wy, + 2wﬁAfr2 cos (<P1 -, - 27’3)
+ (2w, +w$A1r§ cos (P, + 2502 + <P3)
- (W, - wSAl;-g cos (¥ - 29, + <P35

Py + 25%)

-~

156



+ (2, —cd)Alr§ cos (f + 2%, - ?3)
- +w551r§ cos (§ - 29, - 9035
+ 2, +-Qéo f(u)Alrlrz cos (291 + ?E + %3)
+ 2(&110 - Wy + w5A1r1r2 cos (2% - )+ Bl
+ 2(&)10 + (c)zo - w)Alrlr2 cos (2‘}’1 + <P2 - 3035
+ 2 - Wy, -tU)Alrlrz cos (2% - P, - qg)

3
o+ (:,)wr1 cos 4‘,01

| - lmlBl sin (‘Pl +‘703)

r191 =

- 4n,B, sin (91 - ¢5)}'

M

11011 2 1r
8§ nw,, . k

1“0 K2 - 2 k 1

2 . -
E a)l k2 { 8n.W W . k. -k
k
1 wl 2

2 2 2
+,aﬁotf§ - 2A] - 2r] - 2r;] sin 291

1 1
80,009, Ky - ¥y |
+ 5 o r, cos 2'1P1
W 2

1

2
lm)zorlr2 sin 2802

2
lu»’Alr1 sin Z‘P3

2 _ 2 L 2
+ [wZO(Po - 24 - rz) - (2&)10 + 3&)20)1'1]1'2 sin ((,01 + CPZ.)

2 _ .2 oy .2 o
- Wy(f) - 287~ rp) + 2, - 3th)r Ir, sin (P - @)

6

2 2 2 2. ' ‘
+ [4W(A, + — Az) - a}(A1 + 3r) + 2r2)A1 - 2&)10A1r1] sin ((Pl + 503)
2
1

1 k?_
) 2 2
- [lm)(A1 e Az) --cd(A1 + 3r, + 21-2)A1 + 20, A

2

101

rf] sin (‘P1 - <P3)
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- 4wy, + WA T T, sin (P, + ‘P3)
- l.(c',)zo‘--c())Alrlr2 sin (‘P2 - ‘P3)
- Q)Zorg sin (‘Pll+ 3‘)%)
3

+ (Uzor2 sin (CP1 - 3‘)02)

) .
- (2(010 + w20)r1r2 sin

2
- (2 - Wyp)r)T, sin

-Q)Af sin (4, + 3%)
3
1

+ WAT sin (‘P1 - 35"3)

G + %)

2 L
(20, + WA ] sin (3‘!’1 +‘F3)

2
- @y, -aJ)Allrl sin (3.<P1 -9

2
- (wm + Za)zo)rlrz sif\ (24’1 +°2902).

2
- (W), - 26)r x) sin (2F) - 2%)

- W + AT, sin 2% + 24)

10 171

- Wy, - 2a))A§r1 sin (29) - 29)

- Wy + 21‘))1%:121-2 sin (F + @, + 29)
"(‘”20 - W)ALT, sin (A +P -2%)
+ Wzo.' 2u)§A§r2 sin (P} - ¢, + 26035
+ Wy, + za)ﬁAfrz sin (<P1 -4, - 2<P3)
- (2«)#0 +Q))A1r§ sin k‘?l + 29, + <P35
- (2w, - WA r§ sin () + 29, - 7)35

20 ~ 1
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+ (20, - a))'A’lrg sin (<P1 - 2902 + <P3)
2
2

¥ (2&)20 + w)Alr

sin (601 - 2602 - <P3)
- 2(C¢)10 + cu20 + t())Alrllr2 sin_(2§01 + ?2 + CP3)

o * CL)ZO - OL))Alrlr2 sin (2901 + CPZ - 903)

- 2y, - Wy + WA T T, sin 2F - 302 + <P3)
- 2W)g - Wy - DAY, sin QF) - R, - )

) 3
- Cv.)mr1 sin 49‘;

- lmlB1 cos (901' + <F3)

- AﬁlBl cos (¢, - <P3)} : ~ (r.2)
‘=-—}A— ( 6.,0., t 1n(&).t+9) (L.3)
Ty Wyg Ba\Ty> Tp0» Yy Upp B) S 20 2 .

50, = - = (5> Tpr B0 0,0 £ cos Wyt + 6) (1.4)
20

where
P =Wt + 0, Py =Wyt + 0,
503 = @t (1.5)
€ =41 + §)

The detailed forms of the differential equations (I.3) and (I.4) regafding i'z

and 92 are obtained by interchanging r and T,s 91 and 0, (Ul and a)z, (:.)10 and

Wygr @y and W, (therefore ‘Pl and (Pz), kl and kz in Eqs. (I.1) and (I.2).
The four kinds of expanded forms of fundamental equations which have

appeared in the text can be derived from Eqs., (I.1) through (I.4) according to

the following conditions,



160

(A) The fundamental equations for the self-excited oscillation without internal

resonance, i.e., the concrete forms of Eqs, (2.5) are given by putting

fn = fl 8n g1
W, = O fz)m.=cui (1 =1, 2)

in Eqs, (I.1) through (I.4).
(B) The concrete forms of the fundamental equ;tions for the self-excited oscil-

lation with the internal resonance 3&&0 = aéo are given by putting

E ™ fi0 & " 810

A1=0 Bl=0

(1.7)
in Eqs. (I.1) through (I.4) [see Eqs. (3.7)]
(C) The fundamental equations for the forced oscillation in a case where the
external resonance &)=(Uio (1 = 1, 2) occurs were given by Eqs. (4.10). The
detailed forms of Eqs. (4.10) are given by putting

fn - f30 & = 830

(1.8)

Al.- 0

in Eqs. (I.1) through (I.4).
(D) The fundamental equations for the forced oscillation in a case where
w# Wiq (i = 1, 2) are given by putting

fa = f20 & = 820

(I. 9)
Bl = 0

in Eqs, (I.1) through (I.4) [see Eqs., (4.17)].



APPENDIX II
THE STABILITY CONDITIONS AND THE VERTICAL TANGENCY

OF THE CHARACTERISTIC CURVE

In this appendix we describe the Routh-Hurwitz criterion for stability

which is used in the text,and verify that the characteristic curve has a verti-

cal tangent at the stability limit,

II.1 Routh-Hurwitz Criterion for Nonlinear Systems*

We consider a physical system described by a set of simultaneous differen-

tial equations
dx :
dt = Xl(xl, x2’oco, xn ; p1, pz’o.o, pm)
dx

qr = Xg(%ps Xpseees X5 Py Poreees Pp)

(I1.1)

G 9 08 080000000000 000000CLPSLOIEIEEBSBOEOSIOTIPOEOSSOSOSITS

dx
AL

dt xn(xl’ xzaooov xn H pl’ P210;01 pm)

whereit is the independent variable’and functions Xl, XZ,..., Xn are generaily
nonlinear functions of the dependent variables Xis Xpreeey X, and the system
parameters Pys Pyreces pmff

The eduilibrium states represented by the singular points of‘Eds. (I1.1)

are obtained by equating

dx d
—l‘a —izn =.d_xB= o
dt dt s ee dt

* The expression and notation of the criterion in this appendix follows

those of Hayashi (10],

161



162

i,e.,

xl(xl’ xz""’ xn ; Pl’ p29"" Pm) = o

Xz(xl, xz’oooia xn ; p1’ pz""’ pm) = 0

(11,2)

I F YRS R RFENEE NN YRR ENENEREXENEENEE SRR RN N NS

xtl(xl’ x2’~0~: xn H p1’ p2300-9 Pm) =0

Since Eqs., (I1.2) are generally nonlinear algebraic equations, there exist a
number of equilibrium states, Let us denote a set of equilibrium values of
x's by X10° X507 %> *n0o° and consider small variations E's denoted by

X =X+ 5

X) = Xy * By

(11.3)

so e s 0O NSO

*n ™ *no * Eno
Substituting Eqs., (II.3) into Eqs. (1I.2) and discarding terms of order higher

than the first in §'s gives
dE& :
It = o1 tehy toeee T Ay,

3t = 89151 T ap% tees tay s

(11.4)

OB 6 000D OBOOB DL NOLENINSOSESIEOESLTOSIDPLEOGESTSEOPODN

dEh

TT 7 %101t Pnoty toees t a5

T By making use of the averaging mecthod, fundamental equatioms (1.7) and
(1.9) are transformed to the equations of this form, In Eqs, (1.7) and (1.9)
the dependent variables are represented by ri's_and 91'5, while ﬂa‘s, ni‘s,)l,

5, B, and @ are the parameters of the system,
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at the equilibrium state x =

where aij stands for axi/axj x10,~x2 = Xpgreees
X, T X g The characteristic equation may be written as
an - a12 : . ees aln
a : a - ‘A XX a . :
21 22 2n
anl' anz [ ) ann "%

When expanded, this nth-order determinant leads to an equation of the form
n n-1
ag\ + afk +.o+a N+a =0 | ) (11.6)

It is to be noted that

351 812 *** ¥

a a L ) a -
. ol 721 P22 2n (11.7)
n

a

a1l 2n2°°~ Bl
If the real parts of all the roots of.this characteristic equation are negatibe,
the corresponding equiiibrium state is stable., The signs of the real parts of
the roots A are known by making use of the Routh-Hurwitz criterion {15, 31]. 1In
applying this criterion, we construct a set of n determinants set up from the
coefficients o§ the nth-degree characteristic equation (II.6)., These determi-

nants are formed as follows:

4y = |ay]
. a1 ao
132 ) a a
3 2
a1 80 0
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(I1.8)

2 0 0 08 0P OGS0 0000080000000 0000

Ceco0e v st OesBRGBNSLREOSS

o 0O 0 o0 ... an

The Routh-Hurwitz criterion states that the real parts of the roots ‘A are nega-
tive provided that all the coefficients 85> 8yseeey 8, arTe positive and that
all the determinants Al’ Az,..., An are also positive,

When n = 2, the conditions mentioned above are reduced to

85> 0 a, >0 a, >0 o (11.9)

When n = 3, the conditions are

ao>0 a1>0 (ora2>0) a3>0
° ' (11.10)
a,a, - a5a, >0
When n = 4, the conditions are as follows:
ao>0' al>0 (ora2>0)
. Ir.11
ay >0 a, >0 ( )

2 2
a,8,8, = 8,8, - 8,8, >0

II.2 The Vertical Tangency of the Characteristic Curve

The characteristic curves are obtained by solving Eqs. (I1.2). We now
discuss the vertical tangency of the characteristic curve., By differentiating

Eqs. (I1.2) with respect to Py while holding pj (3 =lyaeey i =1, £ +1,..., m

constant, we obtain



Solving these simultaneous

where

3X1 dx1 axl dx2 3X1 dxn aXl "o

3x; dp,  9x, dp, ax, dp,  9p,

axz dx1 . 8X2 dx2 . . 6X2 dxn . axz o

9x, dp, = 9%, dp, x  dp, | apy

axn dx1 QXn dx2 axn dxn axn

2%, dp 9x, dp Foeee +'6x dp + apr =0
1 i 2 i n i i

dx.
—

dp1

=

2
A

DN
u

-~

equations gives us

(j =‘1, 29...; n)

o
axl 8x2 see axn
9k, dx, U7 9x
R N
ax1 axz axn
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(1X.12)

(I1.13)

(11.14)

and Z% is the determinant formed by replacing the jth column of A by - (axl/api),

- (axz/api),..., - (axn/api). The determinant /l is identical with the coefficient

a, of characteristic equation (II.6) and a, > 0 is one of the stability condi-

tions. Hence the characteristic curve (pixj relation) has a vertical tangent

(dx /dp, —» ©0) at the stability limit A =o.



APPENDIX III
- CONDITIONS FOR SELF-EXCITATION IN A SYSTEM

‘WITH TWO DEGREES OF FREEDOM

The oscillator (Fig. 1.1) with two degrees of freedom are described by Egs,
(109)’ 1’.‘e.’
: . . 2 2.,
u - lav +nju=pun (1 - uu

-

(I11.1)

NN

Ov

9':’

e .8 2
v - Xéy +nv o= - U

—

As mentioned in Chapters 2 and 3 this system has an equilibrium state at u = 0,
v =0, If this equilibrium state is unstable; a self-excited oscillation occurs.
In this appendix we shall discuss the stability of this equilibrium state of the

fundamental equations (III,1l).

We consider small variations from the origin, i,e.,

“Th LR (II1.2)
v = "1 v = 72 *
Substituting Eqs. (IIL.2) into Eqs, (III.1) and disregarding terms of order .

higher than the first in & and (1 = 1, 2) gives the following variational

equations,

5y 0 1 0 0 g
12

: 2 2 iy

52 - Koy Km, - KIn, - KU ny 5 52

ql o 0 0 1 Ql (II1.3)
2

T, - KZmy  Kpn, - Ko, - Ky a 0 N,
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where
K=1/0 - 42,)

The characteristic equation is written as

- 1 0 0
.2
2 2 2
Tk Ky =R - Km, - KRpQHO
) 0 -2 1
2
2 2 - 2 ¢ A
- RZn,  Kipn, - Rny - Ky oW o - )\
-A 1 -A 1
= . nz
2 2 2
- Kny  Kyn) - A ~ Kn, -K)J;I-E-)\
-\ 1 -\ 1
2 2
- K" XX . n
1%2 2 2 2
n1 - }ml n2 }1 ;; 6
-0 (I11.4)

When expanded, this determinant leads to an equation of the form
4 3 2 .
AT+ al)\ + 327\ + 337\+ a, =0 (1IL1.5) .
where

n2 2
- K}mltl - ;— 61

®
[]

2 2
a, = K(n + n ol 5)
2 5 ’ (111.6)
33 * - K),mlnz(l - 0) o
2.2
84 = Knln2

The stability conditions are given by
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a

1:> o a, >0 a4.>»0

: (I1L.7)

- Za - a a2 >0
818283 7 88, T oy

By virtue of Eqs. (III.6), it is easily seen that the third condition is always

satisfied,* 'Therefdre, the conditions (III.7) are written as
((n,/n )20 - 11> 0 b-1>0
PLiny/ny I3

and (II1.8)
2 2 2 2 2,2 222, 2 }
1102020 - §)2 - §{? - 022 + pPEnlq - H)1 - (ny/n%} >0
It is noted that the left-hand side of the last condition. . of (III.8) is identi-
cal with that of Eqs, (3.31) which is satisfied when the amplitudes of self-
excited oscillations become zero. When the conditions (III.8) are not satisfied,

the state (u = 0, v = 0) of Eqs. (III.1) becomes unstable and a self-excited

oscillation occurs,

* Instead of 81:> 0, we may employ a, > 0 as one of the conditions, When

the parameter); is small, this condition is also satisfied.
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